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1 Ïîñòàíîâêà çàäà÷i

Çàäàíà ñèñòåìà ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü A~x = ~b ïîðÿäêó n = 5, 6, . . .

1. Ìåòîäîì êâàäðàòíèõ êîðåíiâ çíàéòè:

(à) ðîçâ'ÿçîê ñèñòåìè ~x;

(á) íåâ'ÿçêó ~r = A~x−~b;
(â) ÷èñëî îáóìîâëåíîñòi ìàòðèöi A;

(ã) âèçíà÷íèê ìàòðèöi A;

(ä) îáåðíåíó ìàòðèöþ A−1 (âèâåñòè òàêîæ ìàòðèöþ A−1 · A).

2. Ìåòîäîì Çåéäåëÿ:

(à) ðîçâ'ÿçîê ñèñòåìè ~x ç òî÷íiñòþ ε = 10−4;

(á) íåâ'ÿçêó ~r = A~x−~b;
(â) âèâåñòè êiëüêiñòü iòåðàöié ìåòîäó.

2 Òåîðåòè÷íà ÷àñòèíà

2.1 Ìåòîä êâàäðàòíèõ êîðåíiâ

Öåé ìåòîä ïðèçíà÷åíèé äëÿ ðîçâ'ÿçàííÿ ñèñòåì ðiâíÿíü iç ñèìåòðè÷íîþ ìàòðèöåþ

A~x = ~b, AT = A. (2.1)

Âií îñíîâàíèé íà ðîçêëàäi ìàòðèöi A â äîáóòîê:

A = STDS, (2.2)

S � âåðõíÿ òðèêóòíà ìàòðèöÿ, ST � íèæíÿ òðèêóòíà ìàòðèöÿ, D � äiàãîíàëüíà ìàòðèöÿ.

Âèíèêà¹ ïèòàííÿ: ÿê îá÷èñëèòè S, D ïî ìàòðèöi A? Ìà¹ìî

(DS)i,j =

{
di,isi,j, i ≤ j

0, i > j

(STDS)i,j =
n∑

l=1

sTi,ldl,lsl,j =
i−1∑
l=1

sl,isl,jdl,l + si,isi,jdi,i +
n∑

l=i+1

sl,isl,jsl,l︸ ︷︷ ︸
=0

= ai,j, i, i = 1, n.
(2.3)

ßêùî i = j, òî

|s2i,i|di,i = ai,i −
i−1∑
l=1

|s2l,i|dl,l ≡ pi.

Òîìó
di,i = sign(pi), si,i =

√
|pi|.

ßêùî i < j, òî

si,j =

(
ai,j −

i−1∑
l=1

sl,idl,lsl,j

)
/(si,idi,i), i = 1, n, j = i+ 1, n.
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ßêùî A > 0 (òîáòî ãîëîâíi ìiíîðè ìàòðèöi A äîäàòíi), òî âñi di,i = +1.

Çíàéäåìî ðîçâ'ÿçîê ðiâíÿííÿ (2.1). Âðàõîâóþ÷è (2.2), ìà¹ìî:

STD~y = ~b (2.4)

S~x = ~y (2.5)

Îñêiëüêè S � âåðõíÿ òðèêóòíà ìàòðèöÿ, à STD � íèæíÿ òðèêóòíà ìàòðèöÿ, òî

yi =

bi −
i−1∑
j=1

sj,isj,jyj

si,idi,i
, i = 1, n (2.6)

xn =
yn
sn,n

, xi =

yi −
i−1∑
j=1

si,jxj

si,i
, i = n− 1, 1. (2.7)

Ìåòîä çàñòîñîâó¹òüñÿ ëèøå äëÿ ñèìåòðè÷íèõ ìàòðèöü. Éîãî ñêëàäíiñòü � Q = 1
3
n3 +O(n2).

Ïåðåâàãè öüîãî ìåòîäó:

1. âií âèòðà÷à¹ â 2 ðàçè ìåíøå ïàì'ÿòi íiæ ìåòîä Ãàóññà äëÿ çáåðiãàííÿ AT = A (íåîáõiäíèé îá'¹ì
ïàì'ÿòi n(n+1)

2
∼ n2

2
;

2. ìåòîä îäíîðiäíèé, áåç ïåðåñòàíîâîê;

3. ÿêùî ìàòðèöÿ A ìà¹ áàãàòî íóëüîâèõ åëåìåíòiâ, òî i ìàòðèöÿ S òàêîæ.

Îñòàííÿ âëàñòèâiñòü äà¹ åêîíîìiþ â ïàì'ÿòi òà êiëüêîñòi àðèôìåòè÷íèõ îïåðàöié. Íàïðèêëàä, ÿêùî
A ìà¹ m íåíóëüîâèõ ñòði÷îê ïî äiàãîíàëi, òî Q = O(m2n).

2.2 Îá÷èñëåííÿ âèçíà÷íèêà òà îáåðíåíî¨ ìàòðèöi

Êiëüêiñòü îïåðàöié îá÷èñëåííÿ äåòåðìiíàíòó çà îçíà÷åííÿì � Qdet = n!.
Â ìåòîäi êâàäðàòíîãî êîðåíÿ A = STDS. Òîìó

detA = detST detD detS =
n∏

k=1

dk,k

n∏
k=1

s2k,k. (2.8)

Òåïåð Qdet =
1
3
n3 +O(n2).

Çà îçíà÷åííÿì
AA−1 = E (2.9)

äå A−1 îáåðíåíà äî ìàòðèöi A. Ïîçíà÷èìî

A−1 = (αi,j)
n
i,j=1.

Òîäi ~αj = (αi,j)
n
i=1 � âåêòîð-ñòîâï÷èê îáåðíåíî¨ ìàòðèöi. Ç (2.9) ìà¹ìî

A~αj = ~ej, j = 1, n, (2.10)

~ej � ñòîâï÷èêè îäèíè÷íî¨ ìàòðèöi: ~ej = (δi,j)
n
i=1, δi,j =

{
1, i = j

0, i 6= j
.

Äëÿ çíàõîäæåííÿ −1 íåîáõiäíî ðîçâ'ÿçàòè n ñèñòåì. Äëÿ çíàõîäæåííÿ A−1 ìåòîäîì Ãàóññà íåîáõiäíà
êiëüêiñòü îïåðàöié Q = 2n3 +O(n2).
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2.2.1 Ìåòîä Çåéäåëÿ

Â êîìïîíåíòíîìó âèãëÿäi iòåðàöiéíèé ìåòîä Çåéäåëÿ çàïèñó¹òüñÿ òàê:

x
(k+1)
i = −

i−1∑
j=1

ai,j
ai,i
· x(k+1)

j −
n∑

j=i+1

ai,j
ai,i
· x(k)j +

bi
ai,i

, k = 0, 1, . . . , i = 1, n. (2.11)

Íà âiäìiíó âiä ìåòîäó ßêîái íà k-ìó-êðîöi ïîïåðåäíi êîìïîíåíòè ðîçâ'ÿçêó áåðóòüñÿ ç k+1-î¨ iòåðàöi¨.

Äîñòàòíÿ óìîâà çáiæíîñòi ìåòîäó Çåéäåëÿ � AT = A > 0.

2.2.2 Ìàòðè÷íà iíòåðïðåòàöiÿ ìåòîäiâ ßêîái i Çåéäåëÿ

Ïîäàìî ìàòðèöþ A ó âèãëÿäi
A = A1 +D + A2,

äå A1 � íèæíié òðèêóòíèê ìàòðèöi A, A2 � âåðõíié òðèêóòíèê ìàòðèöi A, D � ¨¨ äiàãîíàëü. Òîäi
ñèñòåìó (??) çàïèøåìî ó âèãëÿäi

D~x = A1~x+ A2~x+~b,

àáî
~x = D−1A1~x+D−1A2~x+D−1~b,

ìåòîäó Çåéäåëÿ:
~x(k+1) = D−1A1~x

(k+1) +D−1A2~x
(k) +D−1~b,

Íåîáõiäíà i äîñòàòíÿ óìîâà çáiæíîñòi ìåòîäó ìåòîäà Çåéäåëÿ: âñi êîðåíi ðiâíÿííÿ det(A1+D+λA2) =
0 ïî ìîäóëþ áiëüøå 1.

3 Ïðàêòè÷íà ÷àñòèíà

bi = 12 + 5i, i = 1, n.

~b = (17, 22, 27, 32, 37).

ai,j =

{
i+j−1
2n

, i 6= j

n+ 10 + i+j−1
2n

, i = j
.

A =


15.1 0.2 0.3 0.4 0.5
0.2 15.3 0.4 0.5 0.6
0.3 0.4 15.5 0.6 0.7
0.4 0.5 0.6 15.7 0.8
0.5 0.6 0.7 0.8 15.9

 .

3.1 Ìåòîä êâàäðàòíèõ êîðåíiâ

Ïîêàæåìî íàî÷íi ðåçóëüòàòè äëÿ çíà÷åííÿ n = 5, õî÷à çàïðîãðàìîâàíèé àëãîðèòì äà¹ çìîãó îòðè-
ìàòè ðåçóëüòàòè ∀n ∈ N:
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1. Â ïðîöåñi ðîçâ'ÿçàííÿ çàäà÷i, áóëè îòðèìàíi ìàòðèöi S òà ST , à òàêîæ äiàãîíàëüíà ìàòðèöÿ D:

S =


3.88587185 0.0514685 0.07720275 0.102937 0.12867125

0. 3.91118281 0.10125492 0.12648398 0.15171305
0. 0. 3.93494437 0.1472056 0.17146482
0. 0. 0. 3.95622753 0.18763459
0. 0. 0. 0. 3.97439554

 .

D =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 .

(ìàòðèöÿ D â êîäi çàäàíà ÿê öiëî÷èñåëüíà, òîìó âñi çíà÷åííÿ òî÷íi.)

ST ·D · S =


15.1 0.2 0.3 0.4 0.5
0.2 15.3 0.4 0.5 0.6
0.3 0.4 15.5 0.6 0.7
0.4 0.5 0.6 15.7 0.8
0.5 0.6 0.7 0.8 15.9

 .

Äàëi îòðèìà¹ìî ~y, ÿêèé ¹ äîïîìiæíèì äëÿ çíàõîäæåííÿ âåêòîðó ðîçâ'ÿçêó ~x:

~y = (4.37482261.5.5673272, 6.63250353, 7.54990688, 8.31285785).

Äàëi îòðèìà¹ìî øóêàíèé âåêòîð ~x:

~x = (0.96183206, 1.24427481, 1.52671756, 1.80916031, 2.09160305).

2. Çíàéäåìî íåâ'ÿçêó ~r = A~x−~b:
~r = (0, 0, 0, 0, 0).

Ç òî÷íiñòþ, ÿêó äà¹ çìîãó îòðèìàòè ÅÎÌ (òîáòî ïîõèáêà êîäíî¨ êîìïîíåíòè ìåíøå 10−7).

3. ×èñëî îáóìîâëåíîñòi cond(A) = ‖A‖ · ‖A−1‖, äå çà íîðìó ìàòðèöi áåðåìî íîðìó óçãîäæåíó ç
íîðìîþ âåêòîðà ‖ · ‖1:

‖A‖ = max
j

n∑
i=1

|ai,j| = 18.5, ‖A−1‖ = 0.07318066157760814, cond(A) = 1.3538422391857505.

4. Âèçíà÷íèê
detA = detST · detD · detS = (detS)2 = 884249.99942042

(çàóâàæèìî ùî iñòèííå çíà÷åííÿ 885250, íà êiëüêà äåñÿòèòèñÿ÷íèõ áiëüøå).
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5. Òàêîæ áóëî îòðèìàíî îáåðíåíó ìàòðèöþ

A−1 =


0.06636132 −0.00071247 −0.00111959 −0.00152672 −0.00193384
−0.00071247 0.0655598 −0.00150127 −0.00189567 −0.00229008
−0.00111959 −0.00150127 0.06478372 −0.00226463 −0.00264631
−0.00152672 −0.00189567 −0.00226463 0.06403308 −0.00300254
−0.00193384 −0.00229008 −0.00264631 −0.00300254 0.06330789

 .

A−1 · A =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 .

Ç òî÷íiñòþ, ÿêó äà¹ çìîãó îòðèìàòè ÅÎÌ (òîáòî ïîõèáêà êîäíî¨ êîìïîíåíòè ìåíøå 10−7).

3.2 Ìåòîä Çåéäåëÿ

1. Çíàéäåìî ðîçâ'ÿçîê ñèñòåìè ~x ç òî÷íiñòþ ε = 10−4 çàñòîñîâóþ÷è ðåêóðåíòíå âiäíîøåííÿ ìåòîäó
Çåéäåëÿ

~x = (0.96183443, 1.24427758, 1.52671812, 1.80915996, 2.09160287).

2. Çíàéäåìî íåâ'ÿçêó ~r = A~x−~b:

~r = (3.63060931 · 10−5, 4.28437497 · 10−5, 1.01477201 · 10−5,−2.90943704 · 10−6,−7.10542736 · 10−15).

3. Äëÿ äîñÿãíåííÿ çàäàíî¨ òî÷íîñòi, áóëî âèêîíàíî 3 iòåðàöi¨.
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