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1 Ïîñòàíîâêà çàäà÷i

Äëÿ ìàòðèöi

ai,j =

{
i+j−1
2n

, i 6= j

n+ 10 + i+j−1
2n

, i = j

ïîðÿäêó n = 5, 6, . . . çíàéòè

1. λmax = max
i
|λi(A)|;

2. λmin = min
i
λi(A);

3. λ̂max = min
i
|λi(A)|.

ìåòîäîì ñêàëÿðíèõ äîáóòêiâ òà âñi âëàñíi çíà÷åííÿ � ìåòîäîì îáåðòàííÿ ßêîái.

2 Òåîðåòè÷íà ÷àñòèíà

2.1 Ñòåïåíåâèé ìåòîä

1. Çíàõîäæåííÿ λmax : |λ1| ≡ λmax > |λ2| ≥ |λ3| ≥ . . .

Íåõàé ~x(0) � çàäàíèé âåêòîð, áóäåìî ïîñëiäîâíî îá÷èñëþâàòè âåêòîðè

~x(k+1) = A~x(k), k = 0, 1, . . . (2.1)

Òîäi ~x(k) = Ak~x(0). Íåõàé {~ei}ni=1 � ñèñòåìà âëàñíèõ âåêòîðiâ. Ïðåäñòàâèìî ~x
(0) ó âèãëÿäi:

~x(0) =
n∑
i=1

ci~ei.

Îñêiëüêè A~ei = λi~ei, òî ~x
(k) =

n∑
i=1

ciλ
k
i~ei. Ïðè âåëèêèõ k: ~x(k) ≈ c1λ

k
1~e1. Òîìó

µ
(k)
1 =

~x
(k+1)
m

~x
(k)
m

= λ1 +O

(∣∣∣∣λ2λ1
∣∣∣∣k
)
.

Çíà÷èòü µ
(k)
1 −−−→

k→∞
λ1.

ßêùî ìàòðèöÿ A = AT ñèìåòðè÷íà, òî iñíó¹ îðòîíîðìîâàíà ñèñòåìà âåêòîðiâ (~ei, ~ej) = δi,j.
Òîìó

µ
(k)
1 =

(~x(k+1), ~x(k))

(~x(k), ~x(k))
=

(
n∑
i=1

ciλ
(
ik + 1)~ei,

n∑
j=1

cjλ
k
j~ej

)
(

n∑
i=1

ciλ
k
i~ei,

n∑
j=1

cjλ
k
j~ej

) =

∑
i

c2iλ
2k+1
i∑

i

c2iλ
2k
i

=

2



=
c21λ

2k+1
1 + c22λ

2k+1
2 + . . .

c21λ
2k
1 + c22λ

2k
2 + . . .

= λ1 +O

(∣∣∣∣λ2λ1
∣∣∣∣2k
)
−−−→
k→∞

λ1.

Öå îçíà÷à¹ çáiæíiñòü äî ìàêñèìàëüíîãî çà ìîäóëåì âëàñíîãî çíà÷åííÿ ç êâàäðàòè÷íîþ øâèä-
êiñòþ.

ßêùî λ1 > 1, òî ïðè ïðîâåäåííi iòåðàöié âiäáóâà¹òüñÿ çðiñò êîìïîíåíò âåêòîðà ~x(k), ùî ïðèâî-
äèòü äî �ïåðåïîâíåííÿ� (over�ow). ßêùî æ λ1 < 1, òî öå ïðèâîäèòü äî çìåíøåííÿ êîìïîíåíò
(under�ow). Ïîçáóòèñÿ íåãàòèâó òàêîãî ÿâèùà ìîæíà íîðìóþ÷è âåêòîðè ~x(k) íà êîæíié iòåðàöi¨.

Àëãîðèòì ñòåïåíåâîãî ìåòîäó çíàõîäæåííÿ ìàêñèìàëüíîãî çà ìîäóëåì âëàñíîãî çíà÷åííÿ ç
òî÷íiñòþ ε âèãëÿäà¹ òàê:

(à) ~x(0) → ~e0 = ~x(0)

‖~x(0)‖ ;

(á) ~x(k+1) = A~x(k), µ
(k)
1 = (~x(k+1), ~e(k)), ~e(k+1) = ~x(k+1)

‖~x(k+1)‖ , k = 0, 1, . . .;

(â) |µ(k+1)
1 − µ(k)

1 | ≥ ε goto (á);

(ã) λ1 ≈ µ
(k+1)
1 .

Çà öèì àëãîðèòìîì äëÿ ñèìåòðè÷íî¨ ìàòðèöi AT = A øâèäêiñòü ïðÿìóâàííÿ µ
(k)
1 äî λmax �

êâàäðàòè÷íà.

2. Çíàõîäæåííÿ λ2 : |λ1| > |λ2| > |λ3| ≥ . . .. Íåõàé λ1, ~e1 âiäîìi.

ßêùî |λ1| > |λ2| > |λ3| ≥ . . ., òî

µ
(k)
2 =

~x
(k+1)−λ1~x(k)m
m

~x
(k)−λ1~x(k−1)

m
m

−−−→
k→∞

λ2, äå ~x(k+1) = A~x(k).

x
(k)
m � m-òà êîìïîíåíòà ~x(k).

� àëãîðèòì îá÷èñëåííÿ λ2, ~e2, âèêîðèñòîâóþ÷è íîðìóâàííÿ âåêòîðiâ òà ñêàëÿðíi äîáóòêè äëÿ
îá÷èñëåííÿ µ

(k)
2 ).

3. Çíàõîäæåííÿ ìiíiìàëüíîãî âëàñíîãî ÷èñëà λmin(A) = mini |λi(A)|.
Ïðèïóñòèìî , ùî λi(A) > 0 òà âiäîìå λmax. Ðîçãëÿíåìî ìàòðèöþ B = λmaxE − A. Ìà¹ìî

∀i : λi(B) = λmax − λi(A).

Òîìó max
i
λi(B) = λmax −min

i
λi(A). Çâiäñè λmin(A) = λmax(A)− λmax(B).

ßêùî ∃i : λi(A) < 0, òî áóäó¹ìî ìàòðèöþ A = σE+A, σ > 0, A > 0 i äëÿ íå¨ ïîïåðåäíié ðîçãëÿä
äà¹ íåîáõiäíèé ðåçóëüòàò. Çàìiñòü λmax â ìàòðèöi B ìîæíà âèêîðèñòîâóâàòè ‖A‖.

Ùå îäèí ñïîñiá îá÷èñëåííÿ ìiíiìàëüíîãî âëàñíîãî çíà÷åííÿ ïîëÿãà¹ â âèêîðèñòàííÿ îáåðíåíèõ
iòåðàöié:

A~x(k+1) = ~xk, k = 0, 1, . . . (2.2)

Àëå öåé ìåòîä âèìàãà¹ áiëüøî¨ êiëüêîñòi àðèôìåòè÷íèõ îïåðàöié: ñêëàäíiñòü ìåòîäó íà îñíîâi
ôîðìóëè (2.1) Q = O(n2) , à íà îñíîâi (2.2) � Q = O(n3), îñêiëüêè òðåáà ðîçâ'ÿçóâàòè ÑËÀÐ,
àëå çáiãà¹òüñÿ ìåòîä (2.2) øâèä÷å.
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2.2 Iòåðàöiéíèé ìåòîä îáåðòàííÿ

Öå ìåòîä ðîçâ'ÿçàííÿ ïîâíî¨ ïðîáëåìè âëàñíèõ çíà÷åíü äëÿ ñèìåòðè÷íèõ ìàòðèöü AT = A. Iñíó¹
ìàòðèöÿ U , ùî ïðèâîäèòü ìàòðèöþ A äî äiàãîíàëüíîãî âèäó:

A = UΛUT , (2.3)

äå Λ � äiàãîíàëüíà ìàòðèöÿ, ïî äiàãîíàëi ÿêî¨ ñòîÿòü âëàñíi çíà÷åííÿ λi; U � óíiòàðíà ìàòðèöÿ,
òîáòî: U−1 = UT .

Ç (2.3) ìà¹ìî
Λ = UTΛU, (2.4)

Íåõàé ∃Ũ � ìàòðèöÿ, òàêà ùî Λ̃ = ŨTAŨ i Λ̃ = (λ̃i,j)
n
i,j=1, |λ̃i,j| < δ � 1, i 6= j.

Òîäi äiàãîíàëüíi åëåìåíòè ìàëî âiäðiçíÿþòüñÿ âiä âëàñíèõ çíà÷åíü

|λ̃i,i − λi(A)| < ε = ε(δ).

Ââåäåìî t(A) =
n∑

i,j=1
i 6=j

a2i,j. Ç ìàëîñòi âåëè÷èíè t(A) âèòiêà¹, ùî äiàãîíàëüíi åëåìåíòè ìàëi. Ïî A = A0

çà äîïîìîãîþ ìàòðèöü îáåðòàííÿ ùî ïîâåðòàþòü ñèñòåìó âåêòîðiâ íà êóò ϕ, ïîáóäó¹ìî ïîñëiäîâíiñòü
{Ak} òàêó, ùî Ak → Λ ïðè k →∞.

Ìàòðèöÿ îáåðòàííÿ Uk ¹ óíiòàðíîþ: U
−1
k = UT

k .

Ïîñëiäîâíî áóäó¹ìî:
Ak+1 = UT

KAkUk, (2.5)

Ïðîöåñ (2.5) íàçèâà¹òüñÿ ìîíîòîííèì, ÿêùî: t(Ak+1) < t(Ak).
Äëÿ ìàòðèöi (2.5) âèêîíó¹òüñÿ:

a
(k+1)
i,j = a

(k)
i,j cos 2ϕ+

1

2
(a

(k)
j,j − a

(k)
i,i ) sin 2ϕ, (2.6)

À òàêîæ t(Ak+1) = t(Ak)− 2(a
(k)
i,j )2, ÿêùî âèáèðàòè ϕ ç óìîâè a

(k+1)
i,j = 0.

Çâiäñè ϕ = ϕk = 1
2

arctan(p(k)), p(k) =
2a

(k)
i,j

a
(k)
i,i −a

(k)
j,j

, äå |a(k)i,j | = max
m,l
m6=l

|a(k)m,l|. Òîäi t(Ak)→ 0, →∞. ×èì áiëüøå

n òèì áiëüøå iòåðàöié íåîáõiäíî äëÿ çâåäåííÿ A äî Λ.

3 Ïðàêòè÷íà ÷àñòèíà

Ïîêàæåìî íàî÷íi ðåçóëüòàòè äëÿ çíà÷åííÿ n = 5 òà äëÿ çàäàíî¨ òî÷íîñòi ε = 10−6, õî÷à çàïðîãðàìî-
âàíèé àëãîðèòì äà¹ çìîãó îòðèìàòè ðåçóëüòàòè ∀n ∈ N:

A =


15.1 0.2 0.3 0.4 0.5
0.2 15.3 0.4 0.5 0.6
0.3 0.4 15.5 0.6 0.7
0.4 0.5 0.6 15.7 0.8
0.5 0.6 0.7 0.8 15.9

 .
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3.1 Ìåòîä ñêàëÿðíèõ äîáóòêiâ

Ïî÷íåìî ç ~x(0) = (1, 0, 0, 0, 0) ùîá äîâãî íå äóìàòè.

1. Â ïðîöåñi ðîçâ'ÿçàííÿ çàäà÷i, áóëè îòðèìàíi âiäïîâiäíi ðåçóëüòàòè äëÿ λmax = max
i
|λi(A)| òà

λmin = min
i
|λi(A)|:

λmax = 17.686140661634397

2. Äëÿ çíàõîäæåííÿ λmin áóëà âèêîðèñòàíà äîïîìiæíà ìàòðèöÿ, B = λmax · E − A:

B =


2.586140 −0.2 −0.3 −0.4 −0.5
−0.2 2.486140 −0.4 −0.5 −0.6
−0.3 −0.4 2.386140 −0.6 −0.7
−0.4 −0.5 −0.6 2.286140 −0.8
−0.5 −0.6 −0.7 −0.8 2.186140

 .

Äëÿ ÿêî¨ çíàõîäèìî λmin(A) = λmax(A)− λmax(B):

λmin = 17.686140661634397− 2.8722810782394337 = 14.813859583394963.

3. Äëÿ çíàõîäæåííÿ λ̂min áóëà âèêîðèñòàíà äîïîìiæíà ìàòðèöÿ C = E − A2

λ2max
:

C =


−11.92254791 −0.3788277 −0.55693326 −0.73503882 −0.91314438
−0.3788277 −12.2815861 −0.74069297 −0.9216256 −1.10255823
−0.55693326 −0.74069297 −12.64627844 −1.10821238 −1.29197208
−0.73503882 −0.9216256 −1.10821238 −13.01662492 −1.48138593
−0.91314438 −1.10255823 −1.29197208 −1.48138593 −13.39262555



λ̂min = min
i
|λi(A)| =

√
λ2max(A)(1− λmax(C)) =

=
√

17.6861406616343972(1− 0.2984311005453412)) = 14.813859583394963.

3.2 Ìåòîä îáåðòàííÿ ßêîái

Âðàõîâóþ÷è òåîðåòè÷íèé àðñåíàë òà çàñòîñîâóþ÷è çàäàíèé àëãîðèòì îòðèìà¹ìî:

λ(A) = (14.813859, 14.999999, 14.999999, 14.999999, 17.686140)

Iòåðàöi¨ âèêîíó¹ìî äîïîêè íå áóäå âèêîíàíà óìîâà çóïèíêè:

t(Ak) =
n∑

i,j=1
i 6=j

a2i,j < ε, Ak+1 = UT
k · Ak · Uk

Íà îñòàííié iòåðàöi¨: t(AN) = 1.1086685175654626 · 10−7. Êiëüêiñòü iòåðàöié N = 11
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