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4.6.1 3amaua Ha BJIACHiI 3HAa4YEeHHd /Jig oneparopa Jlamiaaca

[Ipraunu mopyIIeHHs €IUHOCTI PO3B’ 3Ky Y BHYTPINIHBOI TPAHUIHOI 3a1ati
(4.6.9) i 3oBHimHBOI rpammyanol 3aaa4i (4.6.10) pizmi.

s Toro 1mo6 3po3yMiTH HPHYUHY iCHYBaHHS HETPHUBIAJLHOTO PO3B’MA3KY Y
sasadi (4.6.9) po3riasiHeMo GLIBII 3arajbHy OJHODIIHY 3a/1a4y 3 HapaMeTpOM:

Au(z) + du(z) =0, z €,

4.6.12
&'U‘S =0 ( )

Po3p’sa3koM 11i€l 3a1a4i Oy1eM0 BBazKaTH TaKy MHOXKHHY 3HAYEHD MTapaMeTpy
A, TIPH FIKUX ICHYE HETPUBIATBHUI PO3B’ 130K rpannaHol 3aaa4i (4.6.12), i cami
PO3B’43KH, IO BiJIMOBIAAIOTH UM 3HAYEHHAM HAapaMeTpy A, Ki HA3UBAIOThH
BraacHuMu dyukiisvu. HeBazkko 3posymirn, o (4.6.12) € y3aragbHeHHs 3a-
nmadgi Hltypma—/liyBinag ang oneparopa Jlamnaca.

Bacrocosytoun dbyuknio ['pina G;(z,y) mia oneparopa Jlamriaca rpanuaHol
3a/adi, SKa BINOBIAE TUILY TPAHUIHOI YMOBH, MoxkeMo 3Bectu (4.6.12) 10
OJIHOPIJIHOTO IHTEerpaJibHOTO piBHAHHS DperoabMa Apyroro poay 3 €pMmiTo-
BHUM TIOJIIDHUM $IJIPOM:

u(z) = )\// Gi(z,y)u(y) dy. (4.6.13)

OCKiJIbKH MHOXKHHA XaPaKTEPUCTUYHUX YUCET €PMITOBOTO S1/pa He TIOPOKHS,
TO iCHYy€ JificHe 3HAYEHHS napaMeTpy A = \g, Taki mo piBasguus (4.6.13) npn
[IbOMY 3HAUEHI Ma€ HeTpHuBiaJbHUN pO3B’s130K u(x) = ug(x). TobTo g, ug(x)
— XapaKTepUCTUIHEe YUCTIO 1 BaacHa yHKIs piBHsgHHs (4.6.13), a 3HAYUTH
i ekBiBasIeHTHO! rpanndHOl 3a1a4i (4.6.12).

Takum anHOM, FKINO /I TPAHUYIHOI 3a1a4i

Au(z) + kK*u(z) = —F(z), z€Q,

o) . (4.6.14)

zesS —

peasisyeThes cUTyallisd, mo 4yuciIo k2 criBnajae 3 oJHAM 3 XapaKTepHCTH-
YHUX 4Kces oneparopa Jlamtaca s o0/1acTi 3 3alaHUM TUIIOM I'DAHUYHUX



YMOB, TO PO3B’s130K 3aa4i (4.6.14) 11 AOBLIBHOTO BIIBHOTO WIeHA DIBHSHHSI
B3araJji KaxKy4Ju He iCHYE.

3po3ymino, mo (4.6.14) uepes dyukiio I'pida MoxKHA 3BECTH JI0 IHTETPAIb-
HOTO PIBHAHHS

u(z) = k? ///Gi(x, Y)u(y)dy + Fi(z), (4.6.15)

we Fi@) = [|f G Py

Tpetsa Teopema ®penaroabma Jjid IHTETpaIbHUX PIBHIHDb CTBEPJZKYE, IO 1H-
TerpasibHe piBHAHHA (4.6.15), y BumaaKy koam k?* — XapaKTepUCTHIHE THCI0
Ma€ pO3B’430K TO/I 1 JIUIIe TO/l, KOJIU BijbHUil 4jieH I} oproronajbHuil yciMm
po3B’a3kam ojHopiaHoro pisusuus (4.6.13) mpu A = k% a cam po3B’sa30K
HEEIMHNI 1 BUBHAYAETHCS 3 TOYHICTIO JIO JIHIHHOI 0ODOJOHKN HATSATHYTOI HA
CHUCTEMY BJIACHUX (DYHKIIIH, IO Bi/IMOBIIAIOTH 33/ IAHOMY 3HAYEHHIO XapaKTe-
PUCTHIHOTO UHCTIA.

PosrigHeMo Terep npupojy HeeIMHOCTI O3B 3Ky 30BHIHBOT 3a1a4i (4.6.10).
Tpeba BigmiTuTH, 110 15 30BHINIHIX 3aja49 piBHsHHA Jlammiaca ymosa pe-
I'YJAPHOCTI 3a0e31edyBaJia €IHHICTh PO3B’a3Ky. g rpanudnoi 3aj1adi pis-
HdaHHA ['€JIbMrojiblia B TPUBUMIPHOMY IPOCTOPI BHMOTA JIMIIE 3aTyXAHHS
PO3B’ 3Ky Ha HECKIHUEHOCTI ByKe He JAa€ MOXKIUBICTD BUALIUTH €IUHNH PO3B’ I30K.

[Ipu po3p’ss3aHH]l 30BHIIIHIX 33724 /1 PiBHIHHSA [€JIbMIo/bla 9K IpaBHIO
IIKaBUMH € 1Bl OCHOBHI 3a/1a4i:

e PozmnoBcrozkeHHs XBUII BiJl TiJla B HECKIHYEHICTH, KOJIHM TiJO € JIzKepe-
JIOM BUHWKHEHHS MEePIOIANIHUX KOJUBAHbD.

e Po3zmoBcioakeHHsT XBUJII 3 HECKIHYEHOCT] 1 B3a€MO/Iis 11 3 TiJIOM, B IHO-
MY BHIIQJIKY BiiOyBaeThcs UM paKItis.
Harajaemo, 1o st TPUBUMIPHOTO MPOCTOPY y PpiBHAHHSA [enbMrosibina €
dyHIaMeHTabHI PO3B A3KH
e:l:i/c|a:\
+
q (r) = —— 4.6.16
JKi € KOMILJIEKCHUMH aMILTITY/IaMU ePIoAuIHNX CPepuIHUuX XBUIb
exp {z’w (t + 2)}
4dmr

ux(r,t) = (4.6.17)



Ta, IPU [HOMY 3rajlaeMo, 1o k = wa, r = |z|.

Jlerko nepesipuru, mo chepuani xBusi ui(r,t) € po3s’sa3KkaMu OJHOPIIHOIO
XBUJIBOBOTO PIBHAHHS B TPUBUMIPDHOMY BHIAJIKY.

Awnamizyoun maxun npaMux ¢t £ r/a = const, MokHa 3po3ymiTH, 1o u_ (7, 1)
BinoBiiae cpepudniit XBuJIi, g9Ka NpgMy€ HA HECKIHYEHICTD 31 MIBUJIKICTIO @,
a uy(r,t) BianoBimae XBUJIl SK OPsIMy€ 3 HECKIHYEHOCTI 31 MBHIKICTIO —a.

Buznauenns 4.6.1.1. s BugiieHHs] €IMHOTO PO3B’A3KY 30BHINTHBOI 3a/1a-
9i 331a10ThCA YMOBHU TOBEIIHKY PO3B 3Ky 3a/adi B HECKIHYEHHO BiTma eHiii
rodri. LI yMOBY HA3UBAIOTH YMOBAMU BUNPOMIHIOBAHHA aDO YMOBaMU Jomep-

peavoa:

Ou(x)
Olz|
Ou(x)
Olz|

u(z) = O(1/|z)), —iku(z) = o(1/|x|), |x| = oo, (4.6.18)

u(z) = O(1/[z)),

+iku(x) = o(1/|x|), |z|— oc. (4.6.19)

Ymosa (4.6.18) Bigmosinae XBUIIsIM, IO YXOAATH Ha HECKiHYeHICTH, (4.6.19)
— XBIJIAM, IO NPUXOTITH 3 HECKIHUEHOCTI.

Came ymoBu (4.6.18) i (4.6.19) 3a6e31e4yIOTh €/THICTH PO3B’A3KY 30BHINIHIX
IPAHUYHUX 33/1a4 JIJIs PIBHAHHS [eJIbMroJibIia.

Jna noejeHHs MBbOTO (aKTy MOXKHA CKOPUCTATUCS (DOPMYyJIaMH IHTEI'PaJIhb-
HOTO TIPeJICTABIEHHS PO3B’sI3KY OJIHOPIAHOrO piBHsiHHs [enbMrosbna (Au +

k*u = 0):

u(z) = - [/ ( S Ouly) gy 2 )dSy. (4.6.20)

Am|le —y| On ot 4w|x — ]

®opmyaa (4.6.20) e anamorom dbopmynn (4.5.6) oTpuMaHol JIst TIpeCTaBIe-
HHs PO3B’43KiB piBHsAHHMA Jlamraca.

Bamucasiu (4.6.20) st chepu Sg(0) i crupsimoBytoun Ti pajiyc 10 HecKinde-
HOCTi, & TAaKOK BpaxoByoun ymou 3omepdenbaa (4.6.18) nys 3Haka miroc
ta (4.6.19) and 3maky miHyc Mu oTpumaeMo, mo u(x) = 0.

Y Bunaaky piBHsHHS [e1bMI0oIbIA Ha IIONMHI YMOBH 30Mep(debaa MalOTh
BUTJIST;

u(z) =0 (1/\/H) , ag‘(j) —iku(z) = o (1/\/@ |z = oo,
(4.6.21)




u(z) =0 <1/\/m> , ag’g) +iku(xz) = o <1/\/m> , x| = 0.
(4.6.22)

4.7 Pynkmil Beccesg Ta ix Bi1acTuBOCTI

[Ipu 3naxonzkenni po3w’a3kiB piBuguug [lyaccona ta ['esibmrosbina B obia-
CTAX MUIIHAPUIHOT (POPMH, PIBHAHHS TEILIONPOBITHOCT Ta XBUJIBOBOI'O PiB-
HJIHHS B KPYT'OBUX Ta MUJIIHIPUYHAX 00JIACTAX 3 ABIAEThCSI HEOOXITHICTH 3a-
MUCATH PO3B’SA3KM HACTYITHUX 3BUYAWHUX JndepeHNiaTbHIX PIBHAHHA JIPY-
r'Oro HOPSJIKY 3 CTeleHeBUME KoedillieHTaMu:

22y 4+ zy + (22 — vy =0, (4.7.1)

22y +xy — (2* + 1)y = 0. (4.7.2)
B piBusimnsx (4.7.1), (4.7.2) v € uncsioBuit napamerp.

Busnavenns 4.7.0.1. Pipasuna (4.7.1) masuBatoTs piBHsHHAM Beccemns mo-
paaKy v, a piBasiHas (4.7.2) Ha3WBaOTH PIBHAHHAM Beccens ysBHOTO apry-
MEHTY TOPSIIKY V.

Jlerko nokazaru, mo piBagnus (4.7.2) MoxkHa orpuMaru 3 pismsamng (4.7.1)
akio B (4.7.1) BBeCTH 3aMiHy He3ase:KHOI 3MiHHOI & = ix, 1eii dakT i 1o-
SCHIOE Ha3By piBHaHHs (4.7.2).

SHalTu po3B’A30K IUX PIBHAHD Y BUIJIAJ €JIeMeHTapHHX (PYHKIIIH He Bja-
€ThCSI, TOMY BPAXOBYIOUH IIOJIHOMIAJBLHUN BHUIJIAM KOeMIIeHTIB PiBHAHHS,
MOKHa 1100y/1yBaTH PO3B’430K PIBHSHb y BUIJIS/Il y3ara/lbHEHOT'O CTEIIeHEeBO-
ro pgaiy.

y(z) = 2" (ap + a1 + az® +...), (4.7.3)
Jie p,ag, ay, ... — HeBioMI KoedirieHTn.

[Tigcrasumo (4.7.3) y (4.7.1) i 36epemo koedirienTn mpu OHAKOBIX CTEIICHIX
3MIHHOI Z:

(p° =)oz’ +((p+1)° =1”)arz"™ ™+~ (((p + k)* = v)ag + ar_z) 27 = 0.

k=2
(4.7.4)
3 (4.6.4) orpumaemo PIiBHOCTI Jijist BU3HAYeHHsT KoedilieHTiB.
p2 - V2 — 07
a =0, (4.7.5)

((,0 + /f)Q — V2)6Lk + ap_9 = 0.

4



3 nepmroro pisusnus (4.7.5) maemo:
p=v, p=-—u (4.7.6)

ObGepemMo Tepiie 3HAYEHHS, a cCaMe p = I/, TOJIi OTPIMAEMO

Af—2
_ %2 p_93 477
T TR Qu 1 k) a (4.7.7)

Bpaxosytoun (4.7.7) ta npyre cuissiguomenns (4.7.5) maemo a; = az =

a2k+1 =...=0.
s koedpinientis 3 mapanmu iugexcamu 3 popmysn (4.7.7) serko orpumarTy

Qo

= (—1)*- 4.7.8
= ) S T vy R R (4.7.8)
Obuparoun
1
= 4.7.9
T 2T (4.7.9)
i migcrapsioan 3unavenns Koedinientis B (4.7.3) orpuMaeMo
> (—1)* 2k+v
: 4.7.10
ZOF/{:+I/+1)I<:‘< ) ( )
OGuparouu apyre 3HAYEHHsI IAPAMETPY p = —V, OTPUMAEMO
©© T\ 2k—v
Z . 4.7.11)
() (
— Ik —v + 1k

Bigmitumo, mo Busuadennst GyHKIHl J_, () € KOpEeKTHUM JTHIIE 151 He [LTAX
3HAYEHb [ApaMeTpy V, OCKIIbKM BU3HAUeHHS ag 3a (opmyson (4.7.9) upu
v = —n e Mae 3uicry, ocklapku ['(0) =I'(—1) = ... =I'(—n) = oco.

Bumintowoan B Gopmyi (4.7.11) ingexe cymysanns k = k' + n, orpumaemo

S (=D" A n
Tanle) = (210" 2 L(K +n+ 1)k +1) (5) = () (@)

k=1
(4.7.12)
OcranHsg piBHICTH CBIIIUTH IO JiHIHY 3a1exkHicTh byHKIil J, () Ta J_,(x)
1 TakuM YUHOM JliHifiHA KOMOiHAIg UX (DYHKIIH He MOZXKEe CKJIAJIATH 3ara/ib-
HUI pO3B’430K piBHAHHSA DBecces.



Jpyruit niniiino He3ajeyKHUil po3B’gd30K piBHsAHHA DBeccess s J0BLIBHO-
ro 3HaUYeHHS MapaMeTpy V, B3araji KayKydd He TPeJCTaBIACThCA Y BHUIVIS-
Ji y3araJbHEHOrO CTeNeHeBOro psaay (4.7.3), yTBOPUMO CIEIiadbHy JiHIHHY
KOMOIHAITIIO JI/IS HEeIINX 3HAYeHb TapaMeTpy V:

cos(vm)dy,(x) — J_,(2)

sin(vm)

N,(z) = . V#n. (4.7.13)

g v = n, BpaXoBYIOUH MOIEPe/IHI BUKIAIKHA, MAEMO IO YHCEeTbHUK 1 3Ha-
MEHHHK TOTOXKHO II€PETBOPIOIOTHCA B HYJIb, TOOTO MAa€MO HEBU3HAYEHICTH TH-
my 0/0. Po3kpreMo HeBH3HAUEHICTH 3a JOMOMOTO0 mpaBuia JlomiTas:

N, (z) = % (<8J5§’3))V:n —(~1)" (8‘]5—]”/(93))”:) (4.7.14)

[Tokazkemo, 1o byukiis N, (z) 3anoBoabhsie pipaanans (4.7.1). iiicao, mmo-
3HAYUMO JudepeHIiagbHuii omeparop

1 1 !/ V2
L(J,) =T+ -+ (1-— ) J =0, (4.7.15)
T
V2
L(J_,)=J", + —-J, (1 — P) -J_, =0. (4.7.16)

[IpoaudepeniiitoeMo ocranHi piBHOCTI 110 V, Ta OTPUMAEMO:

o1, \ 2 oI\ 2
L< )_x_Z.JVZO’ L( ) Yy, =o. (4.7.17)

ov ov 2

[TomHOKUMO TIepiie piBHsHHS Ha (+1)", apyre piBasauns Ha (—1)", BigHiMe-
MO BiJ, HEPITOTO PIBHSHHS JIpyTre, OTPUMAEMO:

I @]J/) (=)L (a;;”) S (S =0, (47.18)

12

Ocrarounnit Buris GyHKIii Beccens apyroro pomy

n—1
1 (n—k—1)! 2k—n D T
0= T (5) T 2w
’“OOO (4.7.19)
1 ZE/Q 2k+n

- — U(k H+Y(k+1)).
Wko Al D (k4 1)+ Wk + 1)



3ayBakeHHs 4.7.0.1 — Jlyxke gacto ¢yHKIiO Beccensa apyroro pomy
N, (z) nasuBaiots giynkuicto Bebepa.

Baxknusoio BiaactuBicTio dhyHKIii Beccens € acuMOTOTHYHANE XapaKTep MO-
Beinkn ux (HyHKIii Ha Heckinuenocri. Boastaun dbyukuio y(z) = V(x)/v/x,
mijgicraBisgioun 11 B piBHAHHS Beccesist orpuMaeMo piBHAHHS

T (1 - ﬂ) V=o. (4.7.20)

T2

Po3B’s13k1 OCTAHHBOTO PIBHSIHHS MOYXKHA IPEJICTABATH I & — OO Y BULVISII

1
V(z) =~ -sin(z+96) + O (E) : (4.7.21)
1, BIAIIOBLIHO,
_ sin(z +0) 1

JlonaTKoBi AOCIIZKEHHST TO3BOJISIOTH OTPUMATH, HACTYIHI aCUMITOTHIHI (hop-
MYJI4 LIDA T — OO:

2 vmm 1
2 vm 1

Ocranni ¢hpopMmy/u cBi9aTh Ipo Te, Mo PpYHKILT Beccens gk meprioro Tak i
JIPYTOTO POJY MAIOTh 3JiUeHy KiIbKiCTh HyJIiB, ToOTO piBHsHHS J, () = 0,
N,(z) = 0 marorh 3j1iueHy KiJIbKICTh KOPEHIB, siKi jijisi BEJIMKUX 3HAYEHb ap-
TYMEHTY & aCHMITOTHYIHO IPAMYIOTH 0 HYJIIB TPUTOHOMETPUIHUX (DYHKITIH

VT s : vT us : g
cos (x — o — Z)? sin (:c — 5 = Z)' A cami ¢dynkmii Beccenst BeayTh cebe gk

O(l/\/E),zx — 00.

Anauniz dopmya (4.7.10) ta (4.7.23) mokasye, mo mpu x — 0:

1 sx\n
Jna) = — <§> C n=012,. .. (4.7.25)
o (n=1)
2.



Baxkaupoto BractusicTio dyukiiii beccens meproro ta apyroro poay € pe-
KypeHTHi (popMyJIH, dKHM 33 I0BOJbHAIOTH (pyHKIIT Beccens:

%JV@;) + ) = T, d%JV@) V@) = o), (4728)
%N,,(x) + gjvy(x) = N,_1(2), %Ny(x) - gNl,(x) — N,(2).

(4.7.29)

BukJsirouaoun 3 JBOX CHIBBIIHOIIEHb MOXIIHY, MOYKHA 3B’43aTU MixK CODOI0O
dyukIil Becceng TphoxX CYCiIHIX TOPJIKIB.

st mpukiiany uaegemo rpadiku dbyukiii Beccens J3(z) ta N3(z):

01

-02

-03




Puc. 2: N3(z)

Hpyruit xkiac dyukniit beccens — dyunknii Beccesist y9BHOr0 apryMenTy Mo-
JKHA OTPHMATH K JBa JIHIIHO-He3aJeKHUX DO3B’a3Ku piBHsHHA (4.7.2),
30KpeMa iX MoxkHa 3amucatu 3a dopmyaow (4.7.10) 3 BUKOPUCTAHHIM 3a-
MIHHE 3MIHHOI & := & B pe3y/braTi OyjaemMo MaTh pYHKIIO Beccens mepiroro
pPONLy YSBHOTO apryMeHTYy:

.CL’/2 2k+1/

F'k+v+1)

M8

I,(z) = , 0<z<oo. (4.7.30)

k=0

Jpyruit JiinifiHo-He3a €KHUN PO3B’S30K JIsi HEILJIMX U MOXKHA OTPUMAaTH
AHAJIONIYHO MOTMePeJHLOMY pPO3B’si3Ky 3 dopmyan (4.7.11):

I/2 2k—v
I, (z) = Z T o1 0<z< oo (4.7.31)

Jlerko 6auntn, mo npu v = n Gyukuii I,(x) = I_,(x), 10670 € mAiniiiHo 3a/1e-
JKHEMHU MizK cO00I0 1 He MOXKYTb OyTH BUKOPHCTAHI JIjIs 3allUCY 3arajbHOr0
po3B’si3Ky piBHstHHs (4.7.2).

QYHKIIIO JIPYroro poiy YSBHOIO apryMeHTy OyIyIOTb Y BHUIVISIL JIHIFHOL
KOMOIHAITI1

K, (z) = W(I‘;(S"fr)l (;;)”(x)). (4.7.32)




Bpaxosytoun, mo I,(x) = I_,(x), ocranusa dbopMmysra Mae HEBU3HAUEHICTH
tuny 0/0 nmpu v = n. Poskpusatoun i1 3a npasusioM JlomiTaust OTpEMAEMO

Ko(z) = (_21>n ((a]gy(x))yzn - <ag—£x))yzn) . (4.7.33)

Busznauenns 4.7.0.2. Oynkiuio K, () HazuBaroTh QYHKIIEO IPYyroro po-
Jly ysiBHOTO aprymenty, abo dyukiieio MakioHaabga BOHA Ma€ HACTYIHHU

BHUIJIAT:

Kn(z) = 17+ Z;j/fj% Uk 4+ 1) + Uk +n+ 1))+

=0

_l’_

[\')M—t

(4.7.34)

Buxog4u 3 peKypeHTHUX criBBigHomens (4.7.23), (4.7.24), MoKHA OTpUMa-
TH PeKYpPEeHTHi CHiBBLAHOMEHHs s (PyHKIH Beccenlst yaBHOTO apryMeHTy
HEPIIOTO Ta JPYroro pojy:

LL@) L @) = L) L)+ L) = L), (4739
LR @)+ LK) = o) K@)+ L Kuw) = Ky(e).

(4.7.36)

BigMmiTuMo Takoxk XapakTep moBeaiHKH PYHKIN Beccesist ysaBHONO apryMeH-
Ty npu x = 0 Ta  — o0.

Buxogsun 3 dopmya (4.7.30) ra (4.7.34) Moxkua 3poOUTH BHCHOBOK, IO

I,(z) =0(z"), z—0, (4.7.37)

K,(z)=0(z""), v>0, Ky(z) = O(In(z)), x —0, (4.7.38)
1 . T

I,(z) ~ o€ K,(z)~ on € T oo (4.7.39)

Hasenemo rpadiku dbyukiiii I3(x) ta Ks(z):
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1000

Puc. 3: I3(z)

Puc. 4: K;(z)
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