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4.5.2 Ïðèíöèï ìàêñèìóìó ãàðìîíi÷íèõ ôóíêöié

Òåîðåìà 4.5.2.1 (ïðèíöèï ìàêñèìóìó ãàðìîíi÷íèõ ôóíêöié)

ßêùî ãàðìîíi÷íà â ñêií÷åííié îáëàñòi ôóíêöiÿ äîñÿãà¹ ó âíóòðiøíié
òî÷öi öi¹¨ îáëàñòi ñâîãî ìàêñèìàëüíîãî àáî ìiíiìàëüíîãî çíà÷åííÿ,
òî öÿ ôóíêöiÿ ¹ òîòîæíà êîíñòàíòà.

Äîâåäåííÿ. Íåõàé u(x) ãàðìîíi÷íà ôóíêöiÿ â îáìåæåíié îáëàñòi Ω i äî-
ñÿãà¹ â òî÷öi x0 ∈ Ω ñâîãî ìàêñèìàëüíîãî çíà÷åííÿ. Ðîçãëÿíåìî êóëþ
U(x0, R0) ⊂ Ω ìàêñèìàëüíî âåëèêîãî ðàäióñó.

Îñêiëüêè u(x0) = maxx∈Ω u(x), òî çíà÷åííÿ ôóíêöi¨ u(x), êîëè x ∈ S(x0, R0)
çàäîâîëüíÿ¹ íåðiâíîñòi u(x) ≤ u(x0).

ßêùî õî÷à á ó îäíié òî÷öi S(x0, R0) íåðiâíiñòü ñòðîãà, òîáòî u(x) < u(x0),
òî çà ðàõóíîê íåïåðåðâíîñòi ãàðìîíi÷íèõ ôóíêöié öÿ íåðiâíiñòü áóäå çáå-
ðåæåíà i â äåÿêîìó îêîëi öi¹¨ òî÷êè, à öå îçíà÷àòèìå, ùî

u(x0) >
1

4πR2
0

¨

S(x0,R0)

u(ξ) dSξ. (4.5.14)

Òîáòî ïîðóøó¹òüñÿ òåîðåìà ïðî ñåðåäíå çíà÷åííÿ ãàðìîíi÷íî¨ ôóíêöi¨ i
ìè ïðèéøëè äî ïðîòèði÷÷ÿ ç ïðèïóùåííÿì, ùî ∃ξ ∈ S(x0, R0) : u(ξ) <
u(x0). Öå îçíà÷à¹, ùî u(x) = u(x0), x ∈ S(x0, R0).

Îñêiëüêè öÿ ðiâíiñòü ìà¹ ìiñöå äëÿ êóëi áóäü-ÿêîãî ðàäióñó R ≤ R0, òî
öå îçíà÷à¹, ùî u(x) ≡ u(x0) êîëè x ∈ U(x0, R0).

Ïîêàæåìî òåïåð, ùî ôóíêöiÿ u(x) ≡ u(x0) êîëè x ∈ Ω.

Äëÿ öüîãî âèáåðåìî äîâiëüíó òî÷êó x? ∈ Ω, òî ç'¹äíà¹ìî ¨¨ ç òî÷êîþ x0

ëàìàíîþ. Ïîáóäó¹ìî ïîñëiäîâíiñòü êóëü {U(xi, Ri)}Ni=0 ç òàêèìè âëàñòè-
âîñòÿìè:
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• öåíòðè êóëü xi, i = 1..N íàëåæàòü ëàìàíié;

• xi+1 ∈ U(xi, Ri) ⊂ Ω, i = 1..N ;

• x? ∈ U(xN , RN).

Îñêiëüêè öåíòð êîæíî¨ íàñòóïíî¨ êóëi ç íîìåðîì i+ 1, ëåæèòü âñåðåäèíi
êóëi ç íîìåðîì i, òî âèêîðèñòîâóþ÷è ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨, ìè
ìîæåìî âñòàíîâèòè âëàñòèâiñòü: ÿêùî ôóíêöiÿ u(x) ≡ u(x0) êîëè x ∈
U(xi, Ri) òî u(x) ≡ u(x0), êîëè x ∈ U(xi+1, Ri+1). Öå îçíà÷à¹, ùî u(x) ≡
u(x0), êîëè x ∈ U(xN , RN). Çîêðåìà, öå îçíà÷à¹, ùî u(x?) = u(x0).

Íàñëiäîê 4.5.2.1

Ãàðìîíi÷íà ôóíêöiÿ âiäìiííà âiä òîòîæíî¨ êîíñòàíòè íå äîñÿãà¹ â
ñêií÷åííié îáëàñòi íi ñâîãî ìàêñèìàëüíîãî íi ñâîãî ìiíiìàëüíîãî çíà-
÷åííÿ.

Íàñëiäîê 4.5.2.2

ßêùî ôóíêöiÿ ãàðìîíi÷íà â îáëàñòi Ω i íåïåðåðâíà â Ω, òî ñâî¨ ìà-
êñèìàëüíå i ìiíiìàëüíå çíà÷åííÿ âîíà ïðèéìà¹ íà ãðàíèöi S îáëàñòi.

Íàñëiäîê 4.5.2.3

ßêùî ôóíêöiÿ ãàðìîíi÷íà â îáëàñòi Ω i íåïåðåðâíà â Ω, òî |u(x)| ≤
maxx∈S |u(x)|.

Íàñëiäîê 4.5.2.4

Íåõàé u(x), v(x) � ãàðìîíi÷íi ôóíêöi¨ â îáëàñòi Ω i ìà¹ ìiñöå íåðiâ-
íiñòü u(x) ≤ v(x), x ∈ S, òîäi u(x) ≤ v(x), x ∈ Ω.

4.5.3 Îïåðàòîð Ëàïëàñà â öèëiíäðè÷íié òà ñôåðè÷íié ñèñòåìàõ

êîîðäèíàò

Çàìiñòü ïðÿìîêóòíèõ êîîðäèíàò x, y, z ââåäåìî îðòîãîíàëüíi êðèâîëiíié-
íi êîîðäèíàòè q1, q2, q3 çà äîïîìîãîþ ñïiââiäíîøåíü

qi = fi(x, y, z), i = 1, 2, 3, (4.5.15)
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ÿêi äîçâîëÿþòü çàïèñàòè îáåðíåíi ïåðåòâîðåííÿ

x = ϕ1(q1, q2, q3), y = ϕ2(q1, q2, q3), z = ϕ3(q1, q2, q3). (4.5.16)

Çàãàëüíèé âèãëÿä îïåðàòîðà Ëàïëàñà â êðèâîëiíiéíèõ êîîðäèíàòàõ ìà¹
âèãëÿä:

∆(u) =
1

H1H2H3

(
∂

∂q1

(
H2H3

H1

∂u

∂q1

)
+

+
∂

∂q2

(
H1H3

H2

∂u

∂q2

)
+

∂

∂q3

(
H1H2

H3

∂u

∂q3

))
,

(4.5.17)

äå 

H2
1 =

(
∂ϕ1

∂q1

)2

+

(
∂ϕ2

∂q1

)2

+

(
∂ϕ3

∂q1

)2

,

H2
2 =

(
∂ϕ1

∂q2

)2

+

(
∂ϕ2

∂q2

)2

+

(
∂ϕ3

∂q2

)2

,

H2
4 =

(
∂ϕ1

∂q3

)2

+

(
∂ϕ2

∂q3

)2

+

(
∂ϕ3

∂q3

)2

.

(4.5.18)

• Äëÿ ñôåðè÷íî¨ ñèñòåìè êîîðäèíàò q1 = r, q2 = θ, q3 = ϕ, i ôîðìóëè
(4.5.16), (4.5.18) ìàþòü âèãëÿä x = r sin θ cosϕ, y = r sin θ sinϕ, z =
r cos θ, H1 = 1, H2 = r, H3 = r sin θ.

Òàêèì ÷èíîì îïåðàòîð Ëàïëàñà ó ñôåðè÷íié ñèñòåìi êîîðäèíàò ìà-
òèìå âèãëÿä.

∆r,ϕ,θu =
1

r2

∂

∂r

(
r2∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
+

1

r2 sin2 θ

∂2u

∂ϕ2
.

(4.5.19)

• Äëÿ öèëiíäðè÷íî¨ ñèñòåìè êîîðäèíàò q1 = ρ, q2 = ϕ, q3 = z, i
ôîðìóëè (4.5.16), (4.5.18) ìàþòü âèãëÿä x = ρ cosϕ, y = ρ sinϕ,
z = z, H1 = 1, H2 = ρ, H3 = 1.

Îïåðàòîð Ëàïëàñà â öèëiíäðè÷íié ñèñòåìi êîîðäèíàò ìà¹ âèãëÿä:

∆ρ,ϕ,zu =
1

ρ

∂

∂ρ

(
ρ
∂u

∂ρ

)
+

1

ρ2

∂2u

∂ϕ2
+
∂2u

∂z2
. (4.5.20)

• ßêùî ôóíêöiÿ u íå çàëåæèòü âiä çìiííî¨ z, òî îòðèìó¹ìî ïîëÿðíó
ñèñòåìó êîîðäèíàò i âèðàç îïåðàòîðà Ëàïëàñà â ïîëÿðíié ñèñòåìi
êîîðäèíàò:

∆ρ,ϕu =
1

ρ

∂

∂ρ

(
ρ
∂u

∂ρ

)
+

1

ρ2

∂2u

∂ϕ2
. (4.5.21)
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4.5.4 Ïåðåòâîðåííÿ Êåëüâiíà ãàðìîíi÷íèõ ôóíêöié

Âèçíà÷åííÿ 4.5.4.1. Íåõàé ôóíêöiÿ u ãàðìîíi÷íà çà ìåæàìè êóëi U(0, R),
òîäi ôóíêöiþ

v(y) =

(
R

|y|

)n−2

u

(
R2

|y|2
y

)
(4.5.22)

(òóò âèêîðèñòîâó¹òüñÿ ïåðåòâîðåííÿ àðãóìåíòó îáåðíåíèõ ðàäióñ âåêòîðiâ

x = R2/|y|2y àáî îáåðíåíå y = R2/|x|2x) áóäåìî íàçèâàòè ïåðåòâîðåííÿì

Êåëüâiíà ãàðìîíi÷íî¨ ôóíêöi¨ u(x) â n-âèìiðíîìó åâêëiäîâîìó ïðîñòîði.

Çàóâàæåííÿ 4.5.4.1 � Â ïîäàëüøîìó áóäåìî ââàæàòè, ùî R = 1,
öüîãî çàâæäè ìîæíà äîñÿãòè øëÿõîì çìiíè ìàñøòàáó.

Òâåðäæåííÿ 4.5.4.1

Äëÿ n = 3 ïåðåòâîðåííÿ Êåëüâiíà v(y) ãàðìîíi÷íî¨ ôóíêöi¨ u(x) ¹
ãàðìîíi÷íîþ ôóíêöi¹þ àðãóìåíòó y.

Äîâåäåííÿ. Ëåãêî ïîêàçàòè, ùî ïåðøèé äîäàíîê â îïåðàòîði Ëàïëàñà â
ñôåðè÷íèõ êîîðäèíàòàõ (4.5.19) ìîæå áóòè çàïèñàíèé ó âèãëÿäi

1

r2

∂

∂r

(
r2∂u

∂r

)
=

1

r

∂2(ru)

∂r2
. (4.5.23)

Òàêèì ÷èíîì ïðè n = 3, R = 1, (4.5.22) ìà¹ âèãëÿä

v(y) =
1

|y|
· u
(

y

|y|2

)
. (4.5.24)

Îñêiëüêè y = x/|x|2, à x = y/|y|2, òî |y| = 1/|x|, àáî v(y) = |x| · u(x).

Òâåðäæåííÿ 4.5.4.2

Ôóíêöiÿ v(r′, θ, ϕ) = r · u(r, θ, ϕ), äå r = 1/r′, çàäîâîëüíÿ¹ ðiâíÿííþ
Ëàïëàñà, ÿêùî u(r, θ, ϕ) � ãàðìîíi÷íà ôóíêöiÿ.
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Äîâåäåííÿ. Äiéñíî,

0 = r ·∆r,ϕ,θu =
∂2(ru)

∂r2
+

1

r sin θ

(
∂

∂θ

(
sin θ · ∂u

∂θ

)
+

1

sin θ

∂2u

∂ϕ2

)
=

=
∂2v

∂r2
+

1

r2 sin θ

(
∂

∂θ

(
sin θ · ∂v

∂θ

)
+

1

sin θ

∂2v

∂ϕ2

)
=

= (r′)2 · ∂
∂r′

(
(r′)2 ∂v

∂r′

)
+

+
(r′)2

sin θ

(
∂

∂θ

(
sin θ · ∂v

∂θ

)
+

1

sin θ

∂2v

P
∂ϕ2

)
=

= (r′)4∆r′,ϕ,θv(r′, θ, ϕ).
(4.5.25)

Ïðè îòðèìàííi îñòàííüî¨ ðiâíîñòi áóëî âðàõîâàíî ùî

∂v

∂r
= −(r′)2 ∂v

∂r′
,

∂2v

∂r2
= (r′)2 ∂

∂r′

(
(r′)2 ∂v

∂r′

)
. (4.5.26)

Çàóâàæåííÿ 4.5.4.2 � Àíàëîãi÷íî òîìó, ÿê áóëî ïîêàçàíà ãàðìî-
íi÷íiñòü

v(y) =
1

|y|
u

(
y

|y|2

)
(4.5.27)

ó òðèâèìiðíîìó åâêëiäîâîìó ïðîñòîði, ìîæíà ïîêàçàòè ãàðìîíi÷íiñòü
ôóíêöi¨

v(y) = u

(
y

|y|2

)
(4.5.28)

ó äâîâèìiðíîìó åâêëiäîâîìó ïðîñòîði.

4.5.5 Ãàðìîíi÷íiñòü â íåñêií÷åííî âiääàëåíié òî÷öi òà ïîâåäií-

êà ãàðìîíi÷íèõ ôóíêöié íà íåñêií÷åíîñòi

Âèçíà÷åííÿ 4.5.5.1. Áóäåìî ãîâîðèòè, ùî ôóíêöiÿ u(x) ¹ ãàðìîíi÷íîþ

ôóíêöi¹þ â íåñêií÷åííî âiääàëåíié òî÷öi, ÿêùî ôóíêöiÿ

v(y) =


1

|y|
u

(
y

|y|2

)
, n = 3,

u

(
y

|y|2

)
, n = 2,

(4.5.29)
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¹ ãàðìîíi÷íîþ ôóíêöi¹þ â òî÷öi íóëü.

Ëåãêî áà÷èòè, ùî

v(y) =

{
|x| · u(x), n = 3,

u(x), n = 2.
(4.5.30)

Òåîðåìà 4.5.5.1 (ïðî ïîâåäiíêó ãàðìîíi÷íèõ ôóíêöié â íåñêií÷åííî
âiääàëåíi òî÷öi â ïðîñòîði)

ßêùî ïðè n = 3 ôóíêöiÿ u(x) ãàðìîíi÷íà â íåñêií÷åííî âiääàëåíié
òî÷öi, òî ïðè |x| → ∞ ôóíêöiÿ ïðÿìó¹ äî íóëÿ íå ïîâiëüíiøå 1/|x|,
à ÷àñòèííi ïîõiäíi âåäóòü ñåáå ÿê Dαu(x) = O(1/|x|1+|α|.

Òåîðåìà 4.5.5.2 (ïðî ïîâåäiíêó ãàðìîíi÷íèõ ôóíêöié â íåñêií÷åííî
âiääàëåíi òî÷öi íà ïëîùèíi)

ßêùî ïðè n = 2 ôóíêöiÿ u(x) ãàðìîíi÷íà â íåñêií÷åííî âiääàëåíié
òî÷öi, òî ïðè |x| → ∞ ôóíêöiÿ îáìåæåíà, à ÷àñòèííi ïîõiäíi âåäóòü
ñåáå ÿê Dαu(x) = O(1/|x|1+|α|).

Âèçíà÷åííÿ 4.5.5.2. Ãàðìîíi÷íi ôóíêöi¨ ÿêi ìàþòü ïîâåäiíêó íà íåñêií-

÷åíîñòi âèçíà÷åíó òåîðåìàìè 4.5.5.1 òà 4.5.5.2 äëÿ òðèâèìiðíîãî i äâîâè-

ìiðíîãî ïðîñòîðiâ íàçèâàþòü ðåãóëÿðíèìè íà íåñêií÷åíîñòi ãàðìîíi÷íè-

ìè ôóíêöiÿìè, à âiäïîâiäíi îöiíêè � óìîâàìè ðåãóëÿðíîñòi íà íåñêií÷å-

íîñòi.

4.5.6 �äèíiñòü ãàðìîíi÷íèõ ôóíêöié

Íåõàé U(x) � ãàðìîíi÷íà ôóíêöiÿ â îáìåæåíié îáëàñòi Ω ç ãðàíèöåþ S,
òîäi ìà¹ ìiñöå ðiâíiñòü Äiðiõëå

˚

Ω

|∇U |2 dx =

¨

S

U
∂U

∂~n
dS. (4.5.31)

Íåõàé U(x) � ãàðìîíi÷íà ôóíêöiÿ îáëàñòi U(0, R) \ Ω ç ãðàíèöÿìè S òà
S(0, R), äå R � ÿê çàâãîäíî âåëèêå ÷èñëî, òîäi ìà¹ ìiñöå ðiâíiñòü Äiðiõëå

˚

Ω

|∇U |2 dx =

¨

S

U
∂U

∂~n
dS +

¨

S(0,R)

U
∂U

∂~n
dS. (4.5.32)
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Äëÿ äîâåäåííÿ ðiâíîñòi Äiðiõëå (4.5.31) äîñòàòíüî çàïèñàòè î÷åâèäíèé
ëàíöþæîê ðiâíîñòåé:

0 =

¨

Ω

U(x)∆U(x) dx =

¨

Ω

U(x)∇ · (∇U(x)) dx =

=

¨

S

U(x) 〈∇U(x), ~n〉 dS −
¨

Ω

|∇U(x)|2 dx.

(4.5.33)

Àíàëîãi÷íî ìîæíà äîâåñòè i ðiâíiñòü (4.5.32).

Ïðè ôîðìóëþâàííi òåîðåì ¹äèíîñòi ãàðìîíi÷íèõ ôóíêöié ìè ñêðiçü áóäå-
ìî ïðèïóñêàòè iñíóâàííÿ âiäïîâiäíî¨ ãàðìîíi÷íî¨ ôóíêöi¨, õî÷à ñàì ôàêò
iñíóâàííÿ ãàðìîíi÷íî¨ ôóíêöi¨ ìè äîâåäåìî ïiçíiøå.

Òåîðåìà 4.5.6.1 (Ïåðøà òåîðåìà ¹äèíîñòi ãàðìîíi÷íèõ ôóíêöié)

ßêùî â îáìåæåíié îáëàñòi Ω, (àáî â îáëàñòi Ω′ = R3 \Ω) iñíó¹ ãàðìî-
íi÷íà ôóíêöiÿ (àáî ãàðìîíi÷íà ôóíêöiÿ ðåãóëÿðíà íà íåñêií÷åíîñòi),
ÿêà ïðèéìà¹ íà ïîâåðõíi S çàäàíi çíà÷åííÿ, òî òàêà ôóíêöiÿ ¹äèíà.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî â îáëàñòi Ω iñíó¹ ïðèíàéìíi äâi ãàðìîíi÷íi
ôóíêöi¨, ÿêi ïðèéìàþòü íà ïîâåðõíi S îäíàêîâi çíà÷åííÿ:{

∆ui(x) = 0, x ∈ Ω,

ui|x∈S = f, i = 1, 2.
(4.5.34)

Äëÿ ôóíêöi¨ u(x) = u1(x)− u2(x) áóäåìî ìàòè çàäà÷ó{
∆u(x) = 0, x ∈ Ω,

u|x∈S = 0.
(4.5.35)

Çàñòîñó¹ìî ðiâíiñòü Äiðiõëå äëÿ ôóíêöi¨ u(x). Áóäåìî ìàòè

˚

Ω

|∇u|2 dx =

¨

S

u · ∂u
∂~n
· dS = 0. (4.5.36)

Çâiäñè ìà¹ìî, ùî ∇u(x) ≡ 0, x ∈ Ω. Îñòàííÿ ðiâíiñòü îçíà÷à¹, ùî u(x) ≡
const, x ∈ Ω à îñêiëüêè u(x) = 0, x ∈ S òî u(x) ≡ 0, x ∈ Ω. Òîáòî ìè
ìà¹ìî, ùî u1(x) ≡ u2(x).

Ïîêàæåìî ñïðàâåäëèâiñòü òåîðåìè äëÿ îáëàñòi Ω′ = R3 \ Ω.
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Ïðèïóñêàþ÷è iñíóâàííÿ äâîõ ðåãóëÿðíèõ ãàðìîíi÷íèõ ôóíêöié ÿêi ïðè-
éìàþòü íà ïîâåðõíi S îäíàêîâi çíà÷åííÿ{

∆ui(x) = 0, x ∈ Ω′,

ui|x∈S = f, i = 1, 2.
(4.5.37)

îòðèìà¹ìî äëÿ ôóíêöi¨ u(x) = u1(x)− u2(x) çàäà÷ó
∆u(x) = 0, x ∈ Ω′,

u|x∈S = 0,

u(x) = O

(
1

|x|

)
, |x| → ∞.

(4.5.38)

Çàñòîñó¹ìî äëÿ u(x) ðiâíiñòü (4.5.32):
˚

U(0,R)\Ω

|∇u|2 dx =

¨

S

u · ∂u
∂~n
· dS +

¨

S(0,R)

u · ∂u
∂~n
· dS =

=

¨

S(0,R)

u · ∂u
∂~n
· dS.

(4.5.39)

Ñïðÿìó¹ìî ðàäióñ êóëi R äî íåñêií÷åííîñòi i âðàõó¹ìî óìîâó ðåãóëÿðíî-
ñòi íà íåñêií÷åíîñòi:˚

Ω′

|∇u|2 dx = lim
R→∞

¨

S(0,R)

u · ∂u
∂~n
· dS =

= lim
R→∞

O

(
1

R3

) ¨
S(0,R)

dS = 0.

(4.5.40)

Òàêèì ÷èíîì u(x) ≡ const, x ∈ Ω′ à îñêiëüêè u(x) = 0, x ∈ S òî u1(x) ≡
u2(x).

Òåîðåìà 4.5.6.2 (Äðóãà òåîðåìà ¹äèíîñòi ãàðìîíi÷íèõ ôóíêöié)

ßêùî â îáìåæåíié îáëàñòi Ω, (àáî â îáëàñòi Ω′ = R3 \Ω) iñíó¹ ãàðìî-
íi÷íà ôóíêöiÿ (àáî ãàðìîíi÷íà ôóíêöiÿ ðåãóëÿðíà íà íåñêií÷åíîñòi),
ÿêà ïðèéìà¹ íà ïîâåðõíi S çàäàíi çíà÷åííÿ ñâî¹¨ íîðìàëüíî¨ ïîõiäíî¨
∂u
∂~n

∣∣
x∈S, òî â îáëàñòi Ω âîíà âèçíà÷à¹òüñÿ ñ òî÷íiñòþ äî àäèòèâíî¨

êîíñòàíòè, à â îáëàñòi Ω′ âîíà ¹äèíà.
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Äîâåäåííÿ. Ïðèïóñòèìî, ùî â îáëàñòi Ω iñíó¹ ïðèíàéìi äâi ãàðìîíi÷íi
ôóíêöi¨, ÿêi ïðèéìàþòü íà ïîâåðõíi S îäíàêîâi çíà÷åííÿ íîðìàëüíî¨ ïî-
õiäíî¨ 

∆ui(x) = 0, x ∈ Ω,

∂ui
∂~n

∣∣∣∣
x∈S

= f, i = 1, 2.
(4.5.41)

Äëÿ ôóíêöi¨ u(x) = u1(x)− u2(x) áóäåìî ìàòè çàäà÷ó
∆u(x) = 0, x ∈ Ω,

∂u

∂~n

∣∣∣∣
x∈S

= 0.
(4.5.42)

Äëÿ ôóíêöi¨ u(x) âèêîðèñòà¹ìî ðiâíiñòü Äiðiõëå:˚

Ω

|∇u|2 dx =

¨

S

u · ∂u
∂~n
· dS = 0, (4.5.43)

òîáòî ∇u(x) ≡ 0, x ∈ Ω, u(x) ≡ const. Êîíñòàíòà çàëèøà¹òüñÿ íåâèçíà-
÷åíîþ i òàêèì ÷èíîì u1(x) = u2(x) + const.

Ïîêàæåìî ñïðàâåäëèâiñòü òåîðåìè äëÿ îáëàñòi Ω′.

Ïðèïóñêàþ÷è iñíóâàííÿ äâîõ ðåãóëÿðíèõ ãàðìîíi÷íèõ ôóíêöié ÿêi ïðè-
éìàþòü íà ïîâåðõíi S îäíàêîâi çíà÷åííÿ íîðìàëüíî¨ ïîõiäíî¨

∆ui(x) = 0, x ∈ Ω′,

∂ui
∂~n

∣∣∣∣
x∈S

= f, i = 1, 2.
(4.5.44)

îòðèìà¹ìî äëÿ ôóíêöi¨ u(x) = u1(x)− u2(x) çàäà÷ó
∆u(x) = 0, x ∈ Ω′,

∂u

∂~n

∣∣∣∣
x∈S

= 0.
(4.5.45)

Çàñòîñó¹ìî äëÿ u(x) ðiâíiñòü (4.5.32):˚

U(0,R)\Ω

|∇u|2 dx =

¨

S

u · ∂u
∂~n
· dS +

¨

S(0,R)

u · ∂u
∂~n
· dS =

=

¨

S(0,R)

u · ∂u
∂~n
· dS.

(4.5.46)
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Ñïðÿìó¹ìî ðàäióñ êóëi R äî íåñêií÷åííîñòi i âðàõó¹ìî óìîâó ðåãóëÿðíî-
ñòi íà íåñêií÷åíîñòi:˚

Ω′

|∇u|2 dx = lim
R→∞

¨

S(0,R)

u · ∂u
∂~n
· dS =

= lim
R→∞

O

(
1

R3

) ¨
S(0,R)

dS = 0.

(4.5.47)

Òàêèì ÷èíîì u(x) ≡ const, x ∈ Ω′ à îñêiëüêè limx→∞ u(x) = 0, òî u(x) ≡ 0,
à u1(x) ≡ u2(x).

Òåîðåìà 4.5.6.3 (Òðåòÿ òåîðåìà ¹äèíîñòi ãàðìîíi÷íèõ ôóíêöié)

ßêùî â îáìåæåíié îáëàñòi Ω, (àáî â îáëàñòi Ω′ = R3 \Ω) iñíó¹ ãàðìî-
íi÷íà ôóíêöiÿ (àáî ãàðìîíi÷íà ôóíêöiÿ ðåãóëÿðíà íà íåñêií÷åíîñòi),
ÿêà ïðèéìà¹ íà ïîâåðõíi S çàäàíi çíà÷åííÿ ëiíiéíî¨ êîìáiíàöi¨ íîð-
ìàëüíî¨ ïîõiäíî¨ òà ôóíêöi¨ ∂u

∂~n
+ α(x) · u

∣∣
x∈S, α ≥ 0 òî â îáëàñòi Ω

òà â îáëàñòi Ω′ âîíà âèçíà÷à¹òüñÿ ¹äèíèì ÷èíîì.

Âïðàâà 4.5.6.1. Îñòàííþ òåîðåìó äîâåñòè ñàìîñòiéíî.

4.6 Ðiâíÿííÿ Ãåëüìãîëüöà, äåÿêi âëàñòèâîñòi éîãî

ðîçâ'ÿçêiâ

Ïðèêëàä 4.6.0.1

Ðîçãëÿíåìî ñïåöiàëüíó ãðàíè÷íó çàäà÷ó äëÿ õâèëüîâîãî ðiâíÿííÿa2∆u(x, t)− ∂2u

∂t2
= −F (x, t), x ∈ Ω,

`iu|x∈S = f(x, t).
(4.6.1)

Çàóâàæåííÿ 4.6.0.1 � Â öié çàäà÷i âiäñóòíi ïî÷àòêîâi óìîâè ó
çâ'ÿçêó ç òèì, ùî ðîçãëÿäàþòüñÿ ñïåöiàëüíi çíà÷åííÿ ôóíêöi¨ F (x, t)
òà f(x, t). À ñàìå ìè ââàæà¹ìî, ùî öi ôóíêöi¨ ¹ ïåðiîäè÷íèìè ïî
àðãóìåíòó t ç îäíàêîâèì ïåðiîäîì.
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Ðîçâ'ÿçîê. Ïîêëàäåìî, ùî{
F (x, t) = F1(x) cos(ωt)− F2(x) sin(ωt),

f(x, t) = f1(x) cos(ωt)− f2(x) sin(ωt).
(4.6.2)

Ìîæíà î÷iêóâàòè, ùî â ðåçóëüòàòi äîâîëi òðèâàëî¨ äi¨ òàêèõ çáóðåíü
ðîçâ'ÿçîê çàäà÷i ïðè áóäü-ÿêèõ ïî÷àòêîâèõ óìîâàõ òåæ áóäå ïåðiîäè-
÷íèì, òîáòî

u(x, t) = V1(x) cos(ωt)− V2(x) sin(ωt). (4.6.3)

Ïiäñòàâëÿþ÷è öåé ðîçâ'ÿçîê ó çàäà÷ó (4.6.1), îòðèìà¹ìî

(
∆V1 +

ω2

a2
V1

)
cos(ωt)−

(
∆V2 +

ω2

a2
V2

)
sin(ωt) =

= −F1

a2
cos(ωt)− F2

a2
sin(ωt),

cos(ωt)`iV1|x∈S − sin(ωt)`iV2|x∈S =

= f1 cos(ωt)− f2 sin(ωt).

(4.6.4)

Îñêiëüêè ôóíêöi¨ cos(ωt), sin(ωt) � ëiíiéíî íåçàëåæíi, òî äëÿ àìïëiòóäè
Vi(x), i = 1, 2 îòðèìà¹ìî ðiâíÿííÿ Ãåëüìãîëüöà∆Vj +

ω2

a2
Vj = −Fj

a2
, x ∈ Ω, j = 1, 2,

`iVj|x∈S = fj.
(4.6.5)

Çàóâàæåííÿ 4.6.0.2 � Àíàëîãi÷íèé ðåçóëüòàò ìîæíà îòðèìàòè,
ÿêùî ââåñòè êîìïëåêñíó àìïëiòóäó V = V1 + iV2, êîìïëåêñíó çîâíi-
øíþ ñèëó F = F1 + iF2 òà êîìïëåêñíó àìïëiòóäó ãðàíè÷íî¨ óìîâè
f = f1 + if2.

Øóêàþ÷è ðîçâ'ÿçîê (4.6.1) ó âèãëÿäi U(x, t) = V (x)eiωt, îòðèìà¹ìî
äëÿ êîìïëåêñíî¨ àìïëiòóäè çàäà÷ó∆V (x) +

ω2

a2
= −F

a2
, x ∈ Ω,

`iV |x∈S = f.
(4.6.6)

Äðóãèì äæåðåëîì âèíèêíåííÿ ðiâíÿííÿ Ãåëüìãîëüöà ¹ ñòàöiîíàðíå ðiâ-
íÿííÿ äèôóçi¨ ïðè íàÿâíîñòi â ñåðåäîâèùi ïðîöåñiâ, ùî âåäóòü äî ðîç-
ìíîæåííÿ ðå÷îâèíè.
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Ïðèêëàä 4.6.0.2

Òàêi ïðîöåñè íàïðèêëàä âèíèêàþòü, íàïðèêëàä, ïðè äèôóçi¨ íåéòðî-
íiâ. Ðiâíÿííÿ ìà¹ âèãëÿä:

∆V (x) +
c

D
V (x) = 0, (4.6.7)

äå D � êîåôiöi¹íò äèôóçi¨, c � øâèäêiñòü ðîçìíîæåííÿ íåéòðîíiâ.

Çàóâàæåííÿ 4.6.0.3 � Ñóòò¹âà âiäìiííiñòþ ãðàíè÷íèõ çàäà÷ äëÿ
ðiâíÿííÿ Ãåëüìãîëüöà âiä ãðàíè÷íèõ çàäà÷ ðiâíÿííÿ Ëàïëàñà ïîëÿ-
ãà¹ â ìîæëèâîìó ïîðóøåííi ¹äèíîñòi ðîçâ'ÿçêó ÿê äëÿ âíóòðiøíiõ
òàê i äëÿ çîâíiøíiõ çàäà÷.

Ïðèêëàä 4.6.0.3

Ðîçãëÿíåìî òàêó ãðàíè÷íó çàäà÷ó äëÿ ðiâíÿííÿ Ãåëüìãîëüöà:
∂2u

∂x2
+
∂2u

∂y2
+ 2k2y = 0, 0 < x, y < π,

u(0, y) = u(π, y) = u(x, 0) = u(x, π) = 0.

(4.6.8)

Ðîçâ'ÿçîê. Ïðè k = 0 öÿ çàäà÷à ìà¹ ëèøå òðèâiàëüíèé ðîçâ'ÿçîê, ùî
âèïëèâà¹ ç ïåðøî¨ òåîðåìè ¹äíîñòi ãàðìîíi÷íèõ ôóíêöié.

Íåõàé òåïåð k � öiëå ÷èñëî. Íåâàæêî ïåðåâiðèòè, ùî â öüîìó ðàçi çàäà÷à
ìà¹ íåòðèâiàëüíèé ðîçâ'ÿçîê u(x, y) = sin(kx) sin(ky), à öå â ñâîþ ÷åðãó
îçíà÷à¹, ùî çàäà÷à ç íåîäíîðiäíèìè ãðàíè÷íèìè óìîâàìè òà íåîäíîðiäíå
ðiâíÿííÿ Ãåëüìãîëüöà

∂2u

∂x2
+
∂2u

∂y2
+ 2k2u = −F (x, y), 0 < x, y < π,

u(0, y) = ϕ1(y),

u(π, y) = ϕ2(y),

u(x, 0) = ψ1(x),

u(x, π) = ψ2(x)

(4.6.9)

ìà¹ íå¹äèíèé ðîçâ'ÿçîê, ÿêèé âèçíà÷à¹òüñÿ ç òî÷íiñòþ äî ðîçâ'ÿçêó îäíî-
ðiäíîãî ðiâíÿííÿ, òîáòî ç òî÷íiñòþ äî ôóíêöi¨ A sin(kx) sin(ky).
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Ïðèêëàä 4.6.0.4

Ðîçãëÿíåìî çîâíiøíþ çàäà÷ó äëÿ îäíîðiäíîãî ðiâíÿííÿ Ãåëüìãîëüöà
∆u(x) + k2u = 0, |x| > π, x = (x1, x2, x3),

u(x)||x|=π = 0,

u(x) −−−−→
|x|→∞

0.

(4.6.10)

Ðîçâ'ÿçîê. Ïðè k = 0 ãðàíè÷íà çàäà÷à ìà¹ ëèøå òðèâiàëüíèé ðîçâ'ÿçîê
òîòîæíî ðiâíèé íóëþ, ùî âèïëèâà¹ ç äðóãî¨ òåîðåìè ¹äèíîñòi ãàðìîíi-
÷íèõ ôóíêöié.

Ó âèïàäêó, êîëè k � öiëå ìè ìà¹ìî, ùî ðîçâ'ÿçêîì îñòàííüî¨ ãðàíè÷íî¨
çàäà÷i îêðiì òîòîæíîãî íóëÿ áóäå ôóíêöiÿ

u(x) =
sin(k|x|)

4π|x|
. (4.6.11)

Ëåãêî ïåðåâiðèòè, ùî öÿ ôóíêöiÿ çàäîâîëüíÿ¹ ÿê îäíîðiäíîìó ðiâíÿí-
íþ Ãåëüìãîëüöà (öå óÿâíà ÷àñòèíà ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó) òàê i
ãðàíè÷íié óìîâi íà ñôåði i óìîâi íà íåñêií÷åíîñòi.

Íàÿâíiñòü íåòðèâiàëüíîãî ðîçâ'ÿçêó ó îäíîðiäíî¨ çàäà÷i îçíà÷à¹ íå¹äè-
íiñòü ðîçâ'ÿçêó âiäïîâiäíî¨ íåîäíîðiäíî¨ çàäà÷i.
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