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4.3 BukopucranHg QyHJAMEHTAJIbHUX PO3B’dA3KiB Ta
dyuxiiit I'pina qaga 3HaX0/2KeHHH PO3B’43KiB 3a1a4
Ko Ta rpaHnYHNX 33024

QyHjlaMmeHTaAbHI PO3B’43KHU OllepaTopa TeIIoIPOBLIHOCTI Ta XBUJIBOBOI'O Ol1le-

paropa MozKHa e(PeKTUBHO BUKOPUCTOBYBATH JIjIs MOOYI0BU PO3B’ A3KiB 33184
Kormti st piBHSIHHS TEINJIONPOBIAHOCTI, aD0 XBUJIBOBOTO PiBHSIHHS.
A AL )

4.3.1 3amaua Komri aas piBHIHHS TEMJIONPOBiIHOCTI

Ilpuknan 4.3.1.1

Posriisinemo 3a1auy Kol Jijist piBHSIHHS TEIJIONPOBIIHOCTI:

_ Ou(z,t)

*Au(z, t
a“Au(z,t) T

u(z,0) = ug(x).

= —F(z,t), t>0, zcR" 43.)

s orpumanisa HeobxiaHoi hopMyan 3anuieMo audepeHiiaabae piBHIHHS
T1st bYHIAMEHTAILHOTO pO3B’sa3Ky €(x — &, — T) 1o mapi aprymenris &, 7:

Oe(x — &t —
a*Age(z — &t — 1) + el ai ™) =—0(z—=&)o(t — 7). (4.3.2)
3ayBaxkeHHs 4.3.1.1 — OckiibKu audepeHIiioBaHHs BeIeThCS 110 ap-



rymentax &, 7 70O (pyH1aMeHTAIbHUN PO3B’A30K 3a/10BOJILHSIE CIPIAKEHO-
MY PIBHSHHIO TEILIONPOBIIHOCTI.

BanuneMo piBHAHHS TEILIONPOBIIHOCTI BiTHOCHO He3aJIeXKHUX 3MIHHHUX &, T:
ou(&,
a®Au(€, ) — dulé,7) =—F(&T). (4.3.3)
or
Ocranne piBHSIHHS AOMHOXKUMO Ha €(x — &, t — 7), a piBusuuga (4.3.2) — Ha

u(&, T), B mepImoro BigHIMe ApyTe Ta MPOIHTErPYEMO Pe3yJIbTaT Mo 3MiHHii
¢ € Ugr 1 1o 3minniit 7 € [0,t 4 o] ans sakorock o > 0. Orpumaemo

7a/// a?(e(x — &t — 7)Au(E, 7) — u(é, 7)As(z — &,t — 7)) dE dT—
0 Ugr
_ 7/// O(e(x —é,g; &, 7)) dedr—
== 7a///F(§77)5(x — &t —7)dedr+
o

i / ///5(33‘5)5(75—7)%5,7) dé dr.
i (4.3.4)

Jlst obuncIeH s HePIIoro iHTerpaJy JiBol 4aCTUHHU 3aCTOCYEMO JApyry hop-
myay I'pina, apyrumit iHTErpaJi CIIpOCTUMO, OOYHUCIUBINN iHTErpaJsl Bij MMOXi-
JIHOI 110 3MiHHIN 7, ApyTruii inTerpa y npasiit vactuni piBHOCTI 069HCIUMO 3
BHKOPHCTAaHHAM BJacTUBOCTI 0-pyuKIil [lipaka. B pe3yabrari orpuMaeMo:

t+a

////a2(€(x—§,t—r)A(§,r) (€, T)A( — €, — 7)) dEdr =

=a’ 77/ (€(x — &t - 7)% - u(f,f)ag(l" _82; — T)) dSe dr,
o (4.3.5)
_ / /T P



—— [ cta - e—antc.rayag+ [f o -0 as @30

Bpaxyemo, mo £(z — &, —a) = 0 mpu o > 0. Cupsimyemo pajiyc Ky R — 0o,
Ta BPaxXyeMo NOBETIHKY (DYHTaMEHTATHLHOTO PO3B’A3KY B HECKIHYECHHO BiTa-
JIGHIH TOYIll, OTPUMAEMO, IO MOBEPXHEBI iHTErpaan 00epTalnThed B HYyJb. B
pe3yJIbTaTi OCTATOYHUX CIPOIIEHDH OTPUMAEMO

4 )
®opmyna 4.3.1.1 (iHTerpansHOro npeacTasieHHst po3s s3ky 3agadi Kowi
AN PIBHSAHHS TEMIOMNPOBIAHOCTI)

u(zx,t) :/t///F(f,T)s(x—f,t—T)ddeJr///s(:v—f,t)uo(f)df.

(4.3.7)
\§ 4

4.3.2 3anmaua Ko ajig piBHSHHS KoJauBaHHA cTpyHu. @opmysa
o’ AnambGepa

Ilpuknan 4.3.2.1

Posriisinemo 3astauy Kol Jijist piBHIHHS KOJIMBAHHS CTPYHU

2 Pu(x,t)  Pu(z,t)

= —F(z,t), t>0 xR,

Oz? ot?
u(z,0) = ug(x), (4.3.8)
Oou(z,0)
ot~ W)

s 3naxoakeHHs GOpMY/IH IHTErpaJbHOIO HMpEICTaABJICHHS PO3B’A3KY I€ET
3a1aui Kot 3anumieMo piBHAHHS, AKOMY 3aI0BOJIbHSIE (DYHIAMEHTAIbHUM
PO3B’SI30K:

a282¢1(x - €7t - T) _ 82¢1(ZL‘ - g’t - T)
o€ ar?

=0z —&)d(t—7). (4.3.9)

Haj muvu piBHAHHSIME 1IPOBEIEMO HACTYIHI Jil aHAJOTIYHI MONEPEeHHOMY
BUMAJIKY:

1. umepuie nomuoxkumMo ua P (r — &,t — 7);

2. apyre HoOMHOXKUMO Ha u(&, T);



3. aprymenTu x, t IepIIoro mepeno3nadyuMo depes &, 7 BiAIOBIIHO;

4. BizHiMeMO Bij mepiioro piBHsiHHSI Apyre Ta npoinrerpyemo no 7 € (0, 1)

ta o { € (—R, R).

Byaemo maru:

R
82 82 _ _
//cﬁ(mx—&t—) T a2 =T agar-
-R

(-t -nTUED —uie PRS2 gear -

g
-
(4.3.10)

BacTocyeMo JI0 TepIIoro Ta JApyroro iHTerpajis (popMyJsy iHTerpyBaHHS 3a
YaCTHHAMM:

Di(x =&t —T)F(E T dfd7+// x—=&)(t —1)u(€,7)dEdr

:‘J:\::; Flw\:a

t

ou(&, T o(x —&Et—7 ¢=R
0/a2 (wl(m—ﬁ,t—ﬂ%—u(f,ﬂ W 85 >> é:_RdT_
by -
—// Et—T1)F(& 7)dEdT + u(x, t).
“R
(4.3.11)

Bukonaemo HeoOXiaHI MiICTAHOBKN Ta CIPSIMYyeEMO R — 00, OTPUMAEMO, IO
IepIIuit iHTerpas B JIBiM YaCTHHI TOTOXKHBO ITEPETBOPIOETHCA B HYJb 3a pa-
XYHOK BJIACTHBOCTEl (DyHIaMEHTAJILHOIO po3B’si3Ky. B apyromy inTerpaJi
y JIiBilf YAcTWHI BEpXHsS IiACTAHOBKA MEPETBOPIOETHCSI B HYJIb 3a PaXyHOK
BJIACTUBOCTEN (PyH/IAMEHTAIBHOTO PO3B 43Ky, & HUKHIO I1JICTAHOBKY MOYKHA



MEePETBOPUTH 3 BUKOPUCTAHHIM MOYATKOBUX YMOB 3aja4i Korri.

u(z,t) = /t ?w(x —&§t—1)F(§,7)dedr—

_:/fw“x‘ét‘7> o €) de-+ (4.3.12)

or 7=0

-+/¢ux—awm@ww

[ro mpomizkHY POPMYJIy MOKHA KOHKPETH3YBATH OOYMCIUBINU BiAMOBIIHI
iHTerpaJin, BpaxoByIOUl KOHKPETHHUH BUIVISI (DYHIAMEHTAILHOIO PO3B’I3KY

Oa(t —7) — o — €])

(=& t—1) = o (4.3.13)
OO6YucINMO NEPIInH iHTerpaJr:
t z+a(t—7)
//@/11 (x =& t—T)F(E,7)dédr = — / / ,7)dEdr. (4.3.14)
0 —oo 0 z—a(t—7)
AHaJToridyHo momepeIHbOMY MOZKHA 3aIlHCATH TPETiil iHTerpaJ
00 1 x+at
/ o — & oo(€)de = 5 / vol€) de. (4.3.15)
—00 r—at

J11s1 obunceHHa Apyroro inTerpasy, 00UuCJIMMO CIIOYATKY HOXiTHY Bij (hyH-
JIAMEHTAJILHOTO PO3B 3Ky, sdKa (Mirypye i 3HaKOM iHTerpaJy:

Oz =& )| _ 0 Oalt —7) — |z —¢&])

or =0 - or 2a

1
= —50(at — [z — &]).
(4.3.16)

BpaxoBytoun Bursisii moxigaoi pyH1aMeHTaIbHOTO PO3B’ 3K Y, 3aIUIIEMO JIPY-

7=0



TUii IHTerpas y BATJISIL:

[e.9]

[ 33tat = o~ €hun(é) as =

—00
T o0

=5 [ dtat €= Dua(©)ae + 5 [ 8lat - ¢+ opun(€) as =

—00
xT

1
:_45@ (z — at))uo(€) d€ + = /5 (z + at))uo(§) d§ =
~ up(w — at) + ug(z + at)
— 5 .

(4.3.17)
TakM YHHOM OCTATOYHO MOYKEMO 3aIlNCaTH

4 )
®opmyna 4.3.2.1 (5'Anambepa)

Posp’a30k 3a7a4i Kormi jj1s piBHSAHHS KOJUBAHHS CTPYHU:

up(x — at) + uo(z + at) N

t p—
u(z. 1) !
1 z+ at t ota(t—T) (4.3.18)
—%—/ &+—/ / F(¢,7)de dr.
2a
r—at 0 z—a(t—7)
(G J

4.3.3 3amaua Koimi g piBHgIHHS KOJIMBAHHS MEeMOpaHHU Ta KOJIU-
BaHHA HeoOMexxkeHoro 00’emy. @opmynu Ilyaccona Ta Kip-

roda

Ilpuknan 4.3.3.1

Bynemo posrisgaaru 3amaday Kot g1 1BOBUEMIpHOTO a00 TPUBUMIPHOTO
XBUJIBOBOT'O piBHHHHHZ

a?Au(z,t) — uy(z,t) = —F(x,t), t>0, xR n=23,
u(z,0) = uo(),

u(x,0) = vp.
(4.3.19)

BukopucroByioun neperBopeHHst aHAJIOrUHI BuIaaKy dopmyin a1’ Asrambepa,

6




MOYKEMO OTPUMATH TPOMIKHY (bopMyJIy s po3B’d3aHHs JBOBUMIPHOT a0
TpHUBHMIpHOI 3aja4 Koiri:

(1) = /t// oz — €1 — 7V F(E, 7) A€ dr—
- /// Onlx Bf’t —7) T:o up(€) dé+ (4.3.20)

4 / (e — € D)o €) dé.

BukopucroBytoun Burjisi/i pyHIaMeHTAILHOIO PO3B A3KY /IS JIBOBUMIDHOI'O
BUIIAJIKY:

O(at — |x|)

oman/a2t? — |x)?’

Ta npomixkuy dhopmyry 3anutemo dopmyay llyaccona. Obuncanmo meprriit
iHTerpaJ:

// ol — EOF(E df—Qm/ // mzt—T >d|f€_x|2.

0 R2 0 |¢—a|<a(t—r)
(4.3.22)

Va(w,t) = z € R? (4.3.21)

Banuniemo Tperiii inTerpaJt:

//¢2x—§tvo( - // %a%? |x_€|2 (4.3.23)

—00 —00 |E—z|<at

Hapermiri 3anumiemo apyruii iHTerpad:

¥ e LR e =

—00 —00 |E—z|<at
(4.3.24)

3Bojsun yci Tpu iHTErpaan B OgHYy (POPMYJIY OTPUMAEMO



4 N
®Popmyna 4.3.3.1 (Myaccona)

Posr’a30k 3a7a4i Ko konmuBanus membpanu

u(o 2a7r/ // o fr)df‘dg' .

0 |¢—z|<a(t—T)
0(&) d¢
T 4.3.25
// 2a77\/a2t2 1€ — x|? ( )
|§ z|<at
i 7
Qaﬁ \/a2t2 5’2
|[E—z|<at
o J

Bes 1oBesienHda HaBeeMo

4 )
®opmyna 4.3.3.2 (Kiproda)

Jlng TpuBuMipHOi 3aa4i Kot XBUJIL0BOTO PIBHAHHS:

e

|z—¢|<at

1
T // w(€) dSe+ (4.3.26)

le—€|=at

trma | w©as

z—&|=at
(G J

u(z,t) =

4.3.4 ®dynkuig I'pina rpasnuyHMx 3ama4u oneparopa l'eabmroabmia

[Ipu pos3p’s3anni 3ama4 Kol 1151 piBHAHHS TEILIONPOBIIHOCTI Ta, XBUJIBLOBO-
0 PIBHIHHS MU BUKOPUCTOBYBaJIM (DyHJIAMEHTAJIbHUIT PO3B’A30K BiJIIIOBII-
HOTO OllepaTopa, KUl JO3BOJIAB BpaxyBaTU BILIUB BIABHOIO WieHA PiBHSI-
HHS Ta MOYATKOBUX yMOB. /Ig po3B’d3aHHg IpaHUYHUX 3344, JJId TKUX
pO3B’430K Tpeba IIyKaTH B JledKiit oOMerkeHiit obyracTi Ha IpaHUIl SKOI I0-
BUHHI BUKOHYBAaTHCS JEsKI TPAHUYHI YMOBH, Tpeba BUKOPUCTOBYBATH CIIEIli-
aJlbHI pyHIaMeHTa IbHI po3B’a3ku. KpiM Toro i cueriaabhi pyHIaMeHTATb-
Hi PO3B’S3KH MOBUHHI 3a/I0BOJILHATH OJHODIIHUM IpaHUYHUM ymMoBaMm. Taki



criermiaJibHi hyHIaMeHTAIbHI PO3B’I3KHN oTpuMaJIn Ha3By (yuKIii ['piHa rpa-
HUYHOI 331291 IEBHOT'O POJLY /LIS BiAOBIIHOTO JiubepeHIiaIbHOrO PiBHAHHS.

Ilpuknan 4.3.4.1

Bynemo posragaatu rpanudHi 3a/1a4i A1 piBHaHEA [embmrosbia:

(A4 K)u(z) = —F(z), z€Q,

biu(z)| e = flx), i=1,2,3. (4:3.27)
BukopucraemMo mo3HaYeHHs Jjisi TPAHUYHUX OTEpaTOpiB:
Ou(w)] e = w(T)],eq (4.3.28)
lyu(r)|,cg = ag—gj) ; (4.3.29)
lau(r)|,cg = ag—f) + a(x)u(z) -, (4.3.30)

— TPaHWYHI YMOBH MEPIIOro, IPYTOTO ab0 TPETHOTO POIY. 3ayBaKUMO, IO B
HARMPOCTINMIOMY BHUIIQJIKY B KOXKHIN TOYI I'PaHUAT BUKOHYETHCSI YMOBA Iep-
IIOT0, JIPYTOro abo TPeThOro POy, V 3B’ 43Ky 3 UM i I'PaHHYHI 332491 HA3H-
BalOTh IMEPINOI0, JIPYTOI0 abo TPeThOIO 1 piBHAHHS [eabMrombia.

Busnauenns 4.3.4.1 (byuxnii ['pina). @ynxmito GF(x, ) 6ynemo masmpa-
™ pynxuiero I'pina meprnoi apyroi abo Tpersol rpaHuYHOl 33724l B 006s1acTi
) 3 rpanutero S oneparopa l'esibMroJibiia, KO 1isi (PYHKINS € PO3B’si3KOM
rPAHUYHOI 3a/1adi:

(A:E oty k’2)Gi€(IE,€) = 76(‘%‘ - 5)5 .’E,f S Qa
;G (z,€) e 0, i=1,23.

S

(4.3.31)

Ockinbku dyuknisg I'piHa 3a10BOJIbHSIE PIBHAHHS 3 TAKOIO K IPABOIO Ya-
CTUHOIO $IK 1 (byHmaMenTa bauil po3p’s30K (Juire 3i 3aBurom Ha &), TO JJIst
Bu3Ha4YeHHs (PyHKINT ['piHa MOKHA HAJATH HACTYIHE €KBiBaJEHTHE BU3HAYE-
HHS:

Busznauenns 4.3.4.2 (exsiBasentHe o3Hadenus byukiil ['pina). Oynkimio
Gi-“ (z,€) 6ymemo masupatu dyskiien ['pina nepmoi gpyroi abo TpeTsoi rpa-
HAYHOI 3agad4i B obsacti € 3 rpanuneio S oneparopa 'eabMroibiia, aKImno s



dyHKIig MoKe OYTH IIPEICTABIEHA Yy BUIJIAJ]

G¥(,€) = ¢i(z — &) + gf (,€), (4.3.32)

ne ¢ (z — €) e dbynzamenTanbHuM PO3B’A3KOM omeparTopa [eabMrosibia, a
dbyHKIIis gf 3aJ0BOJIbHSE TPAHWIHIN 38181

{(Az + k) gh (2,8 = b6z — ), =,€€Q,

tigh(e,0)| _ = —tdh@)| _, i=123

(4.3.33)

-
TeepaxxeHHsa 4.3.4.1

Oyuknig [pina G¥(x,€) = GF(€, z), 1,€ € Q, i = 1,2,3, T06T0 € cuMe-
TPUYHOIO (PYHKIIIEIO CBOIX apryMeHTIB.

Hosedenna. st mboro po3riistHemMo piBHstHHS 715 pyHKIT ['pina 3 mapame-
TPOM 17):

(A, + E2)GY(z,n) = =6(x — 1), x,neQ (4.3.34)
Pipnsianst 3 BusHauenHs nomuoxumo Ha GF(z,7), a ocramne piBHAHHA —
Ha Gf(x,ﬁ), BiTHIMEMO BiJl TIEpPITIOTO PIBHAHHS JApyTre 1 TMPOIHTErpyeEMO Ta
aprymenty x € ()

/// (GF (@, n)(As + K)GY (2,6) = Gi(w,)(As + k)G (2, 1)) dw =

) _ /// (—=GE(x,m)0(x — &) + G¥(x,€)d(x — 1)) dv
Q

(4.3.35)
o niBol wacTuHU 3acTocyeMo Jipyry ¢dopmysy 'pina, a inTerpas B mpasiit
JaCTHHI O0YHCIIOEThCA Oe310CePeIHbO:

oGk oGk
- Gien +GHoe) = | <G§<x, DR Gf@g)#) as..
S

(4.3.36)
[ToBepxHeBUit iHTErpasl OCTAHHBOTO CIIBBIIHOIIEHHS JIOPIBHIOE HYJIIO IS KO-
xHOTO 7 = 1,2, 3. MificHo nipu 7 = 1:

Gh(2,6)], g = Cila.n)], s =0, (4.3.37)
opu ¢ = 2:
on z€S on ves ’ -
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npu ¢ = 3:

Gk (x,€) 0G5 (x,n)

e a(z)G5(x,€) T Ton +a(x)G5 (2, ) - =0,
(4.3.39)
1o 3a0e3Mevuye PIBHICTh HYJIIO MOBEPXHEBOT'O IHTErpay /i TPAHTTHUX YMOB
OY/b-4KOT'O POJLY. 0

BpaxoBytoun cumerpudnicTh (pyHKIT ['pina orpuMmaeMo (bopMy/In iHTerpasib-
HOI'O IIPEJICTABJICHHS PO3B’3KiB TPhOX OCHOBHUX I'DAHUYHUX 3a/1a4 PIBHSIHHS
I'eabMrogabILa.

J1g mMboTO 3anUIIeMO TPAaHUIHY 3329y BLAHOCHO apryMeHTy &:

{<A +Eu(E) = —F(€), €€,

61’“(5)‘565 - f(§), i = 17 27 3 (4.3.40)

Bpaxosytoun cumerpio dyukii ['pina ta napuicrs 0-pyuknii /lipaka, 3amu-
MeMO CUCTEMY Y BHUTJISI:

{(As + k)G (2,€) = —d(z —€), 2E€Q,

4.3.41
4G (3,8 0, i=1,2,3. ( )

€S -

[TpoBeieMo HACTYITHI IepeTBOPEHHs: TepITy cucTeMy oMuoykuMo Ha GF (2, £),
a Apyry moMHOKUMO Ha u(§), BigHiMeMo BiJ meprnol piBHOCTI ApyTY i MPOiH-
TerpyeMo 1o 3MinHii £ € Q:

/[/ (GH (2, €)(A + K2)u(€) — u(€)(De + K)GH(x,£)) de =

Q= JJ] -6t or© + uese - o) ac e

Bacrocyemo 110 J1iBol yacTunu pisHocTi apyry dpopmysy I'pina, a apyruit inre-
rpaJj B IpaBiit yacTuni o04unc/auMo 6e3rnocepeHb0 BPaXoBYIOUH BJIACTUBOCTI
O-byukiii Jlipaka:

ulw) = [|f Gt OF© de+

. [ (et 028 - w2 as,
S

8715

(4.3.43)

[Ipomixkuay hopMyJIy MOXKHA KOHKPETH3YBATHU s KOXKHOI 3 TPhOX TI'DAHH-
YHUX 3a/1a4:

11



1. Hexaii ¢ = 1, Toxi

Ch(@, )]s = 0, ul(©)lees = F16), (4.3.44)

i Tosi popmysia nmpuiiMe HACTYIHUNE BUIJIS:

- [t or@a- [ (“4Ere ) ase wsa

2. Hexaii 1 = 2, Toxai

0G3(z,§)
8n5

= f(8), (4.3.46)

es

i popmyna npuiimMae BUTISL:

- /Q// Gh(x, ©)F(€) dé + Z/ (G5(@,0)f(©) dSe.  (4.3.47)

3. Y BUnaJIKy ¢ = 3

0G%(x,§)
Gng

9u(§)
on

+a(§)G3(x,¢)

= ()’
£es

+a(Qu(§)] = f(&).

ges
(4.3.48)

Posp’a30x Mae BUIISI:

:///G’é(x,f)F(f) d£+//(G’§(x,§)f(§)) dSe. (4.3.49)
@ S

I Bopasa 4.3.4.1. Jlosenits ocTtanuio pOPMyIy.

12
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