3MICT

1 Bcryno 2

1.1 Tlpemmer i meTojan MareMaTudIHOl DIZUKA . . . . . . . . . . . . 2

2 TuTrerpanbHi piBHIHHHA 5

2.0.1  OCHOBHI HOHATTS . . « v+ v v v v v v e e e e e e e e 5

2.1 MeToa mOCHITOBHAX HAOJUIKEHD . . . . . . . « . o o o o vt 7

2.1.1 Meroa nmocrinoBHuX HAOJIMKEHD JIJIsSI HEIIEPEPBHOIO siapa, 7

2.1.2 TIOBTODHI FPa . . . v v v v v v e e e e e 12

2.1.3 PesosibBeHTa IHTEIPAJIBHOIO OLEPATOPA . .« « . . . . . . 14
2.1.4  Mero/ ocitoBHIX HAOIMKEHD JIJI IHTerpaJIbHUX PiB-

HSHDB 3 MOJSIPHUM SIJIPOM . .« v o v o v o o e e e o v u 17

2.2 Teopemu DPPearoaIbMa . . . v v v v v e e e e 23

2.2.1 ImTerpanbHi PiBHAHHA 3 BUPOZKEHUM SAPOM . . . . . . 23
2.2.2  Teopemu ®pearoabma A iIHTeIPAILHAX PIBHIHD 3 He-

HEPEPBHUM SIAPOM . . v v v v v o e e e e e e e e e 31

2.2.3 AmwrepmatuBa @penrombmMa . ... 33

2.2.4 Hacuaigkn 3 Teopem PpearoapMa . . . . . . . . .. . . 34
2.2.5 Teopemu @pearoabma i IHTeTPaJTbLHAX PIBHAHD 3 110~

JAPHAM AIAPOM . v o o v v e oo e e e e e e e 35

2.3 IurerpaJibhi piBHAHHS 3 €PMITOBUM SJIPOM . . . . . . . . . . . 37

2.3.1 XapakKTepHUCTUYHI YUCJa epMITOBOIO HEIlepepBHOIO sapa 44

2.4 Teopema I'inbepra-IlIminra Ta il macaiaka . . . . . . . . . .. 46

2.4.1 Dbiniriiie po3BUHEHHS €pMITOBOTO HellepepBHOTO sdjpa . 46

2.4.2 Pan ®yp’e bynknii i3 Lo(G) . . . . . . 48

2.4.3 Teopema I'imbbepra-IlImigra . . . . . . .. ... .. .. 49
2.4.4  ®opwmyna [MIminra gag po3s’d3anng iHTErpajbHAX PiB-

HIHB 3 €PMITOBAM HEITEPEPBHUM SJAPOM . . . . . . . . . 53

2.4.5  JlomaTHBO BUSHAYEHL F/IPA . « « « v v v v v v o v o o 58

2.5 Bapaua lrypma-Jliysinasa. Teopema CrekmoBa . . . . . . . . 61

2.5.1 O®yukuig I'pina oneparopa L. . . . . . .. ... ... 61

2.5.2  Bunmacrupocti dyukmii I'pina . . . . . . ..o Lo 65

2.5.3 3Benmenus kpaitopoi 3aaa4i 3 oneparopom [Itypma-Jliysimpisa

JIO IHTerpaJbHOTO PIBHAHHS . . . .« « « o v v o o 0 o o 65

2.5.4 Bumactupocti Bracaux umces 3agadqi llrypma-Jliysira . 71

2.5.5 3amaua Itypma-JliyBiisg 3 BaroBuM MHOKHUKOM . . . 73

2.6 TnrerpayibHi pIBHAHHS TEPIIOTO POILY . « « o v o v v v v o v o 74

2.6.1 dapa Mlmigra . . . . . . . . . . o 75
2.6.2 IHTerpasbHi piBHAHHS MEPIIOTO POY 3 CUMETPUIHUM

FIAPOM o v v v v e e e e e e e e 7



2.6.3 Hecumerpuuni sgapa . . . . . . .. .. ... ... ... 718
2.6.4 IluTaHHA [0 TEPIIOTO PO3MIAY +» « « « v v v v v v o o . . 82

1 Bcryn

1.1 IIpeamer i meTosu MaTeMaTUIHOI (PiI3UKMN

Cydacui TexXHOJIOTIT TOC/IiIZKEeHHsT PeajbHOTO CBITY JOBOJI IHTEHCHBHO BHKO-
PUCTOBYIOTH METO/IA MATEMATUIHOI'O MOJICJTIOBAHH, 30KpeMa Il MeTO/IH IITH-
POKO BHKOPUCTOBYIOThCS TOJi, KOJH JOCTI/ZKEHHsT peadbHOro ((bisuaHOoro)
00’€KTY € HeMOXK/JIUBUMH, a00 HAJATO JOPOTHMHU. BiKe TpaaulliiHUMU CTAJH
MOJIE/TIOBAHHS BJIACTUBOCTEN TaKuxX (Di3udHuXx 00’€KTiB:

e TeMIepaTypPHI MOJISA 1 TEIJIOBI MOTOKMH;

® cJeKTPWYHI, MArHITHI Ta eJIeKTPOMAarHIiTHI IOJId;

e KOHIIEHTpAIli¥ PEYOBHHHU B PO3YMHAX, PO3ILIaBax abo cywilnax;

e HampyxKeHHs 1 Jedopmaliii B IPYKHAX TBEPAUX TiTax;

e mapaMerpu piauHu abo rasy, sKuit pyxaerbes (00TiKae) Jesike Tijo;
e IepeHoC pi3HuX cybcTaHIiil moTokamu pijuH abo ra3y Ta iHIii.

XapakTepHoo 0COOJIMBICTIO YCIX MaTeMaTUuIHUX MOJIeJIel, 0 OUUCYIOTh 1ie-
peJiideni Ta DaraTo iHIIUX TPOIECIB € Te, 10 HapaMeTPH, SKi MPeJCTAB/IAI0TH
iHTepec s mocaiHuKa € DYHKIIAME TOUYKH MPOCTOPY X = (1, T2, T3) Ta
Jacy t, a caMi CIIBBIIHOIIECHHA 3 SKUX 11 XapaKTEPHCTUKHA OOUUCIIOIOTHCS
€ nudepeHIialbHIMI PIBHIHHIMI B YaCTHHHUX MOXiTHUX 31 CIIemiaJbHUMA
JOJATKOBIUME yMOBaMu (KPalOBUMM YMOBAMH), sIKi JO3BOJISIOTH BUJLISITH
OJIHO3HAYHUIT PO3B’A30K.

Takum 9mHOM MOXKHA CKa3aTH, 1110 OCHOBHUME 00 €KTaMU JTOC/IiIyKeHHsI TIpe-
JIMETy MaTeMaTuudHa (i3uka € KpailoBi 3ajadi Jjisd PIBHAHL B YaCTHHHUX
MOXiAHUX, dKi MOJIETIOITh IeBHI (PI3UYHI IIPOIECH.

[Iponec pocaimzKeHHs: peajabHoro 06’eKTy (bisMdIHOro CBiTY MOYKHA IpeJIcTa-
BHUTH 33 HACTYITHOIO CXEMOIO:

1. Ilob6ymoBa MaTeMaTwdHOI MOJEII PeAaJbHOIO MPONECY Y BHUIVISJIL JIH-
depeHmiaJIbHOrNO piBHSHHA ab0 cucTeMH JudepeHniaJbHIX pPIBHAHL B
YaCTUHHUX IOXIIHUX, JONOBHEHHsI JindepeHIiajibHOro PIBHAHHS B Ya-
CTUHHUX MOXITHIX TPAHUIHUMU YMOBaMHU.



2. [ocaipzkennst BaacTuBocTeir copMyIhOBaHOT KpaioBoi 3ajadi 3 To-
YKH 30pYy 11 KOpeKTHOCTI. KOpeKTHICTh MOCTAHOBKH 3a/1a4i 1epeibadae
BUKOHAHHS HACTYIIHUX YMOB:

e Po3B’430K KpaiioBoi 3ajia4i icHye;
e Po3B’a30K enunmii;

e Po3B’430K HenmepepBHUM YHHOM 3aJI€KUTH Bij BXIJHUX JAHUX.
3. 3HaxomzKeHHs PO3B’sI3Ky KpailoBol 3a1adi:

® TOYHOrO JJIs HAfOLIBIT MPOCTUX 33/1a;
e 2060 HAOJIHMKEHOTO JIs IepeBaXkKHOI OLIBIIOCTI 3a1a4.
Tpeba BigMiTUTH, 10 yCi MepeideHi TyHKTH JOC/IIJIZKeHHS OKPIM T00Y/10-

BH HaOJIM2KEHUX METOJIIB 3HAXOIKEHHS PO3B’sI3KiB BITHOCATHCS 10 MPEIMETY
mucnuLniag Maremarudna isuka.

Jnsa mocmiazKeHHs 3a/1a9 MaTeMaTHIHOl (DI3UKKM BUKOPUCTOBYIOTHCS MaTeMa-
TUYHH armapaT HACTYMHUX PO3/IiIiB MaTeMaTUKH:

e MaTeMaTHYHUH aHAJI3;

e JliniiiHa ajirebpa;

Jqudpepenniaabai pIBHAHHI;

Teopist (pYHKIIH KOMILIEKCHOT 3MiHHOT;
e (QYHKIOHAJILHUN aHaIi3;

[Ipu moOy10Bi MaTeMaTUIHUX MOJIe/Ieil BUKOPUCTOBYIOTHCS 3HAHHS 3 €JIeMeH-
TapHOI i3UKH.

HapeneMo npukJianm J0BOJI OpocTol 1 B TOH 2Ke dac IJIKOM peajbHOI MaTe-
MaTHYHOI MOJIEJl PO3IOBCIOAKEeHHS TeIlIa B CTPUXKHI.



ITpuksanm 1.1.0.1 (Mozesi PO3MOBCIOIZKEHHS TEIIA B CTPUKHI )

Hexait My MaeMO OZHOPITHUN CTPUXKEHDb 3 TEILI0130/Ib0BAHOI0 OOKOBOIO
HMOBEPXHEIO 1 HACTYMHUMHI (Di3SHIHUMH MapaMeTPaMU:

® p — I'yCTHHA MaTepiaJy;

e S — IIOMIA MOTEPEYHOTO Tepepisy;
e k — koedilieHT TEIIOIPOBIIHOCTI;
® ¢ — KOeili€HT TeNI0EMHOCTI;

e [, — JIOBKWHA CTPUIKHI.

[Mosuauumo u(x,t) — remieparypy CTPUZKHS B TOYI T B MOMEHT 4YaCy
t, up(x) — Temmeparypy CTPHKHSI ¥ TOUIl & B MOYATKOBHIA MOMEHT Yacy

t=20.

[Tpunyctumo, o Ha JiBOMY KiHI CTPUKHS TeMIIepaTypa 3MIHIOETHCS 3a
3aIAHUM 3aKOHOM ((t), a MpaBuil KiHeIb CTPUZKHS TEMJI0i30Ib0BAHMTIA.

B rakux mpunymnieHHgax MaTreMaTuaHa MO/Ie/Ib MOYKe Oy TH 3alicana y BULJI/T
HACTYTTHOI TPAHWIHOI 3a/1a4i:

e nepeHniaabHe PIBHIHHS:

Ou(z,t) . 0*u(z, 1)

o R O<zx<L, t>0 (1.1.1)
X

cp

® I'DAHWYHI YMOBW Ha KIHIIX CTPUKHS:

ou(L,t
u(0,u) = (1), % =0 (1.1.2)
® [I0YATKOBA YMOBA:
u(x,0) = ug(t) (1.1.3)



2 IaTerpanbHi piBHIHHS

2.0.1 OcHoBHI noOHATTY

Busznauennsa 2.0.1.1. Inmeepaavhi piéHAHHA — PIBHIHHA, IO MICTITH HE-
BiZOMY (DYHKIIIO ITiJ 3HAKOM IHTErpaJIy.

Bararo 3a1ad MmaremMarudnoi (hi3UKU 3BOJAATHLCS JIO JIHITHUX IHTErpaJbHUX
PIBHAHb HACTYIMHUX JIBOX BHUIJISIIB.

Busnauenns 2.0.1.2 (inrerpanshoro pisasiaas @pearoasma Il pory). Iume-
2pasvHuUM PisHAHHAM Ppedzosvma 11 pody HA3UBAECTHLCS DIBHSHHS BULJISLITY

w@=A/K@wwwﬁw+ﬂ@. (2.0.1)
G

Tyt A — kommekcuuii mapamerp, A € C (Bimomuit abo Hesimomuii), G —
obnacth iHTerpyBanns, G C R"”, G — 3aMKHeHa Ta 00OMerKeHa.

Buznadenns 2.0.1.3 (interpasbaoro pisasuusg Ppearoasma I poay). Iume-
2panvHUM PisHAHHAM Ppedzosvma I pody HA3UBAECTHCA PIBHAHHS BUTJISIITY

/K@ww@Myzﬂ@. (2.0.2)
G

Buznadenns 2.0.1.4 (sapa inTerpagbHoro pisasaHus). Hdpom iHTErpagTbHIX
PIBHSIHb HABEJICHUX BHUINE HasuBaeThes yukiis K (z,y) € C (G X G).

Busnagenns 2.0.1.5 (BipHOrO WieHa IHTErpaabHOTO PIBHSHHSA). Biavhum
“AEHOM IHTerpaJbHUX PIBHIHb HABEJEHNUX BUIlle HasuBaeThest GyHKiig f(z) €

C(@).

Busnauenns 2.0.1.6 (oxmopinnoro pisusianas @pearoasma Il pony). Iarerpa-
abHe piBasabg Ppepronsma I1 popy npu f(z) = 0 HasuBaeTbess 00HOPIOHUM:

M@ZA/K@wM@My (2.03)
G




Busznauenns 2.0.1.7 (inTerpaipHOro omeparopa). 3po3yMiIo, IO KOKHO-
my anpy K (x,y) sinnosigae inwmezpasvnuti onepamop K axuii Bu3nagaeTbes
HACTYIIHUM YHHOM:

K : p(z) ~ (Kg)(z) = / K(2,3)0() dy. (2.0.4)
G

3ayBaxkeHnHs 2.0.1.1 — Byzxemo 3amucyBaTu iHTerpajbHi PIBHIHHS
CKOPOYEHO B OnepaTopHiit popmi:

o = MKy + f, (2.0.5)
Ko = f, (2.0.6)
o = K. (2.0.7)

Busnauennss 2.0.1.8 (cupsmkenoro (corosnoro sypa)). Cnpaotcernum (cro-
3HuM) A0POM HABUBAETHCST (DYHKITiS

K*(z,y) = K(y, z). (2.0.8)

Busnauenns 2.0.1.9 (cnpsizkeroro (cor3HOTO) piBHsAHHS). [HTErpaThHE PiB-
HSTHHS

() = X / K, y)() dy + (=) (2.0.9)
G

HABUBAETHCS CNPANCEHUM (COM03HUM) JTO BIAMOBITHOTO iHTErPAJIBbHOTO DIBHS-
aag Openronbma 1T pomy.

3ayBakeHHs 2.0.1.2 — OmneparopHa (GopMa PiBHIHb OCTAHHIX IBOX
PiBHSAHB:
Y =AK* + g, (2.0.10)
Y = \K*9. (2.0.11)

Busnavenns 2.0.1.10 (xapakrepuctuuanx (BaacHux) gucena sapa). Kow-
IJIEKCHI \, TIPU SIKUX OJHOpiiHe iHTerpajbhe piBHsaHs @Ppenronsma 11 pory
MA€ HETPUBIAILHI PO3B’A3KM, HAZUBAIOTHCA TAPAKMEPUCTIUNHUMUY (BAACHU-



I mu) wucaamu aapa K(z,y).

Busnauenns 2.0.1.11 (sracanx dyukmiit sapa). Poss’s3ku, gxi Bignosima-
IOTHb BJIACHHM YHCJIAM, HASHBAKOTHCI GAGCHUMU GYHKULAMU SIPA.

Busznadenns 2.0.1.12 (kpaTHOCTI XapakTepucTHIHOTO [nca). KigpkicTs
JIHITHO-HE3aIeXKHIX BAACHUX (DYHKIH HABUBAETHCA KPAMHICTIIO TAPAKMEPU-
CIMUYHO20 YUCAQ.

2.1 Meroxa mocaiJOBHUX HADJIMXKEHb
2.1.1 Metroxa nmocjigoBHUX HaDJM>KEeHb OJ HEMEePEPBHOTO dapa

Haranaemo KiibKa BU3HAYEHB:

Busnauenns 2.1.1.1 (wopmu y C (@)) Hopmoro y Gamaxosomy mpocTopi
HenepepBHux (yukiiit C (G) Ha3WBAETHCS

1£lo(e) = max| £ (@) (2.1.1)

IS

Busnauenns 2.1.1.2 (mopmu y Lo(G)). Hopmoro y TinmsbepToBoMy mpocTopi
iHTerpoBHUX 3 KBajparoM dyHKIIH Lo(G) HA3UBAETHCs

1/2

1 la) = /umwdv | (212)
G

Busznauenns 2.1.1.3 (ckassiproro mnobytky y Lo(G)). Craaaproum do6y-
mxom y npocropi La(G) nHauzsaerbcs

Uynmn:/}ummMm (2.1.3)
G




Jlema 2.1.1.1

0OMezKeHUIi Ta MalOTh MICIe HEPiBHOCTI:

Iarerpanbuuii omeparop K 3 HemepepsHuM siipom K (z,y) meTBOpIOE

muoxkuuu Gyukmiit C' (@) @ (@), Ly(G) L Ly(G), Ly(G) X c (@)

N

IKelle@) < MVIele@) (2.1.4)
1K@l z.¢) < MV el L), (2.1.5)
IKelle@) < MVVl¢llLy@), (2.1.6)
zie
M = K , V= [dy. 2.1.7
Lmax [K(z.) [ (2.17)
G
N J
3ayBakeHHs1 2.1.1.1 — Maerbcsa Ha yBa3i, 1m0 J0BLIbHA DYHKINS © 3

MHOXKuHA DyHKIin C (@) i1 Jii€ro inTerpajbHoro omeparopa K mepe-
xomuTh y dyukiio Ko 3 maoxknan byakmiit C' (@), 1 Tak gaJi.

Jlosedenns. Hexait ¢ € Ly(G). Toui ¢ — abcostorHo inrerpoBHa yHKILisl HA
G i, ockisbku a1po K (x,y) nenepepsre va G X G, dyukiia (Ky)(x) Heme-
pepiHa Ha G. Tomy oneparop K nepesoants Ly(G) B C (G) i, 3 BpaxyBanssm
nepiBaocTi Komri-BynskoBebkoro, ooMmezkennii. /loBegeMo HepiBHOCTI:

L IKello@ < MV][elloe:
Kl () = max | [ Ko v)ely) dy <
zelG
G

< [ (1K (z,)]-lelw)l) dy <
G

< max | max |K(x,y)| - max|p(y)] -
el yeG yea

< MMIM%MHWW@M/@Z

= MV ¢y

(2.1.8)



2. [K¢lra@ < MVllell Lo

2

(IIKsOIIL2<G))2=/ /K(x,y)so(y) dy| dx <

G |G
2

g/mwmmwwfmw@(ms
G yead G

2

2
s(mwm@m0~/ww@'/ws
(z,y)EGXG 2 2

< (M|l o)V o.19)
2.1.9

3. IKello < MVV el

Kl () = max| (Ke) (@) =

=mm/K@wﬂw®§
zeG

(2.1.10)

el

G
< max /\K(x,y)\zdy~ /’@(Q)de <
G G

< MVV|¢l La)-

]

Po3B’430K iIHTEIPaJIbHOIO PIBHSHHS JPYTIOrO POJLY 3AIIMCAHOIO y OLlePATOPHI
dopmi OyaemMo myKaTH MeTOoA0M MOCJIIA0BHIX HADIUKEHb, TOOTO 3aIyCTIMO
HACTYTHUI iTepariiianit mporec:

900:f7 ()01:>\K900+f7 902:)\KQ01+f7 ceey 90n+1:)\K§0n+f
(2.1.11)
Toi MoxKHa 3amucaru
n+1
Pni1 =Y NK'f, (2.1.12)
i=0

ne K = K(K).



XouerTbcsd 3a PO3B’SI30K B3ATH (DYHKIIIIO
Voo = lim (. (2.1.13)
n—oo
Lle mixBoaIUTHL HAC IO

Busznauenns 2.1.1.4 (paxy Heiimana). Padom Hetimana oneparopa K na-
3UBAETHCS

[o.¢]
D NKf = lim @ (2.1.14)

Hocutignmo 30ixkHicTb psiy Hefimana:

i NKE f
1=0

<D N IK fllg(e) <

@ = il (2.1.15)
N - c(@
< Z N - (MV)" - “f”c(é) = H\%
=0
Cupasi,
IKello@) < MVelle): (2.1.16)
TOMY
||K290||C(a) < (MV)2||¢||C(§) (2.1.17)
1, B3araJi KaxKy4w,
||Ki90||c(a) < (MV)iH(:O“C'(é)- (2.1.18)
OT)Ke MM A0BeJIM HaCTYIIHE
4 N

TeepaxenHst 2.1.1.1 (npo ymosy 36iXHOCTI MeToAy NocnigoBHUX Habnu-
XKEHb )

Psan Heitmana 36iraerbcst piBHOMIPHO NpH

1
\§ 4

N
Nlema 2.1.1.2 (npo eamHicTb po3B'si3Ky 3a yMOBW 3DDKHOCTI MeTogy no-

CNiAOBHNX HAbMKeHb )

[Ipu BuKOHaHHI YMOBH 3012KHOCTI METO/LY MOCTIIOBHUX HAOIUKEHD 1HTe-
rpajbHe piBHAHHS 11 poay Mae eaunuii po3s’sg30K.

J

10



Hosedenna. MificHo mpumycTumo, o ix JaBa:

M =K + f,

o0 — Ko 1 . (2.1.20)
Toi MOoxKeMO PO3IJISIHYTH TXHIO PI3HUILIO
0O = oM — @) (2.1.21)
Bona 0y/ie 3a/10BOJIbHATH JIOJHOPIJIHOMY PIBHSIHHIO:
00 = NKp©. (2.1.22)
O6uucimmo nopmy Yebuiesa:
A 1Koy = 19 (@) (2.1.23)
3acTOCOBYIOYN HEPIBHICTD 3 JIEMU JI0 JIIBOI YACTHHU OTPUMYEMO
16 lleq@) < M- MV 1169l (2.1.24
3Bijcu Ge3mocepeTHLO BUILIABAE
(1—|\-MV)- H¢<0>HC@ <0. (2.1.25)
3Bigcu MaeMo, 1o ||90(0)||C(§) =0. O
TakuMm yuHOM JOBeJcHA
~N

-

Heitmana.

Teopema 2.1.1.1 (npo icHyBaHHs pO3B'sI3KY IHTErPasIbHOTO PiBHsIHHSA Ppe-
Aro/ibMa 3 HENepepBHUM sIAPOM AJIsSi MaJMX 3HA4€Hb NapameTpy)

JloBinibHe inTerpabue piBusanug Openroabma Apyroro poiy 3 Helnepeps-
M sapoM K (z,y) npu ymosi |A| < 1/MV mae eauuunit po3s’s30k ¢ B
KJaci HemepepBHUX (yHKIH C (5) JUI Oy/Ib-SIKOr0 HEIIEPEPBHOI'O Bi/Ib-
Horo wiena f. Lleit po3B’sa30K MoxKe OYTH 3HAMJACHUN Yy BUIVISAIL Py

11



2.1.2 TlostopHi gapa

4 )
TeepaxkeHHsi 2.1.2.1 (npo nepeHOC IHTErpasbHOro ONEPATOPY Hepes KoMy

y ckansipHomy fobyTKy)

Vf,g € Lo(G) mae micue piBHiCTH

(Kf, 9)rae) = (f; K*9) 1a(6)- (2.1.26)
N y,

Jlosedenna. dxmo f,g € La(G) 1o, 3a aemoro 2.1.1.1, maemo Kf, K*g €
Ly(G), i Tomy

(Kf.g) = / (Kf)(G(x)) de =

G
- / / K(e.9)(y) dy | g(x) de =
G G
(2.1.27)
_ / f(v) / K(z.y)g(x) dz | dy =
G G
- / f() - (K*g)(y) dy =
G
= (f,.K*g)
]
N\

Jlema 2.1.2.1 (npo KOMMO3MLitO IHTErPaIbHUX ONEPaTOpiB)

Adxmo K;, Ko — iaTerpajibHi oneparopu IO MaloTh HelepepBHi sapa
Ki(z,y) 1 Ky(z,y) Bimmosinao, o omeparop K3 = KoK, Takox inre-
rpaJibHuil OlIepaToOp 3 HEIePEPBHUM $JIPOM

Ks(z, ) = / el ) (2.1.28)

- J

3ayBaxkeHHs 2.1.2.1 — [lpu npomy cupasenuba dbopmyna: (KoKy)* =
KK,

12



Jlosedenna. Hexait Ki(x,y), Ko(z,y) — snpa inrerpanpanx oneparopis K,
K. Posrgnemo K3 = Ko K;:

(Ksf)(r) = (KK f)(7) =

- G/ Ko(r,) G/ Kily,2)f(2)dz | dy =

(2.1.29)
_/ /Kz(x,y)Kl(y,z)dy Fl2)dz =
G G
:/K?,(x,z)f(z)dz
G
Tobto
/KQ(x’y)Kl(y’Z>dy (2.1.30)

— syipo oneparopa KoK .

3rigHo npaBmia Nepenocy IHTerpajbHOrO ONepATOPa Yepe3 KOMY y CKajsp-
HOMY J00yTKY miast Beix f,g € Lo(G) orpumyemo (f, K39 — KiK5g) = 0,
3Bijaku Bummsae, mo Kj = KIKJ. O

I3 noBesenol emu Bumtubae, mo oneparopn K" = K(K"') = (K" HK —
inTerpanbui Ta ix aapa K,)(r,y) — HemepepBHi Ta 33/10BOJILHSIOTH DEKY-
PEHTHHM CIIiBBiTHOIIECHHSIM:

K(l)(xay) = K(I,y), ) K(n)(xvy) = /K(xag)K(nl)(fvy) d€
G

(2.1.31)

Busnadenns 2.1.2.1 (nosropuux (ireposanux) sijgep). Ilpu npomy iHTerpa-
meHl aapa K, (7, y) HASHBAIOTHCT NOGMOPHUMU (TMEPOSAHUMU,).

3ayBaxkeHHs1 2.1.2.2 — Omneparopna dpopma:

Kf = [ K@iy, .. K= [ Ko@)y 2132)
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2.1.3 PesogbBeHTa iHTErpaJbLHOrO omepaTopa

[Ipuragaemo mpejcTaBIeHHsd po3B’si3Ky iHTerpajbHoro piBasHus 11 poxy y
Bursaai paay Hefimana. Bukonaemo mepeTBopeHHs

p(z) = f(z) + A Z NN K f)x =

Z)\’ 1K2)xyf( )dy =

(2.1.33)
( D N K (e y)) fly)dy =
G
)+ A z,y, \) f(y) dy,
!

npu |[A| < 1/MV.

Busznadenns 2.1.3.1 (pe3ojbBeHTH IHTErpaabHOTO oreparopa). Oynkiis

o0

R(z,y,\) = Z)\FlK(i)(x,y) (2.1.34)

=1

HA3WBAETHCS PE30ALEEHMOT0 THTErpaIbHOro oneparopa K(x,y).

3ayBakeHHs 2.1.3.1 — OmneparopHa ¢popMa 3aIucy po3B’d3Ky piBHSI-
HHsg OpenrosbMa depe3 pe30JIbBEHTY sSApa MA€ BUIVISII:

¢ = f + ARf. (2.1.35)

4 )
Teepa>xeHHs 2.1.3.1

MajoTh MicIte onepaToOpHi PiBHOCTI:

= (E+AR)f, (2.1.36)
(E - )K)p = f, (2.1.37)
0= (E—\K)'f. (2.1.38)
. J
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I Brpasa 2.1.3.1. JloBeniTh momepe HE TBEPIXKEHHSI.

TakuM 9YHHOM MaEMO

1
MV
3Baxkyioun Ha popMyay po3B’sa3ky piBHsHHdg OpearosbMa depes3 pe3obBeH-
Ty, Ma€ Micue

E+) R =(E-XK)™", |)\< (2.1.39)

4 )
Teopema 2.1.3.1 (npo icHyBaHHs pPO3B'si3Ky IHTErpasIbHOrO pPiBHsIHHSA Ppe-
AroibMa 3 HenepepBHUM siPOM A1l MasMX 3HAYEHHSIM NapameTpy)

Bynp-sike inTerpaabhe pipasinasg @peroabma Ipyroro poay 3 Helepeps-
M sapoM K (z,y) mpu ymosi |A| < 1/MV mae eauuuit po3s’a30k ¢ B
KJaci HenepepBuux dyukiii C' (5) JJIsE OYIb-SIKOr0 HEIIEPEPBHOI'O BlIb-
Horo wiena f. [eit po3B’a30k MoxKe OyTu 3Halienuit y surasa f+ AR f
3a J0IOMOT0I0 pe3oJibBeHTH R.

15



Ilpukman 2.1.3.1

MeromoMm mocitoBHUX HAOIMKEHD 3HAWTH PO3B 30K 1HTEIPAJIbHOIO PiB-

HAHHSA
1

o) =x+ )\/(xt)ng(t) dt.

0

Poss’asox. 1lepm 3a Bce 3ayBazkumo, mo M =11V = 1.

[Tobyayemo OBTOPHI siapa

K(l)(x, t) = :E2t2,

1
2t2
Ky(z,t) = /x2z4t2 dz = xT,
0

2442 a*t
Ky (z,t) = [ Tt de = i
0
PesosnbBenTa mae Bursn
AN AP 5a’t?
Rz, t, ) =22 (1+=-+=+... +=+...) = .M <5
( ) ( 5 52 oP 5—A A
Po3B’s130K iHTErpaJibHOrO PiBHSIHHS MA€ BHUIJISLI:
1
Sa’t3 5a?

dt = —_.
cp(x)+x+/5_)\ x+4(5_/\)
0

16



2.1.4 Metoxa nmocaiiOBHUX HAGJINMKEHb OJId iHTerpajJbHUX PiBHAHb
3 HNOJIAPHUM SAPOM

Buznauenns 2.1.4.1 (nmossiproro szpa). fapo K(x,y) HA3UBAETHCS NOAAD-
HUM, TKIITO BOHO ITPEJICTABIACTbCA Y BUTJISIL:
Az
K(z,y) = 2&Y) (2.1.40)

oz —yle

me Ae C(GxQ), |lz—yl = (i (zi— yi)z)l/z, a < n (n — po3mipHicTh
eBKJILZIOBOTO TIPOCTOPY ).

Busnauenns 2.1.4.2 (ciabo nossproro siapa). [lonsipae s1po HA3MBAETHCHA
cAab0 NoAAPHUM, IKIIO @ < 1 /2.

Haramaemo, 1mo ajs iHTerpajJbHUX PiBHAHD
p(r) = A/K(ﬂc,y)w(ﬂc,y) dy + f(x) (2.1.41)
a

3 HenepepBHUM s1poM K (x,y) MeTos TOoCTiIOBHIX HAOJNKEHb MaB BUIJISI:

po=1f wr1=fF+AKpo, ..., o= f+ K. (2.1.42)

OmiaKy, 1Mo 3aCTOCOBYBAINCH /ISl HEIIEPEPBHUX SAep He IPAIIOTh s I0-
JIAPHUX 7eP, TOMY IO MAaKCHUMYM IOJSIPHOTO d/ipa piBHUN HECKIHYEHHOCTI
(s11po HEeOGMerkeHe B PIBHOMIDHINH MeTpHIi), 0TKe, c(hOPMYITIOEMO JeMy aHa-
Joriaay jgemi 2.1.1.1 1149 moagapHux saep.

4 )\
Jlema 2.1.4.1

Inrerpanbuuii oneparop K 3 nossipaum sapom K (x,y) nepeBouTh MHO-

xuny byakiii C (@) K¢ (6) 1 IpW MHOMY Ma€ MICIle OIIHKA:

IKello(@) < Nlielloga): (2.1.43)

e

N =max [ |K(x,y)|dy. (2.1.44)
el
G

- J

osedenna. Crouarky gosegemo, mo dbyukmnis K¢ nenepepsra B TodIl xg.

17



Ouinnmo mpu ymoBi |x — x| < 77/2 Bupas:

/kmwww@—/mmmww@—

Az, y) A(xo,y)
=] —Fewdy— | ———>0(y)dy| <
zﬁxya@(> J T =yl

A(z,y) Ao, y)
< _
/

N
BUHECEMO max ¢(y) y BULIA HSOHC(é), a inTerpas posib’emo Ha nBa inTe-
rpaJIu:

lp(y)|dy < (%) (2.1.45)

e inrerpan no U(xzg,”n) — KyJii 3 HEHTPOM B X i PAILycOM 1);

e interpan no samumky G\ U(xg,n):

Alz,y)  Alzo,y)

lz—yl*  |wo —y|*

dy +

© < lele@ | [

U (zo,m)

A A
[z —yl* fzo —yl*
G\U (zo,n)
OninuMo Tenep KOKHUM 3 iIHTErpaJis:
A A d d
/ (3771/) o (x()?y) dy S AO / Yy o Y —,
[z =yl fro -yl [z =yl [zo—yl
U(zo,n) U(zo,m)
(2.1.47)

e Ay — max dynkuii A(z,y) Ha moTpiOHI MHOKUHI.
Brenemo yszaranabaeni cdhepudni KOOPAUHATH 3 HEHTPOM y TOYI Ty B HPO-
cropi R™:
Y1 = Zo,1 + pCosvy
Y2 = T2 + pSIN V] COS Vo
(2.1.48)
Yn—1 = Top—1 + pSINV] - ...+ COSVp_1

Yn = Loy, + PSSV - ... SIDV,_g

18



flkobian mepexojy Mae BHTJISA;

D(y17"'7yn)

o ” = p" '®(sinvy, ..., sinv,_1,cosv,...,c08 U, 1), (2.1.49)
sy Ply ooy Pn—1

e 0<p<n0<y;<mi=1n-2,0<uv,, <2
Orpumaemo
n n—o

n
/ dy / p"tdp o pt@ Tn)
T On o = On
|70 — Y| Sop n—al,

= <
U(zo,n)

€
— 2.1.50
n—o« ~ 4 ( )

Jie 0, — ILIOIIA TMOBEPXHI OAMHUYHOI chepu B n-BuMipHoMy npoctopi R”.

Ockinbknu |z — x| < /2, TO

d d n—«
/ Y _ < / y o n (3—"> <. (2151
|z —y| o —yl* " n—a \ 2 4

U(zo,m) U(x0,3n/2)
OCKLIBKHT Alr.y)
z,y
e €€ (U0, n/2) % G\ Ulzo,m)) (2.1.52)
TO y y
lz—yl* |zo—yl 2

G\U(zo,m)

TakuM YHHOM MM HOBEJIH, IO

/GK(a:,y y)dy — /Kyco, dy' (2.1.54)

TooTo dynkiiga Ky nenepepsua B ToUIi Zg.

Joseaemo ominky HKngC@) < N|]¢HC(§);

/Kmy Dy </\ny)\|90( dy <

< K(x
Il / K (a,y) 15

< Iplloymax [ K(z,)]dy =

= Nll¢lle@),
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orxke |[Kollcg < Nllellog):

[Tokaxkemo ckinuenuicts N. Po3rigrnemo

/!K(x,y)!dy < Ao/lxi—yyla < (%) (2.1.56)

st 6yab-sikoi Touky z, icaye pagiyc D = diam G (piBHEi MakcuMaIbHOMY
miamerpy obsacti G) Takuii, o B KYJIIO 3 UM PAJIiycoM MONaae OyIb-sKa
TOYKA Y, & TOMY

d n
(¥) < Ay / S — U (2.1.57)
|z —y|* n—a
U(z,D)
O
4 N

Teopema 2.1.4.1 (npo icHyBaHHs pO3B'sI3KY IHTErpasIbHOrO PiBHAHHSA Ppe-
ArosibMa 3 NOJIIPHUM SIAPOM ANt MAIMX 3HAYeHb NapameTpy)

[arerpanbre piBHsHES PpearoabMa 2-r0 POy 3 HOAsIpHUM siapoM K (2, y)
Ma€ €JIMHNI PO3B’S30K B KJaci HernepepBHUX (DYHKIIH /i Oy Ib-sIKOTO
HEIEePEPBHOTO BIILHOTO WjieHa [ MpH yMOBi

1
A<+ (2.1.58)

i meit po3B’g30K MoxKe OyTH npejcTaBienuil pajgom Hefimana, axuit 30i-

ra€Tbcsd abCOIIOTHO 1 PIBHOMIPHO.
o J

Hosedenna. Chopmymoemo ymoBy 36ikHOCTI paay Heftmana.

Haraaemo, mo psa Heiimana mae Burist
o= i NK'f, (2.1.59)
i=0
IPUYIOMY, 3 TIONHO JOBEJIEeHOI JIEMH, MOXKEMO 3alHCaTH
olloe) < A N -1l (2.1.60)
i=1

Ocransiii psi — reomerpudHa mporpecis i 36iraerbes npu ymosi [A| < 1/N.

]
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{
Jlema 2.1.4.2

Hexait MmaeMo n1Ba MOMIpHUX S7pa

Ai(z, .
Ki(z,y) = (z,9) a<mn, i=1,2, (2.1.61)

a obstacth G obOMeXkeHa, TOJI SIAPO
K(w.9) = [ Kalo,Fs(6.0) a6 (2.1.62)
@

TaKOXK TOJITpHE, TPUYIOMY Ma€ MICIIe CIIBBIIHOIEHHS:

A3<x7 y)

a1 +ay—n >0
|£L’ _y|a1+a27n’ ?

Kg(&?, y) - AS(Q:? y) In ‘.CL' - y‘ + BS(ma y)> Q)+ oy —n= 07 (2163)
A3(‘r7y>7 a1+052_n<07
ne Az, B — HemepepBHi (PYHKIIII.
J

I Bopasa 2.1.4.1. JloseniTs 1110 Jiemy.

3 uiei stemu Bunsusae, mo Bci noropHi aupa K, (2,y), HOIAPHOIO Aapa
K(x,y) 3a10BOABHSIIOTH HACTYITHHM OITIHKAM:

Koy (1) = |z =yl ’
CREIT= Ag(z,y) In o —y| + Ba(a,y), 20 —n=0,
\Ag(x,y), 20 —n <0,

As(@,y) 30— 2n > 0

|[L’ _ y|3a72n’

K (@9) = 9 Ay(e.g)n |z — | + Ba(.y). 3 — 20 =0, (2.1.64)
\Ag(x,y), 3o —2n < 0,
([ Ay(z,y)

pa—(p—l)n>0,

|x — y|pa—(p—1)n’
Ko)@9) =4 A4, (z.y)n |z — y| + By(z,y), pa—(p—1)n =0,
\Ap(x,y), poz—(p—l)n<0-
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3ayBaxeHHst 2.1.4.1 — CumpaBai, TYyT a3 = s = @, TOMY Q7 + Q9
3aMiHEeHO Ha 2« 1 aHAJIOIIYHO.

Jlerko Gaumru, mo st Va,n iCHye py Take, MO0 MOYMHAIOYM 3 HBOI'O BCi
MOBTOPHI siyipa € HemepepsHi. Crpasi, 1715 BHKOHAHHS

pa—(p—1)n <0 (2.1.65)
JTOCTATHBO
(n—a)p >n, (2.1.66)
IO B CBOIO 4epry PiBHOCHIBHO
n
p > . (2.1.67)
n—a«
3ayBaxkeHHs 2.1.4.2 — OcraHHs HepiBHICTH Ja€ He JIHUIIE SKiCHU
dakT icHyBaHHS TAKOTO Py, ajie i MUIKOM KiJIbKICHY OIIHKY:
n
Do = [ } + 1. (2.1.68)
n—a«

3Bigcu Maemo, 1o pesoabsenTa R(z,y, ) nosasiproro sapa K(x,y) ckinaja-
€ThbCS 3 JBOX YACTHH:

® TOJAPHOI CKIATOBOI R (T, Y, A);
e HenepepBHOI cKAI0BOI Ra(x, y, A):

R(l’,y, )‘) = Rl(x7y7 )‘) + Rg(l',y, )‘) =

=Y N K (x,y) =
=1
Po—l [e'e)

i=1 1=po

(2.1.69)

s poenenHst 30i2KHOCTI pe30JbBEHTH, IMOTPIOHO AOCTIINTH 30i:KHICTH He-
ckinuennoro psay Ro(x,y, ). Bin cxomurbes piBHOMipHO mpu z,y € G,

Al < 1/N — e, Ve > 0, Busnauatoun HemepepsHy byHKIO R 1pn z,y € G,
|A| < 1/N i anagitugany no A B Kpy3si

1
A< 5 (2.1.70)
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iiicno

i=po
Y ¢BOIO Uepry,
(AT TR sy (@, y) | S AP M, N, (2.1.72)
e
M, = max _|K(zy)l (2.1.73)
(z,y)EGXG

Takum aunoM psi, Ro (T, Y, A) MAXKOPYETHCsI TEOMETPUIHOIO TIPOTPECIEI0, KA
36iraernes npu ymosi |A| < 1/N.

2.2 Teopemu ®pearojgbma

2.2.1 TurerpaabHi piBHAHHS 3 BUPOJAXKEHUM SIPOM

Busuadenns 2.2.1.1 (Bupomkenoro sjpa). Henepepsre sapo K (x,y) nasu-
BAETLCS GUPOONCEHUM, AKIIO IPEICTABIAECTHCI Y BATISIL

N
vy) =Y filx)gi(y), (22.1)
=1

ae{fitieim: {9itictw C C(G),i{fi}ig 7 Ta {9i};—1v — niuiiino nesanexnui
CHCTEMH cbyHKLm/I

Busznauenns 2.2.1.2 (imrerpaibHoro piBHstHHS Ppenrogbpma 3 BEpPOJKe-
HUM sapoM). Posrustremo inTerpanbhi pisasaas OpearosbMa 3 BUPOIKEHUM
ATPOM

/K ) (2.2.2)

[TiacTaBuMO BHTJISA BUPOAZKEHOTO SIpa 1 OTPUMAEMO:

_)‘/Zfz gz )dy+f()

ZAZL / gi(y)e(y) dy + f(z) = (2.2.3)

N

T) + A Z cifi(x)
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Jie TTO3HAYEHO

¢ = /gj(y)so(y) dy. (2.2.4)

IlincraBuMO Temep y ¢; BUPayKeHHd p(T) depes ¢;:

9;(y)p(y) dy =

9i(y) (f(y) + A Zcifi(y)> dy = (2.2.5)

Q\ QL Q\

@) dy+ Y6 [ w)hw)

B pesynbraTi orpuMano cuctemy JiHIHHEX aJreOpaidHuX piBHAHD:

N
Cj = )\Zajici—l—aj, j = 1,N, (226)
=1
Je TO3HAYeHO
Qj; =/9j(y)fi(y) dy, a; Z/gj(y)f(y) dy. (2.2.7)
G G

AHaTOTI9HO [/ CHPSIZKEHOTO sA1pa,

K*(e,y) = Y @), (228)

i piBHAHHS

ba) =% / K2, y)(y) dy + g(o), (2.2.9)
G

MICTABJISIOUHA BUTJISAT BUPOIZKEHOTO d/IPa OTPUMYEMO

vle) =33 0a) [ T.)vl)dy+ glo) = XY (o) + gla), - (2210)

Jie I03HAYEHO

di= [ Fi(y)¢(y)dy. (2.2.11)
/
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3uoBy mifgcrasisemo y d; Bupakenns i(x) depes d;:

dj = /Tj(y) <g(y) +de¢§i(y)> dy, (2.2.12)

i orpumyemo CJIAP

N
=1
e IIO3HAY€eHO
Bji = / FiWa(y) dy, b = / Ti®)9y) dy, (2:2.14)
G G

IPAYOMY BUKOHYETHCA YMOBA

Bji = Q. (2.2.15)

3ayBarkeHHs 2.2.1.1 — V marpuunomy sursizi mi CJTAP zanumryrhes
TaK:

NAG+ @, (2.2.16)

AA*d + b, (2.2.17)

oy
I

S
I

3 marpunamu E — AA ra B — AA* Bignosinno i Busnavmnkom D()\) =
|E— AMA| = |E — M\A*|.

Jocainnmo nuranus icHyBaHHS Ta €auHOCTI po3B’sa3ky rux CJIAP.

e Hexait D()) # 0, rang |E — AA| = rang | E — AA*| = N, Toai ni CJIAP
MalOTh €IMHHN PO3B’I30K M1 OYIb-SIKUX BEKTOPIB d i b BIIIOBITHO,
a TOMy iHTerpaJbHi piBHsHHs Dpearoabma 3 MOJAPHUME sIpaMu (K
IpsIME TaK i CIPsIZKEeHe) MAIOTh €UHI PO3B’A3KU Ipu OyIb-9KuX f Ta g
BIJITOBIHO, 1 1 PO3B’I3KH 3aIMMCYIOTHCs 3a DOpMyaIamMu

p(x) =AY cifi(e) + f(a), (2.2.18)
le) = A digi(@) + g(x) (2.2.19)
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o Hexait D(\) = 0, rang|E — MA| = rang |E — AA*| = ¢ < N, rozi
oxunopiani CJIAP

NG, (2.2.20)

A*d, (2.2.21)

oy
Il

S
I
>

MaioTh N —q JiHIiHO He3a/1e2KHUX PO3B’SI3KiB Cs, ci;, s=1,N —q, ;e Be-
KTOD BU3HAYAETHCs HOPMYJIOI Cs = (Cg1,. .., CsN), d, = (ds1,...,dsn),
TaKUM 9WHOM BiJINMOBIIHI OfHOPiAHI iHTerpasbHi piBHgaHHsS Dpearosb-
Ma piBasHHs 11 posy (sK mpsiMe Tax i crnpsizkene) MatoTh N — ¢ JIiHIAHO
He3aJIe2KHUX PO3B’SI3KiB Kl 3alUCYIOThC 38 TAKUMH (DOPMYIAMHU:

N

ps(x) =X cufi(z), s=LN—q, (2.2.22)
z]:vl

Us(z) =X dygi(z), s=1N—q, (2.2.23)
=1

ae ps(r), ¥s(r) — Baacui dyskuil, a yuciao N — g — KpaTHicTb Xapa-
KTEPHCTHYHOTO dncaa A Ta \. Koxna 3 cucreM dyHKIiil Vs, Vs, § =
1, N — g siniiino ne3aJjex)Ha, OCKIJIbKY JIHIITHO HE3aJIeKHUMH € CUCTe-
Mu QYHKIHA f; Ta g; 1 JTiHIKHO He3a/IeKHi BEKTOPH Cy 1 CZ;, s=1,N —q.

e Haramaemo ojue 3 popmynioBans Teopemu Kponekepa-Karmeri:

(Teopema 2.2.1.1 (KpoHekepa-Kanenni) h

Jns icHyBaHHS PO3B’SI3KY CHUCTEMH JIHIHHUX aJireOpaidHux piB-
HsIHb HEOOXiHO 1 JOCTaTHBO IO OM BULIBHMI YjIeH PiBHAHHS OyB
OPTOI'OHAJbHUM BCIM PO3B’S43KaM CIIPS?KEHOI'O OJHOPIJIHOIO PiBHSI-

HH4.
- J

JImst HAImoro BUMAAKY II0 YMOBY MOYKHA 3aITMCATH Y BUTJISAIL

N
(a’, JS) =Y ad, =0, Vs=LN 4 (2.2.24)
=1

[TokaxkeMo, 10 JIJIT BUKOHAHHS YMOBH (c?, cﬁ) =0,s=1,N — q Heob-
XiJIHO 1 JOCTATHBO, 100 BUILHUH Y/IEH MPSAMOTO IHTErPAJHLHOTO PiBHSH-
g Ppexaronbma 11 poay 6yB opToroHaJbHUM PO3B’SI3KaM CIPAKEHOTO
OJTHOPIIHOIO PiBHSIHHS TOOTO

(f,) =0, s=1,N—gq (2.2.25)
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ificno, Mmaemo:
(2.2.26)

ansg Beix s =1, N —q.

B npomy Bumanky poss’s3ok CJIAP we enuumit, i BU3HAYAETHCS 3 TO-
YHICTIO JI0 JIOBLIBHOTO PO3B’A3KY OJHOPIIHOI CHCTEMH PiBHAHB, TOOTO
3 TOYHICTIO JI0 JHHIHHOT 0O0JIOHKH HATATHYTOI HA CHCTEMY BJIACHHX Be-
KTOPIiB XapaKTepPUCTHIHOIO YUCAA A

N—q
=G+ Y Wb (2.2.27)
i=1

J1e 7y; — IOBLIBHI KOHCTAHTH, Cy — OYIb-AKHI PO3B’SI30K HEOIHOPIIHOI
CUCTeMH PIBHIHDL Cy = AAC) + @, TOAl po3B’I30K IHTErpaJIbHOrO PiBHSI-
HHA MOZKHa 3alluCaTh y BI/IFJ'IELZLiZ

p(x) = po(x) + z_: Yii(), (2.2.28)

Jie Yo — JIOBLIbHUI PO3B’I30K HEOTHOPITHOTO piBHIHHS 09 = AK o+ f.
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OTrke noBejeH] TaKi TEOPEMH:

Teopema 2.2.1.2 (lNepwa Teopema Ppegronbma ans BUPOAXKEHNX AeP)

ko D(\) # 0, To inTerpanbhe piBasgHES Ppearoapma 1 poy Ta cupsi-
JKeHe 0 HbOI'0 MAalOTh €IUHI PO3B’I3KHU JJIsI JOBLIBHUX BLIbHUX YJIEHIB
f Ta g 3 Kknacy HemepepBHUX (DYHKITIIA.

Teopema 2.2.1.3 ([Jpyra teopema Ppegronsma st BUPOAKEHUX Sfep)
Axmo D(A\) = 0, To ogropinne (f = 0) piBasang Ppegrosbma Ipyroro
poy i cupstkere 10 HBOrO (¢ = 0) MaOTh OMHAKOBY KIIbKICTD JiHIHHO
He3aJleXKHUX PO3B’sa3KiB piBHy N — ¢, e ¢ = rang(FE — \A).

(Teopema 2.2.1.4 (Tpetsa Teopema Ppegronbma ans BUPOSKEHUX saep) b
Axmo D(A) = 0, To ayist icHyBaHHS pO3B’si3KiB piBHsAHHS Ppearoabma 11
POy HEOOXiTHO i JTOCTATHLO, MO0 BLIbHEHA 4ieH [ OYB OpTOrOHAJIHLHHM
yCiM Po3B’a3KaM OJTHOPITHOTO CIPAZKEHOT0 piBHsHH. [Ipy BUKoHAHHI ITi-
€l YMOBH PO3B’430K ICHY€E Ta HE €JIUHHII | BUBHAYAETHCHA 3 TOUYHICTIO JI0
JIIHIHTHOT OOOJIOHKN HATATHYTOI HA CHCTEMY BJIACHUX (PYHKITIH XapaKTe-

PUCTUYIHOTO YUCTA .
o J

\
Hacnigok 2.2.1.1

XapaKTepucTHIHI YUCIa BUPOAZKeHOTo siapa K (x,y) cniBnagaoTs 3 Ko-
pensimu nojiinomy D(A) = 0, a ix Kijabkicrb He nepesuriye N.

J
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Ilpukmang 2.2.1.1

SHaUTH PO3B’A30K iHTErpaJbHOrO PiBHAHHS

™

o(z) = A / s — () 6 - o)

Posé’azox. lleprn 3a Bce mepenuineMo siipo y BUPOIZKEHOMY BUTJISIT:

p(x) = Asin(z) ] cos(y)¢(y) dy — Acos(z) ] sin(y)¢(y) dy + cos().
To3HATIMO 0 0
1= /” cos(y)p(y) dy, ca = ] sin(y)e(y) dy,
oz

o(x) = My sin(z) — g cos(z)) + cos(x).
[IizcTaByisgi0un OCTAHHIO PIBHICTL B IIONEPEIHI OTPUMAEMO CHCTEM PIBHSIHD:

/ T

¢ = /cos(y)(/\cl sin(y) — Acg cos(y) + cos(y)) dy,

0
7r

Cy = /sin(y)()\cl sin(y) — Acg cos(y) + cos(y)) dy.

\ 0

[licas obuncaeHHs iHTerpaJIiB:

+)\7r s
1+ —cy=—
1 2 2 2a
AT
—-—— =0.
5 C1+ Co
Buznaunuk 1miel cucremn
1 AT A\ 2
DO =| s 2|=1+(5%) #0
-5 1 2
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3a npasusiom Kpamepa maemo

2w PV

Cl = —_—, Co = ——————.
YA+ w2 7 4+ ()2
Takum 4uHOM PO3B’FI30K Ma€ BULJIS/L

_ 2\wsin(z) + 4 cos(x)
ple) = 4+ (Am)?
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2.2.2 Teopemu ®Ppenaronbma Aas IHTErpaJbHUX PIiBHAHL 3 HeEMe-
PEPBHUM 41pPOM

Bynemo posrasgaaTtu piBHIHHS:

o) = A / K (2, y)e(y) dy + f(), (2.2.29)
G

$a) =% / K2, y)b(y) dy + g(a), (2.2.30)
G

Anpo K(z,y) € C (G x G), orxe ioro moxua nabamsnru nomsiromonm (Teo-
pema Beiiepmrrpaca).

TobTo, nns Gynb-axoro € > 0 icHye

Py(z,y) = Y aspz"y’. (2.2.31)
la+B|<N
ge a = (ap, 0., 0p), o0 = o7t o xy® o xpn, rakuit mo |K(2,y) —
Px(z,y)| < e, (z,y) € G x G, Tobro
K(z,y) = Pn(z,y) + Qn(z,y), (2.2.32)

ne Py (z,y) — supomxene sypo (noinom), |Qn(x,y)| <&, (z,y) € G x G.

Buxojsun 3 octaHHbol piBHOCTI, iHTerpaJibHe piBHAHHSA Ppeproabma mpu-
MMae BUIJISAL,

0 =APnp+AQyp + f, (2.2.33)
ne Py ta Qn — imTerpanbui omepartopu 3 sapamu Py(x,y) ta Qn(x,y)
Bianosiano (Py + Qy = K).

I cpsg2KeHoro piBHSHHA Ma€MO:

K*(z,y) = Py(z,y) + Qx(z,y), (2.2.34)

i
Y = APy + AQRY +g. (2.2.35)
s N

TeepaxxeHHs 2.2.2.1

B knaci C(G) orpuMani piBHSIHHS

©=APnp+ AQnp+ f, (2.2.36)
Y =APyY +AQyY +g (2.2.37)
eKBIBAJIEHTHI PIBHIHHAM 3 BUPOIKEHUM SIITPOM.
o J
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Josedenna. Bregemo HOBY (byHKITITO

O =9p—AQnyp (2.2.38)

3 piBusgHHs Ha  BumuBae mo ¢ = APy + f, a 3 oxriero i3 piBHOCTEH TBEP-
mxenns 2.1.3.1 (mepmra srexiis) BumuBae mo YA takoro mpo |[A| < 1/(eV):

(E—-2Qu)"'=(E+ \Ry), (2.2.39)
e Ry — pezosibenta jist Q. Orke
0= (E—-)XQy)'®=(E+ )\Ry)®. (2.2.40)
Tobro, piBugausa Ppearoabma 11 poay mepeTBoproeThes Ha
O = APy(E+ ARpN)D + f. (2.2.41)
g cupsi>KeHoTro PiBHAHHST MAa€MO:
v =X(E+IRy)Pyv+ (E+ ARy) g. (2.2.42)
Mosuaunmo g; = (E + AR}y ) g. Maemo:
Y =X(E+ARY)PR¢ + g1 (2.2.43)
Ockinpku (PyRy)* = RyPY, To oTpuMani piBHSAHHS CHpsIKeHi.
[lo3zraunmo HaperTi
Ty =Py(E+ ARy), (2.2.44)
Ty = (E+ AR}y) Py (2.2.45)

Tomi pisasgHHT PpeArosbMa 3 HeMepepBHUM IPOM MOYKHA 3allUCATHA Y BU-
LJISLJI:

O = \Ty® + f, (2.2.46)
U= \TyV + g, (2.2.47)

J1e
Ty, ) = Py(z.y) + A /G Pay(2,€)R(€,y, V) dé (2.2.48)

— BHUPOJIZKEHEe, OCKLIBKH € CYMOIO JIBOX BUPOJZKeHUX, moainomy Py (z,y), Ta
IHTerpaabHOTO MoJAaHKy. [lokaxkemo 1o apyruii jomanok B Ty — BUPOIKe-
uuii. [lificuo:

Z oz’ Ry (€, y) A€ = Z AopT” / ERy(E,y)dE. (2.2.49)

& latBl<N la-+BI<N a

[]
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2.2.3 AunwrepHatuBa ®@pearoanrmMa

Cyxkynnictsb TeopeM @pearosibMa s iHTErpaJbHUX PIBHAHD 3 HEIIEPEPBHUM
SIIPOM HA3MBAEThCs asibTepHaTnBoio Opearonbpma.

Teopema 2.2.3.1 ([Nepwa Teopema Ppegronbma anst HenepepeHNX siaep)

Axio inrerpanbue pisasung @pearosbma [ poy 3 HenepepsauM g71pom
K (z,y) mae poss’szok Vf € C (G) 10 i cnpsizkeHe piBHSHHS Ma€ O3B 130K

nst Vg € C(G) 1 i po3’si3ku €uHi.

Zosedenna. Hexaii inTerpasnbie piBusnng Ppearonabma Il poay Mae po3s’a30k
B C (5) Ut ¥V BLIBHOTO wWieHa f, TOMi eKBiBaJleHTHe oMy piBHsAHHS ¢ =
AT N® + f mae Taki K BIACTUBOCTI 1 3rigHo 3 meprioio Teopemorn Dpe-
JroJibMa i Bupozkenux sijep D(A) # 0, a cupsizkeHe 0 HbOTO PIBHSIHHS
U = XT?V+ g1 T€ZXK Ma€ €IMHUI PO3B’ 430K V BIJILHOTO YJI€HA (1, EKBiBAJCHTHE
710 HBOTO (i CIpszKeHe /10 MOYATKOBOIO) PIBHSIHHS Ma€e PO3B’si30K Vg. O

4 )
Teopema 2.2.3.2 ([pyra Teopema Ppearonbma fjisi HENEPEPBHUX AAEP)
dAximo inrerpaabhe piBHsiHHS Ppenronbma Il poay Mae po3s’asku He
Jtst Oy/ib-SKOTO BiabHOTO wieHna f, 1o ognopiani piBusnas ¢ = AKy ta
Y = AMK*) mMawoTh 01HAKOBY CKIHYEHY KUIBKICTH JIHIAHO-HE3AIEKHUX

PO3B’SI3KiB.
- J

Josedenna. Hexait interpasbue pisasaas @pearosbma Il pomy mae po3s’s3ox
He V BibHOro wieHa f, TOJI eKBiBaJleHTHe HOMY PIBHSHHS 3 BHPOZKEHIM
aapomM & = AT y® + f mae Taky K BJIacCTUBICTB. 3rigHo 3 Teopemamu Dpe-
JaroJbMa st Bupozkenux siep D(A) = 0 (nis Bupomkenoro siipa Ty).
Optropigui piBHsIHHS sIKi IM BiAIOBIZAI0TH MAIOTh OJHAKOBY CKiHYEHY KiJib-
KiCTh JITHITHO-He3aIeKHUX PO3B’A3KiB, €KBIBAJEHTHI JI0 HUX OJHOPIIHI piB-
marnst @ = AKp ta 1) = AXK*)) Tex MaroTh OIHAKOBY CKiHUeHY KilTbKicTh
JIHIAHO He3aJIe;KHUX PO3B’I3KiB. ]
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(Teopema 2.2.3.3 (Tpetsa Teopema ®Ppegronbma ans HenepepeHux siaep) b
Axio inrerpaabie pisuganag Opearosnsma I poay Mae po3s’a30k He s
JIOBLIBHOTO BIJTBHOTO 9jieHa f, TO JJIsl iICHYBaHHsI PO3B’SI3KY iHTErpaib-
HOro piBHsAHHSA B ' (@) HeOOXiHO 1 JOCTATHBO, 100 BLILHUN WwieH f OyB
OPTOrOHAJIBHUM BCIM PO3B’SI3KaM CIPSAKEHOTO OJHOPIITHOTO PIBHSIHHS.
Po3B’g30K He €1uHuil i BU3HAYAETHCH 3 TOYHICTIO JI0 JIHITHOT 000JIOHKH,

HATSTHYTOI Ha CHCTEeMY BJacHuUX GyHKIi omeparopa K.
. J

osedenna. Hexait neonnopinne pisasausg @penronbma Il poay mae po3n’sa30k
He Jjist Oy/Ib-9KOTO BLIBHOIO 4jieHa f, TOJI eKBiBaJeHTHE PIBHSHHS 3 BUPO-
JIZKEHUM S7POM Ma€ TaKy 2K BJIACTUBICTD, 1 38 TPeThoI0 Teopemoio Dperosib-
Ma Juist Bupojzkenux siaep D(A) = 0 (mias Bupomzkeroro siipa Ty ). Po3s’s30k
IIHOI'0 €KBiBAJIEHTHOI'O PIBHAHHS ICHYE TOJIL 1 TIILKH TOJI1 KO f OPTOroHAIb-
HIH 70 PO3B’SI3KIB CIPSAKEHOI0 OJHOPIIHOTO piBHAHHA. AJte Jierko GavyuTH,
110 BLIBHMI YJI€H MOYATKOBOI'O 1 €KBIBAJEHTHOTO PIBHSAHD CIIBIAIAI0Th, TaK
CaMO CIIBIAJAIOTH PO3B’A3KH BUXIJIHOT'O CIPSYKEHOI'0 OJHOPIIHOTO PIBHAHHS
Ta €KBIBAJIEHTHOTO. O]

3ayBakeHHs 2.2.3.1 — g moBegeHHsI TeOpeM s OYIb-aKOro ¢i-
KCOBAHOTO 3Ha4YeHHs \ BuOUpasiocs €, take mobu [A| < 1/(eV).

{
Teopema 2.2.3.4 (Yersepta Teopema Ppegronbma)

Jlnst 6yap-gKOT0 K 3aBrojiHo Beankoro dnciaa R > 0 B kpy3si [A| < R je-
JKUTb JILIIE CKiHIeHa KiJbKICTh XapaKTePUCTHYHUX YHCesT HellePePBHOIO

anpa K(x,y).

-

I Bopasa 2.2.3.1. loBenits derBepTy Teopemy PpearosbMma.

2.2.4 Hacaigku 3 Teopem ®pearoapma

Hacnigok 2.2.4.1

3 gerBeproi Teopemu PperosibMa BUILIMBAE, 0 MHOKHUHA XapaKTepH-
CTUYHUX YHCeJT HeIIePEPBHOTO AApa He Ma€ CKIHIYEHNX TPAHUIHUX TOYOK

i He Glabmn HiXK 37aiuena lim |\,| = co.
n—oo
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I BrpaBa 2.2.4.1. JloBediTh 1eit HACTITOK.

4 ] )
Hacnigok 2.2.4.2

3 apyroi Teopemn PpejnrojbMa BUILIMBAE, 10 KPATHICTH KOXKHOTO Xa-
PAKTEPUCTHIHOTO UUC/Ia CKIHYeHA, IX MOYKHA 3aHYMEpPYBATH Y HOPAIKY
spoctanis Momy B || < Ao < ... < |Ag| < | Aksa| < ..., KOXKHE THCTO
3yCTPIYaEThCH CTUILKK Pa3iB, dKa HOro KparHicTh. TakKokK MOXKHA 3aHY-
MepyBaTH MOCAiA0BHICTH BaacHuX byHKIA sapa K (x,y): ¢1, ©a, - - -, Pk,

Pk+1, - - - 1 cupsxenoro aapa K*(z,y): Y1, Y2, -« o Yk, Y1, -« -
. J

I Bopasa 2.2.4.2. Jlosexith 1ei HaC/III0K.

Hacnigok 2.2.4.3

Brachi dbyHkiii Henepepsroro siipa K (z,y) memepepsHi B obiacti G.

I Bopasa 2.2.4.3. JloseniTh 1eii HACIIOK.

Hacnigok 2.2.4.4
Aximo A\, # Aj, 10 (¢k, ;) = 0.

BrpaBa 2.2.4.4. JloBediTh Iieil HACTIIOK.

2.2.5 Teopemu ®PpearosabMa ajid iHTErpajJbHUX PIBHAHDb 3 MOJAP-
HUM SIPOM

Posnosciogumo teopemu @pearonabma Ajsd IHTEIPAJIbLHUX PIBHAHDL 3 TOJISP-

A
K(z,y) = kc(f—yy’l a<mn. (2.2.50)

HUM AJPOM:

[Tokazkemo 1o Ve > 0 icHye Take upojzkene sapo Py(z,y) mo,

el

max/ |K(x,y) — Py(z,y)|dy < ¢, (2.2.51)
e
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zeG

max/ |K*(z,y) — Py(z,y)|dy < e. (2.2.52)
a

Posrigaemo HemepepBHE S71pO

K<:C7y)7 ‘l’—y‘zl/M,

2.2.53
A, ) M, fo—y| < 1/M. (2:2.53)

4 N
Teepa>xeHHs 2.2.5.1

[Ipu pocratubo Besimkomy M mMae Miciie OIiHKa,

/ |K(2,y) — Lu(z,y)|dy <e. (2.2.54)

- J

Losederna. [iiicHo:

[ 1K@ = Lualay= [

|le—y|<1/M

- [ A

|le—y|<1/M

< Ay /

|z—y|<1/M

<4 /L_
=0 |z —ylo

|lx—y|<1/M
1/M

= Ayo, / grloge =

A(z,y)
|z — y|*

— Az, y)M*|dy =

1

_MO‘
|z — y|*

dy <

1

e VG
|z — y|*

dy <

(2.2.55)
Jie 0, — ILIOIIA MOBEpPXHi OMHNYIHOI chepH. ]
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Bapxku MOxKHaA MiibpaTn BupozKene siiapo Py(z,y) Take mo

5
|Ly(z,y) — Pn(z,y)| < o7 (2.2.56)

e V. — ob’em obnacti G.
[ 1K) = Putwlay = [ 1K (.9) - Lute.o)+

+ Ly(z,y) — Py(z,y)|dy <

§/|K(g;,y)—LM(x,y)\dy+

(2.2.57)
+ / |Ly(z,y) — Pn(z,y)|dy <
G
£
§+W dy—s.

G

Bukopucrapim nonepesHio TeXHIKY (/151 HEIIePepPBHOIO si/pa) iHTerpaibHe
PIBHSAHHS 3 TOJASIPHUM SIJIPOM 3BOJAUTHCS JI0 €KBIBAJEHTHOTO PIBHIHHS 3 BU-
pomkenuM siapoM. TobTo Teopemu PpearobMa 3aIUMIAIOTHCA BIpHUMHA JIJIsT
iHTerpaJIbHUX PIBHAHD 3 IOJAPHHM SJIPOM 3 THM 2Ke caMHM (DOpMyJIIOBaH-
HSIM.

Teopemn @pejirosibmMa 3aUMAIOTHCA BIDHUMU JIJIsd IHTEI'DaJIbHUX PIBHAHDb 3
MOJITPHUM SITPOM Ha 0OMezKeHilt KyCKOBO-TIIa Kii moBepxHi S Ta KouTypi C'!

Az, y)

|z —ylo’

= )\/K z,y)p(y)dy + f(z), a < dim(S).  (2.2.58)

2.3 IuTerpaJibHi piBHSIHHS 3 €PMITOBUM sSiIPOM

Posrnsnaruvenmo saapo K (z,y) € C (G x G) rake mo K (z,y) = K*(z,y).

Busnauenns 2.3.0.1 (epmitoBoro sapa). Henepepsre sanpo Gyaemo HasuBa-
TH epMIMO8UM, SIKIIIO BUKOHYETHCS

K(z,y) = K*(z,y). (2.3.1)
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3ayBakeHHs 2.3.0.1 — EpmitoBomy spy BiAIIOBinae epMiTOBHII OIe-
parop Tobro K = K*.

-
Jlema 2.3.0.1

Jlns Toro, o0 JriHiftHuii onepaTop OyB epMiTOBUM, HEOOXiAHO 1 jocTa-

THBO, MO0 JJIsT AOBLILHOT KOMILIEKCHO 3HaTHOI byHKIl f € Lo (G) 6ii-

niitna dopma (K f, f) npuiimara murre aificHi 3HAYEHHS.

Bopasa 2.3.0.1. JloseniTh 1110 Jiemy.

Jlema 2.3.0.2

XapakTepHCTHUYHI YHCIa epMITOBOIO oIlepaTopa, JificHi.

Bopasa 2.3.0.2. JloseniTs 1110 Jiemy.

Busznadenns 2.3.0.2 (KOMIIaKTHOI B pIBHOMIpHIi#i MeTpuIll MHOKUHU (DYyH-
kiit). Muoxkwuna dbyuxniit M C C (é) — KOMNAKMHG 8 DIBHOMIPHIT, MEMPU-
yi, AKIIO 3 OY/Ib-IKOI HeCKiIHYE€HHOI MHOXKUHY DYHKIIN 3 M MO2KHA BUILIUTH
piBHOMIpPHO 30iXKHY IIi/1TTOCIi TOBHICTD.

Busnauenns 2.3.0.3 (piBHOMipHO 06MexkeHol MEOKUHM dyHKIiH). Heckin-
genna MHOkuHa M C C (G’) — PIBHOMIPHO 0OMEINHCENE, SIKITIO JIJIA OY/Ib-sIKOTO
enementa f € M mae wicne || f[lo@) < @, Ae @ exuna koncranta g M.

Busnauenns: 2.3.0.4 (omHoCTaiiHO HEMEepepBHOI MHOKWHU (DyHKIIIH ). MHuo-
xuna M C C (é) — odnocmatino wenepepsna aximo Ve > 0 3(e) : Vf €
M, Vzy,x9 1 |f(x1) — f(z2)] < € gk rigbku |T1 — 22| < d(€).

{

N
Teopema 2.3.0.1 (Apuena-Ackoni, KpuTepiii KOMNAKTHOCTI B PIBHOMIpHIii

MeTpuui)

Jlast Toro, mob6 muoxkunaa M C C (G) Oy/1a KOMIAKTHOI, HEOOXiTHO i
JIOCTaTHBO, 10O BOHA OyJIa PIBHOMIPHO-OOMEXKEHOIO i OJHOCTAWHO - He-
HePEPBHOI0 MHOXKIHOIO (DYHKITIA.

J
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Sanaua 2.3.1*. [loBexith Teopemy Apuesna-Ackoi.

Busznauenns 2.3.0.5 (minkom HemepepBHOro omepartopa). Hassemo omepa-
top K wiakom nenepepsrum 3 Lo(G) y C (é), AKIIIO BIH NEPeBOJUTHL OOMe-
KeHy MHOXKUHY B Lo(G) y KoMmakTHy MHOXKHUHY B C' (G) (B piBHOMIpHIiT Me-
TpwIi).

Jlema 2.3.0.3 (npo uiIKOM HEMepepBHICTb IHTErPaNbHOITO OnepaTopa 3
HenepepBHIM S4POM)

[arerpanbuuii oneparop K 3 memepepsruMm siapom K (z,y) € MUTKOM He-
nepepsuuii 3 Ly(G) y C (G).

-

Hosedenns. Hexait f € M C Ly(G) 1aVf € M: || f||lL.c) < A. Ane

1K fllog@) < MYV £l < MVVA, (2.3.2)

TOOTO MHOYXKMHA (PYHKITIH € PIBHOMIPHO 0OMEZKEHOIO.
[Tokaxxemo 1o muoxknua {Kf(x)} — ogmocraitno nenepepsna.
dAnpo K € C (@ X @), a OTKe € PIBHOMIpHO HellepepBHUM, D0 HellepepBHe

Ha KOMIAKTi, TOOTO

Ve>030>0:Vae 2" €G:||a' —2"|| <d = |(Kf)(2') — (Kf)(2")| <e.
(2.3.3)

Hiiicuo,

G

(K f)(a) — / dy — / K2 9)f(y) dy| <
G
|

/ (1K (2 y) = K@)l - f(y)) dy <
G

;ﬁ 11 a(@) <

(2.3.4)
Ocranus HepiBHICTb BUKOHYETHCS /I J0BLIHHOT (DYHKINT f TOOTO MHOKHUHA
{Kf(z)} onnocraiino HemepepBHa. O
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Ilpukman 2.3.0.1

SHalTH XapaKTEepUCTUYHI YHCIa Ta BAACHI (pyHKIIT iIHTErpaabHOrO OIe-

paTopa

o(z) = A/l ((%)2/5 + (%)2/5) o(t) dt.

Po3ss’azox. Po3aiauMo s1po HACTYITHUM YHHOM:

1

1
o(x) = )\x2/5/t2/5<p(t) dt + )\x2/5/t2/5<p(t) dt.
0 0

[ozraunmo
1 1

o1 = / t2Pp(t)dt, o = / t*5p(t) dt,
0 0

TO1
() = Aerz®® + Aepz™ /5.

[incrasasioun ¢ wazamny ¢; maemo CJIAP

(

1
¢ = /t_2/5()\clt2/5 + Aot dt,

0
1
_ 2/5 2/5 —2/5
Co = t ()\Clt + )\Czt ) dt.
0

\

Inrerpyroun 3HaX0IUMO

(I =X)ep —DdAea =0,
5\

—561 + (1 — )\)CQ =0.
Busnaunuk miei CJTAP
1—A —5A 25)\2
D et —= 1 J— 2 — =
N O
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TOOTO BJIACHI YHUCIA

3 cucremu OFHOPIAHUX PiBHSHBL Tpu A = A\; = 3/8 maemo ¢; = 3¢y. Tomi
MAa€EMO BJIACHY (DYHKILiO

o1 (z) = 32/ 4 2725,
[Ipu A = Ay = —3/2 maemo ¢; = —3cy. Maemo apyry Biaacuy GyHKILO

©o(z) = —322/° + 275,

Ilpukman 2.3.0.2

BHaiiTu Po3B’sI30K iHTErpAJHLHOTO DPIBHAHHS MPHU BCIX 3HAYEHHSX TTapa-
MeTpiB A, a, b, c:

gp(x):)\/(%—irW)w(y)dy—l—a:f—l—bvac.

Pose’azox. 3anuriemMo piBHAHHS Y BHTISIL:

1

p(z) =A{‘/E/sO(y)derA/(i’/@s@(y))dy+ax2+bx+c.

-1
Beenemo noznavenns:

1

& = / . o= [ Few)d

1
Ta 3AIUNIEMO PO3B’A30K Y BUIJISII:
©(x) = A\Wwer + Aey + ax® + br + ¢

Jlna Busnadenns konctant orpumaemo CJIAP:

2
1 — 2)\cy = Ea + 2c¢,
6 n 6b
——cC+ = —.
5 07T 0
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Busnaynuk cucreMu JOPiBHIOE

1 —=2X 1222
_6A 1 =1- 5 :

Hexait A # A, A # Ag. Toai pose’s130Kk icHye Ta €auHuii st 6y/1ib-sIKOro
BIILHOT'O YJI€HA i Ma€ BUTJISA,

<x> B 5/\(14a + 30Ab + 420) \3/5 L 28 a + 84X ¢ + 30b ag+br+ e
Hexaii
1 5
A=)\ == -4/=.
T2 V3

5 5 60
cr—A\/zC2=—\/5—=.

3 37

Panru posmuperoi i 0CHOBHOT MaTPHIIl CITIBIAIATUMYTh SIKIIIO Ma€ MicIle piB-

HICTDH
2a 5 6
9= 42 . 2.
3+c \/;717 (%)

[Ipu BUKOHAHHI Ii€T YMOBU PO3B’S30K ICHYE

5 2a
Co = Co, cCl = §CQ+§+2C.

Takum 4uHOM PO3B’430K MOYXKHA 3aIIUCATH
\/_ cg+—+2 + 5/ g Tax + bz + .

X=X ==-4/2
179 Vs

ko
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a yMOBa () He BUKOHYEThCSI, TO PO3B’SI3KIB HE iCHYE.
Hexaii
1 /5

A==y

[licsia migcTaHOBKM 1IbOro 3HaveHHs orpuMmaemo CJIAP

\/g 2a
c1 + —Cy = — + 20
c + \/jCQ \/;

Ocranng cucremMa Ma€ pO3B’I30K PU YMOBI

2 5 6
§a+2c:\/;-§-b, (%)

[Ipu BUKOHAHHI YMOBHU (%), PO3B’SI30K iCHY€E

5 2a
Cy = Cg, C1 = — §C2+?+2C.

Po3B’s130K iHTErpaibHOr0 PiBHIHHS MOYKHA, 3aIIUCATH:

1 /5
\/7\/_< \/702+?+2)+§\/202+ax2+bx+c.
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2.3.1 XapaKTepUCTUYHiI YHNCJIA €PMITOBOTO HEMEPEPBHOTO AAPA

4 )
Teopema 2.3.1.1 (npo iCHyBaHHS XapaKTEPUCTUYHOrO HICNA Y EPMITOBOIO

HernepepBHOro s4pa)

st Oy/ib-KOTO epMITOBOIO HEIEPEPBHOTO $1JIpa, M0 HE JIOPIBHIOE TOTO-
YKHO HYJIIO ICHY€ TpUHAWMHI O/THE XapaKTepUCTUIHE YUCI0 1 HaliMeHTTe
3 HUX 33 MOJYJIEM i 33JI0BOJIbHSE BapialiffHOMY NPHHITAILY

1 K
— = sup m (2.3.5)

!)\1! fEL2(G) HfHL2(G)
L 4

Hosedenns. Cepen ycix f € Ly obepemo taxi, mo || f||r,c) = 1. Ilosnadanmo

v= sup [Kfl|lLyc)- (2.3.6)
fELQ(G)
IfllLy=1
Ockinbku
1K fllza) < MV fllro@) < MV, (2.3.7)
T0o 0 < v < MV.

3riiHo 10 BU3HAYEHHSI TOYHOI BEPXHbOI Me¥Ki,
Hfetiz: C L2(G) : Jim 1K fill o) = v (2.3.8)

O1minuMo
2
HK fHLQ(G) = HK(Kf)HLQ(G) =
K Sl < (2.3.9)

Kf)
K—
QKM @

< v K f e <

[Tokaxemo, mwo K2 f, — 12 f, — 0 B cepeHboMY KBaIPATHIHOMY. T06TO M0
K2 fie = v fillZ o) > 0. (2.3.10)
iiicno:
HKka: - szk”%Q(G) = (Kka - l/zflm K2fk - Vka)LQ(G) =
= K> fil ) + V' = V(K2 fa, i) = V2 (fi, K2 i) =
= [IK2 fillZ,) + v' = 2% K Sl ) <
< 1? (1/2 _ HKkaH%Q(G)) m 0.
(2.3.11)
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Posriagnemo nocainosricts {K fr} = {¢r}, sika € kommaxkTHOWO B piBHOMIpHIil
METPHIILI.

Y mei icaye nignocaizosuicts {py, }2, 36ixna B C (G), robro Ip € C (G),
TakKa 1o |[¢r, — 90”0(@) — 0.

[Tokazxenmo, mo K*p— 12y = 0 B koxxHii ToUmi, To6TO ]|K2cp—y2g0|\c(§) = 0.

Cupasi,

HK290 - VQ@HC(@) = ||K2()0 - K2S0kl + K2<pkn - VQQOki + VQ‘Pk:i - VQ@HC(@) <
< K¢ — K2y,

@) I e = 0r o)+
+ 26k — 1 ellea) <
< (MVPler, = @lloge) + MVVIK fi, = 2 full e+

-+ VQHQOki — (pHC(é) —0+0+0.

(2.3.12)
TakuM YuHOM Mae Miclle PiBHICTH

Ko — 120 =0 (2.3.13)

Orxke maemo: (K + Ev)(K — Ev)p = 0. Lla piBHicTh MOXKe MaTh Micie y
JIBOX BUTIAJIKAX:

1 1
1. (K—Ev)p =0. Toni ¢ = —Kop, a otike ¢ — BracuHa byHKIist, — —
v v

XapakTepucTudHe uucyio oneparopa K.
1
2. K—Ev)p=o#0. Toni (K+ Ev)® =0. Toni & = ——KP, a orxke
v
® — Biacna yHKIig, —— — XapaKTepucTudHe 4ucjio omneparopa K.
v

SanunmIoch JOBECTH, IO 1€ XapaKTePUCTHYHE THCI0 € MiHIMAIbHIM 38 MO-
aystem. Tlpumyctumo cynporusae. Hexait INg @ [Ao| < |Ai], Tozi

1 K K 1
Ml rera) 1] leoll Aol
TOOTO |Ag| > |A1], mpoTHpivUs. O
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3ayBakeHHs 2.3.1.1 — JloBeaeHa TeopeMa € BIpHOIO 1 JJIsI €pMITOBHX
HOJIIPHUX SIAeP,

3Bigcu 6e3mocepeHbO BUILIMBAIOTH TaKi

Buaactusocti 2.3.1.1 (XapakTepUCTHIHUX YUCES Ta BAACHUX QYHKII
epMITOBOTO sIIpa)

Heckajno nokaszaru, 1mo:

1. MuoXHMHa XapaKTEePUCTUIHUX YHUCEJ €PMITOBOIO HEIepEepBHOTO
dapa He IOPOXKHS, € MIMHOXKHHOIO MHOXKHHH TIMCHAX YHCe] 1 He
Ma€ CKineHI/IX I'paHUIHUX TOYOK.

2. Kparnictb 6y/1b-IKOr0 XapaKTepUCTUIHOIO YNCIa CKIiHYEHA.

3. Bnacui ¢pyHKIIT MO2KHA BUOPATHU TaK, IO BOHU YTBOPATH OPTOHOP-
MOBaHy CHCTeMy, TOOTO {k}r—1,2... TaKi MO (Pk, Qi) Lo(G) = Oki-

3ayBakeHHs 2.3.1.2 — Jlia moBeaeHHsI OCTaHHBOI BJACTUBOCTI J0CTaA-
THBO IIPOBECTH TpoIiec oproroHasizarii ['inoepra-1Imiara g1 6yab-saKol
CUCTEMHU JIHIITHO He3a/IeKHUX BJIACHUX (DYHKIIIHA, 1 IPOHOPMYBaTH OTPU-
MaHYy CHCTEMY.

2.4 Teopema I'inbepra-IlImigra Ta i1 Hac/aiaK®
2.4.1 Biniuiiie po3BuHEeHHT €PMITOBOTO HEMEPEPBHOTO AapPa

Hexait K(z,y) € C (G X G) — epmiroBe Hemepepsre spo, |N| < |Aii1],
i = 1,2,... — jforo xapakrepuctudni uncaa i {y;}3°, — oproHOpMOBaHA
cucreMa BJjaCHUX (DYHKILN, 110 Bi/IIOBIIAIOTH BJACHUM YUCJIAM.

PosriisinemMo 1oc/1iioBHICTh epMITOBHX HENepepBHUX SJep:
Kp(xy):K(xy)_zp:M p=1,2 (2.4.1)
Y ) — )\Z 7 ) YA M

3po3yMiJIO IO TPH IHOMY
KP(z,y) = (K")*(z,y) € C (G x G) . (2.4.2)

JloctiimMO BJIACTUBOCTI MOBTOPHUX €PMITOBHX OIEPATOPIB.
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Teepa>xeHus 2.4.1.1

Byap-ake xapakrepucTudne 4ucjio Aj, j > p + 1 Ta Bigmosinna itomy
BJIacHa (DYHKIIA (; € XapaKTePUCTUIHUM YHCIOM 1 BJIaCHOIO PYHKIIEIO

anpa KP(x,y).

Hosedenna. Cupasi:

p
pilT ©;
Ko, =Kp;j — ) ; >(90i790j) = Kp; = (2.4.3)

i=1 v J
]

Hexait )y, o9 — XapakTepuCTWYHe YHCJO Ta BIAMOBIIHA BIacHa (DYHKITS
KP(z,y), TooTto A\)KPpoy = ©q.

Teepa>keHHs 2.4.1.2
(o, ;) =0 st j =1, p.

Jlosederns. 3 Toro, mo @y € Biaacuowo pyukiieco sjpa K? Bunimbae, 1mo

P
Pi
= MKypg— A — i) 2.4.4
%o 0 Po oizl/\i(@oa@) ( )
[igcrasisiioun et Bupas jjisd g y noTpioHuil ckajgspunii Jo0OyTOK MaeMO

p

(9007 @j) = )\o(ch07 goj) —Xo Z (900’ 90ii\<90i7 Spj) _
=1 ?

(2.4.5)
Ao Ao

= )\—j(@o, ©j) — A_j(%’%) = 0.

]

Otke N\, @o BIAMOBIIHO XapaKTEPUCTHUUIHE YHCJIO 1 BAacHa (PYHKINSA sapa
K(z,y).

Takum 9HHOM (g — OPTOrOHAJIbHA [0 YCiX BAACHUX (DYHKIIN 1, o, ..., ©p.
Ane Toni )¢ cuiBmazae 3 ONHUM i3 XapaKTePUCTHYHUX YHUCET Api1, Apt2, - .-
TOOTO Py = Y JAd JiedKoro k > p + 1.

Orxe y sapa KP(z,y) MHOKWHA BAacHUX (DYHKITH 1 XapaKTepUCTUIHAX YH-
ceJl BUUePIYEThCAd MHOXKHHOIO BJIACHUX (DYHKIIIH 1 XapaKTePUCTHIHUX THCET
syipa K (x,y) nounnatouu 3 Homepa p + 1.
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Bpaxosytoun, mo A,y; — HafiMeHITe 32 MOIyJIeM XapakTepHe YUCJIO dAapa
KP(x,y), Mmae Mmiciie HepiBHICTH

HKprL2<G>< 1
I fllaey — [Apsa]

(2.4.6)

JLng gapa, 1o Mae CKiH4eHy KiJbKiCTh XapaKTePUCTUYHUX YHUCEJ, OUE€BHIHO,
Ma€ Miclie piBHICTb

KN(ay) = K(a,y) - Y PR0700 =, (2.4.7)

i=1

Tob1o Oyb-sike epmiTOBE $1/IPO 31 CKIHYEHOIO KiJIBKICTIO XapaKTePUCTUIHUX
qHUCeN € BUPOKEHUM 1 TPEeICTABIAETHCI y BATIS L

K(x,y) =) Pil2)Pily) (2.4.8)

=1

BanOByIO‘II/I TeopeMy 1Ipo iCHyBaHHH XapaKTEPUCTUIHUX YHUCEJI Y epMiTOBO—
T'O onepaTopa MOXKEMO 3alluCaTH.

_ Wl

L2(G)

0. (2.4.9)

1K fllzcy = HKf -y el
i=1 !

[Apr1]  poroo

Tobro MOoKHA BBaKaTH, 1110 €PMITOBE /PO B LIEBHOMY PO3YMiHHI HaOJIM2Ka-
€ThCA HACTYIHUM OLTIHIHHUM PSIOM:

- %‘(@@(9)
K(x ~ —_— 2.4.10
(z,y) ;_1 N ( )
JIist BUPO/ZKEHOTO sijipa MAaEMO HOTO MpeACTaBIeHHS Y BHIJISII

K@y =3 pil@)7ily) (2.4.11)

i=1

2.4.2 Psanx ®yp’e dyskuii i3 Ly(G)

Posrisnemo aoBlibhy dyukiio f € Ly(G) i gesKy OPTOHOPMOBAHY CHCTEMY
bynurmii {u;}2;.
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Busznauenns 2.4.2.1 (psana ®@yp’e). Padom Qyp’e dbyurmii f i3 Lo(G) na-

3UBACTHCA
o0

> (frus)ui ~ f. (2.4.12)

=1

Busnauenns 2.4.2.2 (xoediunienra Pyp’e). Bupas (f, u;) nasuBaerbcs koe-
piuytenmom Dyp’e.

4 N
Teopema 2.4.2.1 (nepisHicTb beccens)

Vf € Ly(G) Bukonyerhest nepishicms Becceas: VN

N

Z [(Fua))? < 1112000 (2.4.13)
N - y,

3ayBakeHHs 2.4.2.1 — Hepisuicts Beccess rapanTtye 3061:KHICTD psijLy
Dyp’e B cepeTHbOKBAIPATHIHOMY, aje He 000B’sa3K0BO 10 (hyHKIil f.

Busnavenns 2.4.2.3 (nosHoi (3amkrenoi) cucremu Qynkiii). Opronopmo-
BaHa cucreMa dynakniit {u;}5°, HA3UBAETHCS NOBHONW (3AMEHENHO10), SKIIO DAL
Dyp’e mas 6yap-sikoi GyHkuil f € Lo(G) no niit cucremi dynkuiii 36iraershes
no i€l dyHkiil B mpoctopi La(G).

Teopema 2.4.2.2 (kpuTepiii NOBHOT OPTOHOPMOBAHOI cUCTeMU PYHKLiIA)

Jnst roro mob cucrema dyukuiit {u; 122, 6ysaa norowo B La(G) HEOOXiTHO
i mocrarubo, mobn Aist Oyab-akoi GyHKIT f € Lo(G) BUKOHYBaIach
piBHicTh [lapceBang-Crekiosa:

Z [(f,ua) P = 1 £112,50): (2.4.14)
N - y,

2.4.3 Teopema linbbepra-IIImiara
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Busznaudenns 2.4.3.1 (mzkepenyBaro-306pakysanol dbyskiii). Oysrmis f(x)
HABUBAETHLCS 0HCEPEAYEAO-300PaNCYEAHO0 TEPE3 ePMITOBE HEIEPEPBHE AP0
K(z,y) = K*(z,y), K € C(G x G, axmpo icaye byukuig h(z) € La2(G), Taka
1o

f@) = [ K@.y)hw) d. (2.4.15)
G

(
Teopema 2.4.3.1 (Finsbepra-LUmigra)

JloBibHA JKepeyBaTo-300pazkyBaHa (YHKIA [ PO3KIAIAEThCsI B ab-
COJIIOTHO 1 piBHOMipHO 30i:kHE#E psag Pyp’e 3a cucTeMOIO0 BIACHUX hyH-
KIIiii epMiTOBOTO HemepepBHOTO siapa K (z,y)

-

osedenna. Ob6unciumo koedinientu Pyp’e:

(ﬁ@&z(kaﬁz(hK@ﬁz(%f». (2.4.16)

%

Orxe pan Pyp’e dbyuknii f mae BATIST
. h’v Pi
fNE#—J% (2.4.17)

ZKIo BAacHUX duces CKiHdeHa KiJbKICTh, TO MOXKJNBE TOYHE IpeacTaB/IeH-
Hs

f@ziﬁ%@%m, (2.4.18)

i=1

SKIIO 2K BJIACHHX YHCea 3Ji9eHa KIJIbKICTh, TO MOYKEMO 3allUCaTH:

Hf—}j“ﬁ@hy 0. (24.19)

p
h .
i=1 i

A p—co
Ly (G) Ly (G)
[Tokazkemo, 110 popMyTy
— vi(@)@ily
mewg}i%il (2.4.20)
i=1 v

20



MOXKHA PO3TIAAIaTH K pospuHeHHs saapa K (x,y) B psg @yp’e mo cucremi
BraacHux (yHkuiit ¢;(x). [epepipumo ne obuucoun Koedinient Pyp’e:

(K(z,y), i)y /Kfvy% )dx

:/K@awm(:c) 4 = P (2.4.21)

Josenemo piBHoMipHY 36ixkKHICTH pagy Pyp’e 3a Kpurepiem Komri i moka-
JKeMo, IO IIPH, N, M — 00, BLAPI3OK psay HpsAMye 10 Hy/d. 3a HEPiBHICTIO
Komri-ByngkiBebkoro MaeMo:

m 1/2 m N\ 12
N
- T b
Aune .
> lhe)l* < 1l e (2.4.23)

TOOTO psijl 306iraeThes, a BKa3aHa cyma mpsamye o 0 upu n, m — oo.
3okpeMa MaeMO

Z ‘ /|K z,y)[2de < M?V, (2.4.24)

TOOTO Psiji 30ITaeTHCS.

Orxke
m Y2 o 1/2
2 Pi

(Z\(h,%ﬂ) (Z e ) —0, (2.4.25)

a oTZKe .
(2.4.26)

i=1
36iraeTbcs aDCOJIIOTHO 1 PIBHOMIPHO. O]
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4 . )
Hacnipok 2.4.3.1

JloBistbHE MOBTOPHE $IAPO JIJIsi €PMITOBOTO HerepepBHOTO siapa K (z,y)
PO3KJIAIAETHCA B OUTIHIHHUN psi/l IO cUCTeMi BIACHUX (DYHKIII#H epmiTo-
BOI0 HEIEpPEePBHOIO sjIpa, SIKUil 30iraeThbcs abCOIIOTHO 1 PiBHOMIPHO, a
came psiJioM

Kp)(z,y) = Z w, (2.4.27)

e p =23, ..., ixoediniearu Dyp’e P,;(y)/AL.
. J

Hosropue sapo K (z,y) = [, K(z, &) Kp-1)(&, y) d§ € axepenyparo-306pazyBana
GbYHKITIS 1 TAKUM IUHOM JIJI HROTO Ma€ miciie Teopema ['inpdbepra-ITTmviara.

JoBeiemo jiesiki BayKJIMBI PIBHOCTI:

K (. 7) = / K (2, €)K (€, 2) dt =

G
- / K (e, &) K(x.€) d¢ =

“ (2.4.28)
- [ 1Ko de -
G
B i |pi()
= -
i=1 i
3aysaxkeHHa 2.4.3.1 — Ocraniit nepexij BAILIMBAE 3 HACJIIIAKY BUIIE.

[IpoinTerpyeMo orpuMane CITiBBIHOIIEHHS, OTPUMAEMO

// |K (2, y)]* dedy = Z % (2.4.29)

GxG



4 )
Teopema 2.4.3.2 (npo 36ikKHICTb BINIHIAHOTO psigy A4J1s €PMITOBOrO Hene-

pepBHOro siapa)

Epwmitose wenepepsre siipo K (z,y) po3kaagaeThest B OLIiHITHAT psi
o
vi(2)?;(y)
K = 2.4.30
) =3 2 (2430

0 CBOIX BiacHUX (DYHKINAX, 1 1eii psia 36iraoThes B HOpMI Lo(G) 1o
apryMeHTy & PIBHOMIPHO s KO:KHOTO i € (G, ToOTO

p M2\, yeG
HK(SL’, Y M — 0. (2.4.31)
i=1 v Ly(z€G) pree
- J
Losederna.
2 @) | R P
K(zy) =) 40 = [ K@@ y)Pde =) 57 ==0.
i=1 v La(G) o i=1 [ p(_mo )
2.4.32

JlomaTkoBo inTerpymoun mo aprymenty y € (G orpumaeMo 30iKHICTH BHIITE-
3ralaHoro OLMTIHIHHOTO psi/ly B CePeHbOKBAIPATUTHOMY :

// (K(x,y) - i M) dy —0. (2.4.33)

]

2.4.4 ®opmyna IHIminra ajis po3B’s3aHHdg iHTErpaJbHUX PiBHAHB
3 epMIiTOBUM HENEPEPBHUM SIIPOM

Posrisinemo inrerpasibae pisasaas @penrosbma 2 poxy ¢ = \Kp + f, 3
€PMITOBUM HENEePEePBHUM $SJTPOM

K(z,y) = K*(x,y). (2.4.34)

Ay Apy ooy P1y oo, Pp, ... — MHOXKHHA XaPaKTePUCTHUIHUX THCeN Ta Op-
TOHOPMOBaHa cucTeMa BaacHuX dbyHKIii sypa K (z,y).
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PoskuiaieMo po3B’si30K PiBHSIHHS ¢ 110 cucTeMi BiaacHux QyHKiii sapa K (x,y):

o =AY (Ko, pi)pi+ f =

=1

=AY (0. Kpi)pi+ f = (2.4.35)
=1

A
Ai

v

Sol_l_fa

=1

O6uncaumo koedinientun Pyp’e:

(¢, 0n) Z 901790k) (f.en) = A(SD’A(:’Q +(f,0n). (2.4.36)
OTxe,
(¢, ©x) (1 - %) = (fs¢x), (2.4.37)
1 ToMy
(pr0u) = (fr o) 3 Af ook=12. (2.4.38)
TakuM 9YHHOM Ma€ MicIie
Teopema 2.4.4.1 (dopmyna LLimigra) b
BukonyeTrbcst criBBiHOIEHH
Z ) + f(). (2.4.39)
\ - J

Po3sryistneMo yci MOXKINBI 3HAYEHHS A:

1. dxmo A & {\;}2,, Toai icuye ennunii po3B 30K ist JTOBLIBHOIO Bijib-
HOTO WieHa f 1 1eil po3B’s30K npeacTaBasteThes 3a hopmystoro [Tvinra.

2. dxmo A = Ay, = A1 = ... = Agpg—1 — CHIBIIaJA€ 3 OJHUM 3 Xapa-
KTEPUCTUYHUX YUCeJ KPATHOCTI ¢, Ta TPH BOMY BHKOHYIOTHCS YMOBH
OPTOTOHAJBHOCTI

(fa SOk) = (f7 <Pk+1) = .= (f7 80k+q—1) =0 (2-4-40)
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TO/i PO3B’SI30K icHY€ (He €aUHWIA), 1 MPeJACTABIAEThCSA Y BUTIA

) k+q—1
o(x) = M\ Z )Ef%gp;\)kgol(x) + f(z) + Z ci;(x), (2.4.41)
i=1 "t j=k
NiFEAk

Jie ¢j — JOBLIbHI KOHCTQHTH.

3. fxmo 35 : (f,¢;) #0, k <j <k+q—1 1o po3s’askis ue icuye.
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Ilpukman 2.4.4.1

SHalTH Ti 3HAYEHHA ITapaMeTpiB a, b i AKUX IHTerpaJjibHe PiBHAHHS

go(:c):)\/l<:cy—%> o(y)dy + az® — bz + 1

-1

Mag€ PO3B 430K JIIsT Oy Ib-sIKOT'O 3HAYEHHS .

Poss’asok. 3naitmeMo XapaKTepUCTHIHI YHCIa Ta BAACHI (DYHKINI CIpsizKe-
HOTO OJHOPIHOTO PIBHAHHSA (SI7IPO €pMITOBE).

2\
1—— 0
D(\) = 3 9y| =0
0 1+ —
+ 3
TobTo xapakTepucTUYHI 9UCIA
3
A==, Ag=—-.
1 9 ) 2 9

A Bignosigxi BracHi pyHKILT

p1(z) =7, @a(z) =1

o6




YMOBH OPTOTOHAIBHOCTI:

(1
2
/(axQ—bx—f—l)xdx: —gb =0,

-1
1

2
/(a:pQ—bm—kl)dx:?&%—Q:O.

\—1

Tobro po3B’a30K icHye Jjisd OyIb-AKOTO A SKIIO

57



2.4.5 JlomaTHRO BU3HAYEHi sapa

Busnadenns 2.4.5.1 (jogarno-susnavenoro sijapa). Henepepsre siapo K (z,y)
HABUBAETHCsT dodammo-susnauernum, ko Vf € Lo(G): (Kf, f) > 0,mppuaomy

Kf, f)=0 <= |l =0

3ayBakeHHs 2.4.5.1 — JloBibHe I0IaTHBO BH3HAYEHE SIIPO € €pMi-
rosuM (iioro Giminiitna dhopma (K f, f) npuiimae niiicHi 3HaUeHHS).

-
Jlema 2.4.5.1

st Toro, mob HemepepBHE PO OYJIO T0JATHRO BU3HAYECHUM HEOOX1THO
1 JocTaTHbo, MO0 HOro XapakKTepucTU4Hl Yuc/a Oy/iu J0/IaTHi.

-

Jlosedenns. Heobxinnicrn: st Baacaux pyukuiit (Ko, o) = 1/, > 0.

Hoctarnictb: Posrnsuemo K f sk axkeperyBaTo-300pazkyBany (pyHKIIIO, 3ri-
jiro j10 Teopemu ['indepra-ITminra

Kf=Y" (f’;:k)@ka (2.4.42)
k=1
TOM1
®rn=3Y Afk) (o f) =3 % -0, (2.4.43)
k= k=1

OT?Ke KBaJpaTUIHA cbopMa JOJaTHBO BU3HAYCHA.

TakuM 9UHOM JIOTATHICTH XapPAKTEPUCTUUHUX YUCEJ € KPUTEPIEM JIOTATHOL

BU3HAYEHOCTI Apa. ]
4 )
Jlema 2.4.5.2
JoBiIbHEe TOJATHLO BU3HAUEHE HEIlePepBHE SIIPO Ma€ XapaKTepPUCTUYHI
YHCIIa 1 YIS HUX Ma€ Micre BapialliiHuil mpuHIA:
1 K
— = sup M k=1,2,..., (2.4.44)
)‘k feL2(G) ||f||L2(G)
(f,:)=0,i=1k—1
gae Ay < A < A3 < ..., a 91, 02,93,... — OPTOHOPMOBAaHA CHCTEMA
BJIACHUX (DYHKIIifA.
o J
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Hosedenna. 3 reopemu 'inbepra ITImigra MOKHA OIIHATH

<KffL2 SN R (V)
B Z YT AkZ EE ‘Ak' (2.4.45)

=

(mepia HepiBHICTh BUKOHYETHCST OCKITTBKI A, — HaWMEHIIe XapaKTePUCTHIHe
YUCJIO B CYMi, a Jpyra BUILTHBAE 3 HepiBHOCTI Becces).

3 inmoro 60Ky npu f = 5 MaeMo

(Ko, on) 1 (2.4.46)

| rl|? A’

TOOTO icHye (byHKIIA Ha AKiil JOCATaeThCS BepXHA Mexka 1€l HepiBHocti. [

4 )
Teopema 2.4.5.1 (Mepcepa, npo perynsipHy 36iKHiCTb biniHiliHOro psigy

N8 EPMITOBUX AAEP 3i CKIHYEHO KINbKICTIO Bifj EMHUX XapaKTEPUCTUYHNX
qucen)

gkmio epmiTose HemepepBHe siApo K (x,y) Mae Jmie CKiHYeHy KUIbKiCTh
BiI’ €MHUX XapaKTepPUCTUIHUX TUCEJI, TO HOro OLMHIAHWH psi

= vi(@)g,(y)
= ; = (2.4.47)

36iraeThest B G X G abCoIOTHO i PIBHOMIPHO.
o J

Jlosedernsa. Tlokaxkemo, mo sximo sapo K(z,y) — J0JaTHRO BH3HAYEHE, TO
Vo € G: K(x,2) > 0. Ockineku K (x,y) — epmitose, To K(v,7) = K(z,7)
i e aificroro dynkmieo. SKmo icaye xoua 6 ogHa Touka Ty € G Taka, 10
K (xg,1¢) < 0, TO BUXOAAYIHN 3 HEIEPEPBHOCTI 3HAWICTHCS 1 JesKiil OKLT 1miel
rouxn U(zg,z0) C G x G raxuit, mo Y(z,y) € U(xg,70): ReK(z,y) < 0.
Ob6epemo HeBix emMHy HermepepBHY QYHKIIO ¢(x) SKa BiAMIHA Bl HYJIs JHIITE
B U(xo, 7o) 1 0OTpuMaEMO

(Ko, p) = /Kl'y (z)p(y) dzdy =

(2.4.48)
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Ocrannas HePIBHICTH BCTYIAE€ B MPOTUPIYYs 3 NPUMYIIEHHAM J0I0THROI BU-
3HAYEHOCT1 gapa, TOOTO TeopeMy JTOCTATHBO JOBECTHU /i JTOTATHBO BU3HA-
YeHUX sJIep.

Pozringanemo gaapo

K (w,y) = K(w,y) = 3 M (2.4.49)

Jie p — HOMEpP OCTAHHBOTO BiJ'€MHOIO XapaKTepPUCTUIHOIO YHCIA, TaK MO yCi
Aiy 1 =p+1,p+2,... € nonaruivu. Taknm wnnom sipo KP(x,y) e nenepeps-
HUM Ta JOJATHRO BU3HadYeHWM. A 1ie o3nadvae, mo Ve € G : KP(z,x) > 0.
TakuM YUHOM Ma€EMO HEPIBHICTD:

= Joi() 2
Z(’OZ)\—SK(J:,:U)SM, s €GN=p+1,p+2,..., (24.50)

TOOTO PsiJT
— low(2)?
_— 2.4.51
’; N ( )

PIBHOMIPHO 30izKHUI.

Posryissaemo GiniHiftHANE psi
 ¢i(2)%i(y)
T 2.4.52
; X (2.4.52)

i moBesmeMo ioro abCOMIOTHY 1 piBHOMIpHY 30iKHiCTHL 3a Kputepiem Korri.
BukopucroByioun nepistictsb Kori-BynskiBecbkoro maemo:

1/2
Z lex(z)o5(y)| wk (Z | () Z !wk ) (2.4.53)

Ane ockinbku
00 2
3 sow (@) (2.4.54)
Ak
k=1
piBHOMIpHO 30iKHUI, TO OLIHITHIE P
i=1 i

36iraeThest abCOMOTHO 1 piBHOMIpHO (peryasipHo) B G X G. ]
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3ayBaxkeHHs 2.4.5.2 — Teopema I'insbepra-IlImiara i i1 HacaiakH,
BCTAHOBJIEH] [IJIs €pMITOBOIO HEIIEPEPBHOIO sSIpa, 3aJHIIAI0THCA BIpHH-
MH 1 JI7Is €pMITOBOIO C1a00 IMOJISIPHOTO IPa.

3ayBarkeHHs 2.4.5.3 — Teopewma 'inpbepra-ITIviara i popmyma [Tmia-
Ta Yy BUMAJAKY TOJSIPHOTO s/Ipa 3aJUIMAIOTHCI BIpHUMU, ajie 3 3aMiHOO
PiBHOMIpHOI 30i2KHOCTI Ha C€pPEIHBOKBAIPATHIHY.

2.5 3agpaua IlIrypma-JliyBisiga. Teopema CrekJsioBa

[Tocranoska 3ama4i [HIrypma-Jliysiing: nexait L — audepennianbuuit ome-
paTop JAPYToro MOPSAKY: 3a/1aHO PIBHAHHSI

Lu = (—p(x)u') + q(x)u =, 0<z<lI, (2.5.1)

3 KpaloBUMU YMOBaMU
I ()| o=0 = hyu(0) — ho/(0) = 0, (2.5.2)
Iy () |y = Hyu(l) + Hot/(1) = 0, (2.5.3)

1e dynkuig p € CV([0,1]), p > 0, dynxkuia g € C([0,1]), ¢ > 0, BuKoHyOTHCH
HACTYIHI YMOBHU Ha cTaji: hy, ho, Hy, Hy > 0, hy + he > 0, Hi + Hy > 0, a
TAKOZK

My, = {u:ue C®0,1)nCO(0,1]),u" € Ly(0,1), 11u(0) = lyu(l) = 0}
(2.5.4)
— ob1acTh BU3HAUYEHHs oneparopa L.

Busznauenns 2.5.0.1 (Bjacaux umcen i dbyskmiit 3agaqai Hltypma-Jliysin-
ns). 3naiitu poss’asku 3agaqi [rypma-Jliysing o3rauae 3nafiTu BCi Ti 3HA-
YeHHd TapaMeTpa A, IpH dKuX KpaiioBa 3amada (2.5.1)—(2.5.4) mae merpusi-
agbHU po3B’s130K. 1li 3HaYEHHST HA3UBAIOTHCI 8AACHUMY 3HAYEHHAMUY 3T
MIrypwma-Jliysijst, a cami pO3B’SI3KU — BAGCHUMY PYHKUIAMU.

2.5.1 ®yukuig I'pina oneparopa L

Bynemo nmpunyckaru, mo A = 0 He € BJIacHAM YuCI0OM oneparopa L 3amzawi
Irypma-/liyBiss.
Posrnsinemo kpaitoBy 3amaqy:

{(—p(z)u')' +q(r)u = f(x), 0<z<l

(
1 ()] g0 = l(1)] o= = 0 (2.5.5)
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[Ipumycrumo mo f € C(0,1) N Ly(0,1).

3 mpunytierHs, mo A = (0 He € BJIACHUM YHUCJOM BUILJIUBAE, MO 337a9a Ma€
€INHUI PO3B’I30K.

Posrustnemo dyukmii v;(x), i = 1,2 — HeHYIbOBI JIACHI PO3B’SI3KU OTHOPI-
X 3ama4 Korri:

(=p(@)vi(z)) + q(w)vi(x) = 0, i=1,2
Lt |e=0 = lava|e— = 0

(2.5.6)

3 saragbHOI Teopil 3amau Komrl BummBae, o po3p’sa3ku mux 3agad Kol
icuytorb, Tomy v;(r) — aBiui HenepepsHO JudepenuiiioBani QyHKII.

Teepa>xeHHs 2.5.1.1

v1(z), vo(x) — miniiiHO He3aTEXKHI.

Jlosedenna. Ilpunycrumo 1o me #e Tak i v1(x) = cve(x), To6TO V1 () 3a70-
BOJIBHSE OJIHOYACHO I'DAHMYHUM YMOBAM Ha JIiBOMY 1 mpaBomy kKpasdx. Toui
v1(z) — Bnacua dyukiig oneparopa L, i Biamosinae Bracaomy wnciy A = 0
IO CYNEePEeYUTh TIPUIYIEHHIO. O

B mromy Bumaaky Bu3HaYHUK BpoHCHKOTO

V1 U2
v Vg

w(x) = #0 (2.5.7)

Bynemo mrykaTu po3B’sd30K 3ajiadi METOJA0M Bapiallii JOBIIbHOI ¢TAJI0l y BH-
DJISLJI:

u(z) = cr(x)v1 () + co(x)ve(z). (2.5.8)
[IincTaBEMO B PiBHAHHSI:
(—p(cjvr + v + 1] + b)) + q(crvy + covg) = f. (2.5.9)
Haxkmamemo nepriry ymMoBy Ha Koedimientu: ¢jv + chvy = 0, Maemo:
— ' (e1v] + cauy) — p(jvy + vl + c1v] + cavhy) + q(crvr + covs) = f, (2.5.10)
abo

c1 Ly + coLvy — p(civ] + dyvl) = f, (2.5.11)
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ockinbkn ¢ Lv; = 0, coLwvy = 0, TO
— p(cyv] + cyuh) = f, (2.5.12)

OTKe F
’o ror
AU+ Uy = —=. (2.5.13)
, , . D .
Taknum 9uHOM €] Ta ¢/, HOBUHHI 3aJ0BOIBHSATH CUCTeMI JiHITHNX nnudepeHtri-
aJbHAX DiBHSHb:

/ /
C1U1 + CoUg = 0,

2.5.14
V) + vy = —i, ( )
p
BU3HAYHUK CHCTEMU
|1 V2
w(z) = ool # 0. (2.5.15)
3ayBaxkeHHs 2.5.1.1 — Mae wmicme piBuicts JliyBinms:
w(x) - p(z) = w(0) - p(0) = const. (2.5.16)
Posp’s3aBiim cucrteMy piBHSHb, OTPHEMAEMO:
(
: 1| P w@fe)
al@)=—I|_f |= :
w(x) va|  p(0)w(0)
(2.5.17)
: L A B COVCo
d@)=——|, _f|=-S
we) o =1~ pO0u(0)

BHaiiieMo J0IaTKOBI YMOBH I AupepeHItiaaIbHIX PIBHIHb BUIIE:

l1U|z:0 = h1<Cl (O)Ul (0) -+ C2(O)U2<O>>—
— ha(c1(0)v1(0) + ¢5(0)v2(0) + c1(0)v4(0) + c2(0)v5(0)) = 0, (2.5.18)

a BpaxoByioun, 1o ¢;(0)vy(0) 4+ ¢4(0)v9(0) = 0 maemo
¢1(0)(h101(0) — havi(0)) + c2(0)v5(0) = 0. (2.5.19)
OckisibKu 1epmunit 101aHOK JIOPIBHIOE HYJIIO, TO OCTaHHSI PIBHICTH BHUKOHYE-

Thest Koan ¢o(0) = 0, anasoriano orpumaemo, 1o ¢ (1) = 0.
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[IpoinTerpyemo cucremy audypiB M0 PO3TIIAIAETHCA, OTPUMAEMO

T

/ /(& ol dg, eolw) = — / —;1(%%((3 d¢ (2.5.20)

Toni po3B’a30K KpaiioBoi 3ama4di Oy1e MaTH BUTJISII;

x

P u©u@f©) [ Eu @)
u(z) = 0/ 2(0)w(0) d¢ I/ 2(0)w(0) d¢ (2.5.21)

Busnauenns 2.5.1.1 (byuxnii I'pina). Oynxyis ['pite BU3HATAETHCA HACTY-
[HAM YHHOM:

1 vi(§vz(z), 0<E<z <,
G === 2.5.22
(@) p(0)w(0) {111(30)112({), 0<z <<l ( )
OT2Ke po3B’sI30K KpafoBol 3a/1a4i MOXKHA, 3alIUCATH Y BULJISI
!
ule) = [ G916 ac (25.23)

0

G(z,€) nasuaerbea dynkuieo ['pina oneparopa ITIrypma-Jliysias. ITome-
pe/iHl MipKyBaHHS TOBOIATH HACTYIIHY JIEMMY.

4 )\
Jlema 2.5.1.1

dAximo A = 0 He € BracauM uucaoM 3agad4i [typma-JliyBinas, To po3s’a3-
0K KpaitoBol 3a/1a4i iCHY€ Ta €JIMHUAN 1 IIPeJICTABISIETHCS 3a (POPMYJIOI0

- / G, €)1 (€) dé (2.5.24)

yepe3 dyukiio ['pina.
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2.5.2

BaacruBocti dyukmii I'pina

1.

Buaacrusocti 2.5.2.1 (dynkuil I'pina)

Mozna nmoxkasaTu, I1o:

e G(z,€) € C([0,1] x [0,1]);
o G(r,6) e CH0 <z < &<
o G(z,6) e CH0 < <z <.
Cumerpuunicts: G(z,€&) = G(&,x), x,& € [0,1] x [0,1].

Ha giaronami z = £ mae Mmiciie po3puB MEPIIOi MOXiTHOI:

Oz O p(§)’

(2.5.25)

na & € (0,1).

[Toza piaronasmo x = £ dyukuig ['pina 3a10BoIbHAE OJHOPIIHOMY
nudepentiaabaomy pisusauo L, G(z,y) = 0.

Ha 6iununx croponax ksajpary [0,(] x [0,(] dyukuis ['pina G(x,y)
3aJI0BOJIbHsAE TpaHUIHUM yMoBaM 1 G|,—g = 2G|, = 0.

Dynukiis G(z,£) € po3B’a3KOM HEOTHOPITHOIO DiBHSIHHS:

ne §(z) — neapra-dbyukiis lipaka.

2.5.3

3BeageHHd KpaitoBol 3aga4i 3 oneparopom IlIrypma-Jliysinns

[0 iHTerpaJpHOTrO PiBHAHHSI

PosriisinemMo kpaiioBy 3ajiauy 3 1napamerpom

Lu = (—p(z)u) + q(z)u = f(z) + M,
L (1) o = 0,

I (1) o= = 0,

£€00,1)N La(0,1),

(2.5.27)

i ToOKazKeMo 1110 BOHa MOKe OyTH 3BejleHa J0 iHTerpaJibHoro piBagauHs Ppe-

JITOJTbMa JAPYTOTO POJY 3 AIMCHUM, CHMETPUYHUM Ta HEMePEPBHUM I/ IPOM

G(z, ).
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4 )
Teopema 2.5.3.1 (npo ekBiBaNeHTHICTb KPaiioBOI 3afadi ANs PiBHAHHS

APYroro nopsifiky iHTerpanbHOMY PIBHSIHHIO 3 EpMITOBUM SIAPOM)

Kpaiiosa 3aja4ua npu ymoBi, mo A = () He € BJIACHUM YHCJIOM OllepaTopa
L, exBiBaseHTHA iHTeTrpaJbHOMY piBHAHHIO PpearoabMa Apyroro poiy:

l l

A/G &+/G@Qﬂ@&,u€0@ﬂ%@5%)

0 0

e G(z,€) — dbyuknia ['pina oneparopa L i3 3agadi (2.5.27).
o J

osedenna. Heobximnicts. Hexall BUKOHYIOTHCSI YMOBHU KpaitoBol 3a1a4i, TO-
i 3 iemu 2.5.1.1 i3 3aminoro npasoi wactunu f — [+ A\u po3B’si30K KpaitoBoi
332491 MOXKeMO TPeCTAaBUTH Y BUTJLII:

l

(/GmﬁAu)+f@D%, (2.5.29)

0

T0OTO u(x) 3aT0BOIHHSIE BUIEHABEICHOMY IHTEIPAILHOMY PIBHSIHHIO.

Hocraruicts. Hexail mae micte inTerpaianba piBHICTS 1 ug(z) — 1T po3B’sI30K.
Posriisinemo kpaitoBy 3ajau4y:

Lu = f + )\Uo,
li(u)]e=0 = la(u)]o=1 = 0.

3a gemoro 2.5.1.1, exumanii po3B’sa30K 1iel 3aadi 3a1a€ThCst HOPMYIO0

1 1

u(a) = A / G €uo(€) dé + / G, €)(€) de, (2.5.30)

0 0

3BiJIKW BUILJINBAE, IO Ug 33 I0BOJIbHSIE PIBHIHHIO Lug = [+ Aug, TAKIM 9UHOM
u(z) = up(z) T06TO U € PO3B’A3KOM BHIIEHABEIEHOT KPAHOBOI 3a,1a4i. O

Y Bumanky kogm f = 0, mg KpaiioBa 3ajada MIePeTBOPIOETHCS B 3a1ady
[MIrypma-Jliysiis

Lu=M, 0<zx<lI,
(2.5.31)

l(u)] gm0 = lo(u)] 4= = 0.
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Bamauaa [1ITypma-JliyBias ekBiBajgeHTHa 3a/1a9i MPO 3HAXOAYKEHHS XapaKTe-
PUCTUYHHUX YHCEJ Ta BJACHUX (PYHKIIIH /I OTHOPIIHOrO iHTErpaibHOTO PiB-

Haaasg Ppearoabma
1

u(z) = )\/G(I,f)u(f) d¢é (2.5.32)

npu yMoBi, o A = 0 He € BiAacHuM 4ucjom oneparopa L.

[TokazkeMo siKk m030aBUTHUCH ITHOTO npunytnennsd. Hexait maemo 3amaqay IHItypma-
JliyBimaa:

Lu=Xu, 0O0<z<l, (2.5.33)
li(u)]e=0 = l2(u)]o=1 = 0. o
Jerko 6aanru, mo (Lu,u) > 0, To6T0 BaacHi Yucia HeBix €MHi.
Posrnsinemo kpaitoBy 3aja4y:
Liu= (—plx)u) + (¢(z) + 1)u = pu,
1w = (=ple)u) + (q(x) + Du=p (2.5.34)
htle—o = latt|s—;, p=A+1

Ia 3amaga 3 TOYHICTIO O HO3HAYEHb CIHIBIAJAE 3 MMOYATKOBOIO 3a1a4€l0
Itypma-/liyBing. OdueBumno, mo p = 0 He € BJIACHUM YHCJIOM HOBOI 3a-
naui IItypma-Jliysins (60 Togi A = —1 morsio 6u 6yTH BJIACHUM UHCIIOM
nouarkoBol 3ajaai ltypma-Jliysimnis).

Brenemo audepenttiajibauii onepaTop

Liu=(—pu) + qu=pu (2.5.35)
Orxke, HOBA 3a/a4Ua eKBiBaJeHTHA MONEpeHiil 3amaqdi npu p = A + 1, ta
eKBiBaJIEHTHA IHTErpaJbHOMY PIBHAHHIO

1

u(z) = (A + 1)/G1(m,§)u(f) d¢, (2.5.36)
0
e Gq(z,§) — dbyuknis ['pina oneparopa L.

Takum amnom, BBiBIIH oneparop Ly i Bignosiany itomy HoBy dyukiiio ['pina
G1(z, &), MokHA O30y THCS TpUMyIeHHs], Mo A = 0 He € BJACHUM YUCJIOM
3ata4di Lrypma-Jliysimig.
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Ilpukman 2.5.3.1

SHaUTH PO3B’A30K iHTErpaJbHOrO PiBHAHHS

Je

Pose’azox. Po3s’sa30k Oymemo nrykatu 3a gpopmystoro [vinra. 3uaiigemo xa-
PAKTEPUCTUIHI YMUCAA Ta BIACHI (DYHKINT epMITOBOTO S/1pa. 3AMUATIEMO OTHO-
piaHe piBHSIHHS

T

p(z) = A/y(x — D)p(y) dy + A/w(y — De(y) dy.

0
[TpoandepenItitoeMo piBHSIHHSA:

x 1

o(2) = A / yoly) dy+ Aa(z — o) + A / (v — Deoly) dy — Aa(z — 1)p(a).

0 T

O6umcmMo Apyry TOXiaHY:

p"(x) = Arp(x) — Mz — 1)e(x).

A6o nicag cuporients ¢’ = Ap. JlonoBaumo audepeniiaibHe piBHIHHS JIPY-
rOro TMOPsiJIKYy KPaoBUMHU YMOBAMU: JIEF'KO DAYUTH 110

1

©(0) = A/y(O — Dp(y)dy + A/O(y — D)p(y)dy = 0.

0

Amnajioriaao

1

1
:)\/yl—l dy—l—)\/ly—l )dy = 0.
1

0
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Takum gyunom orpumaemo 3aja4y IIrypma-Jliysirs:

o'=Xp, 0<ux<l,
©(0) = ¢(1) = 0.

s 3HaxXoMKeHHs BJIACHUX YUCEN 1 BJacHuX (DYHKINR PO3IISHEMO MOXKJINBI
3HAYEHHS TapaMeTpy A:

1. A >0, () = ¢; sinh(v/Ax) 4 ¢, cosh(v/Az).

BpaxoByioun rpaHuvHi YMOBU, MAEMO CUCTEMY PIBHAHD

Cl 0 + Cy = 0,
¢y sinh(VA) 4 ¢ cosh(V/A) = 0.

BuznavyHUK 11i€l cucTeMu TOBWHEH JOPIBHIOBATH HYJIIO:

0 1

b = sinh(v/A) cosh(v/A)

— —sinh(VA) = 0.

€IMHIM PO3B’SI3KOM 1IHOTO piBHSIHHS € A = (), sIKe He 3aJ0BOJIbHSE, 60
A > 0. Lle o3nauae, 1o cucremMa piBHIHb Ma€ TPUBIAJbHUN PO3B I30K 1
Ooyab-sake A > (0 He € BJACHUM YUCTIOM.

2. A =0, p(x) = 1 + 3. 3 TPAHUYHUX YMOB MaeMo, o ¢; = ¢ = 0.
TobTo A = 0 He € BJaCHUM YHUCJIOM.

3. A <0, p(z) = ¢y sin(v/=Ax) + ¢y cos(v/—Az).

BpaxoByroun rpaHndHI YMOBH, MaEMO CUCTEMY PiBHSIHB

c1-0+ Co = O,
c18in(vV—A) + ¢ cos(vV—A) = 0.

Busnaunuk 1i€l cucTeMu IIPUPIBHIAEMO JI0 HYJIS:

0 L = —sin(v—=\) = 0.

D) = sin(v/ =) cos(v/=A)|

[le piBHAHHS Ma€ 3JiY€HHY MHOXKUHY PO3B’I3KiB

e = —(mk)%, k=1,2,...
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Cucrema JiHITHUX aareOpaivHUX PiBHIHDb Ma€ PO3B'S30K co = 0, ¢; =
Ct.

Takum yunom HOpMoBaHi BjacHi dyukmii 3agadi [HITypma-Jliysiaas
MaloTh BUIAI () = v/2sin(krr).

[Topaxyemo koedinientu Pyp’e:

fo=(f,0n) = \/5/0 rsin(rnr) dr = \/5(_1)”

™

3rigao g0 dopmyan [HImigra po3s’s30K pIBHAHHS IpH A # \p Ma€
BULJISII:
. (—1) ' sin(rkx)
=x— 2\
ola) = ; (k)2 + Nk

[Ipur A = A\ pO3B’430K He icHY€, OCKLIbKH He BUKOHAHA YMOBA OPTOIO-
HAJIBbHOCTI BIIBHOT'O YJIeHa 0 BJIACHOI (byHKIIII.
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2.5.4 Buaacrtusocti BaacHux 4ducena 3agadi I1Irypma-Jliysiaga

Harasinaemo, 1mo teopemoto 2.5.3.1 ('sita JiekIfisi) BCTaAHOBIEHA eKBiBaJICH-
THicTh 3amadi [IITypma-JliyBing i 3a7a49i Ha BIAcHI 3HAYEHHS IS OTHOPI-
JTHOTO {HTerpasjbHOrO DIBHSHHS 3 epMITOBHM HerepepBHEM siipom Gy (x, §).
[Ipu npomy Biacui 3navenns Ay 3agad4i [Irypma-Jliysisuig nos’a3ani 3 xa-
PAKTEePUCTHIHUME ducaaMu iy, aapa Gi(x, &) cuisBignomensam p = A + 1,
a Bianosigui iM BaacHi dbyskuil ug(z), k = 1,2,... cniBnagawors. Tomy st
z3agaqi IItypma-J/liyBiisa cipaBeiuBi Bei MOJOXKEHHS Teopii IHTerpaJbHUX
PIBHSIHD 3 €PMITOBUM HENEPEPBHUM SIIPOM.

A cawme:

Teepa>xeHHs 2.5.4.1

MHuoxknHa BJIACHUX YHCET A\, He MOPOXKHS Ta HEMA€ CKIHUEHHX I'DAaHU-
YHUX TOYOK.

\
Teepa>xeHHs 2.5.4.2
Bci Bnacui umcsia Ay JificHi Ta MalOTh CKiHYeHY KPATHICTb.
J
\
Teepa>xeHHs 2.5.4.3
Baacui bymxnii uy € C@(0,)NCW([0,1)), (ug, uj) = 6, k,j =1,2,.. ..
J

TeepaxxeHHs 2.5.4.4
Bei A\, > 0.

LHosedenna. Crpap/i, 1le BUILTHBAE 3 J0IATHOI BU3HAYEHOCTI AudepeHIiaIb-
HOro omnepatropa llItypma-JliyBiaaa 3 BIAMOBIIHIMA TPAHUIHUMH YMOBaMH,
JUISL IIbOT'O OllepaTopa BCl BJIACH] PYHKIIIT, 11O BLIIOBIIAIOTH PI3HUM BJIACHUM
3HAYEHHSIM, OPTOTOHATbHI. O

Teepa>xeHHs 2.5.4.5

MHOKWHA BJIACHUX YHCEN 37TiueHa (He Moxke OYTH CKiHUEHA).
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Hosedenna. Jificao, axmo 6 MHOKUHA Oy/1a CKIHYEHOIO (i1, ..., jiy, TO JJIs
anpa Gi(x,€) 6yj0 BIpHUM IpPEICTABICHHST

o ()i €)
Gi(e,6) =Y us(2)us(8) (2.5.37)
i—1 Hi
Ase ug, € C@(0,1)NCM([0,1]), i Tomy Taxe npejcTABICHHS CyNEPEYNTh Bla-
cruBocti dyuknii I'pina G1(z,£) npo HagBHICTH PO3PHBY TEPINOT MOXiTHOI.
[l cymepevHicTh 1 TOBOJMTH TBEPIKEHHS. ]

Teepa>xeHHst 2.5.4.6

Koxkne BjiacHe 4ucjio Ma€ OJMHUYHY KPATHICTbD.

osedenna. Cupasai, Hexait u; Ta uy — BaacHi MYHKIII, SKi BIATOBIIAIOTH
BJIACHOMY 3HAYEHHIO \g. 3 I'PAHUYHOI YMOBHU 3aIMUIIEMO:

hlul(O) - h2u/1(0) = 0,
(2.5.38)
PosryisiiarumemMo 11l CliBBLIHOIIEHHS K CACTeMY JIHIHHUX PIBHAHb BIJIHO-
cHO hq, hy. BusHauHUK cuCcTeME CHIBIAJAE 33 BEJUYUHOIO 3 BU3HAYHUKOM
Bpoucbkoro
u1(0)  —u(0)
uz(0)  —u5(0)
BPaxOBYIO4H JIHIHY HE3AJIEKHICTD BAACHUX (DYHKIIIH. 3BiICH BUILINBAE, 1110
PO3B’ 430K JIiHIITHOT cucTeMu TpuBiaabuuii, T00To hy = hy = 0, mo cynepe-
9UTh TPUNYILeHHIO hy + hy > 0.

= —w(0) #0 (2.5.39)

Tomy 1i po3B’a3ku Jiniiino 3aexui. Ile i o3nauae, MO Ay Ma€ OAUHUIHY
KpaTHICTh, TOOTO TIpocCTe. [

4 )
Teopema 2.5.4.1 (Creknosa npo possuHeHHs B psig Pyp'e)

Bynb-sika f € M poskiagaersesa B psig Pyp’e 3a CHCTEMOIO BIACHHX
dyukniit 3agaqi Hltypma -JliyBirs

o0

fla) =) (frus)ui(z), (2.5.40)

i=1

i meit psi 36iraeTbest aOCOTIOTHO 1 PIBHOMIPHO.
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osedenna. Tlokaxkemo, mo f — mKepeayBaTo 300pakyBaHa:

(2.5.41)

Lif=Lf+f=h, hecC(0,1)N Ly(0,1),
I flo=o = lof]a=1 = 0

OyukIiigd f € po3B’sa3KOM Iiel rpaHudHOl 3a/1a4i, npudoMy, A = 0 He € BJa-
cunM 3uagenusiM oneparopa Lj. [loznaunmo wepes Gy(z,§) dyukmio ['pina
oneparopa Lj.

Toxi mae micie npejacraBieHHs

1

f(z) = / Gy (x, )h(€) d, (2.5.42)

0

10010 f(r) — szKepenyBaro-300paxkyBana. 3a reopemoro iibbepra-ITIminra
dyukmig f po3xagaeThCsa B peryiaspHo 30ixkuauit pax Pyp’e mo BracHIM
dyukmism sapa Gy(z, ). Ane rnacui dyskii sapa Gq(z,§) cniBnagaoTs 3
BraacauMu dyuknigmu {ug(x)} omeparopa L. O

2.5.5 3agmaua ITITtypma-JliyBing 3 BaroBuM MHO>KHHUKOM

Busnauenns 2.5.5.1 (zagaui [Irypma-Jliysins 3 Barosum MHOKHUKOM). 3a-
dauero [lImypma-Jliysisa 3 6a206UM MHONICHUKOM HABUBACTHCS

Lf =MXp(x)u x <l
{lli‘xofiliu”zzf}joj =" (2.5.43)
ae p(z) >0, p € C([0,1]), p — BaroBuit MHOKHHIL.
3 reopemu 2.5.3.1 (n'sira JiekIiisi) BUILJIMBAE NPEJICTABJICHHSI
1
ulw) = [ Gz, u() ot (2.5.44)
0

[nTerpaibHe piBHAHHS Ma€ HellepepBHe, ajie He CHMETPpHYHE d/1pa, /s Horo
CHMeTpPH3AIl JOMHOKHMO PiBHAHHS HA \/p(x) 1 oTpEMaEMo

Vo@u(z) = A / Vo@ )G (@, )V p(Eu(e) de (2.5.45)
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[Moznaunmo v(x) = \/p(z) - u(x), Gp(x,&) = /p(x)p(§)G(x, ), orpumaemo

iHTerpajbHe PIBHIHHS 3 €PMITOBHM HeIePEePBHUM SIIPOM:

o(z) = A / G (x, )o(€) de (2.5.46)

Baacui ¢yuxmii 3agaqgi [rypma-JliyBizs 3 BaropuM MHOXKHUKOM OB’ s13aHi
3 BJIACHUMHU (DPYHKIISAMH OCTAaHHBLOI'O iIHTErPaJbHOIO PiBHAHHS CIIBBIIHOIIE-
HHAM

p(x) - ug(x) = vi(x). (2.5.47)

4 )
Teepa>xeHHs 2.5.5.1

Mage MicIte CIiBBITHOITEHHS

(Uk, Vi) = 6i = /uk(x) cui(x) - p(z) doe = (ug, i), (2.5.48)

— BaroBUil CKaJsgpHUil T00YTOK.
- J

Takum umaoM cucrema BiaacHux Gyskiiil 3agaqi [Hlrypma-Jliysiiig 3 Ba-
FOBUM MHOYKHUKOM € OPTOHOPMOBAHOIO y BaroBOMY CKaJSAPHOMY JTOOYTKY

(u,v),.

2.6 IaTerpaJibHi PIBHIHHS MEPIIOr0 POILY

Bynemo posrisgaaru inrerpaibie piBHsaHHA PperoabMa mepiioro poy

/ Kz, y)e(y) dy = f(z). (26.1)
G

HeBarkko mepeBipuTH, mo po3B’s30K MbOTO IHTEIPAILHOTO PIBHIHHS MOXKE
icuyBaTu He mis Oynb-sgkoi memepepsroi dynkiii f(x).
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Ilpukman 2.6.0.1
Hexait G = [a, 0], a

K(z,y) = ap(y)x™ + a1 (y)x™ + ... + am(y), (2.6.2)

TOAi i Oyib-aKOi HemepepBHOi ¢ (y):

b
/K(:v, 1)o(y) dy = box™ + byz™ ' + ...+ by, (2.6.3)

Lle o3navae, Mo Takuit camuii BULJIsiT TOBHHHA MaTh 1 dyHKiis f(z).

2.6.1 HAapa IImigra

Byaemo posrisimatu menepepsie siipo K (z,y) i cupsizkene 10 aporo K*(z,y)
dKe 33/I0BOJIbHSIE HEPIBHOCTI

[ [ 1K@ ydrdy < o 264

G

Bijnosinni inTerpananui oneparopu Ppepronbma nosnadnmo depes K, K*.
Beenemo inrerpaanni oneparopun K; = K'K, K, = KK*, gki € cumerpu-
qHUMU 1 gogarauMu. [luM oneparopam BiIOBIIAIOTH

Busnauenns 2.6.1.1 (azxep [MImiara). Sopamu IIImioma nasuBaoThes sapa

Ki(z,y) —/K*(:):,z)K(z,y) dz, Ks(z,y) —/K(m,z)K*(z,y) dz.
G

G
(2.6.5)

Sapaua 2.6.1. [{osenith, mo xapakrepucrudni dncsa saep [vinra K (z, y)
ta Ks(x,y) cuiBmagaor.

[Tozrauumo ix (XapaKTepucTHYHBI YHCTa) epes ps, k= 1,2, ...

[Tosnaunmo uepes {ug(z)}r2,, {vi(z)}r2, opronopmoBani Bracui yHKI
sanpa Ki(z,y) ta Ko(x,y) Bignosimno.
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4 )
Teepa>xeHHs 2.6.1.1

BukonytoTbca piBHOCTI:

- J

Hosedenna. [iiicHo: v}, = uingk, TOI1
Ko, = 1 K Koy = 1 K'KK* vy, = 13 K K vy, (2.6.8)

seincu ummBae, mo CpK*v, = uy. O6epeMo KOHCTAHTY 3 YMOBU OPTOHOD-
MOBAHOCTI:

= Cleloy, KK'vy) = (2.6.9)
= Ck (Uk, ngk) =
=Ci/mi =1,

3Bigcu C) = . | mepima piBHICTH 10BeIEHA.

AHaorivHO JOBOMUTHCS JIpyTa. O

Buxossgan 3 Teopemu Mepcepa mpo peryiadapuy 30iKHicTh OLIIHIAHOTO psjy
JUI HeIlepepBHUX sJiep 31 CKIHYEHOI0 KIJIbKICTIO B’ €MHUX XapaKTepHCTH-
qHIX quces, aad giaep HIMinTra mae Micre BigoMe pO3BHHEHHS:

Ki(z,y) = i M, (2.6.10)

—~
Ky (z,y) = i w (2.6.11)
k=1 k

i psan /111 HemepepBHUX sijep 30ira€ThbCcd abCOJIIOTHO 1 PIBHOMIpPHO, a JIJIst
a5ep, ki Hanexkarb Lo(G) — B CepeiHbOMY KBAPATHIHOMY.

4 )
Teepa>xeHHst 2.6.1.2

Hnst snpa K(x,y) mae micre 6iminiiiHe po3BUHEHHS 38 (DOPMYIOI0:

K(z,y) = i UR(@)T(y) (2.6.12)

1 P
N = ug (7)o (y
K*(z,y) =) M (2.6.13)
1 P
- J




Hosedenna. MilicHo, HamucaHe PO3BUHEHHs MpeacTapisie coboio psag Pyp’e
g1pa 1o oproHopMmoBanoii cucremi dyukmiit {ug(z)}e2,, abo {vi(r)}p, i
30Ira€ThCsd B cepeHbOMY KBaJIPATHUIHOMY 110 KOXKHiil 3minnii x, y. TobTo

2 n

/K(m,y)—zw df:/|K((E,y)|2d{E—Z|uk(y)‘ _
G

, 2
o i=1 Hi 1 Mk
" ug(y) 2 L |ug()]?
=K1<y,y)—2—‘ 2)’ = > @) 2” — 0. (26.14)
=1k kg1 Hk
O
3ayBakeHHst 2.6.1.1 — Tlpu moBejmeHHI NBOTO MpeACTABICHHSA OYJI0

BUKOPHUCTaHe JpyTe CIIBBIAHOIIEHHS 3 TBep/zKeHHs 2.6.1.1.

2.6.2 IaTerpasibHi piBHAHHS IIEPIIOTrO POAY 3 CAMETPUYHUM SAPOM

Hexait K (z,y) cumerpudre siapo, a A, u;(x), 1 = 1,2, ... — XapaKTepUCTHYIHI
YHUCJIa Ta OPTOHOPMOBAHA CUCTEMa, BAACHUX (DYHKIIIH IBLOTO SIpa.

Busnauenns 2.6.2.1 (nosuoro siypa). Bygemo HazuBaTu cuMeTpudHE SIPO
noéHUM, SKITIO cCHCTeMa Horo BaacHUX (DYyHKII € TOBHOTO.

AKINO Sapo He € MOBHUM, TO iHTErpaJbHe PIBHAHHSA
/K(fc, y)e(y)dy =0 (2.6.15)
G

Ma€ PO3B’430K BiJIMIHHUIT Bij HyJsd. [HTErpasibie piBHAHHSA 3 CUMETPUYHUM
MOBHUM $JIPOM MOYKE MATH JIUIIE €IUHUI PO3B’ I30K.

Bynemo mykaTu po3s’ 30K iHTerpaJbHOrO PIBHAHHSA IEPIIOTO POAY V BULISI

pla) =D i), (2.6.16)

=1

Jie ¢; — HeBLIOMI KOHCTAHTHU. BinmbHMIt Y1eH pIBHAHHS TPeICTABUMO Y BATJIA L
paay @yp’e no cucremi Baacuux (QYHKIIH spa B pe3y/brari 4oro Oygaemo
MaTHu PiBHICTH:
oo 0o
Zci / K(z,y)u(y)dy = Z(f, w;)u; (), (2.6.17)
G

=1 =1
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abo, MiCJIsT CHPOIIEHHS

%ux ) =Y (f,uuilx). (26.18)

i=1

BpaxoBytoun miHiiiHy Hesaae:kHiCTh BIacHUX DYHKI u; () OTPUMAEMO CITiB-
BiTHOIIIEHHSI

4 )
Teopema 2.6.2.1 ([ikapa npo icHyBaHHsi pO3B'A3Ky IHTErpasbHOro pPiBHs-

HHst Ppefrosbma NepLIOro poay 3 epMITOBUM SIAPOM)

Hexait K(z,y) uosue epmirose siupo f € Lo(G). Toui mist icnysaumst
pO3B’s13Ky piBHsHHS [ poay HE0oOXiHO 1 J0CTaTHRO 1100 30iraBcs psL

> XIS w)l. (2.6.20)
k=1
o J

Josederna. Heobxinmicts: Hexait icaye po3s’s30k u(z) 3 Lo(G) inTerpasinb-
noro piBusguug Opegrosibma nepioro poiay. Hexait ¢, — koedinientu yp’e
po3B’s3Ky 1o cucremi BiaacuHux bynkuiit {ug ()} ,. Buxonsun 3 Buraaay y
STKOMY TITYKAEMO PO3B’SI30K MAEMO, 10 BUINE3ra aHuii psifl 30ira€Thest.

Hocrarnicrs: Hexait psin 36iraernes. Toxi icuye ennna dynkiis u(x) € Ly(G)
3 koedirienramu Pyp’e (f, u;)N;. Bona mae Buris

Z)\i( fyug)ug () (2.6.21)

1 3a10BOJIbHSE iHTerpaabHOMY piBHAHHIO Ppeproabma I pouy. ]

2.6.3 Hecumerpuuni gapa

Posrigaemo inTerpanbHe piBHaHHA PpenronpMa [ pomy 3 HecuMeTpUIHUM
saapoM. g mpeicTaBaeHHS SIpa CKOPUCTAEMOCH (DOPMYIaMa 3 TBEPIZKEeHHS
2.6.1.2, a Jyisi npejcTaBieH s BLIbHOTO wieHa f () 3aCTOCYEMO DO3BUHEHHSI
niel dynkuii B pag Pyp’e no cucremi Bracaux dyHkuiit supa Ko (x, y), vg(z).
B pesysbraTi 6yj1emo maTu:

o

Z/Uz l ply)dy =Y (f,vi)vil). (2.6.22)

=1
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JIiBy 9acTuHy MOXKHa 3allMCATHA y BUTJISII:

Z Ww(y) dy = Z(f, vi)vi(2). (2.6.23)

3 ocTaHHBOI PIBHOCTI MOKHA 3aIlMCATH CIIBBIIHOLIEHHS I KOeMiIieHTiB
Dyp’e po3B’A3KY:
(0, ui) = (f, vi) - (2.6.24)

Takum yuHOM, JIOBE/I€HA HACTYHA TEOpeMa:

4 )
Teopema 2.6.3.1 (kpuTepiii icHyBaHHS PO3B' 3Ky IHTErPaNbLHOIO PIBHSAHHS

®pegronsma | pogy 3 HeCUMETPUHHUM SLPOM)

Jlns icHyBaHHS pO3B’s3KYy iHTerpajbHoro piasuusg Ppearonabma [ pomy
3 HECUMETPUYHHUM SIAPOM HEeoOXITHO 1 JOCTATHHO IMOOKM BiIbHUN UIeH
f € L3(G) moxua 6yia0 poskiaactu B psii Pyp’e 1m0 cucremi BIACHUX

dbyuxuiit {v;}2, aapa Hlmigra

Ky(z,y) = /K(m,z)K*(z,y) dz, (2.6.25)

a 4YUCJIOBUU paA,
> w) P (2.6.26)
i=1

36iraBcd.
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Ilpukman 2.6.3.1

3Bectu 3aa4y IllTypma-J/liyBisig g0 iHTerpajJbHOrO pIBHAHHA 3 €pMi-
TOBUM HEIEPEPBHUM sIJIPOM:

Ly=—(1+e%)y — ey =A%y, 0<z<l,
y(0) = 2¢/(0) = y/(1) = 0.

Pose’saszok. Ilodynyemo dyukuito ['pina oneparopa L. Posrssinemo 3ajadi
Kormri:

{ (14 e — vl = 0, i=1,2,
v1(0) = 2v1(0) = v5(1) =

BaraJbHul po3B’gd30K MupepeHniaIbHOr0 piBHAHHS
_(1 + ew)y// _ e.ry/ — O
Ma€ BUIJISIT
ci(x —In(1+¢€%)) + co.
Tomi po3s’sa3ku 3amaa Komri:
vi(z) =a(lr —In(l1+¢€") +1+1n2), a = const,
vo(x) =b, b= const.

Ob6uncmMo BU3HAYHUK BpPOHCHKOTO

B ab
1 4em’

[Ipo BcAK BHMAIOK MePeBIPUMO TOTOXKHICTE JIiyBLIIA:
p(z) - w(x) = a-b= const
Banumemo ¢yukmnio ['pina 3a dpopmyioro:

(2,6) = — (z—In(1+e")+14+m2), 0<x<E<,
S (E—In(1+ef)+1+In2), 0<&E<z <1

BanuneMo iHTerpaabHe PIBHIHHI:

1

o) =2 [ (6.9 € y(9) ds

0
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CumeTpusyeMo siipo iHTerpajgbHOTO PIBHSIHHS, TOMHOXKUMO OOU/IBI YaCTHHH

Ha .
1

x-y(w)=A/x-s-G<x,5>-§-y<g>dg'

Beenemo nosnadenss:
w(z) =z - y(z),

Ta

OTpumaeMo oHoOpiaHe iHTerpaJibue piBHIHHS PpearoabMa JIpyroro poay 3
CUMETPHYHUM AJPOM:

1

w(z) = A / G (. ) (€) d.

0
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2.6.4 TIluramusg OO0 MEpPHIOTO PO3ILTY

1. Banucaru inTerpaJibie piBasgHHS PperoabMa HEPIIOTO Ta JIPYTOro po-
VS

2. /laTu BU3HAYEHHS XapaKTEePUCTHIHUX YHUCE] 1 BJACHUX (DYHKIIIH iHTe-
IPAJIBLHOTO PIBHSHHSI.

3. [lo HazuBaeTHCA COIO3HUM iHTETrPAJIbHUM PIBHIHHSIM, CIPSAKEHUM STPOM !

4. CohopwmymoBaTn jieMy Mpo OOMEKEHICTh IHTerpaJibHOTO OMepaTopa 3
HelepepBHUM APOM.

5. Bammcaru cxemy MeTOy MOCJII0BHUX HaO/MKeHb, psij Heitmana.

6. CdopmyaioBaTu TeopeMy Ipo 3012KHICTH METOIY IOC/IiIOBHUX HAOJIH-
ZKCHD JIJ1d HEIIePEePBHUX 4J1ep.

7. IlaTn BW3HaUYeHHd MOBTOPHUX sJep 1 pe30JbBEeHTH, 3alUCaTH YMOBA
3012KHOCT] Pe30ILBEHTH.

8. /latu BHU3HaYEHHS MOJISPHOrO sjpa, ¢HOPMYIIOBATH JEMY PO IOBO-
JIZKeHHSI TTIOBTOPHUX $JIEP JIJId TOJIPHOTO SJIpa.

9. CdopmyaioBaru JieMy PO OOMEXKEHICTh iHTerpaJibHOTO olepaTropa 3
HOJISPHUM SIIPOM.

10. CohopwmymoBatn TeopemMy mpo 30i1KHICTH METOY TOCIITOBHUX HADJIHU-
JKeHb JIJIs IHTeI'PAJbHUX PiBHAHD 13 MOJSPHUM SIPOM.

11. Bammcaru pe30JbBEHTY IHTErPAJBHOTO OIEPATOPA 3 HMOJAPHUM SIAPOM,
copMyaioBaT YMOBH 11 30i2KHOCTI.

12. /latu BU3HAYEHHS BUPOKEHOTO S7pa, 3AIMMCATH CUCTEMY PIBHAHDb s
IHTErpaJbHOTO PIBHAHHSI. 3 BUPOJZKEHUM STPOM.

13. CdopwmyaoBaru nepiry Teopemy Ppearonabma, st iIHTEIPATBLHOTO PiB-
HAHHS 3 BUPOJZKEHUM SI/IPOM.

14. CdopwmysoBaru apyry teopemy Ppenrosbma st iHTerpajbHOrO piB-
HAHHSI 3 BUPOJIZKEHUM $I/IPOM.

15. CdopwmyaioBaru TpeTio TeopeMy Ppearoabma /st iHTerpaJIbHOTO PiB-
HAHHA 3 BUPOJAZKCHUM AJIPOM.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
30.

31.

B gomy nossirae ines josesenns Teopem Opejarosibma s Herepeps-
HOTO dJIpa.

CdopmymoBaru nepiry Teopemy Ppearosbma s iHTerpajabHOTO PiB-
HAHHS 3 HEIIEPEPBHUM SPOM.

CohopwmymoBaru apyry Teopemy Ppenaroabma st iHTErpaJbHOTO PiB-
HAHHS 3 HETIEPEPBHUM SJIPOM.

CdopmymmoBaru Tperio Teopemy Ppearosbma it iHTErpaJabHOIO PiB-
HAHHY 3 HEIePEePBHUM AJ1POM.

CdopmymioBatu deTBepTy TeopeMy Dpearosbma s iHTErpaJbHOTO
PIBHSIHHS 3 HETIEPEPBHUM SJIPOM.

B gomy nonsrae ines nopemenasa TeopeM OpearoabMma I MOJTAPHOTO
sipa.

CdopmysmioBaru Hacaiaky 3 Teopem @pearosbma.

JlaTu BU3HAaYEHHST KOMIAKTHOI MHOYKUHU B piBHOMIpHIit MeTputii. Cchop-
MyJIIOBATH Teopemy Apiena-Ackosi.

Jlatn BU3HAYEHHs IIJIKOM HEIEePEepPBHOrO oleparopa, chopMyTioBaTH
JIeMy PO TIJIKOBUTY HENepepBHICTH OllepaTopa 3 HellepepPBHUM SIPOM.

Jlatn BU3HAYEHHS €PMITOBOIO OIEPATOPa, BAACTUBICTH XapaKTePUCTH-
YHUX 9UCesI, KPUTePiit epMiTOBOCTI.

Pan @yp’e, wepisuicts Beccess, piaicts [apceBans-Crekiosa.

Buznauenns axkepeayBaTo300pazKyBanoi ¢pyukiii. Teopema ['iibbepra-
HIaigra.

[IpencraBienns BUPOZKEHOTO s/Ipa Yepe3 XapaKTePUCTHIHI YUCTIA Ta
BJIacHI (pYHKIIII.

Teopema mpo OimiHilHE PO3KIAJAHHS €PMITOBOrO HEIEePEPBHOIO sApa.

Hacninok 3 reopemu I'innbepra-ITImiara npo po3k/iaganis mOBTOPHOTO
SIIpa JIJIsk €pMITOBOTO sijIpa.

®opmyaa [Imigra, ocobauBocTi 11 3acTOCYBaHHS JIjIsi PI3HUX 3HAYEHDb
napamMerpa.
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32.

33.

34.

35.

36.
37.
38.

39.

40.

41.
42.

43.

44.

Teopema 1mpo icHyBaHHS XapaKTEPUCTUIHUX YUCE]T €PMITOBOTIO Herle-
PEPBHOTO Ta €PMITOBOTO TOJIAPHOTO $JIpa.

Jlomarubo Bu3Hadeni sjapa. Jlema mpo BAACTUBOCTI XapaKTEPUCTUIHUX
qucesl JO/IATHO BU3HAYEHUX SJIED.

Teopema Mepcepa.

[locTtanoBka 3ama4di LITypma-/liyBinans, Bu3HadeHHS BIACHUX YnCET 1
BJIACHUX (PYHKIIIf.

Busnauenna ¢yukiiil I'pina mia oneparopa Ltypma-Jliysimis.
BaactuBocti dyukiil ['pina.

BaactuBocti BiacHux GyHKIH i BaacHuX 3Hadvenb 3ajadi [TITtypma-
JLiyBisst.

Jlema 1po 3Bejennd 3azadi [Hrypmy-JliyBiais 10 iHTerpajbHOro pis-
HSIHHSI.

Bamauda [lltypma-JliyBiiis 3 BAroBUM MHOXKHUKOM, 3BeJEHHS 11 10 iH-
TerpaJbHOTO PIBHIHHA 3 €PMITOBUM STPOM.

Teopema CreksoBa npo po3kaaganas GyHkIiii y pamx Oyp’e.
dAnpa miara ta ix BiacTuBocti, Oininiiine po3punenHs saep Lmiara.

Inrerpasnbni piBugaaug @pearosibMa mepiroro pojiy 3 epMiTOBHM S7POM,
TeopeMa iCHYyBaHHS PO3B A3KY.

Inrerpasbni piBugnng PpearoabMa MEpIioro poay 3 HECUMETPUYHUM
SAJIPOM, YMOBU iCHYBaHHS PO3B’A3KY.
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