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1 Ïîñòàíîâêà çàäà÷i

Îá÷èñëèòè íåâëàñíèé iíòåãðàë

I(f) =

1∫
−1

ln(2 + 3
√
x)

3
√
x

dx. (1.0.1)

ç òî÷íiñòþ ε = 10−5.

Äëÿ îá÷èñëåíü âèêîðèñòàòè:

1. ôîðìóëè:

(à) ñåðåäíiõ ïðÿìîêóòíèêiâ;

(á) òðàïåöié;

(â) Ñiìïñîíà (ïàðàáîë).

2. ïðèöèï Ðóíãå;

3. ôîðìóëó Ði÷àðäñîíà;

4. àïðiîðíi îöiíêè ïîõèáêè;

5. àäàïòèâíi êâàäðàòóðíi ôîðìóëè.

Âèâåñòè:
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1. êiíöåâèé êðîê iíòåãðóâàííÿ h;

2. àïðiîðíó îöiíêó ò÷îíîñòi iíòåãðóâàííÿ;

3. íàáëèæåíi çíà÷åííÿ iíòåãðàëó Ih, Ih/2;

4. îöiíêó ïîõèáêè iíòåãðóâàííÿ çà ïðèíöèïîì Ðóíãå;

5. óòî÷íåíå çíà÷åííÿ iíòåãðàëó çà ôîðìóëîþ Ði÷àðäñîíà.

2 Òåîðåòè÷íi âiäîìîñòi

2.1 Íåâëàñíiñòü

Âiä íåâëàñíîñòi ìîæíà ïîçáóòèñÿ àäèòèâíèì ìåòîäîì, òîáòî ïðåäñòàâèâøè ïiäiíòåãðàëüíó ôóíêöiþ ó
âèãëÿäi ñóìè ôóíêöi¨ ç îñîáëèâiñòþ ÿêó iíòåãðó¹ìî àíàëiòè÷íî òà íå îñîáëèâî¨ ôóíêöi¨ ÿêó iíòåãðó¹ìî
÷èñåëüíî:

b∫
a

f(x) dx =

b∫
a

(x− x0)−αϕ(x) dx =

=

b∫
a

(x− x0)−α
∞∑
k=0

ck(x− x0)k dx =

=

b∫
a

(x− x0)−α
(

n∑
k=0

ck(x− x0)k +
∞∑
k=1

cn+k(x− x0)n+k
)

dx =

=

b∫
a

(x− x0)−α
n∑
k=0

ck(x− x0)k dx+

b∫
a

(x− x0)−α
∞∑
k=1

cn+k(x− x0)n+k dx =

=

b∫
a

g(x) dx+

b∫
a

(x− x0)−α
∞∑
k=1

cn+k(x− x0)n+k dx =

=

b∫
a

g(x) dx+

b∫
a

(x− x0)−α
(
∞∑
k=0

ck(x− x0)k − g(x)

)
dx =

=

b∫
a

g(x) dx+

b∫
a

(x− x0)−α (ϕ(x)− g(x)) dx =

=

b∫
a

g(x) dx+

b∫
a

ψ(x) dx,

äàëi

b∫
a

g(x) dx =

b∫
a

(x− x0)−α
n∑
k=0

ck(x− x0)k dx (2.1.1)

áåðåìî àíàëiòè÷íî à
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b∫
a

ψ(x) dx =

b∫
a

∞∑
k=1

cn+k(x− x0)n+k−α dx (2.1.2)

� ÷èñåëüíî.

Òàêèé ïiäõiä ó íàøîìó âèïàäêó ïðàöþ¹ ïîãàíî, àäæå äëÿ àïðiîðíî¨ îöiíêè ïîõèáêè ÷èñåëüíîãî
iíòåãðóâàííÿ íåîáõiäíà ïðèíàéìíi ñêií÷åííà äðóãà ïîõiäíà ó ψ, à äëÿ öüîãî â g äîâîäèòüñÿ áðàòè
áàãàòî (6) ÷ëåíiâ ðÿäó Òåéëîðà. À öå ó ñâîþ ÷åðãó ïðèçâîäèòü äî ìàëîñòi ψ, ùî óñêëàäíþ¹ òî÷íå
îá÷èñëåííÿ ¨¨ iíòåãðàëó çà ðàõóíîê çðîñòàííÿ âiäíîñíî¨ ìàøèííî¨ ïîõèáêè.

Òîìó ìè ïðîñòî çðîáèìî çàìiíó i çâåäåìî iíòåãðàë äî âëàñíîãî.

2.2 Êâàäðàòóðíi ôîðìóëè

2.2.1 Ñåðåäíiõ ïðÿìîêóòíèêiâ

I0 = (b− a) · f(x0), x0 =
a+ b

2
(2.2.1)

Çíàéäåìî àëãåáðà¨÷íó ñòåïiíü òî÷íîñòi öi¹¨ êâàäðàòóðíèî¨ ôîðìóëè:

I0(1) = (b− a) · 1 = I(x), (2.2.2)

I0(x) = (b− a) · a+ b

2
= I(x), (2.2.3)

I0(x
2) = (b− a) ·

(
a+ b

2

)2

6= b3 − a3

3
=

b∫
a

x2 dx = I(x2), (2.2.4)

òîìó m = 1.

Îöiíèìî äëÿ íå¨ ïîõèáêó. Âçàãàëi äëÿ ôîðìóëè iíòåðïîëÿöiéíîãî òèïó:

Rn(f) = I(f)− In(f) = I(f)− I(Ln) = I(f − Ln) = I(rn) =

b∫
a

rn(x) dx, (2.2.5)

äå rn(x) � çàëèøêîâèé ÷ëåí iíòåðïîëÿöi¨. Äàëi

|Rn(f)| ≤ (b− a) ·max
x
|rn(x)| ≤ (b− a) · Mn+1

n+ 1
·max

x
|ωn(x)|. (2.2.6)

Äëÿ I0:

|R0(f)| =

∣∣∣∣∣∣
n∫
a

r0(x) dx

∣∣∣∣∣∣ ≤
b∫

a

|r0(x)| dx ≤
b∫

a

M1

1!
|x− x0| dx =

= M1

b∫
a

|x− x0| dx ≤M1 ·
b2 − a2

4
.

(2.2.7)

Àëå öå ïîãàíà îöiíêà, âîíà íå âèêîðèñòîâó¹ òîé ôàêò, ùî êâàäðàòóðíà ôîðìóëà ìà¹ ñòåïiíü
òî÷íîñòi íà îäèíèöþ âèùó. Îòðèìà¹ìî êðàùó îöiíêó. Ìà¹ìî ïðè f ∈ C2([a, b]):

f(x) = f(x0) + (x− x0) · f ′(x0) +
(x− x0)2

2
· f ′′(ξ), (2.2.8)
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äå x0 ≡ a+b
2
, à ξ ∈ [a, b]. Òîäi

R0(f) =

b∫
a

f(x) dx

b∫
a

L0(x) dx =

b∫
a

(f(x)− f(x0)) dx =

=

b∫
a

(
(x− x0)f ′(x0) +

(x− x0)2

2
f ′′(ξ)

)
dx =

=

b∫
a

(x− x0)2

2
· f ′′(ξ) dx = f ′′(η)

b∫
a

(x− x0)2

2
dx =

f ′′(η)

24
· (b− a)3.

(2.2.9)

Òàêèì ÷èíîì

|R0(f)| ≤ M2

24
· (b− a)3 (2.2.10)

Àëå òóò ó íàñ íåìà¹ âïëèâó íà òî÷íiñòü (âåëè÷èíó ïîõèáêè). Òîìó âèêîðèñòîâóþòü ôîðìóëó ñêëà-
äåíîãî òèïó. ßêùî ñiòêà ðiâíîìiðíà, òî ñêëàäåíà êâàäðàòóðíà ôîðìóëà ïðÿìîêóòíèêiâ ìà¹ âèãëÿä

I(f) =
n∑
i=1

xi∫
xi−1

f(x) dx ≈
N∑
i=1

h · f(x̄i) = Ih(f), (2.2.11)

äå x̄i = xi−1/2 = xi − h/2.

Îöiíèìî ïîõèáêó öi¹¨ êâàäðàòóðíî¨ ôîðìóëè:

Rh(f) = I(f)− Ih(f) =
N∑
i=1

xi∫
xi−1

(f(x)− f(x̄i)) dx =
N∑
i=1

f ′′(ηi) ·
h3

24
, (2.2.12)

|Rh(f)| ≤ M2

24
nh3 =

M2h
2(b− a)

24
. (2.2.13)

Òîáòî öÿ ôîðìóëà ìà¹ ñòåïiíü òî÷íîñòi p = 2 ïî êðîêó h. (Íå ñëiä ïëóòàòè ç àëãåáðà¨÷íèì
ñòåïåíåì òî÷íîñòi m = 1 äëÿ öi¹¨ ôîðìóëè).

2.2.2 Òðàïåöié

Íåõàé x0 = a, x1 = b, L1(x) = f(x). Òîäi îòðèìà¹ìî ôîðìóëó:

I1(f) =
b− a

2
· (f(a) + f(b)) (2.2.14)

Ôîðìóëà ìà¹ àëãåáðà¨÷íèé ñòåïiíü òî÷íîñòi m = 1, îñêiëüêè I(x2) 6= I1(x
2). Öå ôîðìóëà çàìêíå-

íîãî òèïó. Çàëèøêîâèé ÷ëåí:

R1(f) =

b∫
a

f ′′(ξ)(x− a)(x− b)
2

dx = −(b− a)3

12
· f ′′(ξ). (2.2.15)

Îöiíêà çàëèøêîâîãî ÷ëåíà:

|R1(f)| ≤M2 ·
(b− a)3

12
. (2.2.16)
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Ç ãåîìåòðè÷íî¨ òî÷êè çîðó çàìiíþ¹òüñÿ ïëîùà êðèâîëiíiéíî¨ òðàïåöié ïëîùåþ çâè÷àéíî¨ òðàïåöi¨.

Ñêëàäåíà êâàäðàòóðíà ôîðìóëà òðàïåöié:

Ih(f) =
N∑
i=1

h

2
· (f(xi−1) + f(xi)) =

=
h

2
· f(a) +

N−1∑
i=1

h · f(xi) +
h

2
· f(b),

(2.2.17)

äå xi = a+ ih, h = b−a
N
, i = 0, N òà

|Rh(f)| ≤M2 ·
b− a

12
· h2, f ∈ C2([a, b]). (2.2.18)

2.2.3 Ñiìïñîíà (ïàðàáîë)

Íåõàé x0 = a, x1 = a+b
2
, x2 = b. Çàìiñòü f âèêîðèñòîâó¹ìî L2(x). Òîäi îòðèìà¹ìî êâàäðàòóðíó

ôîðìóëó:

I2(f) =
b− a

6

(
f(a) + 4f

(
a+ b

2

)
+ f(b)

)
. (2.2.19)

Öå êâàäðàòóðíà ôîðìóëà Ñiìïñîíà.

Àëãåáðà¨÷íà ñòåïiíü òî÷íîñòi êâàäðàòóðíî¨ ôîðìóëè Ñiìïñîíà m = 3.

Äëÿ f ∈ C4([a, b]) çàëèøêîâèé ÷ëåí êâàäðàòóðíî¨ ôîðìóëè Ñiìïñîíà ìà¹ ìiñöå ïðåäñòàâëåííÿ:

R2(f) =
1

24

b∫
a

(x− a)

(
x− a+ b

2

)2

(x− b)f (4)(ξ) dx =
f (4)(ξ)

2880
· (b− a)5, (2.2.20)

òà âiðíà îöiíêà:

|R2(f)| ≤ M4

2880
· (b− a)5. (2.2.21)

Ñêëàäåíà êâàäðàòóðíà ôîðìóëà Ñiìïñîíà ìà¹ âèãëÿä:

Ih(f) =
N∑
i=1

h

6

(
f(xi−1) + 4f(xi−1/2) + f(xi)

)
=

=
h

6
(f(x0) + 4f(x1/2) + 2f(x1) + . . .+ 2f(xN−1) + 4f(xN−1/2) + f(xN)).

(2.2.22)

ßêùî f ∈ C4([a, b]), òî ìà¹ ìiñöå îöiíêà:

|Rh(f)| ≤ M4

2880
· (b− a) · h4, p = 4. (2.2.23)

2.3 Ïðèíöèï Ðóíãå i ôîðìóëà Ði÷àðäñîíà

Íåõàé çàäàíà äåÿêà âåëè÷èíà I (ñiòêîâà ôóíêöiÿ, iíòåãðàë, íåïåðåðâíà ôóíêöiÿ). Íåõàé Ih ≈ I òà
In → I ïðè h→ 0. Íåõàé ïîõèáêà ïîñëiäîâíîñòi Ih ïðåäñòàâëÿ¹òüñÿ ó âèãëÿäi:

Rh = I − Ih =
◦
Rh + α(h), (2.3.1)
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äå
◦
Rh = C · hm � ãîëîâíèé ÷ëåí ïîõèáêè, C íå çàëåæèòü âiä h, α(h) = o(hm). Îá÷èñëèìî Ih/2. Ç

(2.3.1) âèïëèâà¹, ùî

I = Ih + Chm + α(h), (2.3.2)

I = Ih/2 + C · h
m

2m
+ α(h). (2.3.3)

Çâiäñè

Ih/2 − Ih =
Chm

2m
· (2m − 1) + α(h). (2.3.4)

Ç (2.3.1):

◦
Rh/2 =

Chm

2m
=
Ih/2 − Ih
2m − 1

, (2.3.5)

òà

◦
Rh =

2m

2m − 1
· (Ih/2 − Ih). (2.3.6)

Ôîðìóëà (2.3.5) íîñèòü íàçâó àïîñòåðiîðíî¨ îöiíêè ïîõèáêè îá÷èñëåííÿ I çà äîïîìîãîþ íàáëè-
æåííÿ Ih/2. (Àïðiîðíi îöiíêè öå îöiíêè îòðèìàíi äî îá÷èñëåííÿ âåëè÷èíè Ih, àïîñòåðiîðíi îöiíêè �
ïiä ÷àñ ¨¨ îá÷èñëåííÿ).

Ç ôîðìóëè (2.3.5) âïëèâà¹ òàêèé àëãîðèòì îá÷èñëåííÿ iíòåãðàëó iç çàäàíîþ òî÷íiñòþ ε:

1. îá÷èñëþ¹ìî Ih, Ih/2,
◦
Rh/2;

2. ïåðåâiðÿ¹ìî ÷è

∣∣∣∣ ◦Rh/2

∣∣∣∣ < ε.

3. ßêùî òàê, òî I ≈ Ih/2;

4. ßêùî æ íi, òî:

(à) îá÷èñëþ¹ìî Ih/2, Ih/4,
◦
Rh/4;

(á) ïåðåâiðÿ¹ìî

∣∣∣∣ ◦Rh/4

∣∣∣∣ < ε i ò. ä.

5. Ïðîöåñ ïðîäîâæó¹ìî ïîêè íå áóäå âèêîíàíà óìîâà

∣∣∣∣ ◦Rh/2k

∣∣∣∣ < ε, k = 1, 2, . . ..

Çàóâàæåííÿ: Ìè äà¹ìî îöiíêó íå ïîõèáêè, à ¨¨ ãîëîâíîãî ÷ëåíà ç òî÷íiñòþ α(h), òîìó òàêèé
ìåòîä ìîæå äàâàòè çáî¨, ÿêùî íå âèêîíàíà óìîâà

|α(h)| �
∣∣∣∣ ◦Rh/2k

∣∣∣∣ . (2.3.7)

Çà äîïîìîãîþ ãîëîâíîãî ÷ëåíà ïîõèáêè ìîæíà îòðèìàòè êðàùå çíà÷åííÿ äëÿ I:

Ĩh/2 = I
(1)
h/2 = Ih/2 +

◦
Rh/2 =

2m

2m − 1
· Ih/2 −

1

2m − 1
· Ih. (2.3.8)

Öå åêñòðàïîëÿöiéíà ôîðìóëà Ði÷àðäñîíà: Ih − Ĩh/2 = α(h).
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Äëÿ êâàäðàòóðíî¨ ôîðìóëè òðàïåöié p = 2 i

I − Ih = Ch2 +O(h4), (2.3.9)
◦
Rh/2 =

Ih/2 − Ih
3

. (2.3.10)

Ìà¹ìî

Rh = −h
2

12

b∫
a

f ′′(x) dx+O(h4) = O(h2). (2.3.11)

Îòæå, ÿêùî çàñòîñîâóâàòè åêñòðàïîëÿöiéíó ôîðìóëó Ði÷àðäñîíà, òî

Ĩh/2 =
4

3
· Ih/2 −

1

3
· Ih, (2.3.12)

i Ih − Ĩh/2 = O(h4).

Öåé ïðèíöèï çàñòîñîâó¹òüñÿ i äëÿ ôîðìóëè Ñiìïñîíà m = 4. Ãîëîâíà ÷àñòèíà çàëèøêîâîãî ÷ëåíà
äëÿ öi¹¨ ôîðìóëè:

◦
Rh/2 =

Ih/2 − Ih
15

. (2.3.13)

Ĩh/2 =
16

15
· Ih/2 −

1

15
· Ih, (2.3.14)

Ih − Ĩh/2 = O(h6). (2.3.15)

2.4 Àäàïòèâíi êâàäðàòóðíi ôîðìóëè

Ðîçãëÿíåìî âèêîðèñòàííÿ òàê çâàíèõ àäàïòèâíèõ êâàäðàòóðíèõ ôîðìóë, â ÿêèõ çìiííèé êðîê âèáè-
ðà¹òüñÿ çà ïðèíöèïîì Ðóíãå. Äëÿ öüîãî çàïèøåìî ôîðìóëó òðàïåöié iç çìiííèì êðîêîì:

Ih(f) =
N∑
i=1

hi
2
· (f(xi−1) + f(xi)), (2.4.1)

äå hi = xi − xi−1.

Îöiíèìî ïîõèáêó íà êîæíîìó iíòåðâàëi:

Rhi = Ii − Ihi =

=

xi∫
xi−1

f(x) dx− hi
2

(f(xi−1) + f(xi)) =

= −h
3
i

6
· f ′′(xi−1/2) +O(h5i ).

(2.4.2)

Òàêèì ÷èíîì p = 3 i ãîëîâíèé ÷ëåí ïîõèáêè:

◦
Rh/2 =

Ihi/2 − Ihi
7

. (2.4.3)

Óìîâà ïðèïèíåííÿ äiëåííÿ íàâïië ïðîìiæêó [xi−1, xi]:
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∣∣∣∣ ◦Rhi/2

∣∣∣∣ ≤ ε · hi
b− a

. (2.4.4)

Öå çàáåçïå÷ó¹ òî÷íiñòü íà âñüîìó iíòåðâàëi∣∣∣∣ ◦Rh/2

∣∣∣∣ =

∣∣∣∣∣
N∑
i=1

Rhi/2

∣∣∣∣∣ ≤
N∑
i=1

ε · hi
b− a

= ε · b− a
b− a

= ε. (2.4.5)

3 Ïðàêòè÷íà ÷àñòèíà

3.1 Íåâëàñíiñòü

Ïåðø çà âñå çðîáèìî çàìiíó:

1∫
−1

ln(2 + 3
√
x)

3
√
x

dx =
∣∣t = 3

√
x, x = t3, dx = 3t2 dt

∣∣ =

1∫
−1

3t ln(2 + t) dt. (3.1.1)

Òàêèì ÷èíîì ìè çâåëè iíòåãðàë äî âëàñíîãî.

3.2 Êâàäðàòóðíi ôîðìóëè

Áóëè íàïèñàíi íàñòóïíi ôóíêöi¨ äëÿ îá÷èñëåííÿ êâàäðàòóðíèõ ôîðìóë:

def rectangle(a: float, b: float, f: Callable[[np.array], np.array],

h: float) -> float:

return h * np.sum(f(np.arange(a + h / 2, b + h / 2, h)))

def trapezoid(a: float, b: float, f: Callable[[np.array], np.array],

h: float) -> float:

return h / 2 * (f(a) + 2 * np.sum(f(np.arange(a + h, b, h))) + f(b))

def simpson(a: float, b: float, f: Callable[[np.array], np.array],

h: float) -> float:

return h / 6 * (f(a) + 2 * np.sum(f(np.arange(a + h, b, h))) +

4 * np.sum(f(np.arange(a + h / 2, b + h / 2, h))) + f(b))

3.3 Àïðiîðíi îöiíêè ïîõèáêè

Áóëè íàïèñàíi íàñòóïíi ôóíêöi¨ äëÿ îá÷èñëåííÿ àïðiîðíèõ îöiíîê ïîõèáîê:

def rectangle(a: float, b: float, M_2: float, h: float) -> float:

return M_2 * h**2 * (b - a) / 24

def trapezoid(a: float, b: float, M_2: float, h: float) -> float:

return M_2 * h**2 * (b - a) / 12
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def simpson(a: float, b: float, M_4: float, h: float) -> float:

return M_4 * h**4 * (b - a) / 2880

Òóò íàì çíàäîáëÿòüñÿ M2 i M4, çíàéäåìî ¨õ:

M2 = max
−1≤t≤1

∣∣∣∣d2f(t)

dt2

∣∣∣∣ , M4 = max
−1≤t≤1

∣∣∣∣d4f(t)

dt4

∣∣∣∣ . (3.3.1)

Ïîñëiäîâíî çíàõîäèìî:

df(t)

dt
= 3

(
t

t+ 2
+ ln(t+ 2)

)
, (3.3.2)

d2f(t)

dt2
=

3(t+ 4)

(t+ 2)2
, (3.3.3)

d3f(t)

dt3
= −3(t+ 6)

(t+ 2)2
, (3.3.4)

d4f(t)

dt4
=

6(t+ 8)

(t+ 2)4
, (3.3.5)

d5f(t)

dt5
= −18(t+ 10)

(t+ 2)5
. (3.3.6)

ßê áà÷èìî d3f(t)/ dt3 < 0 íà [−1, 1], òîìó M2 äîñÿãà¹òüñÿ àáî â −1, àáî â 1. Ïiäñòàâëÿþ÷è
çíàõîäèìî f ′′(−1) = 9, f(1) = 5/3, òîìó M2 = 9.

ßê áà÷èìî d5f(t)/ dt5 < 0 íà [−1, 1], òîìó M4 äîñÿãà¹òüñÿ àáî â −1, àáî â 1. Ïiäñòàâëÿþ÷è
çíàõîäèìî f (4)(−1) = 42, f (4)(1) = 2/3, òîìó M4 = 42.

3.4 Ïðèíöèï Ðóíãå

Áóëè íàïèñàíi íàñòóïíi ôóíêöi¨ äëÿ îá÷èñëåííÿ ïîõèáêè çà ïðèíöèïîì Ðóíãå:

def rectangle(a: float, b: float, f: Callable[[np.array], np.array],

h: float) -> float:

I_h, I_half_h = integrate.rectangle(a, b, f, h), \

integrate.rectangle(a, b, f, h / 2)

return abs(I_half_h - I_h) / 3

def trapezoid(a: float, b: float, f: Callable[[np.array], np.array],

h: float) -> float:

I_h, I_half_h = integrate.trapezoid(a, b, f, h), \

integrate.trapezoid(a, b, f, h / 2)

return abs(I_half_h - I_h) / 3

def simpson(a: float, b: float, f: Callable[[np.array], np.array],

h: float) -> float:

I_h, I_half_h = integrate.simpson(a, b, f, h), \

integrate.simpson(a, b, f, h / 2)

return abs(I_half_h - I_h) / 15
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3.5 Ôîðìóëà Ði÷àðäñîíà

Áóëè íàïèñàíi íàñòóïíi ôóíêöi¨ äëÿ îá÷èñëåííÿ óòî÷íåíîãî çíà÷åííÿ iíòåãðàëó çà åêñòðàïîëÿöiéíîþ
ôîðìóëîþ Ði÷àðäñîíà:

def rectangle(a: float, b: float, f: Callable[[np.array], np.array],

h: float) -> float:

I_h, I_half_h = integrate.rectangle(a, b, f, h), \

integrate.rectangle(a, b, f, h / 2)

return (4 * I_half_h - I_h) / 3

def trapezoid(a: float, b: float, f: Callable[[np.array], np.array],

h: float) -> float:

I_h, I_half_h = integrate.trapezoid(a, b, f, h), \

integrate.trapezoid(a, b, f, h / 2)

return (4 * I_half_h - I_h) / 3

def simpson(a: float, b: float, f: Callable[[np.array], np.array],

h: float) -> float:

I_h, I_half_h = integrate.simpson(a, b, f, h), \

integrate.simpson(a, b, f, h / 2)

return (16 * I_half_h - I_h) / 15

3.6 Àäàïòèâíi êâàäðàòóðíi ôîðìóëè

Áóëè íàïèñàíi íàñòóïíi ôóíêöi¨ äëÿ îá÷èñëåííÿ çíà÷åííÿ iíòåãðàëó çà àäàïòèâíèìè ôîðìóëàìè:

def rectangle(a: float, b: float, f: Callable[[np.array], np.array],

eps: float) -> float:

if runge.rectangle(a, b, f, b - a) < eps:

return integrate.rectangle(a, b, f, b - a)

else:

m = (a + b) / 2

return rectangle(a, m, f, eps / 2) + rectangle(m, b, f, eps / 2)

def trapezoid(a: float, b: float, f: Callable[[np.array], np.array],

eps: float) -> float:

if runge.trapezoid(a, b, f, b - a) < eps:

return integrate.trapezoid(a, b, f, b - a)

else:

m = (a + b) / 2

return trapezoid(a, m, f, eps / 2) + trapezoid(m, b, f, eps / 2)

def simpson(a: float, b: float, f: Callable[[np.array], np.array],

eps: float) -> float:

if runge.simpson(a, b, f, b - a) < eps:

return integrate.simpson(a, b, f, b - a)
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else:

m = (a + b) / 2

return simpson(a, m, f, eps / 2) + simpson(m, b, f, eps / 2)

3.7 Ïðîãðàìè-äðàéâåðè

Áóëè íàïèñàíi íàñòóïíi ïðîãðàìè-äðàéâåðè:

def rectangle(a: float, b: float, f: Callable[[np.array], np.array], h: float,

I_True: float, M_2: float) -> None:

while runge.rectangle(a, b, f, h) > eps:

h /= 2

h /= 2

I_h, I_half_h, I_richardson = integrate.rectangle(a, b, f, h), \

integrate.rectangle(a, b, f, h / 2), richardson.rectangle(a, b, f, h)

I_adaptive = adaptive.rectangle(a, b, f, eps)

def trapezoid(a: float, b: float, f: Callable[[np.array], np.array], h: float,

I_True: float, M_2: float) -> None:

while runge.trapezoid(a, b, f, h) > eps:

h /= 2

h /= 2

I_h, I_half_h, I_richardson = integrate.trapezoid(a, b, f, h), \

integrate.trapezoid(a, b, f, h / 2), richardson.trapezoid(a, b, f, h)

I_adaptive = adaptive.trapezoid(a, b, f, eps)

def simpson(a: float, b: float, f: Callable[[np.array], np.array], h: float,

I_True: float, M_4: float) -> None:

while runge.simpson(a, b, f, h) > eps:

h /= 2

h /= 2

I_h, I_half_h, I_richardson = integrate.simpson(a, b, f, h), \

integrate.simpson(a, b, f, h / 2), richardson.simpson(a, b, f, h)

I_adaptive = adaptive.simpson(a, b, f, eps)

if __name__ == '__main__':

def f(t):

return 3 * t * np.log(2 + t)

a, b = -1, 1

I_true = 6 - 9 / 2 * np.log(3)
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M_2, M_4 = 9, 42

h = b - a

eps = 1e-5

rectangle(a, b, f, h, I_true, M_2)

trapezoid(a, b, f, h, I_true, M_2)

simpson(a, b, f, h, I_true, M_4)

3.8 Ðåçóëüòàòè

Òóò

� h � êiíöåâèé êðîê iíòåãðóâàííÿ;

� I_true � ñïðàâæí¹ çíà÷åííÿ iíòåãðàëó;

� I_h � çíà÷åííÿ iíòåãðàëó çà âiäïîâiäíîþ êâàäðàòóðíîþ ôîðìóëîþ äëÿ êðîêó h;

� R_h_true � âiäõèëåííÿ I_h âiä I_true;

� I_half_h � çíà÷åííÿ iíòåãðàëó çà âiäïîâiäíîþ êâàäðàòóðíîþ ôîðìóëîþ äëÿ êðîêó h/2;

� R_half_h_true � âiäõèëåííÿ I_half_h âiä I_true;

� R_runge � îöiíêà âiäõèëåííÿ I_h âiä I_true çà ïðèíöèïîì Ðóíãå;

� I_richardson � óòî÷íåíå çíà÷åííÿ iíòåãðàëó çà åêñòðàïîëÿöiéíîþ ôîðìóëîþ Ði÷àðäñîíà;

� R_richardson_true � âiäõèëåííÿ I_richardson âiä I_true;

� apriori_error � àïðiîðíà îöiíêà âiäõèëåííÿ I_h âiä I_true;

� I_adaptive � çíà÷åííÿ iíòåãðàëó îá÷èñëåíå çà àäàïòèâíîþ êâàäðàòóðíîþ ôîðìóëîþ;

� R_adaptive � âiäõèëåííÿ I_adaptive âiä I_true.

3.8.1 Äëÿ ôîðìóëè ñåðåäíiõ ïðÿìîêóòíèêiâ

h = 0.00390625

I_true = 1.0562447009935063

I_h = 1.0562400624293735

R_h_true = 4.638564132797285e-06

I_half_h = 1.0562435413517188

R_half_h_true = 1.1596417874848441e-06

R_runge = 1.1596407817708136e-06

I_richardson = 1.0562447009925007

R_richardson_true = 1.0056400157054668e-12

apriori_error = 1.1444091796875e-05

I_apadtive = 1.0562229991183867

R_apadtive = 2.170187511962851e-05
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3.8.2 Äëÿ ôîðìóëè òðàïåöié

h = 0.00390625

I_true = 1.0562447009935063

I_h = 1.0562539781252218

R_h_true = 9.277131715501596e-06

I_half_h = 1.0562470202772976

R_half_h_true = 2.3192837912411335e-06

R_runge = 2.319282641420154e-06

I_richardson = 1.0562447009946563

R_richardson_true = 1.1499690089067371e-12

apriori_error = 2.288818359375e-05

I_apadtive = 1.0562667298228325

R_apadtive = 2.2028829326226074e-05

3.8.3 Äëÿ ôîðìóëè Ñiìïñîíà (ïàðàáîë)

h = 0.125

I_true = 1.0562447009935063

I_h = 1.0562459003461577

R_h_true = 1.199352651415353e-06

I_half_h = 1.056244776246562

R_half_h_true = 7.525305578681696e-08

R_runge = 7.49399730419024e-08

I_richardson = 1.056244701306589

R_richardson_true = 3.130826708996892e-10

apriori_error = 7.120768229166667e-06

I_apadtive = 1.0562928260704325

R_apadtive = 4.812507692619761e-05
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