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2.2.2 Teopemu ®Ppenarosabma AJd iHTErpaAJIbHUX PiBHAHBb 3 HeEMe-
PEPBHUM $IIPOM

Bynemo posrigiaTun piBHAHHS:

o(z) = A / K (e, 9)o(y) dy + f(x), (2.2.20)

bz) =% / K2, y)(y) dy + 9(o), (2.2.30)

flapo K(z,y) € C (G x G), orxe itoro moxua HabimsuTy nomiromom (Teo-
pema Beitepmirpaca).

TobTo, nns Gynb-axoro € > 0 icHye

Py(z,y) = Y aspsz®y’. (2.2.31)
lo+B|<N
se o = (o, 0n,...,0,), 2% = 2" - 25 - .- a0, rakni wo |K(z,y) —
Pyx(z,y)| < e, (z,y) € G x G, TobT0
K(v,y) = Pn(z,y) + Qn(2,y), (2.2.32)

ne Py (z,y) — supomxene aapo (mominom), |Qn(x,y)| < e, (z,y) € G x G.

Buxojsgdn 3 ocraHnbol piBHOCTI, inTerpaJibe piBHguHg Ppearosabma mpu-
NMa€e BUTJIST

@ =APnp+AQyp + f, (2.2.33)
ne Py ta Qu — inrerpanbhi oneparopu 3 sapamu Py(z,y) ta Qn(z,y)
sinnmosiaao (Py + Qy = K).

g cupsi>keHoTro PiBHAHHS Ma€MO:

K*(z,y) = Py(z,y) + Qx(z,y), (2.2.34)

Y = APy + AQRY + g. (2.2.35)



4 )
Teepa>xeHus 2.2.2.1

B knaci C(G) orpumani piBHSIHHSA

o = APnp + AQyp + f, (2.2.36)
= APNY + AQyY + g (2.2.37)

eKBIBaJEHTHI PIBHAHHAM 3 BUPOJIKEHAM SIITPOM.
o J

Zosedenna. Beememo HOBY (hyHKIIIIO

= — AQup (2.2.38)

3 piBHgHHS Ha ( BummuBae mo ¢ = APy + f, a 3 oxmiero i3 piBHOCTElH TBEP-
mekenns 2.1.3.1 (nepma siexiis) BunimBae 1o YA rakoro mo |A| < 1/(eV):

(E—-2Qu) ' =(E+ \Ry), (2.2.39)
e Ry — pezosbBenta mis Q. Otike
0= (E—-\Qy)'®=(E+ \Ry)®. (2.2.40)
Tobro, piBasgausg Ppearonabma 11 poay mepeTBopooeThes Ha
& =APxn(E+ ARy)P + f. (2.2.41)
1 cupsi>KeHoro piBHIHHS MAa€MO:
v =X(E+MRy)Pyv+ (E+ ARy) g. (2.2.42)
[Tosnauumo g; = (E +XR7V) g. Maemo:
Y =X(E+Ry)Pyv+ g1 (2.2.43)

Ockinmbru (PyRy)* = RyPY, TOo oTpuMani piBHSAHHS CIPSZKEHI.

[Toznaunmo maperri

Ty = Py(E + ARy), (2.2.44)
Ty = (E+ ARy) Py (2.2.45)

Tomi piBasiHHg PpenrosbMa 3 HElMEPEPBHUM sIIPOM MOYKHA 3allMCATH Y BH-
DJISLJI:

= A\Ty® + f, (2.2.46)
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U = \THV + g1, (2.2.47)

Je
TN($7Q, )‘> = PN(‘r7y) + /\/G’PN(xag)RN(éai% /\) d& (2248)

— BHUPOJIZKEHEe, OCKLIBKH € CYMOIO JIBOX BUPOJZKeHUX, moainomy Py (z,y), Ta
iHTerpaJabpHOTO MoJaHKy. [lokaxkemo 1o apyruii jomaHok B Ty — BUPOIKe-
nuit. ikicHo:

Z aaprE Ry (&, y) d€ = Z AopT” / Ry (&, y)de. (2.2.49)
G latBI<N la+8|<N o

]

2.2.3 AunprepHatuBa ®@pearosapma

Cyxkynaicth TeopeM @pearonbma s iIHTErpaJbHAX PIBHIHD 3 HEIEPEPBHUM
sIIPOM HA3MBAETHCS aJibTepHaTHBOI0 Ppearosbma.

Teopema 2.2.3.1 ([Nepwa Teopema Ppegronsma anst HenepepeHNx siaep)

Axio inrerpanbue pisasguig @pearonbma [ poay 3 HenepepBHUM g71pOM
K(x,y) mae posp’azok Vf € C (G) TO i CHpsizKeHe PIBHSIHHSA MA€ PO3B’ 30K

s Vg € C(G) i ui po3’a3ku €uHi.

osedenna. Hexaii inTerpanbie piBusnng Ppearoabma Il poay Mmae po3s’a30k
B C (@) it ¥V oBLIBHOTO wWwieHa f, TOMI eKBiBaJeHTHe oMy piBHaHHI ¢ =
AT N® + f mae Taki K BaacTuBocTi 1 3rigHo 3 meprioi Teopemoro Dpe-
JroJbma s BupojzkeHux sigep D(A) # 0, a cupsizkeHe J0 HBOTO DIBHSIHHS
U = \T% +¢1 TexK Mae €Il PO3B’A30K V¥ BLILHOTO WICHA (1, eKBiBAICHTHE
10 HBOTO (i CIpsizKeHe JI0 MOYATKOBOIO) PIBHSIHHS Mae PO3B’si30K Vg. O

(Teopema 2.2.3.2 ([pyra Teopema Ppegronbma ans HenepepeHUX sipep) b
Axmo inrerpanbue piBuguug Ppepronbma I poay mae po3s’ssku He
JUig O6y/1b-AKOTO BiIbHOTO WieHa f, TO oaHOpinHi piBHaHHA @ = AK Ta
Y = AK*) MaioTh 0IHAKOBY CKiHUeHY KUIBKICTb JiHIfHO-He3a IexKHUX

PO3B’SI3KiB.
. J

osedenna. Hexaii inTerpanbie piBusung Ppearonabma Il poxy Mmae po3s’a30k
He V BlLIbHOrO wieHna f, TOJI eKBiBajieHTHE WOMY DIBHSIHHSI 3 BUPO/ZKCHUM



sapom ¢ = ATy® + f mae Taky )k BaactusicTh. 3rigHo 3 Teopemavu Ppe-
JaroJbMa st Bupoizkenux saiaep D(A) = 0 (ans Bupomkenoro siipa Ty).
OnHopinHi piBHAHHS sKi TM BLANOBIIAIOTH MAIOTh OJHAKOBY CKiHUYEHY Kilb-
KICTh JIHIHO-HE3aeKHUX PO3B’A3KiB, €KBIBAJEHTHI 0 HUX OTHOPITHI PiB-
manns @ = MKy ta 1) = ANK*)) Tex MaioTh 0JHAKOBY CKiHUeHY KilbKicTh
JIHITTHO HE3AJIEYKHUX PO3B’A3KiB. O

(Teopema 2.2.3.3 (Tpetsa Teopema ®Ppepronbma Ans HenepepeHNX saep) b
dximo inTerpanbhe piBuanasg Opearoabma I poay Mae po3B’sI30K He s
JIOBLJIBHOI'O BLIBHOIO 4jeHa f, TO JJisi iCHYBaHHSA PO3B’SI3KY iHTErpasib-
HOTO piBHsHHS B C (@) HeOOXiAHO 1 JoCTaTHRO, 100 BiIbHUI 4ieH f OyB
OPTOTOHAJBHUM BCIM PO3B’SI3KaM CIPSYKEHOTO OJIHOPIIHOTO PiBHSHHS.
Po3B’s130K He €auHuil i BUBHAYAETHCA 3 TOYHICTIO J0 JIHIAHOI 000JI0HKH,

HATATHYTOI Ha CUCTEMY BJacHUX pYHKIIH omeparopa K.
o J

osedenna. Hexait neonnopinne pisasaus @pearosbma 11 poay mae po3s’sa30k
He I Oy/Ib-SIKOTO BLILHOTO “wieHa f, TOMl eKBiBaJeHTHE PIBHSIHHA 3 BHPO-
JIZKEHUM $7IPOM Ma€ TaKy 2K BJIACTUBICTD, 1 38 TPETHOI0 TeopemMoio Dperosib-
Ma Juist Bupojzkenux snep D(A) = 0 (mias Bupomzkeroro sinpa Ty ). Po3s’s30k
IIbOT'O €KBiBaJIEHTHOT'O PIBHSIHHSI ICHY€E TOJ 1 TITIBKH TO/I KoK f OPTOrOHAIh-
HIW 710 PO3B’SI3KIB CIPSAZKEHOI0 OJHOPIIHOIO piBHAHHA. AJjte JIerko OaYuTH,
IO BiIbHUI YJIeH IIOYaTKOBOIO 1 €KBiBAJIEHTHOIO PIBHIHD CIIBIIAIAIOTH, TaK
CaMO CIIBIAJAIOTH PO3B’A3KH BUXIJIHOT'O CIIPSXKEHOI'0 OJHOPLIHOIO PIBHAHHS
Ta eKBIBAJIEHTHOTO. O]

3ayBakeHHs 2.2.3.1 — g moBedeHHsI TeOpeM s OYIb-aKOro di-
KCOBAHOI'O 3HAUeHHsI A BUOUpaJ/iocs &, Take modu [A| < 1/(eV).

{
Teopema 2.2.3.4 (Yersepta Teopema Opegronbma)

J71s1 6y 16-9KOTO K 3aBrojHo Beaukoro ducaa R > 0 B kpysi [A| < R se-
JKUTh JINIIE CKIHIeHa KiJIbKICTh XapaKTePUCTHYHUX YHCesT HellePepBHOTO

anpa K(xz,y).
\

I Bopasa 2.2.3.1. IloBenits uerBepTy Teopemy @pearosbma.



2.2.4 Hacaigku 3 Teopem ®pearoapma

Hacnigok 2.2.4.1

3 gerBeproi Teopemu PpearosibMa BUILIHBAE, 0 MHOXKHHA XapaKTepH-
CTUYHUX YHCeJT HeIIePEPBHOTO AApa He Ma€ CKIHIYEHNX TPAHNIHUX TOYOK

i He GlabII HIXK 37aiueHa lim |\,| = co.
n—oo

Bopasa 2.2.4.1. Jlosexith nei HaC/III0K.

-

-

Hacnigok 2.2.4.2

3 apyroi Teopemu @peprosbMa BUILIMBAE, MO KPATHICTH KOXKHOTO Xa-
PAKTEPUCTUIHOTO UNC/IA CKIHIEHA, IX MOXKHA 3aHYMEDPYBATH y TMOPSIKY
spocranig Moay B [A| < | Ao < ... < |Ag| < | Akaa| < ..., KOXKHE YECTO
3yCTPiYaeThCsd CTLIBKHA pa3iB, dKa HOro KpaTHICTh. TaKoK MOXKHaA 3aHY-
MepyBaTH MOCTITOBHICTS BaacHuX (yukmii sapa K (x,y): ©1, @2, - - -, Pk,

Pk+15 - - - 1 CIIPAZKEHOTO dJIpa K*(Qf,y)Z ¢17 ¢2> 0 0 og wk; ¢k+1; s

Bopasa 2.2.4.2. JloseniTh el HACIIOK.

Hacnigok 2.2.4.3

Burachi dyukrii Henepepsroro siapa K (z,y) menepepsri B obracti G.

Bopasa 2.2.4.3. JloBeniTs 1eii HACTITOK.

Hacnipok 2.2.4.4
Axmo A\, # Aj, 10 (¢k, ;) = 0.

BrpaBa 2.2.4.4. JloBediTh Iieit HACTITOK.




2.2.5 Teopemu Ppearosbma AJd iHTErpaJbHUX PIBHAHB 3 MOJSAP-

HUM ApPOM

Poznopcrogumo Teopemu PpearonbMa JIas iHTErpaJbHIX PIBHAHL 3 MOJIAP-

HUM AJPpOM:

A
K(z,y) = M, a < n. (2.2.50)
[z —yl*
[Tokazkemo 1o Ve > 0 icHye Take upojzkene sapo Py(z,y) mo,
e [ 1K(e.9) - Pyl dy <, (2.2.51)
zeG
G
e [ 1K°(0,) = Pio.g)|dy < = (2252)
zeG
G
Posrisinemo HemepepBHEe S1poO
K —y|l>1/M
Ly(z,y) = (=.9), v =yl 2 1/, (2.2.53)
A(I,y)Ma, |ZE—y| <]'/M
4 )
Teepa>xeHHs 2.2.5.1
ITpu pocraraho Benmnkomy M Mae Micie OIiHKa
[ 1K @)~ Lzl dy <= (2254
G
o J




Hosedenna. JliiicHo:

Az, y)

/IK(x,y)—LM(x,y)!dyz / 7=yl — Az, y)M*| dy =
G lx—y|<1/M
_ / Az, )] | ——— — M| dy <
|z —y|
lz—yl<1/M
1
< A / ~ M| dy <
|z —y|*
|lz—y|<1/M
d
< Ao / L __
|z =yl
lz—y|<1/M
1/M
— Ayo, / eredg =
0
n—al,
A()O'n 3
_ < -,
(n—a)Mn— = 2
(2.2.55)
Jie 0, — ILJIOIIA IMOBEPXHI OJIMHUYHOI chepu. ]
BaBxk/u MOxKHA MiiOpaTn BupozKene ssapo Py(z,y) Take 1mo
€
[Lar(,y) = Pr(a,y)l < o7 (2.2.56)
ne V. — ob’em obnacti G.
[ 1K) = Putwlay = [ 1K (.9) - Lute.o)+
G G
+ Ly (z,y) — Py(z,y)|dy <
< /IK(x,y) — Ly(z,y)| dy+
2 (2.2.57)

+/|LM<x,y>—PN<x,y>|dys
G

<€+ e d .
=y Toy | WEE
G



BukopucTaBim monepeHIo TeXHIKY (151 HelepepBHOrO spa) iHTerpaibHe
PIBHSHHS 3 IOJAPHUM SIPOM 3BOJIMTHCA O €KBiBaJEHTHOIO PIBHAHHS 3 BH-
pomkeHuM siapoM. TobTo Teopemu PpearoabpMa 3aIUNTIAIOTHCA BIDHEMHA JIJIsT
iHTerpaJbHUX PIBHAHD 3 TOJIPHUM SIPOM 3 THM 2Ke caMuM (hOpMyJIIOBaH-
HAM.

Teopemn @Ppenroabma 3aMUMAIOTHCA BIDHUME JIJIs iIHTEI'DAJILHAX PIBHAHD 3
MOJITPHUM SITPOM Ha 0OMeyKeHiit KyCKOBO-TIJIa/IKiil moBepxHi S Ta KouTypi C'!

Az, :
pl(w) = A/K(x,y)w(y) dy + (), ﬁ o < dim(S).  (2.2.58)
S
2.3 IuTerpaJibHi piBHAHHS 3 €PMITOBUM siIPOM

Posrsnaruvenmo sapo K (z,y) € C (G x G) rake mo K(z,y) = K*(z,y).

Buznadenns 2.3.0.1 (epmitoBoro siapa). Hemepepsre snpo 6yaemo Ha3uBa-
TU epMITMO8UM, SIKIIO BUKOHYETbCS

K(z,y) = K*(z,y). (2.3.1)

3ayBarkeHHs 2.3.0.1 — EpwmitoBomy sapy BiAmosinae epMiTOBHil ore-
parop Tooro K = K*.

/

Jlema 2.3.0.1
Jlns Toro, mo0 JriHiifiHMi onepaTop OyB epMiTOBUM, HEOOXiHO 1 jocTa-
THBO, O6 JJIsi AOBLIBHOT KOMILTEKCHO 3HaYHOI byHKIIl f € Lo (G) 6ii-
uiiina dpopma (K f, f) npuitvasra aumre miifcni 3HadeHHs.

I Bopasa 2.3.0.1. loBeniTs 1110 JieMmy.

Jlema 2.3.0.2

XapaKTepUCTUYHI YUCJIa ePMITOBOIO OllepaTopa JiHCHI.




Bopasa 2.3.0.2. JloBeniTh 1110 JIeMy.

Busznadenns 2.3.0.2 (KOMIakTHOI B pIBHOMIpHI# MeTpuii MHOXKUHU (DYyH-
kuiit). Muoxuna dbyukuiit M C C (é) — KOMNAKMHG 8 PIBHOMIPHIT, MEMPU-
U, IKIO 3 OyIb-AKO1 HEeCKiHIYeHHO! MHOXKUHYN (DYHKITH 3 M MOKHA BUIIIATH
PIBHOMIPHO 30i:KHY IIiATOCTITOBHICTD.

Busnauenns 2.3.0.3 (pisnomipno obmexkenol muoxkuan dbynkmiii). Heckin-
genna MuOKuHa M C C (G) — PIBHOMIPHO 0OMEICENHE, SIKITIO JIJIA OY/Ib-SIKOTO
enementa f € M wmae wicne || f[lo@) < a, e @ enuna koncranta s M.

Busznauenns 2.3.0.4 (omHOCTAHHO HeMepepBHOI MHOKWHU (DyHKIIIi ). MHuo-
xuna M C C (G) — odnocmatino nenepepena sikmo Ve > 036(e) : Vf €
MVzy, 29 2 |f(x1) — f(z2)] < € aK TiAbKE |21 — Z2] < d(€).

-

\
Teopema 2.3.0.1 (Apuena-Ackoni, KpuTepiii KOMNAKTHOCTI B PIBHOMIpHiii

MeTpuui)

Jlas toro, mob muoxunaa M C C (G) Oy/a KOMIAKTHOM, HEOOXiTHO i
JIOCTATHBO, 1100 BOHA Oy/1a PIBHOMIPHO-OOME’KEHOI0 i OJHOCTANWHO - He-
HePEPBHOI0 MHOXKIHOIO (DYHKITII.

J

3anaua 2.3.1*. Jlosenits Teopemy Apuesna-Ackoi.

Busznauenns 2.3.0.5 (miskom HemepepBHOro omepartopa). Hassemo omepa-
top K uiakom nenepepsrum 3 Lo(G) y C (G), AKIIO BIH LEPeBOaUThL oOMe-
xKery MHOXKUHY B Lo(G) y KommakTay MHOXKHHY B C' (G) (B piBHOMIpHIiT Me-
TPHIIi ).

{

-

Nlema 2.3.0.3 (npo uiKOM HENepepBHICTb IHTErpaNbHOITO OnepaTopa 3
HenepepBHUM s4pOM)

Inrerpanbuuii omeparop K 3 Henepepsanm sinpom K (x,y) € MJIKOM He-

nepepsuuit 3 Ly(G) y C (G).

Hosedenna. Hexait f € M C Ly(G) taVf € M: ||f|r.c) < A Ane

K Sflle@y < MVVIIfllae) < MVVA, (2.3.2)

9



TOOTO MHOYXKUHA (PYHKIIIH € PIBHOMIPHO 0OMEZKEHOIO.
[Tokazkemo 1o muoxkuna {K f(z)} — ogrocraiino HemepepBHa.

Anpo K € C (@ X @), a OTKe € PIBHOMIpHO HellepepBHUM, D0 HellepepBHe
Ha KOMIAKTi, TOOTO

Ve>036>0:Ve, 2" €eG: |2 —2"| <§ = |[(Kf)(2) — (Kf)(2")| <e.
(2.3.3)
iiicuo,

G

(K f)(a) — / dy — / K2 9)f(y) dy| <
G
|

/ (15 (2 y) = K@)l - [f(y))) dy <
G

;ﬁ 1@ <

(2.3.4)
OcTanHS HEPIBHICTH BUKOHYETHCS 71 JIOBLIBHOI (DYHKINT [ TOOTO MHOXKHHA
{Kf(z)} onnocraiino HemepepBHa. O

10



Ilpukman 2.3.0.1

SHalTH XapaKTEepUCTUYHI YHCIa Ta BAACHI (pyHKIIT iIHTErpaabHOrO OIe-

paTopa

o(z) = A/l ((%)2/5 + (%)2/5) o(t) dt.

Po3ss’azox. Po3aiauMo s1po HACTYITHUM YHHOM:

1

1
o(x) = )\x2/5/t2/5<p(t) dt + )\x2/5/t2/5<p(t) dt.
0 0

[ozraunmo
1 1

o1 = / t2Pp(t)dt, o = / t*5p(t) dt,
0 0

TO1
() = Aerz®® + Aepz™ /5.

[incrasasioun ¢ wazamny ¢; maemo CJIAP

(

1
¢ = /t_2/5()\clt2/5 + Aot dt,

0
1
_ 2/5 2/5 —2/5
Co = t ()\Clt + )\Czt ) dt.
0

\

Inrerpyroun 3HaX0IUMO

(I =X)ep —DdAea =0,
5\

—561 + (1 — )\)CQ =0.
Busnaunuk miei CJTAP
1—A —5A 25)\2
D et —= 1 J— 2 — =
N O

11



TOOTO BJIACHI YHUCIA

3 cucremu OFHOPIAHUX PiBHSHBL Tpu A = A\; = 3/8 maemo ¢; = 3¢y. Tomi
MAa€EMO BJIACHY (DYHKILiO

o1 (z) = 32/ 4 2725,
[Ipu A = Ay = —3/2 maemo ¢; = —3cy. Maemo apyry Biaacuy GyHKILO

©o(z) = —322/° + 275,

Ilpukman 2.3.0.2

BHaiiTu Po3B’sI30K iHTErpAJHLHOTO DPIBHAHHS MPHU BCIX 3HAYEHHSX TTapa-
MeTpiB A, a, b, c:

gp(x):)\/(%—irW)w(y)dy—l—a:f—l—bvac.

Pose’azox. 3anuriemMo piBHAHHS Y BHTISIL:

1

p(z) =A{‘/E/sO(y)derA/(i’/@s@(y))dy+ax2+bx+c.

-1
Beenemo noznavenns:

1

& = / . o= [ Few)d

1
Ta 3AIUNIEMO PO3B’A30K Y BUIJISII:
©(x) = A\Wwer + Aey + ax® + br + ¢

Jlna Busnadenns konctant orpumaemo CJIAP:

2
1 — 2)\cy = Ea + 2c¢,
6 n 6b
——cC+ = —.
5 07T 0

12



Busnaynuk cucreMu JOPiBHIOE

1 —=2X 1222
_6A 1 =1- 5 :

Hexait A # A, A # Ag. Toai pose’s130Kk icHye Ta €auHuii st 6y/1ib-sIKOro
BIILHOT'O YJI€HA i Ma€ BUTJISA,

<x> B 5/\(14a + 30Ab + 420) \3/5 L 28 a + 84X ¢ + 30b ag+br+ e
Hexaii
1 5
A=)\ == -4/=.
T2 V3

5 5 60
cr—A\/zC2=—\/5—=.

3 37

Panru posmuperoi i 0CHOBHOT MaTPHIIl CITIBIAIATUMYTh SIKIIIO Ma€ MicIle piB-

HICTDH
2a 5 6
9= 42 . 2.
3+c \/;717 (%)

[Ipu BUKOHAHHI Ii€T YMOBU PO3B’S30K ICHYE

5 2a
Co = Co, cCl = §CQ+§+2C.

Takum 4uHOM PO3B’430K MOYXKHA 3aIIUCATH
\/_ cg+—+2 + 5/ g Tax + bz + .

X=X ==-4/2
179 Vs

ko
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a yMOBa () He BUKOHYEThCSI, TO PO3B’SI3KIB HE iCHYE.
Hexaii
1 /5

A==y

[licsia migcTaHOBKM 1IbOro 3HaveHHs orpuMmaemo CJIAP

\/g 2a
c1 + —Cy = — + 20
c + \/jCQ \/;

Ocranng cucremMa Ma€ pO3B’I30K PU YMOBI

2 5 6
§a+2c:\/;-§-b, (%)

[Ipu BUKOHAHHI YMOBHU (%), PO3B’SI30K iCHY€E

5 2a
Cy = Cg, C1 = — §C2+?+2C.

Po3B’s130K iHTErpaibHOr0 PiBHIHHS MOYKHA, 3aIIUCATH:

1 /5
\/7\/_< \/702+?+2)+§\/202+ax2+bx+c.

14
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