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4.5.2 TlpuHIUOD MaKCUMyMY TapMOHIUYHUX (DYHKITii

Teopema 4.5.2.1 (npuHUMN MaKCUMyMy FapMOHIYHUX (DYHKLiiA)

SKimo rapMoHiYHa B cKiHYeHHiil 001acTi (PYHKIIS 10CATA€ Y BHYTPIlTHIH
To4Il 1€l 00JacTi CBOI0 MaKCUMaJIbHOINO ab0 MiHIMAJILHOI'O 3HAYEHHSI,
TO 19 (PYHKIIISI € TOTOYXKHA KOHCTAHTA.

Jlosedenns. Hexaii u(x) rapmoniuna dbyHKIis B 0o6Mexkeniit obracti € i mo-
cdrae B TOUIL xo € ) CBOr0 MAKCUMAJILHOIO 3HAYEHHHA. PO3IIAHEMO KYJIIO
U(zo, Ro) C 2 MaKCUMAaIBLHO BEJUKOTO PAILyCY.

OckinbkE u(xo) = max,eq u(x), To 3HadenHs GyHknii u(z), komm x € S(xg, Ry)
3a,10BOJIbHsIE HepiBHOCTI u(x) < u(xp).

ko xoua 6 y oaniit rouni S(xg, Ry) HepiBHicTb crpora, 10610 u(x) < u(xg),
TO 3a PaXyHOK HEIIEPEPBHOCTI rapMOHIYHUX (DYHKITIH 115 HEPIBHICTH Oy 1e 30e-
peXkeHa i B JIeIKOMY OKOJII ITi€l TOYKH, a e O3HAYaTUME, 10

1
u(ry) > —= u(&) dSe. 4.5.14
@) > [ woas (1.5.14)
S(z0,Ro)

Tobro nmopyiyerbcd TeopeMa Ipo cepejiHe 3HaYeHHs TapMOHIYHOI (pyHKIIT i
MU OPUANUIM 0 TPOTHpIvYs 3 MpUnymeHHsM, mo 3§ € S(xg, Ry) : u(f) <
u(zg). e ozuavae, mo u(z) = u(xg), x € S(xo, Rp).
Ockinbku 1 piBHICTH Ma€ Micre g Kyl Oyab-sikoro pagiycy R < Ry, To
e o3Havae, mo u(zr) = u(xg) xomm x € U(xg, Rp).
[Tokazkemo Tenep, mo byskiis u(z) = u(xg) koau x € Q.
g mboro BubepeMo JIOBLILHY TOUKY x* € (), To 3’€aHaeMO i1 3 TOUKOIO X

ntamanoio. [To6yayemo mocainosricts Kyib {U(x;, RB;)}Y, 3 TakuMu B1acTu-
BOCTAMMN:



® IEHTPU KYJb T;, ¢ = 1..N Ha/ekaTh JlaMaHiii;
® T,y11 € U(ZL‘Z,RZ) CcQ,i=1.N;
o ¥ c U(xy, Ry).

OcKibKY TEHTP KOXKHOT HACTYIHOT KYJIi 3 HOMEPOM i + 1, JTeKuTh BCepeuHi
KyJIl 3 HOMEPOM %, TO BUKOPHUCTOBYIOUH MeTOJ] MAaTeMaTUIHOI 1HIYKIII, MA
MOXKEMO BCTAHOBUTH BJIACTUBICTB: siKo yHKIA u(x) = u(rg) Ko = €
U(z;, R;) 1o u(x) = u(xy), xomm « € U(w;11, Riv1). Le o3nauae, mo u(z)
u(zo), ko = € U(xn, Ry). 30kpema, ne o3navae, mo u(x*) = u(xo).

all

Hacnigok 4.5.2.1

lapmoniuna dyHKIisg BiMiHHA BiJi TOTOXKHOI KOHCTAHTH HE JIOCATAE B
CKIHYeHHi{l 06J1acTi Hi CBOr0 MAaKCHMAJIBHOTO Hi CBOTO MiHIMaJIbHOTO 3HA~
YeHHS.

KCUMaJIbHe 1 MiHIMaJIbHEe 3HAUYEeHHST BOHA IMpUiMaEe Ha TPAHHUIN S 007IaCTi.

Hacnigok 4.5.2.3
gkmo dyrKnia rapMoniuna B obmacti (2 i memepepsra B Q, T0 |u(7)| <
maxgegs |u(x))|-

Hacnigok 4.5.2.4
Hexait u(x),v(x) — rapmoniuni Gynkuii B obracti 2 1 mae micie Hepis-
wicth u(z) < wv(z), x € S, Tomi u(z) < wv(x), x € Q.

Hacnipok 4.5.2.2
dxmo dyukmis rapmoniuna B obacti € i Hemepepsra B €, TO €BOI Ma-

4.5.3 Omneparop Jlamtaca B munainapu4Hiii Ta ccpepuvniii cucremax
KOOPIMHAT

3aMicTh IPAMOKYTHUX KOOPAUHAT X, ¥, 2 BBEJIEMO OPTOTOHAJIBHI KPUBOTIHI-
HI KOOPJIWHATH 1, G2, ¢3 3& JTOTMOMOTOIO CITiBBiTHOTIIEHD

¢ = fi(z,y,2), =123, (4.5.15)



SKi JIO3BOJISIOTH 3allUCaTH OOEPHEHI MEePeTBOPEHH ST

r = 901((]1;6]2,613), Y= 902(917612,613% Z = 903(Q1,Q27Q3)~ (4-5-16)
BarajbHuii BUTIsiI onepaTopa Jlammaca B KPUBOMIHIHIX KOOPAMHATAX MaE
BUTJIA:

1 0 HsH; Ou
A(@:—(—( 2 3—) +
HyHyHs \ Oq Hy Oq (4 5 17)
H1H2 8u )) e
Hs 0Ogs
e

(
D1 P2
H? = = =
= (5) + (5) +(3)
) (%) +(5)
H2 = [ = —rc 4.5.18
2 ( dqa dq q2 ( )
a@l) (3802 (5903)
H; = (— + (==
. ! dq3 dqs dq3
o Jlna cepudHoi cucTeMu KOOPAUHAT q1 = T, ¢2 = 0, q3 = ¢, 1 dopmyan

(4.5.16), (4.5.18) mators BurIsia x = rsinf cos g, y = rsinfsiny, z =
rcosf, Hy =1, Hy =r, H3 = rsin6.

(o5
\ %

+i(H1H3 81,6)
g2 Hy Ogy 8q3
2

_|_
S5

il
)+ (5
)
)

Takum unroMm oneparop Jlamiaca y cdepudniii cucreMi KOOpIUHAT Ma-
THMe BUTJIS,

A u—lg 20u —1——1 2 smH@ —l——l @
redT T 2 gy or r2sin 6 00 00 r2sin? § Op?’

(4.5.19)

e /I MUJIHIPUYHOI CHCTEMHU KOODAWHAT ¢ = P, o = ¥, 3 = 2, 1
dbopmyan (4.5.16), (4.5.18) mawTh BULIAAL £ = pcosy, y = psing,
Z:Z,lel,HQZp,H'g,:l.

Omeparop Jlamaaca B mumiHApUYHIA CHCTEMI KOOPINHAT Ma€ BUTJISII:

10 ( 8u) 1 0%°u  0%*u
_l’_

)+ ==+ 4.5.20
pap \"ap p23302+322 ( )

P,z =

o ko (pyHKIig © He 3a/€KUTH BiJ 3MIHHOT 2, TO OTPUMYEMO TOJIAPHY
cucTeMy KOOpJWHAT i BUpa3 omeparopa Jlammraca B moJspHii cucremi

KOOpJuHaT:
10 ou 1 0%u
A== | p | + o 1.5.21
e L op (pap) TR o (45.21)
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4.5.4 TleperBopenns KennBina rapMoHiuHux (pyHKITii

Busnavenns 4.5.4.1. Hexait dynkiis u rapmoniuna 3a mexxamu kyai U (0, R),

TOIi PYHKIIIO ,
R\"™ R?
== = 4.5.22
w=(5) () 1522

(TyT BUKOPHCTOBYEThLCSI TIEPETBOPEHHST APTYMEHTY 00EPHEHUX PAJIyC BEKTODIB
r = R?/|y|?y abo obepuene y = R?/|z|*r) 6ymemo HasuBaTu nepemeopermam
Keaveina rapmonianol GyHKINT u(z) B n-BUMIPHOMY €BKJII0BOMY [IPOCTOPI.

3ayBakeHHs1 4.5.4.1 — B nopassiiomy Oymemo BBaxkarwu, mo R = 1,
IIHOT0 3ABXKIU MOXKHA JOCATTH MIJISAXOM 3MiHH MacHITaby.

{
TeepaxxeHHsa 4.5.4.1

Hnst n = 3 neperBopennst Kenbsina v(y) rapmonivnoi dbyskiii u(x) €
rapMOHIYHOIO (DYHKIHEIO apTYMEHTY Y.

-

osedenna. Jlerko mokasaru, 1o HepIInii J0JaHOK B oneparopi Jlamiaca B
cdepuunnx koopaunarax (4.5.19) mMoxke G6yTu 3anucaHuil y BULJIsI

19 ( 23“) _18°0ry) (4.5.23)

2 Or TE r Or?

Takum unsom npu n = 3, R =1, (4.5.22) mae Bursiz

uly) = |?1| u( Y ) . (4.5.24)

lyl?

Ocxinpkn y = x/[2[*, a = y/[y[*, 1o |y| = 1/]z|, abo v(y) = [z| - u(z). O

Teepa>xeHHs 4.5.4.2
Oyukuis v(r',0,¢) = r-u(r,0,p), ne r = 1/r', 3a10BosIbHSIE PIBHIHHIO
Jamnaca, sxmo u(r, 0, ) — rapmonidaa dyHKILs.




Hosedenna. iiicuHo,

02 (ru) 1 0 u 1 Ou
0=r-Anpou= o7 T rsm9 (_ (Sm@ 89) ’ sin90_¢Q> -

R R N A S I
- or? 7"2 sm@ sin sin@@gﬂ B
o o).

(7")2 s, v 1 9%
+mg \gg 505 sm@Pagp

= (7”)4AT/7%911(7°’, 0,p).

(4.5.25)
[Ipu oTpuMaHHI OCTAHHLOI PIBHOCTI OYJI0 BPAaXOBAHO IO
ov ,Ov 9% 5 O 5, OV
E = —( ) 87’./7 w = (’]"/) % ((’]"/> % . (4526)
m
3ayBakeHHsa 4.5.4.2 — Amnajoriuno Tomy, siK OyJI0 HOKa3aHa rapMmo-
HIYHICTH
= () (4.5.27)
v(y) = —u | — 5.
lyl - \lyl?

yV TPUBHEMIPHOMY €BKJILJOBOMY TIPOCTOPI, MOYKHA TTOKA3aTH TapMOHIYHICTH

DymKuii
u(y) = u (&) (4.5.28)

V JBOBHMIPHOMY €BKJIIJTOBOMY HPOCTOPI.

4.5.5 TapmoniuHicTh B HECKiHYEHHO BigmaJeHiii To4Ili Ta moBeiH-
Ka rapMoHiuHuX (pyHKIiii Ha HECKiHYeHOCTi

Busznadenns 4.5.5.1. Bynemo rosoputn, mo byHKIA u(x) € 2apmoniumoro
PyHryicto 6 Heckinvento 6iddasenith moywyl, SIKIO (PYHKITiS

1
—u <y2> , n =3,
lyl - \lyl

v(y) = (4.5.29)

Y
(rm) RS




I € TAPMOHIYHOIO (PYHKIIEIO B TOUI HY/Ib.

Jlerko GauuTu, 110
|| -u(z), n=3,

(o) ) (4.5.30)

v(y) =

4 )
Teopema 4.5.5.1 (npo noBeaiHKy rapMOHI4HMX DYHKLiA B HECKIHYEHHO

BifAaneHi TouLi B npocTopi)
Aximo npu n = 3 dyukmis u(r) rapMOHiYHA B HECKIHIEHHO BijIaseHiit
TOYI, TO HpH |z| — 00 dyHKIIA npsMye A0 Hysast He noBlIbHIIIE 1/|2],

a wacTuHHI HOXiaHi BeayTh cebe ax Du(x) = O(1/|z|'Flel,
AN J

4 )
Teopema 4.5.5.2 (npo noBegiHKy rapMOHIYHMX DYHKLiA B HECKIHYEHHO

BifAaeHi TOYLi HA MJIOLYMHI)

Aximo nipu n = 2 dyukuisg u(r) rapMoHiYHA B HECKIHIEHHO BijIasaeHiit
TOYI, TO pH || — oo dyHKIis 0OMezKeHa, a YaCTHHHI TOXi/HI BeIyTh
cebe ax Du(x) = O(1/|z[**eh).

. J

Busnauenns 4.5.5.2. I'apmoniani GyHKINT 9K1 MAIOTh IIOBEIIHKY Ha HECKIH-
genocTi BusHadeny teopemamu 4.5.5.1 ta 4.5.5.2 ast TpUBUMIPHOTO i ABOBU-
MIPHOTO TTPOCTOPIiB HA3WBAIOTH PE2YAAPHUMY HA HECKIHYEHOCTE TAPMOHITHA-
My (DYHKITSIME, & BIJIIOBIHI OIIHKA — YMOBAMU PE2YAAPHOCTVE HO HECKIHYe-
HOCMNL.

4.5.6 €auHicTs rapMoHiIiYHUX (DYHKITIH

Hexait U(x) — rapmoniuna dyHuKIiig B obmexkeniit obaacri € 3 rpanurero S,
Toxal Mae Micle piBHicTb ipixJiie

///|VU|2d / U— ds. (4.5.31)

Hexaii U(x) — rapmoniuna dyuxiis obrxacti U(0, R) \ 2 3 rpanumgamu S ta
S(0, R), me R — sIK 3aBroIHO BEJIMKE YHUCJI0, TOMI Ma€ Mictie piBHicTs [lipixie

// |VU|2dx—//U—dS // U—dS (4.5.32)

S(0,R)



Mg mosenennst pisrocti ipixae (4.5.31) goctaTHbo 3amicaTi OYeBHIHUI
JIAHITIOXKOK PIBHOCTEI:

o_// AUz dx_//U VU(2)) dz =
// i) dS — /|VU )|? da.

Ananorigso MoxkHa noBectd i piBHicTh (4.5.32).

(4.5.33)

[Ipu popmy/ioBaHHI TEOPEM €IMHOCTI TAPMOHIYHUX (PYHKIII{T MU CKPi3b Oy1e-
MO IPHUIIYCKATH iCHYBaHHS Bi/IMOBLIHOI rapMoHidHOI (pyHKIIT, X049a cam ¢dakT
icHyBaHHs TapMOHIYHOI (DYHKINT MU J0BEIEMO Ii3HiIIe.

Teopema 4.5.6.1 (lNepwa Teopema LUHOCTI FAapMOHIYHNX OYHKLIiiA)

dxmo B o6mezkeniit obmacti , (a6o B obmacti ' = R3\ Q) icrye rapmo-
niuna Gynkiist (a6o rapmoniuna QyHKIIis peryjaspHa Ha HECKIHIEHOCT),
sgKa MpHITMAe Ha MOBEPXHI S 3aaHl 3HAYEHHS, TO TaKa (PYHKINS €IMHA.

Hosedenna. Tpumycrumo, mo B obsacti ) icHye npuHaliMHi ABI rapMOHIYIHI
GbyHKII, SKi TpUiiMa0Th Ha TOBEPXHi S OTHAKOBI 3HAYEHHS:

Au;(z) =0, z €9,
, (4.5.34)
ui\xeszf, 221,2.
Mg dyskuii u(x) = ui(x) — ug(x) Gynemo maTu 3amady
A =0, € Q,
w(z) ! (4.5.35)
ul,eq = 0.

Bacrocyemo pisaicts [ipixiae mpas dyukuii u(z). Bynemo matu

// |Vul|* dz = //u : g—%‘ -dS = 0. (4.5.36)
Q S

Bsizcn maemo, mo Vu(r) =0, x € Q. Ocranms pisnicTs 03Ha4aE, MO U(T) =
const, x €  a ockinpkn u(x) = 0, z € S 10 u(r) =0, x € . Tobro MK
MaEMO, 110 U1 () = us(x).

[TokazKeMo crpaseiuBicTb Teopemu i obaacti ' = R3\ Q.
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[Ipunyckaroun icHyBaHHS JBOX PEryJIIPHUX TapMOHIYHUX (DYHKIIIH AKi mpu-
fMaloTh Ha MOBEPXHi S OJIHAKOBI 3HAYCHHHA

Aui(z) =0, ze€,
{ wloom f im12 (4.5.37)
orpuMaeMo st GYHKIT u(x) = uy () — ug(x) 3amaay
Au(z) =0, ze,
Uses =0, (4.5.38)
u(z) =0 (%) , |z = o0,
Bacrocyemo mias u(zx) pisuicrs (4.5.32):
/// |Vu|2dx—// —-dS+ // -dS:
VO (4.5.39)

// dS.

Crpsimyemo pajiiyc Ky R 10 HeCKiHIeHHOCTI 1 BpaxyeMO YMOBY PeryIsipHO-
CT1 Ha HECKIHYeHOCTI:

g/\vuﬁ v = lm // oL as =
éggoo(Rg) //dS—O

S(0,R)

(4.5.40)

Takum unHOM u(2) = const, x € Q' a ockinbku u(z) =0, x € S 10 Uy (x) =
us (). O

-
Teopema 4.5.6.2 ([pyra Teopema equHOCTI rapMOHIYHUX DYHKLiiA)

J

ko B obmexxeniit obacti , (a6o B obsiacri ' = R?\ Q) icuye rapmo-

Hiuna GyHKiis (a6o rapmMonitHa DyHKIIiS peryaspHa Ha HECKIHIEHOCT),

sIKa IpUiiMae Ha MOBEPXHI S 33/ 1aHi 3HAYEHHST CBOET HOPMAJIHHOI MOXiTHOT

%Le g0 TO B obsacti () BOHA BH3HAYAETLCA € TOYHICTIO 0 AJIUTUBHOL
KOHCTaHTH, a B obsacti ' BoHA €1MHA.

o J




Hosedenna. Tpumycrumo, mo B obaacti € icHye npuHaiiMi aBi rapMOHITHI
bYHKIIT, 9Ki TpUAMAIOTh Ha MOBEPXHi S OJHAKOBI 3HAYEHHS HOPMAJILHOI I10-
X1JTHOT

Au(z) =0, z€Q,

; 4.5.41
alﬁf _f =12 ( )
on xeS

Mg dyskuii u(x) = ui(x) — ug(x) Gysemo maTu 3amady
Au(z) =0, z €,
ou (4.5.42)
on zes

Mg dyuknii u(x) Bukopuctaemo pisnicts [lipixie:

/// IVl de = //u - g—g LdS =0, (4.5.43)
Q S

to6ro Vu(z) =0, z € , u(x) = const. Koncranra 3aaunaerbesi HeBU3HA-
9eHOI0 1 TakuM dnHOM Uy () = us(x) + const.

[Tokazkemo cripaBe InBICTH TeopeMu Jjis obsacti €Y.

[Ipunyckaroun icHyBaHHS JBOX PEryJIAPHUX FapMOHIYHUX (DYHKIH gKi mMpu-
fMaloTh Ha MOBEPXHi S OJHAKOBI 3HAYECHHA HOPMAJIBHOI TOXiTHOT

Aui(x) =0, z€Q,

; 4.5.44
il _y =12 o
o zeS
orpuMaeMo mast GYHKIGT u(x) = up () — ug(x) 3amaay
Au(z) =0, z€,
ou _9 (4.5.45)
on x€S o
Bacrocyemo mist u(zx) pisuicrs (4.5.32):
/// |Vul|? dor = // -dS + // ~dS =
VRN S0 (4.5.46)

// T as.



Crpsimyemo pajiiyc Kyl R 10 HeCKIHIeHHOCTI 1 BpaxyeMO yMOBY PeryIsipHO-

CTl HA HECKIHYCHOCTL:

// |Vu|2d:vzl%im // —-dS:
Q/
:}%EEOO(RB) //dS—O

S(0,R)

Taxkum anuoM u(x) = const, x € ' a ockinbku lim, o u(x) = 0, To u(r) =
aur(r) = ug(x).

(4.5.47)

0,
O

(Teopema 4.5.6.3 (Tpets Teopema €QNHOCTI rapMOHIYHUX PYHKLiT)
dkmo B obmexxeniit obmacti €, (abo B obsiacri ' = R?\ Q) icuye rapmo-
HiuHa yHKIist (a60 rapmMoniTHa DYHKIIS peryasipHa Ha HECKIHIEHOCTI),
dKa NMpuiiMae Ha MOBepxHi S 3aJaHi 3HAYEeHHd JIHIIIHOT KOMOIHAIT HOP-
MaJIbHOI MOXigHOI Ta yHKIil % + a(x) - u|xes, a > 0 1o B obnacri 2
Ta B 001acTi ) BOHA BU3HAYAETHCHA €JIUHUM IUHOM.

-

J

I Bunpasa 4.5.6.1. Ocrassio TeopeMy JIOBECTH CAMOCTIHHO.

4.6 PiBuaaaa l'eapmroJsibia, JgesgKi BJIACTUBOCTI Oro
PO3B’A3KIB

Ilpukman 4.6.0.1

Posragnemo CHeHiaﬂbHy I'PaHUYIHY 3a/Ja41y [AJid XBHJIbOBOI'O piBHHHHH

82
a2
A =—F Q
u(z,t) — e (x,t), x€Q, (4.6.1)
bt oo = flm,t).
3ayBakeHHs 4.6.0.1 — B miit 3a1a4i BiacyTHI MOYATKOBI yMOBH ¥

3B’S13KY 3 THM, 0 PO3TISIIAIOTHCS ClieniaibHi 3HauenHs GyHKuil F(z, 1)
ta f(z,t). A came Mu BBazKaeMo, 1O 1 DYHKINI € MepiOIUIHAMHA 110
apryMeHTy ¢ 3 OTHAKOBUM TIEPIiOIOM.
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Poszs’asox. Tloknanemo, 1o

{F(az, t) = Fi(w) cos(wt) — Fy(z) sin(wt), (4.6.2)

1

f(z,t) = fi(z) cos(wt) — fo(z) sin(wt).
MozkHa OYIKyBaTH, IO B Pe3y/abTaTi JOBOJI TPHBAJIOI Jil TakuxX 30ypeHb
PO3B’430K 3aJjiadl 11pu OyJib-AKUX LOYATKOBUX yMOBaxX TexK Oyje nepioju-

YHUM, TOOTO

u(z,t) = Vi(z) cos(wt) — Va(x) sin(wt). (4.6.3)

[Tigcrapiasoun e po3s’s30Kk y 3agaqy (4.6.1), orpumaemo

w? w?
(AVl + Evl) cos(wt) — (AV2 + 5‘/2> sin(wt) =

Fl FQ .
= cos(wt) — = sin(wt), (4.6.4)
cos(Wi)liVi,eg — sin(wt)liVal e 5 =

| = ficos(wt) — fysin(wt).

Ockinbku byskiii cos(wt), sin(wt) — AiniiiHO HE3a€XKHI, TO JJIs AMILIITY,/H
Vi(z), i = 1,2 orpumaemo piBHsiHHs [eabMrosbia

2
F.
AVi+V,=—~L zeQ j=1.2
a

a?’ (4.6.5)
UiVl es = fi-

3ayBakeHHs1 4.6.0.2 — Awmnajioriunmii pe3yjibTaT MOMKHA OTPUMATH,
JKIIO BBECTU KOMILIEKCHY aMiutityay V = Vi + iV5, KOMILJIEKCHY 30BHi-
muio cuay F' = Fi + iF, Ta KOMIUIEKCHY aMILTITYdy TPaHUYIHOI YMOBH

f=h+ifa.

Hlykaroun po3s’sizok (4.6.1) y surnsmi U(x,t) = V(x)e™, orpumaemo
JUIsl KOMILIEKCHOI aMILIITYIH 3129y

F

w2
AV(I)—F? =~ z €,

EiV’g;eS = f

(4.6.6)

JpyruMm mKepesioM BUHUKHEHHS pIBHIHHS [enbMrosibiia € cramionapHe pis-
HeaHHs Audy3il Tpu HASIBHOCTI B CEPEJIOBUII HPOIECIB, IO BeJAyTh 10 PO3-
MHOYKEHHS PEYOBUHMU.
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Ilpukman 4.6.0.2

Taxi mporiecu HAIPUKJIA BAHUKAIOTH, HAIIPUKJIA, Ipu Audy3ii HefiTpo-
HiB. PiBHSIHHA Ma€ BUIVIS:

AV (z) + %V(l«) —0, (4.6.7)

ge D — koeditient audysii, ¢ — MBUJIKICTD PO3MHOXKEHHS HEHTPOHIB.

3ayBaxkeHHa 4.6.0.3 — CyrreBa BiAMIHHICTIO FDAHUYHAX 3324 JIJIsT
piBagHHs [e1bMrosibIia Bijl rpaHUYHUX 3a/1a9 piBHsiHHS Jlamraca moJisi-
ra€ B MOXKJUBOMY TOPYIIEHHI €IMHOCTI PO3B’SA3KY (K JJIsi BHYTPITTHIX
TaK 1 JIJIg 30BHINIHIX 33/a4.

ITpuknang 4.6.0.3

Posriisinemo Taky rpaHuyny 3ajiady Jist piBHsHHA [ejibMrosibia:
Pu  O*u )
@+a_?ﬂ+2ky:07 0<£U,y<7T,
u(0,y) = u(m,y) = u(z,0) = u(z,m) = 0.

(4.6.8)

Pose’asok. Tlpn k = 0 ug 3amada Mae JuIe TPUBIAIbHUNE PO3B’SI30K, IO
BUILTUBAE 3 MIEPIIOI TEOPEMHU €THOCTI TaPMOHIYHUX (PYHKIIii.

Hexaii Tenep k — mine uncio. Hepaxkko nepeBipuTH, 1Mo B IbOMY pa3i 3a1a4a
Mae HeTpuBiaabHU po3B’s30K u(x,y) = sin(kx)sin(ky), a me B cBOW UYepry
O3HavaE, Mo 3a/a9a 3 HeOJHOPI THUMH TPAHUIHUMA YMOBaMHU Ta HEOTHOPITHE
piBHgHH [ebMTO/IBIA

= +2k%u=—F(z,y), 0<my<m,
x Y

(1.6.9)

\

Ma€ Hee¢THHUN PO3B 30K, KU BA3HAYAECTHCS 3 TOUHICTIO JI0 PO3B’SI3KY OJIHO-
pimHoro piBHgAHH:, TOOTO 3 TouHicTIO 10 byHKIil Asin(kz)sin(ky).

12



Ilpukman 4.6.0.4

Posriagaemo 30BHINTHIO 337a9y /1 OJHOPITHOTO PIBHAHHA | e1bMroabia

Au(l’) + k2u = 07 ‘:C’ >, T = (x17x27 x3)7

w(@)|z1=r =0, (4.6.10)

Posée’azox. Ilpu k = 0 rpannvna 3a1a4a Mae Jiuine TPUBlAJbHUNE PO3B 30K
TOTOXKHO PIBHUII HYJIO, IO BAIJINBAE 3 JAPYTOl TEOPEMH €IMHOCTI rapMOHi-
9HUX (PYHKITI.

Y Bunmajaky, Ko k — Iijge MU MaeMo, IO PO3B’I3KOM OCTAaHHBOI I'PAHUIHOT
3319l OKPIM TOTOXKHOT'O HYJs Oyzie dpyHKILs

_ sin(k|xz|)

u(z) = (4.6.11)

dr|z|

Jlerko mepeBiputH, 1o 1d QYHKIA 3a/10BOJbLHIE 9K OJHOPIIHOMY PiBHSH-
Hio Tesbmroabia (e ystBHa YacTwHa BYHIAMEHTAILHOTO PO3B'SI3KY) Tak i
rpaHudHiiit yMoBi Ha cdepi i yMOBI Ha HECKIHYEHOCT.

HasapricTh HeTPHUBIAIBLHOIO PO3B’A3KY V OJHOPIIHOI 3a7a4i O3HAYAE HEEIH-
HICTh PO3B’I3KY BiIMOBITHOI HEOTHOPIIHOI 3a1a4i.
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