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1 Ïîñòàíîâêà çàäà÷i

Àâòîìîáiëü ìàñè M , ÿêèé ïiäòðèìó¹òüñÿ ïðèæóíîþ ç äåìïôåðîì, ïåðåìiùó¹òüñÿ ç ïîñòiéíîþ ãîðè-
çîíòàëüíîþ øâèäêiñòþ. Â ìîìåíò ÷àñó t = 0 öåíòð òÿæiííÿ àâòîìîáiëÿ çíàõîäèòüñÿ íà âiäñòàíi h0 âiä
çåìëi, i ïðè öüîìó âåðòèêàëüíà øâèäêiñòü âiäñóòíÿ. Íàäàëi âåðòèêàëüíèé çñóâ äîðîãè âiä îñíîâíîãî
ðiâíÿ îïèñó¹òüñÿ ôóíêöi¹þ x0(t).

Ïðèïóñòèìî, ùî ïðóæèíà ëiíiéíà, ç êîåôiöi¹íòîì ïðóæíîñòi k, à êîåôiöi¹íò äåìïôiðóâàííÿ r ¹
íåëiíiéíîþ ôóíêöi¹þ âiäíîñíî øâèäêîñòi äâîõ êiíöi äåìôåðà:

r = r0 ·
(
1 + c ·

∣∣ẋ− ẋ0∣∣). (1.1)

Ëåãêî ïîêàçàòè, ùî çñóâ x(t) öåíòðó òÿæiííÿ àâòîìîáiëÿ ¹ ðîçâ'ÿçêîì çâè÷àéíîãî äèôåðåíöiàëü-
íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó

ẍ = − 1

M
·
(
k ·
(
x− x0

)
+ r ·

(
ẋ− ẋ0

))
(1.2)

ç ïî÷àòêîâèìè óìîâàìè
x(0) = ẋ(0) = 0. (1.3)

Îá÷èñëèòè x(t) íà ïðîìiæêó 0 ≤ t ≤ tmax äëÿ êîíòóðó äîðîãè, ÿêèé îïèñó¹òüñÿ ôóíêöi¹þ

x0(t) = A · (1− cos(ωt)), (1.4)

äå 2A � ìàêñèìàëüíèé çñóâ îñíîâíîãî ðiâíÿ.

Çàóâàæèìî, ùî äëÿ ëiíiéíîãî âèïàäêó (c = 0) äîêðèòè÷íîìó, êðèòè÷íîìó, i ïîçàêðèòè÷íîìó
äåìïôiðóâàííþ âiäïîâiäàþòü çíà÷åííÿ êîåôiöi¹íòà

ξ =
r

2
√
kM

(1.5)

ìåíøèé, ðiâíèé, i áiëüøèé îäèíèöi âiäïîâiäíî.
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Ïðîãðàìà ïîâèííà âèâîäèòè çíà÷åííÿ: t, x0(t), x(t), ẋ(t), ξ(t).

Ïàðàìåòðè çàäà÷i:

M A ω k tmax r0 c
10 2 7 640 5 160 1

2 Àíàëiòè÷íi ìàíiïóëÿöi¨

2.1 Ïîïåðåäíÿ îáðîáêà ìîäåëi

Ïîçíà÷èìî y = ẋ, òîäi ẏ = ẍ i ìà¹ìî íàñòóïíó ñèñòåìó:ẋ = y = f(t, x, y),

ẏ = − 1

M
·
(
k ·
(
x− x0

)
+ r ·

(
y − ẋ0

))
= g(t, x, y).

(2.1)

Òàêîæ çàóâàæèìî, ùî ìè âèêîðèñòîâó¹ìî ôóíêöiþ ẋ0(t), òîìó íàâåäåìî òóò ¨¨ ÿâíèé âèãëÿä:

ẋ0(t) = A · ω · sin(ωt). (2.2)

2.2 Ìåòîä Ðóíãå-Êóòòè

Äëÿ ìîäåëþâàííÿ áóäåìî âèêîðèñòîâóâàòè ÿâíèé ìåòîä Ðóíãå-Êóòòè ÷åòâåðòîãî ïîðÿäêó äëÿ ñèñòå-
ìè 2× 2.

Ñïî÷àòêó îá÷èñëþþòüñÿ íàñòóïíi êîåôiöi¹íòè:

k1 = h · f(t, x, y),
q1 = h · g(t, x, y),
k2 = h · f(t+ h/2, x+ k1/2, y + q1/2),

q2 = h · g(t+ h/2, x+ k1/2, y + q1/2),

k3 = h · f(t+ h/2, x+ k2/2, y + q2/2),

q3 = h · g(t+ h/2, x+ k2/2, y + q2/2),

k4 = h · f(t+ h, x+ k3, y + q3),

q4 = h · g(t+ h, x+ k3, y + q3),

(2.3)

À ïîòiì âèêîíóþòüñÿ íàñòóïíi êðîêè çà âiäïîâiäíèìè êîîðäèíàòàìè:

t += h,

x += (k1 + 2k2 + 2k3 + k4)/6,

y += (q1 + 2q2 + 2q3 + q4)/6.

(2.4)

3 ×èñåëüíå ìîäåëþâàííÿ

3.1 Ãðàôiêè

Áóëî îòðèìàíî íàñòóïíi ãðàôiêè:
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3.1.1 Âèñîòà öåíòðó ìàñ i âåðòèêàëüíà øâèäêiñòü àâòî

3.1.2 Âèñîòà äîðîãè i öåíòðó ìàñ àâòîìîáiëÿ

Çàóâàæèìî, ùî âèñîòà öåíòðó ìàñ àâòî íiáèòî áóâà¹ �íèæ÷å� íiæ ðiâåíü äîðîãè, áî òóò íå âðàõîâó¹-
òüñÿ âèñîòà h0, à âàðòî áóëî á.
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3.1.3 Âíåñîê äåìïôåðà ó âåðòèêàëüíèé ðóõ

3.1.4 Êðèòè÷íiñòü íàâàíòàæåííÿ íà äåìïôåð
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3.2 Êîä

3.2.1 Ìîäåëü äåìïôåðà

Äëÿ ìîäåëþâàííÿ äåìïôåðà áóëî íàïèñàíî íàñòóïíèé êëàñ:

class Dashpot:

def __init__(self, k: float, r_0: float, c: float):

assert r_0 > 0, "r_0 must be positive"

assert k > 0, "k must be positive"

self._k, self._r_0, self._c = k, r_0, c

@property

def k(self):

return self._k

@property

def r_0(self):

return self._r_0

@property

def c(self):

return self._c

def __repr__(self):

return f'Dashpot(k={self.k}, r_0={self.r_0}, c={self.c})'

def r(self, dot_x: float, dot_x_0: float) -> float:

return self.r_0 * (1 + self.c * abs(dot_x - dot_x_0))

def xi(self, r: float, m: float) -> float:

return r / (2 * sqrt(self.k * m))

def xi(self, dot_x: float, dot_x_0: float, m: float) -> float:

return self.r(dot_x, dot_x_0) / (2 * sqrt(self.k * m))

ßê áà÷èìî, âií çáåðiãà¹ â ñîái âíóòðiøíi íåçìiííi ïàðàìåòðè äåìïôåðà, à òàêîæ íàäà¹ ôóíêöiî-
íàëüíiñòü äëÿ îá÷èñëåííÿ êîåôiöi¹íòó äåìïôiðóâàííÿ i çíà÷åíåíÿ ðiâíÿ êðèòè÷íîñòi äåìïôiðóâàííÿ.
Îáèäâà çãàäàíi ìåòîäè ïîòðåáóþòü òàêîæ âiäîìîñòåé ïðî �çîâíiøíié ñâiò�.

3.2.2 Ìîäåëü ìàøèíè

Äëÿ ìîäåëþâàííÿ ìàøèíè áóëî íàïèñàíî íàñòóïíèé êëàñ:

class Car:

def __init__(self, m: float, dashpot: Dashpot):

assert m > 0, "m must be positive"

self._m, self._dashpot = m, dashpot

self._x, self._dot_x = 0, 0

@property

def m(self):

return self._m
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@property

def dashpot(self):

return self._dashpot

@property

def x(self):

return self._x

@property

def dot_x(self):

return self._dot_x

def __repr__(self):

return f'Car(x={self.x:.7f}, dot_x={self.dot_x:.7f}, ' + \

f'm={self.m}, dashpot={self.dashpot})'

def r(self, dot_x_0: float) -> float:

return self.dashpot.r(self.dot_x, dot_x_0)

def xi(self, dot_x_0: float) -> float:

return self.dashpot.xi(self.dot_x, dot_x_0, self.m)

ßê áà÷èìî, âií çáåðiãà¹ â ñîái âíóòðiøíi íåçìiííi ïàðàìåòðè ìàøèíè (âêëþ÷àþ÷è ïîëîæåííÿ
ìàøèíè, i ïàðàìåòðè äåìïôåðà öi¹¨ ìàøèíè), à òàêîæ íàäà¹ ôóíêöiîíàëüíiñòü äëÿ îá÷èñëåííÿ êîå-
ôiöi¹íòó äåìïôiðóâàííÿ i çíà÷åíåíÿ ðiâíÿ êðèòè÷íîñòi äåìïôiðóâàííÿ. Îáèäâà çãàäàíi ìåòîäè ïî-
òðåáóþòü òàêîæ âiäîìîñòåé ïðî �çîâíiøíié ñâiò�.

3.2.3 Ìîäåëü äîðîãè

Äëÿ ìîäåëþâàííÿ äîðîãè áóëî íàïèñàíî íàñòóïíèé êëàñ:

class Road:

def __init__(self, a: float, omega: float):

assert a >= 0, "a must be positive"

assert omega >= 0, "omega must be positive"

self._a, self._omega = a, omega

@property

def a(self):

return self._a

@property

def omega(self):

return self._omega

def __repr__(self):

return f'Road(a={self.a}, omega={self.omega})'

def x_0(self, t: float) -> float:

return self.a * (1 - cos(self.omega * t))

7



def dot_x_0(self, t: float) -> float:

return self.a * self.omega * sin(self.omega * t)

ßê áà÷èìî, âií çáåðiãà¹ â ñîái âíóòðiøíi íåçìiííi ïàðàìåòðè äîðîãè, à òàêîæ íàäà¹ ôóíêöiîíàëü-
íiñòü äëÿ îá÷èñëåííÿ ïîëîæåííÿ äîðîãè ïiä ìàøèíîþ ó ïåâíèé ìîìåíò ÷àñó.

3.2.4 Ìîäåëü ñöåíè (ôiçè÷íîãî ñâiòó)

Ñöåíîþ (eng. stage) ó ïðîãðàìóâàííi ïðèéíÿòî íàçèâàòè êëàñ, ùî ìiñòèòü i êîíòðîëþ¹ æèòòÿ óñiõ
îá'¹êòiâ ÿêi ìîäåëþþòüñÿ.

Äëÿ ìîäåëþâàííÿ ñöåíè áóëî íàïèñàíî íàñòóïíèé êëàñ:

class Stage:

def __init__(self, car: Car, road: Road):

self._car, self._road = car, road

self._t = 0

@property

def car(self):

return self._car

@property

def x(self):

return self.car.x

@property

def dot_x(self):

return self.car.dot_x

@property

def road(self):

return self._road

@property

def t(self):

return self._t

@property

def r(self) -> float:

return self.car.r(self.road.dot_x_0(self.t))

@property

def xi(self) -> float:

return self.car.xi(self.road.dot_x_0(self.t))

@property

def x_0(self) -> float:

return self.road.x_0(self.t)

@property
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def dot_x_0(self) -> float:

return self.road.dot_x_0(self.t)

def __repr__(self):

return f'Stage(t={self.t:.7f}, car={self.car}, road={self.road})'

def move(self, dt: float):

def f(t: float, x: float, y: float) -> float:

return y

def g(t: float, x: float, y: float) -> float:

return - 1 / self.car.m * (

self.car.dashpot.k * (x - self.x_0) + self.r * (y - self.dot_x_0)

)

k1 = dt * f(self.t, self.x, self.dot_x)

q1 = dt * g(self.t, self.x, self.dot_x)

k2 = dt * f(self.t + dt / 2, self.x + k1 / 2, self.dot_x + q1 / 2)

q2 = dt * g(self.t + dt / 2, self.x + k1 / 2, self.dot_x + q1 / 2)

k3 = dt * f(self.t + dt / 2, self.x + k2 / 2, self.dot_x + q2 / 2)

q3 = dt * g(self.t + dt / 2, self.x + k2 / 2, self.dot_x + q2 / 2)

k4 = dt * f(self.t + dt, self.x + k3, self.dot_x + q3)

q4 = dt * g(self.t + dt, self.x + k3, self.dot_x + q3)

self._t, self.car._x, self.car._dot_x = self.t + dt, \

self.x + (k1 + 2 * k2 + 2 * k3 + k4) / 6, \

self.dot_x + (q1 + 2 * q2 + 2 * q3 + q4) / 6

ßê áà÷èìî, âií ìiñòèòü ìåòîä move ÿêèé i âiäïîâiäà¹ çà ìîäåëþâàííÿ ïîâåäiíêè óñiõ îá'¹êòiâ ùî
ïåðåáóâàþòü íà ñöåíi.

3.2.5 Ïðîãðàìà-äðàéâåð

Îêðåìî âiä âèùåçãàäàíèõ êëàñiâ áóëî íàïèñàíî ïðîãðàìó-äðàéâåð:

def splot(save=False):

if save:

plt.figure(figsize=(20,10))

plt.xlabel('$t$', fontsize=16)

def fplot(save=False):

global _IMG

_IMG += 1

plt.legend(fontsize=16)

plt.grid(True)
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if save:

plt.savefig(f'../tex/{_IMG}.png', bbox_inches='tight')

else:

plt.get_current_fig_manager().full_screen_toggle()

plt.show()

if __name__ == '__main__':

_IMG = 0

T_MAX = 5 + 1e-7

h_t, h_x, h_x_0, h_dot_x, h_xi = [], [], [], [], []

dt = .0001

stage = Stage(

car=Car(m=10, dashpot=Dashpot(k=640, r_0=160, c=1)),

road=Road(a=2, omega=7)

)

while stage.t <= T_MAX:

h_t.append(stage.t)

h_x.append(stage.x)

h_x_0.append(stage.x_0)

h_dot_x.append(stage.dot_x)

h_xi.append(stage.xi)

print(stage)

stage.move(dt)

splot(save=False)

plt.title(

f'Solution plot with Runge-Kutta on $[{h_t[0]:.2f}, {h_t[-1]:.2f}]$\n'

f'$x(0) = {h_x[0]:.2f}, \\dot x(0) = {h_dot_x[0]:.2f}$', fontsize=20

)

plt.ylabel('$x(t), \\dot x(t)$', fontsize=16)

plt.plot(h_t, h_x, 'r-', label='$x(t)$')

plt.plot(h_t, h_dot_x, 'b-', label='$\\dot x(t)$')

fplot(save=False)

splot(save=False)

plt.title(

f'Solution plot with Runge-Kutta on $[{h_t[0]:.2f}, {h_t[-1]:.2f}]$\n'

f'$x(0) = {h_x[0]:.2f}, \\dot x(0) = {h_dot_x[0]:.2f}$', fontsize=20

)

plt.ylabel('$x(t), x_0(t)$', fontsize=16)

plt.plot(h_t, h_x, 'r-', label='$x(t)$')

plt.plot(h_t, h_x_0, 'b-', label='$x_0(t)$')

fplot(save=False)

splot(save=False)

plt.title(

f'Dashpot influence with Runge-Kutta on $[{h_t[0]:.2f}, {h_t[-1]:.2f}]$\n'

f'$x(0) = {h_x[0]:.2f}, \\dot x(0) = {h_dot_x[0]:.2f}$', fontsize=20
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)

plt.ylabel('$x(t) - x_0(t)$', fontsize=16)

plt.plot(h_t, [h_x[i] - h_x_0[i] for i in range(len(h_t))],

'g-', label='$x(t) - x_0(t)$')

fplot(save=False)

splot(save=False)

plt.title(

f'Dashpot load with Runge-Kutta on $[{h_t[0]:.2f}, {h_t[-1]:.2f}]$\n'

f'$x(0) = {h_x[0]:.2f}, \\dot x(0) = {h_dot_x[0]:.2f}$', fontsize=20

)

plt.ylabel('$\\xi(t)$', fontsize=16)

plt.plot(h_t, h_xi, 'g-', label='$\\xi(t)$')

fplot(save=False)

ßê áà÷èìî, âîíà íå ìiñòèòü æîäíî¨ ñêëàäíî¨ ëîãiêè (ó ÷îìó i áóëà ñóòü äîïîìiæíèõ êëàñiâ), òîáòî
çi ñòîðîíè êëi¹íòó ðîáîòà ç ðåàëiçîâàíîþ êëàñàìè ôóíêöiîíàëüíiñòþ äóæå ïðîñòà.

�äèíîþ õî÷à á òðîõè öiêàâîþ îñîáëèâiñòþ êîäó, ÿêà âñïëèâà¹ òiëêüè ó ïðîãðàìi-äðàéâåði ¹ ìîæëè-
âiñòü äðóêóâàòè ó ëþäñüêîìó ôîðìàòi ñòàí ñöåíè (à òàêîæ ìàøèíè, äåìïôåðà, i äîðîãè), ïðèáëèçíî
ó òàêîìó ôîðìàòi:

Stage(t=0,

car=Car(

x=0, dot_x=0, m=10,

dashpot=Dashpot(k=640, r_0=160, c=1)

),

road=Road(a=2, omega=7)

)

àáî

Stage(t=1.2345000,

car=Car(

x=3.2203857, dot_x=11.6096103, m=10,

dashpot=Dashpot(k=640, r_0=160, c=1)

),

road=Road(a=2, omega=7)

)
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