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ITPEANCIIOBUAE K TPETBEMY N3 AHWUIO

Tperne uznanuve cOOPHUKA 330aY 110 YPABHEHUSIM MATEMATUIECKON (u-
3UKM He OTnu4aeTcs oT BToporo (1982 r.) mo comepxanuto. ABTOpPHI IUIlb
WCHOPABWIIN OTHOEIIEHBIE HETOYHOCTY B QOPMYIIMPOBKAX 33039 M yCTPAHUIINA
OII€YaTKN.

Bo Bropom m3marvm 6buto mobasieHo HEGOIBIIOE YUCIO 33ama4 (B OC-
uoBHOM B riaBy 1II) x mepsomy msmanuio cGopuuka (1974 r.).

AsTopwl BripaxawoT ray6oKyH 6IaroqapHOCTb KOJIEKTUBY Kadenpsl
BBICHIEN MATEMATUKN MOCKOBCKOFO q)HBHKO-TeXHI/IquKOFO MHCTUTYTa 34
KOHCTPDYKTUBHYIO KPDUTUKY, 3a NPEOJIOKECHUA U 3aME€YaHU, KOTOPBIE CIIO-
CcOOCTBOBAIIN YJIydYINEHWIO COODHUKA U MO3BOJIMIN YCTPAHUTH HETOYHOC-
Tu m omubKum B OTBeTax. B mepByro ouepens, aBTOPHI MPU3HATEILHBI
T.®. Bonkosy, }0.H. Ipoxxwuunosy, A.Jl. Kyracosy, B.B. Jlunckomy,
A. ®. Hukudoposy, B. . Yexmosy.

Ausaps 2001 r. Aemopb



N3 IMIPEANCIIOBUS K ITEPBOMY N3 AHUIO

IMupokoe TPOHWKHOBEHUE COBPEMEHHBIX MATEMATUUYECKAX METOINOB B
TEOPETUYECKYI0 U MaTeMaTH4ecKylo (Gui3mky moTpebOBaJIO NEPECMOTPA
TPAOUIMOHHOTO KypCa «Y DABHEHUS MATEMaTUYECKOU (GU3ukus». JTO B
NEPBYIO OYepenb OTHOCUTCS K TAaKOMYy GYHIAMEHTAJIBHOMY MIOHSITHUIO, KaK
peleHne Kpaesoit 3amaun MaTeMaTudeckon ¢pusuku. Konnenmus 060011eH-
HOTO peUIeHUs 3HAYUTEJIBbHO PACIIUpseT KPYTI PAacCMaTpPUBAEMBIX 3a1ad,
NIO3BOJISIET U3YYaTh C €NMHON TOYKM 3peHUs Hauboilee NHTEPECHBIE 3a1a-
4y, HE TOMNAIOIINECS PEIIeHNIO Kiaccrnueckumu merogamu. C 5Tol Henbo
Ha kadenpe BoICHIEH MaTeMaTuku MOCKOBCKOTO (DU3UKO-TEXHUUYECKOTO
NHCTUTYTAa 6bIJ'II/I CO30aHBI HOBBIE KYDCHI: ((ypa,BHeHI/ISI MaTEeMaTUIECKON
dusukms> B. C. Bnanumuposa n «YpaBHEHUS B 4aCTHBIX MPOU3BOMHBIX®
B. II. Muxainosa.

Hacrosumit «COOpHUK 3amad 1O ypPABHEHUSM MATEMaTUIECKON
(leISIlIKIlI)) OCHOBAH Ha 3TUX KypCaX M CYIIECTBEHHO OOIIOJIHAET WX. HO—
MUMO KJIACCUYECKNX KPAEBBIX 3a4a4 B COOPHUK BKIIIOUEHO OOJIBINIOE UKCIIO
KPAEBBIX 33144, UMEIOIINX TOJBLKO 06001enHbie pemennsi. VccmenoBanme
TaKUX 3aa4 TpeOyeT NMPUBJIECUYEHUS METOIOB U Pe3yIbTAaTOB U3 Pa3INd-
HBIX OOJIACTEl COBPEMEHHOTrO aHaiu3a. [losToMy B COOPHUK BKITIOUEHBI
330a4Yd [0 TEOpUM WHTerpupoBaHus 1o Jlebery, mo QyHKIMOHAILHBIM
MPOCTPAHCTBAM, B OCOOEHHOCTH MPOCTPaHCTBaM 00001enHo nuddepen-
uupyeMbix QyHKINHA, 10 0000IIeHHBIM QYHKIINSIM, BKIIIOYas Ipeodpa3oBa-
Hus Oypee u Jlannaca, 1 M0 UHTETPAITLHEIM YPABHEHUSIM.

OTOT COOPHUK pACCUMTAH HA CTYIOEHTOB BY30B MaTEMaTUKOB,
(PUINKOB U MHXKEHEPOB C MOBBIMIEHHON MATEMATUIECKON OATOTOBKOM.

1974 r. Asmopul



OCHOBHBIE OBO3HAYEHNA 1 OIIPENEJIEHUA

1.z = (z1,22,..,%0), ¥ = (Y1,Y2,--1Yn) TOYKH 7-MEPHOTO
BEIIECTBEHHOTO €BKIIMA0BA TpocTpancTa R™.

2. dz = dx,dz,...dz,,
/f dr—/f(ml,.rg, ..... ) dzy...dz,

3. a=(a1,as,...,an) — mynbrumHnekc (a; > 0 nensie);
al = alay! . ayl = a x5 o

4. (z,y) = 1Y) + ToyYs + ... + TnYn;

=/(z,z) = \/’E%-"-’E%-i- + 22.

5. U(zo; R) ={x: |z — 29| <R}  OTKDPBLITHIA IIAP C UEHTPOM B TOU-
ke T pamuyca R; S(zo; R) = {z : |z — x0| = R} — cdepa Ugr = U(0; R),
Sr =S(0,R).

6. Muoxecteo A Oynmem HaA3BIBATH CMPO20 JaAeHcaujuMm B 00JIaCTH
G C R" w mucats A € G, ecnin A orpanmueno u A C G.

7. ®yukuus f(r) HA3BIBAETCS A0KAALHO UHME2PUPYEeMmOT B 0OnacTu G,
ecnm oHa abGCOMIOTHO MHTErpupyeMa mo kaxknou momobmactu G € G.
DyHKIUM, JJOKAIBHO MHTErpupyeMbie B R, OymeM HA3LIBATH 40KAALHO
unmePUPYembimy, QyHKIUSIMI.

a . 3 f(z1, ma,.. ., )

8 D"f(z) = 0x710x52. . .0z

9. CP(G@) xmnacc dyHKuuil f, HENIPEPBIBHLIX BMECTE C IPOU3BOAHBIMA
Def, la] <p (0 < p< ), B obnactu G C R". ®yukuun f € CP(G),
y KOTOpBIX Bce mpomssomusie D®f, |a| < p, momyckaroT HempephIBHOE
nponoskenne Ha 3ameikanne G, 06pa3y10T knace CP(Q); C(G) = C°(G),
C(G) = C%@G); dyuxmmu f € CP(G) npn Beex p obpasyior knace C®(G).

10. PaBHOMepHas cxoouMOCTh nocnenoBarensrocTu Gyukumit {f}
¢yukuuu f Ha MuoxectBe A 0603HAUAETCS

fel@) 52 f@), k— o

11. AU B — o6wenurenne mHOxectB A m B; A N B — nepeceue-
uune Au B; Ax B upsamoe npoussenenue A u B (MuoxecTBo nap (a, b)
(a € A, be B)); A\B — nononuenue B no A.
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12. Hocumesem HenpepbiBHON GyHKunu f () HA3BIBAETCA 3aMBIKAHUE
MHOXECTBa Tex Touek L, B koTopeix f(z) # 0. Hocurens dynkuum f
obosnauaercs supp f. Ecim msmepumas ma obnactu G dyskums f(x) o6-
pamaercsa B Hyab noutu Bcoony B G/G', rne G' € G, 1o f HaswiBaeTcs
dunumnot 6 G dyukuueir; pyukius, Guautaas B R", HasbiBaeTcs @du-
HUMHOU. ) ) ) )

13. A= 8 8 2-|- -I-a— oneparop Jlammaca; O, = 9 —a’A

8 ox? ot?
) 9
BOJHOBOU omepaTop; O; = 0; — —a“/A  omepaTop TEmIOnPOBOTHOCTH.

14. Tt = {z,t : at > |z|} — xonyc Gymyiuero.

15. ®(¢) = \/% e 24z
C.e=" /(=2 lz] <e, . 1
16. w.(z) = rme C. = ¢ ", = =
0, |z| > €, >

1
= /eil/(lfzz)dm; W,  AOpO YCPeOHEHMS, IIamouKas.
0
17. C — mI0cKoCTh KOMILIEKCHOTO TIEPEMEHHOTO.

1, x>0,

18. 6(z) — dpyuxuus Xesucaina: 6(z) = y
0, z<0.

2m/?
19. o, = / ds T(n/2) IUIOIIANE TIOBEPXHOCTU €NVMHWIHON cde-
n
S
per S; B R™.

20. B C?(G) BBenena mHopma
1Ml = 35 max| D f(o)].
lal<p *

21. CoBokymuocTh (u3Mepumbix) Gyukuuin f(z), nas koroperx |f|P
naTerpupyema Ha G, o6osHauaercs uepes L,(G). Hopma B L,(G) BBO-

OUTCA TAK:
/p

1l = [/ paa] " 1<p<ns

IfllLwc) = viai sup |f(z)],  p=oc.

B L(G) BBODUTCS CKAISIPHOE IIPOU3BENCHIE
9)= [fgde,  fg€Ly(0).

22. Ilycrts p(z) HENPEPBIBHAS MOJOXUTEIbHAS QyHKINsS B 0bmac-
tu G. CoBoKynmHOCTSE (M3MepumbIx) Gyrkuuit f(), mis KOTOpbIX QyHKIIS
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p(z)| f(z)* unTerpupyema na G, o6osnaunm uepes Lo ,(G); L ,(G)
ruab6epTOBO TPOCTPAHCTBO CO CKAISPHBEIM IPOM3BEICHIEM

(f,9)r.,(G) = /pfgd.r.
a

23. Hunuunprueckne QyHKIWMM:
a) ¢yskuum Beccens

_y (-1)* A .
J”('T)_Zf(k+u+1)l“(k+1) (5) o TS T

6) dynkuum Heiimana

N, (z) = o [Jo(z) cosmv — J_,(z)], v #n,
No) = 1|2l 2]y

B) Gyukuuyu XaHKens
H(z) = J,(x) +iN,(z),  H(z) = J,(z) —iN,(2);
r) (QYHKOUA MHEMOTO ApryMeHTa

L(z) = e ™2 ] (i), K,(z) = %’ e™i2H D ().



I'masa I

IIOCTAHOBKU KPAEBBIX 3AIIAY
MATEMATUYECKOU ®OU3UKN

§1. BreiBom ypaBHEHU UM MOCTAHOBKU KPAEBBIX 3a1ad

YCHoBUMCS B CITIEAYIOLIMX 0003HAUEHUSIX:

p(z) = p — mwiorHOCTSH (NIMHENHAS, NOBEPXHOCTHAS, 00BEMHAS);

Ty — HATSXKEHUE CTPYHBI, MEMOPAHHI;

E — wvonyns FOura;

k  x03pduumeHT yOpyrocTu yrupyroro 3aKpersieHnsl KOHIIOB CTPYHEI,
CTEPXKHS WIN Kpas MeMODPaHBI;

S — mIoIank MONEPEYHOrO CEYEHUsI CTEPKHSI, BAJIA U T.1.;

¥ = ¢p /€y — TOKA3ATENb ANNAOATHL;

P, Po — LABIIEHUE Ta34a, KUIKOCTH;

m,mg  Macca;

g  YCKODEHUE CUJIIBI TSXKECTU;

W  YIIOBasi CKOPOCTH;

k,k(z),k(z,u)  xo3hOUUMEHT BHYTpPEHHEN TElIIONPOBOAHOCTH;

a KO(hPUIVEHT BHEIIHEN TEeIIONPOBONHOCTH (KO3h(UIMEHT Ter-
s006MeHa);

D ko3 putimenT nuddys3uu.

IIprBenemM HECKOIBKO IPUMEPOB HA COCTABIICHUE YPABHEHUN.

Ilpumep 1. 3amauum 0 momepedHBX KOoJjJebOaHUAX
ctpyHsl. Crpyna mnusoit | HATsSHYTA C cuion Ty ¥ HAXOOUTCS B NPS-
MOJIMHEHOM TIOJIOXKEHUU paBHOBecusi. B MomenT Bpemenu ¢ = () Toukam
CTPYHBI COOOIIAI0TCS HAYAIbHBIE OTKIIOHEHUsI 1 ckopocTu. [locTaBuTs 3a-
a4y [JIst OIPENENICHIST MAJIBIX [TONEPEYHBIX KOIeOAHU TOYKY CTPYHBI IPU
t > 0, ecu KOHIBI CTPYHBI:

a) 3aKPEIJIEHbI KECTKO;

6) cBOGOIHBI, T.€. MOTYT CBOGOIHO MEPEMEIIATHCS TI0 IPSMbIM, TTAPAII-
JIEIIBHBIM HAIIPABIIEHUIO OTKIIOHEHUS U]

B) 3aKPEIIEHBl YIPYTO, T. €. KAXKABIA KOHEIl UCIBITHIBAET CO CTOPOHBL
34EIIKYN CONPOTUBIIEHNE, TTPONOPUNOHAIIBHOE OTKIIOHEHUIO I HAIPABIIEH-
HOE TIPOTUBOIOJIOXKHO EMY;

r') OBUTAIOTCS B TIONEPEYHOM HANPABIICHNN MO 330AHHBIM 3aKOHAM.

ConpoTuBieHneM Cpenbl 1 OENCTBUEM CHITBI TSRKECTH peHebpedsb.
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Pemenne. IlycTe ock = cOBIAanaeT ¢ HapaBIeHUEM CTPYHHI B IIO-
JoxkeHrn paHOBecus. llom cTPyHO! NOHMMAETCSI TOHKAsi HUTH, KOTOPAs
HE CONPOTUBISETCS U3ruby, He CBSI3AHHOMY € M3MEHEHUEM €€ IJIMHBL. JTO
3HAUUT, UTO €CIIU MBICIIEHHO pa3pe3aTh CTPYHY B TOUKE I, TO OeWCTBUE
OIHOTO y4JaCTKa CTPYHBI Ha Apyrou (cuma maTsxenus T') Gyner Hampas-
JIEHO TI0 KACATeIBbHOR K CTpyHe B Touke z. Ilns BEIBOmA ypaBHEHHUS KOJle-
GaHMIl BBIIEIUM yYaCTOK CTPYHBI OT & 1O Z + AZ M CHPOEKTUPYEM BCE
INEACTBYIOIIME HA 3TOT yYACTOK CUNBI (BKIHOUAS U CUIBI MHEPIUK) HA OCH
xoopauuar. Cornacuo npunnuny HanamGepa cymMMma IpPOEKIUHA BCEX CHII
IOJXKHA PABHITHCS HyJI0. MBI n3ydaem TOJBKO MONEPEYHBIE KOJIEOAHMS.
IToaToMy MOXHO CUNTATE BHEIIIHNE CHAIIBI U CUJIY MHEPIUY HANPABJIEHHBI-
My Bmoib ocu u. llprMeM BO BHUMAHWME TaKXKe, YTO PACCMATPUBAIOTCS
MaJible KoeOaHus CTPYHBL. OTO 3HAYNT, UYTO B IPOIECCE BLIBOA YPABHE-
HUusi MbI Oynem npeHeGperaTb KBaOPATAMU BEIWYUHBL U, (L, t). Houaa S
nyru AB BBIPaXaeTCsl UHTErPAJIOM

z+Azx

S = 1+u2dr = Az,
[ Vita

x
OTO 3HAYUT, YTO YIJIWHEHUs yYACTKOB CTPYHBI B TIpOIEcce KoJeOaHwms
HE TIPOUCXOMUT U, CIENOBATENBHO, TIO0 3aKOHY ['yKa BETMYMHA HATSXKEHUS
To = |T| ue 3aBucutr Hu or BpeMeHnu, Hu or z. Hallmem mpoekuumu BCcex

u
T(z+Ax)
B
erty L
T(z)
Puc. 1

CWJI B MOMEHT BPEMEHU ¢ Ha OCH U. [IPOEKIUs CUJIHI HATAXEHUS ¢ TOYHOC-
TBIO 10 6eCKOHEYHO Masbix (6. M.) mepBOTO MOpsaka pasHa (puc. 1):

. o _ tg a(z+Az)  tg a(z) _
To[sin a(z+Ax)—sina(z)] = Ty [\/1+tg2a(z+Az) irietal)
-1 | s ] = Bl s (e =

>~ Tougq (2, 1) Ax.

Ilycts p(z,t)  HenmpepbIBHAS MTWHENHHAS MIIOTHOCTH BHEIITHMX cuil. Torma
Ha yuacTok AB Bhoms ocu u meiictByer cuna p(z,t) Az. Hus maxoxme-
HUS CUIIB MHEPIAN yIacTKa AB BOCIONb3yeMCs BEIDAXKEHUEM —Miilst, TIE
m — macca ydactka. Ecim p(z) — HenpepbiBHAS JWHENHAsS IIOTHOCTH
crpyssbl, 0 m = pAzx. Takum 06pa3oM, TpOEKIUs HA OCh U CUJIbI MHEPLIAL
3a[IAETCS BEIDAXKEHUEM — pU+ AT, 4 TPOEKIHS BCEX CHIT HA OCh U IMEET BUT
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[Tovzs + p(z,t) — p(z) upe] Az = 0. (1)
CnenoBarensHO,
Totge — p(x) ugt + p(z,t) = 0.
OTO U ecTh ypasnenue 6binYNCOEHHBIT Koaebanut cmpynvl. Bcmm p =
= const, TO ypaBHEHUE TPUHIMACT BUI
Ut = a2 Ugy + g(2,1),

roe a2 = Ty/p, g(z,t) = p(z,t)/p. Kpome Toro, bdyskmms u(z,t) ymos-
JETBOPSIET HAYAIBHBIM YCJIOBUSIM Ult—g = (), Ut|t=0 = ¥ (z), roe (),
() — 3anmansBe QyHKIWN.

BrBon kxpaeBBX yCnoBH®IA

a) Ecau KOHIBI CTPYHBL KECTKO 3aKPEILIeHBL, TO U|,—0 =0, u|,—; = 0.

6) B cimyuae cBOGOMHBIX KOHIIOB 71 TIOJydeHUs: ycioBus npu z = 0
CIPOEKTUPYEM Ha OCh U CWJIBI, HeicTByomme Ha ydactok KM (puc. 2).

0y

TO) K

-4

T(Ax)

Puc. 2

Tak xak HaTsKeHUE B TOuke £ = () OENCTBYET AL TAPAIIIEIILHO OCH I,
TO MpoeKImsl CvJI HATsDKeHus Ha yaactok K M pasna Tou,(Az,t). Ipo-
exnust BHemHen cunsl pasHa p(0,t) Az, a IPOEKIUs CUIIBI UHEPIIUY DABHA
—pu(0,t) Az. llpupaBHUBas HyI0 UX CyMMYy, HOJLYIUM

Toug (Az,t) + p(0,t) Az — pug(0,t) Az = 0. (2)

Yerpemum Az x mymo. Torma BemencTsue HEMPEPHIBHOCTH U OTPAHUYEH-
HOCTU BXOLSIINX (QYHKIMUN MOJLYIUM YCIOBUE Uy|,—¢ = 0. Anasormuno
HOJIy9aeTCsl YCIOBUE HA MIPABOM KOHIE Uy |z—; = 0.

B) HeficTBUE ynpyrux Cuil 3a[€JKA HA JIEBOM KOHIE NAETCS BhIPAXKE-
uueMm —ku(0,t). [IpupaBHUBAEM B 5TOM CIly4ae IPOEKIUIO BCEX CUIT, NENCT-
Bylommx Ha yuactok K M, na ock u mymio. K sesoit wactu ypasaenus (2)
nobasurcs wied —ku(0,t). Torna umeem

Toug(Az,t) — ku(0,t) + p(0,t) Az — pug(0,8) Az = 0,

a mpu Az — 0 nmonyuaem
(g — hu)|z=0 = 0, h=k/Ty.

Ha npasom xoune (puc. 3) mpoeknms BCEX CUIl UMEET BUI
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T(l—Az)
(1)
0 - Az 1 T
Puc.3

—Tou, (I — Az, t) — ku(l,t) + p(l,t) Az — pun(l,t) Az = 0,
OCKOIIBLKY
sina(l — Az) = uy|p—1—Ag-
IIpu Az — 0 nonyunm (u, + hu)|,—; = 0.

1) uls=0 = p1(t), ula=1 = po(t), roe dynkumn pq(t), p2(t) onpenens-
10T 3aKkoH nBmkenus KoHIOB (u1(0) = ¢(0), u2(0) = ¢(1)).

Ilpumep 2. 3amauum 0 konebaHuUU CTEepXKHA Yupy-
TUH TPSMOJIMHEAHBIN CTEPXKEHb IJINHOW | BBIBEOEH M3 COCTOSIHUS TTOKOSI
TeM, UTO €ro IOMEPEYHBEIM CedeHUsIM B MOMeHT ¢t = ( COOOIIeHBI MaJjble
[IPONOJIBHBIE CMEIeHnsI 1 CKOpocTu. lIpenmonaras, 9To BO BPEMSI [BIXKe-
HUS IONEPEYHLIE CeYUEHUSI OCTAIOTCS MAPAJIIIEIbHBIMYU IJIIOCKOCTHY, TIEPIIEH-
OVIKYJISIPHOW K OCH CTEDXKHSI, IIOCTABUTD 33034y IJIsl ONPENEIIEHNST MAJIBIX
NIPOOOIIBHLIX KOosebaHuil cTepxkHs npu ¢ > 0. PaccmoTpeTs ciaygan, korna
KOHIIBI CTEPIKHS:

a) 3aKPEIJIEHBI KECTKO;

6) OBUrAIOTCS B MPONOIHHOM HAIPABICHUN II0 3aJaHHBIM 3aKOHAM;

B) CBOOGOIHET;

I') 3aKPEIJIeHBI YIPYTO, T.€. KAXKIBIA U3 KOHIOB UCILITHIBAET CO CTO-
POHEI 3a[€JIK/ IPONOJIBHYIO CUIIy, MPOMNOPIMOHAIBHYIO CMEIIEHNI0 U Ha-
NIPABJIEHHYIO TPOTUBOMOJIOXKHO CMEIIEHTIO.

Pemenwne. Ilycts och 2 coBnanaeT ¢ HATPABIEHUEM OCH CTEPXKHS

(puc.4) u oycTsb KOOpPAMHATA CEYEHUS pg, KOTOA OHO HAXOOUTCS B
p D1
0 T r+Ax l T
q q1
Puc. 4

II0KOE€. MBI HByqaeM MaJible TPOOOJIEHBIC KOHeﬁaHHﬂ CTEPXHA. BTO 3Ha-
YUT, YTO BHEIIHUE CUJIBI U CUIILI MHEPIUY MOXHO CYUTAThH HAIPABIEHHbI-
MU BIOk ocu crepxus. O6o3Haunm uepes u(z, t) CMEIenne 3Toro CeueHmst
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B MOMEHT #; TOTAa B PAMKAX HAIIETO MPEMJIOKEHNS CMEIECHNE CEYeHU B
Touke £ + Az OGymer

u(z + Az, t) = u(z, t) + ug(z,t) Az.

ITo3TOMYy OTHOCUTENbHOE YVAJUHEHNE CTEPXKHS B CEUCHUM T OyOET paB-
HO Uy (z,t). Ilo sakomy ['yka HaTsKeHme B 5TOM CEUYEHUM DPABHO
T = ESu,(z,t), cne S mmomans mOnepedHoro cevenus, £ Momyis
YIOPYTOCTU MATEPUAIIA CTEPXKHSI. Y PaBHEHUE KOJIEOAHUIA CTEPKHS TOILy-
UMM, €CJIM TIPUPABHIEM HYII0 CYMMY BCEX CHJI, BKITIOUAs CUITBl MHEDINH,
IefCTBYIOIINE Ha yIaCTOK Pg, P1q1. PaBHONEHCTBYIOMIAsS CUJI HATAXKEHU S
paBHa

T(z+Az)—T(z) = ES[u,(z+ Az,t) —u,(z,t)] = ESu,,(z,t) Az.

Ilycrs p(z,t) — oO6beMHAsS WIOTHOCTH BHENIHMX CWil. lorma Ha ydac-
TOK pg, p1g1 HmeficTByer BHewmwHsa cuna Sp(z,t) Az um cuna uHEpUUN
—p(x) Sug(z,t) Az. Cymma Bcex cmt no npuammny HamamGepa pasHa Hy-
0, T. €.
[ESuy.(z,t) + p(z,t) S — p(z) Su(z,t)] Az = 0. (1)
Orciona
p(JZ) utt(xat) = Euzz(xat) +p($7t); (2)

Kpome Toro, u(z,t) yooBIeTBOPSET HAYAIBLHBIM YCIOBUIM Ult—g = ¢(T)
Ut|t=0 = Y(z), roe p(z),¥(z) — 3ananabie dynkuuu. Ecau p(z) = p
= const (OMHOPOMHEIA CTEPXKEHB), TO yPABHEHNE TIPUHAMAET BUIL

2
Ut = A Ugq + g(2, 1),
roe

a®=E[p,  g(z,t) = p(=,1)/p. 3)

BoBono KpaeBLIX yCIOBIHIL

a) B ciyuae XeCTKOro 3aKpersieHns] OTKIIOHEHUST KOHIIOB HE TIPOMCXO-
IUT, U, CJIENOBATENLHO, U|,—0 = u|,—; = 0.

6) uly—o = 11 (£), ulos = palt), rze pir (1), pn(t)  oysmcumms, ompese-
asrorme 3akon nemxkenus koHIOB (p1(0) = ¢(0), u2(0) = ¢(1)).

B) B ciiyuae CBOGONHBIX KOHIIOB COCTaBisgeM OAJaHC AEHCTBYOLIAX
cmt 1u1st 06oux KOHNOB. Ha J1leBoM KOHILIe paBHONENRCTBYIOIIAs yIPYyTUX CUAJ
natsoxerust pasua T (Az) = ESu,(Az,t), saemnssa cuna Sp(0,t) Az n
cwra wreprun —pSug (0, 1) Az. Cymma Bcex Cuit, NeACTBYOIIMX HA, BbIIE-
JIEHHBIN 3JIeMEHT, paBHa Hymo. OTcoona

Esuw(Axat) +p(07t) SAz — psutt(oat) Az = 07 (4)

u npu Az — 0 mony4daem u,|,—o = 0. AHATIOTUYHO paccyXaas, Ha IPABOM
KOHIIE TIOJIy4aeM YCIIOBUE Uy |z—; = 0.

r) B mesoit wactu ypasrenus (4) nobasurcs cuna —ku(0,t). ¥ moce
nepexona K npeneiy npu Az — 0 nogyunm
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ESu,(0,t) — ku(0,t) =0 wunu (uy — hu)|g—o =0, rme h=Ek/(ES).
Ha mpaBom xomn1ie

—T(l — Az) = —ESu,(l — Az, t),
Sp(l,t) Az — sremuss cuna, —p(x) Sug(l, t) Az — cuna mrepunun. Torma
nvmeeM —ESu, (I — Az, t) — ku(l,t) + Sp(l,t) Az — ug (1, 1) Sp(x) Az = 0,
u npu Az — (0 nonydaem BTOpoe rpanudHoe yciosue (u, + hu)|,—; = 0.

Ilpumep 3. 3anmauva o konmebaunuu MmeMmOpaHbl. Memb-
PAHO! Ha3BbIBAETCS HATSAHYTAs IJEHKA, KOTOPas CONPOTUBIISAETCS PACTsI-
XKEHUIO U He CONpOTuBiseTcs u3ruly. PaboTa BHEIIHEN CUIILI, BEI3BLIBAO-
L1ell U3MEeHeHre IJIOMIA A HEKOTOPOrO Y4aCTKa, TPONOPINOHAIBHA YTOMY
u3MeHeHU0. 1lomoxuTenbHbI K03GGOUINEHT NTPONOPUUOHAILHOCTY 1’ He
3aBUCUT HU OT GOPMBI 3TOTO yYACTKA, HU OT ero nosoxenus. OH Ha3bl-
BAETCS HAMIHCEHUEM MEMOPAHDBL.

BriBemem ypaBHeHUe paBHOBecHs MEMODAHEL, IPEANOJATasi, YTO B Ha-
YaJIbHBII MOMEHT BPEMEHU B IOJIOXKEHUM PABHOBeCUsI MeMOpaHA COBIA-
nana ¢ obmacteio G mnockocTu (I1,%s), OTPAHMYEHHON HEKOTOPOU MO
cTaTo4HO ryankoir kpusoi L. Pabora BHyTpeHHUX CHil yOPyrocTu pas-
Ha N0 abCONIOTHON BennuuHe pab0Te BHENTHUX CUJI U IIPOTUBONIOJIOXHA
et mo 3Haky. IlycTtes f(Z) — MIOTHOCTH CUMBI B TOUYKE I, NEMCTBYIOIIEN
NEPIIEHIUKYJISIPHO K TNIOCKOCTH (%1, Z2). [lom meficTBueM BHEIIHENH CvItbl
MeMOpaHa IepelneT B HOBOE IOJIOXKEHUE, KOTOPOEe ONUCHIBAETCS ypaBHE-
muem 4 = u(z). Bymem cumrars, uTO0 MEMOpaHA HE CUIIBHO WM30THYTA,
TaK UTO B pacCyXkneHusx OyneMm mpeHeOperaThb dUleHAMU uil,qziQ. Kpo-
Me TOro, OyZieM CUmTaTh, YTO TOUYKM MEMOPAHBI MION NEWCTBUEM BHEITHEN
CUIIBL TIEPEMEIIIAIOTCS TOJBKO 10 MEPIEeHANKYIIAPAM K IIOCKOCTH (1, T2),
U, CJIENOBATENBHO, KOOPAWHATHL (%1, L2) NMPOU3BOIIBHON TOYKM MEMODAHBI
IIPU 3TOM HE MEHSIOTCA.

Pabora BHemHel cuiibl, BEI3BABIIEN epEMeEIeHre MEMODAHBI U3 TIEP-
BOHaUAITLHOTO nostoxkenust (4 = 0, € () B TONOXEHNE, 38 1ABAEMOE YPAB-
uenueMm u = u(z), z € G, paBHa

/ f(@)u(z) de.
G

WN3menenve nmommanyu MeMOPAHBI IPU 3TOM IEPEMEIEHUN PABHO

/(,/1+u§1+u§2—1)d:v7
G

a paboTa BHYTPEHHUX CUJI yIPYTOCTH PABHA

—T/ [Ml%—u?ﬂ +u2, —1} dm%—gf(uilﬁ—ui)dx.
G G

CanenoBarenbHO, Cymma BCex paboT paBHA
T
A(u) = / [75 (w2, +ul) + fu} dz. (1)
G
Bapuanus ¢ysxumonana (1) Beipaxaercs ¢hopmynoit
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0A(u) = / [~ T (g, Oty + UgyOug,) + fou] da.
G
CornacHo IPUHONITY BO3MOXKHBIX TIEPEMEIIEHNIT B TIOJIOKEHIN DABHOBECHS
0A(u) = 0 mpu Beex momycTuMbix ou(z). Tak kak

0
/ (g Oy + Ugy Oy, ) da = a—z dudl — /Au dudx,
G L G
A€ M BEKTOD BHEIIHEN HOPMAJW K KOHTYpY L, To
Ou
0A(u) = TL/ n dudl +!(TAU + f)dudz =0. (2)

Taxk xak mobas HenpepHIBHO nuddepeHnupyemMas B G dyHKIIUSA, paB-
Has HYJIIO HA TPAHUIIE, SIBIISIETCS NOMYyCTUMON QYHKIMEN, TO, TPENTOIATAs
dbyukuun u(z) u f(z) mocrarouno rmankumu, u3 (2) umeem

TAu = —f(x), zeq. (3)

KpaeBbie ycmoBus.

a) 3akpennennas memOpana. Eciu kpail MeMOpaHBI XECTKO 3aKDPEI-
JIEH, TO OTKJIOHEHWS TOYEK MeMOpDaHbI HA rpaHuie L He MPOUCXOOuT W,
CrenoBaTenbHo, ulp = 0.

6) Kpas memOpanbl CBOGOOHEBI, T.€. OHH MOTYT CBOGOOHO MHEpeMe-
HIATHCS IO BEPTUKAJIBHOW OOKOBOW MOBEPXHOCTU HWJIMHAPA C OCHOBAHWU-
em L. B stom cayuae du Gymer mpousBOmbHON Kak B (G, Tak u Ha L, u u3

ycnosust (2) momyuaem a_u‘ =0.
onlr

B) Ecnm kx xpaio MeMOpaHbI TPUIIOKEHA, CUIIA, C IMHENHO MIIOTHOCTHIO
f1, TO KpUBONVHENHEIA UHTErPAI B hopMyJie (2) B 5TOM Cilydae 3aMEHUT-

csl HA 8
/ (_T 9u | fl) Sudl,
on
. ou
U BCIIEACTBUE TPOU3BOIBHOCTY du Ha L momydum (—T n + fl) =0.
L

r) B ciyuae ympyroro sakpemseHus Kpas MeMOpDaHBI CUNa, OEHCT-
BYIOIIIAsl HA KPAlo, UMEET MIOTHOCTH —ku, e k xapaxTepusyeT XKeCT-
KOCTh 3aKperyieHus MeMOpaHbl. [l mONydYeHWs] TPAHUYHOTO YCIOBUS

HYXHO B I'DAHUYHOM yCJIOBUU (—T % + f1) = 0 3amenutsb f; Ha —ku.

L

Torna nmomyuum

(g—z+hu)‘L:O, roe h = E

Brisenem ypasuenue neuxenns membpansr. [ycts v = u(z,t) — ypas-
HEHUe, ONMUCHLIBAIOIIEE IMOJIOXKEHnE MeMOpaHbl B MOMeHT Bpemenu t. Co-
raacuo npunnuty Hamam6epa dyukuus u(z, t) yonosnersopser nuddepen-
uuanbHoMmy ypasaenuo TAu = —(f — puy) (f = f(=,t) IJIOTHOCTE
BHEIIHEN cpensl, —p(x) Uy IIIOTHOCTD cuiibl uHepuun). Takum ob6pa-
30M, YypaBHeHUE KojieOaHUN MeMODAaHbI UMEET BUL
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a’Au — uy = F(z,1), rue a’>=T/p, F=—f(z,t)/p. (4)

N3 pusmuecknx cooOpakeHUN SCHO, YTO OJISl OMNHO3HAYHOTO ONMUCAHUS
npouecca konebanuii, kpome ypasaenus (4) u ycnosus Ha rpanune L (on-
HOTrO W3 YCJIOBHHU a)-T)), Hy»KHO 3aaTh HAYAJIBHOE nojioxkeHue (popmy
MeMmOpanst nipu ¢ = () 1 HaAYAIBHBIE CKODOCTU TOYEK MEMODAHBL.

Takum 06pasoM, uMeeM s ypaBHeHus (4) zanady: HAWTH TBAXKIEL
HenpepwiBHO nuddepernupyemoe pemenne u(z,t), x € G, t > 0, Henpe-

peiBHO nuddepennupyemoe B G npu ¢t > 0, yooBIeTBOpSIOLIEE

a’Au — ugy = F(x,t), uli=o = p(z), Utli=0 = Y (z),

roe ¢(z), (z) — 3anamsee dyskumu. Kpome TOro, B 3aBmCUMOCTH OT
YCIOBUI HA Kpawo MeMOpanbl, GyHKuus u(z,t) MOMXKHA YIOOBIETBODPATH
OLHOMY U3 YCIIOBUil B)—T).

Ilpumep 4. YpaBHeHUe Hepa3pPBBHOCTHU. 3amada
obTexaHus. YpaBHeHHUe aKycCTuku PaccMoTpuMm nBmxke-
HUE UIeaNbHON XKUIKOCTH (rasa), T. €. KUIKOCTHU, B KOTOPOR OTCY TCTBYIOT
cuiter Bsiskoct®) . Tlycts v = (v1,V2,U3) — BEKTOP CKOPOCTY JIBUXKEHMS
xupkocru, p(z,t) — ee WIOTHOCTL, f(Z,t) — MHTEHCUBHOCTH MCTOYHU-
KOB. BBIIEIUM B XKUOKOCTU HEKOTOPBIA 00BeM (), OrpaHUYEHHBIN TOBEPX-
vocThIO S. Torna uameHeHwe MaCCHl XKUAKOCTYU BHYTpH ) B €IWHUILY Bpe-

MEHV DABHO
0 [ Op
E/pdm—/adz.
Q Q

C mpyroit CTOpOHBI, TO M3MEHEHUE MOJIXKHO PABHATHCS MPUPAIIEHUIO KO-
JIm4yeCTBa Ql KNOKOCTH, BbII[eJ'IeHHOfI NCTOYHUKAMM, MUHYC KOJIMYIECT-
BO ()2 XKUIKOCTHU, BEITEKAIOIIEE Yepe3 NOBEPXHOCTE S. OueBumgHO,

Q1 = /f(lb’at) dz, Q2 = /p(v-n) ds = /div (pv) dz,
Q s Q
e 1 — BHEIIHsIS HOpMaJib. TakuMm 06pa3oM, nMmeem

/[pt+div(p-v) — fldz = 0.

Q
BCHeHCTBI/Ie IIPON3BOJIBHOCTU Q 1 HETIPEPBIBHOCTHU ITIOABIHTET DAJIBHOTO BhI-
paxeHus HEOOXOOMUMO

pe+div(p-v) = f(z,1).
OTO U eCTh YpasHEHUE HEPA3PLIBHOCTNAU NBANKEHUS UACATHHON KUTKOCTH.
Paccmorpum 3adauy 06 obmexanuu tBepmoro Tena §) ¢ rpanunein S

IIOTEHINAJIBHBIM ITOTOKOM HECKUMAEMON O,E[HOpOI[HOI‘;I KUNOKOCTU, MMEIO-
IIell 3aIaHHYI0 CKOPOCTD ¥ HA GECKOHEYHOCTY MPU OTCY TCTBUU UCTOYHE-
koB. Tax xax p = const mu f = 0, To 5Ta 3a0a9a TPUBOAUTCS K PEITICHUIO
yPABHEHUS

* o
)HBI/I)KGHI/IG XKUOKOCTUA PACCMATPUBAECTCSA B 3WIEPOBBIX KOOPpAWHATAX.
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dive =0 (2)
npu yCJIOBUN

vnls =0, 3)

roe v, = (v,n), n — BHemHsA HOPMAaNh. [lyCTh 4 — MOTEHIUAI CKOPOC-
Teit, T.e. v = gradu. Torna ypasuenune (2) npurumaer Bun divgradu =

ou
= Au = 0, a TPAHUYHBIM YCIOBUEM CTAHOBUTCA — | = 0, Tak Kax

onls
Ou
on’

W3 pusmuecknx cOOOGpaXKeHUI ICHO, 9TO ¥(Z) MOIKHA CTPEMUTHCS K Vg
upu |z| — 00, rue vy — CKOPOCTH HOTOKA Ha OECKOHEYHOCTH.
TakuMm o6pa3oM, yKaszaHHas 3aada CBelach K PEeIIeHMIO 3334l

Au =0, z &,

vy, = (v,n) = (gradu,n) =

Guj 0, lim gradu = v,.
onls |z]|—00
YpaBHEeHUS aKyCTHKHA I[IpenmomoxumM, 9TO HAXOMSIIUNCS
B HEKOTOPOM OOBEME WMAEANBHBIN Ta3 NON AENCTBUEM BHEIIHUX CUJI C
nnoTHOCTHIO F'(z, 1) coBepiiaeT Mambie KONeGaHs OKOJIO TIOJIOXKEHUS PAB-
HOBECHUsI M UTO ABUXKEHHUE raza anumabaTudeckoe, T.e. nasieHue p(z,t)
n mWIOTHOCTL p(%,t) CBs3aHBI COOTHOMEHWEM (yPaBHEHUEM COCTOSHUS)

£ (2, @

o

Po
Toe po, Po — HAYAIBHBIE HABJIEHUS U IJIOTHOCTD, a HOCTOsiHHAS ¥ > ().
O6o3naunm uepes u(z,t) = (u1(z,t),u=(x,t),us(z,t)) BEKTOP CME-

IIEHUsT Ta3a OTHOCHTENIBHO TOJIOXKEHWs DAaBHOBeCwUs, a 4depes v(x,t) =
= (v1(z,t),va(z,t),v3(z,t))  BeEkTOp CKOpOCTH:
ou
— =w. (5)
ot
B mammx npenmonoxernusnx (p — pp, W, ¥ U UX TPOU3BOMHBIE MAJILI) YPAB-
HeHue (4) MOXHO MEPENUCATE B BUIE

p=po(1+7p;—0p°)- (6)

a ypaBHeHve HepaspeiBHOCTH (1) B BuOe
pt + podive =0 (7)

(cumTaeM, YTO UHTEHCUBHOCTD UCTOYHUKOB PABHA HYJIIO).
B coorBeTcTBUE ¢ 3ak0oHOM HBIOTOHA TIONHBIA HaIaHC CUI, OEHCTBYO-
mux Ha MaJibiil 00beMm rasa AV | pasen HysIio, T.€.

p ?9_:: AV + gradp AV = FAV,
OTKY.a IOCIIE 32MEHBL p Ha po (B PAMKAX HAIIETO IPUOJINKEHYS ) TOITY YAEM

2 Tlom pen. B. C. Bnagumuposa
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ov
=F-—
I grad p. (8)
Hupdepentupys (8) no ¢ u momb3ysics coorHomenusmu (6) u (7), Haxomum
ypaBHEHUE IJIsl BEKTOPa CKOPOCTH v
v 1 OF

Sz = ¢ *graddive + — oo Bt 9)

0
2 _
roe a® = po7y/po-

ECHI/I IpEnnoJIOXKNUTE, 4YTO B HaanBHbIﬂ MOMEHT BPEMEHU MMEET MeEC-
to pasencTBo dive = —1, To us (7) u (5) momydwum, 94TO mIA BCEX TO-
CITEMYIOMINX MOMEHTOB BPEMEHU UMEET MECTO PABEHCTBO p + po divu = 0.
Orcrona n u3 (5), (6) n (8) BEITEKAET ypaBHEHME 11 BEKTOPA CMEIIEHMWSI

62U 2 . 1
— =a‘graddivu + — F. 10
5 g Py (10)

Haxonen, nuddepennupys ypasaenue (7) mo ¢ u ucnonssys (6) u (8),

HOquI/IM ypaBHeHI/IH JJIsT IIJIOTHOCTN! p n OABJICHUA D

pit = a’Ap — div F, i = a?Ap — a?div F. (11)

Ypasuenus (9) (11) HASBIBAIOTCS YPASHEHUIMU AKYCTNUKL.

Ilpumep 5. 3amauyum o0 pacunpoCTpaHEHUU TEIJa.
BriBon ypaBHEHUS TemmonpoBOOHOCTH OazupyeTcs Ha 3akoHe Dypne, co-
TIIACHO KOTOPOMY KOJIMYECTBO TEIIIa, MPOXOasinee 3a BpeMs At uepes Ma-
ayfo mwiomanky AS, nexaniyio BHy TP PACCMATPUBAEMOrO TEJa, Onpene-
nsercs GopMyIIon

AQ = —k(z,u) % AS At (1)

rae M — HOPMAaJIb K INIOIIAAKE, HAPABJIECHHAS B CTOPOHY MEPENaYun TEI-
na, k(z,u) KO>)PUIMEHT BHYTPEHHEN TemIonpoBOnHOCTH, u(x,t)
TeMnepaTypa Tena B TOuke T = (%1,Z2,T3) B MOMeHT Bpemenu t. [lpen-
MOJIOKUM, 9TO TEJIO W30TPONHO B OTHOMIEHNN TEINIONPOBONHOCTH. Torma
k(z,u) He 3aBuCUT OT HampaBieHUs iomwanku. s BEIBONA ypaBHEHNUS,
KOTOPOMY YAOBIJIETBOPSIET TemnepaTypa u(Z,t), BbIIEJMM BHYTDU TEIA
o6beMm (), orpanmdenHsil noBepxHocTh0 S. Cormacuo 3akony Pypwe Ko-
JINUECTBO TEIIa, BTeKamlee B {) yepes MOBEPXHOCThL S 3a MPOMEXYTOK
BpeMeHu [ty, ta], paBHo

to
dt [ k<2ds= [ dt [ div(kgradu)da.
/ t/ s = / th/ iv (kgradu) dz

t1

Ecnu F(z,t) IIOTHOCTDH TENJIOBHIX UCTOYHUKOB, TO KOIUIECTBO TEIl-
sia, o6pasoBaHHOE 33 ux cueT B {) 33 yKA3aHHBIA NIPOMEXYTOK BPEMEHW,

PABHO ,
2
/dt/F(.r,t)dr
t Q
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O6riee kommuecTBO pUTEKINEro B {) 3a BpeMs OT {1 1O ty TEmna MOXKHO
MIONICUYMTATh TAKXKE 1 YePe3 MPUPAILEHNE TEMIEPATYPHI:

to
/cp[u(x,b) —u(z,t1)]dz = /dt/cp%dm,
t1 Q

Q
rae ¢(z) m p(x)  TEIOEMKOCTH U INIOTHOCTD BemecTsa. CrenoBaTensHo,
to
/ dt/ (cp % —div (kgradu) — F(.r,t)) dr =0 (2)
t1 Q

(mpm 5TOM MpennosIAraeM, 9TO NONBIHTETPAJIbHAS OYHKINST HENPEPHIBHA).
B cuny npoussossHOCTE §) 1 IpOMEXK Y TKA BpEMeHH [t1, to] u3 (2) BeITEKaeT

PABEHCTBO
cpuy — div (kgradu) = F(z,1), (3)
HA3BIBAEMOE YPABHEHUEM TMENAONPOEOIHOCT.

Ecmu kosppunmenT TemmonpoBonHOCTH k HE 3aBUCAT OT TEMIIEPATY-
pet u, k(z,u) = k(z), To ypasuenue (3) cranoBuTcs juHEeRHBIM. Eciu
TeNo OMHOPOmHO, TO ¢(z) = const, p = const, k = const u ypaBHeHue
IPUHUMAET BUL 9

uy = a*Au + f(z,1), (4)
rne a® = k/(cp), f(z,t) = F(x,t)/(cp). U3 dusmuecknx coobpaxkeHuix
CJIEMYET, YTO Ui ONHO3HAYHOTO OMUCAHUA IPOLECCA PACIPOCTPAHEHUS
Termta HeobxomuMo, kpome ypasrerus (3) mwm (4), 3a0aTh HAYAIBHYIO
TeMIepaTypy, T.e. Uli—o = ¢(Z), 1 TeMIepaTypHBLIA DEXUM HA TDAHU-
ne. Hist cmyuas xorma Ha rpanute ' Tena D nmonoepXuBaeTCs 3aMaHHAS
TEMIIEPATYPA, TPAHAYHOE yCIIOBUE BBITIISAIUT TAK:

ulp = 1.
st citydast KOrna Ha TPAHULE 334aH TEIJIOBON HOTOK ¢, TPAHIYHOE Y CIIO-
BU€ BHINJIIAUT TaK:

Ou ‘ .

onlr
roe h =¢g/k, n  BHewHsas HOpMadb. B wacTtHOCTH, ecnu Teso G Temwno-
M30IUMPOBAHO HA IPAHULE, TO

3

Ju
| =0,
on|r

B ciyuae eciim oxpyxaroiiee Teio G TPOCTPAHCTBO UMEET 3a0aHHYIO
TEMIEPATYPY, CANTAEM, 9YTO Ha FPAHUIE IPOUCXOOUT TEILIOOOMEH IO 3a-
koHy Heioroma, T.e. q¢|r = a(u; — u)r, rme ¢ — TEWIOBON NOTOK, @@ —
K03(D(HULIMEHT BHEITHEN TEINIONPOBOMHOCTY (TEIIIO00MEHA), U1 — TeMIe-
paTypa okpyxatomero G mpoctpascTBa. C Ipyroil CTOPOHEIL, B €IWHU-
1y BPEMEHU C NVHUIILI IJIOIAAN IPAHULbl | BHYTPh Tena G 10 3aKOHY

., Ou
dypre umeT TEIIOBOR MOTOK ¢ = k I OTu NOTOKU NOIXKHEL OBITH PaB-
HHI, T. €. n
k g—; . a(u; — u)|r, unu (% + hu)‘F = 1 (s).

2%
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Ilpumep 6. 3amaum o nuddys3uu Brmecru ypaBuenue
nuddy3nn BemecTBa B HENIOABMAKHON Cpene, 3aHNMAIOIIEN OrPDAHTIEHHYIO
obnacte ¢ rpanunneit I', ecnu 3anana mioTHOCTH UCTOUHUKOB F'(z,1) 1
nuddy3us TPOUCXONUT C NOTJIOIEHIEM (HATIPUMED, YacTUlbl AubdyHan-
PYIOILIETO BEMIECTBA BCTYNAIOT B XUMUYECKYIO PEAKIINAIO C BEIIECTBOM CPe-
IIbl), IPAYEM CKOPOCTD IOTJIOMIEHNS B KAXKION TOUKE IPOCTPAHCTBA & € )
IPONOPUMOHANIBHA TWIOTHOCTH U (%, t) mudOyHANDYIOIIETO BEIECTBA.

[TonyunTes KpaeBble yCIOBUS OIS CIEAYIOIINX CIIYYIAEB:

a) Ha rpaHuie 06JaCTU HONNEPXKUBAETCS 3a0aHHAS IIOTHOCTD;

6) rpaHWIA HEMPOHUIAEMA,;

B) I'paHMIA NOJyTPOHMIAEMa, npuaeM nuddysus gyepes rpaHmily mpo-
HCXOOUT TO 3aKOHY, NMOmOoOHOMY 3akOHY HbIOTOHA Iiis1 KOHBEKTUBHOTO
Termroo0MeHa..

BreiBon ypaBHEHUS OCHOBBEIBaETCS HAa 3akoHe HopHCTA, COrmacno KoTo-
POMY KOJIMYECTBO BEIIECTBA, TPOXOMAIIEE 38 MAJIBIA TPOMEXKY TOK BPEMEHI
At uepes Manyro mnomanky AS, paBHO

Ju
AQ = —D(x) — AS At,

roe D(z) KO3bQuImesT ,umqanysma, n HOpPMAaJb K smeMeHTy AS,
HAIIPABIIEHHAs B CTOPOHY mnepemernenus semecTsa. I[lycts p(z) — xoad-
QUIUEHT MIOTHOCTHU cpenbl. Kak u npu BRIBONE YPABHEHUs! TEIIIOMPOBOI-
HOCTHU, BBIIEIIMM HEKOTOPHIN 00beM () ¢ rpanunent S u cocTaBuMm OajlaHC
KOJIMYECTBA BEIIECTBA, IPUILEIIETO B {) 338 IPOMEXYTOK BpEMEHN [t1,ts].

KonuuecTso Bemecrsa, npumnenmmero B {) yepes rpasuiy S, COrIacHO
3aKOHY HspHCTa PaBHO

/ﬁ/D a%i /ﬁ/vayMMd

th
KonunuecTso BemecTsa, 06pasoBasiierocs B {1 3a CueT UCTOYHUKOB, PABHO
to

(z,t) dz
/mJF t)d

t1

Komnuuectso BEIeCTBa B Q YMEHBIINIIOCE HAa BEJINYNHY

/dt/q u(z,t) dz

3a cuer norsomenus cpenbl (¢(z) — kosdduumenTt norsnowmenns). Ilo-
CKONBbKY IPUPAILIEHUE KOIMMYECTBA BEIIEeCTBA B () 33 MPOMEXYTOK [t1, 2]
DABHO TaKXe

[ @)tz t2) — ulz, 1)) do = /dt /pau
Q

TO
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to
/ dt/(put —div(Dgradu) — F + qu)dz =0 (1)
t1 Q

(momerHTErpaIbHAS QYHKIWSI CINTACTCS HEIPEPHIBHON ).
B cuny npoussonbrOCTY () 1 IPOMEXYTKa BpeMeHHU [t1,ts] u3 (1) BbI-
TEKAET PABEHCTBO
pus + qu = div (D gradu) + F. (2)

OT0 1 ecTh uckoMoe ypasuenue duPdysun. N3 dusnueckux coobpakenuii
SCHO, 9TO IS OMHO3HAYHOTO OMMCAHUA TIPoIecca nuddysun HeoOXonmMo
3HATH HAYAIBHOE DACIPENENeHUE INIOTHOCTH Uli—g = o(z), = € Q, n
pexum nuddy’nu Ha TpaHULE 0b0IACTH.

Kax u B ciiyuae npumepa 5, KpaeBbIe yCIOBUS UMEIOT BU:

a) ulr = ug;

Ju
6) 2| =0
) an F b
ou
B) D Il = a(ur — u)|r, roe ug,u; — 3amaHHble QyHKIUU, @@ —
nr

K03GPUITIEHT TPOHUIIAEMOCTH TPaHUIb [

1.1. HatiTu craTuueckuit nporub CTPYHBI, 3aKPEINIEHHON HA KOHIIAX,
oN OEWCTBUEM HENPEPHIBHO PACHPENEEHHON HArpy3KW (Ha COVHULLY
IUTVHBL).

1.2. BoiBecTu ypaBHEHUE MAaJIbIX MHOMEPEYHBIX KOJIEOAHUNA CTPYHBI C
HACAXKEHHOU HA Hee B HEKOTOPOU BHYTPEHHEN TOUKE T( OyCHHOM MaCCHL M.

1.3. BoiBecTu ypaBHeHuUE KOneOaHUs CTPYHBI, KOJIEOIIIOIIENRCS B yIIPY-
IO cpeqne.

1.4. KpyTuibHbBIMET KOJIEOAHUSIMY CTEPXKHS HA3BIBAIOT TaKue KOjaeba-
HUS, IPA KOTOPBIX €r0 IIONEpPeYHBbIEe CeYEeHUs IIOBOPAUYMBAIOTCS OTHO OT-
HOCHUTEJILHO OPYTOr0, BPAIasCh IIPU 3TOM OKOJIO OCU CTepXKHs. BriBecTu
YDPABHEHME MAJIbIX KPYTWIBHBIX KOJEOAHUN OOHOPOMHOTO HUIMHIPUIEC-
Koro crepxHs. PaccmoTpers cnyuan:

a) KOHIBI CTEPXKHS CBOOOMHBEI;

6) KOHIBI CTEPXKHS XKECTKO 3aKPEIIEHBI;

B) KOHI[bI CTEPXKHS YIPYTO 3aKDEIJIEHE.

1.5. ToukaMm ynpyroro oIHOPOIHOTO IPSIMOYTOJILHOTO CTEPKHS, KECT-
KO 33aKPEINIEHHOTO Ha JIEBOM KOHIIE X CBOOOIHOIO HA IPABOM, B HAUAJILHBIN
MOMEeHT BpeMeHU ¢ = () COOOIIEHBI MAJIbIE OMIEPEYHBIE OTKIIOHEHUS U CKO-
pPOCTH, TapaJlIeNbHbIE IIPONOIEHON BEPTUKAIBHON IJIOCKOCTYA CUMMET DU
CTEPXKHI.

IlocTaBuTh KpaeByo 3a0a4dy ISl ONPENeSeHUs TIOMEPEYHBIX OTKIIOHe-
HUH TOueK cTepxHs npu ¢ > (), mpennosiarasi, 9TO CTEPXKEHb COBEPLIAET
MaJIble TIONepeYHbIe KojaebaHus.

1.6. Tpy6a, 3amosmHeHHAS UOEAIBHBIM Ta30M U OTKPBITAS C OIHOTO
KOHIIA, OIBUXETCS IOCTYNATEIIBHO B HAIIDABJIICHNN CBOEN OCHU C IIOCTOSIHHON
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CKOpPOCTBIO v. B MomenT Bpemenu ¢ = () Tpy6a MIHOBEHHO OCTAHABIIUBAET-
cs. llocTaBuTh KpaeByio 3amady 00 ONpENeNIeHn CMEIIEHNS Ta3a BHYTPHI
TPYOBI HA PACCTOSIHUM T OT 3aKPBHITOTO KOHIIA.

1.7. 3aknOYeHHBI B NMWJIMHAPUIECKON TPYOKe MOENBbHBIA ra3 COBEp-
IaeT MaJible TPONOJIBHBIE KOJEOAHWS; IJIOCKWE TOMEePEYHbIE CEYEeHNs,
COCTOSIIIINE U3 YACTUIl Ta3a, He 1eOpMUPYIOTCS U BCE YACTUILI [a3a IBU-
raloTCs MapaitleIbHO Ocu nmirHapa. llocTaBuTh KpaeBylo 3anady s
ompenenieHus cMerenus u(r,t) 4acTUIl Trasza B CIIydasX, KOT[A KOHI[bI
TpyOKH!:

a) BaKPBITHI XKECTKAMU HEMTPOHUIAEMBIMU TIEPErOPONKAMT;

6) OTKDBHITHI;

B) 3aKPBITHI MOPIIEHBKAMY C PEHEOPERMMO MAJION MACCOM, HACAKEH-
HBEIMU HA NPYXKUHKY ¢ KO3DPUITNEHTAMEU KECTKOCTH ¥V U CKONIB3AmMuMu 6e3
TPEHUS] BHYTpU TPYOKU.

1.8. Hauwmnuasg ¢ MomenTa BpeMeru ¢ = (0 ONWH KOHEI] IPSIMOIMHERHOTO
YIPYTOTO OOHOPOOHOTO CTEPXKHS COBEPILIAET MPONOJIbHBIE KOjeGaHuUs 1O
3a0aHHOMY 3aKOHY, a K Ipyromy npwioxena cuina P (), nanpasmennas no
ocu cTepxkHI. B MoMeHT Bpemenu { = () momepedHLIE CEUEHUS CTEPKHS
OBl HEIIOABMXKHBI 1 HAXOOMJINCHE B HEOTKIJIOHEHHOM IIOJIOKEHUN. HOCTa-
BUTH KPAEBYIO 33034y MJIs1 OIPENENIeHNS] MAJIBIX NPONOJIBHBIX OTKJIOHEHUN
TOouek cTepxHs npu t > (.

1.9. TlocTaBuTh KPAEBYIO 330349y O MAJBLIX MOMEPEUYHBIX KOJEOAHMSIX
CTPYHBL, 3aKPEILIEHHON Ha 000UX KOHIIAX, B CPENe C COIPOTUBIIEHUEM, TIPO-
TIIOPONOHAJIBHBIM HepBOfI cTeneHu CKOpoCcTu.

1.10. CocTtaBuTh ypaBHEHWE TPONOJIBHBIX KOJNEOAHWIA CTEPXKHS, ¥
KOTOPOTO INIOIIAAE MTONEPEYHOr0 CEUYeHMs eCTh 3allaHHast QYHKIUS OT T,
CUNTasl MaTEPUAJ CTEPXKHIA OONHOPOMAHBIM.

1.11. IlocTaBuUTH KPaeByO 33ma4Uy O MPOMNOIBHBIX KOJMEOGAHUAX YIIPY-
TOTO CTEPXKHS, UMEIOLIETO GOPMY YCEUEHHOTO KOHYCA, €CIIN KOHIIBI CTEPK-
HS1 3aKPEIJIEHBl HEMIONBUXKHO U CTEPXKEHL BLIBENIEH U3 COCTOSHUS IMTOKOSI
TE€M, 4TO €r0 TOYKaM B MOMeHT BpeMmeH: t = () coOOIIeHBI HaYaJIbHBIE
CKOPOCTH ¥ TIPOAOJIBbHBIE OTKIIOHEeHUs. [lnnua cTepxHs paBHA [, panmychsl
ocuoBanuii R,r (R > r), maTrepuan crepxkHs onHoponeH. Hedbopmanueit
TIONIEPEYHBIX CeYeHNN NpeHeOpeyds.

1.12. Haxopsimiascs B TOpU30HTAIBHON IIIIOCKOCTY HEBECOMAsl CTPYHA
C TOCTOSIHHOHM YTJIOBOM CKOPOCTBHIO W BPAILAETCS BOKPYI BEPTUKAIHLHON
OCH, IpUYEeM ONWH KOHEI CTPYHBI IPUKPEIIEH K HEKOTOPOH TOYKE OCH,
a mpyroit cBoboneH. B HawanbpHBIE MOMeHT BpeMmeHU t = () TOukaM 3TOH
CTPYHBI COOOIIAIOTCS MAJIbIE OTKJIOHEHUS ¥ CKOPOCTH 110 HOPMAJISIM K 3TON
mwiockocTu. 1locTaBUTEL KpaeByio 3amatdy sl ONpeNesieHUs OTKJIOHEHUN
TO4YEK CTPYHEBI OT INIOCKOCTU PABHOBECHOT'O OBUXKECHUS.

1.13. Ilycte B Touke z = 0 6GECKOHEYHOU OMHOPOIHON CTPYHBI HAXO-
OUTCA IIAPUK MaCCBI M- Haqaanble CKOPOCTHU N HAYAJIbHBIEC OTKJIOHECHUA
TOYEK CTPyHBI paBHBI Hym0. [locTaBuTh kpaeByio 3amady Oist Onpenesne-
HUSI OTKJIOHEHUU TOUEK CTPYHBI OT UX IOJIOXKEHUsI PABHOBECUS B CIELYIO-
munx CiIy4dasax:
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a) HAuWHAS ¢ MOMEHTa BpemeHm ¢ = ( Ha IMADWK AEHCTBYET CUIa
F = Fysin Qt;

6) B HAYATBHBEIA MOMEHT BpeMeHwu ¢ = () ITapuK TIOTyYaeT UMITYITBC Po

B) mAapwK B ciydae 6) 3aKpeIyIeH YIPyro ¢ 3ddeKTUBHON KecT-
KOCTBIO k2.

1.14. TlocraBuTh KpaeByIO 33034y O MAJIBIX IPOLOIBLHBIX KOIeOAHMSIX
ONHOPOIHOTO YIPYTOTO CTEPXKHS, ONUH KOHEI KOTOPOTO KECTKO 3aKPeIl-
JIeH, 3 OPYTOM MCHOBEITBIBAET CONPOTHUBJIIEHUE, MPOIOPHUOHAIBLHOE CKOPOC-
Tu. COnpoTHUBIIEHNEM CPEnbl IPEHEOPEYD.

1.15. Bo BHyTpeHHUX TOYKAX T = Z;, ¢ = 1,...,m, HA CTPYHE CO-
CPemoOTOYEHBI MACCHI My, 4+ = 1,...,n. [locTaBuTh KpaeBywo 3amady Oiis
ONPeNesIeHNs] MAILIX MTOIEPEYHLIX KOJIeOAHNN CTPYHBI IPY IPOU3BOILHEIX
HAYAJILHBIX HAHHBIX. KOHIBI CTPYHBI 3aKPEIIIEHBL.

1.16. JIBa mosyOorpaHUYEHHBIX OMHOPOMHBIX YIPYTUX CTEPKHS C OHU-
HAKOBBIMY IOINEPEYHBIMY CEYEHUSIMU COENUHEHBI XKECTKO TOPLAMU U CO-
CTaBIISIOT OOVH HEOTPAHWYEHHBIN cTepxkeHb. IlycTs p1, F4 IJIOTHOCTD
7 MOXYJIb yIPYTOCTW ONHOrO W3 HUX, a P2, Fla — mpyroro. IlocraButh
KPAEBYIO 33134y OJIs OIPENesieHUs] OTKIIOHEHNH MTONePETHbIX CeUeHUN He-
OI'PDAHUYEHHOTO CTEPXKHS OT UX IOJIOXKEHUS PABHOBECHS, €CIN B HAYAIb-
HEI MOMEHT BPEMEHN IONEPEYHBEIM CEYEHUSIM COOOMIEHBI HEKOTOPBIE IPO-
IOTbHBIE CMEIIEHUSI I CKOPOCTH.

1.17. Tsaxenas OMHOPOMHAS HUTDL MIIMHOW [, 3aKPEIICHHAS BEPXHUM
KOHIIOM (z = |) HA BEPTUKAILHOI OCH, BPAILIAETCS BOKPYT STOM OCA C HO-
CTOSIHHOH yTJIOBOM CKOPOCTHIO w. Jl0Ka3aTh, YTO ypaBHEHNE MAJIBIX KOJIE-
6aHUHN HUTU OKOJIO CBOETO BEPTUKAIILHOTO TOJIOXKEHUST PABHOBECUS UMEET
i u 0 ( 8u)+ )
0752_9693 xax W

1.18. IlocTaBuUTh KPAaeBYIO 33[1aUy O MOMEPEUHBIX KOJIEOAHUAX TsIXKe-
JIO OMHOPOIHOM CTPYHBEI OTHOCUTEIBHO BEPTUKAJIBHOTO MIOJIOXKEHUST PAB-
HOBECHUSI, €CITU €€ BEPXHUN KOHEI[ XKEeCTKO 3aKPEIIeH, & HIXHUN CBOOOIEH.

1.19. IlocraBuTs 3amady 00 OnpeneseHNE MATHUTHOTO HOJISI BHY TPU 1
BHE HUJIMHIDPUIECKOTO IPOBOOHUKA, II0 IIOBEPXHOCTU KOTOPOTO TE€UET TOK
cuItoit J.

1.20. Ka6ennb, nMeronmii TOTeHINAI Vg, npu ¢ = ( 3a3eMiseTrcs Ha
OLHOM KOHILIE 4epe3 COCPENOTOYEHHYIO €MKOCTh (WU UHIYKTUBHOCTH);
npyroi xkouen m3onupoBaH. [loctaBuTs 3amady 06 OonpenereHn SJIeK TPU-
JecKOro TOKa B Kabere.

1.21. Komner z = 0 Xpyroro ODHOPOIHOTO BAJIa 3aKPEIJIEH, a K KOHITY
2 = | XecTKO MPUKPENJEeH NUCK C MOMEHTOM mHepuuu Jy. B HauanbHbIR
MOMEHT BPEMEHM IMCK 3aKPYUMBAETCS HA Yrojl & U OTIycKaeTcs 6e3 Ha-
JaJbHON CKOPOCTH. Il0CTaBUTH KpaeByIo 33034y IJisl ONpENeIeHNs YIIIoB
MOBOPOTA MOMEPEYHBIX ceueHut BaJia npu t > (.

1.22. Taxenblil CTEPXKEHL TOMBEIIEH BEPTUKAIBLHO U 3aIIEMJIIEH TakK,
4YTO CMEHIEeHNE BO BCEX TOYKAX PABHO HYIJIIO. B MOMEHT BpPEMEHU t = 0
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cTepXkeHb 0cBoOOxkmaeTcs. llocTaBUTE KpaeByio 3a1a4dy O BEIHYXIEHHBIX
KOnIe0aHMIX CTEPXKHS.

1.23. IlycTh Bce ycnoBUs TIPENBIOYINER 3amaund OCTATCA 0e3 m3Me-
HEHUS, 3a UCKIIIOYEHUEM YCJIOBUA HAa HUXKHEM KOHIIE: K HEMY IIDUKDEIJICH
rpy3 (), IpuyueM 3a MONOXKEHUE PABHOBECUS IPUHUMAETCS HEHAIPSIXKEHHOE
COCTOSHME CTEPXKHs (HAIPUMED, B HAYAILHBIA MOMEHT BPEMEHU WU3-IIOI
rpysa ybupaeTcst NOACTABKA W I'Py3 HAYMHAET PACTATUBATE CTEPKEHB).

1.24. TlocraBuTh 3amady O OBVKEHUUN MOJIyOTDAHUUEHHON CTPYHBI
(0 <z <oc)mpu t > 0, ecimm ipu ¢ < 0 no weit Gexwur BonHA U(x,t) =
= f(z + at), a xoreu crpynsl £ = () 3aKPEIIIEH XKECTKO.

1.25. IlocTaBuUTh KpaeByio 3aa4y O MAJIBIX PANUAIBLHBIX KOJIeOAHUIX
MOeaJBEHOTO OMHOPOMHOTO ra3a, 3aKII0UEHHOr0 B MIUIIMHAPUYECKON TPyOKe
panmyca R HACTOJIBKO MIIMHHON, YTO €€ MOXKHO CUNTATH MPOCTUPAOLIEACS
B 00e cTOpOHEL N0 6eckoHeuHOCTU. HavuambHbIE OTKIIOHEHNS U HAYAJIBLHBIE
CKOPOCTU €CTh 3aJaHHbIE QYHKIIAUN OT 7.

1.26. IloctaBuTh 3amaay o6 OO6TEKAHUU IIAPa CTANUOHAPHBIM IMOTO-
KOM H,E[eaJIbHOfI KNOKOCTH (HOTeHHI/IaJIbHOQ TequI/Ie). HpI/IBeCTI/I SJIEKTPO-
CTATUYECKYIO aHAJIOTUIO.

1.27. TlocraBuTh KpaeBylo 33434y O MAJBIX PANMAJIBHEIX KOjeOaHU-
SIX UOEATTBHOTO OMHOPOOHOTO I'a3a, 3aKII0UEHHOrO B chepmueckoM cocyne
panmnyca R, ecim HAYAIBHBIE CKOPOCTH M HAYAIIBLHBIE OTKJIOHEHUS 33 1aHbI
KakK QyHKIUU OT 7.

1.28. TlocTaBuTh KPaeByIO 3a[ady O MONEPEYHBIX KOJICOAHUSIX MEM-
OpaHbI, K KOTOPOH NPUJIOKEHO HOPMAJIBHOE AaBieHre P Ha equHuUny mio-
LIaOU, €CJIU B HEBO3MYILEHHOM COCTOSIHUM MeMOpaHa SIBJISIETCS TIJIOCKOH, a
OKPY2KAIoIlasi CPena He OKA3bIBAET CONMPOTUBIIEHUS KOjebaHUsIM MeMOpa-
Hel. PaccMoTpeTs cnyuan:

a) MeMOpaHa XeCTKO 3aKPEIUIeHA HA rpadune L;

6) membGpana cBoGonna Ha L;

B) Ha wactu L1 rpasmnsr L memGpaHa 3aKperyieHa X)EeCTKO, & HA OC-
TajabHON yacTu Lo rpanunsl L oHa cBOOOOHA.

1.29. TlocraBuTk KpaeByIo 33134y O KOjebaHNN KPYTIIOi OLHOPOLHOM
MeMOpaHbI, 3aKPENJIeHHON TI0 KPAlo, B CPelie, COMPOTUBIEHNE KOTOPOU TIPO-
TIOPIIMOHAJILHO TIEPBOW CTemeHu CKOpocTu. B MomeHT Bpemenu ¢ = 0 k
MOBEPXHOCTU MEMODAHBI IPUJIOKEHA BHEIHAs cuiia mioTHocTu f(r, ¢, t),
IEeACTBYIOUIAS IEPIEHANKYIISIPHO IIJIIOCKOCTH HEBO3MYIIIEHHON MeMODAHEL.
Haqa.anbIe CKOPOCTHU U OTKJIOHEHUS TOYEK MeM6paHbI OTCYyTCTBYIOT.

1.30. 3akpemneHHas O KpasM ONHOPOMHAsI MPSIMOYTOJbHAsS MeMOpa-
Ha B HAYAJIBHBIA MOMEHT BpeMeHU ¢ = () mosiy4aeT yznap B OKPECTHOCTH
LEHTPAIILHOM TOYKY, TaK UTO

lim [ vo(z)dz = A, z = (11, 22),
e—0
U.

roe A HEKOTOpas MOCTOSHHAsL, V() HavanbHas CKOpOcTsh. [locTa-
BUTH KPAEBYIO 33181y O CBOOOMHBIX KOJI€OAHUSX.
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1.31. Ilycte smekTpudeckas Lelb COCTOUT U3 CONPOTUBIEHUS R, ca-
MOUHIYKIN L n emxoctu C. B momenT Bpemenu t = () B menb BKIIIO-
gaercs 9. 1. ¢. Ey. ITokasars, uro cuna Toka i(t) B Henu ynoBIETBOPSET
YPABHEHUIO

t
Li'(t) + Ri(t) + é/i(T) dr = By,  t>0.
0

1.32. PaccMoTpuM 3J€KTPOMATHUTHOE TIOJI€ B HEKOTOPO# cpene. Uc-
XOonos m3 ypaBHeHI/Iﬂ MaKCBeJIJIa BBIBECTU YPABHEHUA, KOTOPBIM yIOBJIETBO-
PSIOT KOMIOHEHTHI BEKTOPOB HAIIPSIXKEHHOCTH 3JIEK TPUIECKOTO U MATHUT-
HOTO TIOJIEN IJIsl CIIy9aeB:

a) mioTHOCTH 3apsmoB p = 0, € = const, A\ = const, u = const,
J = A\FE (3akon Owma);

6) cpema — BaKyyM U TOKHM OTCYyTCTBYIOT.

1.33. TlocTtaBuTh 3amady O MPOHUKHOBEHUN MATHUTHOTO TOJIST B TIPA-
BO€ TNOJIYIIPOCTPAHCTBO, 3aIOJIHEHHOE CPENOH ¢ TPOBOLUMOCTBIO O, €CIII
HaumHas ¢ MOMeHTa BpeMmeHu ¢ = () Ha noBepxHocT;m r = () mommepxu-
BAETCS HANPSIXKEHHOCTh MArHUTHOrO mosss H = Hj sin Qt, manpasiennas
MapaIIEIbHO TOBEPXHOCTH.

1.34. TloctaBuTh KpaeByio 3amady 00 ONPENEJICHUN TEMIEPATYPHI
crepxis 0 < z <[ ¢ Temmon30mupoBaHHOR 60KOBOM MOBEPXHOCTHIO. Pac-
CMOTDETH CJIydan:

a) KOHIBI CTEPXKHS MOANEPKUBAIOTCS TPW 33HAHHOU TEMIIEPATYDE;

6) HA KOHIIAX CTEDXKHS MONNEDKUBACTCS 3a[AHHBIN TEIUIOBOU IOTOK;

B) HA KOHIAX CTEPXKHS MPOUCXONUT KOHBEKTUBHEIA TEIIOOOMEH IO
3akoHy HbioTOHA CO cpenoii, TemmnepaTypa KOTOPOR 3aIaHA.

1.35. BreBecTu ypaBuenue nuddy3uu B HETOABUKHOW Cpeae, MPeaIo-
Jlarasi, 9YTO MOBEPXHOCTSIMY PABHOM INIOTHOCTU B KAXKILI MOMEHT BpeMe-
HU { IBISIOTCS IIJIOCKOCTHU, NEPNEHAUKYJIIPDHBIE K OCA T. HaHI/ICH,Tb rpa-
HUYHBIE YCIOBUS, NMPEANOaras, 4To Auddy3us IPOUCXOOUT B ILNIOCKOM
cioe 0 < z < [. PaccmoTpers cimyuan:

a) HA IPAHUYHBIX ITIOCKOCTAX KOHIEHTpanus nuddyHIUpYOIIero se-
IeCTBa MOAOEPKUBACTCS PABHON HYITIO;

6) IPAHWYHBIE MIIOCKOCTY HEMPOHUIIAEMBI;

B) TDAHUYHBIE IJIOCKOCTH MOy IPOHULIAEMEL, pudeM nuddysus yepes
9TU INIOCKOCTY MPOUCXOOUT IO 3aKOHY, monobHoMY 3akoHy HbioTona mis
KOHBEKTUBHOTO TEIJIOOOMEHA.

1.36. BriBecTu ypasHeHve nuddy3un paCHafaroIIErocs raza (Komu-
YeCTBO PACIABIINXCSI MOJIEKYJ B €NWHUIYy BPEMEHU B HOAHHOU TOUKE
MPONOPIMOHAJIBHO INIOTHOCTU € KO3()GUIIMEHTOM IIPONOPINOHAIIBHOCTH
a>0).

1.37. Jlan TOHKUU OMHOPOMHBIN CTEPXKEHDb IJIINHON |, HAYAIHLHAS TEM-
nepatypa koroporo f(z). IlocraButs kpaesyio 3amady 06 onpemeneHun
TEeMIEePATYPHl CTEPKHS, €ClU Ha KOHIE 7 = () MOnOepKUBAETCS OCTOSH-
Hasi TEMIEPATYPa Ug, & HA OOKOBON TMOBEPXHOCTU M HA KOHIE T = [ mpo-
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UCXOOUT KOHBEKTUBHBIN TemnoobMeH 1o 3akoHy HeroToHA ¢ oKpyXarorien
cpenoil HyJIeBO TEMNEPATYPHI.

1.38. TlocTtaBuTh 3amady 06 ONpeneseHnr TEMNIEPATYPHI B OECKOHEY-
HOM TOHKOM TEIJION30JIMPOBAHHOM CTEPXKHE, II0 KOTOPOMY ¢ MOMeHTa t=()
B IOJIOXUTENBHOM HAINPABJIEHNN CO CKOPOCTBIO ¥y HAYMHAET IBUTATHCS
TOYEYHBIN TEMJIOBON MCTOYHUK, NAIOMNI q €NVMHUIl TENJIa B EANHUILY Bpe-
MEHU.

1.39. IlocTaBuTh KpaeByio 3amady 00 OCTHLIBAHUU TOHKOTO OMHOPOI-
HOTO KOJIbIIA panuyca R, HA MOBEPXHOCTU KOTOPOTO MPOUCXOOUT KOHBEK-
TUBHBIN TEIJIOOOMEH C OKPYKAIOILEN CPENO, MMEIOIIEN 3aJaHHYI0 TeMIIe-
patypy. HepaBHOMEPHOCTBIO pacHpeneneHus TEMIEPATYPHI IO TOJIINHE
KOJIbIIa, TPeHeOpeYb.

1.40. Beectn ypaBuenue nuddy3nu B3BEIIIEHHBIX YACTUL C YIETOM
ocemaHus, MPEAIoJaras, 9T0 CKOPOCTh YaCTUIl, BbI3BIBAEMas CUJIOU Ts-
XKeCTu, MOCTOAHHA, d IIJIOTHOCTHh YaCTUIl 3aBUCUT TOJIBKO OT BBICOTHI 2 "
ot Bpemenu t. Hanmucars rpaHndHOe yCJoBuUE, COOTBETCTBYIOIIEE HETPO-
HULIAEMOH TIePErOpPOOKe.

1.41. IlocTaBuTh KpaeBywo 3ana4y 06 OCTHLIBAHUU PABHOMEDPHO HATPE-
TOrO CTepXHs GOPMBI yCEYEHHOTO KOHYCA (MCKPUBJIEHMEM U30TEPMUUIEC-
KUX MOBEPXHOCTEl NpeHeGperaeM), eCiii KOHIbL CTEPKHS TEMJION30IDPO-
BaHBI, & Ha OOKOBOW MOBEPXHOCTM MPOMCXOAUT TEIJIOOOMEH CO Cpenoun
HYJIEBOM TeMIIePATyPHI.

1.42. PacTBOpEHHOE BELIECTBO ¢ HAYAIBLHOW MJIOTHOCTBIO ¢y = const
InbOYHINPYET U3 PACTBOPA, 3aKIIOUEHHOTO MEXOY IMOCKoCTIMu z = 0
u x = h, B paCTBOPUTENb, OTPAHNYEHHBIN miockocTsavu ¢ = h, £ = [. Tlo-
CTaBUTH KPAaeBYIO 3a4a9y s IPOLeCCa BEIDABHUBAHUS IITIOTHOCTH, IIPEN-
nojiarast, 9To rpafunbl £ = (0, £ = | HeNpOHUIAEMBI IJIs1 BEIIECTBA.

1.43. BuayTpu OmDHOPOIHOTO IIapa HAUMUHAS C MOMEHTA BpeMeHU ¢ = ()
IOENCTBYIOT MCTOYHUKMU TEIJIa ¢ PABHOMEPHO PACHIPENESIEHHHOW MOCTOSH-
HOI mIOTHOCTHIO (). IlocTaBUTE KpaeByw 3amaduy O PACIPENESIEHUN TEM-
nepaTypst npu ¢ > () BHyTpU 11apa, €ciiu HadallbHasl TeEMIEPATypa JIF000n
TOYKU ITIaPa 3aBUCUT TOJBKO OT PACCTOSHUS 3TON TOYKM [0 IEeHTPAa Iapa.
Paccmorpers ciryaan:

a) Ha TOBEPXHOCTW INApa TONNEPXKUBAETCSA HyJEBAas TEMIEPATYPa;

6) Ha IOBEPXHOCTH LIAPa IPOUCXONUT TemnoobmeH (1o 3akony Heoro-
HA) C OKPYXAIOWIEN CPENOil HyJIEBOH TEMIIEPATY PHL.

1.44. Jlan ogHOPOOHBIT mIap paaumyca R ¢ HAYaIbHON TeMIepaTypO,
paBHo# Hymio. [locTaBuTh KpaeByio 3a1a4y O pacIpeneeHnu TEMIEPATY-
pet ipu ¢ > 0 BHyTpU IIapa, eciu:

a) IIap HATPEBAETCS PABHOMEPHO IO BCEW TMOBEPXHOCTY MOCTOSHHBIM
TEMJIOBLIM IIOTOKOM (;

6) HA MOBEPXHOCTHW IIAPa MPOUCXONNUT KOHBEKTHBHBIN TEIIOOOMEH C
OKPY2KAaIOIIEN CPeon, TeMIepaTypa KOTOPOR 3aBUCUT TOIIBKO OT BPDEMEHN.

1.45. HavanbHasi TeMnepaTypa HEOTPAHWMYEHHON MIIACTUHBI TOJIIA-
uel 2h paBua Hymo. [locTaBuTh KpaeBy 3amady O PACIPENENICHNN TEM-
nepaTypst opu ¢ > () IO TONIIUHE NIACTUHLI, €CIN:
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a) mIACTUHA HATPEBAeTCs ¢ 00eUX CTOPOH DABHBIMU MOCTOSHHBIMIU
TEIJIOBBIMU TMTOTOKAMU (]

6) B IUIACTWHE HAYWMHAS C MOMEHTA Bpemenu ¢ = () meficTByeT mcTou-
HUK TENIa ¢ IOCTOSHHON IJIOTHOCTHIO (), & €6 OCHOBAHUS TIOAIEDKUBAIOT-
Csl IPU TeMIIepaType, PABHON HYJIIO.

1.46. HeorpanwueHusiii muansaap pagunyca R numeer HAUaIbHYO TEM-
nepatypy f(r). HocTaBuTh KpaeByo 3a1ady 0 PAIUAIBHOM DACIPOCTPA-
HCHUU TeEIlJIa, €CIIn:

a) 6OKOBas MOBEPXHOCTH MONIEPKUBAETCS IIPU MOCTOSHHOM TeMIle-
paType;

6) ¢ GOKOBOII IOBEPXHOCTY MPOUCXOANT JIyUEUCITyCKAHNE B OKPY XK At0-
LIy CPEny HyJIEBOW TEMIIEPATYPHI.

1.47. Jlana TOHKAas IPSMOYTOIBHAS IACTUHA CO CTOPOHAMM [, 111, IS
KOTOPOIl M3BECTHO HAYAJILHOE PaclpeneiieHne remueparypsl. IllocraBuTh
KPAeByI0 33[1a4y O PACIPOCTPAHEHUU TEIUIA B IJIACTUHE, €Ciin OOKOBBIE
CTOPOHBI NONNEPXKUBAIOTCS IIPU TEMIEPAType

“|y:0 = p1(z), U|y:m = pa(z),

U|z:0 = 1/)1 (x)7 u|w:l = 1/)2($)

1.48. HauanbHOE pacmpenesieHne TEMIEPATYPHI B OMHOPOMHOM IITape
3amano dyukuuei f(r, 6, ). llocTaBuTs KpaeBywo 3amady O pacIpenese-
HUW TEIJIa B IIAape, €CIU MOBEPXHOCTD IIAPa HOAAEPKNBACTCS IIPU ITOCTO-
SIHHOM TeMIIEPATYPE Ug-

1.49. JlBa momyorpaHUYEHHBIX CTEPXHS, COCJTAHHBIX M3 PA3HBIX Ma-
TEPUAJIOB, B HAYAJIbHBIA MOMEHT BPEMEHU NIPUBEOCHBI B CONPUKOCHOBEHUE
cBoumu koHnamu. [locTaBuTh KpaeByo 3a0ady O PACHPENESIEHNN TEIIIA, B
6ECKOHEYHOM CTEPKHE, €CJIN U3BECTHLI HAUAJIbHBIE TEMIIEPATYPHI KaXKIOTO
U3 OBYX MOJIYOTPAHWIEHHBIX CTEPXKHEN.

1.50. IlocTaBuUTh KPaeByO 33034y O CTANUOHAPDHOM PACHpPENeeHUN
TEMIEPATYPHI B TOHKOU mpsaMoyrombuon mnactuae OACB co cTopoHaMu
OA =a, OB = b, ecim:

a) Ha GOKOBBIX CTOPOHAX IIACTUHBL MOANEPKUBAIOTCS 3aIaHHBIE TEM-
nepaTypsl;

6) ma croponax OA u OB 3amasbl TEWIOBBIE IOTOKK, 8 CTOPOHBI BC
u AC Tenmon3oIupoBaHbL.

1.51. Ha mmockyio memOpaHy, OrpAHWYEHHYIO KpUBOM L, meicTByeT
CTAIMOHAPHAS TIOMEPEeYHas HAarpyska ¢ mioTHOCThIO f(x,y). IlocraBuTh
KPAaeByIO 3ama4dy 00 OTKJIOHEHUN TOYEK MeMODAHBI OT INIOCKOCTHU, €CIIH:

a) MeMOpaHa 3aKPEIUIEHa Ha KPAIo;

6) kpail mem6GpanBl CBOGONEH;

B) Kpail MeMODAHBI 32KDEIJIEH YIPYTO.

1.52. Jlan munuaap ¢ panuwycom ocHoBauusi R u BeicoTont h. Ilocta-
BUTH KPAEBYIO 33034y O CTANMOHAPHOM PACIPEOETIEHUN TEMIEPATYPbI
BHYTDU LIWJIWHIPA, €CIUA TEMIEPATYPa BEPXHErO U HIRKHENO OCHOBAHUN
eCTh 3amaHHas QYHKIUS OT 7, & OOKOBasi TOBEPXHOCTh:
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a) TeIIOM30JUPOBAHA;

6) WMeeT TeMIEpAaTypPy, 3aBUCSIIYI0 TOIBKO OT Z;

B) CBOGOMHO OXJIAXKAAETCS B CPENE HyXKHOM TeMIEPATYyPHI.

1.53. TlocTaBuTh KPaEByIO 3a0a4y O CTAIMOHAPHOM PACIPEOETICHIN
TEMIIEPATYPHI BHY TPEHHUX TOYEK MOy ChHEPHI, eciu chepuIecKas moBepx-
HOCTb NONIEPKUBACTCS NpU 3afaHHOl TemnepaType f(p,6), a ocHoBaHuUE
HOHqu)epr — Opm HyHeBOﬁ TeMIepaType.

1.54. Mlap panmyca R HArpeBaeTCs MIOCKONAPAIIIETBHBIM TOTOKOM
Tena IJIOTHOCTHU ¢, MAMAMIIAM HA €r0 MOBEPXHOCTH, U OTHAET TEII0
B OKPYXAIOIIyI0 Cpeny B cOOTBeTCTBUM ¢ 3akOHOM HrpioTona. [loctaButh
KPaeByl 3a[ady O pAaCHpPENeNeHWV TEMIEPATYPHl BHYTDPEHHUX TOYEK
mapa.

1.55. Ilycre n(z,s,t) — MIOTHOCTH YACTUII B TOYKE I, JIETSIIAX
C TOCTOSHHOI CKOPOCTBIO ¥ B HANDABIEHUN S = (S1,S82,83) B MOMEHT
BpeMeHu t; 0603HaunM udepes a(z) kosbduuuent normomenus u h(z)
k03pdunreHT yMHOXEHNST B TOYKe Z. Ilpenmnonaras paccesHue B Kaxmon
TOUYKE Z M30TPONHBLIM, HOKA3aTh, 4TO N(%, 8,1) YIOOBIETBOPAET MHTErPO-
nuddepeHnnaIbHOMY YPABHEHUIO IEPEHOCA

1 0n + (s,gradn) + a(z)n = Blz) / n(z,s',t)ds + F,
v Ot 47
|s'|=1
roe F(z,s,t) — nnoraoCcTh mcrounukos, B(z) = a(z) h(x).

1.56. TlocTaBuTh KpaeByIO 3amady [Jisi ypaBHEHWs 3amadn 1.55,
CUMTAasl, YTO 33aJAHO HAYAJIBLHOE PACIPENESIeHNE IUIOTHOCTH MU 3a0aH
MafaoInil TOTOK YacTull Ha rpanuny S obnactu G.

1.57. TokaszaTs, uTo mus pemenus: (T, $) CTAIMOHAPHON KPAEBON
3a1a4n

(s,gradm) + a(z)n = Blz) / n(z,s')ds' + F(z),
am
js7i=1
nls =0, ecmn (s,n) <0,

roe n BHEIIHSST HOPMAIIb K .S, CPenHssl IIIOTHOCTH

1
ng(z) = y / n(z,s)ds
|sl=1
YIOBIIETBODSIET UHTErPAJIbHOMY ypaBHenuio Ilaiieprca
1 e*\zle\

no(@) = i [ G /a[tm+(1—t)x’]dt [B(z") no(a)+ F(2")] da'.

1.58. Pasmaras pemenve n(z,s) cTannoHAPHON KpaeBou 3anaqu 1.57
B psan no chepmdecknuM QYHKIASIM OT S, YAEPXKUBAST TOJIBKO UJIEHBI C HY-
JIEBOI W MEPBBIMU FAPMOHUKAMIY, [IOKA3ATh, UTO (QYHKITHS

1
ng(z) = — n(z,s)ds
o@) = - [ nlz.9)
|s]=1
€CTh perenne kpaesoil 3anaun (nuddysaoe npubanxenue)
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—%div (égradhg)-l-(l*h)ho:ga ("0+_

OTrBeTnl K §1

1.1. Tuy, + f(z) = 0, 0 < z <1, ulp=0 = u|p= = 0, rne f(z) —
IIJIOTHOCTH Ha,I‘pyBKI/I.
1.2. puy = Tougs, 0 <z <1,  # mo, t >0, u|peo = ulzmy = 0,
u(zo +0,t) = u(wg —0,t), ux(xo+0,t) —uz(zo —0,%) = TE gt (20, 1).
0

1.3. puyr = Tuyy —au, 0 < z <1, t >0, roe K0P IUIIeHT
YIPYTOCTHU CPEMBL.

1.4. 6y = a%0,,, 0< 2z <1, 0<t <0, 8(z,0) = f(z), 0:(x,0) =
= F(z), 0 <z <, roe 6(z,1) YTOd TIOBOPOTA CEYEHUs CTEPKHS C
KOODIMHATON T B MOMeHT Bpemenw t, a’> = G.J/®, rne G — momyns cnsu-
ra,J  TONAPHLIA MOMEHT MHEPUIUY MOMEPEYHOTO CEYEHUST OTHOCUTEILHO
TOUKM, B KOTOPOU OCh TIEPECEKAET TO MOMEPEUHoe cedeHune, ® — oceBoi
MOMEHT WHEPIAN eNUHUILI JJIMHLL CTEPKHA. [ DAHNYIHEIE yCITOBUS:

a) Hz(oat) = ez(lat) =0;

6) 6(0,t) =6(l,t) =0;

B) (0z — h0)|z=0 = 0, (02 + hO)|s=; = 0, rne h = k/(GJ), k
XKECTKOCTH yIIPYTOrO 3aKPEIIeHs .

1.5, Ugs + a2 Uppee = 0, 0 < 2z < 1, t> 0, u(z,0) = f(z), u(z,0) =
= F(z), 0 <z <1, u(0,t) = uz(0,8) = uaa(l,t) = ugea(l,t) = 0, rme
a? = EJ/(pS), J  reomerpuuecKumit MOMEHT WHEPINH MOMEPETHOTO Ce-
YEeHUA OTHOCUTEJIBHO €TI0 CpeﬂHeﬁ JINHUN, HepHeH,HI/IKyJIﬂpHOfI K IIJIOCKOCTH
KOJIeOaHUM.

1.6. uy = Uz, 0 <z <1, t>0,a® =vpo/p0  CKOPOCTH 3ByKa,
w(z,0) =0, u(z,0) =0, 0<z<I, u(0,t)=0, u,(l,t)=0, ¢t>0.

1.7. uy = a®ugy, a®> = ypo/po, 0 <z <1, t > 0, u(z,0) = f(z),
ue(z,0) = F(z), 0 <z <I. Kpaessie ycnosus:

a) u(0,t) =wu(l,t) = 0;

6) uz(oat) = uw(lat) =0;

B) (uy — hu)|z=0 = 0, (uz + hu)|z= = 0, rme h = v/(Sypy), roe S —
IJIOMAID TTOTIEPEYHOTO CEYEeHN TPYOKH.

1.8. uy = @PUpy, 0 < z < I, t > 0, u(0,t) = p(t), u(l,t) =
=®(t)/(ES), t>0, u(z,0) =0, u(z,0)=0, 0<z<I, a>=E/p.

1.9. ugy = a®uy, — 20%u;, 0<z <1, t>0, u(z,0) = o(z), us(z,0) =
=(x), 0 <z <1, u(,t) =u(l,t) =0, t >0, rme 2v> = k/p, k
KO3(UImeHT TpEeHmsI.

0 Ou] _ 20°w o pS
1.10. % |:S($) %] =a W’ a” = E



30 I'a. I. Iocmanosku kpaeswuiz 3aday mamemamuueckoti Pusuru

82'(1._ 28 zau 2_(4.)2
1.12. 5z = @ B_z( a—m),0<x<l7t>07a =5 |u(0,%)| < oo,

u(l,t) =0, 1 >0, u(z,0) = f(z), u(z,0) = F(z), 0 <z <L

1.13. uy = a®uge, o # 0, t >0, a2 = Ty/p, u(z,0) = 0, us(z,0) = 0,
z # 0; ycnosue B Touke £ = ( uMeeT Bum:

a) —mou:(0,1) + Tolug (+0,8) — uy(—0,1)] + Fosin Qt =0, ¢ > 0;

6) u(—0,t) = u(+0,t), —mou(0,t) + To[u,(+0,t) — u,(—0,t)] = 0,
t >0, u(—=0,0) = u(+0,0) = 0, mous(—0,0) = mou(4+0,0) = po;

B) u(—0,t) = u(+0,%), t > 0, mou(0,t) + To[u, (+0,t) — u, (—0,¢)] —
—k?u(0,t) = 0, mou(—0,0) = mous(+0,0) = po, u(—0,0) =u(+0,0) = 0.

1.14. uy = a®uz,, 0 <z <1, t >0, a®> = E/p, u(z,0) = f(z),
ut(z,0) = g(z), 0 <z <1, u(0,t) =0, (ESu, — kut)|s=1 =0, t > 0, rme
k — xosdbdunmeHT TpeHus M1 KOHIA CTEPXKHS L = [.

1.15. Uy = @®Upe, T £ 25, i =1,....m, 0< 2z <1, t >0, u(0,t) =
= u(l,t) =0, u(z; —0,t) = u(z; +0,1), uxp(z; +0,t) — ux(x; —0,1) =
= % utt(miat): t> O: i = 1: PRI u|t:0 :f(T), ut|t:0 :F(T), 0 S €z S l.

up = aful,, —oo<z <0
1.16. t >0, u'(0,t) = u?0,¢),
uZ =asu’,, 0<z<+o00
E1ul(0,t) = Eu2(0,t), t > 0, ul(z,0) = f(z), u}(z,0) = F(z),
—o00 < z < 0, v*z,0) = f(z), ul(z,0) = F(z), = > 0, rme u',u?® —
CMeIlleHNe TOYEK JIEBOTO U MPABOTO CTEPXKHEN, a? =E;/pi, 1 =1,2.

0%u 0 ou
1.18. yry —gﬁ(x%), O<z<l, t>0, |u0,t)] < oo, u(l,t) =0,

>0, ult—o = f(x), utlt—o = F(z), 0 <z <L
1.19. A®®D =0, r > R, A®D =0, 0<r < R, grad® = H,

1 —_ & (0 _ (i o 47 i
CI)T|7":R — CI)T ‘r:R; (btp ‘r:R — (¢¢+7JHOB) r:R7 ‘(b (Oat)‘ < o9,

o = —— HNOBEPXHOCTHAS MIOTHOCTE ToKa, a & (1) &) IIOTEHIINAIT
. R ;
™

MATr'HUTHOT'O II0JIsA BHyTpI/I ” BHE IPOBOOHUKA COOTBETCTBEHHO.
1.20. J, = —cvy, v, = —LJy, 0 <z <1, t >0, v]t=0 = vo, v(0,t) =
t
= % / J dt ma 3azemnennom konue, v, (l,t) = 0 — HA M30MMPOBAHHOM.
0
1.21. 64 = a29m, O<z<l, t>0, 6|t:0 = OC.CL‘/l., 6t|t:0 =0,0<
<z <l Olamo =0, Ople= = _2 0, rme mocrosuube a’, ®, J, G

JG
MMEIOT TOT Y€ CMBICII, 9TO U B 3amade 1.4.
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1.22. uy = a®upe +9g, 0<z <1, t >0, u(z,0) = u(z,0) =0, 0
<z <l u(0,t) =0, uy(l,t) =0, t >0, a®> = E/p.
1.23. uy = azum +g9, 0<z< I, t >0, U|t:0 = ut|t:0 =0,0<

<z<l, U|z:0 =0, %Utt|z:l = *Esuz|z:l + Q.

IN

1.25. uy = a? (uTT+1uT), 0<r <R, t>0 ulr,0) = f(r),
T

ut(r,0) = F(r), 0 <r <R, |u(0,t)] < o0, Uy|r=r = 0.

Bcp

1.26. Ap=0,r>R,t>0, =0,t>0, lim v= lim gradp =

r=R r—00 r—00
= vg, TO€ Vo CKOPOCTH IIOTOKA HA O€CKOHEYHOCTH.

1.27. uy = a? (uTT—i-guT), 0<r <R, t>0, ulr,0) = f(r),
T
Utli—o = F(r), 0 < r < R, |u(0,t)] < oo, up|r=r = 0, rme a® =

= 7po/po- .
1.29. wuy + kuy :azAu+M, 0<r<R,0<p<2m t>0,
p
u|t:0 = ut|t:0 = 07 |U(0,Q0,t)| < o0, U(Ra(pat) = 07 rne a2 = T/p7
k = a/p, a — xo3bdunuenT yupyroro CONPOTUBIEHNS CPELBL.
2
c

1.32. a) utt—a2Au+ @ut =0, a? = 6_;

o? 47rc 0? /.L6 8<po
6 —a’A —a?A|p —divep =0,
) <8t2 vo=—2r (5 - P =
rne E = (FE1, Es, E3) — HanpsikeHHOCTH diekTpudeckoro mnoss, H =
= (H1,H>,H;) HaOpsXeHHOCTb MATHUTHOTO 10is, p(Z)  MIOTHOCTH
3apSIOB, € — OUAJIEKTPUYIECKAs] TIOCTOSIHHAS CPenbl, [ — Ko3pdumueHT
MarauTHOU nponunaemoctu cpenst, I(xz,t) = (I, I, I3)  Tok npoBonu-
MOCTH.
B cnyuae a) nnst komnonent F v H nosmydaeTcst OMHO U TO XK€ Teje-
rpadHOE ypaBHEHUE.
Hns cinyuas 6) BBOOUTCS Y€ THIPEXKOMIIOHEHTHBIN 3JIEK TPOMATHATHBIN
norerunan (o, ¥), ¢ = (¢1,92,93), C TOMOIIBI KOTOPOTO DEIICHUE
a 1
6_90 H = —rot .
"
Ao
1.33wa:—Ht+ Htt,$>0t>0 H|t0—0 Ht|t0:07
x>0, Hlgeo = HO sin Qt, t > 0, Tme ¢ CKOpPOCTBb CBETA.

1.34. up = @®Uspe, 0 < z < I, t > 0, u(z,0) = f(z), 0 < z
KPaeBbI€ yCJIOBUA:
a) u|w 0= p1(t), u|w:l = pa(t), t > 0;
6) —kSuy|z—0 = q1(t), kSuy|.=1 = @2(t), t > 0;
B) Uala—o = h[u(0,t) — p1(t)], tslo= = —hlu(l,t) — 2(t)], a® =
=k/(cp) TeIIoeMKOCTD, 1(t), p2(t) B ciyuae a) TeMIEepaTypa

. 1
ypasuenuit Maxcsesa miercs: B Bune F = grad ¢g——

AN
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KOHIIOB CTEDXKHsI, B CIly4dae 6) TeMIIEPATYPa OKPY2KAIOIIIEro NpoCTPaH-
CTBa HA KOHIIAX CTEPXHSI, ¢; — TEMJIOBbIE IOTOKM HA KOHIIAX CTEPXKHS.

1.35. us = Dug,, 0 < z <1, t >0, u(z,0) = f(z), 0 <z <1,
TDAaHUYHBIC yCJIOBI/Iﬂ:

a) u(0,t) =u(l,t)=0,t>0;

6) u,(0,t) = u,(l,t) =0, t > 0;

B) Ugz|z=0 = hlu(0,t) — p1(t)], t > 0, uy|s=1 = —hlu(l,t) — p2(t)], roe
a/D =h, a KO3 GUIIMEHT TPOHUIAEMOCTH HA KOHIIAX.

1.36. uy = DAu —au, t >0, z = (z1,72,73) € R3.

1.37. uy = a’Uyy — a—gu, 0<z<l, t>0, ulto = f(z), 0 <z <,
p

Ulg—0 = Uo, (Uzy + hu)|z— = 0, t > 0, p — nepuMerp HONEPEUHOrO
ceuenns crepxus, h = a/k, a®> = k/(cp).
1.38. u; = a®uge + L6(z — vot), —oc < z < +oc, t > 0, u(z,0) =
(4
= ¢(z), a® = k/(cp).
1.39. up = a®up, — bu —ug), 0 <z < I, t > 0, u(z,0) = f(z),

_ _ 2 k _ aP

0 S z S l7 u‘z:O — u‘z:la uz|z:0 - uz|z:l7 a” = —, - , TAe
cp cpS

P TepUMeTp TONEePEeYHOro CedeHums: konbna, © = RO, 6 yrJoBast

KOODAMHATA.

1.40. ut = Du,, —vu,, z > 20, t > 0, (Du, — vu)|,=., =0, t > 0,
Tlle v — CKOPOCTb OCENAHMS JACTHII.

1.41. (17£)28u :aQQ{(l x)zau}Mu, O<z<l,

H) ot ox H) 0z €pT( COS 7y
t >0, ult=o = ug, 0 <z <1, Uplpg=0 = Ug|e= = 0, t > 0, rme
a’> = k/(cp), H monHas BBICOTA KOHyCa, 7y  MOJOBMHA yTIa PACTBO-
pa KOHyca, g — pamauyc BOJIBIIIOr0 OCHOBaHUS, | — BBICOTA YCEUYEHHOTO
KOHYyCA.
co, 0<z<h,
1.42. ¢; = Degy, 0< <1, >0, ¢(x,0) =
0, h<z<l.

1.43. ut:aZ(urr+%ur)+%, 0<r<R, t>0, ult=o= f(r), 0<

<t <R, |u(0,t)| < oc; rpaHUYHBIE YCIOBUL:

a) u(R,t) =0;

6) (ur+ Hu)|,—p =0, H =a/k, a®> =k/(cp).

1.44. u; = a® (uw-l- gUT), 0<r<R,t>0, ult=0=0, 0<r <R;
FPAHUYHLIC YCIIOBUSL: "

a) |u(0,t)] < o0, up(R,t) =q/k, t > 0;

6) |u(0,t)] < oo, (ur + Hu)|,=p = @(t), t > 0, H = a/k, a*> =
=k/(cp).
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1.45. a) us = a%ugy, —h <z <h, t>0, ult—g =0, (kuz+q)|se_n =
=0, (—kuz + q)la=n = 0;

6) Uy = a’ugy + Q, —h<z<h, t>0, ult—g=0, u|lp—zp=0,
a® = k/(cp).

1.49. us = a(z) Ugs, z # 0, t > 0, u(z,0) = f(z), u(-0,t)

{a%, <0, , ki

= U(—I—O,t), kluz(_oat) = k2uz(+07t)7 a(w) = a2 > 0 ai cipi
23 ) 1M

i=1,2.

)

§2. Knaccupukanusi ypaBHEeHUI BTOPOTO HOPSIAKA

YpaBHeHue
n
E i (T) Ug,2; + ®(2,u, gradu) = 0
i,j=1
B KAXMIOW (PUKCHPOBAHHON TOUKE I MOXKHO IPUBECTH K KAHOHUIECKOMY
By HEOCOOLIM jmHeinbM npeobpasosanuem & = BTz, rne B — Taxas

MAaTpUIa, YTO IPeodpa3oBanue Yy = B1 npuBoauT KBagpATUIHYIO GOPMY
n

> aij(zo) yiy;
inj=1
K KaHoHuueckomy Buny. (JIo06yo kBangpaTuuayio GopMy MOXKHO IPUBECTH

K KAHOHUYECKOMY BUIY, HAIIPUMED, METOLOM BBIIEJIEHUS. IOJIHBIX KBAIDA-
TOB.)

2.1. IlpuBecTu X KAHOHUYECKOMY BUIY yPABHEHUS:
Uy + 2Ugy — 2Ug + 21y, + 6u,, = 0;

Abgy — gy — Uy + Uy + u, = 0;

Ugy — Ugz + Up + Uy — U, = 0;

Ugy + 2Ugy — 2Ug + 21y, + 2u,, = 0;

Uy + 2Ugpy — 4y, — Oty —u., = 0;

Ugy + 2Ugy + 2Uyy + 20y + 2ys + 2. + Suy = 0;
Ugy — Ugt + Uzz — 2uz4 + 2ug = 0;

Ugy + Ugz + Uyt + Uzp = 0;

) Unza + 2Uzy — 2Up — duy. + 2uy + U = 0;

10) Uga + 2Ug> — 2Ugt + Uyy + 2Uys + 2uys + 2us. + 2uy = 0;

n n—1
11) Uy +2 37 Uppay, —2 ) Ugparys = 0;
k=2 k=1

n n
12) uw1w1_2 Z (_1)ku$k—1$k :0; 13) Z kumk$k+2 Z luwﬂk = 0;
k=2 k=1 I<k

14) > tgyay, + O ltgym, = 0; 15) > gy, =0.
k=1 I<k I<k

3 Tom pen. B. C. Bnagumuposa
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YpaBHeHue
a(z,y) Uze + 2b(2, Y) tay + (2, y) Uyy = (2,9, 0, ue,uy), (1)
rze |a| + |b] + |¢| # 0, npurannexRuUT (B TOUKE UM OOIACTH]):

runepbonumueckoMy Tuny, ecam b?—ac>0;
napa6bomumueckomy Tuny, ecm b —ac=0;
sAAuMTTUYEeCcCKOMY Tuny, ecmm b —ac<O0.

s ypasuenus (1) xapaxTepucTUUECKOE ypABHEHNE
a(z,y)(dy)® — 2b(z,y) dz dy + c(z,y)(dz)* = 0

pacCiagaeTCda Ha OBAa YPDABHEHUA:

ady—(b%—\/bQ—ac)dx:O., (2)
adyf(bf\/beac)dm:O. (3)

YpaBHeHus runepbonuueckoro tuma: b2 —ac > 0.
O6mme narerpans ¢(z,y) = ¢1, Y(z,y) = ¢ ypasuennii (2) u (3) neitct-
BUTENbHB 1 pasimyabl. OHM ONpenesISIoT OBa PA3IMYHBIX CEMeNCTBA Neii-
CTBUTEIbHBIX XaPAKTEPUCTUK A ypasHeHus (1). 3aMeHoll mepeMeHHBIX
& = o(z,y), n = Y(z,y) ypaBrenme (1) nNpUBOOUTCS K KAHOHUIECKOMY
BUN

Y Uen = ®1(&, 1, u, ug, uy).

YpaBrHenus mapabonmueckoro tumna: b2 —ac = 0.
Ypasuenus (2) u (3) cosnamator. O6wwuit uuterpan p(z,y) = ¢ ypas-
Henus (2) onmpenenseT CeMeRCTBO NEWCTBUTEINBHBIX XAPAKTEPUCTUK MJIs
ypaBrenus (1). 3amenoit mepemennwix & = @(z,y), 7 = ¥(z,y), roe
P(z,y) — nrobas Tnamkas GyHKIUS TaKas, YTO 3Ta 3aMEHA TIEPEMEHHBIX
B3aMMHO ONHO3HAYHA B paccMaTpuBaemon obnactu, ypaerenue (1) mpu-
BOIUTCS K KAHOHUYECKOMY BUIY

Upy = P1(€,m, u, ug, uy).

YpaBHeHUS snaunTuueckoro rtuma: b — ac < 0.
Mycrs p(z,y) + iY(z,y) = ¢ — obwuit unrerpasn ypasuenus (2), roe
o(z,y) n Y(z,y) meiicTBuTenbHbe bynkmuu®). Torma 3aMemoir mepe-
mernbix & = @(z,y), 1 = Y¥(z,y) ypasnenune (1) npuBoOMTCS K KAHOHW-

YECKOMY BUT
y y Uge + Upy = P1(€, 1, u, ug, up).

2.2. B kaxmoit obiracTu, TOe COXPAHIETCsl TUT YPABHEHUS, TIPUBECTHU
K KQHOHUYIECKOMY BUIY YPABHEHUS:

1) Upy — 2Ugy — 3Uyy + uy = 0;
2) Ugy — 6ugy + 10uyy + uy — 3u, = 0;

*
JBcnu a,b,¢  amanuTmyeckme QyHKIHH, TO CYyIIECTBOBAHME OOIIEr0 WH-
Terpasia ypasHeHus (2) BBITEKAET U3 TeOpeMbl KOBAJIEBCKOI.
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3) dugzy + AUy + Uyy — 2uy = 0; 4) Ugy — TUyy = 0;

5) Upa — YUyy = 0; 6) rum yuyy =0;

7) YUze — TUyy = 0; 8) z2 um + Y2y, = 0;

9) Y use + 22Uy, = 0; 10) y2ugye — 22Uy, = 0;
11) (14 22) Ups+ (14 y?) uyy+ yu, = 0; 12) 4y% Uy, — €**uy, = 0;
13) Uy — 28inTUgy + (2 — co8? ) uyy = 0;

)

) u
14) y Ugz + 2YUyy + Uyy = 0;
15) 22Ugy — 22Ugy + Uyy = 0.

IIycte xosdunmenTs ypasHenus (1) HEOPEPHIBHBI B HEKOTOPOM 06-
nactu D. Oyuknus u(x,y) HaseBaeTcs pewenuvem ypasnerwus (1), ecan
ona npuHamIexuT kiaccy C2(D) u ynosneTsopser ypasaenuio (1) B 06-
anactu D. MHuoxecTBO Bcex perenuil ypasHenus (1) HasbiBaeTcs 00ujum
pewenuem ypasuenug (1).

2.3. Haittu obimiee perenne ypaBHEHNA ¢ TOCTOSIHHBIMEU KOY(DGUIIIEH-

TaMMU:
1) gy = 0; 2) Uy — aPuy, = 0;
3) Uz — 2Ugy — SUyy = 0; 4) Uy + au, = 0;
9) gy — gy — 2ty + 3y + 1y = 2; 6) Uzy+aus+ buy + abu =0;

EN|

Uy — 2uy — 3uy + 6u = 2™ 1Y;
Uy + 20U, + azuyy + 1y + auy = 0.

)
)
)
)

oo

2.4. Jloka3aTb, YTO ypaBHEHME C MOCTOSHHBIME KO UIeHTaMu
Ugy + AU + buy + cu = 0

samenoit u(z,y) = v(z,y) e "~ npEBOAMTCA K BULY U,y + (¢ —ab) v = 0.
2.5. JloxazaTh, 94TO oflllee DeIIleHne yPaBHEHUS 1y = U UMeeT BUI

u(x /f Jo (21\/m)dt+
+ / 9(t) Jo (20/aly = 1)) dt + [£(0) + 9(0)] Jo (2i/7).

raoe Jo(z) (pyHKumI Beccens, a f ug  OpoM3sBONBHBLIE QYHKIWN KIIAC-
ca C1.

2.6. IlokasaTb, 4TO OOlLlee peIlleHNe yPABHEHUS Uy, = F(z,y), roe
FeC(z—zo|l <a, |y —yo| <b), umeer Bun

z y
u(ey) = f() + () + [ [ F(gn)dnde,
0 Yo
roe f m g — npomsBonbELIE GyHKIUT Kiaacca C2.
2.7. Ilokasarb, 9T0 OOLIEE PEIICHNE YPABHEHUS Ugy + A(Z,y) uy = 0,
rne A(z,y) € C*(|z — zo| < a, |y — yo| < b), umeer Bun

3*
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T Yy
u(z,y) = f(y) +/9(€) exp */A(f,n) dn ¢ d€.
Zo Yo
roe f ug  mpom3BombHBE GymKmuy knaccos C2 u C! cooTBeTCTBEHHO.
2.8. IokazaTk, 9TO 00OIIee pEIeHne yPaBHEHUS

Ugy — ! Uy + Uy =0
Wy Ty Y
umeeT Bun u(z,y) = M, rone fug IPOU3BOJIBHBIE QYHKIINY U3
r—y

kmacca C2.
2.9. JllokazaTs, 9TO OOIIIEE PEIIEHNE YPABHEHUS
n m
Ugy — —— Uy + —— 1y =0,
T—y T—y
roe n m m — HATYPaJIBHBIE YUCJId, UMEET BUI
’LL(.CL' y) _ grim—2 f(z) +g(y)
’ Oxm—19yn—1 z—y ’
roe f mu g — mpomsBonbEbIe Gymkmmyu u3 knaccos C™FL w O™ coor-
BETCTBEHHO.
2.10. JloxaszaThb, 4TO OOIIEe peleHrne YpaBHEHUS

n
Upy + —— Uy —
‘ Tr—y Tr—Yy
roe n um ~ HEOTPUIATENbHBIE [IeJIble YUCIIa, UMEET BUI
+
)n+m+1 an " f(:l:) + g(y)
Oz dy™ T —y ’

roe f mg  mpomsBombHBIE GyEKINM 3 knaccor C"T2 u C™+2 coorsert-
CTBEHHO.

u, =0,

u(z,y) = (@ —y

2.11. B kaxmnoit u3 obnacTeit, Tae COXPaHsIeTCs: TU YPABHEHUS, HANTH
o0111ee perleHre ypaBHEHUN:

1) Yuge + (T — y) Ugy — TUyy = 0; 2) 22Uyy — Y uy, = 0;

3) 22Uy +22YUgy — Y2y — 22U, = 05 4) T2Ugy +2TYUsy + YUy, = 0;
5) Ugy — TUy + u = O; 6) ugy + 2zyu, — 2zu = 0;

7) Uzy+ Uz +yuy+ (y—1)u = 0;

8) ugy + Tuy + 2yu, + 2zyu = 0.

OrBeThI X §2

11
21 1) ugg tugy tuge =0 =z =y —x, (=x-sy+ 57

1 1 1
2) uge — Uy + uee +uy = 0; {:536, n:§m+y, C:fizfy-l-z;

3) Uge —Upp+2ue =0 E=z+y, n=y—z, (=y+2z;
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4) uge +upy, =0; =z, n=y -, (=22 -y +2z
5) Uge —Upy —ucc =0; €=z, n=y — =z, (:gfﬁf%y+%z;
6) uge + Unpy +ucc U, =0 {=z, =y -z, (=1 y+z,
=2z —2y+z+1t;

7) uge —upptucctu =0 {=zty, n=y—=z, (=2, T=y+z+i;
8) Uge —Upy +Ucc —Urr=0; E=x+y, n=z—y, (=—2y+2z+1,

T=2z—1;

9) ugg—upptucc =0 €=z, n=y—z, (=2z—y+z, T=zc+z+t;
10) uge +upy =0; =2z, n=y, (=—z—y+z, T=z—y+t;

n k
11) Zufkfk:07 gkzth k:1727---7n;
=1

k=1
n k
12) Z (71)k+1u§k§k = 07 fk = Z Zr, k= 1,2,...,77,;
k=1 =1
13) Zugkgkzoa 51:'7:11 fk:.’lik*.’lfk,]_, k:273="'=n
n [ 2k 1
14) ’;:: gkgk—() ‘fk k—ﬂ(l‘kle;c.’ltl), k—l,Q,...,ﬂ
15) Ugien — zn: uge, =0, & = 377” 1 + L En: Tk,
. k=2 V2(n —1) n—1 ;5
=—x1 —V2zx, k=2,3,...,n
&k N V2,
1
2.2. 1) ugy — 5 (ug —uy) =0, E =z —y, 1 =3z +y;

2) Uge +uUpy+ug=0, 6=z, n=3z+y;
3) uﬂﬂ+u5:07€:$_2y7n:x

1 2
) ven+ g (u£+un) 0, E—— w2ty =3P —y, 2 >0;
1
uge + gy + grue =0, £ =3 2 (o), =y, < 0;
1

1
uEE"‘“nn_;“n:Oag:xan:?\/— , Y <0;

1 1
6) “55*“7777*2“6"'5“77 lzl, n = Iyl (z > 0,

y > 0mmz <0, y <O0); u55+um—%u5—%un =0, & = ]z,
=]yl (>0, y<0ummz <0, y>0);
1 1
7) uge = Uy + ggue — goup =0, f— |$|3/2, n =y (& >0,

y>0mmz <0, y <O0); uge + uyy + 3§u§+ =0, & = |z)?/2,

n=1y*>? (>0, y<O0wmwmz <0, y > 0);
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8) uge + Upyy —ug —uy =0, £ =1Injz|, n =Inly| (B xaxknoMm xkBaz-
paHTe); .
9) uee + upy + — % Ug -I- “n =0, ¢£=92, n=2 (BKaxmom KBam-
paHTe); )
10) wey + ———< (queg — &uy) = 0, &€ = y2 — 22, n = 9y + 22
) &n 2(,q2 752) (77 13 £ ’f}) é Y n Y

(B KaXIOM KBanpaHTe);

11) u&+unnfth§u§:0,{:1n($+\/m),n:ln(y+«/1+y2);
12) ey~ gy (e ) + gy (e ) = 0, € =P e, =
=y —e® (y>0mmy < 0);

13) uge + Upy + coséu, =0, E=2, n =y — cosz;

14) uyy, —2ue =0, € =2z —y%, n=y;

15) upy —Eug =0, { =ze¥, n = y;

2.3.1) f(z) +9(y): 2) f(y+az)+9g(y — az);
3) f(z—y)+ 93z +y); 4) f(y) + g(z) e~

5) z—y+ fz—3y)+9QRz+y)eBy=2/T 6) [f(x) + g(y)] e "
7) "t + [f(z) + g(y)] 2+, 8) fly—az)+g(y—az)e™

2.11. 1) f(z+y)+ (@ -y)g(a®—y?) (2> —ywmz < —y);

2) f(zy) + /=yl g( ) (B KAX)OOM KBaIpaHTE);

3) f(zy) + |zy|*/*g (;) (B KaXXOOM KBAIPAHTE);

4) .Z‘f(—) (—) (B kAX)OOM KBaIpaHTE);

5) zf(y )+ / T — £ e¥dé (Yxaszamme. O603mauas
Uy = U, NOIYYUTH COOTHOLIEHUS U = TV — Uy, Uy — TV, = 0.);

6) 2yg(z )-I- g'( -I-/ y—E&) f(&) *””25(1{ (Yxaszaunue. O6oszua-
9as U, = U, NONYyYUTH COOTHOLIEHNS U = % Vg + YU, Vzy + 2zyvy = 0.);

7)e”[yf +/y 7)9 w"dn] (Yxasaunme. O60-

3HAYAsA Uy + U = U, HonquTB COOTHOIIEHUST U = Uy + YU, Ugy + Uz +
+yvy +yv = 0.);
8) e ™V {yf +/ y—1n)yg I”dn] (Yxkazanne. O6o-

3HAYAS Uy + TU = U, HonquTB COOTHOIIEHUS U = Uy + 2yv, (vy + .m;)m +
+ 2y (vy + zv) = 0.).



I'masa II

OYHKIIMOHAJIBHBIE ITPOCTPAHCTBA
N MHTET'PAJIBHBIE YPABHEHUA

§ 3. Nsmepumbie pynkiuu. WaTerpasn JleGera

1. Usmepumsbie pyukmmm. MuoxectBo £ C R™ Ha3BIBACTCSI MHO-
scecmeom (N-MEPHOR) Mepbl HYyab, eciau 1o mobomy € > 0 MOXHO HAl-
TU TOKPBIBAIOIIEE €70 CIETHOE MHOXKECTBO OTKPBITHIX (N-MEPHBIX) Ky6OB,
cyMMa 00BEMOB KOTODPBIX MEHBIIIE €.

IMycre @ C R™ — obmactb. Ecam HEKOTOPOE CBOMCTBO BBINOIHEHO
Bcoony B (), 33 MCKITIOYEHUEM, OBITH MOXKET, MHOXKECTBA MEDHI HYJIb, TO
TOBOPSIT, 9TO TO CBOWCTBO BBITIOIHEHO Noumu 6ciody B @ (m.B. B Q).
Sanaunas B obnactu @ dyukuus f(z) HasbiBaeTcs usmepumoii B (), ecnu
OHA SIBIISIETCS MIPENEJIOM II. B. B () CXOMSIIENCS IOCIEN0BATEIBHOCTHN QYHK-
ouin u3 C(Q) Ecmm f(z) = g(z) n.B. B @, TO roBopsaT, 4T0 QyHKIMMA
IKBUBAALEHTHbL B ().

3.1. YCTaHOBUTH, YTO CIEAYIOMINE MHOXKECTBA SIBILIOTCS MHOXKECTBA-
MW MEpHI HyJIb:

1) KOHEYHOE MHOXECTBO TOUEK;

2) CYeTHOE MHOXKECTBO TOUEK;

3) mepecedeHune CYETHOTO MHOXKECTBA, MHOXKECTB MEDBI HYJIb;

4) 06BenVHEHNE CIETHOTO MHOXKECTBA MHOXKECTB MEDHI HyJIb;

5) rmanmkas (n — 1)-MepHAs OBEPXHOCTH;

6) rmankas k-mepnas nosepxsocTs (k <n —1).

B zamauax 3.2-3.9 mokazaTe yTBEDPXKIEHUS.

3.2. ®yuxuus Hupuxsne x(z) (paBras 1, eciim BCE KOOPAMHATHI TOY-
KV Z panuoHaJNbHBL, 1 ) B IPOTUBOIOJIOKHOM CJIydae) DABHA HYJIO II. B.

3.3. ®Oyuxuus f(z) = MOYTY BCIOAY HempephiBHA B R™.

1
1— ||

3.4. TocnenoBarensHocTs QyHKUUin f,(x) = |z|™ B mape |z| < 1 cxo-
OATCS K HYJIO II. B.

3.5. Teopewma. Zlag moz2o umobvr mmoncecmso E 6biio muo-
HeCmeom Mmepvl HYab, HE00T0duMO U Jocmamouno, umobvl CyuLecm-
606410 MAKOE €20 NOKPLIMUE CUEMHOY cUCMemot omKPuIMbT Kybos ¢
KOHeunot cymmoti 06vemos, npu xKomopom Kaxcdag mouka E oxasviea-
emcd NoKpurmoti 6eCKOHEUHBIM MHOHCECNEOM KYOOS.



40 @a. II. QynryuorasbHbIE NPOCMPAHCMEA U UHMEZPAALHBIE YDAEHEHUT

3.6. ®yuxuus f € C(Q) usmepuma.

3.7. Ecim f(x) m g(x) skBuBasenTHer u g(z) m3mepuma B @, 1O f(x)
TOXe n3Mepuma B ().

3.8. Ilpemen mouTu BCIOAY CXOOSIIEHCS TTOCIENOBATEILHOCTY U3MEPU-
MBIX (QYHKIIUN SBISIETCS M3MEPUMON DYHKITMEN.

3.9. Oyuxuwms, HeNpepsIBHAS B () 33 MCKIOYEHUEM MOIMHOXECTBA,
COCTABIIEHHOTO M3 KOHEYHOrO (MM CYETHOIO) YUCHA [JIANKUX k-MEpPHBIX
nosepxuaocteit (k < n — 1), nmsmepuma B Q.

3.10. YcTaHOBATH M3MEPUMOCTE CIEAVIOMINX QYHKINH, 3aIaHHBIX HA
orpeske [—1,1];

a) y = signx;

o1 . o1
6) y = sin —, z # 0, B) y = sign (sm ;) , ©#0,
0, z =0; 0, z = 0;

1 m

—, €cnm T = — [PU B3aUMHO OPOCTHIX M, N,
r)y=4q" n
0, ecnu z MPPAIUOHAIBHO.

3.11. Hycrs dpyukuuu f(z) u g(z) usmepumsl B . YCTAHOBUTH W3-
MEPUMOCTH CJIeAyIommnX QyHKIMN:

8) f(2) g(o); 6) L (apr yenosmn g(s) # 0, 2 € Q)

B) |f(z)[; r) (f(x))9®), ecim f(z) > 0.

3.12. Hycrs f(z) € C(Q) u B kaxnoin Touke € () CyLIECTByeT
npousBopsas f, . Hokazars, uro f, m3mepuma B Q).

3.13. a) Hycre dyuknun f(z) u g(z) usmepumsr B Q. Hokazars us-

MepmocTs B Q byt max { £ (x), g(x)}, min {£(x), g(x)}.
6) HokasaTh, 94TO BCsAKas usMmepumas GyHkuusa f(x) eCTh PasHOCTH
IOBYX HEOTPULATEIbHBIX N3MEPUMBIX QYHKIUT

fH(z) = max {f(z),0},  f~(x) = min{0, —f(x)}.
3.14. IokasaTh, 4TO HEyOBIBarOUIas (HEBO3PACTAIOIAA) HA OTPE3KE
[a,b] dyuKUMS M3MepuMa.

3.15. HokasaTs, uto ecnu f(z) usmepuma B (), TO CyIIECTBYET MOCIIE-
LIOBATEIHHOCTh MHOIOWIEHOB, cxonaumxcs K f(z) m.B. B Q).

2. Nuarerpan Jle6era. 3amannyio B obnactu (@ dynkuuio f(z) Gy-
IeM CuMTaTh TpuHammexamneit kmaccy LT(Q), ecnu cymecTyer Hey6bI-
BAOIIAs TOCJENOBATEILHOCTh HENPEPLIBHEIX B () QMHUTHBIX YHKIIWIK
fo(z), n = 1,2,...) cxonamasica x f(z) 0.B. B () u Takas, 4TO MOCIENO-

BaTENbHOCTL nHTErpaiios (Pumana) /fn(.ilj‘) dz orpanmueHa cBepxy. llpn
Q
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sTom unTerpan JleGera ot dynxmuu f(z) € L1 (Q) ompenenseTcs paBeH-
CTBOM
(L)/fdxzsup/fndx: lim /fndm.
n n—oo
Q Q Q

Oynknus f(z) HasbBaercs unmezpupyemoti no Jebeey no obnactu Q,
€CIIM ee MOXKHO NPENCTaBUTh B Bune pasHoctu f(x) = fi(z) — fo(x) mByx
byaxmuit f1(z) u fo(z) m3 LT(Q). lpu stom unmezpan Jlebeea ot dysk-
uun f(z) onpenenseTcs pABeHCTBOM

(L) [ fdz = (L) [ frdw = (L) [ foda.
Q Q Q

Kommekcnosnaunyto dyskimmio f(z) = Re f(z) + ¢Im f(z) Gymem
HA3LIBATBL unmezpupyemoti no Jebeey no obaacmu @, ecmm GyHKIUN
Re f(z), Im f(x) uarerpupyemsr no Jlebery. Ilpu 5ToM 1O ompenenenuo

oJIaraeM
(L)/fdz = (L)/Refdz-l—i(L)/Imfdz.
Q Q Q

MuoxecTBo uaTerpupyembix mo JleGery no obnactu () KOMILIEKCHO-
3HAYHBIX (QYHKIWA, OTOXIECTBISEMBIX B CIIy4ae UX DSKBUBAIIEHTHOCTH,
o6osuaugaercsa L1 (Q).

Dyukunu u3 L (Q)) xoneunst n.B. B (). Ecniu dynkuus uarerpupyema
no Pumany, To ona maTerpupyema u no JlebGery u ee murerpanst Pumana
u Jle6Gera cosnanator. IllosTomy B nansreiimem 6ynem onyckats (L) mepen
3HAKOM MHTErPaJia; BCErAa MO MHTErPAJIOM IIOAPA3YMEBAETCS MHTEr DAL
Jlebera, a mom mHTErpupyeMon GyHKIUEHR GyHKIUS, MHTErPUPyEMas
o JleGery. Bomee Toro, ecin dyHkims abCOTOTHO HECOOCTBEHHO MHTET-
pupyema no Pumany, To ona maTerpupyema u o JleGery n ee mHTErpasnbi
Pumana u Jlebera coBnanmator.

Crenyrorme T€OPEMBI UI'PAIOT BAXHYIO POJIb B TeOpUu J1e6€rOBCKOTO
WHTETPUPOBAHUS.

a) Ecau gymxyua f(z) usmepuma 6 Q u |f(z)| < g(z), 2de g(z) €

€ L1(Q), mo f € L1(Q). B uacmmuocmu, u3mepumas 02paHULeHnag Gymni-
yud 6 oepanuuennot obaacmu Q npunadaencum Li(Q).

6) Teopema Jle6era. FEcau nocaedosamesprnocmsv uzmepu-
moiz 6 Q Pynwyui f1(x), ..., fu(z),... cxodumes x Pynxyuu f(x) n. 6. 6 Q
u [ £a(o)] < g(o), 20 g € Ly(Q). mo F € Ly(@) v [ fulw)de —> [ fdo
npu n — 00. Q Q

B) Teopema ®yb6bunu Feau f(z,y) € L1(Q xP), z = (z1, ...
e In) €Q,y=(y1,..,Ym) € P, 2de Q u P mnexomopwvie obaacmu u3
R"™ u R™ coomsemcmeaenno, mo

[fey)yds e Lp). [ flr.y)dy € Li(Q)
Q

P
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/f:L‘ydxdy—/dm/fmydy—/dy/fxy

QxP
Ecau f(z,y) usmepuma 6 Q X P, dag n.6. x € Q Pymxyua | f(z,y)| €
€ L1 (P) “/|f($,y)\dy € L1(Q), mo f(z,y) € L1(Q x P).
P

B 3amauax 3.16-3.20 noka3arb yTBEDKIEHUS.

3.16. Ecnu f(z >OI/I/f z)drz =0, 10 f(z) =0n.B. B Q.

3.17. Ecnu f(z) —OH.B. B Q, TO/fd.’E:O.

Q

3.18. Ecnu f,g € L1(Q), o af + Bg € L1(Q) upu mobbx TOCTOSH-
HBIX @ u 3.

3.19. Ecau f € L1(Q), To |f] € L1(Q) n
[rds < [ifas
Q Q

3.20. Ecim f € L1(Q), To nns moboro € > () mHaiinercs Takas GuHUT-

nas dynxumns g. € C(Q), uto /|f — ge|dz < €.

Q
3.21. IlpoBeputs, uto dyukius Hupuxie

F(z) 1, ecnu x panmoHAIBLHOE,
€Tr) =
0, ecnu T MppanMOHAIBLHOE,

nrTerpupyema no Jlebery ua [0, 1], Ho e nnTerpupyema no Pumany. Hemy
paBen ee urTerpas JleGera?

3.22. Haiitu waTerpane no orpesky [0,1] ot cnenyromunx dyHkunii
(mpenBapuUTENBHO MOKA3AE MX MHTErPUPYEMOCTH):

ac2, €CIIM T MPPALUNOHAIBHO,

@) fla €CIIN T PAIMOHAJIBHO;

€CI & UPPAUMOHAIBLHO U Gonbie 1/3,

€CIIM I UPPAUMOHAIBLHO U MeHbIe 1/3,

€CIIN T PAIMOHAJILHO;
sin7z, ecnu T MPPANUMOHAIILHO U MeHbIe 1/2,
B) f(z) = ¢ 22, ecim z upparmmonansro 1 Gombime 1/2,
0, ecnu T pauMOHAJILHO;

{ 1/n, ecnu x = m/n, voe m,n B3AUMHO IPOCTHIL,
) flz) =
07

€CIN T MPPALNOHAIBHO;
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{ml/S, €CIY 2 UPPAIMOHAIBHO,

z3, €CIIN £ PALMOHAJIBHO;

e) f(z)=sign (sin E).
T
3.23. Ilpu kaxux 3HAYEHUSAX (v UHTETPUPYEMEL 10 mapy |z| < 1 cie-

nyoome pyHKIuu:
1 1 T1T2...Tn o,

a) f(z) = W; 6) f(z)= W; B) f(z) = P

3.24. Ilycrs g(z) U3MEpUMas U OTPaHUYEeHHAs QYHKIUSI B OTPDAHU-

n) f(z) =

uennoit oomactu Q. Iokasars, uro dyukuus f(z) = /| g(§£)| d¢ upu-
€r — «@

namnexut C*(R™) mpu k <n — a.
3.25. Ilycrs f € L1(Q). Hokasars, aTo GpyHKuus

@) = {f(x), ecau B Touke z | f(z)| < N,

N eciu B Touke x | f(z)| > N,

b

“HTErpupyema no () u CrpaBeiiuBO COOTHOIIEHUE

hm /fN(x )dx = /f z)dz.

3.26. Ilycts Q = (0< 21 <1, 0 < 22 < 1), a dynkuus f(z) 3anaxa
B Q caenyromuM 06pa3oMm:

7‘;7342 upn ($17$2) 7é (070)7

a) f(z) =
0 npu x; =z = 0;
.’1127.’112
o fo - L S o () # (0.0),
0 opu 1 = 2 = 0;
% mpu 0 < z1 <z <1,
T3
B) f(z)= —xl—z npu 0 < zo < 21 < 1,
1

0 B OCTAIBLHBIX TOYKAX.

1) Hpurammexar nu 3T QyHKIUEA HpOCTpa,HCTBy L (Q)7
2) Hpunannexar mua Lq(0,1) dysxuum /f Z1,%0)dE, /f (1, T2) dzo?

3) BBINONHSAETCS I PABEHCTBO
1

./ldml/f(.rl,mg) dzs :./ldmg/lf(ml,mz)dml?
0 0 0

0
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3.27. Ha orpeske [0,1] 3amaHa mocienoBaTeNbHOCTH CTYHNEHYATHIX
dyukuuit f,(z), n=1,2,...
7 1+ 1
fu(z) =
0 nns octambubx z € [0,1],
roe Hensle 9ucaa n, k, 4 CBA3aHBI COOTHOIMEHUIME

n =244, 0<i<2b—1.

1

IMokaszars, uro lim /fn dr = 0 uuro f,(z) - 0 opu n — ©
n—oo

ons z € [0,1]. 0

MHo%ecTBO U3MepUMBIX B () QyHKIWIA, KBAAPAT MOMYJIs KOTOPHIX IPH-
vagnexut Li(Q), HaseBaercs npocmpancmeom Lo(Q)) (upu sToM, xak

n B crnyuae L;(Q); sKBUBaNeHTHBIE QYHKINM CINTAIOTCS OTOXIECTBIEH-
HBIMU).

B 3amauax 3.28-3.33 nokazarsb yTBEDKIEHUSI.

3.28. Ecmm f1, fo € L2(Q), 1o afr + Bfo € Lo(Q) npm mobbix mocTo-
SHHBIX . 1 [3.

3.29. Ecnu f € Ly(Q) u )  orpanwuenHas o6sacts (unm 061acTs
¢ orpaHu4eHHbIM 06BeMoM), TO f € L1 (Q).

3.30. Hu onno u3 Bkutouenuit L1 (R™) C Ly(R™), Ly(R™) C Li(R"™)

MeCTa HE MMEET.

3.31. Ecnu f,g € La(Q), To f -9 € L1(Q).
3.32. Ecnu f,g € L2(Q), TO mMeeT MeCTO HEPABEHCTBO ByHsakoBCKOTO

[1-gds < (/|f2dm>l/2</gzdz)l/2
Q Q Q

3.33. Ecim f, g € L2(Q), To mmeeT mecTO HEpABEHCTEO MUHKOBCKOTO
2

1/ 1/2 1/2
(/If+g|2d-r> < (/|f|2dm> + (/|g|2d.r> .
Q Q Q

3.34. YcraHoBuTh NpUHAMIEKHOCTb K Lo(()) caenyromux dyHKImit:

a) y=2%  Q=[01 6 y="0% Q=(0,1)
z71/3 cosz, z mppanumoHAIbHO,

B) y=1< z /3 2 panuoHaabHO, T # 0, Q=1-1,1};
0, z =0,
sin (z1z2

S b n L

0, |z| =0,
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ﬁa |z| #0, = # 1/k,
n) y =4 */’sign (sm ;) Q = [0,1].

0, z=0, z=1/k,
3.35. Ilpm kakux o n B byskums f(z) =
Ly(Q), ecnu Q = {|z1| + |z2| > 1}7
3.36. Tlpu xaxux a dysxmms r~ %, r = (27 + £3)'/?, npumamnexur
Ly(Q), ecnu:
a) Q= (r<1l; 6) Q= (r>1)?

3.37. llpu xakux « QyHKIIUSA
sin |z|?

npu |z 0,
fay=9 T P
0 npu |z| =0,

———— IIPUHJAOJIECKUT
o] + [aa? PR

o] = (a3 + 23+ 3) %,

npuaannexut Ly (Q), ecmm Q = (Jz] < 1)?

3.38. Ilpn xakux a ¢ymxnus |z|"°, rme |z| = (23 +... +=z )1/2
npuramexut Ly (Q), ecom:

a) Q=(z| <1);  6) Q=(z|>1); B Q=R"7

3.39. Ilycte dynkuus g € Lo(Q), rme Q — orpanmueHHast 06IacTh.

TlokasaTb, aro Qymkuus f(z) = /%dy mst a < g NpUHALJIE-
z—y

xut npocrpancty CF(Q) mpu k < g — .

3.40. Tlokasars, uro nmus dyukumu f € L2(Q) (¢  orpanuueHHas
obmacts) mo mwbomy € > 0 mafimerca takas dyukuus f. € C(Q), aro

[1f -~ 1P <.
Q

OTBeTnl K §3

3.21. 0 . 35 5

3.22. a) 3 ) o8’ B) — +24, r) 0; n) % e) 1—2In2.
3.23. a) a<n; 6) a<l; B) a<2n.

3.26. a) 1) Her; 2) mer; 3) Her;

6) 1) mer; 2) ma; 3) Her;
B) 1) mer;  2) na; 3) HeT.

3.35. >0, (>0, _+_,3<1
3.36. a) a<1l; 6) a>1.
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7
3.37. a > Z

3.38. a) a< g; 6) a> g B) HU IPU KaKUX Q.

§4. @yHKUMOHAJIBHBIE IPOCTPAHCTBA

1. JInHellHble HOpMUPOBaHHBIE IMIPOCTPAHCTBA. KoMnaekcHbim
(6ewecmaeenubim) AUHETHBIM NPOCMPAHCTMEOM HABBIBAETCS MHOXKECT-
BO M, mis SJI€MEHTOB KOTOPOILO ONPENENEHBl ONEPALNU CIIOXKEHUs U
YMHOXEHWs HA KOMIUIEKCHBIE (BEIIECTBEHHBIE) YWCJA, HE BBIBOLALLUE
n3 M m obiamaromme CBOACTBAMU:

a) fi+ fa=fa+ f1;
6) (fi+fo)+fz=F+(fa+f3);

B) B M cywecreyer Takoi snement 0, uro 0- f = 0, nna mro6oro
feM;
v) (e +ea) f=ef +eaf;
n) c(fi + f2) = cfi +cfo;

e) (cic2) f = ci(eaf);

x) 1-f = f nna mobeix f, f1, fo, f3 13 M n m00bIXx KOMIJIEKCHBIX
(BeLLECTBEHHBIX) YUCEIL C, (1, Ca-

Cucrema 55eMeHTOB f1, ..., fr, 13 M Ha3bIBaeTCS Aunelinotl HE3A6UCU-
Mo, ecu paBeHCTBO ¢1f1 + ... + ¢ fr = 0 mmeeT MecTO TONBKO mpuU
c1 = ... = ¢ = 0. B uporuBHOM ciiyuae cucrema fi, ..., fr JTUHEAHO 3aBU-

cuMma. Beckomeunas cuctema fi, f,... HA3BLIBAETCS JIMHENHO HE3ABUCUMON,
ecnu m0bast ee KOHEYHASI IONCUCTEMA JINHENHO HE3aBUCUMA.

JluHeiiHOE MPOCTPAHCTBO HABLIBACTCS HOPMUP 06 AHHbIM, €CITHA KAXKIOMY
€ro sjeMeHTy f HOCTABIEHO B COOTBETCTBUE BeLECTBEHHOe uucio || f||,
HA3LIBAEMOE HOPMOT f, yOOBIETBOPSIOLIEE CAEOYIOMINM Y CIIOBISIM:

a) ||Ifll 2 0, mpmaen || f]| = 0 s npn f = 0;

6) |lf +gll < IIfIl + llgll, (neparencTso Tpeyronbuuka);

B) |lc

st IMHEMHOr0 HOPMUPOBAHHOTO MPOCTPAHCTBA MOXKHO ONPENEINTh
HnoHsATUE paccmognud Mexny siaementamu p(f,g) = ||f — g|| » nonsTue
CTOdUMOCTIU NO HOPME: TIOCIENOBATEILHOCTD f1, fa,... CXOOUTCS K HEKO-
topomy snementy f (f, — f npu n — o), ecim p(f, fn) — 0 npnm
n — oC.

MMocnenoBarensHOCTh f1, fo,... JAUMHERAHOrO HOPMUPOBAHHOTO MPOCT-
PAHCTBA HA3BIBAETCS Pyrdamenmaabroti, ecnu nis moboro € > 0 cymmect-
Byer N = N(e) > 0 rakoe, uto ||f;n — full < € mpm m,n > N.

Jluneitnoe HOPMUPOBAHHOE MPOCTPAHCTEO HA3BIBAETCS NOAHbIM, €CITN
m06ass PyHOAMEHTAIIbHAS TTOCIENOBATEILHOCTE SJIEMEHTOB UMEET B 3TOM
npocTpancTBe npenein. IlonHoe nuHEHOE HOPMUPOBAHHOE HPOCTPAHCT-
BO B maswBaercs npocmpancmeom bBanaza.

IpU TPOU3BOJILHON MTOCTOSHHON C.
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MuoxectBo R € B Ha3pBaeTcs naomubim B B, ecnu nmns mo60ro
sseMenTa f € B cyliecTByeT nociaenoBaTelbHOCTD f1, fo, ... u3 R, cxoms-
wascs XK f (fn, — f mpu n — 00).

4.1. YCTaHOBUTE, UYTO CIEAYIOIINE MHOXECTBA, SIBIISIOTCS JINHEHHBIMU
MPOCTPAHCTBAMIU:

a) muoxectso C*(Q), 0 < k < oo;

6) MHOXECTBO TOYEK N-MEPHOTO MPOCTPAHCTBA R'; MHOXECTBO TOUEK
komrutekcHou mtockocTu C;

B) MHOXECTBO GMHUTHBIX B () QyHKIWI;

r) MHOXECTBO OUDAHWYEHHBIX B () QyHKUMI;

1) MHOXECTBO AHAJIUTUYIECKUX (DyHKUUWI B 061acTU () KOMILUIEKCHON
mockoctu C;

e) muOX)ecTBO dyHkmmit 3 C((Q), 06pPAIAIONIAXCS B HyIIb HA HEKOTO-
pom MHO)kecTBe E € Q;

x) muoxectso C(Q\{z"}), rne z° € Q;

3) muOXecTBO Gynkumit f u3z C(Q), mist KOTOPBIX /f(pdm = 0,

Q
roe ¢ — mexkoropas Gynkmus u3 C(Q), a ) — orpanmvenHas 00JIACTH;

n) MHOXecTBO bynkmumit f m3 C(Q), mis KOTOPBEIX /fgods = 0,
S

rme ¢ Hekoropas byukuus u3 C(Q)),a S  OrpaHUYEHHBIN KyCOK TIIak-
KOU MOBEPXHOCTHU, JIeXaluen B Q;

K) MHOXeCTBO QyHKIU, uHTErpupyeMbx no Pumany (no o6mactu ));

1) MHOXecTBO mpuHamexamux CF(Q) pemenmit muHeitHOTO HUbde-
PEHIMAIILHOTO YPABHEHUS

Z An(z) D f =0, roe A, € C(Q), || < K
|| <k
M) MHOXECTBO U3MEDPUMEIX B () QyHKUMUIL;
H) npoctparcTBo L1(Q);
0) mpocTpascTBO La(Q).
4.2. Y6enuThCs, 4TO CHEOYIOIINE MHOXECTBA QYHKINA HE COCTABIIS-
0T JIMHEHOTO MPOCTPAHCTBA:
a) mHOXecTBO GyHkimi 3 C(Q), paBHbix 1 B HEKOTOPOH TOUKe
0 € Q;
6) mHOMKeCTBO dynkmmi f € C(Q), Mg KOTOPBIX /f dr =1 (Q

OrpaHuYeHHas 00JIACTb); Q
B) MHOXECTBO pelleHni nuddepeHnuansHoro ypasaerus Au = 1.

4.3. oka3aTk, 9TO CIEAYIOIINE CUCTEMBI QYHKIUN JIMHEAHO HE3ABU-
CHAMBI:
a) 1,z,z% .. ma orpeske [a,b] (a < b);
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6) =%, |a|=0,1,2,..., B obnactu Q;
B) e** |k =0,1,..., na orpeske [a, b];
r) [f(z)]F k=0,1,..., B obnactu Q, rme f(z)  HexoTopas dyHKIMS

u3 C(Q), f # coust.

4.4. Jokaszars, uro moxecTBo C(()) SIBISIETCS JIMHEAHBIM HOPMUPO-
BaHHBIM IPOCTPAHCTBOM C HOPMOM:

D flleq) = lgleaglf(ﬂi)l; 2) ey = 131;1€a5<|f(w)|-

4.5. Nokazate, uto muHOxkecTBo CF(Q) ecTh nuHe#HOE HOPMUPOBAH-
HOE TPOCTPAHCTBO C HOPMOU

||f||cle(@) = Z max | D f(z)|. (1)
lal<k “€@
4.6. llycts E HEKOTOpOe MHOXkecTBO u3 (. ITokasaTb, 4TO MHO-

XKECTBO HENpepuBHBIX B () Qymknuit f(z), oOpamaiommxcs B Hyidb B
Toukax F, ecTh nuHENHOE HOPMUPOBAHHOE MPOCTPAHCTBO ¢ HOpMOR (1)
npu k = 0.

4.7. YCTaHOBUTE, 4TO CJIENYIONINE MHOXECTBA ONPENEJIEHHBIX B OI'Pa-
HUYeHHOR o6macTu () QYHKINNA SIBISIOTCS JINHEAHBIMIA HOPMUPOBAHHBIMUI
npocTpancTBamu ¢ Hopmoit (1) npu k = 0:

a) MHOXecTBO pyHkuuit u3z C(()), GuHUTHLIX B Q);
6) muOX)ecTBO C°(Q); B
B) MHOXECTBO AHAJMTUYECKUX B () U HENPEPBIBHBIX B () (yHKIWIi.

4.8. Yb6enutncs, uto B R" MOXHO BBECTH HOpMY cjemyommm obpa-
30M:

n 1/2 n
) ol = max|ail:  0) ||m|2=(;.r§) ) lel =Y
= 1=
4.9. Y6enutncs, uto npu aiob6oM p > 1 B R™ MOXHO BBECTH HOPMY
dopmynon "

el = (3 |:z:z-|f’)1/p.

Hapiru lim ||z, =1
p—oc

4.10. TlokaszaTs, uTo npu maobom p > 1 B kauecTse HOpMbI B C(Q)
MOXHO B3SITh BHIPAKCHUE

it =( fisras)
G

(obnmacTs ) orpannuena). Hairu lim || f||p.
p—oc

—

2)

4.11. YbennTnhcsi, 94TO JUHENHBIE TPOCTPAHCTBA npumepo 4.4, 4.5,
4.6, 4.8, 4.9 sBrs10TCs 6aHAXOBBIMU (T.€. TIOJHBIMEA B COOTBETCTBYIOIINX
HOPMAaXx), & JINHEAHbIE HOPMUPOBAHHBIE IPOCTPAHCTBA npuMepos 4.7, 4.10
IPU KOHEYHOM P — HETOJHBIMU.
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4.12. Tokaszars, yTo B npocTpancTax L1 (Q) u Ly (@) MoxHO BBECTH

HODPMBI
11z = [ 1£1de, 3)
N /
) = ([ 177de) @
Q

NwmeeT MecTo crnemyrorias

Teopewma. Ipocmpancmsa Li1(Q) ¢ nmopmoti (3) u La(Q) ¢ nop-
moti (4) 6anazosor.

Ionmuoxectso B’ 6anaxosa mpocTpancTBa B HasweiBaeTcs (6anazo-
6blM) NOINPOCMPAHCMBE0M TTPOCTPAHCTBA B, eciu 0HO sBIISIETCS GaHAXO-
BBIM IIPOCTPAHCTBOM C HOPMOH MPOCTPAHCTBA B.

4.13. Ilycte obmacts () orpanmuena. Ilokasars, 4To:

a) MHOXECTBO C (Q) dynxmmit w3 C(Q), obpaInaommxcs B HyJlb Ha
rpanune obnactu ), ects 6anaxoso nongmpoctpancteo C(Q) (¢ mopmoii (1)
npu k = 0);

6) momvuOXkecTBO dyrkmmit f mw3: 1) C(Q); 2) I1(Q); 3) L2(Q),
IUJTsL KOTOPBIX /f(r) pi(x)de =0,4=1,2,...,s,r0€ P1,...,ps  HEKOTO-

Q
poie dynakuun n3 C(Q), ectb 6aHAXOBO TOMAITPOCTPAHCTBO MPOCTPAHCTBA

C(Q) (c mopmoit (1) mpu k = 0), L1(Q) (c Hopmoit (3)) u L2(Q) (¢ HOp-

moit (4)) cooTBeTCTBEHHO.

4.14. Iloka3aTk, YTO CUETHOE MHOXKECTBO, COCTABIECHHOE U3 TUHEHHBIX
KOMOWHAIINY ¢ PAUMOHAJIBHBIMU KO3(hDUIIMEeHTaAMI OOHOUIEHOB %, T =
=(r1,...,2n), @ = (Q1,...,ay), |a] =0,1,2, ..., Bcrony mWIOTHO B:

a) C(Q) (nopma (1) mpu k = 0);

6) L1(Q) (mopma (3));

B) L2(Q) (mopma (4)), rme )  orpanudeHHas 00IACTb.

2. TI'mab6epToBbI mpocTpaHcTBa. llycTh moObIM OByM 3ieMeH-
TaM f 1 g HEKOTOPOTO KOMILIEKCHOTO (BEIIECTBEHHOIO) JIMHENHOTO IPOCT-
pancTBa H mocTaBiIeHHO B COOTBETCTBHME KOMIUIEKCHOE (BEIIECTBEHHOE)
qucsno (f,g), HABBIBAEMOE CKAAAPHbIM TIPOU3BEJeHUEM STUX SIIEMEHTOB,
obanarolee ClIenyoIIMy CBORCTBAMMT:

a) (f.9) = (9, f);
6) (f+g,f1)=(f, fr) + (g, fr);

B) (¢f,g9) = ¢(f,g) upm mo06oi TOCTOAHHON ¢;
r) mas moboro f € H uuncno (f, f) Bemectrenno u (f, f) > 0, npuuem
(f,f) =0 Toasko npu f = 0.

4 Tlom pen. B. C. Bnagumuposa
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IIpoctpancTtBo H MOXHO HOpMUpo6amyb, TOIOXKUB, HapuMmep, || f|| =
= (f, f)*/?. Dra HOpMA Ha3BIBAECTCS HOPMOI, NOPOHCIEHHOT CKATAPHBIM
TIPOU3BENICHUEM.

IIpocTparcTBo H HA3BIBAETCS 2UAbOEPMOBHIM, ECIIU OHO MOJIHO B HOP-
Me, TIOPOXKIEHHON CKANSPHBIM MPOU3BEICHUEM.

[MocnemoBaTenbHOCTE B71eMEHTOB f1, fa,... U3 H Ha3LIBaeTCSI €Aa60
crodawetica x snementy f € H, eciiu mist sioboro h € H

(fe,h) — (f, h) npu kE—s oc.

OnemenTs f u g HA3BIBAIOTCA oprnoeonasbrbimuy, ecu (f, g) = 0. Dme-
MeHT [ HasbIBAETCA HOPmMUPosannbim, eciam ||f|| = 1. Cucrema eq, eq, ...
HA3LIBAETCS 0PMOHOPMUPO6annol, ecau (e;, ex) = Oig, © = 1,2, ...

MMycrs f € H, a e1,€es,... — opToHOpMUPOBaHHAs cuctema B H. Yuc-
na fr = (f,er), k = 1,2,..., HasmBawTca kosdduyuenmanu Pypve sae-

oo
menwma f, a cxomsuuuiicss B Hopme H psan Y. (f,er) e, — padom Dypve

k=1
aaemenma f 0 OpTOHOPMUPOBAHHON CUCTEME €1, €9, ...
Cucrema e1,es,... HA3BIBAETCS OPMOHOPMUPOSAHHLIM OA3UCOM WK

NOAHOU OPMOHOPMUPOBAHHOT CUCTEMOT, €CIIN OHA, SIBIISETCS OPTOHOPMU-
POBAHHOW M MHOXKECTBO HJIEMEHTOB C1€1 + C2€2 + ... + Cpep IPU BCEBO3-
MOXHBIX TIOCTOSIHHBIX C1, ..., C, U k BCIomy ioTHO B H.

Pan ®ypoe snemenTa f mo opTOHOPMUPOBAHHOMY 6A3MCy CXOOUTCS B
nopme H x f.

4.15. Tokasars, uto Lo(Q) ruasL6epTOBO MPOCTPAHCTBO CO CKa-

JIAPDHBIM IPDOU3BEOCHUEM
(f.9)= [ fgde. (1)
@

4.16. TlopmuoxecTBo dynkumit f € Lo((Q)), OPTOTOHANBHBIX K HEKO-
TOPEIM QYHKIUAM @1, ..., px 13 Lo (Q), o6pasyeT HONNPOCTPAHCTBO
npoctpancTsa Lo (Q).

IMycrs B obnactu () 3amaHa HENPEPBIBHASL U MOJIOXUTEIbHAS (DYHK-
nus p(z) (BecoBas dymkunms). O6o3HaunM Lj ,(()) MHOXeCTBO m3MepH-

MbIX B () dyskumit f(z), mia kotopeix p|f|? € L1(Q).

4.17. TlokasaTs, uT0 L3 ,(())  ruab6epTOBO HPOCTPAHCTBO CO CKa-
JIAPDHBIM IPDOU3BEOCHUEM
(f.9)= [ pfgde. (2)
Q

4.18. HokasaTsb, 4TO:
a) La(Q) C Ly ,(Q), ecnm p(x) orpanndena B Q;
6) L2,(Q) C La(Q), ecnm p(z) > po > 0B Q (po = const).

4.19. YcTaHOBUTH OPTOrOHAIBHOCTE B Lo (0, 27) Tpuronomerpudec-
KOU cucreMbl 1, sinx, cosz, sin 2z, cos 2z, ...
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4.20. HokaszaTsk, uTo cucteMbl dyukuuit sin (n+ 1/2)z, n = 1,2, ...,
ucos(n+1/2)z, n=1,2,..., oproronanssst B Ly (0, 7).
4.21. Hoka3aThb, 9TO MHOTOUWIEHBI JIexannpa

1 [2n+1 d"
Pn(x) = oy 2 W [(%2 - 1)n]’ n= 071727---7

06pa3yoT OpTOHOPMUPOBAHHYIO cuctemy B Lo(—1,1).

4.22. Jloka3aThb, 9TO CuCTEMa, QYHKIUT

Tn(z) = \/g cosn(arccos z), n=20,1,2,...,

€CTh CUCTEMa MHOTOWIEHOB (MHOrOuieHbl Uebbimesa), OpTOHOPMUPOBAH-
Hasd B LZ’I/m(—l, 1)
4.23. Hokas3aThk, 9TO cucTeMa QYHKIUH

Hy(z) = (—1)"e” 2 oo’ —0,1

n(T)_(i)e d.’E_ne ) n==u,1,...,

€CThb CHCTEMa MHOTOUYJIEHOB (MHOTOUIEHBI JDPMUTA), OPTOTOHAILHAS B
L2,e*22 (—O0,00).

4.24. IlokazaTh, YTO OTBEYAOIINE PAIUIHBIM COOCTBEHHBIM 3HAUE-
2

HUAM COOCTBEHHBIE (DYHKIINUM OIEpaTOpa — 33aJaHHOTO Ha (yHKIU-

dz?’
ax u3 C?((0,1)) N C*([0,1]) npm rpasmunwix ycnosusx (hu — uy)|e—0 =
=u|,—1 =0, h  mocrosuHas, opToroHasbHbl B La(0,1).

4.25. IlokazaTh, YTO OTBEYAIOIINE PA3TUIHBIM 3HAUECHUSIM COOCTBEH-

HEIe QYHKIUN omepaTopa —A, 3ananHoro Ha dyrkmusax f € C2(Q)NC (Q)
Ju
npy IPAHUYHOM ycaoBuu u|p = 0 mwin (% + g(x) u)‘ =0,rne g € C(?7),
r
oproroHaybHEL B Lo (Q).

4.26. Ilycts p € C(Q), p(z) > po > 0. Ilokaszars, 4TO OTBEUAOLINE
PA3IINYIHBIM COOCTBEHHBIM 3HAUEHUSAM COOCTBEHHBIE q)yHKI_[I/H/I onepaTo-

1 —
pa ——— A, samammoro Ha C%(Q) N C'(Q) mpu TpaHWYHBIX YCIOBUAX

p(z)

3anaun 4.25, opToroHanbHbL B Lo ,(Q).

4.27. Mycrs p € C0,1], q € C[0,1], p € C[0,1], p(z) > po > 0.
IToka3aTk, YTO OTBEYAIOIINE PA3IINIHEIM COOCTBEHHBIM 3HAUCHASIM COOCT-
BEHHBIC (QYHKIIIM ONEPATOPA

1 d d q(x)
5 @ ) )+

sapannoro za C?((0,1)) NC*([0,1]) npy TPAHUYHEIX YCIOBUAX Uy |z—0 = 0,

)

(up + Hu)|,—y =0 (H  mocrosHHAs), OPTOrOHAIBLHEL B Ls ,(0, 1).

4.28. Tycts p € CY(Q), q € C(Q), p € C(@Q), p(z) > po > 0.
HOKaBaTB, gTO OTBEYaImue paBJ’IH“IHBIM CO6CTBeHHBIM 3HAYECHUAM
1

div rad) + q(z), 3amaHHOTO
o) v (perad) +g(z)

cobCcTBEHHBIE (DYHKIIMU ONEPATOPA —

4*
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ma C%(Q)NC(Q) npy rpaHUYHEIX yCAOBUAX 3ana4dn 4.25, OPTOTOHATLHEL
B LZ,p(Q)'

4.29. Toxaszats, uro npuramiexamme C2(Q) N C(Q) pemenus B Q
ypaBrenust Ay = 0, yOOBIETBOPSIOLINE NPU PA3IUYHBIX A DDAHUYIHOMY

Y CIIOBHIO (g_u + )\u)‘ = 0, oproronaneHset B Ly(7).
n r

4.30. TlokazaTs, 4TO mOCIENOBATEIBHOCTE Sinkx, k = 1,2,..., cxo-
nurcst cabo k mymio B Lo (0, 27), HO HE cxommTcs B HOpMe Lo (0, 27).

B zamauax 4.31 4.39 noxazaTb yTBEPXKIECHUS.

4.31. Ecmm nocnenoBarensuocts  fr(z), n = 1,2, ..., dyskumit
u3 Lo(Q) cxomuresa x f(z) mo mopme Ls(Q), To oHa cxomurcs u ciaabo

x f(z).

4.32. Ecmm nocnenoBarensuocTs  fr(z), n = 1,2, ..., dyskumit
w3 L2 (Q) cxomurcsa x f(z) mo mopme Lo (Q), To /fn dr — /fd.r,
n —» 0o (@) — orpannveHHas 061aCTh). Q Q

4.33. Ecin ug, € Lo(Q), k =1,2,..., u pan Y, ug(z) cxomurcs
k=1

o0
K u(z) mo mopme L2(Q), T0o Y, /uk dz = /u dr (Q  orpaHudeHHas
0651acTh). k=g Q
4.34. Ecnu mocnenoBaTenbHOCTh fn(z), n = 1,2)..., dyHkumit u3

C(Q) cxomurca k f(z) paBHOMEepHO B (), TO OHA CXOOWTCA W TO HOPME
Ly(Q) (Q — orpanunuennas 06aacTs).

4.35. Ecnu mocnenoBatensHOCTs fn(z), n = 1,2)..., dyHkuwmit u3
Ls(Q) cxomurcs cnabo k f(z) € L2(Q), TO mOCHENOBATENBLHOCTH HOPM
lfn(®) |22y, m = 1,2, ..., orpanuuena.

4.36. Ecnu mocnenoBatensHOCTh fn(z), n = 1,2)..., dynkuwmit u3

Ly(Q) cxommres cmabo x f(z) € Ly(Q) u ||fn(2)]| — [[f(2)]] npu
7 — 00, TO 3Ta MOCIEAOBATEIBLHOCTE cXonuTcsa K f(x) u mo nopme Lo (Q).

4.37. Haa moboit dynknun f(z) € L2(Q)) nuMeeT MECTO HEPABEHCTBO

Beccens oo
2 2
DI < 1P
k=1
roe fr, k=1,2,..., — kosddunuentor Pypre GyHknuu f 1m0 OpTOHOPMU-
POBAHHOW CUCTEME €1, €2, ...
4.38. Jlio6as OpTOHOPMUPOBAHHASA CUCTEMA €1, ..., €n, ... B La(Q)) cxo-

nuTcst cnabo K HyJdIio, HO HE cxommuTCst o HOpMe Lo (Q)).
4.39. Ins moboit f € Ly(Q)

n

f-= Z Crek

k=1

min
C1,...,Cn

= Hf =D fres
K=1
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(T.e. n-s1 wacTHAa cymma psana Pypbe HAWIYUIIIEM 06GPA30M IPUOIIKA-
er f(z) B L2(Q))-

4.40. HatiTu MHOTOUJIEH 2-U CTENMEeHU, HAWIYYIIUM OOpa3oM mpudiau-
xarouwmit B Lo(—1,1) dynkunio:

a) z3; 6) sinmz; B) |z|.

4.41. HatiTu TpPUTOHOMETPUUECKUN MHOTOUJIEH TIEPBOTO TOPSIIKA,
HammyuM 06pas3oM npubmkarommit B Lo (—m, 7) dyHknmo:

a) |zl;  6) sin g

4.42. HaiiTu MHOTOYJIEH TIEPBOW CTEMEHU, HAMIYYIIM O00Pa30M Mpu-
Gnmxarommit B Lo (Q;) dynxumio z7 — z32, rne Q;:

a) xpyr 72 + 22 < 1; 6) xBampat 0 < z1, z2 < L.

4.43. YcraHOBUTH NOMHOTY B Lo(Q) cuctem:

a) sinkz, k=1,2,..., Q =1[0,7];

6) sin(2k+ 1)z, k=0,1,..., Q =[0,7/2].

B zanauax 4.44-4.50 noka3aTb yTBEPKIEHUS.

4.44. Muorounens! Jlexannpa (3anaua 4.21) u muorounens: Ye6br-
uieBa (3amaua 4.22) 06pa3yoT OPTOHOPMUPOBAHHBIE 6A3UCH] TIPOCTPAHCT-
Ba Ly(—=1,1) u Ly | ) s;—;2(—1,1) coorsercrrento.

4.45. Ytober opronopmupoBanHas B Ls(Q)) cuctema eg,es, ... Gbuia
opToHOpMUPOBaHHBIM Gazucom Ly (@), HEOGXOMUMO U MOCTATOYHO, ITOOBI
mas 6ot dyaknvu f € Lo (@) BemonHsocs HepaseHCTBO [lapcesasns—

CrekiioBa oo
IF1P =D 1l
k=1

b
4.46. Ecom f € Ly(a,b) n /xkf(m)dx =0 ma k = 0,1,..., T0

f(z) =0 u.-. Ha (a,b). ¢
4.47. Ecm f € Lo m /mo‘f(x) dz = 0 mus Bcex a, |a| = 0,1,..., TO
flz)=0m3. B Q. Q

4.48. Ecom fi, n g, k£ = 1,2,..., kospdurmenTer Pypoe GHyHK-
it f mu g m3 Lo()) mo HEKOTOPOMY OPTOHOPMHUPOBAHHOMY 6as3ucy, TO

(f:g) = kagk-
k=1

4.49. Bceskas OpDTOHOPMUPOBAHHAS CUCTEMA, €1, €3, ..., €, JIMHEHHO He-
3aBUCHAMA.
4.50. Hmua toro uTobbl cucrteMa QYHKIUA @1, ..., o, 13 La(Q) Gbuia

JIMHEIHO HE3aBUCUMON, HEOOXOAUMO U HOCTATOYHO, YTOOBI ONpenesnTelb
Ipamma det ||(@i, @), i, =1,...,n, ObLI OTIUYEH OT HYJISL.
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IlycTtb ¢1,...,n  HEKOTOpAas IUHEHHO HE3ABUCUMAsS CUCTEMa (DYHK-
muit u3 Lo (Q) (mm L ,(Q)). @yskumio e () onpenenuM CIenyOLInM

lle 1||

ousi €3 = ¢1€1 + Cao OBLIIA HOPMUPOBAHHOW M OPTOTOHAJIILHON B Lo (Q)
(8 Ly ,(Q)) x dyuknun e; u T. n. Ilpn ycaoBnu, 9T0 NOCTPOEHBI (HYHK-
oum ey, ..., e, 1, GyHKImMio e, Oymem pasbiCKMBAThL B Buue €, — (€1 +
+ foes + ... + Bn_1€n—1 + Bnpn ¢ TakumMum nocTOsHHBIME [, ..., On,
9100l €, Oblla HOPMUPOBAHHON M OPTOTOHAJBHON K (QyHKUUSM €1, ...

.y €n—1. DTOT cn0cO6 OPTOHOPMUPOBAHUS CUCTEMBL @1 (), ..., Y, (x) Ha-
seiBaeTcsa memodom I'pamma—IlImudma.

obpazom: e; =

Tlonbepem MOCTOSIHHBIE €1 U Cy TaK, YTOOBI yHK-

4.51. Haiitu siBHOe BhIpaxenue ¢yHkumit e, k = 1,2,...,n, depes
GyHKIIANA ©1, ..., Pn.

4.52. OprornopmupoBats B Ly ,(Q) meronom I'pamma-IImunra cie-
OYIOLINE MOCIENOBATEIBHOCTN QyHKINN, IPENBAPUTENBHO YOEnUBIIUCE B
UX JINHEWHON HEe3aBUCUMOCTHU:

a) 1,z,2% 23 (p=1, Q= (-1,+1));

6) 1—=z, 1+2% 1+23 (p=1, Q=(-1,+1));

B) sin’nz, 1, cosmx (p=1, Q=(-1,+1));

r) 1,z,12 (p=e" Q=(0,0¢));

R 1,527 (0= 72, Q= (~o0, +00)):
e) 1,z,12 (p:m, Q:(fl,l));

x) 1,2, 12 (p:l/\/lsz, Q:(fl,l)).
4.53. TlokazaTh, YTO B pE3yIbTATE OPTOHOPMUPOBAHUS CUCTEMBI

1, z, 22, meromoM I'pamma IllMuaTa B CKAIAPHOM MTPOU3BEIECHUN

/mdm

MOJLy 4aeTCsl OPTOHOPMUPOBAHHBIN 0A31UC MPOCTPAHCTBA L2 1/W( 1,1),
cocrosiuit u3 mHorowieHos Yebeuuesa T),(z), n = 1,2,.

4.54. OpTOHOPMUPOBATE CUCTEMY MHOTOWIEHOB 1, T1, L B Kpyre
|z| < 1 co ckansipHBIM IPOM3BENEHUEM

(u,v) = /uf}d.r.
o<1

4.55. OpToHOPMUPOBATE CUCTEMY MHOLOYJIEHOB 1, 1,2, T3 B IIape
|z| <1, © = (%1, %2,73), CO CKATIAPHBIM IPOU3BENCHIEM

(u,v) = /uf)dm.

|z <1
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4.56. O6osnaunm uepes LyH(—00,00) MHOXKECTBO Takux (QYHKIUA
f(z) € Lo ioc(—00, 00), I KOTOPBIX CYLIECTBYET KOHEUHBIA IIPENes

k
. 1
lim — / | fI2dz. TlokazaTs, uro Lh(—00, 00) — ruis6epTOBO MPOCTPaH-
k—oo 2k
—k

CTBO CO CKaJ’IﬂpHBIM HpOI/IBBe,E[eHI/IeM
k
1
= lim — / gdzx.
(f,9) Jim o fg
—k

4.57. Ioka3aThb, 4TO cucTemMa QyHKIUi €'“*, rome a  m110060€ BeIecT-
BEHHOE 4YMCJIO, SIBIISIETCS OPTOHOPMUPOBAHHOW cucTemoit B Lh(—00,00)
(cM. mpembLoyIyIo 3amady).

3. T'unn6epToBBI mIpocTpaHcTBa AuddepeHIINPYEeMbIX (GYHK-
muit. [lycrs (Q — HEkOTOpas OrpaHudeHHas 00JIacTb mpocTpaHcTBa R™
¢ rnankoin rpanunein 7. Ilycte a = (ai,...,an) MyJIBbTUAHIEKC (CM.
o6o3nauenus). Oynkums f(o‘) € L110c(Q) HaseiBaeTCs 0606wennoti npo-
4360010t (0.11.) nopsanka a oyskumn f us Li10c(Q), ecnu nms mo6oi
¢uamTHOR B ) dynkmmn g € C1°1(Q) mmeer mecto pasencTso™)

[ fD*gdz = (1)l [ gde. (1)
Q Q
Ecmn dyskmus f € Cl°N(Q), To o.nm. f(®)(z) cymecrsyer u f(@)(x) =
= D*f(z) n.s. llosTomy B manbHeiimem o. 1. nopsanka « Gyukuun f(z
OymeT 0603HauaTHCs uepes D f.

MuoxecTBo bynkunii (Gynem cunTaTh nx BemecTseHabMu) f € Lo (Q),
UMEIOLINX BCE 0. II. [0 TOPSANKa k BKITIOUNTENBHO, npuHamexatue La(Q),
HaseBaeTcs npocmpancmeom Cobosesa HF(Q). HF(Q) — rmanbeproBo
npocTpaHcTBO. CKAIAPHOE MPOU3BEACHNE B HEM MOXKHO 3a0aTh (DOPMYIION

e ( > D“fD"g> dr, (2)
Q

lo| <k

A COOTBETCTBYIOUIYIO COTVIACOBAHHYIO C HUM HOPMY —

1/2
I flli@) = [ / ( > ID“f|2>dx] . @)
Q

la|<k

Ipu k = 0 mpocrparcrso H*(Q) cosmamaer ¢ Lo(Q) (H°(Q) =
= L»(Q)). Ecnu rpasnmna ? mOCTATOYHO Tiaakas, TO mpocTpaacTso HF¥(Q)
ecTnb mononaerne MEO)ecTBa C*(Q)) Mo mHOpme (2').

*)Bomee obrmee oupenmenenne cM.:. Bunammmupos B. C. Ypasuenus
MaTeMaTudeckon pusmku. — H-e uzn. — M.: Hayxka, 1985.
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Hycte f € HYQ), fr, k = 1,2,... HOCTENOBATEILHOCT (DYHK-
it w3 C1(Q), cxonsmmasics B wopme H(Q) x f(z). st mo6oit raankoi
(n — 1)-meproit moBepxHOCTH S (COCTOAIMEN N3 KOHEYHOTO YKUCIIA KyCKOB,
KaXIBIl U3 KOTOPBIX ONHO3HAYHO IPOEKTUPYETCs HA KaKyH-HUOYOb KO-
OPAMHATHYIO TWIOCKOCTB), JIeXkaleit B (, CyIIecTByeT Takas MOCTOSHHAS
¢ > 0, me 3aBucsimas ot f(z) n fr(z), k=1,2,..., ato

/|fk — fml?ds < ¢
S

fr = FmllE()-

W3 sToro mepasencTsa u monHOTH IpocTPancTBa Lo (S) BRITEKAET, 9TO TI0-
CIIENIOBATENBHOCTS CienoB Gyukuuii fi(z) Ha S cxomurcs B HOpMme Lo (S)

K HekoTopoil byukuuu g € Lo(S). @ynkuus g(z) ve 3aBucuT 0T BHIGO-
Pa MoCIenoBaTeNBHOCTH, Tpubimxkaomweid Gyaknmnio f(z), n HA3BBAETCS
caedom f|s dynxman f(z) ma moepxnocTu S € Q.

MuoxecTro dynknuit va H'(Q), cien KOoTOpeIX Ha Tpasune ? paBeH

o
HymO0 1. B. Ha 7, 0603Haumm uepes H1(Q). Ero MOXHO mOmydnTs MOMOIN-
HenueM 1o HopMe (2') mpu k = 1 MHOXecTBa QYHKIUI, UMEIOIINX HEIpe-
PBIBHBIE YACTHBIE IPOM3BOAHEIE B () IEPBOTO MOPSOKA U OOPAIAOIINXCS
B HyJIb Ha 7.

Tlas gysxunn f € 11(Q) creprwa fu(x) = [wille — y) £(y) dy. rae
Q

wr(lz —y|)  ampo ycpenmenus (cMm. 0603HAYEHU ), HABBIBAETC Cpednei
Pynryuet dag f.

ycts z; = @i(y), i=1..n y= (Y1, Yn) k pas HempepEIBHO
nuddeperupyeMoe B () B3aMMHO ONHO3HAUYHOE OTOOpaxeHue obmactu ()
Ha obnacts Q' ¢ skobmanoM, oTawuHEM OT Hyns B (). Torna, ecim f €

€ H*(Q), o o
F(y) = f(e1(y), .- only)) € H(Q).

IBa cxamspubix npoussenerust (u,v); u (U, v);1 B rusibbEpTOBOM TTPO-

CTPAHCTBE ¥ COOTBETCTBYIOIINE UM HOPMEL ||u||1 u ||u||1 HAsBIBatOTCS 9%-
BUBAAEHMHIMUY, €CIIN CYIIECTBYIOT TOCTOSHHBIE ¢ > 0 m ¢ca > 0

Takme, 4TO AN Jo06oro u € H chopaBemnmuBbl HepaBeHCTBa cqllullr <
< lullir < eaffullr-

4.58. YCTaHOBUATBH, YTO CMELUIAHHAS O. II. HE 3aBUCUT OT NOPsOKa oud-
depeHIMPOBAHNAS.

4.59. IlokazaTsb, uTo M3 cyiecTBoBanus o.1. D*f He cnemyer cy-
mecTroBanus o.1. D f npn o, < g, i =1,...,n, |a'| < |al.

Yxaszanue Paccmorpers dysknuo f(z1,z2) = fi(z1) + f2(z2),
rne fi(z;) He UMET 0. 1. IEPBOrO NOPANKA.

4.60. Iokasars, uTo ecau B obmactu () dbyukuus f(z) umeer o. 1.
De f, To m B 6ot mopobnactu Q' C @ dyskums f(r) umeer o.m. D f.
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4.61. Hycrs B obnactu () 3anasa QyHkuus fi(z), uMeromas o. 1.
D*fi,aBobnactu Q2  dyukuus fo(z), umeromas o.u. D fo. Ilokazars,
gro ecim Q1 U Q2 obmacte u it x € Q1 N Q2 fi(z) = fa(x), TO

Byt fi(z), =€ Qn,

T = {fz(m), 5 € Qs

umeer o.1. Df B Q1 U Q2, paBuyio D f; 8 Q1 u D fy B Q5.
4.62. Ilycts

f($17$2):{

1, ecam |z| <1, zo2 > 1,

—1, ecmm |z| <1, 22 < 1.
Y6enutbes, uto f(x1,x2) uMeeT 0GOGIIEHHBIE IPOM3BOAHBIE IEPBOTO MO~
PAIKA B KAXIOM U3 HOIyKPYTOB, HO HE UMEET O.II. TI0 T B Kpyre |z| < 1.
4.63. Hoka3aThb CBONCTBA CpeMHUX (QYHKITUI:
a) fn € C™(R");
6) fr(z) cxomsrea mpu h — 0 x f(z) B L2(Q), ecm f € Lo(Q);
B) B 06OR CTPOrO BHyTpeHHel nopobnactu Q' € () mpu nocTaToaHo
masioMm h umeer mMecto paBeHcTBO (D f), = D f), T. e. 06001meHHAs IPO-

W3BOMHAS OT CpemHen QYHKIUM PaBHA CpeqHeN QYHKIUUM OT OOOOIIIEHHON
TTPOM3BOIHOM.

B 3zamauax 4.64 4.72 moxazaTb yTBepXKIEHUS.

4.64. Ecom y ¢oysknum f(z) B obnactm ) cymectsyer o.m. D®f =
= w(z), a ms dyskumm w(z) cymecrsyer o.m. DPw, To cymecTsyer o. .
DO“LBf.

4.65. a) y =signz ¢ H'(—1,1);

6) y=lol € H'(-1,1), y=|ol¢H*(1,1).

4.66. Eciu f € H(a,b) m o.m. f'(z) =0, To f(x) = const m.B.

4.67. Ecmu f € H'(a,b), To f(r) sxBuBanenTHa Ha [a, b] HeTPePEIBHOM

pyHKIIAN.
4.68. Ecin f(z) € H'(—o00,00), To lim f(z) = 0.

|z]|—00
4.69. O6o3maunm gepes H!(0,27) moampocTpaHCTBO MPOCTPAHCTBA
H(0,27), cocTosee u3 Beex dynknmit f(z) uz H(0,27), Aas KOTOPBIX
f(0) = f(2m).
IokasaTs cremymomee yTBepKIeHNWe: Iy TOrO uToOb dynkims f ()

(u3 H'(0,27)) mpunannexana H'(0,27), Heo6X0MUMO 1 AOCTATOUHO, UTO-
GBI CXOMUIICS. YUCIIOBOM psin ¢ obmuM unenoM n? (a2 + b2), roe

2 27T
a, = / f(z) cosnz du, by = / f(z) sinnz dz, n=20,1,2,...
o 0
Pasencrso
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oo
_ 2, 2\ (1.2
G 0.2y = D (i +b3) (K +1)
k=0 B
ompenenser onHy U3 sKBuBajeHTHBIX HOpM H (0, 27).
4.70. Ias roro urober dymkmms f € Ly(0,7) mpurannexana H(0,7),
HeoOXOOUMO U OOCTATOUYHO, YTOOBI CXOMUIICS PO C OOIIAM YI€HOM k2bi,

= 2 / f(z) sin kz dz. Ilpu sTom
™

oo
2 2 4 f12) Tr 2 2
= = - 1
11 0 /f HIT)ds =5 ) (K4 1)

4.71. Ins mobon f € H! (a,b) umeeT mecTo HEpABEHCTBO (OMHOMED-
HEIN BADUAHT HepaBeHCTBa Creknoga)

/fzdv<( )(/fmdr

a
4.72. Hairtn quHKumo fo(z) # 0, nnsa KOTOpOIl HEPABEHCTBO 3ama-
qam 4.71 npespamaercsa B paBencTro. [lokasaTs, uto ecnu f(x) # cfo(x),
roe ¢ HNOCTOSIHHAS, TO 1 f(T) WMEET MEeCTO CTPOroe HEPABEHCTEO.

4.73. IlokazaTs, uTo nns moboit dysxmun f € H(0,27), nnsa koTo-
poir f(0) = f(27r)7 UMEET MECTO HEPABEHCTBO

/Pw</ M+—</f f

4.74. I[0Ka3aT1;., uT0 s oboit byrkuma f € H(0,27) nmee mecto
HEPABEHCTBO (onHOMeprH?I BapI/IaHT HepaBeHcTBa Ilyankape)

/ﬁw<4/ m+—</fmf

Ykazauue. BOCHOJ‘IBBOB&TBCH TeM, uTo cuctema cos (kz/2), k =
=0,1,2, ..., aBIgeTCS OPTOTOHATBHBIM 6a3ucoM pocTparcTra H(0, 27).

4.75. Hoka3aTh, YTO CYLIECTBYET MOBYMEPHOE MOAOIPOCTPAHCTBO
npoctpanctsa H'(0,27), mias Beex 3J€MEHTOB KOTOPOTO HEPABEHCTBO
samaun 4.74 nperpamaercs B paBeHCTBO. HaiiTu 3T0 mOONpPOCTPAHCTBO
W [0Ka3aTh, 9TO I Beex aiemenToB u3 HY(0,2m), He MpwHALIEXAIINX
9TOMY TIOATPOCTPAHCTBY, HEPABEHCTBO 3anaun 4.74 cTporoe.

4.76. Tycrs f € HY(|z] < 1), 21 = |z] cosp, ms = |z sing, f(z) =
27

= f(|z|, p). HoxazaTs, uTo ol hm / F2(z], @) dp = 0.

4.77. Tlycrs f € H' (|| < 1), 1 = |z] cosp, z2 = || sing, fljz=1 =
= h(y), 0 < ¢ < 27. HokasaTs, aTo
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27
lim [ |h(g) ~ f(al @) *dip = 0.
0

|z|—1—0
4.78. Tlycrs f € H? (0<z1 <1, 0< 29 <1). Nokazars, 4To
1
/f2($1,$2) dz1 = o(x2) npu Ty — 0.
0
4.79. Hycte 2 = (21, 22) = (pcosp, psing) u dyakuus
oo
flz) = (12—0 + Z p* (ay, cos kyp + by sin ko)

k=1
npunamnexut H' (|z] < 1). BuipasuTs uepes ay, by, nnTerpa

[ (lgrad £ + |1]?) da.

<1
4.80. Ilycts g
viy) = (12_0+Z (ar coskp + by sinky)  m Zk(ai+bi) < 00.
k=1 k=1

HokazaTs, uTo cymecTsyer bynakuus f(z1,12) € H' (|z| < 1) Takas, ato
flo=1 = ¥(p), 1 = pcosyp, 2 = psine.
4.81. Ipu kaxux 3HaveHusx « Gyukuusa f = |z|~“sin |z| npuname-
wur H2(|z| < 1), = (z1,22)7
4.82. Jokaszatsb, uto |z1|(|z|?> — 1) € H' (|z| < 1), z = (21, T2, 73).
4.83. Tpu kaxux 3Hauenusx a dyukuus f = |z|~*e®' ~*2 npunamie-
wut H (|z| < 1), 2 = (21,72, 23)7
oo
4.84. Mlycte f(z1,m2) = . agsinkzie 2 0 <z < 7, 2o > 0.
k=1
[pu kakux aj dyskmas f npuramaexut H' (0 < zq < 7, 2o > 0)?
4.85. Mycrs f € H' (Jz| < 1), z = (21,%2,...,2,), n > 2. O6s13ana
mu Gysxnmsa f(z) GBITH SKBUBANEHTHOW HENPEPHIBHON (YHKIIW B IIADE
|z] < 1 (cp. ¢ pesynbrarom 3anauu 4.67)7

B zanauax 4.86-4.90 noka3aTb yTBEPKIEHUS.
4.86. Ecmm f € HY(Q) m f(z) = const m.B. B Q' C Q, To grad f = 0
o.B.B Q.

4.87. Ecmm f € HY(Q) u |gradf| = 0 m.B. B Q, To f(x) = const

m.B. B ().
4.88. Ecmm f € HY(Q), g € H*(Q), To mnsa Beex i = 1,2,...,n crpa-

BemuBa GopMyIia / f9z, de = — / 9fe; dz  (dopmyna mHTErpMpPOBAHUS

[0 4aCTsIM). Q Q
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4.89. Ecmm f € HY(Q) m g € HY(Q), To nnsa Beex i = 1,2,...,n

/fgm dx = —/gfzi dx+/fgcos(nxi)ds,
Q Q r

re TOA 3HAKOM MHTErpaja 1mno ? crost cienbl GyHknuit f u g Ha 7.

4.90. I:)II(Q) €CTh MOATPOCTPAHCTRO TpocTparcTBa H(Q).

Ilycre @ynkuus f € Lo(Q)) mpomoimkena, HampuMep, HysieMm BHE (.
Koneunopaznocmuvim omuowenuenm f(x) mo nepemennomy ;, i = 1,2, ...
.,m, 6ynem HasbBaTh npu h # 0 byHKIMIO
h _f(?)1772}l+h7’1)n)7f(21)
51' f - h )
TaKXKe NPUHAIIIEKAIIYI0 TPOCTPAHCTBY Lo (Q).

B zamagax 4.91 4.96 noxazaTb yTBEPXKOECHUS.

4.91. Ins mo6oit puanTHOR HA (a,b) dyskumn f us La(a, b) n no6oit
dyukuuu g € Lo(a,b) npu nocraTouno mansix |h| uMeer mMecto dhopmyna
KUHTETPUPOBAHUA IO YaCTAM>

(6"f.g9)=—(f.07"g), i=12..n

4.92. Ilns nocrarouno Mansix |h| # 0 s 0pon3BONbHOM GuHUTHON
B @ dyukuuum f € Lo(Q)) v npomssonbHOU byukuuu g € Lo(Q) umeer
MecTo (OpMyJla «MHTErPUPOBAHMS TI0 YACTAM»

(68f.9) =—(f.0;"9), i=12..,n.

4.93. Ecnu ¢uanTtaas #Ha (a,b) dysknus f npusannexut H' (a,b), To
npu h — 0 6" f(z) — f'(z) B Hopme La(a,b).

4.94. Ecnu nns uaurHon Ha (a,b) dyukuuu f € Lo(a,b) npu h — 0
§hf —s f(z) B nopme Ls(a,b), To f(z) npunannexur H'(a,b) n f(z)
aBngeTcs 0. 1. yukuun f(x).

4.95. Ecnu dunutHas B () dyskuus f € Lo(Q) umeer o.m. f,, €
€ Ls(a,b) mpu mexotopom i = 1,2,..n, Tompu h — 0 2 f — f,,
B HOpME Lo (Q).

4.96. Ecim ¢wentHas B () dynkuus f npunanmexut Lo(Q) m npwm
h—0 &'f — ﬁ(r) B HOpME Lo(Q)) mpum mekoropom i = 1,2,...,n,
10 f(x) umeer B ) 0. 1. WO ;, COBIANAOIIYIO C )Tl(r)

4.97. C nomomisio pesynbrara 3anaun 4.71 mokasaTs, 9TO CKaJSIPHBIE
TIPOU3BENEHU S

[ (fg+f'g)d (f,9)un = Trf'g'dac
=/ /

B IPOCTPAHCTBE Hl(O ) SKBUBAJICHTHEIL.
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4.98. Ioka3aTs ¢ mOMOIILIO 3anaun 4.74, 9TO CKaJISIPHBIE IPOU3BENe-
HUs
2

(fi9)r = /(fg+f’g’) dz,  (f,g)n = 7f’g’dx + <7f dw><7rg dw)

0
B poctpancTee H(0,27) sKBUBAICHTHBL.

4.99. MuoXecTBO ﬁ1(0,27r) dbyskmmit f € H(0,27), m1a KOTOpbIX

27

/ f(z)dz = 0, ects moampocTparcTBO TpocTpancTsa H(0,27). Ioka-
0 ~

3aTh, 9T0 B H1(0, 27) cKamapHOE MPON3BEIEHTE MOKHO OMPENenTE COOT-

2
HOIIIEHNEM (fg)ﬁl(ogﬁ) = / f'g' dx.
0

4.100. Iycts p(z) € C(Q) u p(x) > po > 0. IlokazaTs, uTo GOpMy-
ot (f,g)h = /pfg dz, f,g € La(Q), onpenensercs CKamsipHOE TPOU3Be-
Q

nenue B Lo(()), SKBUBAJIGHTHOE CKAJSIPHOMY IPOU3BENECHITIO / fgdzx.
Q
4.101. Ilycts p € C(Q), p(z) > 08 Q\z° u p(z°) = 0, rne 2°
nexkoTopas Touka u3 ). Torna dopmymnoit mis (f, g)r 3amauu 4.100 onpene-
JAETCS CKAIIAPHOE Ipon3BeneHre B Ly (()), He SKBUBAIIEHTHOE CKAILIPHOMY

IPOU3BENCHUIO / fgdz (Q — orpanmuennas o6macTs).
Q
4.102. Ilycte p € C(Q\z°), rme 2° HEKOTOpasi TOUKa u3 () u
p(z) > 0 mna z € Q\z°, p(r) — oo mpu z — 2°, = € Q. Iloxaszars,
9T0 B L2 ,(()) MOXHO BBECTH CKAISPHOE NPOM3BENEHIE / fgdz, me

Q
9KBUBAJIEHTHOE CKAJIIPHOMY TIPOU3BENEHUTO / pfgdz.

Q
4.103. Tlyers f € H'(ja| < 1), & = (21,22) m [)|jojr = h(e),
x1 = |z| cosg, zy = |z| sin ¢. okazars, 4TO CyIIECTBYET TaKas HE 3aBU-
csmas ot Gyskuuu f(x) nocrosuuas ¢ > 0, 9To

/ fPdz<c

|z <1

27

/ h2 (@) dp + / |gradf|2dx].

0 |z|<1

4.104. Jloka3aThk CyIIECTBOBAHME TAKOW MOCTOSIHHOW ¢ > (), 4TO mis

o
mo6oit f € H'(Q) mmeer mMecTo mHepasencTso CTekioBa

/fzdz < c/|gradf|2d.r.
Q Q
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4.105. TlokasaTk, YTO BEIPAKEHUE /(grad f,erad g) dz 3amaer cka-
o Q
aspHOe mpoussenerne B H1(()), »KBUBANEHTHOE CKAJIAPHOMY TTPOHM3BETIe-
HUIO /[fg + (grad f,grad g)] dz.
Q
4.106. Tycrs p,q € C(Q), p(x) > po > 0, g(z) > 0. Hoxasars, aro

ckansapHBIe nponssencEns 8 H(Q)

(£.9) = [[fg+ (grad . grad g)] de
Q

(fioh = /[qu + p(grad f, grad g)] d=

SKBUBAJIECHTHBI. Q

4.107. IIycrs BemecrBeHubie GyHKUMU pij, pij(z) = pji(z), i, =
=1,2,...,n, n ¢ npuramexat C(Q), ¢ > 0, n nna Beex z € () n Beex

BeleCcTBeHHbIX BEKTOPOB & = (&1, ...,&,) € R™ umeer MecTo HEPABEHCTBO
Z pZ] ézfj > Y Z£Z ;
,j=1

rme nocTOsiHHAsS Yo > 0.

HokaszaTs, atro B H!(Q)) MOXHO ONpeneNmTs CKAIIPHOE MTPOM3BEICHTE

(f,9) / < > Pijfeige; + qu> dz,
Q

4,j=1
5KBUBAJICHTHOE CKAJIIPHOMY HNPOU3BEOCHUIO

(f,9) = /[fg + (grad f, grad g)] dz.
Q

4.108. Tlycts p,q € C(Q), p(z) > po > 0, g(z) > qo > 0. Torna
ckansapHEIe nponssencEns 8 H(Q)

(£:9) = [[fg+ (grad . grad g)] de
Q

(f,9)1 = /[qu + p(grad f, grad g)] dz

Q
5KBUBAJICHTHHI.

Mpu pemenun 3amau 4.109, 4.113, 4.114, 4.118 monesna criemyroias

Teopewma. Jag mozo umobvr mwoxcecmeo M C H'(Q) 6viao
xomnaxmuvim 6 Lo(Q), docmamouno, wmober M 6biao o2panuuenmubim

6 nopme H(Q), m. e. umobvr cywecmeosana maxas nocmosunas ¢ > 0,
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umo ||ullg(@) < ¢ dag scex u € M. (Komnaxmuocms M 6 Ly o3naua-
em, umo u3 410601 beckoneunoti nocaedosamesprocmu semenmos u3 M
MOHCHO 8bIOpaMb  Pyndamenmanvnyto 6 Lo nodnocaedosamenvrnocms.)

4.109. Hycrs z° — mnpoussoneras Touka w3 @, a U = Q N
N{lz — zo| < r} npu sekoTopoM > 0. IIoKa3aTh, YTO CYLIECTBYET TaKas
nocrosHHas ¢ > 0, uro mis Beex f € H1(Q) nmeeT MeCTO HEPABEHCTBO

f2d§l |grad f|?dz + f2d].
! T c!ga i J T

4.110. C nomoiusio pesyabraTa 3anaqan 4.108 nokaszarsb, 4TO CKaIIsIP-
mEeIe npomssencans B H(Q)

(f,9)1= /[fg + (grad f, grad g)] dz,
Q

(f,9)u = / lafg + p(grad f, grad )] d
Q
SKBUBAJICHTHBI, €CIIN HerpepbiBabe B Q bynxmun p(z) n ¢(r) ymoBieTso-
patoT ycaoBusm: p > po > 0, g(z) > 0u g(z) Z0 8 Q.
4.111. Ecmm B ycnoBusix 3amaun 4.107 g(z) > qo > 0, T0o BEIpaxenue

Q

i,j=1
MOXHO TIPUHATD 34 CKansgpHoe poussenermne B H(Q)), mpudaem ono Gymer
SKBUBAJEHTHBIM CKAJSIPHOMY IIPOU3BENCHUIO / [(grad f,grad g) + fg] dz.

Q
4.112. Ecnu B ycnosusx 3anaun 4.107 g(z) > 08 Q u g(z) # 0, To

BBIDAXKEHNE n
/ ( > pifeige; + q.fg> dx
Q

ij=1
MOXHO TIPUHATD 34 CKansgpHoe pomssenerune B H' (Q), mpudaem ono Gymer
SKBUBAJIEHTHBIM CKAJSIPHOMY IIPOU3BENCHUIO / [fg + (grad f, grad g)] dz.
Q
4.113. Iloka3aThb, YTO CYIIECTBYET TaKas MOCTOsHHAS ¢ > 0, uT0 O
mo6oit f € H(Q) umeeT MecTO HEPABEHCTBO

/demgc[/|gradf|2dx+/f2cis].
Q Q 9Q

4.114. Hycre z° — npoussonbHAsS TOuKa rpasunsl 0Q, a U = dQ N
N{|z — 2% < r} npm mexoropom r > 0. IloKasaTk CyIMECTBOBAHUE TAKOM
nocTosHHON ¢ > 0, uTo mas Beex f € H'(Q) cnpaBenamBo HEPABEHCTBO
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/ f2dz < cl/|gradf|2d.r+/ deS].

4.115. HOKaBaTB uro eci 0 € C(0Q) u o(z) > 0, TO BopaxkeHue

(fr901 = /(gradﬁ, grad g) dz + /ofgds

Q B}
samaer B H!(Q) cxamspHOe TMpOM3BENEHME, TPUYEM OHO OyNeT SKBUBa-
JIECHTHBIM CKaJISPHOMY IIPOM3BEOCHUIO

(f.9) = /[fg + (grad f, grad g)] dz.
Q
4.116. Ioxaszars, uto ecu 0 € C(9Q), o(x) > 0, o(x) 20, To B

H'(Q) M0xHO 3a1aTh CKATSAPHOE TIPOU3BEICHTE

(F.9) = [(grad f.gradg) do + [ ofgds,
oQ

Q
SKBUBAJIECHTHOE CKAJIAPHOMY IIPDOU3BEOCHUIO

(f.9) = /[fg + (grad f, grad g)] dz.
Q
4.117. Ilycts p € C(Q), q € C(Q), o € C(OQ), p(z) > po > 0,
q(z) > 08 Q, o(z) > 0 ma 4Q, npumaem mwnn g(z) # 0, mmm o(z) # 0.
Torma ckanspasie nmpomssencans 8 H1(Q)

(f,9) :/[p(grad frgradg) +qfgldz + /ofgds-,
aQ

Q
(f,9) = /[fg + (grad f, grad g)] dz
S5KBUBAJICHTHBI. Q

4.118. Tloka3aTs, 9To cymecTByeT nocrostHaas ¢ > () Takas, 9To miist
moboit byrkmmu f € H(Q) (0Q € C') mmeeT mecTo HepaBeHCTBO (He-
pasencTso Ilyankape)

/fzd:L’ < Cl(/fd:n)2 + /|gradf|2dac].
Q Q Q

4.119. C nmomorisio pesynpraTa 3anaun 4.118 noka3aTs SKBUBAIEHT-
HOCTBH CKaAJIAPHBIX HpOI/I3BeI[eHI/II71

(f.9) = / [Fg + (grad f,grad g)] da,

/ grad f,grad g) dz + /fdl" /gd-’ﬁ
) a4
B mpocTpancTre H(Q).
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4.120. Ilokasars, uTo MEOXecTBO H(Q) dyskumit f € HY(Q), mns

KOTOPBIX / fdx =0, obpasyer nonmpoctparcTeo H(Q).
Q o~
4.121. TlokasaTs, 9T0 B nognpocTpancTse H!((Q)) MoxXHO ompenenaTs

ckasspuoe npoussenenue (f,g)1 = / (grad f,grad g) dz, skBuUBasmenTHOE

CKaJITPHOMY ITPOM3BENEHUIO Q
(f,9) = /[fg + (grad f, grad g)] dz
Q

OrBeTnl Kk §4
4.9. max|z;|-
K2
4.10. max|f(z)].

3 3 15z 3
4.40. — T — I —.
0. a) = L 6) —; B) 16 +16
T 4 8 .
4.41. a) 3 o COST; 6) 3, Sina.
4.42. a) 0; 6) X1 — I2.
n—1
on — 2 ex(pn,exr)
4.51. e, = L :
Jo- - ' o

4.52. a) Py, P, Pg, P;, rne P, — muorounens: Jlexannpa (cm. 4.21);

\/7(1—$) ,/ z(1+ 1), ”ﬁ(2_2$_5$2+5$3);
8 3
B) E sin® 7z, \/;(sm T — 4), COS TT;

2 1 T z2—1

0 Le—1,1-2+ 2 I ;
) )\ B i
e) \/7 \/7 \/7 (47? — 1) — muorowien Yebrimesa BTOPOTO pozia;
x) To, T1, T, Ty(x) — muorounen Yebomesa.

1 2$1 2$2
4-54- ﬁ, ﬁ, ﬁ-
455 V3 VIbm Vibz: V1bzs
T aym 2ym 0 2ym 0 2T
4.72. sin =)

b—a

T
4.75. TlognpocTpaHCcTBO ¢ 6A3UCHBIMA BJIEMEHTaMu 1 U COS 3

5 Ilom pen. B. C. Bamagumuposa
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2 oC 2 2 e}
[ ag ay, + by, 9 9
4.79. o (—2 +k§:jl 1 +2k§_:1k(ak+bk)).

4.81. a < —1.
4.83. a < 1)2.

4.84. f k(a2 +b3) < oc.
k=1

4.85. Her.

§5. Nurerpasbuble ypaBHEeHUS

YpaBHeHue

pla) =X [ A (2y) py) dy + f () (1)
G

OTHOCUTENBHO HemsBecTHOU Gyukuuu () B o6nactu G C R™ HasbiBaeT-
ca aunetinblm unmeepasvubim ypasrenuem dPpedzoavma (BTOPOTO Poma).
Wssectunie pyukunn £ (z,y) u f(z) HaswBaroTca Adpom u c60600nbIM

YAEHOM WHTErpasbHOro ypasueHus (1); A — KOMIUIEKCHBIA mapamerp.
WaTerpansaoe ypaBHeHUE
pla) =X [ H(@.y)ply) dy (2)
G

HA3BIBACTCA 00HOPOJHbIM UHMESPAALHBIM YPAGHEHUEM, COOTBETCTBYIO-
P * a
uwM ypasaeruo (1), a uHTerpambHOe ypaBHeHue (3nech £ (1,y) = JH(y,x))

bla) =X [ A (. y) ly) dy 3)
G

co103npLM K ypaBrenuio (2), aapo J *(z,y) HA3BIBAETCA IPMUMOB0O CO-
NPARCENHBIM SIPOM K snpy A (x,1).
Nurerpanvunie ypasuenus (1) (3) wHOrma 3ammMcHIBAIOT B OIEPATOp-
HOU popme
p=AKp+ [, v =Ky, P = AK",
rae maTerpansHee oneparopel K m K* onpepensitorcs sapamu 2 (x,y) n
(T, y) COOTBETCTBEHHO, T. €.

Kg= /«%/(:B,y)g(y) dy, K*g= /Jé’*($~,y)g(y) dy.
G G

Ecnu npm HEXKOTOPOM 3HAYEHUEM TApaMeTpa A = A9 OOHOPONHOE WH-
TerpanbHOe ypaBHeHme (2) mmeer HeHysneBbie pemenus u3 Lo (G), TO
YUCHO Ag HA3LIBAETCH TaPAKMEPUCTIUNECKUM wucaom gopa K (x,y)
(vaTErpasmbrOrO ypaBreHus (2)), a COOTBETCTBYIOILINE PEIIEHUS] yDABHE-
uus (2) cobemeennvimy Pynryugmu gopa H(x,y).

Panzom (Kpammocmovio) XapakTePUCTUIECKOTO UUCIA A HA3BIBAETCS
MAaKCUMAJIbHOE UNCJIO TUHENHO HE3aBUCUMBIX COOCTBEHHBIX (QYHKIIAHN, OT-
BEYAIOIINX 9TOMY YHUCIY Ag.
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Bynem npenmonarars, uto B ypasHenun (1) obmacts G orpanudena
B R", dyukums f menpepesra Ha G, a sapo % (T,1y) HEMPEPHIBHO HA
G xG.

B zamagax 5.5-5.7 ucnonb3yroTcs cienyiomme 0003HAUEHNUS:

M= max |X(z,y), v :/dy.
2€G, ye@ &

5.1. TlokasaTsb, uro mHTErpambHbl oneparop K ¢ smpom £ (x,y)
orpanunyer u3 Lq(G) B La(G), ecin

/ | A (x,y)|?dz dy = ¢* < .
GxG

5.2. TlokasaTs, 9TO MHTErpPANBHEI OnepaTop K ¢ HENPEPHIBHBIM SII-
pom # (z,y) sBusiercs HyjdeBoM B Lo(G) TOrna m TOIBKO TOrAa, KOTAA
H(x,y)=0,z€G, yeq.

5.3. lycts anpo J(x,y) uaTerpamsHoro ypasrernus (1) npunamie-
®uT Ly(G x G). IlokasaTb CXOOUMOCTb METONA NOCIEAOBATENBHBIX [IPU-
Guokenuit must 6ot dyakuun f € Lo(G), ecin |A| < 1/|¢| (mocross-
Hasl ¢ B3ATa U3 3amaun 5.1).

5.4. llycts K WHTETPAILHBIA ONEPaTOp C HENPEPBIBHBIM SIPOM.
HokazaTs, aTo onepaTopsl K = K(KP™'), p=2,3,..., SBIA10TCS WHTET-
PAJILHEIMM ONEPATOPAMHU C HENPEPLIBHBIMU SIAPAMU ¥, (Z,y) U 9TU snpa
VIOOBIETBOPSIOT COOTHOIIEHUSIM

Hylw,y) = [ H(@.6) Ay (Ey) de.
G

5.5. Ilokasars, uTo sanpa %, (z,y), BBeNeHHbIE B 3anade 5.4 (OHU Ha-

3BIBAIOTCS NOBMOPHLIMY (NTEPUPOBAHHBIMY) siapamu aapa & (T,y)), yooB-
JIETBOPAIOT HEPABEHCTBAM:

| Hp(@,y)| < MPOPTY, p=1.2,..

) p— p—
5.6. Mokasars, uto pan »., A" H11(z,y), © € G, y € G, cxomurcs

=0
1 my
B kpyre |\| < 1o & ero cymma Z(x,y; \) (pesoaveenma snpa K (r,y))
v
i 1
wenpepeBHa B G X G X Uy )(p1y) ¥ avasmuTuaHa 10 A B kpyre |A| < T
v
1
Tokaszars Takxe, aro upu |\ < 17 PCUICHUE UHTErPAJILHOTO ypaB-
v

wenns (1) ennrcrsenno B kiaacce C(G) n mns mo6oit f € C(G) npencras-
JseTCs 9epe3 pe3osbBeHTy X (x,y; A) dhopmyoi

p(@) = J(2) + X [ #(a,y: ) fly) dy.
G

5*
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5.7. Ilokasars, uyTo pesombBenTa X (x,y; \) (cM. 3amady 5.6) mempe-
PBIBHOTO siapa & (z,y) yooBIeTBOpseT mpu |A| < 17 KaXIOMY U3 ypas-
v

HEHUI:

a) #(z.y:\) —A/f(:ng R(E,y: N) d + A (2.y);

6) #(z,y:\) = A/%(f,y (@, & N) dE + A (z.y);

39( 7y )

) /ﬁxu R (E.y; N) dE.

B zapgagax 5.8-5.13 paccMaTpuBalOTCS MHTET PAJILHBIE YPABHEHU S BUIA

[ # (@9) ey) dy = (). (4)

p(@) =X [ H(2.y) oly) dy + f(). (5)

KOTOPHBIE HA3BIBAIOTCSA UHMEZPAALDHOIMU YPABHEHUAMU Bonbmeppa nepBO-
T'O 1 BTOPOro poooB COOTBETCTBEHHO.

5.8. IlycTe BBINOJIHEHBI CIEAYIOIINE Y CIIOBUS:

a) oymknmn # (z,y) m Hp(r,y) HENPEPHIBHLI HA MHOXECTEBE
0<z<y<a

6) K (z,z)# 0 nns Beex x;
b) f€C([0a) u £(0) = 0.

IokasaTh, 9TO NpM STUX yCIOBUAX ypaBHeHuE (4) PABHOCUIIBHO yPaB-

HEHUIO

5.9. Tlokasars, uTo ﬂmq)cpepeHuHaanoe yPaBHEHUE

g™ +ar(@)y" Y 4+ an(z)y = F(z)

¢ HenpepsBHBIMEU KO3bdunuentamu a;(z) (i = 1,2,...,n) npu HaYaIBL-

1,
ueix yenoeusx y(0) = Co, y'(0) = C1,...,5" 1 (0) = C,_1 paBHOCHIBHO
MHTErpaAIIbHOMY ypaBHeHuio (5), rae

A (. y) Z_ o (i %
f(z) =F(z) — Cpora1(z) — (Cpoaz + Cp_2) as(z) —

n—1
.= (Cnl h + ...+ Ciz + C0> an(x).



§5. Hwnmeepaavnvie ypasHenuds 69

5.10. Hycrts £ € C(z > 0), #(z) = 0 mpu z < 0. IHokasaTsb, 4TO
oboOrrieHHas QyHKINS o
&) =)+ R(x), rme R=» HxHx_. xK
m v
ecTh (hyHIAMEHTAIILHOE DEIIeHne onepaTropa BomsTeppa BTOPOro poma ¢
sapom K (z,y) (cm. (5)), T.e.
E— HxE=.
Ilokasarh, 4TO NpU STOM Dsf s (%) CXOMUTCS PABHOMEDHO B KaX-

JOM KOHEYHOM IIPDOMEXYTKE 1 yOOBJIETBOPAECT MHTEIDAJIBHOMY YPABHEHNIO
BoabTeppa

= [Hla -y R@)dy+ H (@), >0

(byrxums Z(x — y) sBaseTcs pe3onbBeHTON sanpa # (z — y) mpu A = 1).
5.11. HaiiTu pe3osbBeHTy nHTErpanbHOTO ypasraenus Bomsreppa (5)
¢ anpom K (z,y):

5.12. Pemmrrs cneny}oume WHTETPAIIbHBIE YDABHEHNS:

1) ¢ w)—$+/(y—w (y) dy;
2) w($)=1+k/($*y)<ﬁ(y)dy;

3) ¢ x)—)\/(x— (y) dy + 2°.

5.13. HOKa3aTb, gto ecm g € Ct(z > 0), g(0) =0, 0 < a < 1, TO
dyHKIUSA

. z 12
_ sinam AC)
f(’L') - T ! (.’E—y)lia Y
yOOBIETBOPAET MHTErPAILHOMY ypaBHeHNo AbGersa

](f(y) dr = g(x).

z—y)*
0
B szamauax 5.14 5.30 smpo ¢ (z,y) MHTErpAILHOTO YPABHEHUS SABILS-

€TCA BBIDOXIOCHHBIM, T. €.
N
= Z fm(r) 9m (y)
m=1

roe Gyskuuu [, () u gn(y) (m = 1,2,..., N) HenpepbIBHEI B KBaapa-
Te a <, y < b U IMHEAHO HE3ABUCUMEI MeXIy coboi. B sToMm ciyuae
uHTErpaibHoe ypasHernue (1) MOXHO 3anucaTh B BUie
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N
o(z) = f(2) + A D Cmfm(z),
m=1
TIie HEM3BECTHHIE C;y, ONPENEIISIOTCS U3 CUCTEMBI AJIreOpanyiecKnX ypaBHe-
HUA.

5.14. Peummts nHTErpaIbHOE yPABHEHUE

p(a) = A [ A (2,) p(y) dy + f()

B CIIEOYOIIUX CIIyYasaX:
1) H(z,y)=z-1, f(z) ==
2) H(z,y) =2e""Y, f(z) =e";
3) H(z,y) =z +y-2zy, f(z)=2+2>

5.15. PemuTh nHTErpagbHOE YPABHEHUE

v) =\ [ A (,y) ply) dy + 1 (2)

B CIIEOYOIIUX CIIyYasaX:

1) A (z,y) =2y + 2°y°, f(z) = 2® + a*;
2) H(z,y) =z'/% +y'/3, f(z) =1~ 62%
3) A (z,y) = z* + bz3y, f(z) = 2% — z*;
4) A (x,y) = 2zy® + 5z%y?,  f(z) = Tz* + 3;
5) H(ay) = * — ay, Fla) = o +

6) A (z,y) =5+4zy —3z%—3y>+ 922y,  f(z) =z.
5.16. PemmuTh nHTErpajbHOE YPABHEHUE
2) =X [ H (2,y) oy) dy + f(a)

B CIIEOYOIIUX CIIy4dasaX: 0

1) J(z,y) =sin (2z +y), flx)=m—2zx
2) A (z,y) =sin(z — 2y), f(z) = cos2x;
3) A (x,y) = cos(2z +y), f(z) =sinz
4) H(z,y) =sin (3z + y), f(z) = cosz;
5) J(z,y) =siny + ycosz, f(.r):lf&;
6) A (z,y) = cos?(z —y), flx)y=1+ c7(r)s 4.
5.17. PemuTh nHTErpajlbHOE YPABHEHUE
27

)=\ [ H(e.y)ely) dy + /(@)

B CIIEOYIOLINX CITyYasiX: 0
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1) #(z,y) = cosz cosy + cos 2z cos 2y, f(x) = cos 3z;
2) K (z,y) =cosz cosy + 2sin2zx sin2y,  f(z) = cosz;
3) H(x,y) =sinz siny + 3cos2x cos2y, f(z)=sinz.

5.18. Haiitu Bce xXapakTepUCTUUECKME YUCIA U COOTBETCTBYIOLIUE
cOOGCTBEHHBIE DYHKINN CENYIOUTNX WHTETDAIBHEIX YDABHEHUMN:

D) g@) = A [ [sin(o+3)+ L] o) dy

[6082(90 +y) + %] o(y) dy;

(9321/2 - %) o(y) dy;

[(%)2/5+ (%)2/5] p(y) dy;

(sin z sin 4y + sin 2z sin 3y +

+ sin 3z sin 2y + sin 4z siny) p(y) dy.

5.19. Ilpy xakKux 3HAYEHUSAX MAPAMETPOB ¢ U b pa3permmo MHTEer-
paJbHOE yDaBHEHUE

1
go(m):lQ/(a:yfI; +%)g0(y)dy+am2+b.r72?
0

HatiTu perennst mpu 3Trx 3HAYEHUSIX @ u b.

5.20. Ilpm kaxux 3HAYEHUSIX TAPAMETPA ¢ PA3PEIINMO WHTETPAITHLHOE
yDaBHEHUE

o) = V15 [[y(da® — 32) + a(4y” ~ 39)] ply) dy + az + 7

HatiTu peireHus npu 3TUX 3HAUEHUSIX 4.
5.21. BoiacHUTD, IpM KAKUX 3HAUCHUSAX A WHTErPAILHOE YPABHEHUE
27

pla) = A [ cos (22— y) ly) dy + /(@)

paspemmmo s sioboir f(z) € C([0,2r]), n nailTu peuieHue.

5.22. HaiiTu perreHns CHEOYyIOINUX UHTEIPAIbHBIX YPABHEHUN IIpU
BCEX A UM TIPM BCEX 3HAUECHUSAX MAPAMETPOB @, b, ¢, BXOOAIINX B CBOOOMHBIN
YJIEH HTUX YPABHEHUN:

w/2
1) p(@) =X [ (ysinz + cosy) p(y) dy + az +b;
—7/2
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)\/cos z+y)p(y)dy + asinz + b;
0

1
3) ¢(z) = )\/(1 +zy) p(y) dy + az® + bx + ¢

1
4) p(z) = A [(@®y +2y”) p(y) dy + az + ba®;
-1

1
1
5) w(@) =\ [ 5 (ay+2”y”) o(y) dy + az + b;
51

1

6) ¢ —)\/ (zy) 1/3+7(ry)2/3] o(y) dy + az + bz'/?;
11+a:
7 o(z) = A T4y Zgo()dy—ka%—:z:—kbxz;

8) <p(:1:):)\/(\3/E+\3/37)<p(y)dy+ax2+bx+c;

9) w(z) = [(ay +2” +y* — 35°y) ply) dy + az + b,
1

5.23. Haiitu xapakTeprCTUYECKUE YNCITA U COOTBETCTBYIOMTE COOCT-
BeHHble QyHKUUU sAnpa JH (z,y) W PEIIATH MHTETPAILHOE yDABHEHUE

= [ H(o.y) pw) dy + f()
TIpu BCEX A, a, b, ecnm: -
1) H(z,y) = 3z + zy — 527y, f(z) = az;
2) H(z,y) = 3zy + 52°y?, f(z) = az® + ba.

5.24. HaiiTu xapakTepuUCTUUIECKNE UYUCIA U COOTBETCTBYIOIIIE COOCT-
BeHHBIE (QyHKOUU sapa £ (T,y) W PENTh MHTErPAIBHOE yDaBHEHUE

v) =\ [ A (@) ply) dy + f(z)
mpu BCex A, a, b, eciu:
1) A (z,y) = xzcosy +sinz siny, f(z) =a+bcosuz;
2) J(z,y) = zsiny + cosz, f(z) =az +b.

5.25. Haiitu pernenue u pe3onbBeHTy (%, y; A) CIEOYyOINAX UHTEr-
PaJIBHBIX YDaBHEHUI:

1) o) =X [ sin (o + ) ¢y dy + £(o);
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1

2) w(z) = A [(1—y+2zy) p(y) dy + f(2);

3) plx)=A /(’E siny + cosz) p(y) dy + ax + b;
27
4) p(z) =X / (sinz siny + sin 2z sin 2y) p(y) dy + f(z).
0
5.26. Haiitu Bce 3HaUeHUs MapaMeTpoB a, b, ¢, Ipu KOTOPBIX CIEMYIO-
mue I/IHTera,JIbeIe YDABHEHUS UMEIOT DPEIIEHUST PU JII00BIX A:

m)—)\/xy—i-xy Yo(y) dy + az? + bz + ¢

1
2) ¢ m)—)\/l—i-my) (y)dy + az® + br + ¢, toe a®>+b*>+c*=1;

1
3) ¢ x)—)\/ 1+Ty <p y) dy + x° + ax + b;
-1

1
1
4) p(z) = )\/ (my — §) o(y) dy + ax® — br + 1;
0
1
5) w(x) = A [(z+y)ply)dy +az+b+1;
0
2
cos (2 + 4y) p(y) dy + e**+?;

7) @(z) = X [ (sinz sin 2y + sin 2z sin 4y) p(y) dy + az? + bz + ¢;

8) w(z) =X [(1+2" +4°) wly) dy + az + ba.

5.27. HaiiTu Bce 3HaUEHUS TAPAMETPA G, IPU KOTOPLIX NHTETPAIIBHOE
yDaBHEHUE

—)\/arf y)dy + f(x)

paspemniuMo npu Bcex ngeiicrBurensubix A u Beex f € C([0,1]).
5.28. Haiitu xapakTepuCTUYIECKUE YNCIIA U COOTBETCTBYIOIINE COOCT-
BeHHBIE QYHKINUN CIEAYIONUX NHTEIPDAIIBHBIX YPABHEHUN:

11
3
) ple,m)=x[ [ [-Tl + a2+ == (Y1 + y2) | (Y1, y2) dyr dys;

—1-1
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2) w(@) = [ (2P + ") el dy. @ = (21,2);
lyl<1
_ 1+ Jy| _
3) e@) =X [ e dy, @ =(01,22,73).
lyl<1
5.29. BoidcHUTH, UMeeT U WHTErPAJIbHOE YpPaBHEHUE

p(z) = A / (1> = y1*) o(y) dy, = = (21,22,23)
ly[<1
BEIIECTBEHHLIE XaPAKTEPUCTUUECKUE YUCIA, U €CIU UMeeT, TO HAWTU CO-
OTBETCTBYIOIINE COOCTBEHHEBIE (DYHKITA.
5.30. HaiiTu xapakTepucTUUIECKNE YUCIA U COOTBETCTBYIOIIIE COOCT-
BeHHBIE QyHKIUU Sapa & (L,y) = T1La + Y1Y2 U PEINIATH WHTErPATHHOE
ypaBHEHUE

11
¢(w1,22) = )\//(-Tll‘z + y1y2) e(y1,y2) dy1 dys + f(z1,z2).

—1-1

B sanauax 5.31,5.33 5.35 snpo £ (x,y) uaterpaasaoro ypasaesus (1)
SBJISACTCS 9PMUMOBbIM, T. €. COBIANAET CO CBOMM 3PMUTOBO CONPAKEHHBIM
SLITPOM:

H(,y) = K (x,y) = H(y, ).
B YaCTHOCTHU, €CJIN SPDMUTOBO A0PO ABJIA€TCS BEINECTBEHHBIM, TO OHO CUM-
MeTpu4HO, T.€e. J (z,y) = H (y,z).

OpmuToBO HEmpepwiBHOE sapo £ (x,y) Z 0 obmamaer caemyommMn
CBONCTBAMU:

1) MHOXECTBO XapaKTEPUCTUUECKUX YUCEIT 3TOTO SIpa HE ITyCTO, PAC-
TOJIOXKEHO HA NEWCTBUTEIBHON Ocu, HE 00jIee 4YeM CUYETHO M HE MMEET KO-
HEYHBIX IPENeIbHEIX TOUEK;

2) cucrema cobcrBeHHbIX QyHKIUN {@) } MOXeT ObITh BEIGpAHA OPTO-

HOPMAaJTLHOM:
(QOk,SOm) = 5km

5.31. Ilokazars, uto ecim # (,1y) — SPMUTOBO AP0, TO XAPAKTE-
PUCTUYECKKE YKCIIa BTOPOTO UTEPUPOBAHHOTO ampa H#a(x,y) (cMm. 3ama-
an 5.4-5.5) MOIOKUTETHHEL

5.32. IokaszaTb, 94TO ecnu sapo £ (z,y) ABIAETCS KOCOCUMMETPUY-
HEIM, T.e. J(z,y) = —H# (x,y), TO €ro XapakTepUCTUIECKHE HUUCIIA
YncCTO MHUMBEIE.

B zamauax 5.33 5.35 mpenmonaraeTcs, 9YTO XapaKTEPUCTUIECKUE TUC-
713 A\, 9PMUTOBA HEMPEPBIBHOTO sanpa £ (T,y) 3aHyMEPOBAHBI B MOPSIIKE
BO3PACTAHUS UX MOMLYJEH, T. €.

A < Ao] < [Asg] <o
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7 KaxXJoe U3 HTUX YUCeN NOBTOPSETCS CTONBKO Pa3, CKOIBKO €My COOT-
BETCTBYET JIMHEHO HE3aBUCUMBIX COOCTBEHHBLIX Qynkuumii. Torma MoxHO
CUNTATH, YTO KAXKIOMY XaPAKTEPUCTUIECKOMY UUCIY A COOTBETCTBYET
onHa cobcrBeHHAas GyHkuus . Cucremy cobcTBeHHBIX byHkumit {pg}
OyneM CcunTaTh OPTOHOPMAJILHOM.

5.33. Ilycts % (z,y) SPMUTOBO HENPEPHIBHOE AP0, Hp(Z,Yy)
HOBTOpHOE AApO anpa J (z,y). HokazaTs GopMyIIbL:

b
X |om(z)> L
Y mzzle B /Ui/(f,y)l dy;
7 by
2) m:1E :a/‘a/|'%/($:y)|2d$dy;
_ 3 el v _
3) (Kf,f)= X A , f € Ly(G), K wuHTerpabHHI Oepa
m=1 k

)E

bb
=//I%(w,y)l2dwdy p=12,..

S

TOp ¢ sapom K (z,

5 ¥ L

2p
m=1 )\m

Ilycrs (2, y) — m-€ MOBTOPHOE AP0 IS SPMUTOBA HEITPEPBIBHOTO
anpa & (z,y). Hazoem Bemuuuny

b
an:/%(m,m)dm, n=1,2,..
n-m caedom gopa K (x,y).

5.34. Iloka3aTs:

Q2 2
1) oTHomtenme —+2

Q2p

2) cymecteyer lim
n—o0 2n+42

PAKTEPUCTUIECKOMY YUCITY AP Ha(Z,y);
o0
1
3) > = on (n >2), rme A\p,, m =1,2,..., — xapakTepuctmdec-
m=1 m

kue uncaa anpa K (z,y), [A] < |A2] < ..

1 . A2n+2 .
4) — = lim ,/—— = lim 2%/ag,.
) [A1]  n—eo Q2n n—00 "
5.35. IlycTb A He gBAAETCS XAPAKTEPUCTUIECKUM YUCIOM SPMUTOBA

HenpepuBHOTO sanpa & (z,y). Hokazars, uTo (emmHCTBEHHOE) peleHme
yPaBHEHUS

He yOBIBAaEeT U OIPAHUYEHO;

U 3TOT Openesl PAaBeH HAMMEHBIIEMY Xa-

b
o(x) =X [ H(w.9) () dy + f(z)

MOXHO IPEOCTAaBUTH B BUOEC DALl
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Afj”*""’ (2) + (2).

Am

paBHOMEDHO cxopsimerocst Ha (G, a mius pe3onbBeHTHl % (L, Y; A) mmeer

MecTO hopMyia
(z,y; ) Z §0m om(2) P (y)

rae GwuHenHb psn cxomutes B Lo (G X G).

5.36. Haiitu xapakTeprCcTUYECKUE YNCITa U COOTBETCTBYOMME COOCT-
BeHHBIE QYHKINM MHTEIPAIIBHOIO YPABHEHUSI

1
2) = A [ A (2.y) o(y) dy
B CHEOYIOLINX CIlydasiX: 0
) z, ecm (0<z<y<I,
1) H(z,y) = ,
y, ecm 0<y<z<L
z(1-y), ecm 0<z<y<l,

2) X =
) K (z,y) y(1—z), ecm 0<y<z<lI;

(e’”fe’””)(ey+ez’y), ecmu 0<z<y<I,
(e“"+e2 z)(eyfe y) ecmu 0<y<z<I;

2%.%, ecim 0<zx<y<l1,
3) %(.7}7:1/): 9_ g
2”97 ecrm 0<y<z<I;
2 Hlay) = [ETDE -2 com 0<o<y<L
T,Y) = (y+1)(z—2), ecm 0<y<z<I;
5) ,){/( ) ($+1)y-, ecm 0<z<y<I,
,,Z‘7 =
Y z(y+1), eem 0<y<z<1;

sinz sin(1—y), ecum 0<z<y<l1,

) e = {

5.37. Haiitu xapaxTepucTmyeckme 4UNCIa U COOTBETCTBYIOIIUE
coBCTBEHHBIE (QYHKIMM WHTETPAIBHOTO ypaBHeHus: ¢ supom % (z,y) B
CIIENYIOIINX CIIydasX:

1) A (ay) = 1+2)(1-y), ecm —-1<z<y<lI,
Y= 1-2)(1+4+y), ecm —-1<y<z<I;

cosz siny, ecm (0<z<y<m,

sin(l —z) siny, ecmm 0<y<z<l1.

2) (o) = {

cosy sinz, ecmm (0<y<z<m;
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sinz cosy, ecmm 0O0<zx<y<m,

3 () = {

5.38. Haiitu xapakTepucTUYECKUe YNCiIa 1 COOTBETCTBYIOIINE COOCT-
BeHHBIE QYHKINY UHTEIPAIIBHOTO YPABHEHUSI

pla) =X [z +y) ly) dy

B CIIEOYIOIINX CIIy4asX:

1) w(t) uernas 2w-nepuonuueckas Gyukuus, npudeM w(t) = t, eciu
t €0, 7];

2) w(t) uernas 2m-mepuonudeckas dyHknus, npudeM w(t) = — i,
ecau ¢ € [0, 7).

5.39. Haiity Bce xapakTepUCTUUECKME YUCIA W COOTBETCTBYIOLINE
COGCTBEHHBIE (DYHKIUYM WHTETPAJIBHOTO yDAaBHEHWs C supom £ (x,y) =
= w(z—y), rne w(t) HENpepBIBHASA KYCOYHO TIIANKAasl YeTHAS 27-T€PUO-
muuaeckas pynkunms, 0 < x < 27, 0 <y < 27.

5.40. Peumrrs nHTErpaIbHOE yPABHEHME

siny cosz, ecm 0<y<z<.

p(@) =X [ H(@.y) ply) dy + f(2),
ecmn f(z) € C2([0,1]) m 0
H(z,y) = {

z, ecm 0<z<y<I,

y, ecm 0O0<y<z<I.

)

Ilycrs ¢ (x,y) — HEnpepBIBHOE AOPO MHTErPAIBLHOTO YDABHEHMSI

b
p(a) = A [ A (@.y) oly) dy + 1 (@). (6)

Bripaxenue
'%/(-Tl:yl) '%/('TlayZ) %(mlayn)
%(ml T2 T") = | H (z2,91) H(T2,92) ... H(22,Yn)

Y192 --- Yn
'%/(x’ruyl) '%/('/EnayZ) '%/(xnayn)

HA3BIBAETCA CuUMB040M Dpedzoavma, a HyHKIUS

D(A) :1+i(—1)”%,\”, (7)

P (tity .t
An:/.../% PR by dty. b, (8)
t1ta ... Ty
a a
Ha3bIBaeTCa onpedeaumneaem Ppedeoavma anpa J (x,y) WIn HHTETPAITb-
Horo ypassetust (6).

roe
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5.41. HoxkasaTs, uTo Ko3bhdunuents A, onpenenurens Openronsma
yIOBIETBOPAIOT HepaseHcTBaM | A, | < n™/2M™(b—a)™. BeBecTn orciona,
uro D(\) — menas ¢dyskums ot .

Y kasauune MHcnonb3oBars HepaBeHCTBO Anamapa (cM. [2]).

Mumnopom Ppedeoavma HAZLIBACTCs DyHKINA

. _ — an(-r"':y) n+1
D(x.,y,A)—w(ayHZjl(—l) AT, (9)
roe "
b b

Tt ly ... Iy
Bn(m,y):/.../,%/(T L )dtl dts...dt. (10)

Y tl t2 tn
5.42. Tlokasars, uro ecnu £ (r,y) — HENpEpBIBHAS B KBAApaTe

L:{a <z y < b} dyukuus, to D(z,y; \) — HenpepbiBHas QyHKUUS
nepemensbrx Z, Y, A B L X C u D(z,y;\) (upm dukcmpoBaHHBIX T U ¥)
SIBIISIETCS TIEION (QYHKIIMER OT .

5.43. Ilokazars, uto kospduumenter A,, bynkuun B, (z,y) n aapo
H(z,y) (em. (7) (10)) cBsi3aHBI pABEHCTBAMU:

b
1) Bu(w.y) = Ant (z.y) = n [ Buoa(z,) H (&, y) dé;

b
2) Bu(z,y) = AnH (z,y) —n [ H(2.€) Bur(§,y) dé.

Ykaszauune. Pa3znoxurs onpenenuresnb, BXOOSIINA B MOOBIHTEr-
paibHOE BhIpaxkeHue mis By (z,y), o srneMeRTaM nepBoro cToabua.

5.44. Jloka3aTh mepBoe W BTOPOe (DyHOAMEHTAIBLHBIE COOTHOIICHUS
®penrombMma;

b
Dia,y:\) = M (2,9) DN = X [ H#(2,€) D(&,y: \) €.

b
D(a,y:N) = M (2.9) DN = X [ H#(€,9) Dz, N) dé.

Ykaszanue BocnomszoaThes pasnoxenueM (9), CpPABHATE KOdd-
UIUEHTH TPY ONMHAKOBLIX CTEMEHSIX A B JIEBOW M MPABON YACTAX MOKA-
3BIBAEMBIX DPABEHCTB U IPUMEHUTH De3ynbTaT IIPENBLOyINeld 3a0adu.

5.45. Hoxa3aThb GOpMyIIBI

b b
A, = /B,H(x,x) dz, /D(:z:,:z:;)\) dz = —AD'(\).
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D'\ _
D)

oo
5.46. JloxaszaTb GopMyITy =3 a, A" (kosddunmenTor ay,
n=1

OIPENEIIEHBL HA C. 75).

5.47. Ilycts onpemenurens Ppenrombma D(A) MHTErpanbHOTO ypas-
Henust (6) He pasen Hymo. IlokasaTb, 94TO B 9TOM CJly4ae UHTETDAILHOE
ypasrenue mis mo6oit f(z) € C([a,b]) uMeeT perneHne u npu TOM TOIBKO
OIHO ¥ UTO 5TO PEIIeHnE NACTCS GOPMYIIon

b
ola) = (o) + [ ZEE £y ay

5.48. Ucmonb3yst mpencTaBieHne PEIeHNs MHTErPAIILHOTO YPABHEHU ST

npu || yepes pesosbBeHTy X (x,y;A) (cM. 3amagy 5.6) u

1
M(b—a)
pe3ynbTaT NPEenbIAyLIEN 3a0a4un, NOKa3aTh HOPMYILy

Fla,y ) = L5

(sTa opMmyna ompemesnseT aHAIMTUYECKOE MPOLOIIKEHUE PE30JIbBEHTHI,

3amaHHon mmpu |A| < B Buze psina (cM. 3amady 5.6)).

1
M(b—a)

5.49. Moka3aTh, YTO XaPAKTEPUCTUUECKUE UNCIA WHTErPAJIBHOTO
VPABHEHUS C HENPEPBIBHBEIM SOPOM COBIAMAIOT C HYISIMU ONPENETATENS
Ppenromsma D(N) sToro ypasHeHus.

5.50. IlokazaThb, 4TO paHT M XapPaKTEPUCTUUIECKOTO YUCIIA A9 UHTEr-
PAIBHOTO YDABHEHUS C HEIPEPLIBHEIM sAAPOM £ (Z,1y) KOHEYEH U UMEET
MECTO HEPABEHCTBO

bb
m < ol [ [1# (@.y)Pde dy.
aa

5.51. lloxaszats, uto onpenenutenu OpearomabmMa HEIIPEPBIBHOTO sApa
 (z,y) u coto3roro ¢ HUM sanpa 4 (x,1y) COBNAmaloT M, CIENOBATENLHO,
MAHHOE U COI3HOE YPABHEHMS MMEIOT ONHU U TE XK€ XapaKTEePUCTUICCKUE
aucsia (cM. 3amaay 5.49).

5.52. IlokaszaTs, YTO pAHT XAPAKTEPUCTUIECKOTO UNCITA, MIIST JAHHOTO
HENpEPLIBHOTO AIpa W COIO3HOTO ¢ HUM SIPA ONWH W TOT XKe€.

5.53. Iokasatsb, uto npu |A| < 1 mHTerpansuoe ypaBuenue MuiHa

)—5/ / Tdt o(y) dy
0 Naz—y|=0

“MEeeT eOUMHCTBEHHOE pernenne ¢ = ( B KJIacCe OrpaHMYEHHBIX (DYHKIUT
Ha [0, 00).
5.54. Jlns uaTerpanbHoro ypaBaenus llaiiepinca

alz—y|
4ﬂ/|T o ewdy, >0,

IOKa3aTh OIEHKY
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A1 (1 — efaD) > a,
roe D — mmamerp obmactu G C R3, A\; — HauMeHbIIEE IO MOIYIIIO
XapPaKTEPUCTUYECKOE YUCIIO SAPA.

5.55. IlokazaThb, uTo npu A < 1/2 perneHve MHTErpaIbLHOTO ypABHE-
HUA

—A/ e lo(y) dy + f()

eIVHCTBEHHO B KIIACCe OTPAHMYEHHHIX (yHKIMI B B! u BeIpaxkaeTcs dop-
MYJIOn

w(m)zf(-r)+ﬁ/ e VI f(y) dy

OTBeTrnI K §5
5.11. 1) eMe—y); 2) %sh\/x(:v—y)
5.12. 1) sinuz; 2) ch (VAz); 3) %(ch\/x.rfl).

5.14. 1) Ecim A = —2, 1o pemenunii HeT; ecnu A # —2, 10 p(z) =
_2z(A4+1) = A,
N A+2 ) .
e
2) ecnu A # A1, roe ,)\1 =57 T Txe 1) opu A = \; ypas-
HEHNE He MMEET PEIeHUIL; , , \
12X0%z — 24z — A + 42
A#2m N#£ — ;
3) eciu A#2 u A# —6, TO 60 1 6) (2 =) ;
A = —6 ypaBHEHWE HE UMEET PEIeHU.

mpu A =2 u

5.15. 1) Ecim A # gn)\;é g, %ﬁﬁ-m‘l; ecnu A = 2
To Czx + ?ZI]’Z + 2*, rme C — OpOW3BOJIBLHAS MOCTOSIHHAS, IPH A = g

ypaBHeHI/Ie HE UMEET DeIIeHn;

2) 12)\27 (5¢/x + 6X) +1 — 622 ecnﬂ)\;éﬂq/—; opu A B
yDABHEHWE HE UMEET DELICHNUI;
3) 5(2A-3)

[
H_
|

7t + 12, ecnm)\;égn)\;é%; C.’E3+.’E272.’E4Hpﬂ

3(5—2))
5
A= 3 C — 1npOu3BOJIbHAS IOCTOSIHHAS; IPA A = 2 YPAaBHEHUE HE UMeEeT
pelleHni;
20\ L 4
4) z? + Tzt +3ecm1)\;é— A# = Tzt 43— ’E-I-C’E
1—-2A 2 3
5
roe C [IPOU3BOJIbHAS OCTOSHHAS, €CNA A = 7 A= 5 ypas-

HEHUE He UMeeT DEeNIeHn;
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-2 1
5) Hﬁ-ﬁ, ecin )\;éﬂzﬁ; gm+$3+0m2, roe C  mpoms-
BOJIbHAS TIOCTOSHHASL, €CITT A = g; npu A = 72 pelIIeHu HeT;

6) ecim A = A\ = %, 10 C; + gm; ecmu A = Ay = g, To C2(322 — 1)—

fgm (C1 u Cs [IPOU3BOJILHBIE MOCTOSHHEIE); TP A = A3 = % ypaB-
HEHue He mmeeT pemeHuni; ecmu A # A; (1 =1,2,3), To p(z) = 3§$8)\'

12X . 3 3
5.16. 1) o sin 2z + m — 2z, ecam A#Z n )\79—5, m— 2z —
—2sin2z + Ccos2z, rme C mpOM3BONBLHAS TOCTOSIHHAS, €CITU A = 72;

3 .
npu A = 7 YPABHEHIE HE MMEET DEILCHMM;

2) 2(;+_)'i?)) sinx +cos 2z, ecnm A # 7% u\# f%; cos 2x — ?%r sin  +
+ Ccosz, rne C — mnpomsBOJIbHAS TOCTOSHHAS, €CIN A = —%; npu
A= —g YDABHEHUE HE MMEET PEIEHUI;
. 3w 3 . 3
3 (2)\ % + 3 2), £+ A=
) sing + o5 g €os2z + 5 sin 2z |, ecim # N npu
3
= +—— ypaBHEHUE HE UMEET PEIIEeHNH;
22 yp p
AT
4) - sin 3 + cOS T IpU BCEX 3HAUYECHUIX A;
2 2 1.4 2
5) 1— % - m cosz, ecnu A # ii; 3™ % + (8 + w2 cosz)C,
rme C MPOU3BOJIbHAS TIOCTOSIHHASI, €CIIA A = %; npu A = f% ypaB-
HEHUE HE MMeeT DEIIeHn;
2 4
6) 5 /\7; +14cosdz, ecmu A # = u A # —; cosdzr — 1+ C cos 2z +
— AT ™ ™
. 4
+ C5sin 2z, roe C7 u Cy — TPOM3BONBHBIE MOCTOSHHBIC, €CIIA A = —;
™

2 .
npy A = — ypABHEHUE HE MMEET DEIeHU.
™

5.17. 1) cos3z, ecnu A # l; cos 3z + Cycosx + Cycos 2z, rne Cp n
™

1
Cs NIPOU3BOJILHBIE IOCTOSIHHBIE, €CITA A = —;

™
cos T 1 1 .
) ecmu A # = u XA # —; 2cosz + Csin2z, rme C  mpo-
— AT T 2w
1 1
M3BOJIBHAS TIOCTOSHHAS, €CI A = 53 Tpu A = = ypaBHEHHUE HE UMEET
o ™ ™
peleHnii;

6 Ilom pen. B. C. Bmagumuposa
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) 1s1nac)\ ecam A ;é - 75 = ginz + C cos 2z, rme C — mpo-
— T

1 1
M3BOJIBLHAS MIOCTOSIHHASI, €CII A = 3,5 TPH A = — ypaBHEHUE HE UMEEeT
o ™ ™
pelieHn .

5.18. 1) A = l, sinz +cosz, 1; Ay = ,l) cosz — sinx;
™ ™
2) A1 = i7 1; Ao = 2, cos2z; A3 = —z, sin 21;
2w ™ ™
3) A= 45,322~ 2 Ao = %5 1522 — 1;

4) A\ = 27 322/5 4 272/5; )y = —g, 3x2/5 — g=2/5;
5) A\ = ,27 sinz — sindz, sin2z —sindz; Ay = z, sin 2z + sin 3z,
™ ™
sinz + sin4zx.
5.19. a = —12, b = 12, —122%2 + Ciz + Cs, rne C; u Cy — npoms-
BOJIBHBIE IIOCTOSAHHBIE.

5.20. a = V15— 3, C[4V152% + 3(1 — V15)z] +

IIPOU3BOJIBHAA MTOCTOAHHAS.

8=

— 3z, rme C

5.21. YpaBHeHue pa3pemmmo pu JII00oM A,
27

p(r) = A / cos (22 —y) f(y) dy + f(z).

5.22. 1) Aam sinz + 220 +azx+b ecnm)\#l(abmo—
o 12(1—2)) 1—2X\ ’ 2 7
1
Oble); mpu A = — ypaBHEHUE PA3PEIINMO B TOM M TOJIBKO B TOM CIIydae,

korma ¢ = b =0, p(z) = Cysinz + Cs, rne C; u Cy — mPOU3BOJILHBIE
IOCTOSHHEIE;

2(a — 2\b) . 2 2
_-_ : +— ; = —
2) o S +b, ecim A # p (a,b mwoboie); mpum A p
am —4b .
ypaBHeHue paspemumo npu Jabeix a u b n () = sinz + b+
2
+ C; cosz, rne C; — mpousBOIbHAS TIOCTOSIHHAS; €CIIU A = ——, TO ypaB-
™

HEHME Pa3pEeNnmMoO B TOM U TOJIBKO B TOM cilydae, korma anw + 4b = 0 n
p(z) = b+ Cysinz, rne Co — NpPOM3BOIIBHAS TOCTOSIHHAS;

2Xa + 3¢ 3b

3) 3(1_2)\') + 3_2)\r+ar ecmn A # % u A # ; (a,b,¢ mro-

1
Obie); pu A = 3 YPABHCHUE PA3PELIMMO, eCiu @ +3c =0, o) =
= gbm + az? + Ci, rne €7 — TPOM3BONIBLHAS TIOCTOSIHHAS IPH A = 3

1
ypaBHeHUe paspermmo, eciiu b= 0 u op(z) = az? — 3 (a + ¢) + Caz, rme
Cy — Npou3BOIBHAS TTOCTOSHHAS;
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2A(5a +3b) 5 . 4)\*(5a + 3b) 3 V15
: : : ; +—
4) o Y + 5(1574)\2)’E+a’13+b’17,e(3ﬂ1/1)\7£ 5 (a,b
V15
mobeie); mpu A = —5~ YPaBHEHME Da3pemntmMo, ecuu 5 +3b=0, n

o(x) = a(.rf 2T3) +C (\/grz +!E>,

V15

roe C [IPOU3BOJIbHAS IOCTOSIHHAS TIPU A = —~5 YPpaBHeHHe paspe-

mmmMo, eciu H5a + 3b = 0 m

o(z) = a(x— gaﬁ) + C5 (x— \/§x2>,

roe Cs  TPOU3BONBHAS MOCTOSHHAS;
3a 5\b

3—A (5-—2X) 5

npu A = 3 ypaBHeHue paspemuMo, eciu ¢ = 0, u p(z) = b(§ z? + 1) +Ch,

5) T+ 3 22+ b, ecru A #3 u A #5 (a,b mobue);

roe Ch NIPOU3BOJILHAS TIOCTOSIHHAS; IPU A = 5 YPABHEHUE PA3PEIINMO,

3
ecm b= 0, n () = Cyz? — 3 0, THe Cy — IpOM3BOJIbHAA TOCTOSHHAS,

% 23 + ax, ecrm X\ # % (a,b mo6wbie); mpu A = %

ypaBHeHue paszpemmmo, ecim Ha + 7b =0, n @(x) = —g br + Crz'/? +

6)

+ CQ$2/3, roe C1 u 'y — mPOM3BOJIBHBIE TIOCTOSHHBIE;
24 + Ab(4 — )
2 — A 2-A4-m)

2
(a,b mobbie); mpm A = = ypaBHEeHume paspemmmo, ecau am + b(4 — ) =
™

2
4—7

7) x+bx2,ecnm)\7é§1/1)\7é

=0,u p(z) = 2(7:T7_2) 2+ bz? + C, roe C — mpOoM3BONIbHASL TOCTOSHHASL;

npu A = 71—, YPaBHeHUE He uMeeT peIIeHn;
— T

5A(14a + 36Ab +42¢) 1,3 | 28A\°a + 30Ab+ 35

2
21(5 —1232)  © 7612 T 0+ bz, ecm

8)

A# :I:%\/g (a,b,c mobee); npu A = %\/g YPABHEHUE PA3PEITNMO, €CJIN
15V/3b+7V5(a+3¢) =0,

o(z) =ar® +br +c+ Cy <m1/3+ \/é),

rme Ch POW3BOJIbHASL TOCTOSIHHAS; DA A = %\/g ypaBHEHUE pa3-
permumo, ecm 15v/3b — 7v/5 (a4 3¢) = 0, u

6*
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o(z) = az® + bz + ¢+ Co (,#/3 _ g))

rae Cy — npoU3BOJIBHAS MOCTOSHHAS;

30b—1) X o 3a\? 3607 (b — 1) 15
) ey L Tt @asyeooy M A 7 T
A# g (a,b m06eI€); IpU A = —g YPABHEHUE PA3PELIMMO, eCiu b=1,n

1
o(z) = 77 az+1—20a+ C(z?+1), rne C — npom3BoIbHAS TIOCTOTHHAS;

npu \ = ; ypaBHenue paspemumo, ecim a = b = 0, m p(z) = C1z + Oy,

roe C1 u Cy — mpOM3BOJIIBHBIE TOCTOSHHEIE.
3 1

5.23. 1) A\ = 30 Y1 = A2 = 5 P2 = 3z — 472, o(z) =
3az 3 1 3
= ggy fom A £ 31 A £ —5 (a mro6oe); mpm A = 5 YpasHe-
Hue paspemmumo, ecim a = 0, u @(z) = Ciz (C; — npousBosbHA

1
MOCTOSIHHAA ); TIPU A = —5 YPaBHEHUE Da3pemuMo 1pu nwoboM a u

o(z) = g az + Co(3z — 422%), rne Co — TIPOM3BOTBHAS TTOCTOSHHAS;

1 1 2 az® + bz 1
2) )\1:57 905):1‘7 905):1‘27 <P($):ﬁ7ecm’1)\7é§§ﬂpﬂ

A= % ypasHerme paspemmmo, ecin a = b = 0 u p(z) = C12% + + Cox,

rane C1 u Cy — NpOM3BOJIBHBIE TOCTOSHHBIE.

2°A%b
1-Am
ecim \ # % (a,b mo6BIe); IpU A = % ypaBHEHUE paspemmmo, eciau b = 0,

5.24. 1) A\ = %, p1=sinz; p(z) =a+bcosz + Abrz + sin z,

u p(z) = a+ Csinz, roe C — npou3BoibHAS HOCTOSHHAS;

1 ax
2 = —, = : = —_—
1) A 5o Y1 = T o(z) Tt b+ 2nbAcosz, ecnm A #
# o (a,b mo6eie); mpu A = 3 VDABHCHHE DA3peIIuMO, eciu a = 0
™ ™

u p(z) = b(1 + cosz) + Cz, rune C — npou3BoIBLHAS IOCTOSHHAS.

= sin (z Am cos (x —
5.25. 1) ¢(z) = A/ ( +y)1(§) ) f(y)dy + f(z), ecnm
0

2
AN # 0, tne AN\ =1 — \? %; mpum A = % YPABHEHNE Pa3PEIINMO,
ecnu fi + fo =0, rme

fi= [ f)cosydy,  fo= [ fly) sinydy,
0 0

p(z) = Ci(sinz + cosz) + %fl sinz + f(z)
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2
(Cy IPOU3BONIbHAS MOCTOSAHHASL); IPU A = —— yDABHEHUE Da3PELlU-
™
. 2 .
Mo, eciim fi1 — fo = 0, m () = Ca(sinz — cosz) — = fisinz + f(x),
™
roe Cy  TPOM3BOIBHAS IOCTOSHHASL;
sin (z + y) + )‘7” cos (z — y)
A(X) ’

—)\ (22 — 4 z —
i\ / o B D @)y + 5(0), ccmn AK) £0,

F(x,y; \) =

roe A(A) = (1 = 2)) (1 —3 )\); opu A = % yDaBHEHUE PA3PELINMO, €C-
mm fi = 3 fa, Toe

fi=[f@ds,  fo= [af@)ds, ()= (s 3) hi+ @) +C

3
(Cy [IPOU3BOJIbHAS TIOCTOSHHAL); TIPU A = 7 YDAaBHEHIE pa3perInmo,

ecmn fo =0, p(z) = 7; fi+ f(z)+C2(x+1), rne Co  mpomsBombHASL
HOCTOSHHAL;
1— 2 A +y(2z —4Az - 1)

K (T, y; A) = ADY ;
_ rsiny - ax
() = )\/(172)\+cosx)(ay+b)dy+ax+b—717270\—#

+2wAbcosx + b, ecmm A ;é — (a b mwobee); mpu A = 2L ypDaBHEHUE
™

paspemumo, eciim a = 0, <p($) = b(cosz+1) + Cz, rne C — npousBomns-

Hag MOCTOAHHAI, .
Tsiny

1—27A

H(x,y; \) = + cos T;

2w . . . .
ple) = A [ SRESUEIILINGY () gy 4 [(2), ccnn A £ L

npu A = 1 YPaBHEHUE PA3PEIINMO, €CIIN
™
2 27
/f(y) siny dy = /f(y) sin2ydy =0,  ¢(z) = f(z)+ C1 sinz + Cs sin 2z,
0 0

rae C1 m Cy — NpOU3BOIIBHBIE TOCTOSHHBIE;

yy _ sinz siny + sin 2z sin 2y
'@('/ana)‘)_ 1— A\ -
5.26. 1) b=0, 3a+5c=0;
3 1 3 1
2 a:—,b:(),c:*—; a = — ,bZO,C: 5
) V10 V10 V10 V10
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1

3)a:0,b:f§; 4) a = 6;
5) a=0,b=-1; 6) a,b mobwre;
7) a,b,c mobbie; 8) Ta+5b=0.

5.27. 2 <a<3.
5.28. 1) )\1 = 1, Y1 = 4(T1 +’E2) -|-]. )\2 = *1, Y2 = 4(’E1 +’E2) - ].
4v3 — 4

#’ o1 = 1+V3(2? +123); A = —M’

iy

Y2 =

2 A =
= V3 (13 +23) — 1;

3 1 /2 2 2
3) Al:E’ (plzm,rﬂeT: Ty +$2 +.Z‘3.
5.29. YpaBHEHUE HE UMEET BEIIECTBEHHBIX XaPAKTEPUCTUIECKUX

qucesI.

5.30. Xapakrepuctudeckue uuciia A; = % u Ay = —%, COOTBETCTBY-
forme cobcTBeHHble QyHKIUN @1 = 1 + 32122 1 o = 32122 — 1. Ecanm
A= j:g, TO

o(z1,22) = ﬁ [(fl +4Xf2) 2172 + g)\fl + fz] + f(z1,72),

roe
11 -
h= // fyr,y2) dys dy2,  fo = // y1yz2 f(y1,y2) dys dys,
-1-1 ~1-1
E
93
n o(z1,T2) = i z1Z2 f1 + f(z1,22) + C(3z122 +1), rne C1 mpom3BoOsIL-

AN =1——=>N% mpum \ = g ypaBHeHUE paspertumo, ecnu fi + 3fs = 0,

3
Hasl MOCTOSIHHAS; TIPU A = —7 YPABHEHUE PA3PEIINMO, CCIH fi—=3fo=0,

3
u p(x1,x2) = -1 1T f1 + f(21,22) + Co(3z129 — 1), re Co TIPOM3-

BONBbHAS HOCTOSHHAA.
2
5.36. 1) A\, = (g +7rn) , n = sin (g +7rn) z (n=0,1,2,...);

2) Ay =n2n2, @, =sinmnz (n=1,2,...);

3) A (n=1,2,..) MOJIOXKATENBHbIE KODHI ypaBHeHus tg v =
= VX, pp =sinVA, z;
4) A\, = —% p2 (n=1,2,...), Tne , — NONOXUTEIbHbIE KODHY YPaB-

HEHUS [ — 1_ 2ctg p, @pn = sin pp® + ly, COS Uy T;
o

5) Ao =1, oo = €% A\, = —n?r2 (n = 1,2,..), ¢, = sinmnz+
+ TN COS TNT;
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_ m(2n+1)° +4
n 8(1 + e?)
_ (nm)’ -1
sin 1

2
5.37. 1) )\1(11):(#%)’ Q01(11):SiH7T’rL.’E (n=1,2,...); )\,(12):% il

(n=0,1,2,...), ®, =sin (n+ %) TE;

, wnp=sinmnz (n=1,2,..).

(pglz):cos g+7rn)x (n=0,1,2,...);
2
2) Ap=1-— (n+%), (pn:cos(n+%)x (n=0,1,2,...);
2
3) A= (n—i—% -1, wn:sin(n—i-%)x (n=0,1,2,...).
2
5.38. 1) AN = (@) o =sin@n+ 1)z (n=0,1,2);
2
AP = - (%) o =cos(2n+ Dz (n=0,1,2,.); l =,
wo =1; 9 7
2) Ao = %, wo = 1; )\511) = %, <p511) =cos(2n+ 1)z (n =
2
=0,1,2,...); )\512) :—%, <p512) =sin(2n+ 1)z (n=0,1,2,...).
5.39. \, = —, <p£ll) = sinnz, <p512) =cosnz (n=1,2,...), ecom

27 n 27
an = /w(t) cosnt dt #0; A\ = i, po=1, ecm ag = / w(t) dt # 0.
0 o 0

5.40. o(z) = )\/ G(z,y) f(y) dy + f(z), rne

0
sin vz cos VA (y — 1) r<y
Gla,y) = VX cos VA ’ -7
v sin vV Ay cos VA (z — 1) >y

VA cos VA ’



I’'masa III
OBOBHIEHHBIE ®YHKIINN

§6. OcHoBHbIe U 0600IIeHHBIE QYHKIINU

O6o3naunm gepes 2 = 2(R™) COBOKYIHOCTB BCEX GECKOHEUHO Aud-
tdepenuupyembrx ¢unuTHBIX Gynkuuit 8 R™. IocnenoBarensuocts {@y }
Gbyukuuit u3 2 HaswBaeTca crodawetica Kk yukuuu ¢ (u3 9) ecnn:

a) cywecrByer Takoe unciio R > 0, aro supp ¢ C Ug;

6) TPy KaXKIOM & veR"

D%y () :; D y(z), K — oo ™.

ITpu srom nuiem ¢, — @, k — oc B 9. CoBokynHoCTh 2 QyHKUUN
C BBEIIEHHOU CXOAMMOCTEIO HA3BIBAETCS MPOCTPAHCTBOM 0CHOBHBIT (PyHk-
yuti 9.

O6o3maunm uepes . = .¥(R™) COBOKYNHOCTH BCEX OECKOHEUHO mud-
deperuupyeMbrx GyHknui B R™, yObIBAMOLIMX [IpU || — 00 BMeCTe CO
BCEMU TIPOM3BOMHEIME OBICTpee no6oi cTemenn |z L.

Mocnenosarensuocts {@y} Gyukunit us . HaszsIBaeTCst crodawelcs K
byukuuu @ (u3 ), ecnu mis Beex o u

zER"
29 D¥pi(z) == 2°Dp(x), k — oc.

ITpu srom numem ¢ — ¢, k — oc B .¥. CoBOKynHOCTH .¥ QyHK-
Uil C BBEOEHHOW CXOOMMOCTBLIO HA3BIBAECTCS IPOCTPAHCTBOM OCHOBHLIL
Pynryui <.

6.1. Ilycte ¢ € 2. BeisicHUTE, €CTH U CPENN MOCIIENOBATEIBHOCTEN:
1 1 1 T
D pe@; 2 pekn: 3) 1o(5);
k=12 ..., cxonsumecs B 4.

6.2. llyctbn=1mu
1 mpm —2e<z<2¢,
x(z) =

0 mpm |z| > 2e.
MMokazaTs, aTo dyHKUIMS

n(z) = / X(Y) we(z — y) dy,

*) Tlo nosomy o6o3HaueHMit CM. ¢. 6-8.
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rle w,  «IIanoukas, ABIsgeTcs ocHosHOM 13 2 (R'), mpuaem 0 <n(z) <1,
n(z) =1 npu —e < z < ¢, n(z) =0 upu |z| > 3e.
6.3. llycts G2 = |J U(z;2¢)  2e-0KpecTHOCTH OrpaHUYEHHOU OG-
zeG
nactu G m x(r) — xapaktepuctmueckas Qynkuus obmactu Gae, T.e.

x(z) =1, 2 € Ga: u x(z) =0, z € Ga.. HokazaTsb, uTO dyHKIMS
n(z) = /X(y) we(z — y) dy

ocuoBHasg u3 Y (R"™), npuuem 0 < n(z) < 1, n(z) = lupuz € Ge;n(z) =0
npu x € G3.
6.4. Ilycrs dynknms 7(z) ynosiaeTBopseT ycyoBusaM 3anaqau 6.2,

oo

H(z) = Z n(z — ev), e(z) = IZ((J;;))'

V=—0o

Hoxazats, uto H € C®°(R'), H(z) > 1; e € 2(R"), 0 < e(z) < 1;
e(r)=1mpu |z| <eme(r) =0mnpu |z| > 3e; Y, e(z—ev)=1

v=—00
6.5. JlokasaTs, 4TO CyImecTBYOT Takue Gysxmmn o5 € Z(RY), § > 1,
uro 95(z) = 1 upu |z| < I —1, ps(z) =0 upu |z| >0 un |<pga)(x)| < Oy,
roe noctosuaras C, HE 3aBUCAT OT 4.
6.6. IlycTe nenpepuiBras Gynknusa f(z) duanrra: f(z) =0, |z| > R.
TlokazaTs, uTo DyHKIMS

f@) = [f@) otz —y)dy (e <B)

ocHoBHas u3 Z(R"), npuuem f.(x) =0 opu |z| > R + ¢. llokasaTts, uTo

f.(z) e:R; f(x), e—0.

6.7. 1) HokasaTsk, aTo QyHKUMS

1 e 4
P = 2 o) —n@e) Y Dok m=12,
k=0
ocuoBras u3 Z(RY), rme ¢ € P(R') un € 2(R'), n = 1 B okpecTHOC-

Tn x = (;
2) mokasaTb, YTO QyHKIUA
_ #(z) — (=) ¢(0)
ocuosras u3 2(R'), rne ¢ € 2(R'), n(z) — dbynkuns u3 samaun 6.7, 1)
1 a € C°(R!), uMeeT emMHCTBEHHEIH Hy b opsanka 1 B Touke x = (.
6.8. 1) Tlokaszars, uto byskmms ¢ u3 2(R') moxeT 6bITH IpENCTAB-

JleHa KaX TPOU3BOMHAS OT HEKOTOPO# APYTOl yuknmnm o u3 2 (R!) Torma
7 TOJIBKO TOTHA, KO OHA YIOBJIETBOPSET YCIOBUIO
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70901(1‘) dz = 0;

2) mokazaThk, 9TO BesKas bysknus o(z) n3 Z(R!) MoxeT 6BITH Tpen-

CTaBJICHA B BIOE oc

o(@) = po(a) [ pla')da’ + ¢} ().

— 0o

roe o1 € Z(RY), a po(z) — mobas ocaorHas bysxkmma u3 2(RY), ymos-

oC
JIETBOPSIIOIIAs yCIIOBUIO / wo(z)de = 1.
— 00
Y kasauune BocnomezoBarbcs sanaueit 6.8, 1).
6.9. Ilokasare, uro ¥ C . m U3 CXOOUMOCTUA B & CIeNyeT CXOOU-
MOCTE B .¥.

6.10. Ilycth @ € .. BBISICHUTS, €CTh I CPEnU TOCIIEA0BATEIBHOCTEN:
1

1 1 T
) pe@: 2 pekn): 3) 1o(T):
k=12, ..., cxonsuecs B ..
6.11. Ilycts ¢ € u P nmonuuoM. loxazate, uto pP € .¥.
6.12. Tlycrs dynxmuas 1p € C*°(R'), ¢(xz) = 0 npu £ < a m orpanu-
ueHa BMECTE CO BCeMm npom3BonHbMu. JlokazaTs, uTo dyakums 1) (z) e 77"
ocrornas 3 .Z(RY), ecim o > 0.

O603naunm wepes 2' = 2'(R"™) cOBOKYIHOCTD BCeX TMHEHHBIX HEMpe-
PBIBHBIX (DYHKIIMOHAJIOB HA TPOCTPAHCTBE OCHOBHBIX (MyHKIUi Z. Besikuii
dbyskmmonan f € 2' mazopem o0606uwennoti Pynxyueti (13 TpocTpaHCT-
Ba D').

O6o3raunm gepes .’ = .7’ (R™) COBOKYTTHOCTD BCEX JIMHEAHBIX HEMpe-
PBIBHBIX (DYHKIIMOHAJIOB HA MIPOCTPAHCTBE OCHOBHBLIX QyHKIuUH ¥, Beskuit
dyuknuonan f € .7 masosem 0606wennoli Gynkyues medaennoz0 pocma
(3 mpocTpancTea .&").

3uauenue GyHKIUOHAJIA [ HA OCHOBHON QYHKIUU ¢ 0003HAUYUM 4Yepes
(f,¢). UTob6bl yka3aTb apryMeHT OCHOBHBIX (DYHKIWI, WHOTOA BMECTO f
u (f, ) 6ynem nucars f(z) n (f(z), (z)).

MocnenoaTenbHOCTD { fi} 0606IIEHHBIX QyHKINI U3 9' maswBaercs
crodsuetics x ob6obuwennoti Pynxyuu f (u3 2'), ecomn (fr, ) — (f, ),
k — oo nnsa mwobon ¢ u3 4. B wactHOCTH, psin 3 06001IEHHBIX QYHKINAT
U1 +Us + ... +uy + ... HAsEIBAETCH crodawumcs 6 P’ Kk 0606wennot Pynx-

oo
yuu f, ecnu nas moboit ¢ € 2 uucnosoit psan Y (ug, ) cxonutcak (f, ).
k=1
CxomuMOCTh TIOCIENOBATEILHOCTHY U PANA B . ONPENENeT s AaHAJIOTUIHO.
ToBopsT, uro 0600mennas Gyukuus f pasua wyato 8 obaacmu G, ecan
(f,¢) = 0 nns Bcex ¢ u3 2 ¢ vocurenem B G. O6o6mmennble GyHKuum fi

u fo HA3BIBAIOTCA PasHbimy 6 o6aacmu G, ecim ux pasHocTs fi — fo paBHA
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Hymo B G; f1 u fo HaswBaroTCa paswvimu, ecan (f1,¢) = (f2, @) mmsa Bcex

pweED
Hocumeaem 060011eHHON GyHKIVY f HA3BIBAETCS MHOXECTBO BCEX Ta-
KIX TOYEK, HA B KAKOil OKPECTHOCTU KOTOPHIX f He 0OpaIaeTcs B HYJIb.
Hocurens f o6osmauaercs uepes supp f. Ecau supp f — orpanuuennoe
MHOXECTBO, TO [ HA3LIBAETCsA (unummoti 060OIIIEHHON PYyHKITHEH.
Peayaspunoti o606miernonn dynkmmeir uz 2'(R") masbiBaeTcs Besuit
$yHKIIMOHA BAOA

:/f(g:)(p(m) dr,  ¢€ 2(R"),

roe f JIOKAJIBbHO MHTEerpupyeMmas B R dyHkIius.
Ecmm f(x) — dynknms mennennoro pocra B R™, T.e.

J1F @I+ [al) "z < o0

Ipu HEKOTOPOM m > (), TO OHA onpenessieT PeT y Il P H Y 10 0000111eH-

Hy1o GyHKImMio n3 .’ (MemIeHHOTo pocTa).

Bceskas o6o6itiennas GyHKIUI, HE SBISIONIAICS PETYIISIPHON, HA3LIBA-
eTCs CUHLYAIPHOY.

TMpumepom cunryiispHOi 0600IIEHHON QYHKINK SBJIACTCS O-QyHKIUS
Hupaxa, onpenenseMmast TpaBUAIOM

(0,0) =9(0), @€ P(R").
O6o61eHreM  §-QYHKIUU  SIBASETCS TOBEPXHOCTHAS — O-(QYHKIIUS.
Ilycts S — xycouno ruankas MOBEPXHOCTH U f4(X) — HenpepbIBHAS QyHK-
mus zHa Hew. O600meHHY GYHKIUNIO idg, HEACTBYIOLIYIO IO (GopMyJe

(uds, ) /u z)dS:, ¢ € 2(R"),

HA30BeM npocmuim caoem. B gacTrOCTH, ecmu S ecTh WIOCKOCTb ¢ = 0 B
R (z,t), T0 pd1—o)(x,t) o6ozmaumm pi(z) 6(t), Tax aro

(1) /u ¢(z,0) da.

IIpu n = 1 npocroit caoit dg,, () HA ccpepe Sk o6o3naunm uepes 6(R—|z|),
Tax uto (6(R — |z]), ¢) = ¢(R) + ¢(—R).

Ipoussedenuem f uz 2'(R") u dymxumm a(z) € C°(R") naswma-
ercs 0600wenHas QyHkumsa «f, meicTByromas mo dopmyne (af, @)
= (f,ap), ¢ € 2(R").

Hycrs f(z) € 2'(R"), A HEocob0e JNMHENHOe Mpeobpa3oBaHme
n b — BexTop B R". O606mennyto pyaxnmio f(Ay + b) onpenenmm dop-
MYJION

ar+ 0.9 = (1.8, e o,

Tpu A = I umeem cusur 06001enHON GyHkuu f HA BEKTOP —b:
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(fly+b),9) = (f, 0z —b)).
Hamnpuwmep,

(0(z — z0), ) = (6, p(z + z0)) = @(z0)
coeur 0(z) HA BEKTOD To. llpu A = —I, b = 0 umeeM oTpaxeHue
(f(=2),¢) = (f, o(-12)).
6.13. Ilokasatb, uto 0(z) — cuHrynspHas o60OweHHAs GyHKIMS.
HaTb pusndeckyo mHTEPIPETALNIO €€.

6.14. ITats ¢usmueckyio mHTEpPIpETANNIO OOOOIIEHHBIM (GYHKIUSIM:

1) 26(z — zo); 2) kgjl mpo(z — zp);
3) (=) dg(x); 4) o] b5 (x — wo);

5) 26(Ry — |z — 1|) + 36(R2 — |z — 2|).
HatiTu ux mocuTenu.

6.15. IlokazaThb, 4TO:

1) §(z —v) — 0, v — o0 B 2'(R!);
2) dsp(z) — 0, R— < B 2.

6.16. IokaszaTs, uto .’ C 2' u u3 cxomumocTu B .’ crenyer cxo-
nuMocTh B 2.

6.17. Ioka3aTh, 4TO:
1) e* € 2'(RY), e* €' (RY); 2) el/*E 9'(RY);
3) e®sine® € '(RY).

6.18. Ilokasare, uTo QyHKUMOHAN & —, NEACTBYIOMMN 110 (HOPMYyITe
T

(#10) =0 [ 2 as— m ( [4])dae gen

CUHTYISIpHas 0600IeHHas QyHKINS.
6.19. Brrumcnuts npenenst 8 2'(RY) mpu e — +0:

R S g

0, |z| > €; m(z2+¢e2)’

1 2 1 . =z
—z°/(4e). - .
3) 2\/7r_se ; 4) L sin = 5)

6.20. [okazare ¢popmyny Coxoukoro

1 . 1
0= Fimd(x) + ,@;

6.21. Boruucaurs npenenst B 2'(RY) npu t — +oc:
ixt —ixt ixt —ixt
) P p) [— R) [— 4) £,
) z — 40’ ) z — 40’ ) z + 10’ ) z + 10’
5) tme't m > 0.
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cos kx

6.22. Haittu mpenenr & , k— 00,8 2'(R'), rme

(77252 ) vy o

- . 7 cos kx
—ELHEO< /+/> - o(z) dz, Y€ D

(o]
6.23. Iokazats, uto psan ., apd(z — k):

k=—o0

1) cxonutcsa B 9’ mpu mobbIX ay;
2) cxomarca B ., ecom |ag| < C(1+ |k|)™

6.24. Ilycts o € 2(R™), 9 >0, /1,[)(1) drz = 1. JokasaTb, d4TO
e ™Y (g) — d(z), € — +0 B 9'(R"); B wacTHOCTH, W (2) — (%),
e— 08 9'(R").

6.25. Iloxasars, uTo dynkumonan & %, nercTByOMUR 110 ¢hopMyie

(9;—2790):\79 f@dm, p € 9,

cuHTynspHas o6001eHHas QyHKINS.
6.26. Ilokazath, uTO:
1) a(z)d(z) = a(0)d(z), a € C*®(R™); B wacrHocru, zd(z) = 0,
Tz € RY;
2) sl -1
T

3) g PL = gmt > 1.
T

b

6.27. 1) Ilycts o6o6umienHas (GyHKuus f paBHA HYJO BHE OTPE3KA
[—a, a]; nokazate, uto f=nf, rnen € C®°(R") un(z) =18 [-a—e¢,a+e],
e > 0 mroboe;

2) nycre f € 2'(R") un € C°(R"), n(x) = 1 B okpecTHOCT™ SUPD f;
nokasate, uto f = nf u f € ./ (R").

6.28. Iokasats, uto §(az) = ﬁ o(z), a #0.

6.29. Iokaszats, uro (af)(z+h) = a(z+h) f(z+h), roea € C®(R™),
f € 2'(R"), he R".

6.30. Hoxazars, uTo 06001IEHHAS DyHKIWS

1
<Pf$2+y2, (, y))

¢(z,y) — ¢(0,0) , (z y)
= / 2 x dy + / dx dy
+
z2+y2<1 ’ v* z2+y2>1 +yt

ynomjieTBOpseT ypasuermio (22 + y )Pf =18 2'(R?).
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6.31. Ilycts f €. u P nonuuaoM. Ilokazars, uto fP € .7
6.32. Ilycts f € 2'(R') ¢ounuTHa n 77(z)  TWpom3BOMBHAsA QYyHKIUS
m3 9(RY), pasras 1 B okpectHOCTH Supp f. [lomoxmm

f(2)=2im<f(z’) "(“”')), c=atiy

Tx -z
HokazaTs, 4T0:

A
1) f(z) me 3aBucuT OT BLIGOPA BCIPMOTATEIBHOU QYHKIWHA 1j;

2) ]Ic\(z) — aHaJImTUYECKas PyHKOMs npu z € supp f;
A 1

4) flz+ie) — flz —ie) — f(z), e — +0 B 9'(RY).

6.33. Ilycts f € 2'(RY), suppf C [~a,alun € 2(RY),n(¢) =18
okpectHocTu Supp f. Iokasars, uTo GyHKIMUS

f(z) = (f(f)ﬂ)(é) ez’z{)’ z2 =1 +1y,

HE 3aBUCUT OT 1), LIeJIasi ¥ YOOBJIETBOPSIET IPU HEKOTOPOM m > () 1 j1r060M

€ > 0 onenke _
| Fla +iy)| < Cel (1 4 fa).

6.34. Tycts f € 2'(R") usupp f = {0}. Hokazare, uro f omHO3HAH-
HO OPEACTABIACTCS B BUOEC
fl@)= > CaD(x).
0<lal<N

6.35. Tycrs psn Y. a,6%)(z) cxomares 8 2'(R'). Hokasars, ato

a, =0mpu v > vy “7°

OTBeTnl K § 6

6.1. 1) Cxonutcs k Hymo; 2) m 3) He cxomsarcs, ecnu @(z) Z 0.

6.6. Slcro, uro f.(r) € 9. lanee, Tak kak f(x) menpepwiBHA 1 (u-
HUTHA, TO 1715 JI060r0 0 > 0 1 Ipu BCeX NOCTATOYHO MATBIX € > 0 nMeeM
F(x) - £(s) <o mpn |z _y| <e .y € R, max wro

f@) =L@ < [1f@) = f@)we—pdy <o [ w.e-y)dy=o0.
. \zfly\<s
r € R".
6.7. 1) Pemenue OQueBunuo, byukuus 1)(z) uaurHa u Gecko-
neuno muddepennupyema npu z # 0. Ocranocs nokasats, uTo 1)(z) Gec-
koHeuHo auddepennupyema B Touke z = 0. Ilycts n(z) = 1 npm |z| < e.

O6038a4UB o1

1w
ORI G Sha UF
=0

k

TOJLy 9YUM
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- (m)
P(0) = hm P(z) = iao fz(m) ! m'(0)7
mf( )(0)
_ 11)(13) 1/)(0) i G _ S0
Y'(0) = ig}% z—)O _,Em+1 T (m+1)!

U T. O
Takum ob6pasom, () € C°, u, 3HaunT, 1) € 9.
6.8. 1) Ykasanwue. [lnsa nokaszarenbCTBa JOCTATOYHOCTHU MIPOBE-
PUTH, YTO

pa(z) = /(pl(a:) dz € 9.

6.10. 1) u 3) cxonmsarcs K HyIO B .
2) me cxomures B ¥, ecnu ¢(z) Z 0.

6.19. 1) §(x); 2) d(x); 3) d(x); 4) wé(z); 5) d(z).
6.21. 1) 2mid(z); 2) 0; 3) 0; 4) —2mid(z); 5) O.
6.22. 0.

§7. IImpdepenuupoBanme 0606GIIIEHHBIX (GYyHKIIANA

ITpoussodnoti o6obmennoi dyukimn f n3 2'(R') maswaercs QyHk-
muonan f’, ompenensemsiit hopmyson (f', @) = —(f, @), ¢ € 2(RY).

Kaxmas obobiiennas QyHKINWS NMEET TPOU3BOOHBIE JTI000T0O TIOPSIOKA
n f(m), m > 1, ecTh QYHKIMOHAI, OEHCTBYOLUT 110 hopMmyJie

(F™, @) = (=)™ (f,¢™). (x)

B cniyuae n > 1 dpopmyna (), onpenensromas npoussonayo D f, npunu-

MaeT BUI

Mycrs S — KyCouHO ryankasi OIBYyCTOPOHHSISE IOBEPXHOCTh, T — HOP-
manb Kk S uv(z)  HenpepbiBHas GyHkuus Ha S. OGOCIEHHYIO BYHKIIIO

~on (vdg), meiicTByOMmYO N0 GOpMYIIE
0 _ Op(z) n
(35 Wis)e) = [vi@) 52 ds,  we a(r"),

S

HA30BeM J801HbIM caoem Ha moBepxHOCTEH S. B wacTtHOCTH, ecriu S ecThb
mockoeTs ¢ = 0 B npoctpanctee R™! mepemennwx (z,t) = (21,22, ...

Ty, t), TO —% (Vd(4=0)(,t)) obo3maumm uepes —v(zx)d'(t), Tak uTo
0 0
(~v(2)5' (1), 0) = [ v(z) 2220
R’n

IIycte nokansuo waTerpupyemas B R™ ¢dyukuus f(z) Takosa, 94TO ee
KJIACCUYECKAsl TPOM3BONHAS TOpsiaka & = (q, ..., Q) — KyCOYHO Hermpe-
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peiBHas ¢yukius B R". Perynapayio o600meHHy0 GYHKINIO, OIpene-
JIIEMYIO 9TOM NPOM3BONHON, 0603Hauum vepe3 {D*f(z)} (B ornuuume or
060061wenHoi npoussonuoit D f(z)).

7.1. IlaTh GU3NYECKyI0 MHTEPIPETAINIO 0000IIEHHBIM QYHKIIWSIM:

B RY —§'(z), —8'(z — 20);

s RS — 2L wsy), —22 6 (0 — o).

on " S” on °F

7.2. Hokasats, ato (6™ (z — 20, p(z)) = (—1)™¢(™ (z0), m > 1.
7.3. TlokasaTs, uto B D'(R!):
1) p(z)d'(z) = —p'(0) 6(x) + p(0) 6'(
20 (z) = —mémV(z), m=1,2, . ;
28 (z) = (~1)™m! §(z), m =0,1,2,..;

) x), roe p(z) € C(RY);
)
)
) 2k (z) =0, m=0,1,.. . k—1;
)
)

N

- w

(@) (@) = 32 (~1)7+7 €30 D (0)69 (1), T alx) € C(RY);
j=0
6) zF6(™ (z) = (~1)*EICES (), m=kk+1,..
7.4. Ilokazatp, uto ' = §, rme §  dysxnusa Xepucaima.
7.5. 1) HoxkasaTs, uto B8 2'(R")
(6(z) p(z))" = 6(z) p(0) + 0(z) p' (z),
rne p(z) € C1(RY);
2) nokaszatse, uto B8 9'(R?)
5 (6(0) @, 1)) = 6(0) pla.0) +6(t) -0
ot ’ ’ ot ’
roe p € Ct (t > 0).
Y x a3 anue BocnonbioBarses onpenenerueM npocmozo caod (§6).
7.6. Beraucnuts:

(@

1) 6'(—=z) 2) 0" (z — z0), m > 1 menoe;
3) 80" (zg —x), m > 1; 4) (signz)™, m > 1;

5) (asignz)’’ 6) (2™, m > 2

7) (6(z) sinz)'; 8) (A(x) cosz)';

9) () z™tF)m) m>1, k=0,1,2,..;

10) (B(z)z™ "™ m>1, k=1,...,m;

11) (6(z)e®™®)™, m > 1.

7.7. Beraucnonts npousBonHbie mopsaka 1, 2, 3 dyHkumii:
1) y = |z| sinz; 2) y = |z| cosz.
7.8. Tlokazats, uTO
(D*f)(x+ h) = D*f(x + h), fea, h € R"™.
7.9. IlokasaTs, uTo 0606meHHble Gyukmun d,6', 6", ..., 0(™) muueitno
HE3aBUCUMEL.
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7.10. JoxazaTb:
1) LI |z| = ,@l roe 3‘71 ompernerneHa B 3anade 6.18;

dx
2) 4 P - = 7,@— roe L ompenesneHa B 3anaue 6.25;
dr =z x?
d 1 , w1
3) %x:tio_:Fms(x) '@gﬂ’
1
4) %9——72,@.%—3,1"1[6

(9 m%,(p) =Vp .70de, v € 9(RY).

oo
7.11. Tokaszars, ato pax Y. apd® (z — k) cxomurcs B 2'(R') npm
T00BIX Ay . - ~
7.12. Tokaszars, uro eciu |ax| < A|k|™ + B, To pan Y. ape'r®
cxomares B . (RY). L
7.13. Ilycts f(z) — Takas xycO4HO HenmpepbIBHAS QYHKIWS, ITO

feC (z <xo)NC (x> o).
IokazaTs, 94TO

' ={f' @)} +[fled(z —20) » 2'(R), ()
rne [fleo = f(zo +0) — f(zo — 0) — ckauok byukuum f B TOUKE Zg.

Ioka3aThb, 4TO €Ciu KIIACCHIECKas NpousBonHas dyskuuu f(z) umeer
U30JIMPOBAHHEBIE PA3PBIBBL 1-r0 poma B TOYKax {Ty}, TO dopmyna ()

OPpUHNMAaET BUL
fr=A{f(= }+Z[fm — ).

7.14. Boravcnnts f(™) guna (pyHKuI/m.

1) 8(a—|z|), a>0; 2) [z]; 3) signsinz; 4) sign cosz;

3neck [z] 03HAYAET HENYIO 4aCTh &, T.€. HAubONbIlee HeJI0e YUCIIO, He
IPEBOCXOMSIIIIEE .

7.15. Ilycts f(z) 2m-nepuonuyeckas dyHkuus, mpudeMm f(z) =

— i, 0 < z <2x. Hazrrm f'.
2w

1
T2
7.16. Ilycts f(z) =z, —1< 2 <1, mnepuommyeckas ¢ IepuOmOM 2
dyskums. Hairn 0, m > 1.
7.17. Ilokazarhb, 4TO

1 o) _— oo
% L_E @z = k_g 6($ — 2k7r)
7.18. lloxazathb, 4TO
9 e} B [e’e) o -
p ,;,0 cos(2k+ 1)z = k}f (=1)%6(z — k).

7 Tom pen. B. C. Bnanumuposa



98 I'a. III. O6o6wennvie pynkyuu

7.19. HOycrs f(z) € C®(z < zo) N C*®(z > (). Hokasars, 94TO
B 2'(RY)

£ (@) = {1 (@)} + [f1ay0 ™ (@ — 20) +

+ [f/] 5(m72)($ —z0) + ... + [f(m—l)} 8z — x0),

Zo Zo

rue
(K — ¢k _ (& _ - —
[F®],, = P wo+0) = fF (2o —0),  k=0,1,...m—1,
CKAUOK k-1 TIPOM3BOMHON B TOUKE I.
7.20. HaiiTu Bce mpou3BOOHBIE DYHKITHAN:

l)y:{sinx., x>0, 2)y:{cosm7 z >0,
0, z < 0; 0, z <0
22, —1<z<1, g z <0,
3)y:{0 o) > 1; 4)y_{:1:2+1, 0<z<1,
’ ’ =+ 1, =z >1;
0, r< 1, O,2 z <0,
5 y={(z+1?2 -1<z<0, 6 y=4" ., 2="=h
241, 23>0 (z-2)7% 1<w<2,
’ 0, > 2
sinz, —w<z<m, |sinz|, —7 <z <m,
nu={} o > 9 v={, 2] > 7.

7.21. llokasaTs:

1) |sinz|" +|sinz| =2 > &6z — km);

k=—o0

oo
2) |cosz|" + |cosz| =2 6($—2k+17r).
k=—00 2

Y x a3z anue Bocnons3oBarses sanaqent 7.14, 3) u 4).

IMycrs .
> ax(@)y® =f (+)
k=0

nuHenHOe nuddepeHnnaIbHOe YPaBHEHNE MOPSAKA m ¢ KO3 dunmeH-
ramu ag(z) € C®°(RY) u f € 2'(R'). Ero o6o6uennvim pewenuem na-

3BIBAETCS BCAKasg 0000IeHHas GyHKOUS Yy € 9'(R1), YOOBJIETBOPAIOIIAS
ypaBHeHUIO (%) B 0G0GIIEHHOM CMBICIIE, T. €.

<Z aw““%w) = (%Z(—l)’“(aw)(’“)) = (f.%)
k=0 k=0
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mis gooit p € Z(R')*). Besikoe pernenne ypapHenms (%) MOXHO Tpesi-
BETCTBYIOIIEr0 OMHOPOIHOTO yDABHEHNSL.

7.22. Haiitu obmme perrerns B 2’ (RY) crenyronmx ypaBHeHmiL:
1) zy = 0;

2) a(z)y =0, roe o € C*°(R') 1 UMeeT eANHCTBEHHLIN HYJTb B TOUKE
= 0 nopsanka 1;
3) a(m)y—O rnrea € Cua>0;
4) (z-1)y=0;  5) z(z—1)y=0; 6) (#2—1)y = 0;

7) zy=1; 8) zy = P 9) "y =0, n=2,3,..;

xr

10) 2%y = 2; 11) (z+1)%y = 0; 12) (cosz)y = 0.

7.23. Haittu obmme pemenus 8 2’ (R') ypaprenmit:

1)y =0 2)y"™ =0, m=23,..

7.24. Jlokazath, uTo obumM pemesuem B 9'(R') ypasHeHus
z"y(™) =0, n > m, sBasercs 0606ILeHHAs QYHKIIS

m—1 n—1 m—1
y= Z arf(z)z™ F 1+ Z brd® ™) () + Z cra®,
k=0 k=m k=0

rme ag, by, cx IPOU3BOJIbHBIE TIOCTOSHHBIE.

7.25. Hairtu obmme pemmenus & 9’ (R!) yparnenmit:

1) =y’ = 1; 2) zy' = 3‘7%; 3) =%y’ =0;
9wty =1 5) o = 8(a) 6) (o+1)y" =0
7 (z+1)%y" = 0; 8) (z+1)y" =0.

7.26. IlokaszaTnb, uTo obmmwm permenuem B 2'(R!') ypapmenus zy =

= signz smasercs obobmennas dyuknus Co(x) + & L

||’

( )/“" dz+/“"

|z <1 |z|>1

roe

7.27. IlokasaTn, uto ecmu f € 9'(R') urBApMaHTHA OTHOCHTEIHLHO
coura, t.e. (f,) = (f(z),p(x + h)), rme h — moboe BemecTBEHHOE
qncio, To f = const.

Yxasarmume. JokazaTe, uro f' = 0, m BOCHONB30BATBCS 3a1a-

weit 7.23, 1).

*
)Wuorna mis KPATKOCTU BBIPAXKEHUE KyIOOBJIETBOPSIET YPAaBHEHUIO B 06006-
IIEHHOM CMBICTIE® 3AMEHSETCS BRIPAXKEHUEM KyIOBJIETBOPSET YPABHEHUIO B D>,

T*
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7.28. Haiitu pemenue B 2'(R!) ypasuenus:
af’" +bf" +cf =md+nd',
roe a,b,c,m,n  3aNaHHLIE YHCIA.
Paccmorpers ciyaan:
1)a=c=n=1, b=m =2;
2) b=n=0, a=m=1, ¢c=4;
3) b=0, a=n=1, m=2, ¢=—4.

7.29. IlokazaTb, 94TO cucremMa ;l_y = A(z)y, roe marpuua A(z) €
xr

€ C(R') umeer B 2’ TOMBKO KNACCUUECKOE DEIICHUE.

7.30. IlokasaTe, uTo ypaBHenue u' = f paspemmmo B 2'(R') mpm
moboit f € 2'(RY).

Y x a3z anue Bocnons3oBarscs 3anaqei 6.8, 2).

7.31. Ilokasarh, uro ypasHenue zu = f paspenmmo B 2'(R') npn
mobott f € 2'(RY).

Y kasauune BocnomezoBarbcs sanaueit 6.7, 1).

7.32. JlokasaTs, uTo ypasHenue rou' + 2u = ( He UMeeT peIleHui B
2'(RY) (xpowme 0).

7.33. Ilycrs 0(x1, 2, ..., 2n) = 0(x1)...0(2,). [lokazaTe, 9yTo

e
, 61111 a’ltza’l,‘n - 6(T) o 6(1717 7/En)
B 2'(R").
7.34. Ha nnockoctun (z,y) paccMOTPUM KBAaAPAT C BEPIINHAMMY
A(1,1), B(2,0), C(3,1), D(2,2).

IIycts dyukuus f pasua 1 8 ABCD u 0 Bue ero. Boruucnuts
f’l’/"y - ;'z'
7.35. Ilycts ob6macts G C R? orpanmuena KyCOYHO TIIANKOH TOBEPX-

HOCTHIO S U nama bynkmus f € CH(G)NCY(Gy), rme G; = R™\G. Hoxka-
3aTh popMyy

of _ [of ' o

O L0 i [flseos (mz)bs, i=1,2.3,

B 2'(R®),rnen =mn,  BHemusas HopMaib K S B Touke 7 € S, a [f]g
ckauok QyHknuu f(z) mpm nepexone M3BHE Yepes3 MOBEPXHOCTH S:

lim f(z') — lim f(2') = [f]s(2), z€S.
' €G1 F=te

7.36. Ilokasats, uto ecin f € C?(G) N C?(G1), rne G = R™"\G, To
crnpaBemymBa, popmyita 'puna

Af =47} + [ZL] 05+ o= (1f1s05):
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7.37. IlokasaTs, uro eciu f(z,t) € C2(t > 0)u f =0 mpu t < 0, TO
B R"! cupasenimBel opMydIBL:

1) Gaf ={0af}+6(t) fe(x,0) + 6'(2) f(2,0);
2) g_{ a?Af = { or _ 2Af}+6(t)f(ac,0)-

OrBernl X §7

7.6. 1) —d(z); 2) 6(mV(z — z0); 3) —6mV(x — x);
4) 26(m=1)(z); 5) signz; 6) 26(m=2)(z);
7Y 6(x) cos z; 8) §(x) — O(z) sinz;  9) TG0 gk

10) (m — k)11 (z); &
11) 80V (x) 4+ ad™ 2 (z) 4+ ... + a™ d(x) + a™O(z) e*®
7.7. 1) y = signz sinz + |z| cosz, y" = 2signz cosz — |z| sinz,
y" =4(z) — 3signz sinz — |z| cos z;
2) y' =signz cosz — |z| sinz, y" = 20(z) — 2signz sinz — |z| cos z,
" =2§"(x) — 3signx cosx + |z| sin .
7.10. 2) Pemenune.

(2)9) = (he) = v £y ( [+ |-
= liy 0T — iy o >(/+/)Z—f—
i ([+] )2

— im <<p(6)—<p(0) _ @(—E)—¢(0)> _ (@ 1 (p)

£—0 € —€ 2°

8]

( @%,w), ve 9.

7.14. 1) s Dz 4a) — 8" V(z —a); 2) Z =D (g — k);
[o%s) k=—o0
3) 2 3 (~DF I (a — km);

k=—o0

4) 2 3 (=1)k+sm-D) (r-@k+1) 7).

k=—o0

7.15. f' = ——+ S 8(z — 2km).

k=—oc0
706, f'=1-2 3 S@—2k—1), fM=_2 3 sm-D(z_2k_1),

k=—o0 k=—o0
m=2,3,...
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7.17. Yxaszauue. BocmomesoBarncs 7.15.

7.18. Ykxaszauue. BocmomesoBarncs 7.17.

7.20. Yxa3zanue. BocnomesoBarscs 3anadamn 7.13 m 7.19.
[m/2]

1) o = 6(z) cosz, Y™ = 3 (—1)F16072) (3) 4 0(z) (sin 2)™),
k=1
m =2,3,..., rue [m/2] — wenas vacThb %;

[(m+1)/2]
2) ' = 0(x) — 0(z) sina, Y™ = ¥ (1)1 oM () 4
k=1

+6(z)(cosz)™ | m =23 ..
3) vy =2001—|z|)z+d(z—1)—d0(x+1), y" =20(1—|z])—26(x+1)—

C(m—1)+ 04 1) = —1), ™ =3 ﬁ [(—1)k1o0m—k)
x(z+1) =0 W@ -1)], m=34,.; " '

4) y'=0(x) —0x—-1)+20(z— 1)z, y'=dx)+dx—1)+20(z—1),
ym™ =200 (z — 1)+ 6m 2 (z — 1) + 6™ (), m=3,4,. . ;

5 vy = 20(z + 1)(z +1) — 20(x), y" = —26(x) + 20(z + 1),
ym = —260m=2)(z) + 200" (z +1), m=3,4,..;

6) v =20(x)x—460(x—1)—-20(x—2)(z—2), y" =20(z)—20(x—2)—
—46(z — 1), ym™ = 26m=3)(z) — 26(m 3 (z — 2) — 45" (z — 1),
m=3,4,..;

[m/2]
7y = 0(r — |z|) cosz, y™ = O(m — |z|)( Sinm)(m) + 3 (1) x

x {6m=20) (g 4 1) — 52K (z — 1)} m = 2,3, k=1
8) y' = O(r — |z|)signz cosz, y™ = 0(71' — |z|)sign z sin™ z —
[m 2]

72 {25m Zk)()_l_(s(m 2’”(’L‘+7T)+5m Zk) } m_23

7.22. 1) Pemenue. Iycts pemenue y € 2’ cymectsyer. Torma
(y,zp) =0 It 1060 pE 9 (%)

Haiinem ato y. Nmeem (y, @) = (y, ¢(0) n(z) + ¢(z) — ¢(0) n(z)), rne n € 7,
n(z) =18 [—€,¢] u n(z) = 0 BHE [—3€, 3¢],

(1:6) = 2O @)+ (3.2 LAV ) — 0)C 4 (50, (o0

roe C = (y,n) u ¢(z) = M € 9 (cm. pewenue 3anauu 6.7).

B cumy (%) (y,21) = 0. Torna u3 (x*) umeem (y, @) = (C4, ) mas Beakoi
p € 9, 1.e. y = Cé(z). Ocranocs 3ametuts, uro Cd(x) ymoBmeTBopseT
ypaBuenuio zy = (;
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2) Cé(x) (Y xasanue. BocmonbsoBarses 3amaueit 6.7, 2).);
3) 0; 4) Co(z —1);

5) C16(x) + Cad(x — 1); 6) Ci6(z — 1) + Ca0(z + 1);

7) Co(z) + @%; 8) Co(z) + P %;

9) milcké(k) (z) (Y x a3auue CBecTH K DEIICHNIO yPABHEHUS BULA
zz(x) :k }%x), 0603HauMB TIOCTIenoRaTeNBHO ™ Ly(z) = z(x), ™ y(z) =
= 2(z) ¥ T.H., 1 BOCIONB30BATHLCS PE3YNbTATOM 3amnaun 7.22, 1).);

10) Codé(z)+ C16'(z) +22 %, roe & % o6061enHas QyHKIMS U3
s3anaan 6.25;

1) Cod(z+1)+ Cid'(z+1);  12) 3 Cud (=7 — ).

k=—o0

7.23. 1) Pemewnwue. Iycrs pemenne y € 9’ cymecrsyer, T.e.
(y,¢') =0 s E060i Y€ 9 (%)

B cuny pesynbrara sanaum 6.8 (2) mobas ¢ € P moxeT OBITH NPENCTAB-

JIEHa B BUIOE
oo

p(@) = po(@) [ p(a)dz+ ¢ (),

roe p1 € 9,apo(z)  mob6as OcHOBHAs QYyHKUUS U3 ¥, YAOBIETBOPIOLIAL
oo

yCIIOBHIO / @o(z) dz = 1. CnenoBaTenbHO,

— 00

(y, ) = (y,wo /<pdw+<p'1> = (y, po) /wd$+(y,<p’1)-

Tax xax, B cuny (%), (y,¢1) =0, a (y, o) = C, 10

(y,0)=C / pdz = (C,p) TSt T1E0601 pE D,

— 00

T.e. y = C}

2) Co+Ciz+ ...+ Cp 2™ (Yxazamme. Csectu x pere-
HUIO ypaBHeHus Buna z' = f(x), o6osmauas mocaenosaTensao y(™m 1) = z,
ym=2) = 7z u T.4., W BOCIOIB30BATHCS Pe3ybTaToM 3amadn 7.23, 1).).

7.25. 1) Oy +Cof(@) +1nlz|;  2) Oy + Co(z) — 9%;
3) Cy + Cof(x) + Cs6(); 4) Cy + Cob(z) + Cyd(z) — P %;
5) Co + Ciz + 0(z) x; 6) Co+ Crz+ Caf(z +1)(z+1);
7) Co+ Crz + Cof(x + 1) + Cs30(z + 1)(z + 1);

)

8) Co + Ciz + Coz® + C50(z + 1)(z + 1)°.
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7.28. 1) 6(z)e (1 + z); 2) %0(’6) sin 2x; 3) O(z)e.
Ykxasauue. Wckars pemenne B sume (z) z(z), rme z € C2(RY)

HCKOMASL.
7.34. —20(z—1,y—1)+2)(z—2,y)+20(z—3,y—1)—25(z—2,y—2).

§ 8. Ilpsmoe mpou3BeneHue n cCBepTKa 0006LIEHHBIX QYyHKIINN

Hpamoim npouszeedenuem obobuennor Pywxyuti f(z) € 2'(R™) m
g(y) € 2'(R™) maspBaeTca o6o6mennas dyrkmusa f () - g(y) mz 2'(R™™),
onpenesnsiemMast GOpMyIIon

(f(x)-9(),o(z,y) = (f(x), (9(v), o(z,9)), @€ 2(R"™). (1)

Ipsimoe npoussenenue xommymamueno, t.e. f(z) - g(y) = g(y) - f(z) n
ACCOIMATUBHO, T. €.

[F(2) - 9()] - h(z) = () - [9(y) - h(2)].

Ecmn f € ' (R") u g € ' (R™), o f(z) - g(y) onpemenseTcsa 1o
dopmyne (1), roe ¢ € .Z(R™T"), u npunamexur . (R™H").
IIpousBomuas mpsMOro nmpou3BeneHus 06IaaaeT CBORCTBOM

Di(f(x)-9(y)) = D*f(x)-9(y);  Dy(f(z)-9(y)) = f(z)-D(y)- (2)

Ecmm p(z) € 2'(R™) u v(z) € 2'(R™), To 0600enHbe QyHKIIHA
w(z) - 6(t) m —v(z) - 0'(t) maswBarOTCST MPOoCMbIM U JBOUHVIM CAOAMY HA
noeepxHocT ¢t = 0 ¢ naomuocmamu p(x) u v(z) coorBeTCTBEHHO. B
CIlyyae HENPEPHIBHBIX INIOTHOCTEN STU ONPENEIIeHNs CIIOEB COBHANAIOT C
OIpENeNeHNsIMNI, IPUBEAEHHBIMI B §6 u §7, T.e. u(z) - §(t) = p(z) 6(t) n
—v(z)-0'(t) = —v(x) d'(t)-

O6o6mmennyio dysxmmio d(at — |z]), a > 0, u3 2'(R?) oupenemum
DaBEHCTBOM

S(at — |z|) = 6(t) 5(at + z) + 6(t) (at — ), (3)

roe o606mennse Gyaknum 6(t) d(at + ) u 0(t) 0(at — x) ecTs pesynb-
TATHI JIMHEAHBLIX 3aMeH nepeMeHHbX t' = ¢, £ = at £ 2 B §(¢') - 6(€), T.e.

6(t)d(at + x), ¢ /(p —at',t')

(31)

6(t) d(at — x),p) = <p(at', " dt'.

O\

8.1. Hoxkasats: supp (f(z) - g(y)) = supp f X supp g.
8.2. HoxasaTs, uto B 2'(R"*1(z,t)):

D) (ur(z) -6(t), ) = (ua (), (x,0));



§ 8. Ilpamoe npoussedenue u ceepmra 0606wennnr Gynryut 105

2) (uo(x) - 8'(t), ) = — <“0(”7)’ W)

Y kasauue. BocnounszoBarsces dopmysioi (1).
8.3. Ilokaszars:

1) 6:(z,t)  mpocroit cioit Ha ocu t = 0 mnockoctu (z,1) ¢ WIOTHOC-
B0 0(2);

2) —64(z,t) — meoitaOM caoit Ha ocu t = () ¢ moTHOCTHIO H(X).

Y ka3 auue Bocnonb3oBarhcs 3anaueit 8.2.

8.4. Iloxa3aTs:

1) 6(z1) - 0(z2) - ... - O(xp) = O(x1,22,...,%0);

2) §(z1) - 0(m2) - ... - 0(xp) = O(21, X2, ..., Tp).

8.5. Iloxa3aTs:
O"0(z1, ..., %)
01 Oms...0zp

8.6. Iokaszats, uto (f - g)(z + zo,y) = f(z + z0) - 9(y).

8.7. Mokaszats, uro a(z)(f(z) - g(y)) = a(z) f(z) - g(y), roe a €
€ C®°(R"™).

8.8. Hokazatk, uto B 2'(R?):
0
1) 5 6(at — |z|) = ad(at — |z|);

=06(z1) - 0(x2) - ... - §(zn).

2) 2 f(at — |al) = 6(2) d(at + [a]) — (1) Sat — a);

3) (2 6at — |sl). ) = —a (s(at — laf), 22))

> Ot
9 (550Gt — [2]). ¢) = — (1) d(at +2). 52) +
+ (6 3(at — o), 22).

O606mennyo dyukuuo Buna f(z)-1(y) HazoseMm wne zasucawet om y.
Ona nmeficTByeT no npaBuiLy

(f(z) - 1(y), 9) = /(f(ﬂﬁ)aw(%y))dy- (4)
8.9. Iloxazars:
) [(f@) ey dy = (@), [ e.y)dy);
2) Dy(f(z)-1y)) =0,rme f € 7', |a| # 0.
8.10. TIycrs g(y) € .7 (R™) u ¢ € .Z(R"™). NokasaTk, uTo:

1) ¥(z) = (9(y), p(z +y)) € L (R");
2) DY(z) = (g9(y), Dge(®,y));
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3) ecm ¢ — p, k — oo B S(R"™), TO Y — P, k — o0
B S(R");
4) ecnm f € . (R") n g € .7 (R™), 10 f(x)-g(y) € . (R"T™).

Csepmkoti nokanbHO uHTErpupyeMeix 8 R"™ dyuxkuuin f(z) u g(z) Ta-
KX, 9TO QYHKINS
h(z) = /If(y)g(m —y)ldy
TaKXe JIOKAJILHO MHTerpupyema B R™, HasbiBaeTCs QyHKIUs
(F*9)@) = [fW) gl —y)dy = [9(y) fla —y)dy = (9 )(2).

Mocnenosarensuocrs {ng(x)} dyskuunit us Z(R") naseiBaercs cxods-
wetica k 1 B R™, ecnu oHa 06JIaaeT CBOMCTBAMU:

a) mist yoboro mapa Ug Haiimercs takoir Homep N, uro ni(z) = 1
mpu Bcex £ € U m k > N;

6) dyuxuuu {7} paBHOMEpHO orpaHuueHsl B R"™ BMmecTe €O BCeMu
POU3BONHEIMU, T. €.

|D%ny (z)| < Chq, z € R", k=1,2,..,

« nroboe.

Hycts {nk(w;y)} — mobas nocnenosaTensHOCTh GyHKImi 13 2(R?™),
cxomsmascs x 1 B R?". Tlycrs o6obmenuwie dynxunn f(z) u g(z) u3
2'(R™) TaxoBbl, uTO M M0G0l ¢ € Z(R™) umcioBas MOCIENOBATEIb-

HOCTH (f(z) - 9(y),ne(z;y) oz +y))

UMEET mpenes npu kK — 0C U 9TOT IPEes He 3aBUCUT OT BHIGOPA HOCIe-
noBarensHocTH {1 }. DTOoT npenen o6o3naunM yepes

(f(z) - g(y), p(z +y)).

Csepmxoii f * g Ha3BIBAETCS QYHKIIMOHA
(fxg,0) = (f(2)-9(). o(z +y)) =
= lim (f(z) - g(y).m(z:y) oz +y)),  weI(RY). (5

CsepTka kommymamuena, T.€. fxg = g * f.
ODudpdpepennupoBanue cBepTku FEcm ceeprka f *x g
CYLIECTBYET, TO CyILIECTBYIOT u cBepTku D*fxg m f* D%, npuuem

Dfxg=D(fxg) = [fx*D%. (6)
Ceeprka MHBAPDUAHTHA OTHOCUTEIBLHO COBUTA, T. €.
fle+h)xg(z) =(f*g)(x+h), heR"
HocraTouHBE YyCIOBUS CYyIIECTBOBAHUSA CBED T-
K W.
I. Eciu f — npousBosbHast, a ¢ — ¢uHUTHAsS 0000m1eHHbBIe QYyHKINN
B 9', T0 f x g cymecTByeT B 9’ u IPENCTABILETCS B BULIE



§ 8. Ilpamoe npoussedenue u ceepmra 0606wennnz Gynryut 107

(fxg,0) = (f(2) - 9(y),n(y) p(z +y)), v € 9, (7)

roe 1) — mobast OCHOBHAST QyHKIWsI, PABHAS 1 B OKPECTHOCTH SUPP -

IT. O6o3naunum uepes _@4’_ MHOXECTBO 0000IeHHbIX GyHKIUA u3
9'(R'), obpamaronmxcs B myns ipu < 0. Ecm f, g € QL, TO UX CBEpPT-
Ka IPUHAIICKUT ) 1 BEIPaXKaeTcs GopMyIoi

(f*g,0) = (f(z)-9(y),m(z) n2(y) p(z +y)), (8)

rmoe

1, t> —¢y,

t) = - € C>*(RY, E=1,2.
w0 ={y \2 o meo=w)

Taxum 06pa3zoM, MHOXKECTBO @i obpa3zyeT CBepTOUYHYIO anrebpy.

8.11. Ilycrs f(z) u g(x) nokamsuo maTerpupyemer B R™. Tokasars,
YTO CBEPTKA f * ¢ ABIAETCS JIOKAIBHO MHTErPUPYEMO (DYHKIUER, eCou:

1) fuge Li(R");

2) f mmu g puaUTHE;

3) f=0wmwg=0mpnz<0; n=1.

B ciyuae 1) nokazats, uto fxg € L1(R"™) n cnpaBemmBo HEPABEHCTBO

1f*glle, <Wfllz, -llgllz,-
8.12. TlokazaTs, uTo B ycinoBuax 3anaqu 8.11, 3)

(F*9)@) = [ 1) 9(e —y) dy. (9)
8.13. Ilokasars: 0
1) dxf=fxd=Ff; 2) 6(xz—a)* f(z) = f(z—a);
3) d(z—a)*x6(x—b) =d(x—a—b); 4) §(m) 5 f = fOm),

5) 6" (z —a)* f(z) = fO™)(z - a).
8.14. Boruuciuts B 2'(RY):
(z) * 0(z) 2%

1) 0(x) *6(x); 2) 6

3) e el x e lol; 4) e " xxe " > 0;
5) 0(z) 2% % 0(z )sina:; 6) 0(x) cosx *0(z) z°;

)

7) 6(z) sinz * 6(z) sh x; 8) 6(a — |z|) * 8(a — |z|).
B zapauax 8.15-8.29 I[OKaBa.Tb yTBep)K,HeHI/ISI.
8.15. Ecim fq(z) —9(33) T@) e *, a>0 — menoe, To0 fo* fg =
- fa+ﬂ- 1
_ —z2/(2a2) _
8.16. Ecim f,(z) = r e , >0, 10 foxfz= f\/m
8.17. Ecnu f,(z) =

_«
w(z? + a?)’
8.18. supp (f * g) C [supp f + supp g].

Y kasanue BocnonszoBarsca sanauen 8.1.

a >0, To fa*f,@ :fa+,6-
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8.19. Eciu f,g € @I+7 TO e f x e g = e (f x g).
8.20. Ecn f€ 92", o€ 9, o fxo=(f(y),p(xr—1y)) € C°(RY).
Y kazanue BocnonszoBarscs dopmynoin (7) u sanaueinn 8.9, 1).

8.21. Ecin f € 9', f+g =0 mna Beex ¢ € Y usuppy € [z < 0], T0
f=0unpuz <0.

8.22. Ecnu cBeprka f * 1 cymecTByer, TO OHA MOCTOSHHA.

8.23. s mezaBucumocTu 0600IIEHHON GYHKIIUT OT Z; HEOOXOMUMA 1
IOCTATOYHA €€ MHBAPUAHTHOCTH OTHOCUTEIBHO BCEX CIBUIOB IO T;.

8.24. Ilns mesasucumoctn f(z) € P'(R"™) ot z; HEOGXOOMMO U HOCTa-
OF _y,
axi
8.25. Eciu f € 2' He zaBucur oT Z;, TO U f * ¢ He 3ABUCHT OT ;.
8.26. PemenueM ypasuenus Lu = 6, rae

TOYHO, IYTOOBI

dam am! d
L—d—m+ ()dx + .o+ am— 1()d—+am($)a
ar € C<(RY), B 9'(R') apnsercs u(z) = 0(z) Z(z), Z(z) € C™(R') —
PEIeHre 320391
LZ=0, Z(0)=2'"(0)=..=2z™20)=0, 2™ Y0 =1.

8.27. Pemennem ypaBuenus Lu = f, f € 94'_, B 94'_ SABIISETC U =
=60Zx f,rne Z(x)  Qyukumsa u3z 3amauu 8.25.

8.28. PemenneM ypapaenuns AGens

[ e
0/("”‘5’“ dg = g(a),

roe g(0) =0, g€ C'(z >0), 0 < a < 1, asaserca dynkuus

u(z) = sin T g' (&) (fﬁa
™ O/(fﬂ—ﬁ)

Ykazanue YpaBHEHUE 3alUCATH B BUIE CBEPTKU u * O(z — ) =
= g(z) (cantaem v = O m g = 0 npm £ < 0) U BOCHOIB30BATHCS 3213~

get 8.15 mpu =1 — a.

8.29. Pemenunem ypapuenus 6(z) cosz * f = g 8 2'(R), rne g €
€Cl(z>0), g=0npu z < 0, seasercs

f() = @) + [ 9(6) de.

8.30. IlycTs smekTpuueckas enb COCTOUT M3 conpoTuBieHus R, ca-
vorunykiuu L u emkoctu C. B momenT Bpemenu ¢t = () B 1ienb BKIIIOUAETCS
5.4.c. E(t). llokasaTe, uTo cuna Toka i(t) B ey yIOBIETBOPSET ypaB-
uenuio Z * 1 = F(t), rne
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Z = Ld'(t) + Ro(t) + ? UMIENAHC LEMH.

8.31. Tlycrs f € 2'(R"*1). IlokazaTs:
1) [6(z — mq) - 6(1)] * f(z,t) = f(z — 3o, t);

2) (8 — z0) - 80" (1)) 5 f (2, 1) = LLEZ20s0),

8.32. Brrumcnunts cremyronme ceepTku B 2’ (R™):

1) f*dg,,rme f(z) € Cudg, (r) mpocroit croi Ha chepe |z| =
¢ HJ‘IOTHOCTBIO 1 (cm. §6);

2) f>|< SR,rnefeC1 3) dg,, *|z|*, n = 3;
4) bg, *e —l=* = 3; 5) dg,, *sin|z]?, n = 3;
6) 0g _ 1 =3

Se T 14 g2’ T ’1
7) *uds,n:S' lnﬂ*/ws,n:?;

xTr

8) — " (1/6)71:3' Injz| * 2= (v3g), n = 2

| | S 3 an S/ 3
S — orpanuuennas noBepxHocThb. Onpenenenue 0600IMIEHHBIX (DYHK-

nuit pdg u f% (vég) cm. B §6 m §7.
8.33. Boruucnuts B 2'(R?):
1) 0(t) z « 6(x) t; 2) 0(t — |z|) *0(t — |z|);
3) 0(t)0(z) = 0(t — |z]|).
8.34. Ilycts f,g€ 2'(R™Y), f(z,t) =0mput < 0wu g = 0 BHe AR

HokasaTh, uTo cBepTKa ¢ * f cymecrsyer B 2'(R"1) u mripaxaercs
dopmymnon

(9% f,0) = (9(&1) - fy, 7). n(®) n(T) n(a®t* — [§]*) p(§ +y, ¢+ 7)),

p € P(R™),
roe n(t) € C°(RY), n(t) = Onput < —Sun(lt) = 1oput > —¢
(0<e<0).
8.35. Tycre g(z,t) € 2" (R"™Y), g=0 sue T u u(z) € 2'(R").
Hoxazats:

1) gxu(z)-6(t) = g(x,t)*xu(z), npuaem o6obwenHas DyHKIUA g(T, T) *
u(x) meucTByeT Mo mMpaBmITy
(9(z,1) x u(z),9) = (9(&, ) - uly), n(a®t® — [€*) p(€ +y.1)),
p € P(R™);

2) gxu(z)-6M)(t) = % (9(z,t) xu(z)) = 9 %(ti’t) *xu(x).
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8.36. Brrumcnuts B 2'(R?):
1) O(at — |z]) * [w(t) - 6(z)], @ > 0, rne w(t) € C(t > 0) nw(t) =0
npu t < (;

2) Blat — |al)* [01) - S()];  3) Olat — |a]) * 2 [60(1) - ()]
4) 6(at — |o) * [0(t) - 8'(a);  5) Blat — |z]) * [8(z) - 5(1)];

6) O(at — |z|) * (% [w(z)-0(t)], roe w(z) e C(R') (Yxkaszaunue. Boc-
HONb30BAThCS 3anadent 7.5, 2).);
(

3

0
7) B(at — |z|) * e [6(z) - d(t)]-
8.37. Boruuciuts B 2'(R?):
0) 220 00
1 z5(t z°/(4a t)_ 0: 2) () et z=/(4t).
) e ()*211\/736 , a>0; ) ()eac*%/ﬁe ;
0(t) .2
6(x) o(t 27/ (4t)
3) 6 00) « 2L

8.38. lycrs f € C*°(R™"\{0}) u g € 2'(R") ¢unurna. [lokazaTs,
uro fx g € C®°(R™\suppg).

Ykaszanue Bocmombzosarbes dopmyoin (7).

8.39. Ilycts f € .Y u g € 9’ ¢unnTHA. IokaszaTs, uTo f * g € 7.

8.40. Iokaszars: ecim f€ P', 10 frw. — f', e—0 B 9"

Y x a3 auune Bocnons3oBarnces 3amadeit 6.24.

Beenem 0606wmenny0 QyHKIML f,(2), 3aBUCALLYIO OT mapamMeTpa «,
-0 < a<oc,
6(z)z™*

falz) = D(a)

fgi}v(x) a<0, a+n >0, N nemoe

a >0,

(cp. ¢ 3apauei 8.15).
8.41. Iokasars, 9T0 fo * fg = fays-
8.42. IMokasaThk, 94TO

fox = 0%, f,n*:%*7 frx=0%0x%. . x6x.
n N —  p—
n pas

Ceeprounas onepanus f_,* npu « > 0, o He PaBHO LEJIOMY YUCITY,
HaswBaeTca (dpobnotli) npoussoduoti mopsanka « (3Ty NPOU3BOAHYIO 060~
suaunm uepes w(® | r.e. ul® = f_, % u); fo*x npu a > 0 HaswBaeTCs
nepsoobpasnoti mopanka a (9Ty nepBooGpa3Hyn 0003HAUMM Yepes U(a);
T.€. Uq) = fo *u).

8.43. Buruucnurs npoussonuyio nopsaka 3/2 or 6(z).
8.44. Buraucnurs nepsoobpassyio nopsaka 3/2 ot 6(zx).
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8.45. Brrumcnuts npoumssomHyro nopsaka 1/2 ot f(z), f = 0 npnm
z <0.

8.46. Boeruucinrs nepoobpasuyio nopsuaka 1/2 or f(z), f = 0 upn
z < 0.

8.47. O603uaunM wepe3 &' MPOCTPAHCTBO GUHUTHEIX OGOOIIEHHBIX
dbynknmit co cxonumocTsio fr — 0, k — oo B &', ecim:

a) fr — 0, k— B2

6) cymecrsyer unciao R raxoe, uro supp fr C Uy npu Beex k.

Hokazate Teopemy: ecau AuHelinbil nvenpepvienvit onepamop L

uz &' 6 9' wommymupyem c onepayueti cdeuea, mo L onepamop
ceepmru, L = fox, ede fo = L6.
OTBetrnol K §8
8.8. 1) Pemenue. B cumy dpopmyn (3) u (31)
a ., . B __ [ T 9p(t) _
(=)~ 1. 59) -~ ] ] 2

— |z|/a

= / <p< >dm =a / o(—at', " dt' +a / p(at' t")dt' =
= (af(t) 0(at + z) + ab(t) 6(at — ), p) = (ad(at — |z]), @).
8.14. 1) Pemenue. B cury dpopmyns (9)

0 * 0—/0(y)0x— )dy = 0(x) /wdy—ﬂ(m

3

2) f(x) = 3) e ll(1 + |z));

4) Slaxe’”zp; 5) 6(z) (332 — 45in? %),
6) 0(z)(3z> + 6cosx — 6); 7) @(shx—sinm);
8) 0(2a — |z|)(2a — |z).

8.21. Ykxa3auwue. BocnombzoBarbes 3amaueint 8.20, mpumeHus ee
K ¢(—z) u monoxus z = 0.
8.30. Y xa3auue. BocnombzoBarbes 3anauent 1.31.

8.31. 2) Pemenue. B cuny ¢dopmyn (2) u (6) u pesynbraTos 3a-
naq 8.4, 2) m 8.13, 2)
am

(6 — 0) - 6™ (1)) % f(z,1) = o (6 — o) - 6(1)] * f(a, t) =

(3(z — mo,t) * f(z,1) = W_

Btm
8.32. 1) / f(y)dS,;
lz—y|=R
2) Pemenue. Bcuny dopmynst (7) u onpenenesus qBONHOTO CII0SL

(cm. §7)
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(£ 5z 0500%) = (10 50 05, (€)1 oly +©)) =

— (£, (52 9540 1O ply+6)) = -[10) ( | e ds)dy -

l€l=R

L P )

l€l=FR l€l=R

3) [ lyPds, = [ |e—ylds, =
|e—y|=R =R
2w

= // (|z|*+ R*—2R|z| cos§) R?sin 6 df dp = 4w R*(|z|” + R*);

4) 712(e*(Rf\z\)z_e*(RHz\)z); 5) M sin (R? + |z|) sin 2R)z|;

|| ||

TR, 1+ (lz] + R*)?
R e RS ’ 5/|z—y|

dSy; [nu(y) In
S

o 1
8) / 8ny |I_y‘ dsS,; S/l/(y) I In mdly.

8.33. 1) He cymectryer; 2) 6(t — |z|) & _2 IQ;
3) %G(t)[é(x +t)(z+ 1) +0(x —t)(x—t)* — 20(z) 2?].

8.34. Pemenue. B cuny samaunm 6.27 f(y,7) = n(7) f(y,7) u

g(&,t) = n(t)n(a®t® — |€*) g(&,t), Tax xax n(r) = 1 B OkpecTHOCTH]

supp f(y, T)C[r>0] un(t)n ( 242 ¢ ) =1 B okpectHOCTH supp g(£, 1) C
ctt (F — obnacts a’t? — |€]2 >0, t > 0). B cuny dopmyast (5)

(9% f.o) = lim (9(&.1) - fy. 7). (& iy, 7) (€ +y, t+ 7)) =

= lim (n(t) n(a®t* —[£%) (&, 1) - 0(7) fly,7),

k—oc

me(&ty, 7) o€ +yit+7) = lim (9(&,t) - f(y,7),n(t) n(r) X
X (2~ 1€P) m(& by, ) @€+t 4 7)) =
= (9(& 1) - fly,m),n(t) n(T)n (a® = [€17) w(E +y,t+ 7)),

rax xax 1(t) () n (a’t* — [§?) 0(§+y,t + 1) € D(R*"F?).
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8.35. 1) Pemenue. B cuny popmyns 3anadu 8.34, accouunarus-
HOCTW TIPSIMOTO TIpou3Benenus u Gopmyss (1)

(9% [ul=) - 6(t)], ) =
= (I9(&.1) - u)] - 5(), @) () m (a8 — &) (€ + .t +7)) =
= (9(6.0) - u),n@)n (@ ~ 16) o€ +.)).

Hanee, B cuity 3amaun 6.27 g = n(t) g, Tak xak suppg(&,t) C [t > 0].
CnenoBarensHO,

(g% [u(z) - 6(2)], ¢) =
= (9(&,1) - uly),n (a8 — [€]°) p(z + &1)) = (g9(=.t) - u(2), ),

rak kak 1 (a®t? — [£?) p(z + &, t) € D(R*™H1);
2) B cuny dopmyan (2) u (6) u dopmynst 3anaun 8.35, 1)

grua) 690) = g+ I (u(w)-0(0) = T (gl yxu(a)) = L900

8.36. 1) Pemenue. B cuny popmyns sanaam 8.35, 1)
(Ia(p) = (e(a‘t - |$|) ) LU(T),’I’} (a2t2 - |$|2) (p(x,t + T)) =

- /w(T) (/ 0(at — |z|) o(z,t + 7) dmdt) dr =

t' —|z|/a
://w(x,t')(ﬁ(at'—|x|) / w(T)dT>dxdt'.

t—|z|/a

I=06(at — |z|) / w(r)dr;

2 (at7|$|)(tfm);

a

CnenoBarenbHO,

3) O(at — |z|) (Y xa3anwue. BocnonbsoBarbcs 3anaqeit 8.35, 2).);
1) —b(at — Jo) ZEZ;
5) 0(t)[0(z + at)(z + at) — 6(z — at)(z — at)];

6) af(t)[w(z + at) + w(z — at)];

)
)
)
)
)
)

7) O(at — |z|).

8.37. 1) 6(t)emt7’t;  2) (1) z(et — 1);
1 z/(ZN[) —22/2

3) 0(0) lo 2/2g, = 9(t)<1>( \[)

8 TIlom pen. B. C. Bamagumuposa
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8.43. Pemenune.
0(3/2() f- 3/2*9—f 1/2*9:7011/2*0:(101/2*0)”:

. cl2 O(z) z\ _d 1
( I(1/2) 0/ zg) dz? (29( )\/;) _E(e(x) m)
8.44. Pemenun
e O(z) dr [z
(a2 (2) = f3/2*9—r(§) [ Vo —€de=6) T\ /%
8.45. Pemenue. 20 -
FO@) = fa = e d = (s 1) = (%2 [ SO ).
0

6(z) 1 f(&)
8.46. ﬁo/m

§9. Ilpeo6GpazoBanme @ypre 06061IeHHBIX QYHKIINN
MEeIJIEHHOTO pocTa

Onepauus npeobpasosanust Pypee F[p] na dynkuusx ¢ usz % onpe-
nenseTcs popMmynon
Flgl(©) = [ ¢ p(a) da. 1)

IIpeobpasosanue Pypve F[f] npoussonbHOl 0606wennot Pynryuu f
u3 . (R") onpenenum dhopmydnoi
(Ff]. o) = (f, Fle))- (2)
PR = G FUACDL fes! 3)
(obpaTHOe mpeobpaszoBanue Dypwe), ABHAETCS OOPATHBIM I ONEPATO-
pa F,m.e FLF[f]] = f, FIF'[f]|=f, fe.7"
Crpasenmussl crepyromme bopmyast (f,g € .'):
DF[f] = Fl(iz)* f],
FID*f] = (=i§)“F[f],
F[f(z — m0)] = "0 O F[f],
FIfI(&+ &) = F [f(w) e"=](9), )
]
]
9l =

Omneparop

£
Flf(en)) = o FIA(S) e#0.
FIf(2) - 9(u)] = FI1(€) - Flgl(n).
F(f + 9] = FIf] Flg) (f wan g dmrmrra).

IIpeo6paszoBanue Pypoe F, mo mepemeHHON = 0OO6IIEHHOW (DYHKIINN
f(z,y) € " (R"™), rme x € R", y € R™, onpenemam GoOpMyJIoi
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(Fulf (2, 0] y). 0(&y) = (f(z.9), Flo(€,9)](z.y)), )
p € S (RVT™).

9.1. 1) Oycrs f(z) € CK(RY), k>0, m /|f(")(r)| dz < oo, a<k;
noxazate, uro F[f] € C[R'] u [€[F|F[£](¢)| < a;

2) nyers f(x) € CEBY), k > 0 u |o|™[D°f(x)| < b, |o] < k.
1 > 1 nemnoe; nokasaThb, 4TO

Flfle C"Y(R™)  w  [EMDUF[FIE) <b, 1Bl <I-L
9.2. Iokasats, uto f = F'[F[f]], rne F~' onpenensercs dopmy-

noit (3), nas caenyommx f:
1) f(z) € C(R), |z["*¢|f(2)] < a, [E"TIF[FIE] < a, > 0;

)
2) f(z) € C*(RY), /|f o) dr < oo, a < 2;
3) f(z) € C™FU(R"), [Df(2)]]z|"™ <a, la] <n+1.

IIpoBeputTs, 9TO ciyuail 3) BEITEKAeT U3 ciaydas 1).
9.3. Ilokasarsb, 4TO
€D Fp)(€) = i HPIFIDP (z29)](), €S

9.4. 1) Hokasars, uro eciu ¢ € .7, tou Flp] € .7,

2) mokasaTb, uTO onepanus npeobpasosanus Pypre HenpeprIBHA U3 .S
B ., T.e. 4TO U3 @) — @, k — o0, B .¥ cnenyer Flpr] — Flp] B ..

Y x a3z auue. BocnomeioBaThcs 3amaueit 9.3.

9.5. 1) IlokaszaTn, uto ecu f € ., To u F[f] € ';

2) mokasatb, uTo omepanums mnpeobpaszoBanms Pypbe HEMpepHIBHA
w ' 8. re w3 f, — f, k — oo, 8. cuenyer F|fi] — F[f]
B ./

3) mokazaThb, uTO eciu f — (QyHKIUS MEIJIEHHOTO POCTA, TO

F[f](¢) = lim / f(z)e®Mde B 7'
R— o0

|z|<R
4) nokaszars, uro eciu f € Lo(R™), o F[f] € La(R™) n
FIAI© = Jim [ f@)e®de n La(R")
|z|<R

(Treopema Inanmepens);
5) mokasatb, uTo eciiu f u g € Lo(R™), TO cupaBemimmBo PaBEHCTBO

ITapceBamns
(2m)"(f,9) = (FIf], Flg));

6) mokazars, uro eciu f € Ly1(R™), to F[f] € Loo(R™) N C(R™) n
BEIpaxaeTcs GopMyIIon

8*
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)= [ f@) e e, N ey < Il ey,
F[f(f)} — 0, [f] — o0
(reopema Pumana—JleGera), F[f * g] = F[f] Flg]. f.g € L1(R");
7) mokasaTe, uTo eciu f € .Y u ¢ € .7, TO
Flf o] = F[f] Flegl;

8) mycts f € Li(RY) KyCOUHO HeNpepLIBHAsA QYyHKIMA TakKas, 9TO
{f'(z)} — rmakxke KycoO4HO HempepnIBHA; HOKa3aTh HOpPMYIy oOpalLeHus

f($+0);f($_0) Vp / 7i§zd€7 .CI]‘ERI.

9.6. Hokaszars B .7(R"):
1) Flo(z —zo)] =& 2) Flgj=1;  3) f[1] = (2m)"8(¢);

4) F[ 930)‘;5(7”“'”30)} = cos o€, n=1
o A s

9.7. Ilokazate B .7 (R"):
1) F[D*3) = (~i&)*  2) Flaz°] = (2m)"(-i)l*/D*5().

9.8. Breruucnutt mnpeobpasoBanus Pypwe crenyommx (QyHKIAR
(n=

1):
D 6R—|e); 2 e 3T 4 e
5 f(z) =0 unmpu z<0, f(z)=%k, k<z<k+1, k=0,1,..

9.9. Hokaszars (n = 1):
1

D Flf@)e ] = —.  a>0;
9) F[6(—a)e] = aj_—z& a>0;
3) Fleoll] = afT“g a>0:
1) P2 =2me e, a>o;
5) F [a(z) e—as “;Za;} - = :ig)a, a>0,a>0.

9.10. Bocnoassosasumucs popmysoit Coxonkoro (cm. 3amady 6.20) u
pesynbraTamu 3ana4 9.5 u 9.9, 1) u 2), nokasarts:

1) Flo(z)] :7r5(§)+'i,@%; 9) Fl§(—z)] = 76 (€) —m%.
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9.11. Buruucnuthk npeobpasoBanus Pypbe CIEnYIOINX OOOOIIEHHBIX
byukumit (n = 1):

1) 6% k=1,2,..; 2) 0(z — a); 3) signu;
1 1
4) '@Ea 5) Z+30° 6) |z; )
7) O(x)2*, k=1,2,..; 8) |z|* k=2,3,..; 9) mkﬂz, k=1,2,..;
10) z%5, k=1,2..; 11) 2*6™) (z), m > k;

1 1
12) & —, rme & — ompenenera B 3anade 6.25;
xTr xr

13) 33%, roe &P i% ompeneneHa B 3amade 7.10;
xTr xr-
1) S b — k), ol < O(1+ k)™
k=—oc0

15) #(1/2)(z) (ompenenenne mPOGHBIX TPOMBBOTHEIX CM. B § 8).

9.12. JloxaszaThb, 4TO

[ P |] —2¢—2In ¢,

roe
1 (o]
1 —cos u cosu
c= / / du — mocrosiHHAg Dinepa,
1 1
@ Tl (z € R') onpenenena B 3amaue 7.26.
xr

9.13. Ilokaszarb, 4TO

ﬂ@l

|=[?

]:—%mm—%%

rae o6obiennas Gyukuus & — E |2, z € R?, onpenensiercs GopMyIIoit

(3‘7%,@): /Mdm-l— / (P(a;)da:,
|$| \z\.<1 |$| |z|>1 |$|

1 oo
1= Jo(u) Jo(u)
co = / — du — / du
0 1

u

u Jo dyuknusa Beccens.

!
9.14. Pemuts B . MHTErpaJIbHOE YDPABHEHUE
oo

/ u(&) coséxdr =6(1 — z).
0
9.15. Boruucnurh uHTErpail

B . .
sin ax sin bz
— " dx.

. z?
0
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Ykxazaune. DBocmonpbzoBatrwes paBeHcTBoM llapceBans u 3ana-
qeit 9.8, 1).
9.16. Hoka3zaTs, 94TO
P [ 6(R — |)) ] _on SBEL e
VR? — |z]? [3
9.17. Hoka3aTs:

1) F[#] - % ¢ € R?;

F(M)
—k] — 9n—k_n/2 2 k—n n
2) Fllz|=*]=2"""x 7k|§\ ,E€R" 0<k<n.
r(s)
Yxasanue. Bocnomszoparhes dopmyioi (2) mpu f = |z|7F B
L' (R m = e—lal*/2,
1 27rz
9.18. Ioka3ars, uTto F' [—] =—, (=&+1n.
4

9.19. Berumncnnrs Hpe06pa30BaHme ®Dypre 00001eHHON GyHKINN
1

4wR Or
9.20. Meromom mnpeobpaszosanus dypue mokaszate B . (R!), uro:

, n = 3, onpeneneHHon B § 6.

1) y = cod(z)+ 0161(30) + ... 4 ¢u_10"Y(z) — obee pemenne ypas-
HeHI/ISI’En’L/_O n:12 ;

2) Z apz® + Z bl (z) zm k-1 4 Z cxd* =™ (z)  obmee perme-

k=m

HUE YDABHEHUS T y(m) =0, n>m.
Y kasauune BocnomezoBarncs sanadamu 7.23, 2) u 7.24.
9.21. Iokasats B .7 (R"T1(z,t)), roe (z,t) = (z1,..., Ty, t):
1) F[6(z,8)] = 1(¢) - 5( );

) £ [LEY] — 28 Rl f .0

3) F,[0(at — |2])] = 26(t) sin % a>0,n=1;

4) Fi[f(z)d(t)] = F[f]()é(t), fe L (R).

9.22. Jlokaszats B . (R"T™):

1) DgDyF,(f(z,y)] = Fu[(iz)* D} f];

2) Fuo[DgD)f] = (—i€)*F.[Dy f].

9.23. llokasats, uto B .7 (R?)

1 —a?¢2t] _  O()  _2?(4a%)
F; [0(t)e ]— 2a\/ﬁe .

Y x a3z anue Bocnons3oBarscs dopmynoit (3) u 3anavent 9.8, 2).

N

F,

8
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9.24. JlokaszaTn, uTo B .7 (R"1)
_ 1 & 2 2
F® [ooy e 19 = ppe) (L= V'erter st
Y xa3anue DBocnonbioBaTbcs 3amaden 9.23.
9.25. JlokasaTs, uTo B .7 (R?)
1 sina{t] _ 1 _
F [a(t) | = 5 flat— l2)).

Y xasauune Bocnons3oBarses 3anauent 9.8, 1).
9.26. JlokasaTs, uTo B .7’ (R?)

_ i O(at — |z|)
1 g s1na|£|t:| _ '

¢ [ Q al¢| 2wa \/a?t? — |z|?

Y kasanue. BocnonssoBarbcs 3amauen 9.16.
9.27. JlokasaTs, uto B .7 (R*)

1 sinalélt | 6(2)
F, [eu) ol ]—4m2t b5, (2)

(3mecb Sut = {z : |z| = at}).
Y kxasauue. BocrmonbioBarnesa samauen 9.19.

9.28. Ilycts f durmTHAS OOOOIIEHHAs GQYHKIUS U 1) mobas
dbyukus u3z 7, pasuas 1 B okpecraoctu nocuress f. I[fokazars, 4To GyHK-

s f(z) = (£(6).1(8) €9), 2 =z +iy:
a) He 3aBUCHUT OT 7);
6) nenas;

B) f(z) = F[f].

9.29. Hoxkasars, uro eciiu f u g duautasl u f*x g = 0, To ymbo f = 0,
nubo g = 0.

Y xa3aunue Bocnonb3oBarecs 3anaquein 9.28.

9.30. 1) Hokasars, uro F[o(z) - 1(y)] = (2m)™1(§) 0(n);

2) obosmaunm J-pyHKIUIO HA runepmiockoctu (a,z) = (0 mpocTpas-
ctBa R" uepes 6((a,x)), Tax aTO

O(@a).p) = [ ¢ds.  pe DR
(a,z)=0
Hokaszats, uto F[d(a1z1 + asxs)] = 2md(axé&; — a1&a).

OTrBeThl K §9

9.8. 1) 2Si“£R5; 9) VT =€/ (4a?),
a
4) /7 eil€-m/4;

3) /7 e—i€=m/A4,
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5) Pemenue.

oo k+1 oo
f] :Zk / e’ gdac:z%e’ € (6’5—1) =
k=1 k k=1 i€ 1 & 1 & X ke
_ e = ik _ —
T > ket = € g R
[ee] ik k=1
— pan cxomurea B 9’ Tax xak Y ek2 CXOMUTCS PABHOMEPHO B Rl.
k=1
9.11. 1) (—i€)k;  2) 7d(€) +ie mﬁg@%; 3) 22@%;
!
4) imsign¢; 5) Fim+insigné;  6) 2(32%) :—239%2;

1 (k)_
¢ , 1\(k)
NE2rs(F)(€), k aerHoe, (fi)k’12(3z Z) , k mewerHoe;
2(—i)ktwa =1 (€); 10) 0;
_ N\k+m m o .

) (ke 12) el

13) Pemenmne. B cuny sanaum 7.10, 4), sropoit u3 ¢popmyn (4) un
samaun 9.11, 12)

losl=rl g os] =5 rlrsl - e
(+

x3 2 x
14) Pemenme. B cuny pesyneraros samau 6.25, 2), 7.12 u 9.6, 1)

Z ard(z — k) 7@(5)) = ( Z apd(z — k)F[QO(f)}> =
k=—00

k=—o0

= > (are™,0(8)) = < > akeikgacp(f)), p € S(RY);

k=—o00

15) Pemenune.

F80/2) = F[f1)s%8] = F[fl;,+6] = F[(f1/5+6)'] =

9.15. g min(a, b).
sin R|¢|

9.19.
€]
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9.20. Pemenue. U3 F[m“y(m)] = 0, B couty nepBoit u3 popmyi (4),
F) [y(m)] = 0. Orcrona B cuty pesynbTaTos 3amad 7.23, 2), 9.7, 2) u

dopmyusr (3)
F[Z/(m) ()] = a0+ 1+ ...+ ap 1",

y(™) = Bod(z) + B8 (z) + ... + P10 D ().
Orciona B cuity pesyabTaTos 3amad 7.23, 2) u 7.6, 10)

m—1 m—1 n—1
y= Z apz® + Z bib(x) z™ F 1 4 Z o™ ().
k=0 k=0

k=m
9.21. 1) Pewmenue. B cuny dopmymnsr (5) u onpenenesus opsmMoro
npoussenenus (cum. §8)

(Fw[6($,t)](£,t),(p(§,t)) = ((5($,t),F£[(p(€,t)]($,t)) =
= (860,10, [ S p(6.0) de) = [ ol6,0)dE = (1(©)- 0. (6. 0):

2) Pemenue. B cumy dopmyns (5) u onpenenesus Ipou3BOLHOR
06061enHon dyskuun (cMm. §7):

(pz [6 ) ](5 1. ) = 0" (s@.0. gt_jpg[w(g,t)]) _

9.27. F {SIT;F'} npu t > 0 u n = 3 BRIYKCIAETCS TaK:
F [SHE"&'] = Rhm 27r/p smtp/ eP oY in 0 dh dp =

R

2T 0 i

=2 fm 2 t/“’“dd:

7 im gy [ costo [ ey
0 T

9 P r R
T . i
=-——1 —// tpedpdu =
. Am o costpe'dpdu
—r0

™
——;Rﬁooa /0/ [cosp(u —t) + cosp(u + t)] dpdu =

T . .
= ™ lim Q/FmR(u—t) _l_st(u—I—t) du —
r R—oo Ot u—t u+t

—-T

_ 22 9 _27r2 _27r2 _
==t =5 ae), r=lal

Yxazauune. llpm mepexome ¥ Tpemensy BOCHOIB30BATHCS 3ala-
qeir 6.19, 4).
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§10. IIpeoGpa3zoBanume Jlamutaca 0606MIEHHBIX QYHKIIUN

OGosnaunm uepes 7, (a) COBOKYMHOCTE 0600IIEHHbIX GyHKImiA f (1) 13

2'(RY), obpamatormmxcs B Hyab npu ¢ < 0 u Takux, aro f(t)e 7t € ./’
Ipu BCEX 0 > Q.

Ilpeobpazosanue Jlanaaca F(p) obobuennoi dbynkumn f u3 Qj_(a)
OTIPENEIAETCS PABEHCTBOM

Fp)=F[fHe " ](-w), o>a
ITpu sToM f HasbIBAIOT opu2uUHAAOM, F — uzobpaxcenuem u 3TOT HaKT
3AINCHLIBAIOT TAK:
f@) «— F(), o>

30€Chb p = 0 + iw. OyHKIW ¥ (p) AaHATUTUYHA B HOIYIUIOCKOCTH 0 > G U
YIOBJIETBOPSET CIEAYIOIIEMY yCIOBUIO POCTa: muist miobbx € > 0w og > a
CYLIECTBYIOT Takue ducia ¢ (og) > 0 u m = m(og) > 0, uro

|F(p)| < ce(o0) e (1 + |p)™, a0 > ao.
CupaBemiuBsl crienyomme GOpMyIIbL:
()" f(t) «— F "™ (p), o>a, m=0,1,.;
Fm(t) «— p™ F(p),
f)eM—— F(p— 1), o>a+Re(\);

o>a, m=0,1,..;

1 ~(p .
f(kt)<—>E¢/(E), o> ka, k> 0:
f@—=7)«— e PF(p), o>a
f(m)(t)<—>%v o>a, m=0,1,..,
rae f(m) — m-a neppoobpasuas f u3 7, (a);
(f *9)(t) «— F(p)¥(p),0 > a,
ecim
g(t) «—9(p), o>a;
1 /d mta OIS Z(p) et
ft) = i (E - a) / (p— a)m+2 dp

dopmyaa obpawenus nns npeobpasosanus Jlammaca, uHTErpan He 3a-
BUCUT OT 0 > 0g > a, m = m(ag).

B zapmagax 10.1 10.9 u 10.11 10.14 moxa3aTh yTBEDXKIECHUSI.

10.1. Ecm f(t) — noxamero maTerpupyema B R, f(t) =0, t <0 mn
ft)=0(e"), t — o0, T0 f € D (a) n

F(p) = [ f(t)e Pt o> a.
/
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10.2. Ecmn f € 2! (a), f(t) «— Z(p), 0 > a u dyskums Z (0 + iw)

abCOMOTHO MHTErPUPYyeMa, 10 w Ha R' Ipu HEKOTOPOM ¢ > @, TO B 3TOM
citydae dopmysia oOpallleHus IPUHUMAET BUL

o+1i00
1
f0)=5- [ F@)edp.

10.3. 1) 2 (a1) C 2/ (as2), ecnu a1 < as;

2) ecnn f € L' NI, 1o f € DL(0).

10.4. Ecun f € 2! (a), o

1) pf € 2. (a), rne p — nonurOM; 2) f(kt) € 2. (ka), k> 0;

3) f(t)eM e 2 (a+Rel).

10.5. Ecan f,g € 9, (a), 10 f*g € 2 (a) n CHPaBEMIMBO PABEHCTBO
(frg)e 7t = (fe*”t) * (ge*”t), g > a.

Y xa3szauune. Bocnomp3oBarncs 8.20.

10.6. Ecmu f € 2! (a), o

1) f(t—1)€ 2\ (a), T > 0; 2) f(m e 2! (a), m=1,2,..;
3) f(m) € Qi(a), m=1,2,...

10.7. 1) 6(t) +— 1;

2) 8 (t — 1) «— p™e P, 7 >0, p moboe, m = 0,1,..;

3) 6(t) s % o> 0; 4) 6(t) et s pjiw, o> 0;
5) 6(t) et «—s p+1i Lo>0,  6) 6(t)cost ——s Iﬁ o> 0;
7) H(t)sintHﬁ, > 0;

8) %e“ — ﬁ, oc>ReA, m=0,1,..;

9) () Jo(t) +—s \/11+_p2 o> 0.

10.8. Ecn f  oyskums us 2. (a), f € C"(t > 0) u f «— Z, TO

{f"W)} = p"Zp) =D fB )", o>
k=0

10.9. Ecniu fu g (byHKL[I/II/IiI/IB 2. (a), g C*'(t>0)n f +— Z,
g<— 9, 10

[FO{g @~ D} dr = pZ )9 D) -~ 9(+0) Z(), o>

. ¢
10.10. Peumts ypasrenne L % +Ri+ é /’L(T) dr = e(t), rme e(t) —
0

JIOKAJIbHO mHTErpupyemas bynakunms, e(t) = 0, ¢ < 0.
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10.11. dyunamenTtanbHOe pemenue &(t) ypaBHEHUs
EM 4 a8 4t anE=10

!
CyLIECTBYET 1 €OMHCTBEHHO B KJIACCE @+ (a) n yOooBJIETBOPAET COOTHOIIE-
HUIO 1

&) +— oG’

roe O(p) = p™ +a1p™ * + ...+ am, a =maxRe\;, \;  KOpHE HOIMHO-
Ma Q. J

10.12. Ecam fu(t), —oc < a < o0, — 0600menHas HyHKIWsI, BBEIEH-
uas B §8 (c. 110), To:

1) fo(t) «— ia, o >0, rme p* Ta ee BETBb, I KOTopon p® > 0
upu p > 0;

1
2) fa(t) e)‘t > m‘ o > Re .

10.13. Ecmu |ag| < c(1+ k)™, k=0,1,..., T0
Za;ﬁ(t — k) «— Zakefkp, o> 0.
k=0 k=0

10.14. Ecmu f(¢) T-nepunonmueckas GyHKOUA, aGCOIIOTHO MHTET-
pupyemasi Ha Tepuoie, TO

T
0(t) f(t) s Ij;%j;f‘/‘fa)e‘ﬂﬁdu o> 0.
0

o> a,

10.15. Haittn pemenus ypasuenuit B knacce 9 (a) (npu nHamexa-
LeM a):

1) (Bcost)x &= 4(t); 2) (Atcost) x &= 6(t);
4 0 xuy + 8" *us = §(¢),

dxup + 0 xuy =0.

10.16. IlycTts &1  pemenne ypasreHus g * &1 = 0 B 9. (a), npuaem
&  noxampHO mHTerpupyemas bymknus, & € Cl (¢ > 0). lokasaTs, 9To
pemenne B 7., (a) ypapuenus gxu = f, rie f — JIOKaJIbHO NHTErpupyeMas

3) &+ 2(fcost) * = i(t);

dynkmmns u3 9. (a), BEpaxaeTcs pOpMyIoin

u(t) = & (+0) f(O) + [ F(D{&(t -7} dr.

10.17. Burumcanrs npeobpasoBanue Jlammaca GyHxImm

0, t<0,
a(t) = § i _
% k<t<k+l, k=0,1,..

10.18. Pemmts ypasmenume x*a = Y. 2%5(t —k) B 2. (In2); dysk-

s a(t) onpenenena B sanaue 10.17. "7
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t
10.19. Ioxkasats dopmyiy: sint = /Jo(t — 1) Jo(7T)dr
0

10.20. Pemmrs cremyiomme 3anaqu Korrm:
1) v +3u=e?, u(0) = 0;
2) u" +5u’ + 6u =12, u(0) =2, w'(0) = 0;
uw' +5u+20=et,
0)=1, »(0)=0.
) {v'+2v+2u:0, u(0) v(0)

OrBetnr k §10

10.3. 2) Pemenue. Ilyctby  mobGas dysxmus kmacca C°°(R')
takas, uto 7(t) = 0, t < —0, n(t) =1, t > ,g, 6 > 0 mo6oe. Tor-
ma mpu Beex o > 0, n(t)e °t € ., f =nf, n mosromy f(t)e 7t =
= f(t)n(t)e ot € .7".

10.6. Y xa3aunue. BocnombzoBarbcs 3amaueir 10.5 u dopmymnamu,
COOTBETCTBEHHO:

1) fit—7)=f*6(t—1); 2) flm) = fx0m);
3) fim)y=0x...x0xf.

10.7. 9) Y ka3 auwne. Bocnomesosarscs ypasaenuem bBeccens.

1 pt-7) _ o (t-7) __R  Vd
10.10 \/_0/ pyePt p_e ]G(T)d’]’, P+ 5T + 5T
d=pr> - L.
C
10.15. 1) &'(t) + 6(¢), a=0;
2) §"(t) + 36(t) + 460(t)sht, a=1;
3) 6(t) —26(t) et (1 — 1), a=1;
4) uy(t) = =8(t) — 0(t) €t, ua(t) = 0(t) et a=1.
10.16. Y x a3 auue. BocnombzoBaTecs dopmyioit 3anaun 10.8.
1—e?
10.17. m, o > 1n2

10.18. 3 &'(t — k).
k=0

10.19. Yk asauune. BocnomssoBarscs sanaueir 10.7, 9).
10.20. 1) e % — e3¢ 2) 2

9 4+, 1, 4+ 16 ¢ 8 4 2, 4 8 g
3) 55 +5te tope s e 5te +ope
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§11. ®dynnameHTaIbHBIE PEMICHUS JIMHEWHBIX
nuddepeHNINATIBHBIX ONEPATOPOB

Obobwennvim pewenuem B obnactu G C R™ nunernoro nuddepeHnu-
AJIBHOTO YPABHEHUSI

L(z,D)u = Z ao(z) D% = f(x), (%)

rae a,(zr) € C°(R"™), f € 9', naspBaeTcsa Beakas 0606mmeHHAs byHKTINS
4, YOOBJIETBOPSIOIIAs 3TOMY ypaBHEHUIO B G B 060OIIEHHOM CMBICIIE, T. €.
nist mobol ¢ € 9, HOcHTEeNnb KOTOPOU comepxutcs B (G, mMeeT MecTo

PaBEHCTBO
(u, L™ (2, D) ) = (£, ),

m
rie L*(z, D) ¢ = 35 (=1)1*1D*(aap).
la|=0
O6o6muiennas dyskims u npuramiexut kiaaccy CF(G), ecnm B o6nac-

tn G oHa copmamaer ¢ bynxmmeir ug(z) knacca CF(G), T.e. nna mo6oi
p € 9, supp ¢ € G, uMeeT MECTO PABEHCTBO

(u, ) = / uo(z) p(z) dz.

Oycrs f € C(G) N 2'. Ilaa Toro urober o6o6mieHEas byHKIAS U
YIOBIETBOPSIIA ypaBHEHUIO (%) B oGmactu G B KIIACCHYECKOM CMBICIE,
HEOOXOMMMO W NOCTATOYHO, 4TOObI OHA mpuHamIexana kiaaccy C"(G) n
YIOBIETBOPSIIA 9TOMY yPABHEHUIO B 00600IIEHHOM cMEIcie B obnactu G.

Dyndamenmanvnvim pewenuenm (HQyHKIMEN BIUAHUS) JTUHEAHOTO qud-
depeHImaIbLHOTO OIIepaTopa

L(D)= )" a,D"
la|=0

€ MOCTOSHHBIMU KOYDOUIUEHTAMHE a4 () = (o HA3BIBAETCS 000OIIECHHAS
¢dysknus &, ynoBieTBopsioias B R” ypaBHEHUIO

L(D) & = 6(z).

Y Besikoro smaeHOrO muddepennuansroro oneparopa L(D) cymect-
ByeT GhyHIAMEeHTAILHOE pellleHre MeIIeHHOTO POCTA U 3TO pellleHre YIA0B-
JIETBOpSET alrebpandecKkoMy ypaBHEHUIO

L(—i§) F|&| = 1.
Oycrs f € 9' Takosa, uro cBepTka &* f cymecrsyer B 2'. Torna
u=~&xf

ects pemenue ypasuernus: L(D) u = f. D10 pemenne eqMHCTBEHHO B KJ1ac-
ce Tex OOOOIIEHHBIX PYHKIUA 1, 71 KOTOPBIX CYIIIECTBYET CBEPTKA C &.
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11.1. Jloxa3aThb, 9YTO €IMHCTBEHHOE B 9; dyHIOaMEeHTAIBbHOE pPelleHne
onepaTopa o i
p +a L ey +...+am
BhIpaxkaeTcs GopMyioit sanaun 8.26 (onpenenenue 2 cu. §8).

11.2. JlokasaTsk, yTo Qynkuus &(z) sBiseTcs QyHIAMEHTAILHBIM Pe-
LIEHUEM OIEPATOpa:

1) @) =@ e, L

2) 6@) =) e L

3) &(z) = 6(z) Sha‘”, dd_; — a2

1) &(x) = 6(z) X0 % (L5a)", m=23.

11.3. Haittu enuHCTBEHHBIE B _@j’L (pyHIaMeHTaIbHBIE DELICHUs Clle-
LYIOIAX OIEePATOPOB!

d2 d d? d d? d
d2 d d? 3 d? d? d
V@ 1ets 9 g oas 0
d* 4 d* d?
11.4. Ioka3aTb, 4TO:
1) &(z,y) = % = m — (PYHIAMEHTAIILHOE PEIICHNE OePaTO-
pa Komm—Pumana % = % ((% +14 (%),
2) & AR
) E(z,y) = T P b — (DyHOAMEHTAIILHOE PEIeHNE

9 k
omepaTopa (—7 — )\) ;
0z

27]671 m—1
3) &(z,y) = m In|z|, k,m = 1,2,..., — dynnamenraibHoe
k+m
pemeHue onepaTropa W,
1 signImX _ .,
4) 8(z,y) = 3 v o ¢ " (hyHOAMEHTAILHOE peleHne 0606-
™oy x
mwenHOro oneparopa Komun-Pumana Bi + A 62 +u, ImA #0.
& Y
11.5. Ilokasats, uto &(z) = 2i In|z| dysmamenTambHOE pereHEe
™

oneparopa Jlamaca B R?. BuisicHUTS QU3NUeCKmii CMBICIL.
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11.6. oxasaTs:

1) &(z) = e GbyHIaMEHTAIBHOE PeIleHne oneparopa Jlamma-
|
ca B R3; BLISCHUTH (QU3MYECKUN CMBICIL
1
2) Sz)=——————, n=23,4,..., HOAMEHTAIILHOE pe-
) )( ) (n_2)0n|z‘n,27 3 s q-)y p
2nm/?
wenue oneparopa Jlannaca 8 R, rme o, = /dS = T(/2) ILITOIIA b
n
S1

el n.
IIOBEPXHOCTHU eNUHUYHON cheprl B R

3) G p(w) = CDLO/2B) o

byHIaMeHTAIBHOE pelleHne

22k /21 (k)
MTEpUPOBAHHOTO oneparopa Jlamraca A mpu 2k <n, k=1,2,..,
g - 1 2k—2 _
Eni() = 7 2FIT(E) z[* " Injz,  n=2

Y kasauune BocnomezoBarbes sanaueit 9.17, 2).
ik|x|

_ —ik|x|
11.7. Hokazate, uto &(x) = fZ—H u &(x) =
X

(5]

. a_
e e

MeHTAaNLHbIE pemerns onepaTopa Iensmronsna A + k2 B R3.

11.8. Iokazars, uTo eciam ¢ysxnus u(z) ynoriaeTsopser B R® ypas-
Hermio Au + k?u = 0 ¥ yCIOBUAM M3ITydYeHNs

u(x) :O(\x\*l)., T—iku(x) :o(m\*l)

upu |z| — 00, To u = 0.
11.9. Jlokasarb, 4TO GYyHOAMEHTAJIBHLIMU PEIIEHUSMU ONEPATOPA
Tembmrombia A + k? seasioTcs byHKINN:

1) &) = —% H (Klal) w E(o,y) = % HP (Kla)) » R?, rne Hy",
k=1,2, ¢yukuum XaHkes;
o) — L giklel y Blg) — — L p—iklzl 5 R
2) é’(ac)—i%e u &(z) = =% © B R'.

11.10. HokazaTb, uTO QyHOIAMEHTAIBHBIMU PEIICHUSIMU OMEPATOPA
A — k2 aepstorcs dysKIIAN:

1) 8(a) =~

4|z
1 . .
2) &(z) = *EKO(M-TD B R?, rme Ko(€) =i g Hél)(z.f) GbyHKIIS
XaHKens MHEMOTO apryMeHTa;

] efk\z\
3) &) = ‘o

0 6@ =~ ()" (L) Koy kel n B

2r/) \Jaf

B R3;

B R;
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11.11. HokazaTs, uto ecimu & (z,t) (hyHOAMEHTAILHOE DPEIICHNE
k—1
onepaTopa §+L(D ), TO f"(—k) 1(z,t) — dyHmameHTanBHOE pereHune
omepaTopa (% + L(Dm)) .
11.12. Hoka3aTb, 9TO:
o(t) _ 2
1) &(z,t) = — L e~ |2[7/(4a%t) HIOAMEHTAJIBLHOE peIleHune
) &(z,1) Qav/aD) by p
ONEPATOpA TEMVIONPOBOJHOCTH = — a’?A B R"; BBIACHUTL (pUIMICCKUi
CMBICT; o1 t
2) M e~ lzl*/(4a%t) PyHIAMEHTAIIBHOE PEIIEHTE OEPATO-
(2av/7t)"T'(k)
k
pa (% fazA) BR" k=1,2,...
Y x a3 auune. Bocnoms3oBarnes 3amagent 11.11.
H(t) B 2 2
11.13. Iokasatb, uto &(z,t) = ——2 ect—(z+t)"/(4a%t) HIa-
(@,1) = Tt by
o, 0 d
MEHTAJILHOE PEIIEHrE OnepaTopa — —a° — — b— — ¢
ot ox? Oz
11.14. HokasaThk, 9TO:
1) & (z,t) = —ﬂt)t i@/ —m/4) __ gynnamentambHOE permeHme
™ 2
oneparopa IlIpénuurepa i En + aa— (y Ka3aHue Bocnomb3oBaThes

o0
dopmyToit / e dy = % et/ 4.);

0

9 mo n/ zl? . ™
2) &n(z,t) = — 0}(:) ( ) ’ exp {z [% (m +1i0) — TH byn-

2mht
2

IaMEHTAIILHOE PEIIeHNe OepaTopa ifi 9 + h A; n m060e;
0t 2m0
o(t) th* |z|? ™ .
3) —~———expyt|——+—i|p, k=1,2,..., — byunamen-
) Gavim P (e T by

k
TAJILHOE peIIeHne OMepaTopa (% + z'aQA) BR" (Yxaszanue. Boc-
nosb30BaThes 3amavein 11.11.).
11.15. HokasaTsk, 9TO:
1) & (z,t) = ZL O(at — |z|)  dyHmAMEHTAIBHOE DELIeHue OMHOMED-
a

HOT'O BOJIHOBOTO onepaTopa U,; BBISICHUTE (GU3NIECKN CMBICIT;

O(at — |z
%) Ga,t) = i)
2mwar/a?t? — |z|?
MEPHOTO BOJIHOBOTO oneparopa O,, & = (1, %2); BESCHUTH QU3NIECKUT
CMBICIL.

— (yHODAMEHTAILHOE PEIIEHNE IOBY-

Y kxasauue. BocmonbioBarnesa samauen 9.26.

9 Tlom pen. B. C. Bnagumuposa
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11.16. JloxaszaThb, 4TO:

o(t o(t
1) &(z,t) = 47r(agt s, (1) = %5((12152 — |z|?), rne St : |z| = at,

ABNAETCA (QYHIAMEHTANBHLIM PEIICHMEM TPEXMEPHOTO BOHOBOTO OIe-
paropa O,, & = (%1, %2, T3); BeIICHUTE Qudmueckuit cmbicat (Y kx a 3 a-
H u e. Bocnonb3oBaTncs 3anauein 9.27.);

f(at—|z|)  dymmamenTambHOe permenue onepatopa 02 B RY;
1

w22k =12k 1K) T'(k — 1)

TajbHOe permenne omepaTopa UF B R™;

4) ¢ysmamenTanbHOE permenue omepatopa O, B R* moxHO mpencTa-
BUTH B BUIE

1
2) 8mab

3) (a®t? — |.r|2)1672 f(at —|z|)  dymmamen-

1
53(z,t) = —= O —|z|).
E2.1) = g Oub(at — |2)
11.17. Hoka3aTb, 4TO

! o972 [6(1) § (a2 — |22)],

(2a)n—2m(n=1)/21 ("7*1)

n > 3 HedeTHOoe,

1 On—2)/2 { f(at — |z|)

(2a)"—17m/2T (%) Va?t? — |z|?

SIBIIsIETCST QYHIAMEHTAIBHBIM PEIIeHNEeM BOJIHOBOTO omeparopa [,.
Y kxazauune. llpum HEUETHHIX 1 BOCHOIB30BATHCSI GOPMYION
. _1 | sin|&|t
Salw,t) = 0(t) P |22
13
u 3amadeir 9.27; mpu YETHBIX 71 NPUMEHUTH METOHN CIYCKa IO TIE€PEMEH-
HOU Typp1-
1 b(at—zx)/(2a?)
11.18. [Hokasats, uto &(x,t) = 2—0(at — |z|)e : — dyn-
JIaMeHTAIBHOe PEIIeHne OmepaTropa o
., 0 b0
. 0xr a Ot’
Y ka3 auune Bocnoms3oBaTses GoOpMynon

] , N YeTHOe,

m| rme a,b> 0.

a—+ioo ar
e
a—100
11.19. Iokaszars, 4TO:
1) &(z,t) = —6(t) 0(—z) e+ — pynnamenTanbHOE pemmerme ore-
paTopa 62 0 o
&Eat—a%—bE%-ab, rue b>0

(cMm. ykazauue k 3amage 11.18);
2) &(z,t) =0(t)6(z) Lo (2m/TY)  DyHIAMEHTAIBHOE DELIEHHE OIle-
2

—m? B R?.

paTopa Oz Ot



§11. Dyndamenmanvmnvie pewenud dufdepenyuaavuniz onepamopos 131

11.20. HokazaThk, YTO (QyHOIAMEHTAJIBLHBIM PEIIEHUEM OIEPATOPA
O, — m? snseTcs byHKIAS

E(z,t) = €(at |x|) (a\/aQt2 x2).

11.21. HokazaTh, UTO q)yH,uaMeHTaanmM PpellIeHreM OIepPaTOpPa
Kuneitna-Topnona—®oka O, + m? asisorcs GyHKIImN

é"(m,t):MJo (%\/a%zf.rz), n=1;

2a

- cos (2 /a2t2 — 42
sop) — ot o) (& ) L,

2 ) n
2ma 0212 — 12

Sa1) = W 5 (a2 — Jaf?) -

T (2 a2t = |z?
O(at — |z|) ( 2 )

_ n=3

4ma? at? — [z]? ’ ’
roe Jy, J1 — dysxkuun Beccens.

11.22. oka3aThk, 4TO pyHIAMEHTAILHBIMYU PEIIEHUSIME TeJer PadhHO-

ro omepaTopa O, + 2m g SBISIOTCSA PYHKIUN

2
E&(z,t) = i e "0(at — |z|) Iy <m\/t2 — Z—2>, n=1;

¢~™6(at — |z|) ch (m Vi |z|2/a2)
&z, t) = ; n=2;

2wa?\/t? — |z|?/a?
efmt5(a2t2 o |’L‘|2) o
me "™@(at — |z|) 1 (m V12— |a:|2/a2)
- ’ n = 37
Amad.\/t? — |z|?/a?

roe Io(&) = Jo(i€), I1(§) = —iJ1(i§) — dyukuum Beccens muumoro ap-
I'YMEHTA.

Y ka3 anune. BocnonezoBarbes 3anaqeit 11.21.
11.23. 1) IlokazaTs, uto &(x,t) = vl(t) e **1§(x — vts), Toe
o0
(0(t) e “""6(z — vts), p(z,t)) = / e “p(vts, t) dt
0
— (hyHOAMEHTABHOE DEIEeHne OepaTopa EPEHOCa

108

v6t+(sgradé”)+aé” (z,t), |s|=1, v>0, a>0; n=3;

9*
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2) moKa3aTb, 4TO

6 = (oo (- 2 )¢) - [ erotos) s

(OYHIAMEHTAITEHOE PEIIEHNE CTAIMOHAPHOTO ONEPATOPA TIEPEHOCA
(S,gradomo) + a&® = i(z), n=3.

11.24. Haiitu dyHmamMeHTAILHOE pelleHue ypaBHeHus Z x & = 0,
roe Z u3 3anaun 8.30.

11.25. Hokasars, uto ecim &(z,t) — GyHOAMEHTAILHOE DPEIIEHUE
OIepaTopa MepPeHoca

L(D)=a1—+... +ay

0
8£E1 % + «, ‘a| 7& 07

TO
1

I'(k)a[>*=1
— dynnamenTaigbHOe permenue onepatopa LF (D).
Y x a3 auune. Bocnomb3oBarhcs mHoykumei mno k.

(@121 + .. + Gnzn)" " Sz, 1)

Hycte f(z,t) € 2'(R") u p(z) € 2(R"). Beenem 0606mmennyio
dbynxmuo (f(z,t), p(z)) € 2'(R), nefcTByIONIyI0 HA OCHOBHEIE (hYHKINN
1 € 2(RY) mo dopmyme

((f(, 1), 0(2)), 9 (1)) = (f, %))

W3 onmpenenenus BEITEKAET, 9TO

(%w(ﬂ) =L (flabpl). k=12

Tosopsit, uTo o6o6iennas Gyuakuus f(z,t) npunadaercum wxaaccy CP
no nepemennot t 6 unwmepsaqe (a,b), ecnu nus nwboit ¢ € P (R™) 0606-

wenHas Gyakuus (f(z,t), ¢(z)) € CP(a,b).

11.26. [nsa dynnamenTanbubix pemenunin &,(x,t), n = 1,2, 3, Bou-
HOBOTO OIIEpATOpPa, PACCMOTPEHHBIX B 3amadax 11.15 11.16, mokaszaTs:

1) &.(z,t) € C* mo t € [0, 00);

9) &, (x,) —> 0, 7‘9&"6(:’“
B 2'(R").

11.27. lna GyHmDAMEHTAIBHOrO pemeHus &(r,t) omepaTopa Terio-
nposogaOCcTH (CM. 3amady 11.12) nokazaTs, 9To

E(z,t) — §(z), t — 40 B P9'(R™).

11.28. Jlns dysmameHTanbHOTO peienus onepatopa lIpénunarepa

(cm. 3amaay 11.14) mokasars, 4To

& (z,t) — —id(z), t— +0 B P2'(RY).
11.29. Ins dynmameHTaIbHOrO peleHus u3 3amaun 11.18 moxasaTs:
1) &z,t) € C* mot € [0, 00);

2
— §(x), O én(z,t) é:;t(f’t) — 0 opu t — 40
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08 (x,t)
ot

2
— 8(), ZEED y La), 1 — 40

2) &(x,t) — 0, -

B 2'(RY).
11.30. Hna dyHmaMeHTAIBHOTO pemteHus u3 3anadu 11.13 mokal3aTs,

4TO
&z, t) — 6(x), t — 40 B 2'(RY).

OrBernr Kk §11

11.1. ExuncrBennocts Ouesugro, &(z) € 2. Nna u =
=& &, rne & € @4'_ opyroe GyHOAMEHTAILHOE DELIeHUe, TMeeM
L(D)u = 0. Ceeprka u * & cymectByer (cMm. dopmyny (8), §8). Umeem
u=uxd=ux L(D)&= L(D)ux &=0. Crenosarenvuo, & = &

11.3. 1) 9(.’[1)#; 2) O(x) ze®;

3) O(z)(e ™ — e727); 4) O(z) e sin x;

5) i(;g)[ 6”/2< a\/_’E-I-\/—Sl \/_ )];
6) % (1 ery;

7) 02(;2) i ; 8) @(xchx—shx).

11.12. Pemen ue. lIpumenus npeobpazopauue Pypwe F, K paBeH-
CTBY %—f — a®’A& = 6(z,t), B cury pesynbraTos 3amaun 9.21, 1) u 2) un
dopmyit u3 §9 nomydum

68 2|£|2 =1(¢) - 6(¢), roe (f t) = Fp[&(z, )]

HOJ‘IBByHCb dopmymoit mis &(t) samaam 11.2, 1) ¢ 3amenoit a ma a?|€]?,
3aKITF09IAEM, 9TO g(f,t) = 6(t) eIt Orcroma B cniy samaum 9.24
Sty = F! [é;(f,t)} _ %flw/@a%)_

11.15. Ykasauue. Cwum. pemenue samaunm 11.12. s umckomoint
Z(t) € C? nomyunm samaay Z" + a?¢?Z = 0, Z(0) = 0, Z(0) = 1.
Orcrona Z(t) = sin agt

U, CIeIOBATEILHO,

Fale,t) = () gt

Iasiee BOCIIONIBL30BATHC 3ana4eir 9.25.
11.24. @ e Bit/(2L) (coswt - % sinwt), ecmn 4L — CR? > 0, rne
w

_ VAL/C—R?

2L



I'masa IV
3AITJAYA KOIIINA

§12. 3amaua Komu nsis ypaBHeHHs BTOPOro mopsaka
runepboJIMYecKOro THUIAa

1. 3apgauya Komm Ha nmockocTu. 3amauva Komm mis ypasuenwus
a(z,y) tga + 26(2, ) sy + (2, y)uyy + d(@, y) us +
+e(zy)uy + f(z,y)u=Flz,y) (1)

C yCIOBUAMMT
Ou
u‘r = ug(z,y), i uy(z,y) (2)

cocrout B caemytomem. Ilycts B o6nactu D 3amano ypasrenue (1) runep-
6ommaeckoro tuna (b — ac > 0) u Ha kpuBoit ', KOTOpas MPUHAMIEKUT
obnactu D wnm sSBAsSeTCS 4acThIO rpaHunbl obmactu D, 3amansl GyHK-
wn ug(z,y), ui(z,y) u nanpasnenune [(z,y). TpeGyercs HaliTu GHyHKIUIO
u(z,y), xoropas B obnactu D sBnsiercs pemenuem ypasrenus (1) m Ha
kpusoii I' ynosnersopsier ycmosusam (2).

Ecnu B xaxnon Touke kpuBoii I’ Hanpasnenue | He ABNSAETCA KACATEIb-
HBIM K KpuBOl ' m kacaTenbHOe HampasiieHune K kpuBoit [ He sBisiercs
XapaKTEePUCTUIECKUM, TO B 06acT [, OTpAHNYEHHON XapaKTEPUCTHUKA-
MU, TPOXOMSIINMY Yepe3 KOHIBI KPUBOH [', mpu OOCTATOYHON TIIAAKOCTHI
k03 dunrenTos ypasaenus (1) u qavabIX ycmoBuil (2) CylIeCTBYeT enuH-
crBenHoe pertenve 3anadn Komm (1), (2).

12.1. Ilycts ma urTepBane (a,b) samannt dymnxmmm ¢ € C?) @' # 0,
uo € C2, uy € C'. HokaszaTs, uTo 3anaua Kommn

Uyy = 0, a<zc<b, c<y<d;

u|y:¢(z) = ug(z), uy|y:¢(w) = uy (z)
UMEET €AMHCTBEHHOE PEIleHne
¢ ()
u(e,y) =uo(e) + [ wa(&)¢'(€)de,
roe ¢ = inf p(z), d = sup (), ¢ (y) dhysKnua, o6paTHad K QyHK-
uun ().



§12. 3adaua Kowu dag ypasuenud 2unepboauueckozo muna 135

12.2. Ilycts ma urtepsane (—1,1) sagann dysxmun ug € C2 uy € CL.
Hokaszars, uro 3amaua Korm

Upe —Uyy =05 uly=0 = uo(x),  uyly=0 = ua(x)
UMeeT eNVHCTBEHHOE perleHwe B ksaaparte {|z — y| < 1, |z + y| < 1}.

TTokaszaTsh, 4TO 5TOT KBAOPAT SABIISETCS HAMOOJBINEN 00IACTHIO €IUHCT-
BEHHOCTY PEIIEHUS MOCTABICHHON 33,0,

12.3. llokxasaTs, uTo pemtenue 3anaau Korum
Ugy = 0, —x <z, y < 00;
uly—0 = uo(z), Uyly=0 = u1(2)

CYILIECTBYET TOMBKO Torma, Korma ug(z) € CZ(RY), a ui(z) = const. To-
BCE DEIIeHMs ITOM 3aJa4YM MOKHO MPEICTABUATE B BUIC

u(z,y) =uo(z) + f(y) — f(0) + y[u1 (0) = f(0)],
roe f(y) — mobas dysxmms u3 xnacca C?(RY).
12.4. Jlokasats, uTo perienue 3agaan Korm

Ugy = 0, |z] <1, O<y<1;
Uly—g2 = 0, Uy|y=z2 = u1(T)

CYIIECTBYeT TONMbKO Torma, xoraa ui(z) € C(—1,1), zui(z) € C1(—1,1),
ui1(z)  4eTHas QyHKUUA.

TTokasaTsb, 4TO MPU 3TOM PEIIEeHNE TIOCTABIIEHHON 33,1441 eINHCTBEHHO
VY
nu(z,y) =2 [ ur(€) dé.
€T

12.5. Jlokasats, uTo perienue 3agaan Korm
“zy = 07 |T| < 1= |y| < ]-a
Uly—ps = |2|*, Ug|y—as = 0

CYIIIECTBYET TOJBKO TOrna, korma « = 0 umu o > 6. IlokaszaTe, uTo npu
5TOM peIlIeHre TIOCTABICHHOM 3a1a4n eIUHCTBEHHO 1 u(,y) = |y|*/°.
12.6. lloxasaTs, uTo pemnterue 3anaau Korum

Upy — Uyy = 6(z + 1Y), -0 <z, y < 00;
Uly=s =0, Ug|y=a = u1(x)

CYLIECTBYET TOJIBLKO TOTma, kKorma u;(z) — 322 = const. TlokasaTs, uTo
[IPU 3TOM peIIeHNe OCTABICHHOM 331a41 He eIUHCTBEHHO U BCE PEIICHUS
3TOI71 3ada49”1 MOXHO IPEACTABUTH B BUIOEC

u(z,y) = 2° —y° + f(z —y) = £(0) + (z — y)[us (0) — f'(0)],

roe f(z) — miobas dymkmms s kaacca C2(RY).
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B zagauax 12.7 12.19 TpebyeTcs HaniTu HAROONBIIYIO 06IIACTD, B KOTO-

poit mocrasyieHHas 3anada Korm nmeeT equHCTBEHHOE PEIeHne, 1 HANTH

3TO

perenue.
12.7. ug, = 0;

Uly—y2z =0, Uyly—az = V2], |z < 1.
12.8. uyy +u, = 0;

Uly—y = sinz, Ugly=a = 1, |z < oc.
12.9. uzy — Uyy + 2uy; + 2uy = 0;
uly—o =z, Uy|y=0 = 0, |z < oc.
12.10. ugzy — Uyy — 2uy — 2uy = 4;
Ule=0 = —, Ugle=0 =y — 1, y| < oc.
12.11. ug, + 2ugy — 3y, = 2;
Uly=0 =0, Uyly=0 = T + cos T, |z] < o0.
12.12. uyy + yu, + zuy + vyu = 0;
U|y=3> = 0, Uyly=32 = e 5" z < 1.
12.13. 1) zuzy — uyy + %uz =0;
Uly=0 = Z, Uyly=0 =0, z > 0;
2) Ty — Ylyy — Uy = 2%
U|y=g = sinz, Ug|y=g = COSZ, z > 0.
12.14. zuz, + (2 + Y) Ugy + Yuyy = 0;
Uly—1/2 = z3, Us|y=1/0 = 227, x> 0.

12.15. ugy + 2(1 + 22) ugy + 42(1 + 2) uyy + 2u, = 0;

u|z:0 =Y, uﬂ?|$:0 = 27 |y‘ < Q.
12.16. 1) z%uy, — y2uy, — 2yu, = 0;
U|a::1 =Y, uw|z:1 =Y, y <0;

1
2) Uy — 47Uy — — uy = 0;
z

u‘z:l :y2+1, ua:|a::1 :47 |y‘ < Q.
12.17. 22u,, — 2TYtgy — 3y2uyy =0;
uly=1 =0, Uy|y=1 = V7, z > 0.
y x _0
12.18. yu,, +2(2y — 1) Ugy — 227Uy, — o Uz + Tr2y (ug +2zuy) = 0;

uly—o = 27, Uyly=0 = 1, z > 0.
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r+y

-y
2

Uly=0 = T, Uyly=0 = T, z > 0.

12.19. YU, — (T + Y)Uay + TUyy — (Up — uy) = 0;

3amaum 12.20 12.24 tpebyercs pemnts MeTonoMm Pumana.

12.20. uyy +2u, +uy, +2u=1, 0<z, y<I;
Ulpqy=1 = T, Ug|pty=1 = Z.

12.21. zyugy + zu; —yuy —u =2y, 0<z, y < oo;

U|zy:1 =1- Y, Uy|zy:1 =x—1.

1
12.22. uzy+z+y(uz+uy):2, 0<z, y<oo;

Uly=az = z2, Uply=2 = 1+ .
2 2
12.23. umfuyy-l-zuzf guy =0, |lz—y|<l, |Jz4+y—2/<];
uly—1 = uo(T), Uyly=1 = ur(z), wo € C%(0,2), wuw € C'(0,2).
12.24. 2u,y —e Puy, =4z, —oco <z, Y < 00;

Uy—e = T° cOS 1, Uyly—e = 22 + 1.

2. Kmnaccuueckas 3amaya Komm. Kiomaccumueckoit 3ama-
uenn Komwu mass BOMHOBOTO ypaBHEHHUS HA3LIBAETCS
3amava o Haxoxmenuw byskmum u(z,t) kmacca CZ(t > 0) N CH(t > 0),
yIoBieTBOpsoiel npu ¢ > (0 ypaBHEHUIO

uy = a*Au + f(z,t) (3)
" HaYaJIbHBIM yCJIOBI/IﬂM
ult—o = uo(z), Ult=0 = u1(z), (4)

rme f,ug u ug 3aJaHHbIE QYHKIIN.
Ecnu BEImOnHSIOTCS yCI0BUS

feCt(t>0), wugeC*RY), wu;€CYRY, mn=1;
feC?*(t>0), wugeC*(R"), wu €C?*R"), n=23,

To pemenue 3amauu Kommu (3), (4) cyuecTByeT, eIMHCTBEHHO U BBIPA-
KaeTCs:

1) mpu n =1 gopmyaoi Hasambepa

(5)

u(z,t) = % [uo(z + at) + up(z — at)] +

z+at t xta(t—7)

+i/ € de+ 5 / [ renddr  ©

xr—at 0 22— t 7—)
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2) mpu n = 2 gopmyaot Hyaccona

t
! f(e,7) dg dr
w(r,t) = —
2w PR
! 0/5z<a(tT Vet — 1) — € — g
el pLo g _mor
2t2 |£ x|2 271'0, ot \/m,

[E—z|<at [E—z|<at

3) npu n = 3 gopmyaot Kupzeopa
1 1 |€ — x|
w(z, 1) = — / mf(&t - )df-l-

|¢—z|<at
1 Jd |1
t i | m@ds+ m?El; /uo(g)ds]. (8)
[E—z|=at |é—z|=at

12.25. Hycts dyukuusa u(z,t) aBnsercs peumenueM sanadm Kormm
U = 02Uy, w|t=0 = uo(z), Utlt—0 = u1(x).
Hokazats, uro mus mwoboro T > 0 cymectByer pemenue 3amadm Korm
Vit = @*gp,  t<T, T ER' V= =uli=r,  Vtlt=1 = Ut|t=r-

Mokasate, uto u(z,t) = v(z,t) npu 0 <t < T.
12.26. lloka3aThb, 4TO €CIIU CYIIECTBYeT perieHue 3agadu Kornm
Ut = A2 Ugy; w|i=0 = uo(z), Utlt—0 = u1(x),
to u € C?(t>0), wug€ C*RY), wu;€CHRY).
12.27. Hycrs dysxums u(z,t) sBiusercs pemeHueM 3anadu Komwm

ur = a’ Au; uli—o0 = (), utl¢—o = 0.

t
Hokaszatb, uro Qyakuus v(z,t) = / uw(z,T)dr aBuseTCs pelneHueM 3a-
naun Korrnm 0
27, _ _
Vg = a”Av; v]t—o =0, Vt|t—0 = @(z).

12.28. Iycts dyukuus u(z, t, to) Ipu KaxmaoM GUKCUPOBAHHOM to > 0
SIBIISTETCS perenneM 3anaan Korm

uy = a’Au; Ulg=t, = 0, Utli=t, = f(x,%0)-

t
Hokaszatb, uto ¢dyukuus v(z,t, tg) = /u(z, t,7)dr aBHsAETCS pelleHu-
eMm 3anaun Komn to
2
vie = a”Av + f(z,1); V]t=t, = 0, Vtlt=t, = 0.

12.29. Hokasars, uyto ecimu dyukuuu f(x), uo(z),u1(x)  rapmonnm-
geckue B R, a g(t) € C1(t > 0), To pemenue 3anaun Kommn
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ue = a’Au+ g(t) f(); ult=0 = uo(z), Utlt=0 = u1(7)

BEIPaxaeTcs: GopMyIIon :
u(e, 1) = uo(e) + tur (2) + f(@) [t~ 7) g(r)dr.
0

12.30. Haiitu pemmenne 3anaun Korm
uy = a*Au + f(x); u|t—0 = uo(x), utlt—o = u1(x),
ecmu ANf =0, ANug=0, ANu; =0.
12.31. Hoka3aTh, YTO OJIs CYIIECTBOBAHUs peleHus 3amaduu Korum
uy = a2Au, z € RZ;
ult=o = f(z1) + 9(22),  utl=0 = F(21) + G(z2)
NOCTATOIHO, YTOOE hynkmmn f(z1) n g(z2) mpuranmexann kiaccy C2(R1),
a dynknuu F(z1) u G(z2)  xmaccy C1(R!). Haittu sTo perenue.
12.32. oka3aTh, UTO OJIsI CYIIIECTBOBAHUs pelieHus 3amaduu Korum
uy = a>Au, z € R3;
ult=0 = f(z1) g(z2,23), tlt=o = 0

NOCTATOYHO, 4TO0L byHKIUS (T2,73) Obista rapmornueckoit u f € C?(R').
Haiitu 510 perenne.
12.33. Hoka3aTh, YTO OJIs CyIIECTBOBAHUs pelieHus 3amaduu Korum

uy = a2Au, z € R3;
ulico = alll),  welimo = B2

nocraTouno, utobe a(r) € C3(r > 0), B(r) € C*(r > 0) u a'(0) = 0.
Haiitu 510 perenne.

12.34. Hoka3aTh, YTO OJsI CYIIECTBOBAHUs pelieHus 3amaduu Korum

uge = A, z € R3;
uli=o = 0(1 — |z])|2|*(1 — |z])7,  wgli=o =0

HEOOXOMUMO U MOCTATOYHO, 4TOOBI @ > 2 um 3 > 3. Halitu 51O perenue.

Pesynbrar 5TOI 3amaum CpaBHATH C NOCTATOYHBIME yCJOBUsSME (5)
(c. 137) Benmyuanx 2 < a<3,8>3na=2,2<3<3.

12.35. Pemuts 3agauy Korn

Utt = Uggs u|t:0 = 0(1 — |.’E|)(.’E2 — 1)3, ut|t:0 = 0
IocTponts rpaduku dyukuuit u(z,0), u (.’E, %), w(z, 1), u(z,2).

Pemenve 3anau 12.36 12.38 moxuo Haxomuts mo Gopmynam (6) (8),
HO MHOrna ynoOHee IPUMEHUTHh METOI Pa3desieHus IePEMEHHbBIX WU BOC-
IOIBL30BATHCS pe3ynbTaTaMu 3ana4d 12.27 12.32.
12.36. Peumts 3anaun (n = 1):
) _ 2 — o
1) utt = Uy + 6; ult=o = 2%, ult=0 = 4z;
) _ 2 .
2) up = gy + 7t ult=o =T, Utli=0 = T;
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3) Ut = Uge + SINT; ult=o = sin z, Ut|t=0 = 0;

4) Uy = Ugy + €% u|t=o = sin z, Ut|lt=0 = = + cos z;
5) Uy = YUy, + sin; Ulp—o =1, wtlt=0 = 1;

6) uy = a’ug, + sinwz; uli=o = 0, ut|t=0 = 0;

7) U = a% Uy, + sin wi; uli=o = 0, Ut|t—0 = 0.

12.37. Pemwuts 3anauun (n = 2):

1) ug = Au+2; ult—o = =, Utli=0 = ¥;

2) uy = Au + 6zyt; ulp—o = 22— y?, Utlt—0 = TY;

3) uy = Au+z2—329%;  uli—o = €% cosy, Ut|t—o = €Y sin z;
4) Ut = Au + tsiny; U|t:0 = 372, Ut|t:0 = siny;

5) uy = 2Au; uli—o = 22% —y?, Utli—o = 2% +y%;
6) uy = 3Au+z*+y3;  uli—o = 27, ult—o = y%;

7) uy = Au + 324y, Ul—g = €324y Ug|i—o = 324V,
8) uy = a’Au; ult—0 = cos bz +cy), ut|t=0 = sin (bz + cy);
9) uy = a’Au; Um0 = 74, Ut)p—o = 14

10) uy = a?Au+r2el; wt=0 = 0, wtli=o = 0.

12.38. Pemwrs 3anaun (n = 3):
1) ug = Au + 2zyz; wli—g = 22 +y2 222 Utli=o = 1;

2) uy = 8Au + t?1?; im0 = 3 Utlt—o = 2%
3) uy = 3Au + 6r2; uli—o = 2°y%2?% Ut|t—0 = TYZ;
4) uy = Au + 6te®V2 sin Y COS Z;
uli—g = "V cos 2v/2, Ut)s—o = €342 gin 5u;
5) uy = a®Au; ult—0 = Ut|t—0 =
6) ui = a?Au+riet; Ult=0 = Ut|t=0 = 0;
7) ug = a?Au + cosz sinye?;
Ulj—g = 22¥H3, Ut|i—o = sinze¥T?;
8) usy = a?Au + xe' cos (3y + 42);
U|t=o = TY COS z, Utli—0 = yze®;
9) uy = a?Au; W|t—0 = Ut|t—0 = COST.

12.39. IycTs BhmomHensbr noctarounse ycaosus (5) (c. 137) nms cy-
IECTBOBAHUS PEIIeHUs 3aaa4au Kormm

g = a2 Au; wt=0 = wo(x), wt=o = u1(x)
u mycTh upu |z| > 6 > 0
mlz|® <ug(z) < Mlzl®,  mlz|*™! <wi(z) < Mg,
rne « > 0, 0 < m < M. Hoka3aTh, 9TO MmJIs1 KAXKIONW TOUYKH Ty CY-

LIECTBYIOT MOJIOXKUTENbHEIE uncia tg, C1,Cy Takwe, 94TO mpu Beex t > tg
BBIIIOJIHAETCA OLIEHKA
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Clta S U($0,t) S CQta.
12.40. IIycTs BRIMONHEHH! HocTaTouHble yemoeus (5) (c. 137) mms cy-
IMECTBOBAHUA PEIICHUA 3a,0A49N KOH_H/I
u = a’Au; ult=0 = uo(z), Ut |t=0 = u1(z)
u MyCcTh miist o > 0
uol@) _ 4 lim @) _p

)

|z]—oo |2|™ |z|—oo |2[**

. ul(z,t
Hokazats, uto lim (,1)
t—4o0o0 ™

= C,, u nanntu Cp,, n =1,2,3.

3. O6oo6irenHas 3amauva Kolliu a1 BOJHOBOTO ypaBHEHWMS.
Ecnu pemtenue u(z, t) xiaccuueckon 3anaau Koy niis BOIIHOBOTO ypaBHE-
uus (3), (4) u dysxuuo f(z,t) € C(t > 0) nupomomxuts mHysnem mpu ¢ < 0,
To »Ta dyskmms u(z,t) ynopnersopser B R"! ypasrenuo (B 0606mieH-
HOM CMBICIIE)

w = 02 D+ f(,1) + () - (8) + () - 6(8).
Ob6o6wennoti 3adaueti Kouwu 0is BOTHOBOTO YPABHEHUS C UCTOYHUKOM
F e 92'(R"), F(z,t) = 0 npu t < 0, Ha3BIBaETCA 3aMa4a O HAXOXKIIE-
HUK 00OOIIIEeHHON QYHKIAN U € 9’(R”+1), VIOBIIETBOPSIIOIIEN BOITHOBOMY
YPABHEHUIO
gy = a*Au + F(z,t) (9)
u obparnasoreics B Hynb npu ¢ < 0.
Pewmenune o6o6imennon 3anaun Komwu (9) cymecTByer, eIMHCTBEHHO U
onpenensieTcss GopMynon
u =&, * F, (10)
roe &,(z,t) — QyHmamMeHTaIBEHOE PEIIEHnE BOTHOBOrO ONEPATOPA,
0(at — |z|)

oma\/a?t? — |z|?’

1
éal('rat) = %a(at o |T|)7 éa2(£=t) =

b) 54 (@).

4mrat
Ceeptka V,, = &, x F HasbiBaeTcs 0600uenublm 60an06b1M (3ana3dot-
8AIOUUM) TOMERYUAAOM C NAOMHOCTbIO F.
B wactuoctuy, ecnun F' = uy(z) - §(t) unu F' = ug(z) - 6'(t), To cBepTKNM

VO = &(2,1) % [ur(z) - 6()] = En(, 1) * us (z),
VY = &,(3,1) % [uo(@) - ' (1)] = (En(, 1) * uo(@)):

HA3BIBAIOTCA 0600UEHHDIMY TLOBEPTHOCTIOIMY 60AH06LIMY (3aNa30bi6ai0-
WUMB) NOMERUUAAAMY (NPOCMO20 U J60UHO20 CA0L € NAOMHOCTIMY U1
U Uy COOMBEMCMEENHO).

BomnuoBO# (3ama3nbIBAIONINI) TOTEHIUAN V,, YOOBIETBOPSET ypPaBHE-
Huto (9).

gg(%,t) =
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12.41. JlokaszaTs, uto ecmu F(z,t) € 2'(R™!), F=0mnput < 0, T0
ceepTka &, * F' cymecrsyer 8 9'(R"1).
12.42. [oka3saTs, uto ob6obmenunas 3anada Komm (9) numeer enmucT-

BEHHOE peIlleHue B Knacce 0606mmennsx dyaknmit n3 2'(R"1), obparma-
rommxcst B Hyns npu ¢ < 0.

12.43. Hoxa3aTs:

1) AR AR npuramexat kiaaccy C® mo ¢ € (0, 00);

2) VTEO) u V,El) VIOOBAETBOPSIOT TPEHEIbHBIM COOTHOIIEHUSIM TPU
t— +0

v (z,t) — 0 L/’SO)('TJ)

5 —ui(z) B 9'(R"),
v, (z,t)
Oz

12.44. Permmurs 0606mmernyio 3anauy Komm (9) (z € R) co cnenyto-
My ucrodnukamu F(z,t):

ViV (z,t) — uo(z), —0 B 9'(RY.

1) 4(t) - 0(z); 2) 6(t —to) - 8(z — mg), to > 0;
3) 6(1) - 8'(); 1) 8(1)-6(2);

5) §'(t —to) - 0(z); 6) d(t) - &' (mo — z);

7) 8(t) - 5(a); 8) 6(t) - 8" (2);

9) 6(t) - a(z) d(z), rme a(z) € C n a(0) = 0;

10) o(t) - B(z) 6(x), rme B(z) € C n B(0) = 1.

Huxe npm mocranoBke 0000menuO#n 3anaunm Komm Oymem cUmTaTh
uctounukoM ¢yukuuio suna F(z,t) = f(x,t) + uo(z) - 8'(t) + ui(z) - 6(¢),
f=0nput<O0.

12.45. Pemuth obo06iieHuy0 3anaay Koim co cnenyomnmmMm ucTod-
Hukamu (z € RY):

1) f=w(t)-0(z), rue w(t) € C(t>0), w(t) =0 opu ¢t <0, up =
= §(x), uy = d(z);

2) f=06(t)-d(x), up = 0(z—xo), w1 = zd(x);

3) f=0()t-0(z), uo = (2 — z), up = 6(3 — x); a=1;
4) f=06(t)sint-d6(x—mzo), wuo =0, uyp = 20’ (z);

5) f=0(t) cost-6(z), uy = 0, uy = 220" (z);

6) f=0(t)e - d(z), wug=0(1~—]|z]), w=0;

7) f:&tt)-é(Qfm), ug = 0, up =0R—1|z|); a=1;
8) f=0(t)t? 5(z), ug = C =const, wu; =6'(R—1|z|); a=1;
9) f=60(t)Int-6(z), ug— ﬁé(m), ur = 0;

10) f = % (), wo=0@2—l|a), ui =0 a=1;



§12. 3adaua Kowu dag ypasuenud 2unepboauueckozo muna 143

11) f= u =0, w =6"2-|z|); a=1;
ot .
12) f= 1E|-)t oz — 1), up =0, w =sinzd (z—m);
13) f =6(at — |z|), up =0, w3 =0;
14) f=0@)(at+p)-zd(z), uo=0, wu =zd"(z); a=1.
12.46. IlokazaTb, uTo eciut 11 (L)  JOKAJBHO MHTErpupyeMas QpyHK-
mus B R, To Vl(o) (z,1) HempephiBHAs GyHKIuS B R? 1 BRIpaxkaeTcs
dopmynon
0 H(t) r+at
@) =52 [ m©d (11)
r—at

12.47. JlokasaTb, 4TO €Ciut Uug (L)  JOKAJIBHO MHTErpupyeMas QyHK-

mus B R, To Vl(l)(a:,t) HempephiBHAsS GyHKIuS B R? 1 BRIpaxkaeTcs
dopmynon ot

Vi (@, 1) = *D fug (o + at) + o — at)]. (12)

Yxazaunune. BocnomeioBarscs TeM, 4TO Vl(l) = % [£1 * ug(z)] B

cuity 3amau 8.35 m 12.46.

12.48. IokasaTs, ato eciu f(r,t) — JIOKaIBLHO MHTErpUpyeMas QyHkK-
mus B R?, papras mymo mpu ¢ < 0, To moTermman Vi (x,t) TpUHALIEKUAT
C(R?) u BEIpaxaeTcs GoOpMyIoi

1 t z+ta(t—T)
V=5 [ [ 1Endar (13)
0 z—a(t—7)

12.49. Pemntes 0600ICHHBIC 3303491:
1) usy = @z, +0(x) - ' (t) + 0(x) - 6(1);
2) it = @tuyy +0(t)(@ — 1) + - (1) + sign () - 3(1);
0
3) wn = @z, + 00 15 + 2 - 6(0);
6(z) N LS.

) Ko+ o(—z) - 5(0);

) Ut = Uge +60(t —2) Int + |z] - 0'(2);

) U = a2ug, +0() ™ +0(2 — |z]) - 8(t), m=1,2,..;
7) Ut = Uge + 0(t) "+ 0(x) e - 5(1);
)

)
0

Utt = Ugg +

Utt = gy + 0(t — ) cost 4+ 0(x — 3) - 0'(¢) + 1(z) - 6(¢);
Ut = Uz + O(1) 0(2);
) Ut = Ugy + 20(2) O(z) z + e** - §(t), a #O;
) g = Uy + O — V) (x + 1) + || - 5(2);
12) up = gy + 0t — 2)t +60(z — 1) Inx - §'(1);
) Upt = Uy +0(x) ™ -6 (t) +0(x) ™ - 6(t), m=1,2,..;
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Uge + % + 6(z) cosz - §(¢);

15) ug = Uy +0() Vi +6(—x) - 6'(t) + 0(—z) x - 5(1);

16) ws = Uy + 0(z) e V7 -8 () + 22 - 6(2);

17) ug = ugy + 0(t) sin(z + ) + sinz - 6(t);

18) g = ugy +60(1 — |z]) - 0(2).

12.50. Ioka3aTs:

1) ecm uy € C?*(RY) w u; € CY(R!), To moTennmansr Vl(o) n Vl(l)
npuHamIexat kiaaccy C2(t > 0), ynornersopsior npu ¢ > 0 yparHEHWIO
O.u = 0 1 HAYANBHEIM YCIIOBUAM:

Vl(O) ‘t:+0 =0, (Vl(O))t‘t:+0 = uq(z),

‘/1(1)|t:+0 = 71,0(.’17)7 (m(l))t|t:+0 = 0
(Yxkaszaunue. TpeGyemble CBONCTBA HENOCPENCTBEHHO BHITEKAIT U3
dopmyn (11) m (12).);

2) ecmn f € C1(t > 0), To norenmman V; € C?(R?) ymoemersopser
npu ¢ > 0 ypasrenuto O,u = f(z,1) 1 HAYANBHBIM yCIIOBUSIM

Vilt=+0 =0, (V1)tlt=40 =10

(Yxkasaunwme. TpeGyembie CBOWCTBA HENMOCPEACTBEHHO BHITEKAIOT U3
dopmyner (13).).
12.51. Hycrs B 3anave Ko (0606mmenHoin)

14)

=
=

o~

~

—_— o~ o~ =

Ut = @ Uy + Uo(x) - 8" (1) + ua (z) - 6(¢)

dbyaxmmm 1wy € C? m u; € C' nna Beex x, Kpome T = g, TIE Ug, U1 (WIH
X TPOM3BONHBLIE) UMEIOT DA3PHIB TEPBOrO poma. 1loKaszaTk, 9TO pere-
HUE DTOM 3a/1auy ABJISETCS KIACCMYECKMM BCIOMY B MOJIymockocTu ¢ > 0,
KPOME TOYEK, JIEXKAIUX Ha XAPAKTEPUCTUKAX, TPOXOOAIINX YepPe3 TOqu
=z, t = 0 (pacman pa3peiBa), I CIEAYIOMINX CIIYyYaeB:

1) ug = 0(z)w(z), roe w = C2(R), w(0) #0 um u; = 0;

2) ug =0, u; = 0(z — o) w(z), rme w € CY(RY), w(zg) # 0;

3) uo=0(x—1), uy =06(x — 2).

12.52. s sapaun Komn (9) ybenurses B TOM, 94TO:

1) or ucTouHUKA BO3MYILEHUS

F=ug(z) - 8'(t) = 0(zo — |z]) f(z) - '(¢), @0 >0,
f € C?*(R'), Bo3HUKAIOT IBE BOIHEI, KOTOPHIC UMEIOT B KAXKIBIH MOMEHT
Bpemenu t > 0 nepednuti Pponm B Toukax x = +(at+xz¢) COOTBETCTBEHHO
¥ B KAXIBIA MOMEHT BpeMeHH > —> gadwuii fpowm B TOUKax z =
a

= *(at — z¢) (npunnun Ioiirenca);
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2) OT WCTOYHUKA
F =uq(z)-0(t) = 0(zo — |z]) fx) - 6(), x> 0,

f € C1(R'), BO3HWKAIOT IBE BOIHEI, KOTOPHIE MMEIOT B KAXKIBIA MOMEHT
Bpemenu ¢ > 0 nepednuii Pponwm B Toukax x = +(at + xo) U He UMEIOT
3adnezo Ppornma (pasmeiB 3anHET0 GPOHTA BOMHBLL W JuPPy3ud 60an).

Y kasanune. BocnompszoBarscs opmynamu (11) u (12).

12.53. Pemmts cnemyiomme 0OOOIIEHHBIE 334a9M U [OKA3ATh, UTO
NIOJIyY€HHBLIE DeIeHNs SBISIOTCS PEIIEHNSIMHI U KIIACCHYEeCKOH 3anadn

Komm (3), (4)
1) uy = a®ug, +0(t)(z +t) + e - §'(1);

2) up = aug, +0(t)tInt + 3% - §'(t);

3) i = a®ug, + 0(t) (22 +12) +a™ -5 (1), m =1,2..;
4) U = Uy +0(t) 2% + cosz - §'(t) + cos - 6(t);

5) ut = a®uy, + 27 In|z| - 6(1);

6) Uyt = Ugy + O(t) cos (z +t) + 27 - 6(t);

T) e = g + 0() sint + - 3(0);

oo

) g = aug, + 0(t) et (t);
)

9) st = gy + (z® + ) - 0 (t) + 2*/% - 5(1);

10) gy = gy + In(1+ ) - 8'(t) + e %"~ §(t);

11) Ut = Uge +0(8) t"™x +sinz - §'(¢) + 2™5(t), m =1,2,..;
12) ugs = Ugy + 0(t) arctgt + In(1 + z2) - §'(¢);

13) ugy = 4y, + 0(t) cosz + 1+ 22 - §'(1);

14) g = Ugy + O(t) zsint + z2e 171 §'(1);

15) uy = 4uy, + e 0'(t) + e *sinx - §(t);

16) U = Ugy +sin z - 0" (t) + ze 1% §(t);

17) st = g + O(t) 1ft2 n 2_10” L5 (8):

18) wse = gy + O(t) (ze? + te) + \/11—# - 6(t).

12.54. Pemuts o6061ieHHy0 3anady Koiu mis BOIHOBOTO ypaBHE-
uns (z € R?):

1) uy = a®>Au+60(t) - §(z) + d(z) - §'(t) + 6(z) - §();

2) ug = a?Au+0(t) 12 - 5(z) + |z|™6(x) - §'(t) + 6(z — 2?) - §(t), m =
=1,2,..;

3) uy = a?Au+w(t)-5(z) +e*6(x)-5(t), rne w €C(t>0) mw =0
npu t < 0;

4) uy = a®Au+0(t)(at + ) - 6(z) + 6(z — zo) - 6(¢).

10 Ilom pern. B.C. Branumupona
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12.55. Pemuts 0606miennyo 3amauy Ko nis BOIHOBOTO ypaBHe-
uus (z € R3):

1) uy = a*Au+0(t) - 6(z) +6(z) -8 (t) + 6(z) - 6(2)

2) uy = a?Au+0(t —to) - 6(x — z0) + 6(z — 2') - §(t), to > 0;

3) uy = a®?Au+w(t)-§(z) + |z )
rnew € C(t>0)uw=0mnput<0;

4) uy = a?Au+6(t) sint - 8(z) + e 6857(? -9'(t).

12.56. [okasaTs, 9To ecqnm 41 (Z) — JIOKANBHO MHTErPpUPyeMas GyHK-

mus B R, n = 2,3, T0 VTEO) — JIOKAJILHO MHTEerpupyeMas dynknus s R
7 BBIpaxaeTrcs GopMyiaMu
(0) _ 0@ / w1 (§) d€
‘/2 (Tat) - 27ma a2t2—|z—£|27 (141)
|z—¢|<at )
(0) _ @)
Vi) = o [ w(@ds. (142)
|z —¢|=at
Bameuanme. Tax kak Vi) = % (&n(z,t) * ug(z)), To, 3aMeHss

B (141) u (142) u; HA ug U MUddEpPeHNUpPyYs 1Mo ¢, TOLYIUM

(1) uo(§
Vo (1) = 8t<27ra / 2t — |:v— |2>’ (143)

lz—&|<at

ViV (@,1) = ;( | uo(g)ds) (145)

|o—€|=at

12.57. Hokasats, uto eciu f(z,t)  JOKAIBHO MHTErpupyeMas QyHK-
mas B R"t, n = 2,3, pasnas uymio npu ¢ < 0, T0 Vo — HempepbIBHAS

byuxuusa u Vs JIOKAIBHO MHTerpupyeMas ¢ysknus 8 B! u onn BoI-
paxaloTcs popMynaMu:
t
1 7V déd
Va(z,t) = e / \/QQ({(E :))2 E \;—5\27 (151)
0 jz—¢|<a(t—T) )
[t — |z —¢l/a)
. 1
1/v3($7 47ra2 / ‘x — 6‘ € ( 52)
|z —&|<at

12.58. Ioxa3aTs:

1) ecn ug € C3(R"), up € C2(R™) npn n = 2.3, 10 V. u v\,
n = 2,3, npuramnexat knaccy C?(t > 0), ynopneTsopsioT npu ¢ > O
ypasHenuio O,u = 0 1 HAYAILHBIM YCIOBUASAM
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6V(0)
VTEO) |t:+0 == 07 - = U (JZ),
T
6‘/(1)
v lt=10 = uo(z), . =0;
ot 0

2) ecmm f € C2(t > 0), To V,, € C?(t > 0), n = 2,3, ynosigeTBopseT
npu t > 0 ypasrenuto O,u = f(z,1) 1 HAYANBHBIM yCIIOBUAM
oy,
ot
Y xa3zauue. TpebGyembie CBONCTBA HEMOCPEACTBEHHO BHITEKAIOT U3

dopmya (14) u (15), ecnu B HUX cOENIATH 3aMEHY HMEPEMEHHBIX & — 2 = aln)
u ¢ —z = a(t — 7) 7 COOTBETCTBEHHO.

V|t:+0 = 07

t=+0

12.59. Pemmurs 060061iennyo 3anady Kot misi BOJTHOBOTO ypaBHE-
must (z € R?) u npoBepuTH, UTO MOIIyUYEHHBIE PEICHNUs ABISIOTCS Perre-
HUME Kiaccuaeckon sanaun Komw (3), (4):

1) f=106(), ug = C, u, = C, C = const;
2) f=0()zf, uo = ||, ur = |z[?;
3) f=0(t)t, ug =0, up = 1+ |z|%

4) f=0@t)e Yz, wo=1+]z]®, w1 =0.

12.60. Pemmts 3amaqy Komm s BommOBOrO ypasserus (x € R3) co
CJ‘Ie,HyIOH_II/IMI/I JAHHBIMMN:

1) f=0(t)z]?, uo = 0, u1 = |z]%;

2) f=06()t%)z)*>, wo=1, uy = 1;

3) f=wlt), tmew € C?2(t >0 nw=0mput <0, wu =0,
ur = alz)? + B

4) f=06(t)In|z|, ug = 0, uy = 0; a=1,;
5 f=10(), Uy = 1+1W’ u; = 0;

6) f=0, ug = sin |.’I}|2, u; = sh |_r[;|2; a=1;
7) f=6t)t, uo = |22, wy = ﬁ;

8) f=0(t)e *w(z), rne we C?, ug=+/1+z]2, s =0; a=1;
9) f=0t)e ", up=0, u1 = cos|z|?; a=1;
10) f=0, wo=Tn(l+af2), = e P o=1
11) f =0, uo:e*mrz, u; = ln|z|; a=1;
12) f = 6(t) sint, ug = cos |z|?, ur = 0;

13) =0, uo = COR—|z|), w1 =0;

14) f=6(at—|z|), wo=0, uy = 0.

10*
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3anaur Kommm nist ypasuenunin 12.61 12.63 dopmynupyroTcs Tak xe,
KaK [JIST BOJTHOBOTO yPABHEHMSI.

12.61. PemwnTs 0000mennyo 3anavy Komn nist ypassenus runepbo-
JIMYIECKOTO THUIA
Dau:buz—i—éu,ﬂ-F(ac.,t)7 a >0, b>0,
roe a b
Flz,t) = f(2,8) + uo(a) - 8'(8) + [ (@) = 7 uo(e)| - 3(2),

CO CIIEOYKIINMA OaHHBIMU:

1) f=6()- (), ug = 0(x), up = 0(x);

2) f=6(t)x, up = 0, ur = 6(x); a=b=1;
3) f=6(t)t, ug = 1, Uy = ; a="b=1;
4) f=6(t)et, ug = ev, u; = e%; b=1;

5) f=06(t)e", up = azx + 3, ur = 0.

12.62. Pemuts o606iiennyo 3anagyy Kommu nns ypaBuenus Kneiiua
TI'opmona Poxa
Oou + m?u = f(z,t) +ug(z) - 8 (t) + uy(z) - 6(2)
CO CJIEOYyKIIVMHU JAaHHBIMUA!
1) f:0 uO:(S('T)7 ul:(s(x)', a=m=1
2) f=w(t) dz), tne we C(t>0) uw w=0 mpu t <0, uy=0,
uy =x; a=m =1;

3) f=46(1), ug = 1, uy =1, a=m=1;

4) f=0, ug = 6(z), u; = 6(x), a=m=1.

12.63. Pemuts o6obiiennyo 3agagy Ko nas tenerpadHoro ypas-
HEHUS

Ot + 2mug = f(z,t) + up(z) - 8" (t) + ui(z) - 6(¢)
CO CiIeoyrImMn JaHHBIMUA!:
1) f=0, ug = 0(z), ur = 6(z), a=m=1;
2) f=w(t) 6(z), tne we C(t>0) u w=0 mpu t <0, ug=0,
uy =0; a=m =1,
3) f=0, ug = 1, ur = 6(x), a=m=1.

OrBeThl K §12

12.7. g(y5/4— 23/2); |2 <1, 0<y < 1.

12.8. siny —1+4+e"Y, —co <z, y < oc.

12.9. x—y—%%—%ezy; - <z, y<oc.

12.10. %[1—m73y+(m+y71)e“}; —oo <z, y < oc.

12.11. zy + ; sin Z?y cos (.CI? + %), —o0o <z, y < oc.
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12.12.
12.13.

(y — 3z)e @ H9)/2, 1 <1,y < 3.
1) -T-I-iyzs x>0, y| < 2¢/z;

2) m3y+sinm—%x4—%x4y2; z>0,y>0.

12.14.
12.15.
12.16.

12.17.

12.18.
12.19.

12.20.
12.21.

12.22. ¢

12.23.

12.24.

12.30.

12.31.

12.32.

12.33.

12.34.

2
T

—x>0,y>0.
v Y
2r+y—12% —oco <z, y < 0.

1)—+2I—y,r>0,y<0; 2) 2t +y% 2> 0.

%\/m_y(\ﬁ/——é); >0, y>0.

2?2+ 2y +1; 2 > 0, —%<y<m2.

2?4 zy + %5 x> |yl

% +(4—3y)e Ty — (233 + g) 2(—z—y), R — er—&+2(y—n)

ry g R=L.
—y+ay R= .
m[(m+y—1)u( y—1)+(z—y+1u(z—y+1)]|+
z+y—1
e ) [(© +u©)¢ds
(y — z)(z? + 1) + 2° cos z. S
N-—1 (at)2k 2kt2k+1 X 2kt2k+2
2 |y Ao+ Gy AT @)+ G (x)}
% [f(z1 + at) + f(z1 — at) + g(z2 + at) + g(z2 — at)]+
x1+at xo+at
to [ F@de+5- [ Gdn
x1—at xro—at

1g(332,333)[f(ﬂvl +at) + f(x1 — at)].

s L1+ at) alle] +at) + (o] = at) alle] - ath)] + 5, x
|z|+-at

X / rB(r)dr npu |z| #0 un u(0,t) = a(at) + ata’(at).
||z|—at|

1

el [0(1 — |2 = ) (|2 + )+ (1 = |2 = )7 + 61 — ||| — ¢]) %

x sign (|| — 8)[|z| — |+ (1 — |l2] — #])7]

mpu |z| #0 m u(0,t) =61 —¢t)t*(1 — )5 (o + 1)(1 —t) — Bt].
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12.35. 26(1— [z + 1)@+~ 1"+ 2601 — |z — ) [z — 1) ~1]".
12.36. 1) (z + 2t)%; 2) 2% + ot + 4t + éxtB;
3) sinx; 4) zt+sin(z +1¢) — (1 — cht)e®
1 . .
5 1+t+ 5 (1 — cos 3t) sin x; 6) o] (1 — cos awt) sinw;
7) Pl sinwt
w  w? '
12.37. 1) z + ty + t%; 2) zyt(1+12)+22 —y?%
3) %t2($3 —3zy?) + € cosy + te¥ sin z; 4) 22 + 12 + tsiny;

5) 2:1:2—y2+(2m2+y2)t+2t2+2t3;

6) 2% +ty® + = t2(6+x +y3)+ 3+ gt“(w—ky);
3z+4y _ = -

7) e [2 ch 5t 25+ sh5t]

8) cos (bz+cy) cos (atv/b2+ %)+ sin (bz+cy) sin (atvVb? +2);

a\/b

9) (22 +y*)*(1 +t) + 8a*t*(2* + y?) ( ;t +8 a*tt (1-|-—t)
10) (22 + 92 +4a?)(et — 1 —t) — 2a°t? (1 + %t

12.38. 1) 22 + 9% — 222 +t + t2zyz;

8 1 2

2 2 2, 8.3 4,2 6.

2)y+tz +8t+3t +12t£l;' +45t,

3) a?y?2? + twy + 32 (2% + y® + 22 + 2%y + 2227 + y?22?) +

+ 3t (g+m2+y2+z2) +2

_tﬁ.
5 )
4) e"*¥cos (2v/2) + te®¥ 42 sin by + 3e"V2 giny cos z;
5) (1+41t)(z? +y* + 2%)* + 10a°t? (1 + %t)(mQ +y?+2%) +a*t* (5+1);
6) (22 +y%+ 22 +6a%)(ef —1—1t) —a’t?(3 +1);

1 N .
7) o (1 — cosat)e* cosz siny +

+evt?

1 . at 2 .
Eshat sinz + Esh (atﬁ) + z“ch (at\/ﬁ)}

8) zycosz cosat + 1 yze®shat +
a

T 1
+— +4 ( - - — )
1 2502 COS (3y Z) e cos dat 5 sin bat H

9) (cos at + L sin at) cos/z2 +y?> + 22+
a

1 . . 1 .
+———siny/22 + 9% + 22 (tcosat— atsinat — = smat).
VvV +y? + 22 a
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/2 /2

— g B _ a1 B/ . o
12.40. Ci=d (A+(E)’ Cy=a A(a-l-l)o/sm godcp+go/sm pdp|,

Cs =a” [A(a-l— 1)+ g]

12.41. Pemeunue. Ceeprka &, x F' cymectByer B cuny 8.34 u
ompenenseTcs GOpMyJIon STON 3amauum, rome g = &, u f = F, Takx xak
F(z,t) =0 npu t < 0 u supp &u(z,¢) C T B cury 11.15-11.17.

12.42. Pemenue. llna w = u — u*, rme u*(z,t) € 2'(R"1),
u* = 0 mpu ¢t < 0, — mpyroe pemerne 3anaun (9), umeem w € P'(R"1),
w=0npun t <0 u wy =a?Aw. CBepTKa &, *w cymecTByeT B cuy 12.41.
Torna w = § xw = ((Ep)u — a2AE,) xw = &, x (wy — a?Aw) = 0.
CnenoBartesbHO, U* = u.

12.43. Pemenne. 1) &,(z,t) € C° not € [0,00) B cury 11.26.
Ilpu xaxpom t > 0 HOCUTENH SUPD &), comepxutrcs B wape |z| < at u,

CIIeNOBaTEIBHO, PABHOMEDHO orpanudeH B R" npu t — 1o > 0. llosTomy
B CUJIy HEIIPEPBIBHOCTU CBEPTKU B 2" umeem

<% *U1($)7(P($)> € C[0, o), E=0,1,... (+)

s Beex € P (R™) (onpenenerne o6obmennon dyukunn (u(x,t), o(z)) €
€ 2'(R") cm. B xorme §11). Ilanee, B cuity pe3yibTaTos 3anaun 8.35

O V0, 1).0)) = (G (Bl *s(2) - 6(0)0) =

- <T *“1(-77),<p> € C[0, 00)
5 cuny (x). Crienoparessno, (V" (1.t), ¢ (x) € C[0,00), 7.e. Vi{") € 0
no t € [0,00). AHATOTWYHO IITs ARE
2) B cumy 11.26 npu t — +0

Vi (@, 8) = Eu(z,t) xur(z) — Oxuy =0 B D'(R"),

Vi (x,t) D B
— 5 "5 [£(z,t) xui(z)] =
_ 08.(n,1)
ot

12.44. Y ka3 auue. BocnonbsoBarscs dopmyson (10) usz §12; 3a-
nmaqeit 11.15, dopmymnamu (3), (31) n3 §8 n 3anagamm 8.31 u 8.8.

1) u:gl(x,t):%aa(ammp; 9) %H(a(t—tg)—kﬁ—md);

) % = %H(t) 5(at-|-_q:) — %0(15) J(Clt B .’L‘);

xup(z) — dxu; =ui(z) B 2'(R™).
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1) 280 = 2 5(at  |al); 5) 1 6(a(t — to) — |z

6) o 6(t) d(at +z — z0) — o= 6(t) d(at — 7 — z0);

) G = 5ol la &) FE = GBSt o)
9) 0; 10) i&(atfm).

12.45. Cwm. ykaszanus K 3anade 12.44.
1) Pemenne. Ypasrenue (9) mms uckomoit u(z,t) uMeeT BUL
Ut = a2 Ugy + F(, 1) + uo(z) - ' (1) + ur(z) - 6(t) =
= Uz, +w(t) - 8(z) + 6(x) - 8'(t) + 8(z) - 6(¢). ()
B cuny dopmynsr (10)
u="V + Vl(l) + Vl(o) =& x[w(t) - d(z)] +

+ & x[0(z) 8" (B)] + E1 % [0(z) - 0(8)]. (%)
B cuny 3anaun 8.36, 1) +—lol/a
1

Vi = o f(at — ) / w(r) dr.

B cuny 3anaun 12.44, 1) u 4)
VO o.t) = - 0(at — o)) n V{(a,t) = 1 d(at — |a]).

Moncrasus V7, Vl(l) n Vl(o) B (%), moyunM pemmerre 0600IEHHON 381391
Komm (). W3 12.2 cnenyer enuucTBeHHOCTD 3anaun (). U3 sanaun 12.43
CIenyroT mnpenenbHbie cooTHomenus u(x,t) — O(t), ug(z,t) — §(t)
t— 08 9'(R");

1 1
2) m@(at — |z|)(at — |z|) + 55(at — |z — zo|);

8) 10— [t = |a])> + 3 0(t — o = 3]) + 5 6t — | — 2|);
1

1) o 6(at — |z — o)1 ~ cos (1 - ‘“”;7“')] — - b(at ~|a]) (Y xa-

sarme. zd'(z) = —06(z).);

5) %a(at—|$|)[2+sin(t_%)] (Yxazsanmue. z28"(z)=25(z).);

1 1 1
_ a(t—|z|/a) _ 2 slat— L stat— |z —1)):
6) 5—6(at z])(e 1)+25(at @+ 1)) + 5 d(at — |z — 1));
7) G(t—|:1:—2|)«/1—\x—QH—%G(t—|:1:+R|)+%0(t—|:1:—R|);

8) < O(t — lal)(t — |2])* + CO@) + L 6(t — o+ R)) = 30(t — & — RI)

(Yxazaunue. Cwum. sapauy 7.14, 1).);
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0) o at —lal)(t — ) e (1 - BN 4 Lt — o)
10) %0(t—1—|z|)(arctg(t—|ar|)f§)+55(t—|m+R|)—§5(t—|m—R|);

11) %0(t)6(t+x+2) - % 6 (t) 6(t—x—2)—%0(t)6(t+$—2)+

+ % 0(t)o(t —2+2) (Yxkaszauume. Cm. 3anaun 7.14, 1) u 8.8, 2).);
1 -1 1
12) - f(at — fo — 1) In (141 = 222 4 Lg(at — o — nl);
a’t? — o’

13) 6(at — |z|) T;

14) 260 o]t — Jal)? + 260  [])] — 6(0) 8(t+ ) +6(8)8(t — )
(Y x a3anune Bocmombzoarbcs 0" (x) = —260'(z) u 3anaueit 8.8, 2).).

12.49. Yk asauune. BocnomesoBarscs opmynamu (10) (13).
1) Pemenwme. u="V; +V(1) —l—V(O)' V1 = 0. B cuny dopmyasr (11)

2+at r—at
o _ % G @ [ / €) d¢ — / 0(¢) df]
r—at 0
_ %’? [6(z + at)(z + at) — O(z — at)(z — at)],
x+at
it =5 [@ / 6@ d’f] o(t) (O(z +at) + 6(z — at)];
r—at

2) e(t)<$+g(m1)+w>;
3 60| 2 + Loa + avaTa - Lo - apva=al,

4) 9(t)[(t+1) In(t+1) —t++ S0(t = o)t — ) + %0(—t—x)(t+m)]

(Yxasamme Vi=_6(t— o) t"f)l 1(z).):

5) 9(t—2)<t21n\/2+(1—t)1n4—( L >+9(t)

(|z+t|+ |z —t]);
o(t) { 2t +?
(

7) 0 [t st 40z + 1)1 — e ) — bz —1)(1 ' )];
8) 8t —m)(1 + cost) + “D [6(z + 3 — 3) + 6z — 3t~ 3) + 21]

9) @ [0z +t)(z+1)2 +0(z — t)(z — 1)2 — 20(z) z2);
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m)%? Bz + 1)@ +1)° + 6z — )& — 1)° — 20(2)2° + © e**shat],
a #0;

1) XD ot i) 12+
+ 651_” [sign (z + t)(z + t)* — sign (z — t)(z — 1)];

12) 9“6_2) (t+4)(t—2)%+

+0(2—t)[e(x—1+t)1n(:z:+t)+9(x—1—t)1n(w—t)};
13) 6(2—t)[0(m+t)(.r+t) (1+ xit)+0(r*t)(rft) (1 :,:rtl)}
14) %t) [8¢%/2 + 30(x + t) sin (z + t) — 36(z — t) sin (z — 1)];
15) G(t){ 5:1:t5/2+9( )G+@)+9(—w+t)e—#>}
16) 9() [6::: t+2t3+30(z+1t)e ‘/m+39($—t)e’m]§
17) 0(;) [cosz sint + 2sinz sint — tcos (z + 1)];
18) g(t)[ Ol+z+t)(1+z+t)—01+z—t)(1+z—1t)+

+0(-1+z—t)(-14+z—t)—0(-1+z+t)(-1+z+1)].

12.53. Ykasauue. Bocnonb3oarscs dopmymamu (10) (13), 3a-
nmaqeit 12.50 u pemennem 3anaunm 12.45, 1).

3 2
1) 6(¢ )(t +i+e”chaat)

2) G(t)[ (glt—%)—i—B’”chat] (YKa3aHI/1e. Vlzix
xamt—mn*()tmt1())

12 [ (1—a?)t* + 6t°2% + 6(z + at)™ + 6(z — at)™];
4) 1(— [t* + 61222 + 12 cosz - (sint + cost)];
(— [3(z + at)®*In|z + at| — 3(z — at)*In|z — at| — 6az’t — 2a313];
z+1 _217t
6) [tsm (z+1t)—sinz sint+7};
In2
t

7) G(t)[ —Slnt+_arctg 1-'_:7;7#]7

S)Mﬂ{dt1+ ! + 1 }

21 + (z +at)?]  2[1+ (z —at)?]
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9) 9(t)[a(m2 +2)+ B8+ % ((z+)7/3 — (x 7t)7/3)];

0(t) z+t )
10) - In (1 + €2* + 2echt) + / e ? dz];
r—t

xtm+2 . (x+t)""" — (z—t)""" |
11) o0 [ m £2) +sinz cost + Tt 1) :
12) (T{ 1)arctgt+¢—t1n (2 + 1) +1In [(#2 + 2% + 1)? — 4t%22] };
13) (T ( cosz sin?t + /T + (@ + 202 + /T + (z — 20)2 )
14) (T [22(t — sint) + (z + t)2e 1ot 4 (z — t)267|17t‘];

15) 0(t){e$24t2ch4xt+
\/5 —x | 52t u —92t ™ i
+?e [e cos(erth)fe cos(m+2t—z)} ;
16) 6(t) [ sin® z cos? t + cos® z sin® £ +

sge @t ln—t) - ge A+ n + o)

17) 6(t) {r (tarctgt —Inv1+12) + ! + ! ];

4—2cos(z+t) 4—2cos(z—1t)

x+t+\/1+($+t)2}
t—t4+/1+ @ —1)2]

12.54. Ykaszaunme. Bocnomeszoarecs dopmymnoir (10) w 3ama-
weir 11.15, 2).

0(at — |z|) <1n at + a2t2 —|z/|? a 08> (z,t)
||

18) 6(t) [ezsht +z(et —1) —axt —te® + % In

1)

2mwa? 0212 _ ot )

2) 0(at — |z|) 2at? + @ at + /(at)? — |z|? 3t\/ﬁ
4mad a

+ & (x — o, t);

bt — o) TV w(ryar

2ma a?(t—7)2 — |z|?
0
gy Yot l)) [(at-l—ﬂ) W SV DR e IzIQ} N

271' |_f1;|

3) + & (x,t);

+52($ — $0,t).

12.55. Ykaszauue. Bocnomssosarsca dopmymoin (10) u 3anma-
weit 11.16, 1).
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b(at — [a)) 08 (zt) . _ W) .
D) 4ma?|z| + 1) + ot rae & = dna’t 55‘” (2);
2) O(a(t —to) — |z — x0]) -I-éag(.rfm',t);

4dra?|z — zo|

3) Pemenune. u="V;+ V3(0) + V3(1). B cumy 8.35, 1)

(Vo) = (& # w(t).0) = ( ) 5. (@) wir).n (@8 |o]) so(x,m)) -

4ma3t
N 7 gaa:t+7'
_/w {/ o dSwdt}dT

0 |z|=at

Tax xax dS, d(at) = dr — snemenTt 06Bvema B R, TO

b= Jorn| =5zl or

w(t — |z|/a)
/ /3 dmata| p(z,t) do dt
CrenoBarensHo, xR
_ w(t —|z|/a) (0) _ 9&s(z,t) (1) 083(,1)
Vs = dma?|z| Vs Oy, Vs 2 ot

076 (x)
rak kak |1|? =~ = 20(z);
& 0z}

sin (t — |z|/a) | O°&s(x,t)
dma?|z| Oz, Ot, . Oz oy

12.59. Ykxazaunue. Bocnons3oBarwcs 3amauein 11.15, dopmymna-
u (10), (141), (143) u (157).

1) e(t)(ﬁ +COt+ C);

4) 6(at —|z)

2) 6(t

[ at3+2a2t2+|m| (;+t+1)};
[ 2t3+t(1+\z\ )]
Ok

at® + (4a2 + |z[2)(t — 1+e*t)+1+\z\2]

12.60. Y x a3z auue. Bocnomp3oBarsces 3amaueit 11.16 u dpopmymna-
u (10), (142), (144) u (155).

2,2 2,4
1) 0(t)<|””| Lyt m2t+a2t3);

2

a’t® |:v\ t!

2) 0(t)< TEREET -|-t-|-1>
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3) [w(r)(t —7)dr +6(t)(aa’t® + alzt + ft);
o(t)

2 % {w n(|z] +4) + (“”" |t) 1n(|m|t)2|m|21n|m|3t2}
0(t) |z| + at |z| — at )

) m(' |t T Qe 1+(|93|7at)2)

) 52 [(] + 1) sin 1 + )2 + (1] — ) sin Js] — 17 +

1 2 1 2]
+ 5 ch (|| +1)? — ch(|a| 1) ]

alz| 1+ (|z| — at)?

—ikt eik|z‘w(]) — Z) |’I)| +1 2
N | dz + L+ (=] +1)* +

2
7) 0 (2 £ 4+ 12|af? + 36022 + —— 1n 12l F ) );
[ E 2]

z — 2 |-
+ 2] 1+ (Jz] —t) ],
o(t) s [
9) 12| [26'”' /e’p sh 2p|z|dp + sin (|z] + t)? — sin (|| t)zl;

10) 510 [(al +6) In (1 + (o] + %) +
+ (|2 — ) In (1 + (Jz] — £)?) + e~ =*~)gh 2t|m|];

11) %{wﬂzlm?)wch2t|.7;| ~ tsh2ta)) +
(o] + 20 (Jal 4+ 02 — (fal — 0 In (o] — 1)? — 4t}a]] )

|z| + at 5 | |z| —at _ 2)_
o] cos (|z] + at)® + ol cos (|z| — at)? );
0(t) c

2] [(|2] — at) O(R — ||z] - at]) + (|z[ +at) O(R — |z| —at)] (Y x a-

3aHue. Pelenne 3aBUCUT TOIBKO OT |z| u ¢; HOOCTAHOBKOM uy (r,t) =
= ru(r,t) ceectn 3amauy k 3amade Komm mist ypaBHeHus koseGaHmit
CTPYHBI M BOCIOJIB30BATHCs (popmydiont (12).);
2t2 o |’l}|2)
14) O(at — | ((17.
) Bt Jaf) CL

12.61. Ykaszauue. Bocnomssosarsca ¢opmymnoin (10) u 3ama-
qen 11.18.

1) Pemenwe. uy =V, —l—Vl(O)—i-Vl(l), roe

— Exf = ExO(t) = G(at; |z|) [exp (_ b(xfat)) —exp (_ b(z — |T|))]’

2a? 2a?

12) 6(t) (t —sint +

13)

VO = @x [ui(z) - 6(t) — guo(az) 8] = (1- g)g
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V1(1) = Ex ug(z) - 8'(t)] = %(f #[6(z) - 6(1)] = %—f =
B b J(at*‘fED b(,q;—at)
RS

rae &(x,t) onpenensercs gopmynoit 3anaqn 11.18;
[ 2

2) 6(t)|(e! —1)(z+1—3)+3t—at+ -+ _

- +0(x+t)el —O(x—t) Ot — |z])et)/2|;

3) e(t)_et(—1+x+t)—w—§+2}

[ a a a’ ta etta a a2_a’+1 zfa_
4) 6(t) a_1 (etfaet/ +a*1)+m tattt/ +We t,
a# 1; ] _
5) 6(t e’ a’ (b+a®)t/a 1 —at 1
) OO\ 5 [ A R

2
+a(z — at) + % (ebt/e — 1)}

12.62. Y ka3 aunue. Bocnono3oBarscsa zanauen 11.21.

1 - '“{ (VT = )—\/ﬁ%_ﬁg]l(\/tz—ﬁ)]%—%é(t—x);
—a
2) W) / w(r) Jo (/T —T)F — 22 ) dr +
0 ) x+t

7/@0 2= (z - 67)dg;

3) 0(t)[2—sint—cost+/]0(\/ — ) de - t/‘]l\/_vé”df};

Q{G(xﬁ-t)ﬁ-e(x—t)—k

2
+/0:1:— ( (V&) -t 7%))%]

12.63. Y ka3 aunue. Bocnono3oBarwscsa zanmagen 11.22.

1) let(;(t$)+et9(tm)[lo(m)+%ll(vt2_x2):|;

2 12 — 12

4)

t—|a]

2) %0(t7|m|)e’t / w(r) e Jo(in/(t — 7)2 — 22) dr;

0

3) 0(t)<1 ¥ % [O@ = et (VE-E) dg).
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§13. 3anmauya Komm nisi ypaBHeHus TEIJIOIIPOBOLHOCTH

Knaccuuecko#n 3amauvenn Komwu mms ypaBHEHUS TEmO-
IPOBOMHOCTY HA3BIBAETCS 3aada O HaxoxaeHuu QyHkumu u(z,t) Kimacca
C2(t > 0)NC(t > 0), ynosnersopsiowieis mpu £ € R™, t > () ypaBHeHnIO

up = a®>Au + f(z,t) (1)
¥ HAYAJIHLHOMY yCIIOBUIO
ult=0 = uo(z), (2)
roe f mug  3amaHHBIE DYHKIINAU.

Ecmu dysxmmsa f € C2(t > 0) m BCe ee TPOM3BOMHEIE IO BTOPOTO
NOPSAAKA BKJIIOUATENBLHO OrpaHudeHel B Kaxmon momoce 0 < ¢ < T a
dyukmms ug € C(R™) u orpanmyena, 10 pemenue sagaun Komm (1), (2)
B kjacce byakumit u(x,t), orparnyeHHbix B Kaxnoi mosoce 0 < ¢ < T
CYIIIECTBY€ET, EMMHCTBEHHO W BHIPAXaeTCsa hopmydon Ilyaccona

u(z,t) = (2(1\/_) / exp{—|“34_2§|2}d§+

f(fa |$—£|2
+//[za ST ep{ 42(tr>}dfd“

13.1. Tlycrs dysukims  u(z, t, tg) upusamnexut kiaaccy C2? mpm
x € R", t > to > 0. Hokazars, uro ¢yukuus u(z,t,tg) OpU KaxkmoMm
tg > 0 sBiseTcs pererueM 3angauu Kormm

us = a*Au, Ult=t, = f(z,t0)

TOTZA M TOIBKO TOTOA, KOTOa QYHKIUS
t

v(z,t,tg) = /u(x,t,T) dr
to
npu KaxnoM tg > 0 aBnsgeTcs perneHuveM 3anadn Ko
vy = a®Av + f(z,1), Ult=t, = 0.
13.2. Ilycrs ug(zk,t) — peutenue 3anaun Komn
1 = a’Au, =0 = fr(zr), k=1,2,...,n

3

Hokaszats, uro dyukuus u(z,t) = [] wr(zk,t) aBasercsa pewenuem 3a-
k=1

up = a>Au, Ulg—o = H fr(zr).-

naun Kormmm

13.3. Mycrs dyskmms f(z,t) € C2(¢t > 0) aeasercs rapMOHWYEC-
KOi 1o x mipu Kaxnom dukcupoBanuoMm t > (. IHoka3zaTk, 9To dyHKIWMS
t

u(z,t) = /f(x, T) dT sBrseTcs pemennem 3anaun Komm
0
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ur = a*Au + f(z,t), =g = 0.

00 5k
13.4. Tycre ug € C*°(R"™), a pan kZ:O o Afug(z), § > 0, n Bce ps-

OB, TIOJIyYeHHBIE U3 HEro NMOYIeHHBIM nuddepeHnrupoBasueM 10 BTOPOrO
MOPSIKA BKIIOUATEIBHO, CXOOSITCS PABHOMEPHO B KAXIOW KOHEYHOU 00-
nactu. Hoka3zaTk, 94T0 GyHKIIUI

o0 k

2k
u(z,t) = Z ak!t AFug(z)

k=0

ABJSeTCs pellleHreM 3afaun Korrm
_ QA 0 d . _
u; = a”Au, <t< ok ult=0 = uo(x).

Permenns 3apaa 13.5-13.8 moxu0o HaxoguTsk 1o dopmyite Ilyaccona, HO
WHOTAA ya0OHEee MPUMEHUTh METOI PA3eNIeHNsI TIEPEMEHHBIX U BOCIIOb-
30BaThCS pesysbTaramu 3ana4d 13.1-13.4.

13.5. Pemnts 3anauun (n = 1):

1) up = 4y, + 1+ el U= = 2;

2) Up = Uge + 3t2, uli—o = sinz;

3) Up = Uy +e tcosm, |t—g = cOS T;

4) up = Uy, + et sinz, ul4=o = sin z;

5) Uy = Uy, + sint, U= = 6’12;

6) dur = Uy, U= = 62’”7’”2;

) Ut = Ugy, Ult—p = xE ’”2;

8) du; = Uy, U= = sinze

13.6. Peunts 3anauu (n = 2):

1) uy = Au + e, U|t=0 = cos z siny;

2) us = Au+sint sinz siny, uli—o = 1;

3) u; = Au + cost, Wt—o = myef”ﬁ*yQ;

4) 8u; = Au+1, uli—o = e~ (@)

5) 2us = Au, U|t—0 = COS TY.

13.7. Peumrs 3amaunm (n = 3):

1) us = 2Au + tcosz, U|t—p = COS Y COS 2;

2) ur = 3Au + €, Ult—o = sin (. —y — 2);
3) 4us = Au + sin 2z, Ult—g = i sin 2z + e~ cos 2y;
4) up = Au+ cos (z—y+2), Ulymg = e~ (@Hy=2)"

5) ut = Au, ul¢—o = cos (zy) sin 2.
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13.8. Pemmts 3amauy Kommm
u; = Au, wlt=0 = uo(x), z €R"

I CIIEOYIOILINX UQ:
n

1) up = cos Y zp; 2) uy = el
k=1
3) ug = (Z Ek) e*|$|2; 4) ug = <sin > .rk) e~z
k=1 k=1
n 2
5) ug = exp —< > ﬂvk)
k=1

Ecnm pemenne u(z, t) knaccmueckoit sanaan Komm (1), (2) n dyskmuio
f(z,t) € C npononxurs wysmem npu t < 0, To u u(z,t) ynoBmersBopseT
B R"*! ypaBnenmio (B 06061I€HHOM CMEICTIE)

up = a’Au + f(z,t) + uo(x) - §(t). (4)

Obob6wennoti 3adaveii Kowu nis ypaBHEHUs TEIIIOMPOBOTHOCTH C
ucrounnkom F(z,t) € 2'(R"1), F = 0 npu t < 0, HazeIBaETCS 3aMa4a
0 HaxOXIeHH: o600IeHHON byuknmu u € ', obpamaonieiics B HyIb
npu t < 0 u ymoenersopsmowmeir B8 R"T! ypaBHeHMIO TEmIoOnpOBOMHOCTH

u; = a’Au + F(z,t). (5)

Ecnu cymecrsyet cepTka & F', roe

E(z,t) = _60) exp{ o }

(2a\/7rt)n 4at
— GyHOAMEHTAIILHOE PEIIEHNE OIEPATOPA TEIIIONPOBONHOCTH, TO
u==~&xF

ecThb pererne 0606IenHou 3anaun Komm (5). OTo pemenne eAnHCTBEHHO
B Kjacce 0600mennbx dyHkumit 4(x, t), 115 KOTOPBIX CYIIECTBYET CBEPT-
Ka &* u.

Creprka V = &% F HazpiBaeTCst OOOOLLIEHHBIM MeEN406blM NOTEHUUG-
a0M ¢ naomuocmyio F.

B uactmocTu, ecmu F' = ug(z) - §(t), rme ug € 2'(R"), TO cepTKa
VO = &z, t) xug(z) - 6(t) = E(z, 1) * uo(x)
(eciu OHA CyIIECTBYET) HA3BIBAETCS OOOOILIEHHBIM 7.08EPTHOCTIHbIM TNET-
A0BbIM TLOTNEHUUAAOM € NAOTHOCTIBIO Ug.-
Tennosoit norentman V' ynosmeTsopsier ypasaeruio (5).
0O60o3naunm uepe3 M kiacc Bcex QyHKIUN, JIOKAIbHO UHTETPUPYEMBIX

B R"!, paBubix mymio npu ¢ < 0 I OrDAHMYEHHBIX B KAXKOOH I[OJIOCE
0<t<T, z€eR"

11 Ilom pen. B.C. Branumupona
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13.9. Haiitu pemenune o6oGennon 3amaun Kommu (5) mmst cremyro-
mmx F':

1) 6(t)-6(z);  2) 6(t—to)-0(z—ma), to>0; 3) 5(t).8(;51(;:)’
4) 8'(t)-6(z);  5) 5(1540).%, >0 6) 51(0'655—9(;)

)
7) 6(t)-0(x); 8) B(t—tg)-O(x—z0), to>0; 9) &(t) 5(’17;.’130);
10) w(t)-d(z), rme we C(t>0), w=0 mpu ¢t < 0.

13.10. Hycre f(x,t) € M. llokasats, uto cBepTka V = &x* f:
1) cymectByer B M u npencrasiseTcs GOpMyon

f(£7 ‘ _6‘
// Tl ep{w( >}d5‘“ (©)

2) yHOBJETBODSIET OLEHKE
V(@ <tsup [fED), >0
ogigt
3) mpencrasmser coboil equHCTBeHHOE B Kyacce M pemenue (0606-
mennoe) ypasuerus V; = a2AV + f(z,1).
13.11. Hycts ug(z) orpanuueHHas ¢yukinus B R". IlokazaTe, 4TO

CBEPTKA
VO = &z, ) xug(z) - 6(t) = &E(x, 1) * ug(z):
1) cymectByer B M u npencrasiseTcs GOpMyon

(0) _ 6@ |z ¢ .
VOt = ey | w@en {-L Lo
2) yIOOBIETBOPSET OLIEHKE
VO (z,t)| <suplug(§)]. ¢ >0;
g

3) npencrasnsier coboil equHcTBeHHOE B Kylacce M pemtenue (0606-
IIIEHHOE) yPABHEHUS Vt(o) = a?AVO 4y (z) - 6(t).
13.12. Ioka3aTsk, uTo perienne 06001enHoM 3anaun Korm
1 = a?Au + f(z, 1) + uo(z) - §(2) (8)

BBIpAXKAETCs Kitaccudeckon dpopmynon Ilyaccona

o) = G [ wlE) e {— S g+

(Za\/7r_
|z — ¢*
+// 2a 7rt—7' ep{ 4a*(t — )}dEdT (9)

ecnu GyHKIUS f JOKANbHO mHTerpupyema B R"1 u paBma mymro npn
t < 0, GyHKIMA 1 JTOKAJIBHO MHTErpupyema B R™ m o6a cllaraeMbix B
dopmyme (9) moxanssO mETErpUpyemMB B R
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13.13. Hoxa3aTsk:

1) ecm f € C?(t > 0) u BCe ee MPOM3BOMHEIE [0 BTOPOTO MOPSIKA
BKITIOUNTENILHO NpuHamIexat knaccy M, o V = &x f € C?(t > 0)N
NC! (t > 0) ynosnersopset mpu t > 0 ypasreruo V; = a?AV + f(z,t) n
HAYAIILHOMY yCJIOBUIO V|t:+0 =0;

2) ecmu ug(z) — HempepBIBHAS U OrpaHWYEHHAs QYHKIWS, TO
VO = Exupg=C®({t>0)NC(t>0)

YIOBIIETBOPAET yPABHEHUIO Vt(o) = o?AV(®) y mHavanEHOMY YCIOBHIO
V(O) |t:+0 = UO(.’E);

3) npu BumomEeEnn yeaosmi 1), 2) dyskmus v = V4V rge V, V(O
onpenensaoTcsa opmynamu (6) u (7), eCTh peleHne KIIacCuIecKoi 3a1a4m
Kommn (1), (2)

Y xa3zauue. TpebGyembie CBONCTBA HENOCPEACTBEHHO BHITEKAIOT U3
dopmyiet (8).

13.14. Hatitu pemmenue o6o6mennon 3amaun Ko

Ut = Ugy + UO('/E) ) 6(t)
IS CIIEMYFOLLAX Ug:

1) 6(x); 2) (1 ) 3) 61 Jal);

4) O(z)e "; 5) 6(z)(z + 1); 6) O(z —1)ux.

TlokasaTb, aro Hainenuwle Gyakuun u(zr,t) npm ¢ > 0 npuramIEKRAT

knaccy C°° u yIOBIETBOPSIOT YPABHEHUIO Uy = Ugy, & npu t — +0
HEIPEPHIBHBL BO BCEX TOYKAX HENPEDPLIBHOCTU GOYHKIWMY U4g(Z) U B 5TUX

TOYKAX yIOBJIETBOPSIOT HAYAIILHOMY YCIIOBUIO Ult—10 = Uo(T).

13.15. Haiitu permenune o606mennon samaun Ko

Ut = Ugy + f(Tat)

IS CHenyonmx f:

1) 0(t—1)et 2) 9(t — ) cost; 3) O(t—1)x;

4) 6(t —2)e"; 5) 6(t) 0(z); 6) 6(t)-60(1 — |z|).

IokazaTs, yTo HalmeHHbIE GYHKIUYM u(Z,t) TPUHAILIEXKAT KIIACCY
C(R?), yIOBIETBOPAIOT HAUAIIBHOMY YCIIOBHIO Ut—g = 0, a B TOUKax He-
npepeBHOCTY byskmn f(z,t) mpuHanaexat knaccy C2.

13.16. Pemmnts 0606mennyo 3anaay Komm (8) mus ypasHenus Tem-

nonposomHOCTH (7 € R!) ¢ HIKeCTenyomuMmu TaHHEIMEA ¥ TPOBEPUTH,
YTO MOJIyYEHHBIE PEIIEHUS SIBIISIIOTCS PEIIEHNESIMI KIIACCUYIECKOR 33,024

Komwu (1), (2):

2) f=6
3) f=06(t)2xt, ug = 3+ x4, =1;
4) f =6(t)32%t2, wug = €7, a=1;

11*



164 La. IV. 3adava Kowu

5) =6V, uo = sha;
6) fzﬂt); ug = ze;
7) f=6(t) Int, up=xsinz, a=1
8) f=6(t)xcosz, wuy==xzcosz, a=1
9) f=26(t)e", up = 6(z) z, a=1
10) f =6(t) ze”, up =0(z)z?, a=1

13.17. Pemurs 0606mennyo 3anavy Komm (8) nns ypasmenws ren-
somposomHOCTH (7 € R?) ¢ HIXECTemyIIIMMH NAHHBLIMEA W TTPOBEPUTH,
YTO TOJIyYEHHBIE DEIIEHUS SIBISIOTCS PEIIEHUSIMI KJIIACCUYIECKON 3a0a9m

Komm (1), (2):

1) f=0(t)zye, ug = %~y

2) f=0)(2+y?), uo=a"+y%
3) f=06(t)4zy, uo = 22y2, a=1;
4) f=46(t)e" cosy, ug = e*TY;

5 f= Uy = T COSY;

6) f= 0( ) 2y, Ug = COS Y.

13.18. Pemuts o606iennyo 3anaay Komm (8) mms ypaBHeHnus Temn-
somposomHOCTH (7 € R3) ¢ HIXeCTemyoIMMmM NAHHBLIMEA W TTPOBEPUTH,
Y9TO TIOJIYyYEHHBIC DEIICHUS SABJIAIOTCA PDEIICHUAMN KJIACCUYECKON 3aga49m

Kommu (1), (2):

1) f=06(t)zye, ug = xeY cos z;

2) f=06(t) zy cos z, ug = (22 +y?) cos z, a=1;
3) f=06(t)zyz cost, uo = zy>23;
4) f=0(t)(z%—2y%+2%) €, ug = z+1y>+23;
5) f = 6(t)cost sin 3z cosdyed*,  wug = sin 3z cosdye*, a=1.

13.19. Pemuts o606iennyo 3anaay Komm (8) mus ypaBHeHnus remn-
sonpoBonHocTu (z € R™) ¢ HUXKECHemyoIyMI NAHHBEIMA U IIPOBEPUTH,
YTO TIOJNIYYEHHBIEC DEHMICHUS SBJIAIOTCA PDEIICHUAMN KJIACCUYECKON 3a0a49m

Kommu (1), (2):

1) f=0(t)|z? ug = |z|?;
2) f=0() > ol wo= ) o
k=1 k=1
3) f=06(t) e, ug = exp{ > .rk};
k=1
4) f=0, uozixkexp{ixk};
k=1 k=1

5) f =0, wo= (cos 3 ) exp { 32 ).
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Ypasuenue u; — auy, — buy —cu = f(z,t), rme a,b,c  mocTOSHHLIE,

samenoit v(y,t) = e “tu(y — bt,t) cROIMTCA XK YPABHEHUIO TETIIIOMPOROI-
HOCTH.

13.20. HatiTu perenune 3anaqun

g — 02Uy — bu, — cu = f(z,1), U|t=0 = uo(T)

CO CITeNYIOIIMMY JAHHLIMIE:

1)f:1 ug = 1, c=1;

2) f ug=cosz, a=c=1, b=0;

3) f= ug=cosz, a=+2, ¢=2, b=0;

4) f—tsmm, ug =1, a=c=1, b=0;

5 f= ug = e

6) f= ( )€ CH(t>0), ug€ C uorpanmdena.

13.21. Havitu pemeHme ob6061enHo 3anauu Korm

g — @2 Uy — bu, —cu = f(z,t) + ug(z) - 6(t)
CO CIEMYIOIUMYI TAHHBIMMU:

1) f=60(t—-1), ug = 6(z), c#0;

2) f=6(t—-1), ug = 60(1 — z), c=0;

3) f=0(t—1)e, u=601—|z|), c#I;

4) f=0(t—-1et, ug=0(z)e", c=1;

5) f=60(t—-1)e*, wup=z6(z), a=2, b=c=-2;
6) f=0(t)0(x), Uy = .

WccnenoBaTh rmankocTh MONYYEHHBIX pelteHui, kak u B 13.14, 13.15.
13.22. Pemuts o6obitiennyio 3anady Korm
U — @2 Upy — bty — cu = f(x,t) + uo(z) - 6(t)
C HUXECIENYIOMIMMY OAHHBIMA U IPOBEPUTH, YTO MOJIYUYEHHBIE DEIICHUS
SIBIIAIOTCS PCIIICHUAMU KJIACCUYECKON 3a0a49m KOLHI/I

U — @2 Uy — bu, — cu = f(z,t), u|t—0 = uo(z):
1) f=06(t) 22, up = 72, a=b=c=1;
o(t
2) f= \(/_) up = e’
3) f=10(t)te”, ug = xe®, a=2,b=—1,¢c=-2;
4) f=06(t) ze*, ug = ze*+shx, a=c=1,b=-2;
5) f=06(t)e*costsinz, ug= e’ cosx, a=1,b=-2,¢c=2;
6) f=0()x, ug = z sinz, a=b=c=1.
3.

13.23. Ilycrs u(z,t) — peutenue 3anaun Komn
up = a’Au, Uli=g = ug(z),
rne ug € C(R™) u |ug(z)| < Me 912", 5 > 0.

HokaszaTs, yTo nipu Bcex t > 0, £ € R™



166 La. IV. 3adava Kowu

264\ —n/2 _ 5‘$|2
lu(t,z)| < M(1+ 4a°dt) exp{ 1T 40751 [

13.24. Mycte u(z,t) — pemenne 3anaun Komm
ur = a®Au, ult=0 = uo(z),
roe ug(z) — QuHMTHAs HenpepbiBHAs GyHKIM. [[0Ka3aTh, 4TO IS JIFO-

6ex T >0, § < 1 12T cymecrByer M > 0 Takoe, 94TO
lu(z,t)| < Me 92" zeR"  0<t<T.
13.25. Ilycte ug € C(R™) u |ug(z)| < Mse?# rpe & > 0. Hokasars,

z € R", dyukmus

4a%§’
-1 |z g
u(z,t) = WR[UO(E) exp{ 107 }d.f (10)

OPUHAOJIEXKNUT KJIACCY COO n ABJIA€TCS PEIICHUEM 3a0a491 Komm

_ 2 1 _
uy = a®Au, 0<t< 1075 wt=0 = uo(x).
13.26. NokaszaTrs, 9TO ecinu yciaoBue 3amaun 13.25 BEINONHSETCS OJs
Bcex § > 0, o pyukunsa (10) npunannexut xkinaccy C* nput > 0, z € R"
7 SIBIISIETCSI PEIIEHNEM KJIIACCUIecKOoi 3amaun Ko

ur = a®Au, t > 0; wlt=o = uo(x).
13.27. MeTtonoMm 0600ITIEHHBIX QYHKIUN PEINUTH 33037y
U = @ Ugy, t>0, z > 0; ult=0 = uo(x),
U|g=0 = 0, roe ug(z) € C(z > 0).

OrBeTn K §13
13.5. 1) 1+¢f + %ﬁ; 9) 3 + e sina;
3) (1+t)e tcosz; 4) chtsinz;

2
5) 1 —cost+ (1+4t)"Y2exp {1147:};

2 — 22 + ¢
—1/2 .
6) (1+1) exp{il_Ft }

7) z(1+ 4t)~3/2 exp{ — }

71/2 4’1‘ +t
8) (1+1) sm— { ) }

13.6. 1) et — 14+ e 2coszsiny;

2) 1+ 5 sinz siny (2sint — cost + e 2t);
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. zy +y7 .
3) smt-l-( Tt 47 exp{ T4t },
1 y)? }

5) 1 cos Y (2 + y?)
V1+1i2 T+ © 2(1 +12)
13.7. 1) i cos T ( -1+ 2t) + cosy cos ze %

t (@~
§+mexp{

2) et —1+sin(z—y — 2)e %,

1 . cos 2y z?
3) - sin2 e —t— — 7
) gsin2et = Xp{ 1+t}’

4) % cos (z —y+2)(1 — e 3) +

sin z Ty t(z? +y?)
) cos € -t - =25
) Jrw O Trae Xp{ 1+ 4t2

1+4¢

L 2
13.8. 1) e "tcos Y. my; 2) (1+4t) ™" 2exp {_ || };

k=1

3) (1+4t)(”+2)/2€’<p{ 1+4t<§: }

)2 1 n 7nt+|$|2 ]
4) (1+4t) sin <—1+4t k_1$k>exp{ T [

2

1 1 n
5) ——— — .
e (S ) )

13.9. 1) &(=,t); 2) &(x — zo,t — to);
o : o m :
3) ok E(a,1); 1) (o 3) € 1) + 8o, 1);

5) zi — 2a*(t — to)
da*(t —t0)?

Tk =)? 08 (z,t)
6) 4a2t2 (n +2 2a2t)g($’t) + Oz
t t—to
7) /@@(a}, T) dT; 8) / E(x — zo,7) dT;
0 0

|93*~T0|2 _n B B )
) [ Gz ap| CF  m0,t) +0(w — o, );

) /w(T) &z, t — 1) dr.

13.14. 1) 6(t)¢(%>; 2) 9(t)<p(1\/—ﬂ>;

(z+y—2)°

1
——— expy————— 5}
VI+12t p{ 1+ 12t
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13.15. 1) 6(t — 1)(e' —e);  2) O(t — 7) sint;
3) 6t —1)(t—1)z; 4) 0(t—2)(e"2 —1) e”;
5) g(t)jq)(\/%> dr; 6) H(t)o/t [@ (;;;) @(”;\/;ﬂ dr.

13.16. Y xazaune. [Hus noxaszarenscrBa cMm. 3amady 13.13, muas
HAXOXIEHUS PEIeHNs CM. TeKCT mepen 3anaden 13.5.

1) G(t)(t +1) z; 2) 0(t)(z* + 2%t + 2a’t + a®t?);
3) 6 [ac3+:1:4+6t(:1:+2x2) +12(12 + z)];

4) 6 ( 243 4 t4 + e”“‘t) 5) H(t)(g t3/2 + ea2tshm);

6) 6(t) (2\f+ (z + 2at) z+a2t);

7) 6(t)[tInt — t + (zsinz + 2t cosz) e *];

ol
8) O(t)[zcosz + 2sinz (e — 1)];

9) 6 [ et — 1) \/g e/ 4 1o (%)}

10) 6(t) [(2—:1:) e +(z+2t—2) et +x\/§e’”2/(4t) +(z2+2t) @ (%)}

13.17. Y kaszaune. Cwum. ykazanue B oTBeTe K 3anade 13.16.
1) 6(t) 22— y? +zy(e' — 1)];  2) 0@)[(2®+y?)(t+1) +4a’t + 2a°%];
3) 0(t)(z?y>+2t(z+y)2+4t%);  4) 6(t)(te” cosy + em+y+2a2t);
5) 6(t) ze¥ cos z; 6) 6(t)(zyt + cos ye*“Zt).
13.18. Yka3zaune. Cwum. ykazanue B oTBeTe K 3anade 13.16.
1) 6(t)[ze? cosz + e 2zye? (e“zt -1)];
2) 6(t) cosz[zy(l — e ) + (2? + y? +4t) e "];
3) 0(t)[zyz sint + z(y? + 2a°t) (2> + 6a’tz)[;
4) 0(t)[z + y* + 2° + 2a%t(1 + 32) + (2% — 2y* + 22) (e’ = 1)];
5) 6(t)[sin 3z cosdye?® (e + sinte)].
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13.19. Ykaszauue Cwum. ykazauue B orBeTe K 3anade 13.16.
1) 6(8)[(1+ t)|z> + na®t(2 + t)];

2) 9(t)< - [(1+t) 23 + 3a2t(2 + 1) xk]);

k=1

3) 6(t)|e 1+exp<na2t-|- > ’Ek:|
k=1

4) 6(t) _<2na2t + Z a:k> exp <na2t + kijl a:k>];

k=1

5) H(t):cos <2a2nt s a:k> exp< 3 zk>]

k=1 k=1
13.20. 1) 2e —1; 2) te' + cosm;
3) e*' — et + e cos; 4) e’ + %tz sin ;

1+ 4a2t |’

t o 2
/w(t —71)eTdr + ! / uo(§) exp [ct — M} de.

5) (14 4a2t) /2 exp {ct (= +bt)2].

2av/nt 4a2t
13.21. 1) - Lot — 1) (et — 1) + (1) Ct<I)<T\-;g>,
2) 6(t—1)(t—1)+6(t) @(1 ;\w/;_tbt)
25 ()
4) 0(t — 1)(t — 1) et +6(t) $+t(1+b+a2)q)<T+2i/+_2a t>’

(z —2t)* z—2t\|
exp< ot >+($2t)‘1’<2—\/§>}
(z+bt)e C’5+e‘3t/<1>

T +bt>
0

13.22. 1) 6(t)(2z — 2? +2[t—x+(w+t)] ;

9(t)<“t o) 4 / — CTdT>;

0(t)[(1 +z+Tt)e ”t —(1+t)e*];
6(t)[z(t+1) e” + e sh (z — 2t)[; 5) 6(t)(cos z+sint sinz) e”;
0(t)[1—$+ (z+t—1)e' + (z+1t) sin(z +t) + 2t cos (z + t)].

3) 0(1t:cl) (ef — ect=e+1) 4 f(t) et

5) 0t —1)(t—1)e" +
+6(t)e 2 {2

t

3~

6) 6()

/\
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13.27. Qa\l/ﬁ 0/ Uo(y) |:eXp < (274;2?1) > — exp ( (T4‘L:2yt) >:| d’l/

§14. 3apauva Komm mis npyrux ypaBHeuuii m 3amada I'ypca

1. 3amaua Komm nns ypaBuenus Illpénunarepa. [lus ypasue-
uus llpénuurepa mocTanoBka kiaccudeckon 3amauu Ko

Ut :ZA’LL+f(.T7t) u‘tZO :u0($) (1)
u 06001enHon 3anaun Kommm
uy = iAu + F(z,t) (2)

AHAJIOTMYHA COOTBETCTBYIOIINM IIOCTAHOBKAM [JIsl yPABHEHUS TEILIONPO-
BopHOCTH (CM. ¢. 159 u 161).
PynnamMeHTaNIbHBEIM perieHneM ypaBuenus Ilpémunrepa sBnseTcs

et 0 Ja
t i|z|? ™ni
8w t) = Gy ‘”‘P( e T)'

I 3anauw Komu (1) cipaBennuBbl pe3ynbTaThl, AHAIOTUYHBIE TEM,
KOTOpBIE cHOPMYIUPOBAHLL B 3amadax 13.1-13.4.
Bynem roeoputs, uto GyHKuus u(z,t) IPUHALIEKUT Kiaccy &2, eciu
OHA yIOBJIETBOPSIET OIIEHKE
u(z, )] <e(l+2))*,  zeR", >0,

IPU HEKOTOPHIX C U .

14.1. Iokazars, uro ecnu up(z) € L(R"), To dyHkuus

w(z, t) = (2717)" /efit\y\“i(ny) /Uo(f) i) de dy (3)

Rn Rn
SABJIAETCsA PEIIEHUEM 3ada49n Korm

ur = iAu, ult=0 = uo(z); (4)

u(z,t) € C®°(t > 0); u(z,t) € S (R") npn xaxnom dukcuposanuom t > 0;

g moberx a u 3 dyskumn z° D®u(z,t) paBHOMEPHO OrDAHWYEHHI IO
r€R" t>0.

14.2. Ilycrtb u(z,t)  pewenune 3anaun Ko (4). IlokazaTs, 4TO ais

mo6oro T' > 0 dyuknus v(z,t) = u(z,T — t) ABIAETCA pEIIEHNEM 304K

Komm
vy = —iAv, 0<t<T; V|t=1 = uo(z).

14.3. Tycre u(z,t) m v(z,t) — pemenuns 3anaq
Up = (Ugpy, wt=0 = wo(x);

Vg = — iU, 0<t<T, V|t=1 = vo(x),
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npuueM u(z,t) € &, a dyukuusa v(x,t) HAXOOUTCA C NOMOLIBIO HOPMYIT
samad 14.1 u 14.2. Moka3aTsk, 9TO

/uo(m) v(z,0)dz = /u(m, T) vo(x) du.
R R
Yxaszauue. B pasencrtse
T 6
//v(m,t) @s(z) [ut(2, 1) — iugq(z, t)] dudt =0,
0 —6
rue byakums @s(x) Ta xe, 9TO U B 330a9€ 6.5, MHTErPUPOBAHMEM TIO JAC-

TsM m36aBUTHCS OT MPOM3BOMHBIX dyHKImu u(Z,t) u nepeiiTn Kk mpeneiry
npu & — oc.

14.4. IToxasaTh eOMHCTBEHHOCTS pernenus 3amaun Komn (5) B kmac-

ce A.

Y x a3 auue Bocnonb3oBarhes pesynbraToMm 3amadn 14.3.

Pemenve 3anaun Komm (1) emmacTBeHHO B Kiacce & (mns n = 1
cm. samauy 14.4). B samauax 14.5-14.10 paccMaTpuBalOTCs DEHIEHUs
TONBKO U3 3TOTO KIACCA, NPUYEM CYIIECTBOBAHUS Uy HE TpeOyerTcs.

14.5. Iycrs ug(z) € C"MH(R™), |z T3 |ug(z)| < M, |2|" T D% (z)| <
< M pas Beex a, |a| <n+ 1.

Hokaszars, uro pemenue 3anadu Ko (4) cymecTByer u BEIDaXKaeTCst
bopMyioit (3), KOTOPYI0 MOXKHO 3aNKUCATH B BUIE

u(z,t) = ﬁ exp (WTM)R[ uo(§) exp <| d ) d¢.

14.6. Tlycts ug(z) € C*(RY), a > 2, up(z) = 0 mwpu |z| > 1 n
|u(r) T )| <M, r<a.
Hokazatb, uto pemenme 3anauan Komm (5) npuHAmIEXWT KIaccy
C*®({t>0)n
9
oz
st Bcex £ € RY, ¢t > 0.
14.7. Tlycrs ug(z) € CO(RY), |ul” (z)] < C(1 + |z))*, r < a, a > 2,
A < a-—5. U nycrs ug(z,t) — pemenne 3anaun Komm

u(m,t)‘ <OM@+ |2,  r=0,1,.,a 2

Up = 1Ugy, ult—0 = uo(z) e(z — k),

roe dyskuus e(z) Ta xe, uTo u B 3amade 6.4. JlokazaTh, 4TO pelieHue
samaun Kommn (5) cymecTsyer, BeIpaxaeTcs: hOpMyon
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o0

uw(z,t) = Z ug(z,t)

k=—0c0
u ju(z,t)| < Ci(1+ |z|)* 2 nna scex z € R, ¢ > 0.
Y kaszauune. WUcnomesys pesynbrar samaum 14.6, moka3zaThb, 4TO
Ci(2 + |k)* Ci(1+ |z))*2(2 + |k))*
ug(z,t)| < <
e e N (Fa

14.8. TMycts ug(z) € CH(R') /\xuo z)|dz < oo. IlokazaTb, uTO

pemenrve 3anaan Komm (5) cymeCTByeT 7 BBIpAXKaeTCs HOpMyon

) L (2-8)/(2V)
u(a, 1) = 5 luo(+o0) +uo(—o)] + ——e ™ [ui(e) [ e dyae
R 0

. 2 .
14.9. Tlycrs ug(z) = el*I" rne a — meiicTrurensuoe uncno, £ € R™.
Hokaszatsb, uto npu a > 0 cymectByer pemenue 3amaun Komwm (4), a

1 .
npu a < 0 pemenue cymectByeT Tonbko npu 0 < t < ——. Haiitu sTo
perienue. da
PesynpTaT 3TON 3amaum CpaBHUTL C pe3ynbTaTOM 3anadum 14.7 mpum
n =18 cayvasx a = 0, £1.
14.10. Pemmnrs 3anaunm:

1) up = iy, + tz3; uli—o = z*;

2) Up = Ugy, 0<it< 1 Ut—o = me’”Q;

3) us = iAu+ zcost —y?sint; uli=o = % + y?;

4) uy = iAu + 6z + y* +i23; uls—o =i (23 + y° + 23);
5) up = 1Au; Ult—0 = e*|’”|2, T € R".

14.11. Haiitu peurenue o6o6ienson 3anaun Komm (2) nms cnemyro-
mmx F € 92'(R"1):

1) 8(t) - 5(a); 2) 4(t) - 2,
) 0) -0z +m), n=1,  4) 6t—to)-6(z), n=1, to > 0.

14.12. Haittu pemmenne 0606imennon 3anaun Korrm

npu ¢ > 0 mna cnenyrommx f u ug (f = 0 npu ¢ < 0 m 3amaeTCsa TOTBKO
mast t > 0):

1) f=6(z), up=6(x); 2) f=0t—1), up=001-|z|);
3) f=0(t—m) sint, wug=z% 4) f \}57 Uy = COS I;

5) f=6(—1)(e' —€), ug=xsinz.
Hoxkasats, uto dyukuuu u(z,t), Halinenusle B 3anade 14.12; 3), 4), 5),
ABJIAIOTCA PEILIEHUEM KHaCCquCKOﬁ 3a0a49m1 KOLUI/I.
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2. 3apaua Komm s ypasaeHms uy = —A2u + f(z,t).

14.13. Mycte u(z,t) € C*(t > 0). Hoxasars, uro dyskmms u(z,t)
ABTNIsETCA perennem 3anadn Komm

Ut = —A2u; ’U,|t:0 = (,0(37), Ut|t:0 =0

TOrZa W TOIBKO TOTHA, KOrna (GyHKIus
¢
w(z,t) = u(z,t) +1 / Au(z,7)dr
0

ABJIEeTCS pellleHneM 3amadn Kommn
wy = iAw; wli—o = ().

14.14. Tycte dynxuus w(z,t) € C*(t > 0) aBuseTcs perenueM 3a-
magn Komm
wy = iAw; wli—o = (),

rne p(x) — meicTBuTensHas yrkuus. Jokazars, uro dyskums u(z,t) =
= Rew(z,t) aBasercs pemennem 3anaun Komm

uye = —Au; ul—o = ¢(x), Uglt=o0 = 0.

14.15. Iycts dysxmus f(z,t) € C*(t > 0) aBngercs 6GurapMoHTIEC-
kot (A2 f = 0) mpum kaxmom t > 0. Haitru pemenue sanaaun Korrm
uy = —A%u+ f(x,t); ult=g = 0, wt|t=0 = 0.

14.16. Ilycrs ug(z) u uq(z) — Gurapmonuueckue dyuxuuu. Haitru
pemenue 3agauu Korm

Ut = —A2U; U|t:0 = ug(z), Ut|t:0 = u1(x).

14.17. Iycts dyuxuns w(z,t) € C*(t > 0) aBuseTcs perenueM 3a-
naun Ko

wy = 1Aw; wli—o0 = @(z),
roe p(r) — meicTBuTenbHas GyHknms. Haiitu pemenwme 3amaun Komm
uy = —A2u; ult=g = 0, Utli=0 = ().

14.18. Tycts dynxuns w(z,t) € C*(t > 0) asuseTcs perenueM 3a-
magn Komm
wy = iAw; wli—o = (),

roe ¢(x) — umcto mEMMas Gynkuus. Haditun pemenwe 3anaan Komm
2, . _ _
Uy = —A%u; uli—0 = @(z), Ut|t=0 = 0.

14.19. Tycts ug(z) € C"3(R™), |2|" TP ug(z)| < M, |z|" | D%p(z)| <
<M, |a| <n+3.
HokaszaTs, uTo perterue 3anaumn Korm
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uy = —A%u, w|t=0 = uo(z), Utlt—0 = 0

CyLLIEeCTBYeT 1 Bblpa,)KaeTCH dopmynon

u(z,t) = (2\/—) /uo(f) Cos <|£ Zf‘Q — %) dg.

Y ka3 auune BocnompzoBaThcsa pesynpTaTamu 3anad 14.5 u 14.14.
14.20. Pemmnth 3anmaun:

8'u
1) Ut = 8 Yy + 6tx 3 U|t:0 = 0, ut|t:0 = $4;
2) uy = ~A%u+ zye’; Uli—o = $2y2, Ut|t=0 = 0;
3) uy = —A%u+62°y°2%;  ul—o =0, ut|t—o = 0;
4
4) Ut = —gT 0<t < U|t:0 = COSZIJ’2, ut|t:0 =0.

ou . 0
3. 3amaua Komm njs ypaBHeHHs ar = P(z B_)U Kmaccu-
aeckas 3anada Komm nist ypasHerus r

%:P(z’(%)u, t>0, z¢€R., (6)
rne P(o) = ago™ + a1V 1 + ... +ay, ag # 0, N > 2, ¢ HauanbHBIM
yCIIOBUIEM

ult=0 = uo(z) (7)
craButcs B kaacce pyukumit u(z,t) € C(t > 0), y xoropwix npu ¢t > 0
ONu

CYIIECTBYIOT HEMPEPHIBHEIE MPOU3BOMHBIE —— U .
ot oz
Samaua Komm (6), (7) HaseiBaeTcs Mocmasaennoti Koppekmmo B
knacce ¥ (ompemenenue xmacca ¥ cM. §9), ecnu i Kaxmoi GyHKIUY
uo(z) € & cymecTByeT equHCTBeHHOE pernerue sanaun (6), (7), koropoe
npu kaxzgoMm ¢ > 0 mpuHAmIexuT kmnaccy . u yOwBaeT mpu |x| —> oo
BMECTE CO CBOMMU NPOM3BONHBIMHU, BXOAAIIMMY B ypasHerue (6), GuicTpee
mo6oit crenenn |z| ! paBHOMEPHO OTHOCHTENBHO ¢ B KaXKIOM WHTEpBAJIe
0<t<T <.

14.21. Hycte 3anaya Komm (6), (7) nocrasineHa KOpPEKTHO B Kjac-
ce Su

v(o,t) = Flu(z,t)] = / u(z, t) "7 du,

roe u(z,t) pemenue 3anaqau (6), (7). Hokazats, uro dyukuus v(o,t)
mpu Kaxmom t > (0 NPUHANIEXKUT KIACCy .Y W SABIAETCS PEIICHUEM

330241
dv

= P(o)w, V|t—o = Fluo(x)]. (8)



§14. 3adaua Kowu dag dpyeuz ypaswenutd u 3adaua I'ypca 175

14.22. Tlyctb ug(z) € S m
ReP(o) <C < xx (A)

pu BCEX OeACTBUTENbHBIX 0. Jloka3aTh, 4T0 QyHKIUs

u(z,t) = % / etPlo)—ize / uo(€) €7 d¢ do (9)

sBisgeTcs pemterneM 3anaqau (6), (7), npunaniexur kiaaccy C (¢ > 0) u
npu || — 00 yOhIBae€T BMECTE CO BCEMW MPOU3BOMHBIMHI ORICTDPEE JIF0GO
crenenn |z| ! paBHOMEpHO OTHOCUTENHHO ¢ > 0.

14.23. Iokazars, uTo yciosue (A) sBisercs HEOOXONUMBIM U NOCTA-
TOYHBIM IJIs KODPEKTHOCTH OCTaHOBKY 3anaun Komu (6), (7) B xknacce ..

Y xa3zauune. Ing nokazaTenbCTBa HEOOXOONMO IOKA3ATh, UYTO €CIIN
ycaosue (A) He BBINOIHEHO, TO CymecTByeT Takas QyHkuus ug(z) € .7
ISl KOTOPOU perenue 3anaun (8) He IPUHALIEKUT KIaccy ..

14.24. Tlycts sanaua Komn (6), (7) nocTaBmeHa KOPPEKTHO B KI1ac-
ce .. llokazars, 9TO €e pemeHme BhIpaxaeTcs hopmydoi (9), koTopyio
MOXHO 3aIMCATH B BUIE

u(e, ) = [ uo(€) Gl — &) dg, (10)
_ i T tP(o)—izo
Gla,1) = o / e do. (11)
Ykazawmue Bocrmombosarscs onenxoit |G(x,t)| < Ct /N,

14.25. Ilycts yenosue (A) Bomomnsero, ug(z) € CNT2(RY) n

oo
/ ‘u(()k)(x)‘dx<oo, k=0,1,...N + 2.
— 00
Hokazats, uro pemenne 3amaunm (6), (7) cymecTrByer, BhIpaxaeTcs
dopmymoir (9) (unu dopmynamu (10), (11)) u dysxuus u(z,t) orpanm-
yena npu ¢ > 0 BMECTE CO CBOMMU MPOM3BOMHEIME, BXOMAIIMMHA B YPABHE-

uue (6).

4. 3apaua Kommm nis ypaBHeHHMS IepPBOTO MOPAIKA.

14.26. Pemurs 3anayn:

1) wug + 2u, + 3u =0, Ult=0 = 1%

) u + 2u, + u = xt, Ult—0 = 2 — x;

) 2us = u, + zu, wt=o = 1;

4) 2u; = u, — zu, Ut—o = 2.1:6”2/2;
Yur+ (1+22)uy —u=0, ult—0 = arctg ;
) ug+ (1 + ) u, +u=1, Ult—o = €77
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2x
7) up = uy + TI uli—o = 1;
8) 2tu; + zu, — 3z2u = 0, ult=1 = 522,

5. 3amaua I'ypca. ®opmynupoBky mOCTAaHOBKHU 3amaum ['ypca cw.
B kaure: Bnanumupos B.C. Ypasuenus maremaruueckonn ¢u-
3UKU. 5-€ m3m. M.: Hayka, 1985.

14.27. Hloka3aTs, 4To 3amaua ['ypca
Ugy = 0, 0<y<az, z >0, y > 0;

ulyco = £(2), ulyar = 9(2)
UMEET €IMHCTBEHHOE DEILCHUE
— Yy _ (¥
u(oy) = fla) +9(L) — £(L),
ecm dyuxmn f(z) n g(z) mpuramnexat xmaccy C2(z > 0)NC(z > 0)
u f(0) = g(0).
14.28. Jloka3aTs, uTo 3amada ['ypca
Uy =0, >0, y>0, uly=o=f(z), ulz=0=9)

umeeT enuHCTBeHHOE petnenue u(z,y) = f(z)+g(y) — f(0), ecu dyukuum
f(z) m g(z) npurannexar knaccy

C*’(z>0)NC(z>0) u f(0)=g(0).
14.29. Jloka3aTsk, 4TO perenue 3agadm ['ypca
Ugy = 0, Yy > ax, z > 0, a < 0;
u|y:az = 07 u|w:0 =0

He ennHCTBeHHO. [loKa3aTh, YTO MHOXECTBO BCEX PEIIEHUN 3TOH 33na4u

UMeeT BU u(z,y) = f(z) — f(%)’

roe f(x) — mobas dymkmms n3 xnacca C?(RY), parras mymo npu z < 0.
14.30. Hoxka3zats, uTo 3amaua ['ypca

Ugy =0, 0 <y <o(x), x> 0;
uly—0 = f(=), Uly—¢(2) = 9(7)

IMEET €OMHCTBEHHOE DEIECHNE

u(z,y) = f(z) + 9 (07 () — (¥ '),
ecn dyuxmmn f(z), g(z), p(z) npurannexat kiaccy C2(z >0) N C (x> 0),
f(0) = g(0), »(0) =0, ¢'(z) >0, ¢ '(y) — dynkuns, obparHas K
dysakuum ().
14.31. Ilycts dyskmmn o(z), 1 () npurammexar kmaccy C2(z > 0) N
NC(z > 0) u ¢(0) = 9(0). Ipn kakux HEACTBATENLHBIX 3HAYCHUSIX @
3amada ['ypca
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AUgy + Uyy = 0, z >0, y > 0,
U|y:0 = (p(%), u|z:0 = 1/)(y)

nmeeT equuacTBenHOE perennel’ Hafitu 510 pemmenne.
14.32. s Kakux MOJIOXUTEIILHBIX 3HAYEHN mapaMerpa b 3amaua,

Upt = Q2 Ugy; 0<t<bz, z >0,
u|t:0 = 07 U|t:bw =0
MMEET TOJIBKO HyseBoe perrennel’

B zamauax 14.33-14.55 TpebyeTcst HANTHU PelIEHNE TTOCTABIEHHON 3a-
naqgn I'ypca u D0Ka3aTh €MUHCTBEHHOCTD 3TOTO DELIeHHSI.

14.33. Ugy + Uy = T, x>0, y > 0;
U|z:0 = y2, U|y:0 =z
14.34. Uy + T2 yu, = 0, z >0, y > 0;
U|p—o = 0, Uly=0 = .
14.35. Ugy + Uy = 1, z >0, y > 0;

U|E:0 = (P(y), U|y:0 = 1,/}(’[,‘),
roe dysxomm ¢(z), 1(z) npuramzexar xraccy C2(z > 0)NC(z > 0) n
©(0) = 4(0)
14.36. Ugy + TU; = 0, >0, y > 0;
U|E:0 = (P(y), U|y:0 = 1,/}(’[,‘),
roe dysxomm ¢(z), 1(z) npuramzexar xkraccy C2(z > 0)NC(z > 0) n
©(0) = 4(0)
14.37. 2Upa — 2uyy + Uy +uy =0, y > |z|;

Uly=g =1, Uly=—g = (z + 1) €.

1
14.38. 2uuy + Upy — Uyy + Uy + Uy =0, 75$<y<.r, z > 0;

Uly=r = 1+ 3z, Uly——z/2 = 1.
14.39. g, + 6uyy + Suyy =0, z <y <dx, z > 0;
U|y:z = p(z), U|y:5z = 1(z),

rae by p(z), 1(z) mpuranmexat kmaccy C2(z > 0)NC(z > 0) n
©(0) = 4(0).

1 1
14.40.  uge + Yty + 5 uy =0, —Zx2<y<0, z > 0;
Uly—o = 0, Ulye—g2/q = 2°.
14.41. Ugy — €% Uyy = 0, y>e “ z > 0;
U|z=0 = Y2, Ulym—er = 1+ z2.

12 TIlom pen. B.C. Bragumupona
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14.42.

14.43.

14.44.

14.45.

14.46.

14.47.

14.48.

14.49.

14.50.

14.51.

14.52.

14.53.

14.54.

YUgz+ (T —Y) Ugy — TUyy — U

uly—o = 0, uly—y = 4zt
TUgg + (T — Y) Ugy — YUyy =0, 0<y<a, x> 0;
Uly—o =0, Uly=g = .
Y Ugy + Uy = 0, Y3 — 8 < 3z < 5, 0<y<2;
Uly=2 = 3z + 8, Ulzp—yr = 2y
T2 Uyy — Y2 Uy, = 0, y >z, z>1;
Up=1 =1, Uly=g = .
.r2umfy2uyy-|—.ruzfyuy =0, % <y<uwmz, T > 1;
Uly=a = T, Uly—1/, =1+ 1Inm.
31Uy + 20YUsy — YUy, =0, T<y< 3%/57 0<z<l
Ulz=y = Y, W] gys—1 = y2.
32%Ugy + 28YUgy — Y Uyy = 0, 1<y<ua, z>1;
Uly=z =0, Uly=1 = cos 7;—T

atuy, =0, O<y<z, z>0;

Ugy — 2810 TUyy — COS? Ty, — COS Uy = 0,

ly — cosz| < z, z > 0;
U|y:z+cosz = COsT, u|y:71+cosz = COsT.
1
uxy—Tiy(ux—uy):L y < —z, T > 2;
1
Uly=—2z =0, Ulp=2 = 2+ 2y + 592-
2
umfuyy-l-;um:O, y > 14 |zf;
Uly=241 =1 — 1z, Uly=1—2 = 1 +z.

4 2
umfuyy+;uz+z—2u=0, Yy >, > 1;
Uly—s = 1, Ulp=—1 = Y.

Ugy = 1, ar <y < fz, x>0, 0<a<p;
Uly=az =0, U|y=pz = 0.
Uy = 0, 72 <y < 222, z > 0;

uly—g2 = z*,

U‘y:21.2 = 1‘2.
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14.55. Ugy = 0, zt <y < 22, 0<z<l;

Uly—g2 = 0, Uly—gs = (1 — ).

6. 3amaua Komm nns KBa3sMJINHENHBIX ypPaBHEHUN.
14.56. Haiitu pemmenne 3anaun Korm
up + vy = 0, t>0; Uli=g = signz,
HenpepuiBHOe miist t > 0, |z| + ¢t # 0 u menpepeiBHO nuddepeHnupyemoe

npu t # |z|.
14.57. Hatitu pemenne 3anaau Korum

a npu z <0,
ug + vy, = 0, t > 0; Ulg—g =
B mpm x>0,
roe a,3(> a) NOCTOsHHBIE, HempepbiBHOE it ¢t > 0, |z| +t # 0 u

HenpepsBHO auddepeHnupyemoe BHe npsaMbx ¢t = z/a, t = z/0.
14.58. HoxkaszaTs, uto 3amaua Komu nnsg ypaBaenus Bioprepca
Ut + UU, = a2um
C HAYAJIbHLIM YCIIOBUEM
U= = uo(z)

o 2 Vx

TIONCTAHOBKON 4 = —2a° — cBoguTcs K 3amade Komnm
v

€T

1
vy = a2vm, U|t=0 = exp Y /UO(@ d¢ o
0

14.59. Ilycts v pemrenue 3anauu Ko
Up + Uy = EUgy, w|t—o = sign z,

HenpepsiBHOe 1pu ¢ > 0, |z| + ¢t # 0 u venpepeiBHO nuddepeHnupyemoe
npu t > 0. Ilokaszarb, yro 310 pemenue npu € — +0 cTpemuTcs k
pemenuio 3anadn 14.56 (Teopema . Xomda).

14.60. IlpoBeputs, uTO pemnienueMm ypaBuenus Koprerera me @puza

U + 6UUy + Ugzy = 0

SIBIISIETCS PYyHKITAS

u(z,t) = a4

2ch? [4 (z — =m0 — at)] 7 “> 0

ONUCHIBAIOIIAS KyENUHEHHYIO BOJHY> (cosmronHOe pemenue). [lokasaTs,

9TO 3TO PENIeHNe ¢ KOHEYHOU dHepruen
o0

/ (uf + ui) dxr < oco.

— 00
14.61. Hus ypasuenus Jlnysusns
Ut — Uzz = g€, g >0,

OPOBEPUTH CIICAYIOIINE YTBEPDXIOCHUA:

12*
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1) dysxums
201 2
u(z,t) =In aa(l @) ,
2g ch? [E (£ —mo — at)}
SIBJISAETCS] PELIEHNEM MIPY BCEX T U
2) dyukunms

0<a<l1

8¢ (z + 1)y’ (z —t)
u(x,t) =In
(0 = o+ 0 —pa =P
ABIISCTCA PELICHUeM IpH JIOOBIX (¢ 1 1) Takux, uro @, € C3, @'y’ > 0;
3) dyukuus

r+t
u(z,t) = % [uo(z +1t) +uo(z —t)] —In {c032 l\/g / 6“0(6)/2d£]}

SBJISIETCS peleHreM 3anaun Ko ¢ Ha4albHBIMEA Y CIIOBUSMUA
U|t:0 = Uo(-’£); Ut|t:0 =0,

eclm
r+t

‘\/g /t u0(©)/2 ¢

14.62. IlpoBepuTh, YTO mIIST yPABHEHUS

<
5"

Ut — Ugy = —gSinu, g>0
dysKIIAS
_ V9 (& — zo — at)
u(z,t) = 4arctg exp {iﬁ , 0<a<l,
SIBIISIETCS PEIIEHNEM C KOHEUHOW YHEpruen
oo
/ (uf + ui) dz < oc.
— 0o

14.63. IIpoBepuTs, uTO perennem HesmueRHOrO ypasuenus LIpénunarepa

. 2
iUt + Uy + v|u|*u =0, v >0,
SIBIISIETCST QYHKIINS

u(m7t):\/?exp{i[%z(%a)t}}7 o> 0.

ch[v/a (z — zo — at)]

OTBeTnl K §14

. 2
“n2 ia|z|
14.9. (1 + 4at) exp {1 el [

14.10. 1) 2t + £ (520~ 12) + it (120 + 2);

9 T iz? |
) GoaE P T
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3) zsint + 2% + y? cost + 2i(t + sint);
4) i (23 + 93+ 2%) —t (6y + 62 —y® —i2®) + £2(i — 32);

2
5 (VI+4it) "exp { ol } 0 < arg/1+4it < g

1+ 4t
14.11. 1) &(x,1); 2) i;—'tké"(a:,t);
t t—to
3) / E(x + zo, 7) dr; 4) / &z, 7)dr
0 0
. 2/(2VA) ta/(2yT)
14.12. 1) e i/ / et dy+/ / W dy dr
—00 0 —00
(a+1)/(2v5)

_ _ L rija iy 7.

2) 6t —-1)(t—-1) + NG e / e dy;
(2—1)/(2v?)
3) 22 + 2it — 0(t — 7)(1 + cost);
4) 2/t + cosze
5) 6(t —1)(et — e —te) + (zsinz + 2itcosz) e .
t
14.15. / t—71) f(z,7)dr
14.16. uo(w) + tuy (z).
t

14.17. /w(m 7) dr.

14.18. zImw(m,t).

14.20. 1) tz* + 3 (23 — 4); 2) z2y? — 42 + zy(et — 1 —t);
3) 3z%y?2%t? — 2 (2 + y* + 22) ¢4
4) 1 L cos v + L cos v
2 \V1+4t 1+4t  J1T—4t 1—4t)
14.26. 1) (z — 2t)%e 3¢ 2) 4—x—2t+at— 2
3) exp { 4z + t)} 4) (2z +1) exp {% .1:2};
5) (arctgz —t)ef; 6) 1—e ' +exp {—x + %tB};
1+ (z+1)° 52 3z%(t — 1)
N i 8 = exp % |

14.31. ¢(z — ay) — p(—ay) + P(y), a <0.
14.32. b < %
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14.33.

14.34.

14.35.

14.36.

14.37.

14.38.

14.39.

14.40.
14.41.
14.42.
14.43.
14.44.
14.45.

14.46.
14.47.
14.48.
14.49.
14.50.
14.51.
14.52.
14.53.

14.54.

14.55.
14.56.

(1+%z—%y)e>¢p{%($*y)}-

1+ (z+2y) exp {% (y — x)}
o(Z5) +o(t5) - elo)

2z/—y.

22+ (y — 1 +e%)2.
zy(z +y)*.

Y.

3z + y3.

T.
1 T
Ty + 3 In v

;

cos 2=
Y 2
z Yy — COS T
— 14 2cos = cos =————
1 " 2 2 1
5(:L‘+y)2. Y xaszauue. Cnenars 3ameny u = V.
r—y

2—y. Yxasaumne. Coenars 3ameny u = — v.
xr

1
Y Ykaszanme. Crnenate 3ameny u = — v.
xr xr

1
ot ¥ o)z —y)
4 4 0 1y
3213 T +y 3y.
T =Y.

—1 opu z < —t; +1 npu x > t; %Hpﬂ z <t.

T
Y kasauue. MWckare pemenne B Buge f (?)

14.57.

a opu z < ta; f npu x > t; % mpu ta <z < tS.



I'masa V

KPAEBBIE 3AIAYN IJIS1I YPABHEHUM
QINIAIITAYECKOI'O TUITA

Mycrs S — raankas TOBEPXHOCTH, OrpaHuuuBaroas obacts G € R,
UM,  BHEIIHS HOpMAaJb K S B Touke £ € S. DyHKUMSI 1 UMEET NPasuab-

Ju
HYI0 HOPMAALHYI NPOU3B00HYI0 — HA S u3HyTpu S, €Ciln CyIIeCTByeT

on
. Ou(z') _ Ou(z) _ Ou
z'eGN(—mn,)

PaABHOMEPHO IO BCeM € S.

I. Buyrpeunuss 3amauva Jlupuxime [miIs ypaBHEHUs
Jlamnaca: maiitu rapmornueckyio 8 G C R® dynxmmio v € C(G), npu-
HUMAIOLIYIO0 HA S 3alaHHbIe (HENPEPBIBHBIE) 3HAYCHUS U

II. Baemusass 3amava Hupunxiae HAATA TaDMOHUYECKYIO
B obnactu G1 = R3\G dyuxmmo u € C(G1), u(co) = 0, npurEMAOIIyIO
Ha S 3anaHHEbIe (HEMPEPHIBHEIC) 3HAYCHUS U .

III. BuyTpeunnuss 3amauva Helimana HAATH TAPMOHU-
geckyio B G C R? dynxmmio u € C(G), nmeromyio ma S 3amannyio (Herpe-
PBIBHYIO) NPABWILHYIO HOPMAJIBHYIO IPOU3BOLHYIO U -

IV. Baemusas 3amava Heitmana HAATH TaDMOHUYECKYIO
B G dyskmmo u € C(G1), u(co) = 0, mmeroryio Ha S 3amanHyo (Hempe-
PHIBHYIO) TIPABMIIBHYIO HOPMAJIBHYIO TPOU3BOMHYIO U] -

3amauwm I, IT u IV onrosuauno paspemnmer. Perenne 3anaun 111 onpe-
IIEJIEHO ¢ TOYHOCTBIO 10 TPOU3BOIBHON TIOCTOSHHON, TPUIEM

/udezO
5

YCJIOBUE €€ Pa3PEeIInMOCTH.

Amnanorwaso crassites 3anaqan -1V B R2, 33 nckiodeHneM Toro, 4o
IJIs BHEIITHUX 33034 OT peIlleHus TpeGyeTcs JININbL OrpAaHNYEHHOCTD IPU
|z| — oo. Bamauu I u II onnosuauno paspemmnmsr. Pemenus sanaa 111
u IV ompeneneHsl ¢ TOYHOCTHIO [0 MPOU3BOIBHBLIX MOCTOSHHBIX, TPUYEM

/ uy dS =0
5
— YCIIOBUE MX Pa3pENMMOCTL.
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§15. 3anaua lMltypma—Jlnysussis

Paccmorpum kpaeByio 3amauy

Lu = —(p(z) y' () + q(z) y(z) = f(z), (1)
ary(a) —asy'(a) =0,
{ y(a) — azy'(a) )
Bry(b) + B2y’ (b) = 0,
roe ai + a3 # 0, 7+ 65 #0, p e C'([a,b]), p(x) # 0, q € C([a,b]),

f € C(a,b) N Laa,b).
OO6BIYHO B (PM3UMYECKUX 3A1AYAX BBLINIOIHSIOTCS YCIOBHUSI
(658 Z O: ﬂlﬂQ 2 O: p(’E) > 07 Q(T) 2 0.

O6nacte ompenenenus M, omepatopa L coctout n3 dyskumin y(z)
xiracca C%(a,b)NC([a, b)), y"' € La(a,b), ynORIETBOPAIOIINX IPAHIYHBIM
ycaoBusM (2).

3amaua 0 HAXOXIEHUH TeX 3HAueHMH A (COGCTBEHHBIX 3HAYCHUN
oneparopa L), mpy KOTOpHIX ypaBHeHwe Ly = Ay UMeeT HEeHyJIeBLIe
pemtenns y(z) u3 obnactu onpemenenus M; (coGcTBeHHBIE QyHKIUH,
COOTBETCTBYIOLIME 9TUM COOCTBEHHBIM 3HAUECHUSIM ), HA3BIBAETCS 3adauel
HlImypma—Jluysuans.

Ecnuz A = 0 me ects co6CTBEHHOE 3HAUEHME OnepaTopa L, To pereHue
kpaesoit sanaun (I) B kmacce M enwHCTBEHHO M BRIPAXKAETCs HOPMYJIOH

b
y(@) = [ Gla,€) £(8) de.

roe G(z,€)  dyukunma I'puna xkpaesoii 3amaun (1) (2) unu oneparopa L.
®yukuus G(z, ) npencrasisercs B BULe

Gla. :_l{yl(x)y2(€)a a<z<E,
() Elyi(©ye(z), €<z <,

roe y1(x) u Y2 () — Henynesbie pemenus ypasaenus Ly = 0, ynosneTso-
PAIOIINE COOTBETCTBEHHO IEPBOMY U BTOPOMY TDAHUYHOMY yCIIOBUIO (2),

k= p(z)w(z) = p(a) w(a) # 0, z € |a,b],
oy — [1@)520)

! !
y1(=) yo(x)
onpenenuTens Bporckoro.
Kpaesas zagaua

Ly =Xy +f,
roe f € C(a,b) N La(a,b) npu ycnoeun, uro A = 0 HE ecTb COOCTBEH-
HOE 3HAUEHME OmnepaTopa L. SKBUBAJIEHTHA WHTETPAIBHOMY YDABHEHUIO

b b
y(@) =X [ G, y(©) de + [ Gla,6) F(©) de.
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OTOT METON MHOTAA MOXHO IPUMEHSITD U K 33[a49aM C BBIDOXKACHUEM,
korna p(z) obpamaercs B Hysb nim GECKOHEUHOCTH mitn ¢ () 06parmaeTcs
B GECKOHEYHOCTH HA ONHOM U3 KOHLIOB OTPE3Ka [a, b].

15.1. Ha#itu dyskumio ['pura omeparopa L ma wmatepsase (0,1) B
CIEMYIOMUX CITYYasax:

1) Ly =—y", y(0) = y(1) = 0;

2) Ly = —y", y'(0) = y(0), y'(1) +y(1) =0;
3) Ly = —y", y(0) = hy'(0), h>0, y(1)=0;
4) Ly=—y" -y, y(0)=y(1)=0;

5 Ly=—y" -y, y(0)=y'(0), y(1) =y'(1);

6) Ly=—y"+y, y(0)=y(l)=0;

7 Ly=-—y"+y, y'(0)=y'(1)=0.
15.2. Ha#itu dyskumio ['pura omeparopa L ma matepsane (1,2) B
CIEMYIOMNX CITy9asax:

1) Ly = —z*y" — 2zy/, y'(1) =0, y(2) = 0;
2) Ly = —zy" -y, y'(1) =0, y(2) = 0;
3) Ly = —z3y" — 32y — =y, y(1) =0, y(2)+2y'(2) = 0;
4) Ly = —z*y" — 42y’ — 227y, y(1)+y'(1) =0, y(2)+3y'(2)=0

B

N
N——

15.3. Hantu dynknumio I'puna onepaTopa L Ha wHTepBaje (O,
CIIENYIOIINX CITYYIAsIX:

1) Ly = ~(cos’z-y'), y0 =0 y(j)=0
2) 1y = - (L), oy =0, y(I)=0

3) Ly = —cos”z-y"+sin2z-y', y(0)=y'(0), y (E) +y (g) =0

15.4. Hasitu dyskumio ['pura omeparopa L ma matepsase (0,1) B
CIEMYIOMUX CITYIasax:

1) Ly = —(1+2%)y" — 2zy/, y(0) =4'(0), (1) =0;

2) Ly =—-(1+2%)y" - 2zy/, y(0) = 0, y(1)+y'(1)=0;
3) Ly=—(3+a2%)y" —2zy, y(0) =¢'(0), (1) =0;

4) Ly=—(z+1)%"-2(z+1)y'+2y, y(0)=y(1)=0;

5 Ly=-(L)+ o wO=0 =0

6) Ly = —(4—2°)y" + 2zy', y(0) =y(1) =0;

7) Ly=—(zy') + %y y(0) =y(1) =0;

1 2 2
8) Ly=-——y"+ =y~ =, y'(0) =y (1) =0.
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15.5. Haittu dyuknuio ['puna oneparopa L Ha naTEpBaIE (0., %) npu
yeaosuu |y(0)| < oc, y (g) = 0 B CHEOYIOMUX CITydasx:
1) Ly=—(tg’zy")'s  2) Ly=—(tgz-y')"

15.6. Hawitu ¢dyuxuwio I'puna onepatopa L Ha mHTepBaje (0, g) B
CIIELYIOIINX CITyJasiX:

1) Ly=—cos®z-y"+sin2z-y, y(0)=0, ‘y(g)‘ < 003
2) Ly = —sin®z-y" —sin2z-y',  |y(0)] < oo, y(g) =0;

3) Ly = —sin®z-y" —sin2z-y',  |y(0)| < oo, y(g)—ky'(g):o.
15.7. Haittu dpyuknuio I'puna oneparopa L ua uaTepsane (0
ycaosun |y(0 )\ < OC B CIIEAYIOMINX CITy9asX:

, 1) mpm

1) Ly = —=%y" — 2zy + 6y, y'(1) +3y(1) = 0;
2

2) Ly = *y” + 5 y(1) =0;

3) Ly = —z?y" — 2zy’ + 2y, y'(1) =0;

4) Ly = —(zy")’, y(1) =0;

5) Ly = —zy" — v, y'(1) +y(1) = 0;

6) Ly = —z%y" — 2zy’ + 2y, y(1) +y'(1) =0;

7) Ly = 2 "= 2xy' + 2y, 2y(1) +y'(1) = 0;
_ aa —1) _

9) Ly = —(zy")' + (1 + 2)y, y(1) =0

15.8. Haittu dpynxumio ['puna oneparopa Ly = —zty"” — 423y’ — 222y

ua uaTepsane (1,3), ecnm y(1) + y'(1) = 0, 2y(3) + 3y’ (3) = 0.
15.9. Haiitn dyskumio ['pmua oneparopa L ma matepsane (0,1) B
CTEOYIOMNX CIydasax:

1) Ly=—(e"7y) +e 'y, y(0)=y(1) =

2) Ly=—e"y" — 2ze” y, y(0) = u'(O) y(1) =0;

3) Ly=—y" +(1+27)y, y(0) = y'(1) = 0.

Ykxaszaumue. YactHoe pemenme ypasaerus —y' + (1 + z2)y = 0

MOXKHO MCKaTh B Buze y = (),

15.10. Haiitu pyukuuio ['puna oneparopa Ly = — (\/Ey')’ +3273/2y
Ha uHTepBane (0,2), ecnu |y(0)] < oo, y(2) = 0.

15.11. Haitru ¢pynknuro I'puna oneparopa Ly = —(z+1) y" —y’, ecom
ly(=1)] < o0, y(0) = 0.

15.12. Haittu dyskmmo ['puna omeparopa Ly = —z2y" — zy' + n2y,
ecan |y(0)| < oo, y(1) = 0.

15.13. Haiitu dysxmmo ['puna oneparopa Ly = —[(z? — 1) y']' + 2y,
ecan |y(1)| < oo, y(2) = 0.
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15.14. Ceectu 3anauy llrypma JluyBunns x MHTErpaIbHOMY ypaB-
HEHUIO B CJENYIOLINX CIIydYasX:

1) Ly=—(1+e)y" —e®y' = Az’y, 0 <z <1, y(0) - 2y'(0) =0,
y'(1) = 0;

()) Ly()E—($2+1)y”—2xy'+2y:)\y, 0<z<1, 90 =0,
y(1) —y'(1 0; e

3) Ly = —\/l-l-ezzy”f ﬁy’ = Azy, 0 <z < 1, y(0) =
=\/—y() 1) =
| (4§)| Ly = —(1 - 2)y”+2xy’—2y =)y, 0 <z <1, 9(0) =0,
y(1)]| < oo

5) Ly = —cos*z -y" +4sinzcos®z -y’ = Azy, 0 <z < g, 29(0) —
o (5 <

6) Ly = —z%y"—2zy'+(2cos’z+1)y = Ay cos 2z, 1<z <2, y(1) =0,
yl(2) - Oa

7) Ly=—y" =Xy, 0<z <1, y'(0)=y'(1) =0.

15.15. CBecTr X MHTErPAIILHOMY YPABHEHUIO HAXOXIIEHUE PEICHUI
Mt e —2zy" —y' =2z y, O<z <11,
[IPU TPAHUYHBLIX YCIIOBUSX ilg%) (Vz-y')=0, y(1)=0.

15.16. CBecTr X MHTErPAILHOMY YPABHEHUIO HAXOXIIEHUE PEICHUI
ypasrenus —zy" + 1y’ = Ay, 1 < £ < 2, npw rparmgsasx ycnousx y(1) =
=y'(2) = 0.

15.17. CBecTr X MHTErPAILHOMY YPABHEHUIO HAXOXIEHUE PEIICHUI
KaXOoro m3 cCliieayrommnx ypa,BHeHI/Iﬁ Ipn yKAa3aHHBIX I'DAHUYHBIX YCJIO-
BUSX:

1) —(1+2%)y"—2zy'+xy =0,  y(0)=y'(1) =0;

2) ey —e"y' + Ay =0, y(0) =0, y(1) +y'(1) = 0;

3) —y" - Ay = f(), y(0) = hy'(0), h>0, y(1)=0;
4) —zy" —y' + Azy =0, ly(0)] < oo, y(1)=0.

15.18. C momompio dysHknuu ['puHA PEIIUTH CIENYIOIINE 3AIaYN:
1) -2 = f(z), 1<z <e, y(1) =0, y(e) —ey'(e) = 0,

1+z (1—|—a:)2
rIe €  OCHOBAHUE HATYDAIBHLIX JIOTAPUPMOB;
2) —aty"—da’y' 22y = f(z), 1<x<2, y(1)=0, y(2)+y'(2) = 0;
3) —1f$y"—(1_w)2y' = f(@), ~1<2<0, (-1 +y'(-1) = 0,
ly(0)] < o0;
4) —(14cosz)y" +sinz-y = f(z), 0<z < Z, y(0)—2y'(0) = 0,

n 2
v(3) =0

5) 4"+ oy = f(), 1<z<2, 2y(1) =y/(1), y(2)+24'(2) =0,
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15.19. Jloxa3aThb, 94TO KpaeBas 3a1a4a,
—y"+aq(z)y=f(=), Y@ —hyla)=c,  y(b)+Hybd)=c

SKBUBAJIEHTHA TpeM 3aga4YaM KOLUI/I:
1) ¢+ 9% =q(x), gla) = —h;
2) Y —g(2)Y = —f(z), Y(a) = e

B v+ o)y =Y. y0) = T

Y kazauune PakTopu3oBaTh OnepaTop
g t1= (59 )
a2 T4~ 9

OrBernI Kk §15

1
SE:T{@+h

Nz —1), §<z<T;
1) 1 sinz sin(1 —¢), 0 <z <¢,
sinl | sin(1—z)sing, £€<z<1;
i ctg 1+1 .
5) 1—ctg 1 (sm:L‘—Hzos:L‘)(ictg1_1 s1n§+cos§), 0<z<E,
2 ctg 1+1 . .
(7ctg1—1 smx+cosx)(sm§+cos§)7 ¢<z<1
6) 1 (shxzsh(1-¢), 0<z<¢,
b1 shgsh(1—z), {<z<1y
7 1 (e® +e %) (ef +e27¢), 0<z<E,
2 (ef+ed)(e" +e*7), E<z <L
%—1 l<z<¢ 2 1<z<¢
15.2. 1) { | ﬁ 2) g
55— = <z <2 In =2, ¢<z<2
2 T T
B 1<e<, L(L-2) 1<ase
3) 28 4) z\§ 3
— s - 112
'I/'é' ) ES'ESQa 6($2 z)’ éS'ESQ
tg z(l1 —tg &), 0<mz<¢,
15.3. 1) W
tg&(l—tgz), (<<
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fsinf(\/ﬁsinm — 1), (<< —;

{(tgm+1)(tg§ 3), 0<z<¢,

(tg E+1)(tg z — 3), §<gv<Z

{—Sinx(\/i sin & — 1), 0<z <,
2

IN

x

AN
oo

4
(1 + arctgx) (arctgf — —), 0
15.4. 1) {”*4 4

™
- - = <z <l;
=i 1—|—arctg§)(arctg$ 4), E<z <1,

arctgzx | —
arctgé ( —

(e
){

(
4
arctg£+ 1), 0<z <,
T+ 2
4

P arctga:—i—l) E<zr<1;

4
( + \/garctg \/_)
T+ 2V3 (

(
1+ \/§arctg )(

\ {;[w(m+1)][(£fl)2 “(€+D)] 0<a<e
}

glery € )][ge @+

1 24z 248 )
6){ 41n3ln2iz(ln27£ m3), 0<z<E¢,

S ln2+£(ln2+$71n3), E<xz<1;

41n3 2—¢& 2—z

z? 1
7) {4(5252)7 O<z<g 8) {“”2(552), 0<=z<¢,

%(irf) E<z <l Flz—27), (<<l

xr

IN
oo

IA
=13

. fctg£f£+(1+§), 0<z
15.5.
) —ctgm—x—i—(l—i—%), ¢E<z

In (ﬁsinf), 0<z<¢,
2
) ln(\/isinx), §§x§§;
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_tgm70§$§€7 Ctg€7 0§$§€7

15.6. 1) x 2 ™

—tg ¢, fSIESEE ctg x §<$§5§
ctgE+1, 0<z<E,
ctgx + 1, ggxgg.

T 0<z<t Z(log), o<a<e

15.7. 1) { % 2) ¢ 3 (5 )

e E<z<y S(G-a) e<osy
1
§(2x+%),§§x§1. —lnz, {<z<1;
5 {1—1n§, 0<z<é 5 S(E+2), 0<w<E
1—Inz, £<z<I1. g(’E-I-QT 2), ¢<z<I;
1r? 0<w<g, L po(engie), 0<z<¢
—2 . a(pa__ .l1—a

§£~T I £S$S1 172(15 ($ z )7 £S$S1
1 o

et [ S—dt, 0<z <&

9) ¢
ere [
est / —dt, £<w<l.

1
SR 1§$§€7

15.8. { %

o @) 20)(@(O - B1). 0<s<e

15.9. 1) )

N €T S V2 _ _
50 o0 TEIR(B(E) - 2(0))(®(z) - @(1), {<z<,
roe ®(z) = /6752/2(1{;
1 -1, z 3
<2+/et2dt> (/etEdt-l-Q) /e’tht, 0<z<E,
2) 0 0 1

1 —1 I3 T
—<2+ /etzdt> (/etZdH 2) /e*tZdt, E<z <1
0

0 1
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3 {Kyl( z) y2(€), 0

<z <§, oo\
rne K = <el + /eft dt) ,
Kyi(§) y2(z), £ <z <1,

0

1
(@)= el [, e = o ( +/ et2dt>'

0 T

$2
o /o (52_8\/5673/2)7 0S£S$,
15.10. 28‘[
B —3/2
28\/_(T 82z ) E<z <2
15.11. {ln(£+1)’ Slsest
“In(z+1), E<z<0.
e -, 0<z<g,
15.12. {zf
%(m*"—x”), E<zx <1
£, &— f
z|1+ 2 In (13—1) 1<z <¢,
15.13. [ 2 fﬂ ]
reimig+im3-1) e<a<2
)

15.14. 1) y(z) = A/G(x,«f) £2y(§) de,
0

z—In(l1+e*)+1+In2, 0<z<E,
roe G(z,§) =
E—In(1+ef)+1+1n2, £<z<T;

s —¢(1+zarctga), 0<s<E,
2) o) =) [ Gla @ de, rre Gleg)={ 5 T ETE

0
1
3) y(z) = X [ G(a,€) &y(€) d,
0

{— n(e+v1+e2)+1+In(1+v2), 0<z<

rne G(z,§) =

In(e $+vV1+e 2)+1+In(1+v2), €<z <
; ¢(ZmEE-1), 0<aze
0 m(—lnjfl), E<z<1;

/2 {tg””-ug -|-l 0<z<E,

5) yl@) =X [ G(.&) &y() &, rme G, =1 |
6 B figeal, c<o<h:
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6) y(z) = (A= 1) [ G(z,€) cos 26y (€) de,

(z—272)(§ +4672),

. 1 1<z <
rne G(z,€) = (- &) (x+4272), €<z<2;

7) y(@) = (A~ a) [ Gz, y(€) d,

o B 1 cosy/ax -cosy/a(E—1), 0<z <, 0
e (%75)__\/551“\/a cosy/a€ -cosva(z —1), E<z <1, @0
a # (mn)?, n menoe.

_1 _ [2(-1+E), 0<a<g

2
15.16. y(x) =\ [ G(.) éQ)d.f, e G(a,€) =

1

L), g<a<2

1 arctgz, 0<z<¢,
15.17. 1) y(x):—A/G(w,é)y(é)d& rae G(z.6) = {arcfgg <z<l;

0

1 (—e "+1)e ¢, 0<z<¢,
2) y(z) = 0/ (2,8)y(€) d€, rae G(x’f):{(efu)em, £<z<l;
3) yla) =\ [ G(z,)yl(¢ d§+/Gr€ (6) dt,

{-i—l(

h+1
rae G(z,f){x-:_l
1

z+h), 0<z<E,

(§+h), {<z<1;
1 Ing, 0<z<¢,
4) y(#) == [ G, &y(€) i, rme G(o,6) = {111:1:_ g<z<l.

0

1
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3) y(@) = [ G(x,€) f(&) d€, rame G(m,f)z{

/2

4) y(z) = [ G(z,6) f(&)de,

0

rne G(z,8) =

5) y(z) = [G(x,€) f(€) &k,

In|z| —z, —

1
1n|€|_£7 é‘SxSO’

§16. MeTon pa3smesieHUs NEePEMEHHBIX IJIs YPaBHEHUN
Jlannaca u Ilyaccona

1. KpaeBble 3amaum Ha IUIOCKOCTHU. PereHme KPaeBbIX 33039 B
cilydae mpocTeimux obnacteil (Kpyr, KpyroBOE KOJBLO, IPAMOYTOILHUK
n I[p) MOXHO IIOJIYyYUTHh METOOOM DA3OECJICHNS IIEPEMEHHBIX.

WNamoxum sTOT MeTonm pemleHus 3amaum upuxie nmis xpyra: Ham-
1 QyHKIUo U = u(r, @), yOOBIETBOPSIOILYIO BHY TP KPyTa yPABHEHUIO

Jlammaca
Ay =0 (1)
1 TIPUHIMAKLIYI0 33JaHHBIE 3HAYEHWs HA TPAHULE KPYTa, T. €.
ulr=r = f(p). (2)
Ypasrenue (1) B HOMAPHBIX KOOPOUHATAX (1, ) UMEET BUL
10 ou 1 0%u
ror (o) 75 g =0 ®)
Nmem wacTaBIE pemenus ypasHeHus (3) Buaa
uw=Z(r)®(p). (4)
TMoncrasuss (4) B (3), nonyuyaem
2"(¢) + A2(p) =0, ()
d dz
r%(r%)f)\Z—O. (6)

Tak kax u(r,¢ + 2m) = u(r,¢), 10 ®(p + 27) = ®(¢p), u u3 (5) vaxonum

VA =n (n nemoe), a

b, (p) = A, cosnp + By, sinnp.

13 TIlom pen. B.C. Bragumupona
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Torza u3 (6), nonaras Z(r) = r*, nonyuaem o® =n?, a=+n(n>0) n
CIEOBATEIHHO, Zo(r) = ar™ + br"

IIpu n =0 (A = 0) u3 (6) vaxonum Z(r) = Colnr + C.

st pemenns BHy TpeHBed 3anaqan Jlnpuxiie Hy ’KHO MOJIOKUTE Z, (1) =
=ar” n=1,2,...) u Zo(r)=C, Tak kak r~ " — oc u lnr — —oc mpu
r — +0. Pemenue BHyTpennen 3amaum llupuxime umineM B Bume psna

e n
u(r,p) = C + Z % (A, cosnp + By sinng), (7)
roe kosdduumentor A, u B, onpenensiorcs u3 kpaesoro ycsosus (2):

An=2 [1@) cosnpdy,  C=- [1@)dp,  Bu== [F()sinnydy.

Cymmupys pan (7), momydaem perneHve BHyTpeHHeR 3amadnm upuxie
BHyTDU Kpyra B Bume unTerpasa [lyaccona

R* —¢?
ulr, ) = o /f r2 — 2Rrcos (p — ) + R? .

Pemenve BremEeR 3anaun [upuxie umem B BUIE psiga
oo
u(r,p) =C + Z If—n (A, cosny + By, sinny).

Haxownen, pemenue ypasuenus (1) B o6nactu Ry < r < R npu 3anas-
HBIX KPA€BBIX YCIIOBUAX HA OKPYXHOCTHAX T" = R1 nr = R2 HNILIEM B BUIOE
psina

u(r, @) i(Ar-l— )cosmp+Z(Br -I-—)Slnmp-l-alnr-l-b

n=1

16.1. Haiitu QyHKIIMIO, TADMOHUYECKYIO BHYTPHU €OUHUYHOTO KPyra
u TaKyio, 9To ul,—1 = f(p), rme:

1) f(p) = cos® p; 2) flp) = sin’ g;

3) flp) = cos* ; 4) f(p) = sin® g + cos® p.

16.2. Haittu dyHKIMIO, rapDMOHNYECKYIO BHYTPHU Kpyra pagumyca R c

OEHTPOM B Ha4YaJIEe KOODOAVHAT U TAaKYIO, 9YTO:

ou ou

= N —_ — . 8’“/ _ .3
1) o T:R—ACOS% 2) = Acos2p; 3) = sin® .

or lr=r ar lr=r
16.3. Hafitu cranmoHapHOE pacupemeseHue Temueparypsl u(Tr, @)
BHYTPU GECKOHEUHOTO NMIIMHAPa paauyca R, eciu:

1) Ha ero mMOBEPXHOCTHU MONLEPXKUBACTCS TEMIEPATYPA
u(r, @)|r—r = Asing;
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2) ma oxmHoit nonosure mosepxHocTu muuaapa (0 < ¢ < 7) mommep-
xuBaeTcs temneparypa —1p, a Ha npyroi nonosure (—m < ¢ < 0) —
TemnepaTypa 1j.

16.4. Haiitu dyHKINIO, TADMOHUYIECKYIO B KOJblle 1 <7 <2 u Takyio,

qTo
rae: ulr=1 = f1(y), ulr—2 = fa(¢),

1) fi(yp) = u1 = const, f2(¢) = ua = const;

2) filp) =1+ cos® o, fa(p) = sin® .

16.5. Haiitu pemenune ypaBmenus Au = A B konble R; < 17 < Rs,
€CIN U|r—R, = U1, U|lr=p, = us (A,u1,us  3a0AHHBIE YUCIA).

16.6. Haittu pemenne ypasuenus [lyaccona

Au = —Azy (A = const)

B Kpyre panuyca R ¢ menTpoM B Hauase koopausatr, ecnu ul,—g = 0.

16.7. Haittu pemenue ypasaenus Jlamnaca Au = 0 B mpsaMOyroib-
Huke 0 < £ < a, 0 < y < b, ecinu HA TPAHUIE HTOTO MHOTOYTOIBLHUKA
u(Z,y) IPUHUMAET CIEMYIOIINE 3HAUECHMWSL:

U|y—o = Asin %, U|g—aq = 0,

u|y=0 = Bsin %, U|y=p = 0.

16.8. HaiiTu pacmpemenenne TOTEHINAIA DIEKTPOCTATUIECCKOTO OIS
u(m, y) BHYTPHU IPAMOYT'OJILHUKA [O <zr<a, 0<y< b], €CIIN IMOTEHIINAJII
BIIOJIb CTOPOHBI 9TOTO MPSIMOYTOJIbHUKA, Jexalreit Ha ocu Oy, paBeH vg, a
TPU OPYTUE CTOPOHBI IPSIMOYTOIBHUKA, 3a3eMiteHbl. [Ipennonaraercs, aro
BHYTDU IPSAMOYTOJIBHUKA HET 3JICKTPUYECKUX 3aPAOOB.

16.9. Haiitu pacnpenmenenne MOTEHIUAIA DIEKTPOCTATUUIECCKOTO IIO-
as u(z,y) BHyTPE KOPOOKM TIPSIMOYTONBHOTO CedeHuMs —a < T < @,
—b < y < b, IBe IPOTUBOMOJIOKHELIE TPAHU KOTOPOHU (£ = a U T = —a)
MMEIOT TIOTEHIUAI Vg, & ABe apyrue (y = b, y = —b) 3a3eMJIeHEbL

16.10. Haiitu cranmonapHOe pacupenenenue TeMnepatypsr u(z,y) B
OPSIMOYTOIBHON omuOponHoi mmactuake 0 < z < a, 0 < y < b, ecnn
€e CTOPOHBI & = @ W Y = b TOKPBITHI TENJIOBON M3OJIANUEH, IBE OPYTue
croponsl (z = 0, y = 0) HONAEPKUBAIOTCS IPU HYJIEBOIl TEMIIEPATYDE, &
B IINIACTUHKE BBIOCJISAETCA TEILJIO C HOCTOSIHHOU IIJIOTHOCTBIO q.

2. Kpaenbie 3agaun B mpocTpaHcTBe. Haxoxnenwe pemenuii 3a-
mag 16.11, 16.12 meTonoM pasmeneHus IepeMeHHBIX TpebyeT IpuMeHeHUs
6ecceneBbix Gyukuunit (cum. c. 247).

16.11. Haiitu cranmonapuyio temnepatypy (7, 2) BHyTPEHHUX TO-
YeK ONWIMHIPA ¢ PAAMYCOM OCHOBaHMS R M BEICOTOM h, ecim:

1) TemmepaTypa HUXHErO OCHOBAHUS 1 GOKOBOI MOBEPXHOCTHU [VITUH-
pa paBHA HYJIIO, 8 TEMIIEPATYPA BEPXHETO OCHOBAHUS 3ABUCHAT TOJIILKO OT T
(paccTosHEE OT OCH LUIAVHADA);

13*
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2) TeMmepaTypa HUXKHErO OCHOBAHWs DAaBHA HYIKO, GOKOBAas IOBEPX-
HOCTH HUJIMHAOPA NMOKPBITA HEIIPOHUIAEMBIM MJIA TEIJIOTHI Y€XJIOM, a TEM-
nepaTypa BEPXHETO OCHOBAHUS €CTh q)yHKHI/ISI oT 7]

3) TeMmepaTypa HUXKHErO OCHOBAHWs DABHA HYIKO, GOKOBAas IOBEPX-
HOCTb HMJIMHIPA CBOOOMHO OXJIAXKIAETCS B BO3LYyXe HYJIEBOM TEMIEDATY-
PEL, & TEeMIEPATYPa BEPXHETO OCHOBAHUS €CTh GYHKIUS OT T}

4) TeMmepaTypa BEPXHETO U HUXHErO OCHOBAHWN DABHA HYIIIO, & TEM-
nepaTypa B KaXOoi TOUuKe DOKOBOHM ITOBEPXHOCTH 3aBUCUT TOJBKO OT pac-
CTOSIHUS 3TOU TOYKHU [0 HUNKHErO OCHOBAHUS (T. €. OT 2);

5) OCHOBaHWS NUAMHOPA TEMJIOM30JIMPOBAHEI, & TEMIEPATYPA GOKOBOI
IIOBEPXHOCTU €CTh 3adaHHAA q)yHKHI/ISI oT z.

16.12. HaiiTu cTammoHApPHOE pAaCIpenesieHne TeMIEPATYpPhl BHYTPU
TBEPIOrO Tejla, UMEIOIero GOpMy MUIWHAPA ¢ PAOAYCOM OCHOBaHUS R n
BBICOTOU h, ecyu:

1) x mmxueMmy ocHOBaHU z = () IOOBOAUTCS MOCTOSHHBINA TEIIOBOM
MOTOK ¢, a OOKOBasi MOBEPXHOCTL © = R um BepxHee ocHOBaHume z = h
TIONOEPXKUBAIOTCS IPU HYJIEBOH TEMIIEPATYPE;

2) K HUXHeMy OCHOBaHUIO z = () MONBONWTCS MOCTOSHHBIN TEIIIOBOM
TIOTOK ¢, BEPXHEe OCHOBAHUE MOANEPXKUBAETCS IPU HYJIEBOU TEMIIEPATYPE,
a Ha OOKOBOW MOBEPXHOCTY MPOUCXOAUT TEMIIOOOMEH CO CpeNoy HYJEBOU
TEMIEPATYPHI.

[TpumenuM MeTOnm pa3meneHuUs NepeMeHHBIX K ypaBHeHUIo Jlammaca B
NIPOCTPAHCTBE O I1apa panuyca R B ciaydae, KOria pelleHre ¥ He 3aBU-
cut ot yria ¢, T.e. u = u(r,d). Toroa

L0 (aduy 10 (0w
- Au = r?2 Jr (T‘ E)r) + r2s8inf 06 (Sma 60) =0 (8)
onaras
u=Z(r)W(b), 9)
n3 (8) momyuaem
za (%) =N (10)
1 d (. dWY _
g g (0 ) = (11)

Beonst B (10) u (11) BMeCTO A HOBYIO MPOM3BOJIbHYIO MOCTOSHHYIO V,
roe A = v(v + 1), 3anumem ypasaenue (10) B cnenyromem Bume:
d’Z dz
2 —
TW+2’FW*V(V—|—1)Z—O. (12)
Ypasuenue (12) umeer vacTHbIE pemieHus Buna Z = r%, rme a; = v u
as = —(v + 1). CaenoBarensbHo,

Z(r) = Cyr¥ + Cor~ v+l (13)

Ypasuenue (11) 3amenoil He3aBUCUMON IEPEMEHHOM 110 dopMyite £ = cos
MPUBOAUTCS K BUOY
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(1—¢?) ]+u(u+1) =0, (14)

d{ |: d¢
roe y = W(arccos ). Ypasuenune (14) naswBaercs ypasHenueM Jlexanm-
pa; OHO MMEET OrPAHWYEHHLIE HA OTpeske [—1, 1] permenns B TOM 1 TOTBKO
B TOM City4ae, korma v =n (n > 0 nenoe).

Pemwenusmu ypasuenus (14) mpu v = n aBasioTCa nOArHOMEL Jle-
JKAHIPA 1 dn(e? — 1y
y=P,(§ = ol dgn

ITpueenem dopmynwr mrst P, (&) npu n=0,1,2,3,4:
P =1, PE)=¢ PO =561,
Pye) = 3 (56 ~38),  Pa(€) = 3 (356" — 306> +3).

Tonumaombr Jlexxannpa 06pasyoT OpTOroHaIbHYO cuctemy B Lo(—1,1),
T.e.

/P §deE=0 (n #m)

u, KpOMe TOro,

n+1"

|mm:/ﬁ@a: -
-1

Ormerum eme, uto Beskas ¢yukuus f € Lo(—1,1) pasmaraercs B psan
®ypbe IO TOIUHOMAM HexaH,upa

£(&) = Z””%ﬁ) . (6),

n=0

cxomsumiicsa B Lo(—1,1).
N3 (13), (14) maxomum uwacTHBE pemenus ypasHenus (8) supma (9)

Un(r,0) = [AnT" + B,r~ (1) P, (cos¥),

rue P, (§) — nonunomer Jlexannpa.

Dyuknun uy,(r,0) ymnoGHO UCHONB30BATH [ HAXOXKIECHWS DEIIeHUs
ypasreHus Jlannaca B ciydae, KOrJa KPaeBbIE YCIIOBUS 3a0aHBL HA cde-
pe (BHYTDEHHSS ¥ BHEIIHSS 33a0a4l) WIN HA TPAHULE IIAPOBOTO CIIOSL
(R1 <r< RQ)

Pemenve BuyTpenHei 3anaun Hupuxmie (1 OpyruxX BHYTPEHHUX 32031
1uist ypasHenus Jlamiaca) B cilyduae, KOrga KPAeBbIE YCIOBUS 3a4aHBI HA
cdepe r = R u 3aBUCIT TOIBKO OT #, CllenyeT UCKATH B BUIE

u(r,0) = Z Anr" Py (cosh),
n=0
a pellleHue BHEIIHEN 3a0a4d B BUME

u(r,0) = ZB ="t P (cos).

n=0
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Ecnm xpaeBbie ycioBus 3aaHbI Ha IPAHUIE IIAPOBOTO clost By < r < Rp
¥ 3aBUCST TOJIBKO OT §, TO pelleHre HyXHO UCKATH B BUIE

oo
u(r,8) = Z [Anr" + Bnrf("H)] P, (cos®).
n=0
Kosdduimentor A, B, onpenenasoTcs u3 KPaeBbiX yCIOBUIA.

16.13. Haiitv dyHKUUIO 14, TADMOHUYECKYIO BHYTPH IIapa panuyca R
C IEHTPOM B Hadajle KOOPAMHAT U TAKYI0, YTO

U|r:R = f(@)
raoe:

1) f(6) = cos¥; 2) f(0) = cos? 6;
3) f(8) = cos26; 4) () = sin?4.
16.14. Haiitu dyukmmio, rapMOHNYIECKYIO BHYTPH IIapa pannyca R un

TAKYIO, HTO (u+u,)|,=r = 1+ cos® 6.

16.15. Haiitu dyHkmio, rapMOHIUIECKYIO BHE I1apa panuyca R u Ta-
KyI0, UTO:

1) up|r—p =sin’6; 2) (u—u,)|,—r =sin’0; 3) u,|,—r = Acoséb.

16.16. Buiscuurs, pasperuma gu BHyTpPeHHs s 3amada Hetimana mist
mapa panuyca R, ecmn:

1) up|lr=r = Acosb; 2) uplp=g = siné.
HaiiTu cooTBeTCTBYyIOIIEE DEILIEHE.

16.17. HaiiTu rapMOHUYECKYIO BHYTpU IIapoBoro cimos 1 < r < 2
GyHKIOUIO TaKyI0, 9TO

ulr—1 = f1(6), ul—2 = fa(6),

€CJIIN:

1) f1 = cos?4, fo= % (cos? 6 + 1);
2) f1 = cos? 6, f2:4c0329—§;
3) f1=1—cos26, fo = 2cosb;

4) f1:%COS€7 f2 =1+ cos26;

5) f1 =9cos26, fo =3(1 — 7cos?6).

16.18. HaiiTu cTanroHapHYIO TEMIEPATYPY BHY TPEHHUX TOYEK TOY-
cohepsr paguyca R, ecnu chepuyeckasi TOBEPXHOCTD HOONEPKUBACTCS TIPI
MOCTOSTHHON TemnepaType Tp, a OCHOBaHME TONyCcHEPBl — MPU HYJIEBOR
TeMIIepaType.

16.19. HafiTu cTamuoHApPHYIO TEMIEPATYPYy BHYTPHU OTHOPOIHOTO
M30TPOMHOTO Tapa paguyca R, ecin HA MOBEPXHOCTH IIapa MOMOEPKU-
BaeTCs TeMIlepaTypa .

{ul mpu 0<60< 5
U|r:R =

Us  TIpU g<9§7r.
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Ypasuenue Jlamnaca Au = 0 B chepuueckux koopauHatax (r, ¢, d)
UMeeT BUL

1 0 (o au) 1 ad ( . au) 1 0*u
L9 (20 - guy, L dm_ 1
r2 Or (7‘ ar + r2sinf 06 sin 6 a6 + r2sin2§ Op? 0 (15)
Bynem naxonuts pemennst ypasaenus (15) MeTOnOM pasnesnenus nepeMen-
ueix. Homaras u(r, 6, @) = Z(r) Y (0, ¢), n3 (15) vaxonum

7" +2rZ — \Z =0, (16)
1 8 (. ,0Y 1 0Y _
sinf 00 (Sm0 W) + sinf 0p? AV =0. (17)

ITorpe6Gosas, uTobul pyukuusa Y (6, ) Oblia OrpaHUYeHA HA EOUHUYHON
chepe, n yaurbBas, ato Y (0, ¢ + 27) = Y (0, ¢), Gynem uckarth perenus
ypasuenus (17), nomaras Y (0, ¢) = W (0) - ®(p). Mul nomyuum
" +pu2 =0,  2(p+2m) =2(p), (18)
orkyna = m? (m uenoe) n
®,, () = Cyp, cosmp + Dy, sinmep (19)

perennus 3amaun (18).
Dyukuusa W (0) onpenensercs u3 ypaBHEHUs]

L4 (g W K ) -
sind @ (Sme a9 ) + ()‘ smg) WV =0 (20)
oHa nomkHa ObiTh orpanmuena npu § = 0 uw § = 7. Iomaras B (20)
& =cosf un oboznauas W (6) = X (cosf) = X (§), sanmmem ypasaenue (20)

B CIIeOyIOIIEM BUIE:

d 2y dX m’ B

d—s{(l f)E:|+<)\ 152))(_0. (21)
Ypasuenue (21) umeer orpanuuensbe Ha orpeske [—1, 1] pemenns muus
npu A =n(n+1),rnen  nenoe. YacTHsiMu pertenusMu ypasaerus (21)

npu A = n(n + 1) ssisorcs GyHKuumn

d" P,
Pém)(f) — (1 - fZ)m/Z n(f)’
d¢
roe Pp(§) (n=0,1,...)  nonusoMme! Jlexannpa.
Bosspaiasice k nepemerHomy 6, HalmeM UCKOMbIE YACTHBIE DEIICHUS
ypasaenus (20):

P{™ (cos ) = sin™ 6

m

[P, (cosb)], (22)

d cos 0™

npuIeM pm (cosf) = 0 mpu m > n. Oyskuum pm (cos #), onpenensiembre
dopmMyoit (22), HA3BIBAIOTCS NPUCOENUHEHHBIME ONMHOMaMu Jlexannpa.

Taxum o6pa3oM, 4acTHBIE perneHus ypasHenus (17), orpanudeHHbIE
HA €NMHUYIHOU cdepe, NMEeIOT BUL
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Y, (0,) = agP,(cos ) + Z(ak cos kg + by sin ko) P (cos ). (23)
k=1
Tax xax o0LIee peleHne yPABHEHUS (16) IMeeT BUI

Zn(r) = Apr™ +

n+1 ?

TO UCKOMBIE YACTHBIE peleHns ypasaenus (15) TakoBer:

n(r,6,0) = Zn(r) Y (6,0) = (Anr™ + 222) Ya(6,0).

sneck Yy, (0, ¢) onpenensercs dopmymnon (23).
Paccmorpum BHyTpenuioo 3amaay Hupumxmae nns chepsr pammyca R
C UEHTPOM B Hadajie KOODAWHAT: HaiTu pemreHue ypasaerus (15) mpum
YCIOBHM, 9TO
ul,—r = f(8,9). (24)

Pewenue sToil 3anaun (n ApYyrux BHYTPEHHUX 3a[a4) CIEAYET UCKATH B
BUIE

ur6.9) = 3 (5) 160 (25)

npuueM B ciaydae sanaqn (15), (24) B xauectse dynkumit Y (6, ¢) B (25)
HY2KHO B3STh T€ U TONBKO T€ OYHKINY, KOTOPBIE IPUCYTCTBYIOT B PA3TIO-
xervn f(6, @) B psan no chepuueckum dyukmmsm Yy (60, @)

6,0) =Y Vi(6.¢).
k=0

Pemenue sanaun (15), (24) B Touke Mo (7o, 0o, o) MOKHO NPENCTABUTE
unmezpasom Ilyaccona

1 27 R2 Py
0 ——// 0 0 sin 6 df d
u(ro, o, ¢o) = f( ,cp)( Ry ©,
00
roe cosy = cosf cosfy + sin§ sin by cos (¢ — o).
Pemenne Bremneir 3anaun Hupuxse nas chepor panmyca R (n npyrux
BHEIIHUX 3371a4) CJEAYET UCKATH B BUIE

u(r, 8, p) = i (%)IHl Y (6, ).

Haxkownern, ¢yHknno, rapMOHIYECKYIO B chepudeckoMm cioe Ry < r < Rs
7 NPUHVNMAIIIYI 3a0aHHBIE 3HAUEHWA HA I'DAHUNE 3TOTO CJI0A, HYXHO

NCKaTh B BUOe
k+1 _

u(r,8,p) = i( )Yk9<p+2( ) Yi(6, ),

k=0

rze Y (0, @) — chepuueckas dyskuns suna (23).
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Brinuiem HECKOTBKO TPUCOEMUHEHHBIX TOMUHOMOB Jlexannpa u pyHK-
uuit Y5 (6, ) B sBrOM Bupe ms k = 0,1,2, 3:

P1(1)(COS ¢) = sin ; P?fz) (cos6) = 15sin? 6 cos 6;
Pz(l)(cos #) = 3sind cosb; P3(3) (cosf) = 15sin® 6;

20— !
P?fl)(cos 0) = sinf 15¢cos 6 - 3. P (cos ) = @n)! sin™ 6:

2 ’ 2np! ’

Yo(6, ¢) = ao,

Y1(6,¢) = a1 cosf + (b1 cosp + ¢1 sin ) sin 6,

Ya(6, ) = aa(3cos?§ — 1) + (ba cos ¢ + casin ) sin @ cosd +
+ (da cos 2 + e sin 2¢) sin” 6,

Y3(0, @) = asz(5cos® 0 — 3 cos ) + (bz cos p + c3 sin p) sin f (15 cos? § — 3) +
+ (d3 cos 2 + ez sin 2¢) sin6 cos @ + (f3cos 3 + g3 sin 3¢p) sin>4.

16.20. HatiTu GyHKIUO, TAPMOHUYECKYIO BHYTPYU €IUHUIHON Chepb
7 TaKyl, 4TO:

1) ulr=1 = cos (2<,0 + g) sin® 6;
2) u|p=1 = (sin @ + sin 26) sin ((p + g),
3) uly=1 = sinf (sin g + sin6);
4) tp|p—1 = sin'? @ sin 10p, ul,—o = 1.

16.21. Haiitu dyHKUMIO, rapMOHUYECKYIO0 BHYyTpHU chepsl pagnyca R
C IIEHTPOM B Hadaje KOODOUHAT U TAKYyIO, YTO:

1) u|,—gr =sin (2<p + %) sinZ 6 cos §;
2) u|,—gr = sin (3<p + %) sin® 6;
3) u|,—g = sin?# cos (2(,0 — %) + sin 6 sin y;

4) (u+up)l,—p =sin* @ [\/5 cos (290 + %) + 2 cos? (p};

5) (u+ up)|r—p = sinf (sin ¢ + cos p cosf + sin h).

16.22. Hatitu QyHKIUIO, TAPMOHUYECKYIO BHE €OUHUYHOU cepbl U
TaKyl, 4TO:

1) up|p=1 =sin (g — <p) sin 6; 2) u|,—1 = cos? 6§ sinf sin ((p + g)

16.23. Haiitu dyHkIuio, TapMOHNYECKYI0 BHe chepnl pamuyca R ¢
OEHTPOM B Ha4YaJI€e KOODOAVHAT U TAaKYIO, 4TO:

1) ulp—p = sin®6 cos 6 cos (3<p+ g), 2) u|,—gr =sin 100¢p sint%09;

3) (u—u.)|,—r = sinf cos? g sin ((p + g)
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16.24. HaiiTu QyHKIINO, TAPMOHUYECKYIO BHYTpU CHEPUUIECKOTO CITOS
1< r < 2mu rakyw, 910 ul,—1 = f1(0,9), ul.=2 = f2(0, ), rae:

1) f1 =sinf siny, fo=0;

2) fi = 3sin2¢p sin? 4, fo = 3cosb;

3) f1 = Tsin# cosp, fo = Tcosb;

4) f1 =sin”6 (3 — sin2p), fa=4f;

5) f1 = 12sinf cos? g cosp, fo=0;

6) f1 = sin2¢p sin?4, fo = cos 2¢p sin’ 6;

7) fi1 = cosy sin 26, fo = sin ¢ sin 26;

8) fi1 = 31sin 26 sin g, fo = 31sin% 0 cos 2¢;

9) f1 =cosé, f2 = cosp (12sinf — 15sin® 6).

16.25. Haiitu QyHKIUO, TAPMOHUYECKYIO BHY TPU CHEPUIECKOTO CITOS
1 < r < 2 n Takyo, 4TO:

1) (3u 4+ u,)|,—1 = 5sin® @ sin 2, U|p=g = — cosb;
2) u)p—1 = sinf sing (5 + 6 cosh), Up|r—2 = 12sin 26 sin ;
3) ulpm1 =1, |2 = 15cos ¢ (cos? § sinf + sin @ sin® 6 cos ).

16.26. HaiiTu QyHKIIUIO, TAPMOHUYECKYIO BHY TPU CHEPUIECKOTO CITOS
1/2 < r < 1 n rakyio, uro:

1) ulp=1/2 =0, u|p—1 = 6cos? @ sin® §;
2) wl,—1/2 = 30cos? ¢ sin” 6§ cosb, wlp—1 = 0.

OrBernl K §16

16.1. 1) %(14—1“2 o8 2¢); 2) %(3sin(p—r2 sin 2¢);
3, 7 r _ 5,3 4
3) §+7cos2cp+§c0s4cp, ., 4) stg’ cosdp.
16.2. 1) Arcosyp + C; 2) ﬁr2c082<p+0;
3) 2 (3rsin —isin3 +C
1 LY '

3necs € mpPOWM3BONIBHAS TOCTOSIHHAS.

16.3. 1) %sin(p;

ATy & (v V" Tlsin(@n+ 1) 2T, R* —7?
2) - (—) ——— = — arctg ———— — 1.
T =0 \R 2n+1 s 2rRsin ¢
Inr 3 Inr 2 1
16.4. 1 ) BT gy 3 r (———2) 2.
6.4 1) wi+(u—wm) 5 2) 5o+ (5E T ) o8

1 —u2 + A(R] — RY)/4 m B2
InRs; —In Ry r

16.5. uy + % (r? —R3)+ 2
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16.6. A’“ T (B? —1?) sin2p.

Azxy Artgin 2
YKa3aHHe. u:v-l—w,r,z[ev:f12 (22 +92) = T(p
yacTHOe perneHne ypasHenus IlyaccoHa, a w  peruenue ypasHeHus Jlamn-

A .
Jaca, yIOBIETBOPSIOLIEE YCIOBUIO W|,—p = 21 R*sin 20.

o o) =)
16.7. Aib sin =¥ +B—% in .
Ta b ud a
sh > sh o

Yxaszaune. Pemenve uckars B BUmEe 4 = v + w, TOE U U W —

. Vs
rapMOHUYECKVEe (OYHKIUK TaKue, 4TO U|,—o = Asin —y, V|g=a = V|y=0 =

= ’U|y:b = 0, ’lU|z:0 = w|w:a = w|y:b = 07 w|y:0 —= Bsin Z_x

<h 2n+1)(a—z) T sin (2n+1) Ty

oo i
16.8. 2% v b b
- (2n+1) 7a
n=0 (2n + 1) sh =272
(2n+1) mx (2n+1) my
00 ch cos
16.9. 20 S~ qyn 2b —
T n=0 (2n+1)ch gb Ta
; o G ()
16ga* 1 [ 2a -| . 2n+1) 7wz
16.10. = ;::0 CTESE Ll - CIESyET J sin %0 )
2a

k KO3(pPUIMEHT BHYTPEHHEN TEIJIONPOBOIHOCTH.
Ykasauwue. 3amaua CBOOUTCH K PEIIEHUIO ypaBHeHus Ay = —
[PU YCIOBUSX U] z—q = u|y:0 =0, Uz|o=a = Uyly=s = 0.
Hn

ESIIS]

16.11. 1) > ap

r
— y=1,2,... -
p) h'“ h JO( nR)’ rme iy (n ,2,...)  TOIOXW

2 ) l’fn'f)
TeJILHBIE KOPHU yPABHEHU JO (v) =0, an RN AT 0/ ruo(r) Jo ( =) dr;
[o's) sh “" r
2) 2231 h,unh ']0( n E)’ roe p, (n = 1,2,...) HOTIOXUTETh-

R
2 PnT

= B O/rug(r) J()( 7 )d?‘

(Yxkaszanmue. Kpaesre ycrmoBus umeroT BUN |uly—g| < 00, u|.—g = 0,

Ur|r=r = 0, ul.=p = uo(r).);

oo sh ”"Z
3) X a
el sh unh

2 n2R?\
HBbIE KOPHU ypa,BHeHI/Iﬂ pdi(p) = hiRJo(p) =0, an, = o (1+— X
I

Hble KOpHU ypasHenus Ji(u) =0, a,

Jo (%), roe pn, (n = 1,2,...) NONOXKUTEb-
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R
X [Jo(pn)] 2 /T"LL(]( r) Jo (”" )dr (Y x a3 aune. Kpaesbe ycaosus nme-

07 BuL |U|,—o| <oc, ul,—0=0, (up+hiw)|,=r=0, u|l.—p=1uo(r).);

4) % io: [JO(M'L)] (/f(§ sm— ) lananO(anri)’ roe

n=1
Jo(iz) dyukumsa Beccens HymeBOro nmopsiika OT YMCTO MHUMOTO apry-
MEHTA;
2 ™R " ™mz Tnr
5) Z [JO (— z)] /f( cos—d.f cos—Jo(— z) (Y xa-
h = / h
3adue. Kpaeswle yCcioBus UMEIOT BUL U|,—0 = Uz|.—p = 0, u|,=p =
= f(2).).
f( ) ) - <h tin(h—2) ,
16.12. 1) Y a,—L& —Jp (”L), roe pn, (n=1,2,...)  moo-
2aq
XKUTENbHBIE KODHU YDaBHEHUS J =0,a, = —————, k K03d-
pHU yp 0(n) = 0, an = d

¢uruenT TemnonposonHocTu (Y K a3 aH ue. 3a0aua CBOOUTCS K DeIle-
uuo ypasHeHus Au = 0 nIpu KPAeBBIX yCHOBUAX —ku,|.—0 = ¢, U|,=p =
=ul.—p = 0.);

00 h pin(h—2)
TR pnT
2) > an — Jo (—), roe pp (n =1,2,...)  momoXuTens-
T T

uwble kopHu ypasaenus (Jr(u) — RhiJo(u) = 0, hi — xosdhduunent
remioobMena, a, = 2hiR3qk™ (R?hT + p2) ' [J1(pn)] 'p,? (Y xkasa-
Hue. Kpaesse ycnosus umeror Bun (u, + hiu)|,=p =0, —ku,|.—0 = ¢,
ul,=p = 0.).

r . ’ r’ 2
16.13. 1) = cos 0; 2) - (1 - R—) + ﬁ cos? 6;
4 (rV 1 2 2(r
3) 3 (E) Py(cost) — 3 4) 33 (R) Py(cos¥).
4 272
16.14. g + m PQ(COSH).
2R* R’
16.15. 1) —— + — (3cos’6 — 1) + C, rne C — mpousBonbHAs
HOCTOSTHHASL; 3r o ] \
2 R R 1
D 0 (2-0) sl = e (79 3). € oo
) C+ 3 c TR D)  ®E3) cos? 6 3 roe C — mpous
BOJIbHAS HOCTOﬂHHaﬂ;
3
3) C—-= R— cosd, roe C — mpomM3BOIBHAS IOCTOSTHHASL.
T'

16.16. 1) 3anaua paspemwmMa: u = Ar cosf, rne C  TpousBONbHASA
HOCTOSTHHAS;
2) 3amava HE UMEET PElIeHNsI.
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: 172 _ 2 _ ]
1617, 1) -+ 25025 9) 3[ 1+72(3cos?6 — 1)
8 4 (8 4 , 128 _
3 3 3+(7T Tr 2)P1(COSQ) (93 93r3)P2(COSG)’
4 1\, 1/8 s 1 _
4) 5(1_;)+ﬁ(r_2_T)P1(COSG)+ﬁ(T —T—3)P2(C089),
2 4
5) ;75+4(T—37r2) P(cos 6).
X, qynl-3:5..(2n—1) r 2t
16.18. Ty 5. (1) 5o iy (4n-|—3)(§) Popi1(cosh),
0<f< 2.
ur +u2 | U — U2 nd3:-5-7..2n—-1)
16.19. s T Z( 1) 546 (2nT2) +2)(4n+3)><
r 2n-+1
X Py i1(cosf) (E) .
16.20. 1) r? cos(&p—i—%) sin? 6 2) (rsinf+1r?sin26) Sin(go—l—%);
2 10
3) %—%(3c0820+1)+rsinﬁsin<p; 4) 1+T1—Osin100 sin 10¢.

3 3
16.21. 1) (%) sin (2<p+ %) sin’f cosf;  2) (%) sin (3<p+ g) sin®6);
2
T .9 _ E 1 . . .
3) (E) sin“ 6 cos (2<p 4) + 7 sin 6 sin g;

4) % + (%)2 [S(ZL;—R) (3cos?f — 1) + HLR (2 cos 2¢ — sin 2¢) sin® 9}
(y kaszaHue. (U, +u)|l,—p = %P2(2)(c050)(2c052g0 — sin2yp) + % -
- % Py(cosf), wu = A+ Br?2Py(cos) + r?(C cos2p + D sin 2¢p) x
X PZ(Z) (cos@).);

2 T . . r?sinf cos@ cosep  r? 3cos?f—1
2 9 . ( _
5) 3+R+1smgosm + R(E+9) 3 RETY Y x a

sasue. (u+ up)=p = sincpPl(l)(cosﬁ) + % cosgon(l)(cosﬂ) + gf

%Pz(c;)sﬂ), u=A+B (%) sing sinf + C (%)2 cosgon(l)(cosﬂ) n
+D (;—{) Pg(cosﬂ).).
16.22. 1) —# sin 0 sin (g _ (p);
2

(1) 1 (1) X T\
2) [151"4 P3™ (cos ) + 52 Py (cos 9)} sin (go + 5)’

R 5 -3 ™ R 101 . -100
16.23. 1) (?) sin”6 cos 6 cos(3<p+ Z); 2) (?) sin 100¢ sin™"" 6;



206 I'a. V. Kpaesvie 3adauu dad ypasHuenuti 344unmuuecko20 muna
R (RY L) 6 (1) . 7r
3) |:2-|-—R (7) Pl (COSH) =+ m ( ) P (COS&) Sin (SD —+ —)
(y kaszanue. (Uu—U)|=p = BP (c0s0)+ P (cosﬂ)] s1n(<p+ )
RV L1 R 1) .
u = {A (?) P1( )(COSG) +B (?) Pz( (cose)] sin (<p + g))

16.24. 1) % (—r n %) sin @ sin 6;

12 1 96 3r
2) 7( —T—) COSO+(31T2 —3—1) sin 2¢ sin? 6;

3) 4 (r— i) cosf + (i —r) sin @ cos ;

1) (14f )Po(c0s0)+r(173c0s297sin20-sin2cp);

1 4 r 12/8 r? .
5) — cosyp smﬂ(r f—)-l-g—l(—sz) cos ¢ sin 26;

7
8 1 8 32 . .
[(3— cos2p — — sin 2cp)r + = ( 37 Co8 2¢ + 3 s1n2cp)] sin“6;

32 8 .
(—— c0s<p+ T s1n<p) + = (3—1 CosYp — o7 smgo)] sin 26;

N[
CE

~3J|w

) sin 26 sin ¢ + (81“2 - %) sin? 6 cos 2¢;
T

1(8 32 37i) 12sinf — 15sin®
7( 2 ) cos b+ 127( e 2 o8-

6.25 ( 1 ) cosf + (7"2 — 2) sin? @ sin 2;

r2 T
4

( )s1n0 sin ¢ + 3r2 sin 26 sin ¢;

3) 1+ %(r—%) Pl(l)(cosﬂ) cos ¢ + ;—g(r3—i) c0s<pP (cos@)
T

+ 97 (7“3_ L) sin2(pP§2)(cose) (YK azaHUe. Upl—2 = 2P3( )(COSO) %

X cosp + = P (cosﬂ) sin2¢ + 3P( )(COSG) cosp, u = (ar+ T%) x
d h
x sinf cosp + C + — + (fr3 + T—4) PN (cos6) cosp + (lr3 + ;n—4) X
X P3(2)(cos ) sin 2(p.).
16.26. 1) 4—24— 3(1—32T2)P2(C0S9) (327" )P(2)(c089)c082<p

(Yxaszaune. uf,— 1_2—2P2(c039)+P (cosﬂ) cos 2¢.);
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2) g (T1 fr) cost9-|—1;;7 (l )P(2)(c059) congo-l— Ph (r f%) X

x P3(cos ) (YK azanme. ul,—1pp = —6P3(cosf) + 6P (cosh)+
-I-P( )(cosﬁ) cos2p, u= (ar-l— )Pl (cosf)+ ((’r + )P(2)(cost9) cos2p +
+ (gr + )P3 (cos ) )

§17. ®yuxkums I'pmaa omeparopa Jlammaca

Oynwyuedi I'puna (BEyTperneit) 3adavu Hupuzae nns obnactu G € R3
HaseiBaeTcs Gynkuus 4(z,y), ¢ € G, y € G, obnanaomas CBONCTBAMM:

1
1) Y(z,y) = m

B G u HenpepeiBHast B G 10 x, pu KaxaoMm y € G
2) 9(z,y)|xes = 0 npu xkaxnom y € G, rue S — rpanuna obnacru G.
Ins weorpanuuenusrx obmactein G tpeGyem, utober g(z,y) — 0 mpu
Fciu G — orpanuuennas o0yacTb u S — MDOCTATOYHO TIIAMKAS [0-
BEPXHOCTB, TO ¥ CYIIIECTBYET, EINHCTBEHHA, IMEET IPABUILHY 0 HOPMAIIb-

+ g(z,y), rne QyHKUMS g — rapMOHUIECKAS

HYI0 NIPOU3BOLHYIO I Ha S mpu kaxnoM y € G u cuMMeTpuuHa, T. €.
n,

Y(z,y) = 9y,x), = 6z G, y € G; g(x,y) HENpEPBIBHA TIO COBOKYTHOCTH
nepemennbix (z,y) B G x G.

Ecnu pemennve BuyTpenneii 3anaun Hupuxie niis ypapaenus [lyaccona
Au = —f(z), uls = uo(z), rme f € C(G) u ug € C(S), umeer mpaBuiIL-
HYI0 HOPMAJIbHYIO MPOU3BOAHYIO HA S, TO OHO onpenessieTcs HOpMyJIon

%ﬁ;y) uo(y) dsy + /g(r,y) fy) dy. (1)
G

u(z) = —
Ina paoa obnactenn QyHKIuo ['prHa MOXHO HAUTH MEMOJOM 0pPa-
aocenut.

17.1. Hoctponts dymxnuio ['puHa mis cremyommx obmacTeir B R3:

1) momympoctpaucTso x3 > 0;

2) mByrpaHHbli yrom zs > 0, z3 > 0;

3) okranT z1 > 0, 3 >0, z3 > 0.

17.2. TlocTpours dyskimio I'puHa mis ciaemymomux obnacteir B R3:

1) map |z| < R;

2) moaymap |z| < R, x3 > 0;

3) uerBeprs wapa |z| < R, o >0, 3 > 0;

4) BoceMas wacTh mapa |z| < R, 1 >0, 29 > 0, z3 > 0.

17.3. Tlonw3ysck METOOOM OTPAXKEHUN, NOCTPOUTH QyHKIWIO | 'puna
IUJIS1 9aCTU MPOCTPAHCTBA, 3AKIIIOUEHHOTO MEXIY MBYMS NAPAIIIEILHBIMY
mpockocTsvmu 3 = 0 mw 3 = 1.
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Huxe nmanwr xpaeBwle 3amaum nis ypaBHeHudl Jlannaca m Ilyaccona,
peIIeHnsT KOTOPBIX MOTYT OBITH HAMIEHBI ¢ TOMOMIBI0O COOTBETCTBYIOIIEN
¢dysknum 'puna n3 3apnaqg 17.1-17.3 u popmymnsr (1).

17.4. Haittu pemenne 3anaun Hupuxie

Au = —f(z), z3 > 0; Ul z5=0 = uo(z),
mitst cnenyownx f u ug:

1) f,up  HEOPEPHIBHBI U OTPAHUYEHBL

2) f=0, Ug = COS 1 COS Ta;
3) f=e "8 sinz cos o, ug = 0;
4) f:0, U0:9($2—J}'1);
—1/2
5) f=0, ug = (14 2% + z3) / ;
6) f=2[a2+ai+(@s+1)%] 7, wp= (1422 +a2) ';
-1, =z <0,
7 f=0, wp=4 "
+1, z; > 0.
17.5. Haittu pemenne 3anauan Hupuxie
Au =0, T2 > 0, z3 > 0, uls = ug(z),
%p — KYCOYHO HENPEPBHIBHA U OrPAHUYEHA.
17.6. PemwuTs 3amauy 17.5 cO CIeOyIOMIUMU Ug:
1) uglzs—0 =0,  Uglps—0 = € %1 sin 5mxy;
—3/2
2) Uglzo=0 =0,  Uglzz=0 = T2 (1 +z2 + T%) / ;
3) toler=0 =0,  Uglez=0 = O(w2 — [21]).
17.7. Haiitu pemenue 3anaun Hupuxie nnsa mapa |z| < R:
Ay = —f(.fl]‘)7 ‘x‘ < R: u||m\:R:u0($)'
17.8. Pemwnts 3anauy 17.7 nns cnenywomwmx f u ug:
1) f = a = const, ug = 0;
2) f:\z\",n:(],l,Q,..., Ug = a;
3) f=el, ug = 0.

17.9. Pemnts 3amauy Hupuxme nnsa ypaeHenus Jlannaca nnsa momy-
mapa |z| < R, z3 > 0.

17.10. Haiitu pemenue ypasmenus Ilyaccoma Au = —f(|z]), f €
€ C(a < |z| € b) B maposom cuoe a < |z| < b, ynosnersopsiomee kpae-

BBIM yCJIOBUAM
“|\z\:a = ]., “Mz\:b =0.

Oynwyuet I'puna 3adavwu Hupuzae dag obaacmu G C R?2 geas-
emcHa 1 1

Y(2,() = 7, 0 Z—q +9(z,¢),
rne z =z +iy € G, ( = £+1in € G. Y(z,() obnamaer Bcemn CBOACTBA-

v ¢yskmum [puaa 8 R (cM. mauano §17). Pemenne samaunm Hupuxie
Au=—f(2), z€ G; uls =up(z2) B8 R? (ecim oHO cymecTsyeT) onpe-



§17. Dynxyug I'puna onepamopa Jlanasaca 209

nensercs GopMmymol, cooTseTcTBytomei dopmyne (1) B R2. B ciyuae,
korma 06nactb G — OMHOCBSI3HAS C NOCTATOYHO TIIANKON rpaHunein S u
M3BECTHA HEKOTOpas GyHkmms w = w(z), kKoHPpopMHO oTOOpaxarmas G
Ha equHUYHBIA Kpyr |w| < 1, Gyuxuus ['puna maxomurcst no dopmyie

_ 1 1 _ w) —w@)
g(z,g)_%m'w(Z’CN, w(z,¢) T wDw()

17.11. Haiiru dyskuuio ['puna nis obnacreit:
1) momymmockocts Im z > 0;

geTBepTh miockoctu () < arg z < g;

Kpyr |z| < R;

2)
3)
4) nonykpyr |z| < R, Imz > 0;
)
)

(@

yeTBEPTH Kpyra |z| < 1, 0 < argz < g;
nonoca 0 < Im z < m;
7) moaynomnoca 0 < Imz < w, Rez > 0.
17.12. Hatitu pemenne 3anauu Hupuxie
Au =0, y > 0; U|y=0 = uo(z)
IUIs CIIemyommx Ug(x):
1) up(x) KyCOYHO HENPEPHIBHA M OTPAHUYEHA;

=)

1, z € a,b],
2) uo(z) =6(z — a); 3) wo(z) = {07 ;é [[27 b]];
1 T
4) uo(z) = 1ta2 5) uo(z) = 1122
z? -1
6) uo(z) = At 7) ug(xz) = cosz.
17.13. Hanitu pemenue ypaBuenuss Au = 0 B MEepBOM KBAIDPAHTE

z >0, y > 0 co cnenymoimmMn KpaeBbIMU yCIJIOBUASIMU:
1) u|s = up(z,y) — KyCOUHO HempepbIBHAS, OrDAHUYIEHHAS QYHKIUSL,
roe S cocrour u3 mogynpsmex {z =0, y > 0} u {y =0, z > 0};

2) u|p=0 =0, Uly=0 = 1; 3) ula=0 =0, uly—o=2";

O ulemo =0, ulymo=0@ =1 5) ulemo =0, uly—o =G
6) ulz—0 =siny, uly—o=sinz.

17.14. Hawitu pemenue 3anauu Hupuxne nnsa ypasuenuss Au = 0,

0 <y < 7 Cco coenyonmMu KPAEeBbIMI YCIIOBUSIMU:
1) u|s = up(z,y) — KyCOUHO HempepbIBHAS, ONDAHUYIEHHAS QYHKIUSL,
roe S rpaHuIa monocs 0 < y < T

2) uly—o=0(z), uly=x=0; 3) uly=0=0(z), uly—r="0(z),

4) uly=0 =0(z), uly=r=-0(2); 5) uly=0="0(2), uly=r=~0(-2),

6) u|y=o =cosz, uly=r=0.

17.15. Hanitu pemenue ypasuenus Jlammaca Au = 0 B momymomoce
0<y<m, x>0, cocnenyoimmMn KPAeBbIMU yCJIOBUASIMU:

14 TIlom pen. B.C. Branumupona
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1) ulz=0 =1, U|y=0 =0, Uly=r = 0;

2) u|z=0 =0, uly=o = sinz, Uly=r = 0;

3) u|y—0 =0, uly=o = thz, Uly=r = thaz;

4) uly—o =0, Uly=0 =0, Uly=r = thz.

17.16. Haiitu pemenve ypasuenus Ilyaccoma Au = —f(z) B kpyre
|z] < R npu xpaesom ycnosuu ul|.|—p = ug(z) mis cuenyommx f u uo:

1) f, up — HenmpepbiBHBIE QyHKIWH; 2) f=a, ug = b;

3) f=1z" n=1,2,..., wu=0; 4) f =sin|z], ug = 0;

5) f=0, uwo=cosyp, tme o=argz, 0<¢p<2m.

17.17. Haittu pemienue ypasuenus Jlammaca Au = 0 B momykpyre
|z| <1, Imz > 0, upu ycaosunu u|s = ug(z), rae S — rpaHuna noaykpyra,
LU CTEMYIOImX uo(z):

1) wo(z)  KycouHO HempepLIBHAs QYHKINS;

2) ugly=1 = sing, g |p=0 = 0, Uplp=r =0, THE T = |2,
p=argz, 0<p<2m

3) ugly=1 =0, Uglp=0 = 1, Uplp=r = 1;

4) uglr—1 = cos %, Uo|p=0 = VT, Up|p=r = 0.

17.18. Haitru pemenue 3anaun Qupuxae Au=0, Rez>0, |z—5|>3;
UlRe z=0 = 0, u|;_5—3 = 1.
OrBernl Kk §17
B orBerax x 3amagam 17.1 17.10 BBemeHbI 0603HAYEHUS
Ymnk = ((=1)™y1, (—=1)"y2, (—1)*y3).

1 71)1, 1 1 (71)n+k .

17.1. 1) Z 2) — :
= | yook| A =0 1% = Yol
1 1 -1 m+4n+k
3 L L.
4w m,n, k=0 |21 o ymnl,‘
1 1 R
17.2. 1) — — — |, Toe, xax u Bciony B 3amade 17.2,
, A \ |z —yl  |yllz —y*|
y:nnk = W Ymnk, |ymnk”y:nnk| = RQ;

1 4 1 R
s LR )
)47”;::0( ) 1% = Yoo | [yllz — yoor
1

! 1 R
3 —1)tk ( — ;

1 1 1 R
4) — -1 m+n+k( o )
) 4 2, (1) [Yl1Z — Yorr]

‘iE - ymnk'
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1 x 1
A n:z;oo <\/(x1 —y1)? + (22 —y2)? + (z3 — (2n + y3))?

17.3.

1
V(@ —y1)? + (22 — y2)? + (23 — (2n — yS))2>.

Ykxaszsauue (x 3amaue 17.4 u uunxe). B cimyuae, xorma f u ug
KyCOYHO HENPEPBLIBHEI ¥ OTPAHWYEHBI, 4 MOBEPXHOCTH S KyCOYHO TIIAI-
Kasi, MOCTAHOBKA 3anaun lupuxite moxer ObITH 0000111€HA TakuM 06pa3om,
9TOOBI PEIIEHNE €6 TaKKe OMPENesiocs Gopmysoi (1).

] 1 1 1
17.4. 1) 22 w®) gg L ( - >d ;
) 27 .[ lz—yl® Y 4x /f(U) lz—yl |z =Yool Y
y3=0 y3>0
2) e V23 cos 1 COS T 3) (e*\/iw3 — e’”) sin z1 cos Ta;
1.1 Ty — T1 2 2 27— 1/2,
4) 2 + - arctg \/5.@3 ) 5) E'Tl + 'T2 + ('7:3 + 1) ] 3
2 2 271, z 1
6) [2% +2}+ (23 +1)?] ; 7) —arctg .
T 1 1
17.5. 22 U < — )dS +
21 [ O(y) |z —y|3 | — Yoo | Y
y2=0
y3>0
2 3 1 1
+ 27 / uo(y) <|T —yf? B |z — y010|3> 5y
Y220
y3=0
17.6. 1) e 4717375 gin 5uy; 2) @ [} + 23 + (w5 + 1]
1 T2 + 1 1 T2 — 1
3) —arct + — arct .
) ™ & 933\/5 s & T%\/i
1 R*—|z|? 1 < 1 R )
17.7. — / ug(y)dS, + — / — y) dy,
TR | Ty WS T T e ) O
ly|=R ly|<R

* 2 2
roe y* = yR?/|y| TOYKA, CAMMETDUYHAS TOUKE Y OTHOCUTEIBLHO C(Hephl

ly| = R.

Rn+2 _ |x|n+2

a 2 2.
17.8. 1) 5 (R? — |z)?); 2) a+7(n+2)(n+3),
R _glal 2 (oR 2 (elal
3) et —e 7 (e 1) + ] (e 1).
_ 3 1 - RS
17.9. u(z) = o / Uo(yl’y2)<|x—y|3 |y|3|x—y*|3> dyi dys +
ly|[<R
v=0 R>—|z|? 1 1
— |
+ iR / UO(y)<|$y|3 - |$y**|3> dSy,
ly|=R
y3>0

roe |z] < R, z3 > 0; y* u y** TOYKU, CHMMETPUYHBIE TOYKE Yy OTHOCHU-
TenbHO chepsl |y| = R u nnockoctu y3 = 0 COOTBETCTBEHHO.

14*
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a

||
a(b— |:I1D7i d do —
17.10. 2 (—a) ‘””‘o/m p)p p+‘ |(b /a p)pf(p)dp

0
b
. % [ —p)pf(p)dp
0

17.11. 1) LlnM,rﬂez::p—kiy., (=¢&+n;

|z = ¢
Ly, 220 L, 1B =
. 2 2 2| pA (A2
P 1 R G B [P
2 |z —(¢lIR? — (|7 2 |2? = IR — (20)°
1 ‘e fe<|. 1 |chz7chc‘
6) 2 In lex —eS]” 7 %1 |chz —ch(|”
y [ w(@de Lo dete 20
17.12. 1) 71/ e 2) 2+7rarctg "
1.1 y’+(@z—a)(z—b). y+1
3) 5 Trarctg (o —a) ; 4) pE
x . 2 — (y+1)° —y
Vereryy Y raeyp Do
7 1
17.13. 1) 2 0 d
) er/UO(f’ ){(w£)2+92 @+9 +y2} o
z 1 1
= 10(0, - dn;
2) 2arctg z 3) 2 aarctg 2 + barctg 2 |;
™ y’ ™ z y )’
1 1 y -z’ +1 z(y+1)
4) 2 warCtg 2zy ’ 5) [22 + (y + 1)2)2’
6) e ¥Ysinz + e "siny.
uo (&, km)e” )
17.14. 1) P2y e smy/ T ey §cos(yfk7r)+1d£
1 1 T —cosy 1,1 shz
2) 2 warCtg siny ' 3) 2 +Trarctg siny’
2 1 sin 2z 1 1 thz
4) ;arctg ctg uf—arctg m—t 5) g t—ar c‘rg—y

coszsh (m —y)
6) ———=~.
) sh
sin’y —sh’z sinzsh (m —y)

3

17.15. 1) %+larctg 2)
™

2sinyshx ’ shm
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3) shz . 4) zsin 2y +ysh2z —wsinyshx
chz +siny’ (ch 21 + cos 2y)
R R | 1 ICIIZ ¢
17.16. 1) — /uo(g) P dS¢ + 5 /f R d¢ dn,
I<I=R |C|<R
. . R’
tre = oy, (= €+in, ¢ = S
g > .o ) Rn+27,’,n+2
2) R =) 3) T
. o sinp , T
4) sinr st+/—p dp; 5) 7 COS P

Yxasauue B zamasax 17.16, 2) 5) BoCcHOmb30BaTHCS GOPMYIION
samaum 17.16, 1), rme mepeilTu K NOJNSAPHBIM KOOpAMHATAM Z = T€'¢,
C=pe? 0< g, §<2m.

) - f ug(C)<|z| di l2l* — >d§dn+

gi=1 == <P
Im £>0 y 1 1 1
roe z =z + 1y, ( = &+ in;
2) rsingp; 3) 2ar ctg 2rsmf, 4) \/Fcos%.
r2 _
1 |z+4|
17.18. m In |z74|.

§18. MeTom mOTEHIINAJIOB

Mycte p € 2'(R"). Ceeprka V,, = x p, n > 3, HA3BIBAETCS

|.,I;|n72
1
HHIOTNOKOBBIM TLOTNEHYUAAOM, & Vo = In Tl xp, n =2 A02apuPmu-
x
YECKUM TLOMERYUAA0M C TUIOTHOCTHIO p (OIpeneseHne CBEPTKH CM. B § 8).
Tlorenunas V,, yoosmersopsier ypaBuenuio Ilyaccona
AV, = —(n —2) oup, n > 3; AVy = —27p.

Ecnm p urUTHAS abCOMIOTHO MHTerpupyemas dyukuus B R™, To
COOTBETCTBYIOLINI HBIOTOHOB (forapudMudeckuil) moreHnuas Vv, Ha3b-
BAETCS 06bEMHDIM NOMERUUAAOM (NOMERYUAAOM NAOULGOU).

Iycte S OrPAHMYEHHAS KYCOYHO TJIANKAS IBYCTOPOHHSSI TIOBEDX-
HOCTh B R", n — HOpMaub k S u udg n ~an (vdg) — mpocrToit u KBOHOM

n
cion Ha S € MIOTHOCTAMU 4 U v (OHNPENENieHne CIIoeB cM. B §6 u §7).
Cseprku

Vrfo) = |93|’1“2 * pdg u Vn(l) = - ! 0

— >
|.’E|"*2 * an (l/(ss)a n -~ 3,
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HA3BIBAIOTCSl MOBEPXHOCTHBIMU TOMEHUUAAALMY TPOCMO20 U 0601H020
ca0q ¢ mnotaoctsmu p u v. CBeprku

0 .1 1 _ 1 0 _
A —lnm*,u(SS u Vol =—In H (1/(55) n =2,
HA3BIBAKTCs, COOTBETCTBEHHO, JLOZCZpUﬁMU’%EC’KEUMU nomexnyuasamu Npoc-
moz20 u ()60111-1,020 CAO0A.

Ecmu S — morepxnocts Jlanynosa u v € C(S), To B R? npenensabe
)

3HAQUEHUsl MOTEH % vl v S
umana asoisoro cnost V' m V17 u3BHe m m3HyTpH

BBIpaXKalTCcsa GOpMyIaMu

Vf)( ) = £2mv(z) + V Wz = +2ru(x +/ L% dsy, (1)
Y
rZe @,y — YIOJ MEXAY BEKTOPOM & — Y U HOPMAJIBIO 73, B TOUKE Y € S.
Ecmm p € C(S), To noTteHnman mpocToro CJosk WMEET TPABUJIBHBIE
ov©®
on
(cMm. onpenenenue B Hauyane ria. V), npuyem Ha S

ov©® . vy cosd)zy
(& )i(””)‘“”“(””” o =)+ [ ) a5,

(0)
HOPMAJIbHBIE TPOU3BOMHBIE ( 3 ) u ( ) Ha S u3BHE U U3HYTPU S
n + _

rze 1), — yrojl MEXAy BEKTOPOM Y — & ¥ HOPMAIIBIO T1,.
(0)
Awnanoruunse Gopmyns! ans V(l)(. ) u ([‘)}9/_) () cupaBenmuBLl 1
n /+

B R? ¢ 3amenoit 27 va 7 u |z — y|? ®Ha |2 — Y.

18.1. Ilycts p abcomoTHO mHTErpupyemas Gyuxuus, p = ( BHe
G C R". lokazaTs:
a) OOBEMHBIN TIOTEHIUAT BEIPAKAETCA GOPMYIION

p(y)
= [ ——~~—dy, > 3; 3
| gl e n23 (3)
G
6) Va rapMoOHHMYecKas QyHKNUs BHe G;
1 1
B) Vi(s) = HG/p@) dy+0( ;). Jel — oo

BrisscuuTs uznmueckuit CMBICH 3TUX TOTEHIINAJIOB.

18.2. Tlycts p — abcomioTHo mHTErpupyemast ¢yukuus, p = ( BHE
G C R?. JlokasaTs:

a) TOTEHOWMAJ IJIOIIAAN BLIPAXKAETCs1 (HOPMYIIOin

= /P(y) In |—y dy; (4)
te]

6) Vo — rapmonmueckas QyHKIUs BHE G;
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B) Va(z) =In |/p dy+0(| |) |z] — oc.

Brisacants q)MBI/IquKI/II/I CMBICJI 3TUX IIOTEHIMNAJIOB.

18.3. IlycTes S — orpanuueHHas KyCOYHO TIIANKAS JBYCTOPOHHSS O~
BepxHocTh u 1, v € C(S). Hokazars:

a) TOTEHNMAJIBI MPOCTOTO U JBOWHOTO CJIOSI BBIPAXKAIOTCS HOPMyIamu

)N ey 11 (1))
(@)= [ v

|z
v 0 1S ds COSQay g (5)
@) = [v) g 48y = [ 1) P dS,,
s s
Te YyrOol (g, OUpENeNeH B Hadame § 18;
6) V(O) u V(l) rapMOHIYECKUe (pyHKLU/m BHE S;
(0)
8) V) = |/u(y)dS+O(| |) n V() = ( |) |z — oo.

Boisicants ¢)M31/1qec1<1/11/1 CMBICJI 3TUX OTEHINAIIOB.
18.4. Ilycrs S — orpanuyeHHas KyCOYHO TJIANKAs KPUBAS U WU,V €
€ C(S). Hokaszars:
a) norapudMUIECKne MOTEHINAIBI TPOCTOTO U ABOWHOTO CJIOSI BBIPA-
KAITCS (popMynaMn
/ uly = dsy,

V(z) = l/()iln;S— V(y) 58 g ©
”"5/ Y on, e =yl y‘s/ Y=y &

Yl

rOoe yroj @gq OIPENEJIEH B TEKCTE]

6) V(O) u V(l) rapMOHUYECKUe QPyHKIUU BHE S

8) V\(z) = |/M ds-|—0(| |) Vz(l)(m):O(%'), |z| — 0.

BBISICHUTE QUIMYECKUI CMBICT 5TUX HOTEHIMATIOB.
18.5. 1) BerumcinTe HBIOTOHOB MOTEHIMAT V3 C TWIOTHOCTBIO O ;
2) BEMMUCITUTE JOTapUMUIECKUIT TOTEHIMAT Va ¢ MIOTHOCTBIO O,

18.6. Boruncinurs 06bemuBIl noTeHnman Vs mis mapa |z| < R co
CIEAYIOMUMY IOTHOCT IMU:

1) p=p(z]) € C; 2) p = po = const; 3) p=lz;
4) p = |z|?; 5) p=+/|zl; 6) p=el=l;

1
7) P—w7

10) p=1In (1+%).

8) p =sin |z|; 9) p = cos|z|;
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18.7. Ias chepuueckoro ciost Ry < |z| < Ry BEIMUCIUTH 0GBEMHELR
noTeHnuasn V3 Macc, paCupenesieHHbIX ¢ MIIOTHOCT AMU:

1) p=po=const;  2) p=p(lzl) € C(Rs < || < Ra).

18.8. Ilycts macca pacnpemesneHa B mape r < R ¢ IIIOTHOCTBIO p.
Haititu o6beMublil moTeHuwman Vs B Touke, nexarneir Ha ocu § = 0
(0 <6 <) ons CHEmYOINX IIOTHOCTEN:

1) p mponopumoHANIBHA KBAAPATy PACCTOSHUS OT IIOCKOCTH 6 = g;

2) p = cosé; 3) p=sing;

4) p = ply) HenpepeiBHAsA, 2m-nepuonundeckas Gynknms; 0 < ¢ <
< 2m.

18.9. Ilyctes Macca pacupeneneHa ¢ IOCTOSHHON MIIOTHOCTBIO pg B IU-
muaape {z? + 13 < R?, 0 < 23 < H}. HaitTu o6beMHBIN TOTEHINAT B
Toukax ocu T3 > H.

118.10. HawiTu moTenmmasn nnomann miist kpyra r < R co caemytomm-
MU IJIOTHOCTSIMU:

1) p=p(r) € C([0,R)); 2) p = po = const; 3) p=r; )

— 2. — T — .
4),0—7’, 5)p_e ’ 6)p_1+’r27
T p=+/r; 8) p =sinr; 9) p=cosr;
10) p=sinp, 0<p <27 11) p = cos p;

12) p = p(p) HENpPEPBIBHAS, 2M-TIEPUOAUIECKAS DYHKIINA.

18.11. Hafitu norapudMmIecKuil MOTEHIIAAI TIJIOMIANAN s KOIbIA
R1 < r < Ry co crieqyiommMu IO THOCT SIMU:

1) p=po=const;  2) p=p(r) € C([Ry, Rs).
18.12. Hycrs f(|y|) menpepsBaa upu |y| < R u f(ly|) = 0 npu
ly| > R, y € R®. lokazaTs:

a) obwemubrl norennuan Vs(z) ¢ mnoraocrsio f(|y|) 3aBucur TOIBKO
oT |z| m )
Vi) =p [ Ty, el > R
lyl<i

6) nmst Toro uTobst Vs () o6paTuncs B Hyns npu |z > R, He0OGXOmUMO
7 OOCTATOYHO BBITIOJIHEHME YCJIOBUSA

[ £yl dy = 0; (+)
B) 1IpM ycsioBuu (%) CHOPABEMIIMBO PABEHCTBO

[Vaw)da = =3 [ F(ly)lyPdy.

IaTe GU3NIECKyI0 HHTEPIPETAIMIO HOTYICHHLIX PABEHCTB.
18.13. Hokasars: ecnu dyukuuu fi(z) u fo(|z|) menpepwiBHBI mpu
|z| < R; = € R3, obpamaroorcs B Hydb 0pu || > R U yIOBIETBODSIOT

YPABHEHMIO Afi(z) = D fr(|z]),
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To morenmman V3(z) ¢ mnotHOCTBIO fo(|z|) obpamaercs B Hymb mpu
|z| > R.

18.14. Hoxa3zaTh pe3yIbTATHI, AHAJIOTUYHBIE DE3YIHLTATAM 33034
18.12 n 18.14 nng noTeHnMaNa NAOCIIAON, & UMEHHO:

1) Va(e) =ln o [ fyl)dy, || > B

||
lyl<R

2) [Va()dz = -3 [ f(yDlyPdy. ecan [ f(lyl)dy = 0.

18.15. PacnpocrpanuTs 3anauu 18.12 18.14 Ha cmyyaii, Korna mioT-
HOCTE [ ecTh oboOwennas dyukuus. llon «uHTErpamoM> / f(z)dz nna

o !
¢uuuTHON f € 9 cnenyer monuMath yucio (f,n), tmen € 9,1 =18
OKDECTHOCTY HOCUTENs [ (5TO UMCIIO HE 3aBUCAT OT BHIOOPA BCIOMOTA-
TEJLHOU QYHKIWH 7).

18.16. HaiiTu moTeHIMAI IPOCTOTO CJOS, PACIPENEIIEHHOTO € MOCTO-
SIHHOM IJIOTHOCTBIO L1y Ha cdepe |z| = R.

18.17. B rtouke, nexameit va ocu § = 0 (0 < § < 7), HallTn moTeH-

IMAaJI TPOCTOTO CII0sl, PACIIPENETIEHHOTO HA, chepe r = R co ciemyiommmu
IJIOTHOCT SIMMU:

1) u mpomopuMOHANBHA KBANPATY PACCTOSHUA OT IIOCKOCTH 6 = 7/2;

2) p=sin g;

) pu=e¥, 0<p<m, nu p=e2"% 7 <p<2r.

18.18. Ha xpyriom mucke pammyca R pacmnpemeneH mpoCTO#l CIIof ¢
MIIOTHOCTHIO . HallTu mOTEHNMAN B TOUKe, JIEXKAIEH HA OCH MUCKA I
CAEYIOMUX TIIOTHOCTEN:

1) p = po = const; 2) p=r; 3) p=r%

4) pu = u(p) — HENpEpBIBHAS 2T-TIEPMOAUIECKAs (yHKIUSI.

18.19. Haiitu moTeHuual mpocToro CJI0si, PACIPENEIIEHHOTO C TJI0T-
HOCTBIO [t HA TIUITUHADPE

{22+ 23 =R*, 0<z3 < H}
B TOYKE, JEXKAITEN HA OCU T3 IJIs CIEMYIOMINX IOTHOCTEMN:

1) p = po = const;

2) p = p(p) — HenpepbBHAS 27T-IEPUOAMYECKAs QyHKIWS.

18.20. Haiitu mnoTeHIMA] OBOWHOTO CJIOSI C TOCTOSIHHOW TJIOT-
HOCTBIO Vg Aiis cdepsl |z| = R.

18.21. Ha chepe r = R pacupemeseHbl OUIOIUA C IIOTHOCTHIO
MOMEHTA V, OPUEHTUPOBAHHBIE BIOJIb BHEITHER HOpMaJi. Haiitu moTeH-
nuasn ABoiHOro ciost B Touke ocu f = 0 (0 < 6 < ), ons cnemyommx
MJIOTHOCTEN:

1) v =cosé; 2) v =sin g;

) v=e®, 0<p<m, mw v=e9% r1<p<2m
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4) v =v(p) HenpepwBHAA 27-NEPUOAUIECKAS BYHKIWL;
™
5) v paBHA KBAApaTy PacCTOSHUS OT IIIOCKOCTH § = 5

18.22. Ha xpyrnom nucke panuyca R pacnpeneneHbl JUIOIA C IJIOT-
HOCTBIO MOMEHTA V, ODUEHTUPOBAHHBIE BAOJIL HOPMAJIU, HAIIPABIIEHHON B
CTOPOHY OTPUIATEIbHBIX £3. HallTy mMOTEHIMA OBONHOTO CIIOSI B TOYKE,
JIeXalle Ha OCU OUCKA, OJIsl CIEOYIOIINX MIIOTHOCTEMH:

1) v = const; 2) v=v(r) € C([0, R));

3) v =v(p) — menpepwiBHAA, 2T-IEpHOOMYIECKas QyHKIMS;

Y v=r+yp 0<¢p<7m, m v=r+2n—¢, 7©<p<2m.

18.23. Haiitu morapudMudeckKuié MOTEHIMAT MPOCTOTO CJO0S IJIs
OKPYXHOCTH panuyca R co cienyonmmn miIOTHOCTSIMU:

1) @ = po = const; 2) p=cos2p, R=2.

18.24. Haiitn morapmudmudeckuii MOTEHIMAT OBOWHOTO CIIOST MJIsI
OKPYXKHOCTH panuyca R co ciaenyommMy miIoTHOCTSIMU:

1) v = const; 2) v =sing.

18.25. Haiitu jorapudMudeckuil IOTEHIIXAI IPOCTOTO CJIOS I OT-
peska —a < z < a, y = 0 co cenyoirmMn mIOTHOCTSIMU:

1) p = const;
2) u=—po, —a<z<0, W pu=py, 0<z<a;
3) p==.

18.26. Haiiru morapubmMuuecknit mOTEHUMAI OBOWHOTO CJOS I OT-
pe3ka —a < z < a, y = 0 co CIenyomuMn IIOTHOCT IMU:

1) v = counst;

2) v=—1, —a<z<0, mw v=yy, 0<z<a;

3) v=u; 4) v =z
Mycts p(z) ¢unuTHas o6obmennas ¢yuknumsa. Ceeprku V =
= —dn&*xp u V = —4né& % p, voe
_ _ezk\z\ 5 _efik\z\
dr|z|’ T dn|a

— QyHIAMEHTAJIBHLIE peleHus oneparopa Lenbmromena A + k2 B R3,
SBJISIFOTCS. AHAJIONAMU HBIOTOHOBA noTeHnuadia. llorennvans V u V' ynos-
neTBOpAI0T ypaBHeHmio enpmronsna Au + k*u = —4mp.

Tak ke OHPEneNsSoTCs AaHAJIOIM MOTEHIUAIIOB IPOCTOr0 W ABOWHOTO
CIIOEB.

To xe mns oneparopa A — k2. 3mech aHAIOTOM HBIOTOHOBA TIOTEHIA-
—k|z|
e

aa ssisiercs V, = —4n&, * p, roe & = — dyHmaMeHTaIbHOE

4rn|z
pemienne orneparopa A — k%2 B R3. |

18.27. Ilyctw p aGcomoTHO uHTerpupyemas Gyuxnus u p(z) = 0,
r € G1 = R?\G. lokaszaTs:
1) V,V u V, Bepaxatorcs dopMynamu
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—ik|z—y|

CN| |’k'z o) dy V(m): [

/ P p(y) dy;

2) V,V u V., c CY{(R®) N C°° (Gl) ynomrseTBOpsioT B obmactu Gy
onHOponuEIM ypasHeHusM Au+ k?u = 0 u Au— k%u = (0 cCOOTBETCTBEHHO;

(7)

3) V u V ynoBneTBOPSIOT yCJIOBUSM M3JIydeHUs 30MMepbennia

_ _ ou(z) __ . _ -
u(z) = O (|lz|), o] Fiku(z) = o (|lz|™), ®)
|.’E| —r 0 n V*(-/E) — 07 |$| — 0.

18.28. Ilns omepatopa A + k? BENUCIUTH TOTeHNMAN V IJia mapa
|z] < R co cienyrommMu 0 THOCTIMU:

1) p=p(lz|) € CUg);  2) p=po=const;  3) p=ell.

18.29. Ilns oneparopa A + k? poramcnuTs noTenmuan V nna chepu-
ueckoro ciost Ry < |z| < Ry ¢ mOCTOSHHOM MIIOTHOCTHIO -

18.30. 1) Ilna omeparopa A + k? BLIMMCTMTL TOTEHIHAN TPOCTOTO
cnos V(%) pacnpeneneHHOro ¢ MOCTOSHHOM MNIOTHOCTHIO fig Ha chepe;

2) mns oneparopa A + k? BeramcuTh noTeHmmIan aBoiHOro cios V (1),
PaCIpeneneHHoro ¢ MOCTOSHHON INTIOTHOCTRIO Vg Ha cdepe.

18.31. Ilns omepaTopa A — k? BLIYMCINTE MOTEHIHUAN V, MU mapa
r < R co crenyoimmmMu N0 THOCT SIMU:

1) p=p(lz]) € CTr);  2) p=po=const;  3) p=e vl

18.32. 1) Ilns omeparopa A — k2 BEUUCINTH MOTEHINAT TIPOCTOTO

0 .
CI10st V*( ), PACIPENEIEHHOTO ¢ TMOCTOSIHHOW INIOTHOCTBIO fig Ha cdepe;
. 1

2) nns onmeparopa A — k? BEIMUCIUTE OTEHIWAI ABORHOTO 051 Vi,
PACIPENENIEHHOTO ¢ MOCTOSIHHOW IIOTHOCTBIO Vg Ha chepe.

18.33. 1) TIpenmomaras rpasuny S obmactu G C R® mosepxHOCTBIO
JlamyHoBa, mOKa3zaTh, ITO

—4r, z €@,
v (z) = |‘:S ‘P;|y2 dS, ={ —2r, z €S, 9)
B 0, S RS\C_;a

re yroiu @,, OnpenelieH B HauaJle nmaparpada;

2) mpemnomnaras rpamumny S obmactu G C R? xpusoit JlamysoBa,
MOKA3aTh, YTO

—2m, z€QG,
/ €SPy 45 ={ —x, =z €S, (9,)
e =] 0, =z€R\G.

18.34. IoxaszaTsb:
1) momcraHoBKA U = v + V3, roe
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CBOOUT BHYTPEHHUE KpaeBble 3amauu st ypasHenus Ilyaccoma Au =
= —f X COOTBETCTBYOLIVM BHYTDEHHUM KDAEBBIM 3a[adyaM sl ypaB-
wenns Jlammaca, ecmm f € C1(G) N C(G);

2) TO XK€ CIIPpAaBEOJINBO M OJId BHEIIMHUX 3a0a4 NIPU OONOJIHUTEJIIBHOM
ycmoBuu, 910 f ¢uHUTHAS QYHKOUS.

18.35. C nomoipio NOTEHIMANIA TBOWHOTO CJI0sT PemuTh 3amnady Hu-
puxie nsst ypaBaenus Jlanmaca BHyTpu u BHE Kpyra.

18.36. Haiitu crannonapuoe pacupeneieHne TeMIepaTypPbl BHYTPH U
BHE GECKOHEUHOrO NUIUHAPA paguyca R mpu ycmoBuum, 4TO HA TPAHUIE
TOAIEPKUBACTCS CIEAYIOLIAs] TEMIIEPATYPA Ug:

1) ug = const; 2) ug = sin g; 3) ug = cosy;

4) ug = C = const npm —g<<p<g, u ug=0 npu ggwg%ﬂ.

18.37. Haiitn cranmoHapHOE PACIpPEmesCHNE TEMIEPATYPhl BHYTPHI
HeorpaHmdueHHOro kpyrisoro nminraapa 0 < r < R npu yciaoBuu, 9TO B
IUAVHIPE BBLIEISETCS] TEIIO ¢ TWIOTHOCTHIO f(7, ) m Ha rpanune r = R

HONOEPKUBACTCS TEMIIEPATYPa U, (R, @) mmns cnenyomux f u ug

1) f= fo=const, uy =0; 2) f=r, ug = 0;
3) f= r27 Uy = a5 4) f=eT, uy = sin g;

5) f=sinr, ug = COS ¥; 6) f=singp, u, =sin ((p-|—§);
7) f =cosp, Uy = COS (<p7 %)

18.38. C momoOIIbl0 TOTEHIMANA TPOCTOrO CJIOS PEIIUTH 3a[ady
Hetimana nnsa ypaBuenus Jlannaca BHyTpu U BHE KpyTa.

18.39. Haiitu nnorHOCTE nuddyHAUPYIOIIEr0 BEIECTBA TPU CTa-
nuonapuom nponecce U(r, ¢, z) BHyTpu m BHE GECKOHEYHOTO LUIMHIPA
panmyca R mpu yCHIOBUHM, YTO KCTOYHUKHN BEIIECTBA OTCYTCTBYIOT U
kodddunment mudbdysun D = const, a HA TpaHWUNE TOOIEPKUBACTCS
330AHHBLIN NOTOK OubDYy3nun 11 OIS CHELYIOUINX U1 :

1) u; = const; 2) w1 = sing; 3) w1 = cose.
18.40. Haiitn crammoHapHOE PACIPENESCHNE TEMIEPATYPhl BHYTPHI

HEOT'PAHUYIEHHOTO KPYTJIOTO HNUIWHAPA paguyca R mpu ycnoBum, 4TO B
OUIVHAPE BBIAEISIETCS TEMJIO C IJIOTHOCTBIO f(7, () m HAa rpaHume mom-

IEPXKUBAECTCS 3a0aHHBIA OTOK Temta u; (R, @) nins cnenyouwx f u u;

_ foR

1 = = = ——"

) f fO COHSt, 1‘;1 2% '

2) f=7 wu; =-—=, xosbdunuent remonporonrocru k = 1;

1 _ _ In(1+R? L
3)f—1+—r2-, U =—Ff k=1;
4) f =sing, u; = sing, k=1;
5) f = cosp, U; = Cos ¢, k=1

18.41. C moMoOIb0 HOTEHIUAJIOB IPOCTOTO U IBOWHOTO CHOSI HAWTH
CTAIlMOHAPHYIO TEMIIEPATYPY TOUYEK MONyIIockocTHu y > 0, ecmnn:
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1) ma rpanune y = 0 IOOAEPKUBACTCS 3aMAHHAS TEMIIEPATYDA Ug(T);
2) ma y = 0 HONNEPXKUBAETCS 3a0aHHBIN OTOK TEIUIA, T. €.
ou
anlyo u1 ().

WcTounukos Temnmna HeT.

18.42. Hatitu pacmpeneneHne TMOTEHINAIA DIEKTPOCTATUIECCKOTO
TOJIsE BHYTPU OBYT'PDAHHOTO yT'JIa IIPU YCJIOBUUY, 9YTO €TI0 TPAHNUIIA 3aPAXKEHA
IO TIOTEHIKAJa Vy = const I CHenYIOUINX CIIydaeB:

™

1) >0, y>0, —c0< z< o0; 2) 0< ¢ <o, <p0<5

18.43. C moMOIIBI0 TOTEHIMAJIA OBOMHOTO CJIOS PEIIUTH 3a0ady
Iupuxae nist ypasrenus Jlamnaca BayTpu u Bre mapa |z| < R.

18.44. Haiitu cranmoHapHOE DPACIPENETIEHUE TEMIEPATYPHI B IIape
r < R mpm ycioBum, 4TO B MIApe BBIOEISETCS TEIUIO C INIOTHOCTHIO [ U
Ha TpaHune r = R monnepXKuBaeTcs TEMIEPATYpa U, L clenyonmx f

, 0<r<oo.

u g :
1) f=fo=const, wuy; =0;
2) f=m, uy = a;
3) f=r, g = 2R, k=1

18.45. loka3aTh, 4TO pellleHUe BHYTpeHHeN 3anauu Helimana miis
ypasuenus Jlammaca mis mapa r < R onpenesnsiercs dopmynon

T dp
U ,9, =—-R 797 >
(1.6, ) / u(p,b,¢) 7

rme v wHTerpan llyaccona mms mapa, T.e.

27 W
0,p) = & ~(R,0 R p’ in 6, b d
u(p, a@)—ﬂ ug (R, 61, ¢1) (R2 1 %2 _ 2Rpcos)/? sin Gy aby aps,
00

rme Y Yroi Mexmay pamuycaMu-BeKTopamu Touek (p, 6, ¢) u (R,01,¢1)

_ _ou
uu, = —

= U|,—R-
R |pR

Yxasaumne. lokasars, aro ecim u(p, 6, ), u(0) =0 — rapmonn-
yeckas QYHKIUA B 06IACTH, CONEpIKAaIlell Hauallo KOOPAUHAT, TO 1 QyHK-

.
uus U(r,0,9) = —R / u(p, 0, p) L —— rapmonmueckoit. Ilanee Boc-
p

0
NIOJIBE30BATHCS YCIOBUEM Pa3pENINMOCTH 3a1a4d, & MMEHHO / ug dS = 0.

r=R
18.46. okazaTh, 4UTO pelleHue BHelTHen 3amauu Helimana miis
ypaBuenus Jlammaca miis mapa onpenessieTcs: hopMyItoi

r d
U(r,0,0) = R/U(paﬂ,w) f,

roe u(p,d,p) — pemenune Bremmuen samaun [upwxme mos mapa, T.e.
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R P’ — R? : _
ulp:0,0) = o //“ (B.01,01) i —apReonyyer S0 dordioy;
00
U
u0+ = 5 = ulp=r.

on lr=r

Yxasauue. Cum. ykasauue x 3anaue 18.45.

18.47. PemuTh BHYTDPEHHIOI0 UM BHEINMHIOK 3anauum Hedimana mis
r < R nna ug = ug = a = const.

18.48. C moMOIIBI MOBEPXHOCTHBIX MNOTEHINAJIOB DEIINTH 330a4K
Hupuxne n Helimana nist ypaBuenwst Jlammaca mjs morympoCTPaHCTBA
z3 > 0.

18.49. Haiitu u(x1,72,23) MWIOTHOCTH NubOYHIAUPYIOLIETO BEIIECT-
Ba OPU CTALMOHAPHOM HPOLECCE IPU yCIOBUU, YTO UCTOYHUKU BEILIECT-
Ba OTCYTCTBYIOT U Ko3bduiimenT nuddysuun D = const nas ciaenyromnmx
obnacreit G U rPAHUYHBIX YCIOBUN U] g:

1) 23 >0, ulz—0 = ug = const;

2) 3 >0, u|pz—0= { Lo <0,

+1, x> 0;
3) zo,23 >0, —00 < z1 < oc, u|s = up = const.

Kpaessie 3anaunm mis yparsennit Lemsmromena Au + k2u = —f(z) n
Au — k*u = — f(z) B IPOCTPAHCTBE CTABATCA TAK e, KAK ¥ IS ypaB-
menns [lyaccona. Ilpum 5TOM perreHrsi BHEITHUX 3a1a4 HA OECKOHEYHOC-
TU IOJIXKHBL YIOBIETBOPATH yCIOBUIO m3iydueHus (cm. dopmymny (8)) misa

ypasHenus: Au + k2u = —f u obpamarbcs B Hyas naa Au — k2u = —f.
18.50. Pemmurs 3amauy Hupuxne mns ypaememums Au + k*u = 0
BHYTpU U BHE chepsl 7| = R npu ycioBun u|j,—g = a.
18.51. Perrmure 3amauy Heitmama nns ypasmesms Au + k?u = 0

Ou
BHYTpE U BHE cdepsl |z| = R upu ycnosuu n
18.52. Pemnts 3anauy 1=

Au + k*u = — f(z), uljzj=r = uq (2)

BHyTDH cbepsl || = R ons crenyommx f u ug :

1) f = fo = const, ug =0, k=R=1,
2) f=1, ug =2/ Msin1 -1, k=R=1.
18.53. Pemmwmrs 3amauy Hupnxme mns ypasmemmss Ay — k*u = 0
BHYTDU 1 BHE Cheprl |T| = R mpu yCroBun ul|, —g = a.
18.54. Pemmurs 3amauy Hupuxne mns ypaememums Au — k*u = 0
BHYTPU u BHE cheprl |z| = R npu ycnosun ulj,—g = acosf, 0 <6 <.
18.55. Pemmurs 3amauy Heitmama nns ypasmemma Au — k?u = 0
ou
BHYTpE U BHE cdepsl |z| = R npu ycnoBun — =a

onljz|=R
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18.56. Pemuts 3amauy
Au — k*u = —f(z), U||z|=r = Uq (T)
BHyTpH cbepsl || = R mna crenytommx f u g
1) f = fo= const, uy =0, k=R=1;
2) f=1, ug =1—2e 'sh1, k=R=1.
18.57. Haiitu cTanmoHapHOE pACHPEneeHne KOHIEHTPAIAY HEYCTOR-

YUBOTO T'a3a BHYTPU OECKOHETHOTO NUINHAPA panuyca I, eciu Ha moBepx-
HOCTY HUJIWHAPA MOMIEPXKUBAETCS TOCTOSIHHAS KOHIEHTDALNS U -

OTBetrn K §18

18.3. Pemenue. B cury dopmyms (7) u3 § 8 u onpenenenns npoc-
TOTO ciost u3 § 6

(V3(0)’ 90) = (é—| - u(y) 05 (y), n(y) cp(£+y)> -
= (5 () s e + ) =

_/I£|</M o€ +y) dS) ZI{Z(S/%dSy><p(m)dz.

18.5. 1) B cuny dopmynst (5): 4R, |z| < R; 4nR?/|z|, |z| > R;

2) —2rInR, |z| < R; —27ln|z|, |z| > R.

18.6. Y ka3 anue. Bocmombsosarbes dopmynon (3) u BBecTH Che-
pudecKue KOOp,E[I/IHaTbI

1) /p(rr dr, |z| > R; ||/ p(r)r? dr+47r/p(r Yrdr, |z|> R;

||

3
9) 2R P u > R 20R%pe — EalalPpo, |2 < R
3|z| 3
7TR4 s 3 3
3) Wa |z| > R; 3 (4R° — |z|°), |z| < R;
€T
4T R° 4 |93|4)
T > . _ = < .
O o llzRow(R 1) 2| < R;
8rR7/? 8
>p T 5/2 _ 5/2 < R-
5) 7|$| ozl = Ry o (TR 2|z>/?), |z| < R;
6) [2 —e ®(2+2R+R?|, |z|>R;

III

_ o l=l
4 {M —e ®B1+R) ez} |z| < R;

||

LT )  arctg|z] 1+ R? .
7) H(R arctg R), |z| > R; 4w (1 T+ln EmE , 2| <R
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47
Tal

8) [(2— R?) cosR—2(1 — RsinR)|, |z|> R;

L | (cos |z| — 1) + sin |z| + sin R — R cos R} |z| < R;
9) |477r‘ [2Rcos R+ (R* — 2) sinR], |z]| > R;
4m (cos |z| —

2 sin |:I:\

-|-Rs1nR-|—cosR> |z| < R;

2nR?
9|z|

2
ngIR 43R rz) In <1+|'%> +g|m2+2m(R3)R2}, 2| < R.

3
18.7. 1) 2m(R3 — R?) po, |z| < R1; 2mR3po — z7rp0 <’E2 + &)

10) (12In2 - 5), |z| > R;

4
Ry < |z] < Ro; 37‘rp|0 (R} — R}), |z| > Ro;
Ry A ||
2) 4xw rirdr, |z| < Ry; — Yridr + 4w r)rdr,
) R{p() |2 < Ry |I‘R{p( l!

Ro
Ry < |z| < Ry; ;;—W' / p(r)rdr, |z| > Ro.

18.8. 1) f—57rR4C< +—R—), r>R; 27rC’( + R2 2 79_0r4>,
r<R,C  k03bUIUUMEHT NPONOPHUOHATBHOCTH;
mR* 4
YR > R; — mr? < R;
2) 3T2,T_R,37rRr ar?, r < R;

3) 0;

27
4) 50 p()dg, > R (R2 )/p Yde, < R.

18.9. ﬂ[Hfmg VR (H 2302 + 23 VR + 22 + H? — 2Hus +
Rzln(H z3++/R?>+ (H —z3) ) R21n( .’E3+\/R2+.’E§):|.

R 27

1
18.10. 1 r1) In 71 dry dp;
) [ e
2 2
2) —mR%pglnr, r > R; 77rp0(R2111R7 B —r ), r < R.
Pemenne. Ilycrs r > R. Torma
R 27
1
Va(r,p) :po/rl dry / In —+1n dp, =

\/1+ o 72%1cos(<p17g0)
= —mpoR’Inr,

0

TaK KaK
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27 2

/ln [14 A% =2 cos(p1 — )] dy :/
0 0

A
22 —2cos (p1—p)

1+A2—2Xcos (p1 — ) dA] d
0

27

A Aet(P1—9)
/ / 1 — )\el(m %) dA d(p =
0

2w o n
— 9 / [Z % cosn(py —w)] dp; =0,

0 n=1
r,ue)\—T—1<1,
T
2 2 27 3 3
3) §7rR Inr, r > R; ?[R (1731nR)7r], r < R;
4) ng‘llnr, r > R; E[R4(174lnR)77“4], r < R;
5) 2r[1l—- (1+R)e ®llnr, r>R;
R _, 1
—27 leTeR-l-lnT(1+R)6R1nR+/eT—1dr1 , r<R;
1
6) 2rlnrlnv1+ R?, r>R;
1 fm(+ ]
o7 [InRInvI+ R? — 5/ In(1 +r7) ., r<R;

7) —§WR5/2 Inr, r> R: —gw [35/2 In R+ % (r/2 - R5/2)}, r<R:

8) 2w(RcosR —sinR)Inr, r > R;
27r<R1chosR lnRst-l-smrfst+/Smhd ) r < R;
9) 2rlnr(l — RsinR —cosR), r > R;

27 llnr—lnR(Rst—i—cosR)—i—cosr—cosR—i—/ Losh drll, r<R;

3 2
10) TR smc,o7 r> R x rR—L sin o, r < R;
3r 3
3 2
r

9 27 2.2 9 27
12) *%lnr/p(w)dso, r>R; <R — %IHR>/p(90)d<p, r<R.
0 0

15 TIlom pen. B.C. Bragumupona
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18.11. Ykasauwue. Cwum. pemenue 3anauu 18.10, 2).

2 2
1) mpo(R?— R3)Inr, 7>Rs; mpo (R%lnr—R%lnR2+R2z_r>,

2 2 R} — RY
Ry <r<Ry; mpo|Ri{InR; — R51n Ry + 5 , < Ry;

Ro r Ry
2) 727r1nr/p(.r)d.r, > Ro; 27r<lnr/p(m).rd.r + /p(m).rln.rd.r),
R r

R1 <1 < Ry; —27r/ z)rxlnzdr, r < R;.
Ry

2
4’”|;°|R, €| > R; dmpoR. 2] < R.

Y kxaszauue Bocmombzosarbesa dopmymoi (5).

2 2 2
18.17. 1) 4”50 <1+ﬁ), r > R; %wRC <1+2L)., r < R,

18.16.

5r2 5R?
C — x05(pPUureHT TPONOPHUOHAIBEHOCTH;

2) ”TR< R U=BF ‘[“L‘/_) r> R,

2VrR f*\/_ -
TR _(’I"—I‘f)2 \/_+\/_ .
T(”R ir VRS f) e

2R’ |, . .
3) T(e —1), r>R; 2R(e™—1), r<R.

18.18. 1) 2mpug (\/mg + R2 — .’Eg)'
/ 2
2) WR\/J?%-}-RQ—W.CI}%]IIR-'- T3+R

|3]
27

o 2+ (B -a)Varw] o (VETE- ) [ae)de
z3+ /R?+ (H — 13)? ’
—xg—l—\/m ’

2) R[in(H o3+ /R (H—25)) ~In (-~ + /B 473 | /u
18.20. 0, |z| > R; —4mvy, |z| < R; —2mvy, |z| = R.

Y ka3 anue Bocnons3osarses dopmynoi (5).

18.21. 1) 4:7;13, > R; —Sﬂ r < R; —2—”,7«:}?,;
T

9) T [R 3r + ( R+3r<\/7 \/7) §+§] r>R;
[R 3r + ( R+3r<\/7 \/7) ‘/_J”q r < R;

H—
18.19. 1) 2wRyugIn
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3) 0, r>R; *4(6”71), r<R; —2(e™—1), r=R;
27

4) 0, r> R; 72/ p)dp, r < R; f/u(go)dcp, r = R;
0

167 R’ 4w R? 67>
) T >Ry — 3 <1 @) r<R; —2m, r=R.
18.22. 1) 2nypx <; — L) x3 # 0;

. . 043 \/m |$3| ) 3 )

)rdr

2) *QWTS/W, z3 # 0;

27
1 1
3 — dep, 0;
)x3< — M) [ et 217
5 wx?,(ﬂ_i_m Bt /R +) 25 £0.
VR 22 =l |3]

18.23. 1) —27RugIn R, r<R; —2nRuplnr, r>R;
2) —27r1n2+%r2cos2<p, r<2; —27r1nr+2—7rcos2<p, r>R.
T

2

18.24. 1) 0, r > R; —mvy, r = R; —27muy, r < R;

2 2

r’—R? . R +r R+r )
Ry [—wsm<p+T2_R2arctg(m2ctg<p), r>R;
2) V) = 2 g2 _
) V2 o) r -k [ 7rsm<p+ +T ac‘rg(—Qctg(p)] r< R,
2Rr
0, r=R.
2ay (a+x) 2,2
18.25. 1) puo {Qayarctg g a3 In ((a+2z)% +y?) —

_ @ In ((a.r)2+y2):|;

2) po [a_;_x ]n((a+m)2+y2) _a— ln((a*$)2+1j2)f
1 2z(a”® — z?)
— zln (m2 —|—y2) + ;arctg mezEermk
3) a’? — 22 4 ¢ In (a+2)’+y° _ zyarcte ay

1 e e —
18.26. 1) —yy [arctg T + arctg %} y#0; 0 npu y=0;

lim Vz(l) = Fyom, y — +0, —a < z < a;
2) -y [2arctg v arctg % + arctg T} y#0; 0 opu y=0;

lim Vz(l): Fuom, y — 10, 0<z<a; lim Vz(l): +yom, y — £0, —a <z <0;

15*
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a—x a+zx (a+z)* +9°
— tg —— tg —— In ——————— ;
3) r{arcg ; + arctg ; }-I—z (@—)7+y 5 Y #0;

0 mpu y = 0; lisz(l)(.r,y) =Fam, y — +0, —a <z < q;
(a+2)°+9y°

oy V70

0 mpu y = 0; liran(l)(z,y) =Fz’m, y — +0, —a < z < a.

4) (y*—2?) (arctg 272 4 arctg —) + zy In
Y Y

R
18.28. 1) Ij—weik‘m‘ /rp(r) sinkrdr, |z| > R;
|z|

|z
4n ik|z| etkr
z| < R;
k|z< /rp sin kr dr + sin k|z| /rp dr |, |z| < R;

||

) Ampo ikfal (_RcoskR+

sinkR
k2 |z| k

)7 |'77| > R;

Ampo [ . 1\ kR _ _
"] [smk|m| ( iR+ k) e \x\} |z| < R;
dmpo ipjal | Re T
3) Fa| e ] (sink + kcosk) +
—1 - — .
+ (1+k2)2[2k (1—e fcosk)—(1-k?)e Rsmk]}, |z| > R;

27rpol [ COS (1 _ |ZIJ‘|) _ Qeflsin (1 _ ‘$D + iez‘\z\ _ \/gei(\z\+1+i+arctg 2)]’

ol
|z <1, k=R=1.

sin kR2 — sin le)

L ) |T|ZR27

18.29. dmpo lk\z\(Rlcosle Ry cos kR +

k?|z]

4mpo
k?|z|

sin k|z| [fz'Rge““R? + iR e 4 % (e““R2 — e"le)}, |z| <Ry;

4mpo
k? ||

[ ik|z \(Rl coskRy — |z| cosk|z| — SIH:RI

+ |z sink|.r|) +

ikRo smk\z|
e ( k

— iRy sink|m|)}, Ry <|z| < R.

mn
klz|
2) 4”%6““\1\ (RcoskR — % SinkR); |z > R;

4TI'RM() 2‘

18.30. 1) Tl

el sin kR, |z| > R; Rsink|z|, |z| < R;

47;{110 (kR (iRsink\x\ — % sin k|:L‘|), z| < R;

4myg

ar (iR . R 1 B
7€ (7S1nkR+5COSkR ksmkR), |z] = R



§18. Memod nomenyuanos 229

—k|z| R
/rp(r) shkrdr, |z| > R;
0

4me

18.31. 1) e
xr

||
A o—klal ok .
] ( / rp(r)sh kr dr + sh k|z| /rp dr), |z| < R;

||

2) 2% e kel (Reh kR — L shEkR), |2 > B

it (o] = (Ro+ ) e Hesh e '
72[a] |z R+k e "shk|z||, |z| <R;

Am | R —(R+hlal) ShE _ —k(R+lo))
) el [k2_1e (keh kR +shkR) + = e :

|z| > R, k# —1.

18.32. 1) %e’kmshldﬁ |z| > R; 47;|R’|‘° e *Rshk|z|, |z| < R;
€T

2) 4|7r_l’|0@*k‘z‘ (RchkR - %ShkR)u |z > R;

T

T ek [RehkR — (R+2)shkR|, o] = R

4|”T° et (R+ )shk|x| lz| < R.

18.35. Ykasauue. BocmonbsoBarscsa popmynamu (1), (91) u (4)
u3 §8
R2
sz / oy ) — 7 48y, 2| > .

18.36. Y kxasauue. BocrmonbioBarnesa samauen 18.35.

- +
ds,,, 2| <R; 5 R |/ Fw)
y_

1) up, " <R; ug, 7> R; 2) %singo, r < R; %singo, r > R;

3) ;—% cosp, r < R; % cosp, r > R;
4) g (1 + = arctg }ZQCOS (p), r<R; g (1 + % arctg Rgiozf), r> R.
18.37. 1) Pemenwe. 3anaua Au(z) = —%, |z| < R; u|jz=r =
=u, =0, rme z = (z1,22) u k — KO3)OULMEHT TEMIOIPOBOLHOCTH,
MOACTAHOBKOR U4 = v + Vb, roe
Va(z) = /fo L dy1 dys,
2“’“ V(@1 —y1)? + (22 — 32)?

lyI<R

comures ¥ 3anade Av(z) =0, |z| < R; v|jz=r = (u — V2)||z|=r- B cuy
3amaun 18.11, 2) umeem
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2
Vs (r, ) = ;z( L —R21nR>,

roe (7, ) — NONSIpHBIE KOOPOMHATHI TOYKU L. Torma m3 dhopMyssl 3ama-
qn 18.35 cnenyer V(r,p) = fO R2 InR. Urak, u(r,¢) = v+ Vo = I—z X
x (R? —1?);
R3 -7 R'—o*
2) ; a+ =
r 1( _r
4) Esmcp-l-E( "+InR-— lnr/—dp)
r 1 sin p
5) Ecos<p+z<s1nrst+/ d)

0 (o 3) (2 5) an

2

7) % cos( — Z) + (% - ;—k) Cos .

18.38. Yxa3zauue. Pemenue uckatp B BuIe MOTEHIUAIA IIPOC-
toro cmos (cm. dopmyny (6)). 3aTrem Bocnomb30BATHCS (GopmyIoin (2) u
YCIIOBUEM PA3PENIUMOCTH 33,0391 / u; (y)dS, = 0.

1 B 1 r=R

;‘ /Rul (y) In el dS, + const, |z] < R; z = (%1,T2);

yl=

1
-~ / uf (y) In |z — y| dS, + const, |z| > R.
lyl=R
18.39. Y x a3z anue. Bocnomb3zoBarbesa dopmynamu 3amaum 18.38.
1) Hepaspemmma, Tak Kax / uy dS # 0;
r=R
. R

2) rsing + const, r < R; —— - sing + const, r > R;

2
3) rcosp + const, r < R; e cosp + const, r > R.
T

18.40. Yka3zaumue. 33u:[aquu:—i7 r <R, Ou = u;
k onlr=Rr
MONCTAHOBKON u = v + Vo (cM. pernenue 3amaun 18.37) cBomuTcs K Kpae-
ov _ O(u—Va)

Bon 3amaue Av =0, r < R

> Onlr=R on r=R

(R®—7r*—3R?In R) +const;

O] =

fo (RP—r* )
1) ﬁ( 5 R’In R)+const;  2)

R
3) mRInvItR? - %/ 1+" dp + const;
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) 2
4) <r+ % rR— %) sin g+ const;  5) <T+ % rR— %) €os  + const.

y T uo(€)de 17 N S
18.41. 1) Tl'i/ ($7£)2+y23 2) ﬂ_iloul(é.) ln (sz)2+y2 d£

18.42. 1) 2w [arctgE + arctg 2}
T y T

2) 5 (ﬂ + = arctg E) mpu 2 = tg ;
2T Y T

(y?—= )sin po+2zy cospo  wo Y
-0 t Y Yt .
— 2 arc 8 (T2 coso—2my sngo (z.y,%0) mpum = <tg o3

U;O(W+F(m,y,soo)) mpn = > tg po.
1
18.43 —R/ I* "y (4)dS,, |z <R

z|> — R?
47rR / ||T|,y|3 ug (y) dSy, |z|>R.
ly|=R

18.44. Cwm. ykaszanus k 3anade 18.37 u pesynbrars! 3agaun 18.6.

3 3
1) g_;;(Rer); 2 e+t "5 30

18.47. Y x a3 auue. Bocnomb3oBaThcs pesynbraTamu 3amad 18.45
u 18.46.

2
—@, r > R; B obmactu r < R 3amada HepaspermMa.
T
Uuo\y U1
18.48. Y
/Iﬂi—yIS . /Iw—yl
ys—
18.49. 1) uyg; 2) 2 arctg 3) 4o (E + arctg == + arctg —3)
'3 7T 2 3 2
aR sink|z| aR et
18.50. — : ;o — >
|z| sinkR’ ja] < R || eikR |2 > R.

Yxkaszsaune. Pemenns 3a0ad UIIEM B BUIE MMOTEHIMAIOB IBOWMHOIO

CJIOs o eik\:cfy\
(%)

u(e) =V @) = [ vly) 5—

ny |z —yl
r=R

Uckomas mmoTHOCTH HaXOOUTCA U3 NHTETPDAJIBHBIX ypaBHeHI/Iﬁ

ik|z—y|
Ulp—p = Vi(l)(. ) = F2nv(z) + / 8 £ dSy =a, ze€{r=R}.
r—R
_ akR
" 4nx(kR+1) sinkR
qe—iFR 5
= T IJIs1 BHEIITHEN.
7 (cos kR — %R Sin kR)

|z —yl

Nmeem v(z) Il BHYTDEHHeR 3amauu u v(z) =
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18.51. Y x a3 aHue. Pelrenne nuckats B BUe IOTEHINAIIA IPOCTOTO
CIIOSL. "
aR? sin k|z| aR? etl®
- <R, — —+—— > R.
] GReoshR sk’ S8 LT @meo1 1212

18.52. Cwm. ykasauus k 3anade 18.37 u pesynbrars! 3anaun 18.28, 2).
1) fo (sin\z| B |r|), 2) I ei1=m/4) sin |z 1
T

|z| \ sin1 |z

18.53. Cwm. ykazanus x 3amaue 18.50.

h > e kIl
g el <R S el > R
R\ k|z|ch k|z| — shk|z]
18.54. (—) 0, |z| <R;
) FRakR—mir S0 PSR

(5)3 klz| +1 chk|z| — shk|z| cosf, |z > R.

kR+1 chkR—shkR

||
aR? sh k|z| aR? eh(B=lzl)

e TP AP il <R; e >R
18.55 |z| kRchkR —shkR’ 2] < R; z| 1+kR ' |z| > R
18.56. 1) fo (1 _ |S}|15|E‘1); 9) 1- ¢ s1|1|r\_

z €T
_ J()(kT‘)
18.57. u(z,y) = ug R

Ykazaune. u ectb pemenune 3anaun Au — k’u = 0, r < R,
U|lp=R = Ug.

§19. BapmanmoHHBIE MeTOIBI

IMycrs B orpanuyennoit obnactu (Q C R™ 3anano ypasuenue Ilyaccona

—Au= f: (1)
a Ha rIamgkon rpanuie I’ OIHO M3 TPAHUYHBIX yCJIOBUN

ulp =g, ()

Oou

= 11

Inlp = 9 (1I)

=g, (I11)

(g—z + ou) -
rae o € C(I'). Oynknus u € H(Q) HA3LIBACTCS 0606UWEHNBIM PEULEHUEM

sadawu (1) npu rpanuanom ycnosuu (1), ecnu ee cnen va I pasen g u oHa

ynoBneTBopseT npu Beex v € H'(Q)) mHTerpanbHOMY TOXIECTBY

/(grad u-gradv) dz = /fv dz. (2)
Q Q

CumraeM, uTo GyHKIUS ¢ ABIIETCA CeioM Ha I HeKOTOpo# (yHKIun
ms HY(Q), a f € Ly(Q). ®ynxuus u € H(Q) massmaercs 0606uenmubim
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pewenuenm xpaesoi 3adauy (1) npu rpauunasom ycnosuu (I11) (unm ycmo-

sun (1)), rne g € Lo(T) u f € L2(Q), eciim nipu Becex v € H'(Q) ona
YIOBIIETBOPSAET MHTETPAILHOMY TOXIECTBY

/(gradu -gradv) dz + /(Tuv ds = /fv dr + /gv ds. (3)
Q r Q r

Ecnm dynkumu f,g,0 mocraTodno raamkwe (HampuMep, HEMPEPHIBHO
nuddepeHnupyeMoie), TO 000OILEHHBIE PEIIEHNS ABIISIOTCS KIACCAUECKU-
MU DEHICHUAMUN COOTBETCTBYIOIIINX 3a0a4.

Baxmuyo pomb npu uccienoBaHuu OOOOIIEHHBIX PEIIEHUH KPAEBBIX
331149 UIPAET CJIEMyFOIIast

Teopema Pucca. Ilycmv na 2uavbepmosom npocmpancmee H
3adan aunetinviii oezpanuvennviti Pynxyuonaa l(u). Cywecmsyem edun-
cmeenuvili aaemenwm h € H maxot, wmo l(u) = (h,u) (3decv wepes
(h,u) oboznauaemcs ckasapruoe npouszsedenue 6 H saemenmos h,u).

19.1. Ilycrs u(z) knaccuueckoe pemenne 3anadn (1), (I). Iloka-
3arh, ato ecm u € C'(Q), To u(z) sBIsETCS OGOBILIEHHBIM PEIITeHEEM
samaun (1), (I).

19.2. Ilycrs wu(z) — xuaccuueckoe pemenue 3amaqan (1), (III)
(mmm (I1)). ToxasaTs, uto ecmm u € C1(Q), To u(z) aBuseTcs o6o6IIEH-
ueiM pentenueM 3amaun (1), (III) (wmu (ID)).

19.3. Ecin u(x) o606wennoe pemenue 3amauun (1), (I) u u €
€ C*(Q) N C(Q), To u(z) TBIIETCT KITACCHIECKUM DEIIeHIEM dTOH 3a-
LaYn.

19.4. Ecun u(z) — obobiennoe pewmenue 3anaau (1), (IIT) (mm (IT))
nu € C?(Q)NCHQ), To u(r) TBAIETCS KIACCHIECKAM DETITEHTEM STOR
3amadn.

19.5. llokazaTh, eOUHCTBEHHOCTHL OOOOIIIEHHOTO peIeHus 3ana-
qu (1), (I) npu g = 0.

19.6. TlokazaTh, uTO eciau GYHKIWS ¢ SBISETCS CIeAOM Ha ' HEKO-
Topo#t dyskmmm u3 H(Q) (8 wactroctu, g € C1(T)), To o6obmenHoe
pemenne 3anaun (1), (I) cymectsyer.

19.7. Ilycrs B obnactu () 3a0aHO BIUIUNITUYECKOE YPABHEHUE

L(u) = —div (pgradu) + q(z) u = f(z), (4)
rne p € CY(Q), minp(z) = po > 0,q € C(Q), f € Lo(Q). Ilpunan-
nexarras poctpancTsy H!(Q) dysxmms u(z) HazeBaeTcs 0606IIEHHBIM

pemernem 3amaun (4), (I), ecu mpu Beex v(z) € H(Q) oma ymosmeTso-
psA€T MHTETPAJIBHOMY TOXIOCCTBY

/(p gradu gradv + quv) dz = / fvdzx
Q

Q
u cien ee Ha [ paBen g. llokasaTs, uto npuHammexammee H'(Q) kmaccu-
ueckoe pernenrve 3anaqn (4), (I) ssisercs 0606MIEHHBIM.
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19.8. llokazaTh CyIIeCTBOBAHUE U €NUHCTBEHHOCTH OOOOIIIEHHOTO pe-
menust 3anaun (4), (I) npu g > 0.

Y x a3z auune. Bocnomb3orarscs pesynbrarom 3anaqn 4.106.
19.9. Ilycrs B obnacTu () 3a0aHO 3JLIUNITUIECKOE YPABHEHUE

n
0 Oou
oW == 5 (P (@) 5 ) + ale)u = f(a), (5)
i,j=
rre BemecTennsie dyuknnn p;; € CH(Q), pij(z) = pji(z) (,5=1,...,n)
m mus Bcex ¥ € () m mobeix BemecTBeHHBIX (&1,...,&,) COpaBemIMBO
n pa—
HepaBeHCTBO  ». pij () &€ > Y0l€]? ¢ mocrosmmoit vo > 0, ¢ € C(Q),
i,j=1

f € Ly(Q). Tlpunannexamas npoctpanctey H'(Q) dynkmms u(r) nasssa-
ercs 0606mennb permernem 3anaan (5), (1), ecn npu Beex v(z) € HY(Q)
OHA YIOBJIETBOPSET MHTErPAIBHOMY TOXIECTBY

/ (sz](r) Ug, Uz + quv) dr = /fv dz
N Q

u ee cen Ha [ pasen g. llokasaTs, uTo npuHanmexammee H'(Q) kmaccu-
ueckoe perenve 3anaqn (5), (I) sBusercs 0606IEHHBIM.

19.10. Jloka3aThb CYIIECTBOBAHWE ¥ ENWHCTBEHHOCTH OOGOOIIIEHHOTO
pemtenus 3anaqu (5), (I), ecnm ¢ > 0.

Y x a3 auune. Bocnomb3orarscs pesynbrarom 3anaun 4.112.

19.11. O6o6mennbiv pemenuem 3anaau (4), (III) (unu (I1)) zasesa-
eTcs npuHamnexamas H!(Q) dysxmus u(zr), ynoBme TBOPSIOIA TPH BCEX
v(z) € € HY(Q) uHTErpambHOMY TOXIECTBY

/(p gradu grad v + quv) dz + /pmw ds = /fv dx + /pgv ds.
Q r Q r

Hoxaszars, uro mpmHamnexamee CO!(Q) kmaccmdaeckoe pereHme 3ama-
qu (4), (III) (umm (II)) aBusercs 0GOOIIEHHBIM.

19.12. Jloka3aThb CYIIECTBOBAHWE ¥ EOIWHCTBEHHOCTH OOGOOIIIEHHOTO
peutenus 3anaun (4), (III) (uwmm (II)) B npennosnoxenun, uro f € La(Q),
g € Lo(T), o(z) > 0ma T, g(z) > 0 B @, npuuem au6o o(z) # 0, nubo
q(z) Z 0.

Y x a3 auune. Bocnomb3orarscs pesynbrarom 3anaun 4.117.

19.13. Ilycrs EZ(Q) u fIl(Q) — NOANPOCTPAHCTBA MPOCTPAHCTB
Lo(Q) m HY(Q), cocTosmme u3 Tex dyuxmuait u3 Lo (Q) u H(Q) coot-

BETCTBEHHO, IJIsi KOTOPBIX /f dr = 0. Iokazars, ato npu g(z) = 0,

~ Q
q(z) = 0, f € L2(Q) cymecTByer emmHCTBEHHOE OOOCIIEHHOE DPEIIEHUE
samaun (4), (I1), npurannexamee H!(Q).
Y x a3 auune. Bocnomb3oBarscs pesynbrarom 3anaun 4.121.
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Ilyers p € C(Q), g € C(Q), o € C('), minp(z) = po >0, o(z) >0,
g(z) > 0mwmm g(z) Z 0, wm o(x) Z 0. Torna (cm. 3amaun 4.105 n 4.113)

B H'(Q) m H'(Q) MOXHO BBECTM CKAJISIPHEIC TPOM3BEICHNS, SKBUBAJICHT-
HbIE OOBIYHBIM, CJIEAYIOIINMYU CIIOCOOaAMMU:

(F:9)g = [Ip(e)(grad f - grad g) + q(a) fg] da, (+)
Q
(f:9)m = [[p@)(grad f - gradg) +qfgldz + [pofgdS. (%)
Q r

OyHKIN U € H (Q), Ha xOTOPOU DyHKIMOHAI
Bw) = |olf}, — 2(f.0)1..

PACCMATPUBAEMBII IJI U € Jig (Q), mocTUraeT CBOEr0 MUHUMAIILHOTO 3HA-
ueHust, ecTh 0600mennoe pemenne 3anaqn (4), (I) npu g = 0, ecnm HOpMa
HOPOXIAETCS CKAIIAPHBEIM IPOU3BENCHIEM (*).

®yukmua u € H°(Q), 5Ha KOTOpPO# GyHKIIOHAT

E(v) = |l — 2(f,)L.,

paccmaTpuBaemsrit s v € H1(Q), mocTuraet cRoero MUHIMAILHOTO 3Ha-
ueHwnst, ecTb 0606mennoe pemenne 3anaan (4), (IIT), mpu g(x) = 0, ecom
HOpMA ||v]| 1 TOPOXKMAETCS CKAIAPHLIM NPOU3BENCHUEM (%% ).

O6o3nauuM uepes Aj, ..., Ay, ... PACIOJIOKEHHBIE B MOPSIIKE HEYObIBA-
HUsI COGCTBEHHLIE 3HAUEHUSA, & U€PE3 Ul, ..., Um,...  COOTBETCTBYIOIINE
cOOCTBEHHBIE DYHKIUN 330291

—div (p(z) grad u) + q(z) u = Au, z€Q, ulp = 0.

AHanoruaHo 9epes L1, ..., fhypy--- M U1, ...y U, --. OOO3HATUM COOCTBEH-
HBIE QYHKIIUU 331891
—div (p(z) gradu) + q(z) v = pu, € Q, (g_u + ou)‘ =0.
n r
Torma
o Ml B
inf ——— =)\ =

op Ml
reing Mz, @ rem@ Iz,

Kpowme Toro, npu grobom m > 1

2
o 2
inf M—)\ bom i 7”f||’“@>—u 41, i=1,...m
= m - m b) - A ] *
rein@ M@ rer'@ Iz,
(fﬂh’)Lz(Q)ZO (f’vi)L:z(Q):O

19.14. Paccmorpum npu f € Lo (Q) dynkunonan

Ei(v) = /(gradv)zda: - 2/fv dz
Q Q
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Ha MHOXecTBe Gyskmmit v € H'(Q), mis koTopeix v|r = g, rne dyHK-
mms g(z) sensercs cnenom Ha I mexoropoit dyskmum uz H'(Q). MokasaTs,
uro GhysKuus u(z), Ha KOTOpoi GyHKIuoHAN F(v) NOCTUraeT MEHUMAIb-
HOI'O 3HauYeHus, ecTb 0600wenHoe pemenue 3anaan (1), (I).

19.15. Paccmorpum npu f € Lo (Q), p € C(Q), g € C(Q), minp(z) =
=po >0, g(z) > 0 dyskunonan

Ei(v) = /p\grad’u|2dx+/q(:n) vidr — 2 /fvd:L’
Q Q Q

Ha MHOXecTBe Gyskmuit v € H'(Q), mis koTopeix v|r = g, rne dyHK-
s g(z) aensercs cienom Ha I' mexoTopoit dyskmum uz H'(Q). llokasaTs,
uro Gyskmms 4(z), Ha KOTOPOR HYHKIMOHAI MOCTUTA€T MUHUMYMA, €CTh
06001wenHoe pemenue 3anaan (4), (I).

19.16. IlycTte pij, 4,5 =1,....n, q,f dyHKIUM, BBeNEHHLIE B 32714~
ae 19.9. Paccmorpum GyHKIMOHAI

n
Es(v) :/ l Z pl-jvmvzj] dz + /qudac - 2/fv dx
Q Lij=1 Q Q

Ha MHEOXecTBe QyHkmuit v € H'(Q), mis kotopeix v|r = g, rae byHK-
s g(z) aensercs cnenom Ha I' mexoTopoit dyskmum uz H(Q). llokasaTs,
uto pyukuus u(z), Ha KOTOPOR PyHKIMOHAN K9 (v) mocTuraer MuaMMyMa,
ecTb 06o6ImerHoe pemenne 3anaun (5), (I).

19.17. Paccmorpum npu f € La(Q), g(z) € Lo(T"), 0 € C(T'), ¢ >0
va I', o(z) Z 0, bysxkamonasn

El(v): lgradv|’dz + [ 0v?dS —2 [ fvdz —2 [ gvdS, wve H'(Q).
e e

IMokasaTe, uro dyukuus u(z), Ha KoTopon pyukuuonan E;(v) mocruraer
MUHUMYyMa, ecTh 00001wenHoe pentenue 3anadu (1), (III).

19.18. HYCTB feLQ(Q)a g(T) GLQ(F)a pEC(Q)a VS C(Q), UGC(F),
minp(z) = po > 0, ¢(z) > 0, o(z) > 0 v unu g(z) Z 0, mum o(z) Z 0.
Paccmorpum Ha H(Q) dysxmmonan

Es(v) = /p|grad1)\2d.r+/q1)2dm+/0p1)2d57 Q/fvdz — Q/pgvdS.
Q Q r Q r

IokasaTe, uro dyrkums u(x), HA KOTOPOR 3TOT GYHKIMOHAI NOCTUTAET
MUHUMAJIBHOTO 3HAYEHUs, €CThb 0600ienHoe perenue 3anaun (4), (III)
(mam (IT)).
Yxkaszauue. Cwm. sagauy 4.117.
19.19. Pacemorpum npn f € Ly (Q), /f dr =0, p€e C(Q), min p(z) =
Q

= po > 0 dyHKITOHAI
Ei(v) = /p|gradv|2d.r - 2/f1) dz
Q Q
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na nomnpocTpanctse H! (Q) (onpenenernns muoxects Ly (Q) u H(Q) cm
B 3amaue 19.13; cm. Takxe 3amaum 4.118-4.120) mpoctpancrra H(Q).
Mokasars, uro yukuus u € ﬁl(Q), HA KOTOPOU 3TOT (GyHKIMOHAI
NOCTUTAeT MUHUMYyMa, eCTh 0600menHoe peutenue 3anadn (4), (11).
19.20. Haitru (I)yHKI_[I/IIO Vg, PEANM3YIOLUIYyI0 MUHUMYM (YHKIINOHAIA

1
/ 242 dr+2/vdr B knacce H(0,1).
0

19.21. ,HOKaSaTB, uto mns Beex v € C1([0,1]) cnpasennuBo HEpaBeH-

1
CTBO / (v + 2zv) dz + v2(0) + v*(1) > —%. Wmeer mm MecTo 3HAK
0

paBeHCTBA s Kakoi-nmubo ¢pyukiuul’
19.22. JlokazaTs, 9To mus Beex dyukmmit v € C1[0,1], v(1) = 0 mmeer
1 9 1
MECTO HEPABEHCTBO /v dxr < 25—4 +2 iO) + i /v’2dz. Haiitu dyukimio u3

0 0
3TOTO0 KJlacca, OJIsI KOTOPOR NOCTUTAETCs PABEHCTBO.

19.23. Haittu inf {/ [(gradv)z—i-?sinml sinmv] dm}, rome Q =
veH' (Q) LQ
:{OS.’El ST(, 0§$2S7T}

19.24. Haiitu inf { [(gradv)? + 2|z|?v] da:}, roe x =
= (x1,22). PR (I1<) Hal<a

19.25. Haiitu /|gradv|2dT roe © = (1,%2), T1 =
v€H1(|z|<1)| <1

= |zl cosp, 3 =|zsing, vlz=1 =e(r—@)2T - ), 0<¢p<2m
19.26. Haiitu inf / lgradv|?dz ®a mHOXECTBe byHKIMHA v €
|z <1
€ H'(|z| < 1), z = (z1,22), 11 = || cosyp, xa = |z| sing, ynosme-
TBOPSIOLIMX yCIIOBHIO V|51 = @°, —m < @ < .
19.27. Moxer nu 3amaHHas Ha OKpyxHOCTE || = 1, 21 = cos¢,

xo =sing, dyuxnus ¥ (p) O6BITH FPAHNYHBIM 3HAYEHUEM KaKOi-1u60o QyHK-
mmm w3 H' (|z] < 1), ecom:

a) P(p) =signg, T<p<m  6) Plp)= > 2" cos2g

n=0
B) Y(p) = ¥ E

5
n=1 n

19.28. Ilycrs Q — xBampar {0 < z1 < 1, 0 < z5 < 1}. IHokazars,
uyTo ms moboi f € H(Q) umeeT MECTO HEPABEHCTBO
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1
/f2d$ < F/|gradf|2d:n,
Q Q

n yCTa,HOBI/ITb, YTO MOCTOsIHHAS B HEPABEHCTBE TOYHAS.
19.29. Iycte @ ky6 {0<z1 <1, 0< 23 <1, 0<z3 <1}. Hoka-

3aTh, 4TO mns moboi ysxmmm f € H'(Q) cmpaBennmBo HEPaBEHCTBO

2 1 2
Ifllz, < 3.2 llgrad £z,

19.30. Ilycte @  xombuo {1 < |z| < 2}. Haiitn

fegllf(Q){ / [(gradf)2+4f]d:1:+/f2ds}, = (21, 22).
Fliz|—1=0 1<|z]<2 |z|=2

19.31. Iycts Q kBanpaT {0 < z; < 1, 0 < z2 < 1}. Haiitn
GyHKIIMIO, NAIOUIYyI0 MIHAMYM (PYHKIMOHAJIY

uecH?!

inf {/[(gradu)2 + 4sinz; sinzou| dz + 2 / sin zu(xy, ) dacl}
0

B knacce dyuknuit u € H(Q), 4|zy—0 = 1]zy—0 = U|z,—n = 0.
19.32. Hycts @  xpyr {|z| < 1}, = (21, z2). HokazaTs, yTo Ana
moboit pyukunu v € H(()) cupaBennuBo HEPABEHCTBO

2 1 2
3, < o leradull3,.
19.33. IlokazaTs, uto mas reex dyskmmit u € CH0 < z; < 1, 0 <
< % < 1), yIOBHETBOPSIOIINX TPDAHUYHBIM YCIOBUIM
u|$1:0 = u|$2:0 = 07 u|w1:1 = T2, u|z2:1 =,
CIIPABEMIINBO HEPABEHCTBO

11
//(gradu)zdml drs > %
00

WNmeer nu MecTO PABEHCTBO miIst KAKOW-HUOyAb u3 3Tux GQyHKIuil
19.34. Ilokazats, uto mis Beex ymxmmit u € Cl'(jz| < 1), = =
= (21, Z2) UMEET MECTO HEPABEHCTBO

2 / mlmgu(m)dm§ﬁ+ /(gradu)Qdm.

Jz|<1 Jz|<1
19.35. IlokasaTb, uto mis Beex dyskmmit u € C'(jz| < 1), = =
= (21, %2, T3) UMEET MECTO HEPABEHCTBO

[ loman? o] e >~

|z]<1
NmMeeT mum MeCTO pAaBEHCTBO O KAKON-IMO0 M3 OMUCAHHBLIX BHIIIE (DYHK-
il
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19.36. IlokazaTs, uto mns Beex bymkmmit v € C(|z| < 1), 23 =
= |z| cosp, z2 = |z| sin ¢, ynoBNETBOPAIOUIMX YCIOBUIO V||;|=1 = Sin ¢,
roe x = (Z1,%2), CIIPABEIIMBO HEPABEHCTBO

63
/ [2|z]?v + (gradv)?] dz > 6™
|z|<1
Nmeer nu MecTO paBEHCTBO muisi KAKON-1100 M3 OMICAHHBIX BHIIIE (QYHK-
il

19.37. IlokazaTs, uTo mis Beex dymkmmit v € C1(0 < 71 < 1, 0 <
<z <1,0<z3<1), = (21,22,T3), yIOBIETBOPAIOIINX I'PAHUIHBIM
YCIIOBUSAM

U|11:0 = T213, U|z2:0 = T113, U|z3:0 = T1T2,
’U,|w1:1 =22 + T3 + T2Z3, ’U,|w2:1 =21 +23 + 2123,
u|w3:1 =T + T2+ T122,
CTIIPABEIJIMEO HEPABEHCTBO
111

/// |gradu|2da;1 dzs dzg > ;

000

VMeeT UM MECTO PABEHCTBO MO KAKOW-TMOO0 M3 OMMCAHHBIX BBIIIE
dyaxumi [l

19.38. Tokazars, uto mias Beex dymkumit v € Cl(|z| < 1), = =
= (z1,22,23), T1 = |z| cosp sinf, zo = |z| sinp sinfh, z3 = |z| cosb,
YIOBIETBOPSIOIINX YCIOBUIO ¥l|;|—1 = COSf, CIPABEIINBO HEPABEHCTBO

/ [20 + (gradv)?] dz > 26_57r
|z|<1

VMeeT nu MECTO PABEHCTBO M1 KAKON-T100 U3 OMUCAHHEIX BHIIIC (QYHK-
munl’

19.39. Ilycte ¢  xBampat {0 < 21 < 1, 0 < z2 < 1}. IlokasaTs,

9TO [ MI060it byHKIIN v € H1 (Q), yOOBIETBOPSAIOLIEHN YCIOBUIO
/sin w1 sin wzev(z) dz = 0,

Q
CIIpAaBEOJINBO HEPABEHCTBO

1
loll3, < =55 llsrad .
19.40. Iycte @ xy6 {0<z1 <1, 0< s <1, 0 < z3 < 1}. Hoka-

3aTh, YTO OJs Jiroboi pyukiuu v € H 1(Q), VIOBIIETBOPSIOIIEN YCIIOBUIO

/sin w21 sin s sinwrxzv(z) dr = 0,
Q 1
2 2
CTIIPABeITABO HEPaBeHCTBO ||v]|7, < o) llgrad v||Z, -

19.41. IIycts Q ky6 {0 <z <7, 0<me <7, 0 <3 <m}.
Cpenn dysxnmit 4 € H'(Q), TPUHIMAIOINX TDAHNYHEIE 3HAUCHS
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Ulzy=0 = Ulzo=0 = Ulzz=0 = Ulzy=n = Ulzy=r =0,

HAUTH Ty, KOTOPas HaeT MUHUMYM (PyHKIIMOHAILY

T T
E(u) = /(gradu)Qd.r + // sin zy sin zou(z1, T2, 7) dry dzs.
Q 00

19.42. Ilycts @ maposon cioit {1 < |z| < 2}, z = (x1,22,23).
Cpenn ¢ymxmmit v € H'(Q), TPUHUMAIOMNX TPAHWYHLIC 3HAUEHUS
l|z|=2 = 0, HAlTU Ty, KOTOpasA NAET MUHUMYM (bYHKIHOHAILY

E(u) = / [(grad u)® + 2u] dz + / u?dS.
Q Jz|=1

OrsBern Kk §19

19.20. -1+ 2% ch (z _ 1).

e+1 2
z° 2

19.21. Ia, nas T o (z+1).
19.22. —z2 + 2+ 1

9 2
19.23. -~

8
19.24. - .

9 64

19.25. 1447 k5.

19.26. 16w k3.
19.27. a) Her; 6) mer; B) na.

™

19.31. —sinzg sinzy — 2
19.33. Ila.

19.35. Jlla, nns pyHKUUU

sinzichzo
sh
|z]* — 1
12
rt—1
16
19.37. Ha, nns x122 + £123 + Tox3.
2
r°—1

19.36. Ia, nns rsing +

19.38. Ila, naa rcosf +

1 .
19.41. —————— sinxz; sinzosh (V2z3).
V2¢ch (V2r) ' 25h (v20)
|z)? 5 17
19.42. —F— + — — —.
9 6 o 18




I'masa VI
CMEINTIAHHASY 3AITAYA

§20. MeTon pa3snesieHus HepPeMEHHBIX

1. YpaBHeHus runepOomdeckoro tuma. W3moxum KpaTko Cy-
mecTBO MeTona Pypbe i MeTona Pa3meieHuns IEPEMEHHBIX, PACCMATPHI-
Bas 33184y O KOJIEOAHUSIX CTPYHBI, 3aKPEIIEHHON Ha KOHIAX. OTa 330343
CBONUTCS K PEIIEHUIO YPABHEHUSI

0%*u 9?
gu _ 20U (1)
ot? o0x?
IPU HAYAIBHBIX YCIOBUSIX
ou

ult—o = uo(z), = u(z) (2)
%) FpaHHQHBIX yCJ'IOBHﬂX
U|y—0 = 0, Up=1 = 0. (3)
Bynem crnauana uckars wacTHbe pemenns ypasaenus (1), He paBHBIE
TOXIECTBEHHO HYJIIIO U YIOBIETBOPSIOLINE YCIOBUAM (3), B BuIE

W t=0

u(z,t) = X(z) T(¢). (4)
Toncrasass (4) B (1), npuxonum K ypaBHEHUSIM

T"(t) + a®>XT'(t) = 0, (5)

X"(z) + XX (z) =0, (6)

rae A = const, npuUeM IUIs NOJTyYeHNs HETPUBAAIBHBIX (HE PABHBIX TOX-
LIECTBEHHO HYJII0) perieHuit Buna (4) HeoOX0AMMO HANTU HETPUBUAILHBIE
PEIIEHNS, YAOBIETBOPSIOIINE YCIOBUSIM
X(0)=0, X({) =0 (7)
Mur npuxonum k 3amade Hltypma Jluysumns (6), (7) (cm. c. 184).
CoGCTBEHHBIMU 3HAUEHUSIMIA 3TOM 334N SBIAIOTCS TUCIIA

k)2
= () k=120
(1 TONBKO OHM), 5TUM COOCTBEHHBIM 3HAYEHUSIM COOTBETCTBYIOT (HOPMU-
POBaHHBIE) COOCTBEHHBIE (QYHKINY
2 . m7kz
Xy (z) = 7 sin——.

Ilpu A = A ypasrerue (5) mmeer obiiee pemienue

16 Ilom pen. B.C. Branumupona
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Tr(t) = ay cos @ + by, sin k:at7

n03TOMY (PyHKIUS
ug(z,t) = Xp(z) Tr(t) = (ak cos @ + by, sin @) sin k%
YIOBIIETBODSET ypaBHeHUIO (1) 1 rpaHUYHEIM ycrnoBusaM (3) npu nobbIX ay
n bk.
Pemenne ypasuenus (1), ynoenersopsitowee ycnosusim (2), (3), umewm
B BUIE Psa

oo
kmat . kmat\ . knx
u(z,t) = ,; (ak cos —— + by, sin T) sin ——. (8)

Ecnmu 3T0T psanm cxommTcs PABHOMEDHO M €r0 MOXHO OBAXKILI MOUIIEHHO
nuddepeHnrpoBaTh, TO Cymma psina 6yneT ynoBaeTBopsTh ypasaennio (1)
U TPAHUYHEIM ycioBusaM (3).

Omnpenensist noCTOAHHBE ay, u by Tak, 9T0OBI CymMMa psna (8) ymosie-
TBODSUIA U HAYAJIBHBIM YCIOBUM (2), IPUXOOUM K PABEHCTBAM

- N

ug(z) = Z G S ——, (9)
k=1

ui(z) = Z k# by, sin kﬂTm; (10)
k=1

dopmyner (9), (10) maror pasmoxenue GyHKuuin uo(z) u ui(z) B pan
®ypre no cunycam B uatepsane (0,1). KosbdunuenTs: 5Tux pasnoxenui
BBIYNCIIAIOTCA 110 N3BECTHBIM (pOpMyJIaM

/ul(ac) sin k% dz.
0

" kma

1
2 . kmz 2
ar = 7 /UO(ZI]') sin ?dw, by, =
0

B zamauax 20.1, 20.2 myxnO0 HafiTH ¢ nomombio Meroga Pypbe Kose-
0aHUs CTPYHBL, IPEANONaras, ITO BHEIIHNAE CUIBI OTCYTCTBYIOT.

20.1. Pemmts 3amauy o komebauuu ctpyusl 0 < z < | ¢ 3aKpenneH-
HBIMUW KOHIAMW, €CJIM HAYAJIBHBIE CKOPOCTU TOYEK CTPYHBI DPABHBI HYJIIO,
a HAYAIBLHOE OTKJIOHEHUE 1) UMEET HOpMY:

. m™nr
1) cumycounsr ug(z) = Asin - (n wemnoe);

. l
2) mapabosibl, OCBI0 CUMMETPHUU KOTOPOR CIIyXWT NpsAMas T = 7 @

BEPIIMHON — Touka M (%, h);
3) nomanoit OAB, rne O(0,0), A(e,h), B(1,0), 0 < ¢ < I. Pacemor-

peTh cirydan ¢ = 7

20.2. Pemmrs 3amaay o komebanum ctpyssl 0 < < | ¢ 3akpernieH-
HBIMU KOHIIAMU, €CJIU B HAYAIILHOM TIOJIOXKEHUU CTPYHA HAXONUTCS B [IOKOE
(up = 0), a HAUAIBHAS CKOPOCTH U1 330aeTCs HOPMYJION:
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1) ui(z) = vg = const, = € [0,1];

2) u(z) = {

vy, ecmm x € [a, [,
0 _[ Al rne 0 <a<p<lI;
0, ecmun z € [o, (3],

w(z — o)

Acos , eciu T € [zg — a, T + a,

3) ui(x) =

0, ecmu x € [xg — a, xo + @,
rne 0<zg—a<xzg+a<l.

Ypasuenue (1) onuceiBaeT cBOGOMHEBIE IPOLOIILHBIE KOIEOAHMS CTEPXK-
wsa. B samauax 20.3, 20.4 Tpebyercss HaiTM NPOMOIBHBIE KOJIeOAHMS
CTEPXKHSI, IPUMEHSISI METOI PA3NEIIEHNUs [IePEMEHHBIX.

20.3. Pemmure 3amady O OPONONBHBEIX KOIEOAHUSIX OTHOPOLHOTO
CTE€PXHI NPU IIPOU3BOJIBHBIX HAYAJBHBIX MOAHHBIX B KaXJIOM Hn3 ClIe-
MYIOIIAX CITydaeB:

1) omun xomen crepxHs (z = 0) KeCTKO 3aKpEIIeH, a OPYTOil KOHEI
(z = 1) cBoGOmEH;

2) o6a KOHLIA CTEDPXKHS CBOOOMHEL

3) omwn kOHen crepxHs (T = |) 3aKpemieH ynpyro, a APYTOil KOHEI
(z = 0) cBoGoneH.

20.4. Haiitu nponoiibHbIE KOJIEOAHUS CTEPKHS, €CIIM ONUH €r0 KOHEI]
(z = 0) xecTko 3aKperuier, a K qpyromy kouuy (z = [) npunoxena cuna P
(B MoMeHT Bpemenu ¢ = 0 cuiia mepecTaeT NefCTBOBATS).

20.5. Haiitu cuity Toka i(z,t) B IpOBOME MIIWHEL [, IO KOTOPOMY TE€YET
MEPEMEHHEI TOK, €CIIM yTEeYKA TOKA OTCYTCTBYET M OMUYECKUM COIPO-
TUBJIEHNEM MOXHO TpeHebpeun. IIpeamnonaraeTcs, 9TO HAYAIBLHLIA TOK B
nposozpe (mpu ¢t = () paBeH HyJI0, a4 HAYAILHOE HAIMPSIKEHUE 330AETCS
bopmyoit v|;—q = Eg sin % JleBniit koren nposona (2 = 0) u3onMpoBaH,

a mpasblil KOHen (z = [) 3a3eMIieH.

3amayua 0 HAXOXIEHUY BBIHY XIEHHBIX KOjebaHmnii OMHOPOMHON CTPYHBI
0 < z < [, )ecTKO 3aKPEIIEHHON Ha KOHIAX, TMOM NEACTBUEM BHEIITHEN
CUJIEL C IIOTHOCTBIO P IPUBOOUTCA K PEIICHNIO yPABHECHNS
2 2
T =2 Tt g(a,1) (11)
(9 =p/p, The p  NUHENHASA IWIOTHOCTH CTPYHBI) DU IPAHUYHBIX yCIIO-
Busix (3) U HAUAIBHBIX yCIOBUSX (2).
Pewenne sanaan (11), (2), (3) umyT B Buge cymmst

U =0v+w,

re v — penrenne HeoqHOPOnHOro ypasuerus (11), ynosnersopsomee rpa-
HUYHBIM yCIOBUAM (3) U HYJIEBHIM HAYAILHBIM YCIIOBUS
v

V|¢=o = 0, i 0,

16*
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a W €CThb pelleHre OOHOPONHOTrO ypasHeHus (1), yOOBIETBOpSIOLIEE IPa-
HUYHBIM yCIIOBUsIM (3) 1 HAYAIBHBIM yCjoBusM (2).

Pewmenne v npencrasisieT BBIHYXKAEHHBIE KOje0aHUs CTPYHBL (9TH
KoJsie0aHms COBEPINAIOTCS MO MEeUCTBUEM BHEITHEH BO3MYIIAOIIEH CHUIIBI
IpY OTCYTCTBUM HAYAJIBHBIX BO3MYILIEHUIT), 4 DEIICHME W HPENCTABISET
cBoGonHbIE KONeGaHUs CTPYHBI (OHU O6YCIOBIEHE HAUAIBHBIMI BO3MYIIIe-
HUSIMU).

@DyHKUUIO ¥ OTHICKMBAEM B BUIE Psina

t) =Y Ti(t) sin ’”T‘”” (12)
k=1

1o cobcreenHbiM Gynknusam 3anaun (6), (7).
Moncrasnas (12) B (11), nonyuaem

Z [T,;’(t) + (kﬂa) Tr(t )} sin k%ac = g(z,1). (13)
k=1
Pasnaras dynkunmio g(z,t) B I/IHTepBa.He (0, l) B psan Pypre 1o cuHyCcam

Z gr(t sin *7E (14)
u cpasauBas (13) u (14), vaxonum ,E[I/IqaqjepeHuMaanbIe yPABHEHUS

70 + (5 7ut) = gu0). (15)

roe

N|N;

1
/ (&, 1) s1n— dé (k=1,2,...).
0

Pemtas ypasrenus (15) npu HyJeBBIX HAYAIBHBIX yCIOBUSIX
T, (0) =0, TL0)=0 (k=1,2,..), (16)
nmaxomum T (t), a 3aTem omnpemensem v ¢ momoueio dopmynsr (12). 3a-

metuM, uTo pemenus 1y(t) ypasuenuin (15) npm ycmosusx (16) moxuO

npenCTaBUTh B BUOE
t

T (t k7ra /

Pemmenne 3anaq1/1( ) (2

kmat\ . knx
ZTk sm—+2(akcos—+b sin 7 )SIHT’

rue cpyHKum/I Tk( ) onpenensitorcs dhopmynoin (17), a xkoshduumenTsr ay,
un by — cpopMynaMH

1
/ ,T) sin T 2 (t—7) sin kT df] (17)
0
)

(3) npencrasasercs B Bume

N|m

2 . knzx
/uo sin —— d by = y— ui () sin - dz.
0 0
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20.6. PemmuTh MeTOmNOM pa3mesieHus MEPEMEHHBIX CIEAYIONINe CMe-
IITaHHBIE 3a,0d49YN:

1) wt = Upe +2b (b = const, 0 < z < 1), ulp—0 = 0, u|,— =0,
U|t:0 = Ut|t:0 =0;

2) Uy = Uyy +cost (0 < z < 7), Ue=0 = Ulp=r = 0, u|t=0 =
= ut|t—o = 0.

20.7. Pemmrs 3anaqy o konebanmsx omaoponHoit crpysbl (0 <z <),

3aKpensieHHon Ha koHmax ¢ = 0 m x = [, mom meiicTBMEM BHEIIHER
HENPEPBIBHO PACIIPENENIEHHON CHIIbI ¢ TWIOTHOCTBIO p(z,t) = Apsinwt,
kma

w# - (k=1,2,...). HauanbHble ycioBust — HyJIEBBIE.

20.8. Peumrrs 3amaduy O NpOOOIIBHBIX KOJEOAHUSAX CTEDPXKHSI, TMOMBE-
meHHoro 3a koHer © = 0 (koHenm z = | cBOGOLEH), COBEPLIAEMBIX IO
BIUSHUEM CUITBI TSXKECTH.

3amada O BLIHYXIEHHBEIX KOJIEOAHWSX OTPAHWYEHHON CTPYHBI MO
MEeVCTBUEM BHEITHEH CHIIBI B CJIy4ae, KOTAA KOHILI CTPYHBI JBUTAKOTCS
0 HEKOTOPOMY 3aKOHY, TPWBOOUTCS K permeHuto ypasHenus (11) mpm
IPAHUYHLIX YCJIOBUSX BUIA,

ula=0 = p (t), Ula=1 = p2(t) (18)
U HAYAJIBHBIX ycnoBusx (2). Pemtenve samaqu (11), (2), (18) umem B Buze
u=v+w,
xr

roe w = pq(t) + N (p2(t) — p1(t))  dyHKUMA, yOOBIETBOPSIOIIA 3a0AH-
HBIM IpaHUYHbIM ycioBusM (18).

Torna Gyskuus v(z,t) yAOBIETBOPSET HYJIEBHIM TDAHUYHBIM yCJIIO-
BUAM U|p—0 = v|,—; = 0, ypaBHeHWIO v — 0’V = g1, THE g1(T,1) =
=g(z,t) — (wy — a*Wyy), U CTEAYIONAM HAYATTBHEIM YCIIOBIIM:

'U|t:0 = Uo(l") - w|t:07 'Ut|t:0 = Ul(l") - wt|t:0- (19)

Mzt npumin x 3amade Tuna (11), (2), (3) ons yukuum .

Bameuwanune MWrorma ymaerca HauTH (QYHKIWIO v, YIOBIETBO-
PAIIYI0 HEOmHOpOomHOMY ypaHeHuio (11) m 3aHaHHBIM TDAHUYIHBIM
ycnosusim (18). Torma, orwickuBas pemnenue 3amaum (11), (2), (18) B
BUOE ¥ = U + W, HAXOOWM, YTO QYHKIWS W YOOBIETBOPSET OTHOPOLHOMY
ypaBreHuto (1), HyJleBBIM IDAHUYHBIM ¥ HAYaJIbHBIM ycioBusaMm (19).

20.9. Peumnrrs cremyiomme CMEIAHHBIE 33,0aYM:
1) Upe = ugt, 0 <z <Il, ulp=0 =0, ule=; =1, ult=0 = utlt=0 = 0;
2) Upe = U, 0< 2 <1, ulpmg =t+1, ulpey =3 +2, uls—o =

Jdu
=r+1, = =
Ot lt=0
20.10. Pemuth 3amadyy O BBIHYXIOEHHBIX TOMEPEYHBIX KOJEOAHUIX
CTPYHBI, 3aKPEIIEHHON HA OnHOM KOoHIE (z = () 1 IOmBEPKEHHOI HA MPY-
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roM koHue (z = l) meCTBUI0 BO3MYILAIOIIEH CUNBI, KOTOPAs BBI3LIBAET

cmerenue, paBaoe Asinwt, roe w # klﬂ (k =1,2,...). B momenT Bpe-

MeHE ¢ = ( cMeIeHus] 1 CKOPOCTU PABHBL HYJIO.

20.11. Ilycte crepxenp niuHOU [, KOHen koToporo r = ( XecTko
3aKPEIJIeH, HAXOOUTCS B COCTOSHUM TOKOs. B momenT t = ( kx ero cBo-
6omHOMY KOHLY = | mpumioxeHna cuia () = const, mEACTBYIOIIASI BOOIb
crepxus. Haitu cmemenune u(z, ) crepxHs.

20.12. Pemuthb 3amadqy 0 TPOOOIBHBIX KOJIEOAHUSIX OMHOPOMHOTO IH-
JMHOPUYECKOTO CTEPXKHS, OOUH KOHEI KOTOPOTrO 33OeNlaH, a K OPYToMy
KOHILy mpusioxkeHa cujia ( = A sin wt, Hanpasiiesue KOTOPO# COBANAET C

am(2k + 1
%, k == 051,25... .

20.13. PemuTs 3a0auy o cBOOOOHBIX KOIEOAHUAX OMHOPOMHONE CTPYHBI
OAWHOM [, 3aKPENJICHHON HA KOHIIAX 1 KOJIEOJIIOIERCs B Cpene, COMPOTUB-
JIeHVe KOTOPOH MPONOPLIUOHAIBLHO IEPBOH cTeneHu ckopocTu. HauanvHbre
yCiioBusA HYJIEBBIE.

OCBIO CTEDPXKHI (w #

20.14. PemuTs clenyoIne CMEIIaHHBIE 3a1aUN:

1) ug = Upe —4u (0 <z < 1); ulp—o = Ulo=1 = 0; ult—o = 2* — =z,
tt]t—o = 0;

2) Uy +2ur = Uy —u (0 < z < 7); Up=o = Uo=r = 0; ult= =
=TT — $2, ut|t:0 = 0;

3) up+2ur=ups—u (0<z<7); Ugle=0=0, U|lz=r=0; u|t=0 =0,
Ut|t:0 =T

4) Uy +up = Uz (0 < 2z < 1); Ulpmo = t, t|o=1 = 0; ult=o = 0,
’ut|t:0 =1-u;

5) Uy = tUge +u (0 < 2 < 2); Ulpgmo = 28, Ulpme = 0; ulimo =
= Ug|t—0 = 0;

6) Uy = Uge +u (0 <z <1); t|lpmo =0, ulzmt =t uli=o = 0,

’ut|t:0 = %

20.15. PemuTs crnenyoIiire CMEIIaHHBIE 3a1aUN:

1) utt = Uge +2 (0 < 2 < 7); Ulgmo = Ulzer = 0; uli—o = sin 2z,
utlt=0 = 0;

2) Uy FUut = Uy +1 (0 < 2 < 1); tulp—o = te=1 = 0; ult=0 =
= ut|t—o = 0.

20.16. PemuTs crnenyolire CMEIaHHBIE 3a1aUN:

1) ug — Ugp + 2us = 4z + 8elcosz (0 < 7 < /2); Uple—o = 2t,
Ulg—r /2 = Tt; Ult—g = COST, Ut|t—0 = 2;

2) gt — Uz —2up = 4t(sinz —z) (0<2<7/2); Ulpm0 =3, Us|p—r/2 =
=t +t; uli—o = 3, Utli=0 = T + sinz;
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3) up — 3up = Uyy +u — z(4 +t) + cos 3730 0 <z < 7); Uplemo =
=t+1, uloer =7t +1); ult=o = utlt=0 = z;

4) Uy — Tup = Uyy +2u, — 2t — Tz —e *sin3z (0<z<7); t|p=0 =0,
Waen = Tt; Uli—o = 0, Usls—0 = =;

5) Ut 42Ut = Uy +8u+2x(1—4t) +cos3z (0<z<7/2); Uy|p—0 =

~

i

Ulger/o = 5 ult=0 = 0, u¢lt=0 = z;

6) Ut = Upe + 4u + 250’z (0 < 2 < 7); Ugle—mo = Uglomr = 0
U|t:0 = Ut|t:0 =0;

7) st = Ugy +10u+258in 2z cosz (0<z <7/2); ulp—0 = Usz|p—r/2 = 0;
Ult=0 = Ut|t=0 = 0;

8) Uy — 3up = Ugy + 2uy — 3z — 2t (0 <z < T); Ulpeo =0, Ulper =
= 7t; uli—o = e T sinx, utli—o = =.

B zamauax 20.17 20.20 TpebyeTcs NPUMEHSTL METOL PA3NESICHUS IIe-
PEMEHHBIX I U3ydeHwus: Kojiebanuit MeMOpaHbl. 3amaua O KOJEOAHUSIX
OIHOPOZIHOM MEeMOPaHbI CBONMTCS K PELICHUIO YPABHEHUS Uy = a2 Au + f
[PY HEKOTOPBIX HAYAIBHBIX U MPAHWYHBIX ycroBusax (cM. c. 14 16).

B uvacTHOCTH, 3amaua 0 cBOOGOOHBIX KOMEOAHUAX MPAMOYTOIBHON MEM-
6pannl (0 < z < p, 0 <y < ¢), 32KPEIIIEHHON TIO KOHTYPY, CBOOUTCS K
PELIEHNIO BOJTHOBOTO YPABHEHUS

0*u — 2 0%u n 0*u
o1 a2 0y
MIPU TPAHUYHBIX YCIIOBUSIX
U|p=0 = U|z=p = U|y=0 = U|y=g =0

U HAYAJBHBIX YCIIOBUSIX
ou

at

u|t:0 :Uﬂ(may)a :Ul(-T,y)-

t=0

20.17. Pemuts 3amauy 0 cBOOOOHBIX KOJIEOAHUSAX KBAAPATHOW MEM-
6panbt (0 < z < p, 0 < y < p), 3aKPEINIEHHON BIOIL KOHTYPA, €CIn

. wr . 7 ou
u|t=o = Asin —= sin _y, =
p

ot =
20.18. Pemuthb cﬁenylom}trmo CMEIIAHHYIO 331a1y:
Uy = Au O<z<m O0<y<m),
Ulz=0 = Ulz=r = Uly=0 = Uly=r =0,
u|t=o = 3sinz sin 2y, Ut|t—0 = 5 sin 3z sin4y.
20.19. Pemuth 3amauy o CBOOOOHBIX KONEOAHUSX MPSIMOYTOJBHON

memOparbl (0 < z < p, 0 < y < ¢), 3aKPEIIEHHOIl BIOJBL KOHTYDA,
ou

ecma uli—o = Azy(z —p)(y —q), F| _ =0
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3amaua o cBOGOMHBIX KOJIeOaHUAX KPYTJIoNn MeMOpansl panuyca R, 3a-
KPEINIEHHON 110 KPalo, IPUBOAUTCS K PEIICHUIO YPABHEHMUS

10w 0°uw  10u , 1 0

G0 "o Tror o (20)
NpY TPAHUYHOM yCIIOBHN
Ulp—p =0 (21)
U HAYAJIBHBIX yCJIOBUSX
0
ule—o = uo(r0),  F| = e). (22)
t=0
[IprMeHAA METOL PA3NETCHUS IEPEMEHHBIX, TIOOKUAM
u(r, ¢, 1) = T(t) v(r, ). (23)
IToncrasus (23) B (20), nonyuum ypasHenue nius T (i)
T"(t) + a®>X*T(t) = 0 (24)

7 CIemyoNyo KpaeByko 3anady s (T, ¢):

9% 1 ov 1 9% 5

—+t-a+5 575 +Av=0 25

or2  r Or 12 0p? (25)
W3 ¢pusmueckoro cMbICIA 3302490 BEITEKAET, 4TO GYHKIUA v(r, () SBIIETCS
27-nmepronnvYecKon GyHKINER OT @, T. €.

v(r, ) = v(r, ¢+ 2m), (26)
7 9TO 3Ta QYHKIWS OTPAHMYEHA B [EHTPE KPYTa, T.€.
|U\T:0| < oc. (27)
Kpowme Toro, uz ycnosust (21) cnenyer, uto
V|r=p = 0. (28)
ITpumensis meTon pasnenenus nepeMeHHbIX K 3anade (25)—(28) moso-
KUM
v(r, ) = () Z(r) (29)
u u3 (25) Hafimem, 94TO
2" (p) + 2 ®(p) = 0, (30)
n 1 ! 2 l/2
2"(r) + = 2'(r) + (W - ) Z(r) = 0, (31)
npuaeM B cuiny (27) u (28) DOMKHBEL BEINOIHATECS yCIOBUS
Z(R) =0, (32)
1Z(0)] < oo. (33)
W3 (30) u (26) maxomum (v = n nenoe):
®,,(¢) = A, cosnp + B, sinngp. (34)

Ypasuenue (31) noncranoskoit Ar = z(Z(r) = y(x)) npuBonuTCca K ypas-
Hernuio bBeccens
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2" +ay' + (27 =)y =0,

o0111ee pereHre KOTOPOTrO UMEET CIENYIOIINN BUI:

yv(z) = C1J,(z) + C2Y, (z),

roe Jy(z) n Y, (z)  dyuknunm Beccenst 1-ro u 2-ro pomoB v-ro mopsioxa.
Ceoiicrea dyunkunit J,(z):
1) kopHU ypaBHEHUs J(5) = 0 (35)
npu v > —1 — BemecTBeHHBbIE U TPOCTHIE (KPOME, OBITH MOXET, KODHs
i = 0); OHM CUMMETPHUYHO PACIIOIOKEHBI HA, OCH [t OTHOCUTEIHLHO TOIKA
=0 ¥ He UMEIT KOHEYHBIX NIPENENbHEIX TOUEK;

7 i LA P#
D [ () 2 0) e = B e =2 2w, =g,

TOe [i; U [b; PA3IIMYHBIE [OJIOXUTENBHBIE KOPHU ypaBHEHUs (35);

3) dymkums f(x) Upm HEKOTOPBIX YCJIOBUSX DA3JaraeTCs B PABHO-
MepHO cxopsumiicsa pan Pypee mo cucteme dyuxuuii J,(upz/R) (K =
=1,2,...), e pi,p2,... — TOJOKUTEIbLHBIE KOPHU ypaBHeHus: (35).

Bepremcs x ypasuenuio (31); ero ofiuee peinesHue npu v = 1 UMEET

BUL
Zn(r) = Cpdpn(Ar) + DY, (Ar).
Tak xax B okpectHocTu Toukm £ = ( dyskums J,(z) orpanwuena, a
dbyukuua Y, (z) sBnserca meorpanudenHoi, o B cuiy (33) D, =0, T.e.
Zn(r) = CpJn(Ar). (37)
W3 ycnosus (32) maxonum Jp(AR) = 0. Ilonaras
AR = p, (38)
OpUXOOUM K ypaBHeHuio (35); mycTh ,ugn), ,ugn), ... €ro HOJIOXUTENbHLIE
KODHH, T. €.
Tu(uG)) =0,  (m=1,2,.). (39)
Torma u3 (37) (39) nomyuaem, 4To GHyHKIAY
(n)
7 = J, (Bt 4
) = 1, (57 (40)
ABJIAIOTCs pemennsvu 3anaqan (31)—(33).

Dyukiun

(n) (n)
Unm (T, t) = [(Anm cos aug ¢ + B, sin aug t) cosnp +
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B cuiy (23), (24), (29), (34), (38), (40) sBAAIOTCS YACTHBIMA PEILICHUSIMU
ypasaenus (20) n ymOBIETBOPSIOT rpaHUYHOMY yCnoBuio (21).
Pewenue 3anaun (20) (22) I/IH_IeM B Bujie GOPMANLHOTO PAna

u(r, @, t) Z Z Unm (T, @, 1)

n=0m=1
rae QyHKIUA Uy, onpenenstorcs dopmynavu (41).
3agada CBOOUTCSA K PA3JIOKEHUID HEKOTODPBIX (DYHKUMUUA B PAd IO
cucreme GbyHxui J, (u%l)r/R) (m=1,2,...).
B cuny (36) xo3pHunuenTs a,, Pa3IoKEHUT

=S ()

2 ugs)r
Uy = ————— /rg(r) I ( ) dr.
R2J721+1(N$n)) 0 R

20.20. Pemuts 3amady o cBOOOMHBIX KOEOAHUAX OOHOPOMHON KPYT-
o MeMOpaHbI panuyca R, 3aKpensieHHOI MO Kpalo, B CIEAYIOIIUX CIIy-
qadgax:

T
1) HauaIBEHOE OTKIIOHEHUE ONPENEIISIEeTCA PABEHCTBOM U|t— :AJO(%),

rhe [y — TOJOXWTENbHBIA KOpeHb ypaBHenus Jo(u) = 0; mavambnas
CKOpPOCTBH PaBHA HYJIIO;

2) Ha4YaJIBHOE OTKJIOHEHUE M HaAa4YaJIbHAs CKOpOCTb 3aBUCAT TOJIBKO
oT T, T.€.
’ U|t:0 = f(T)7 ’ut|t:0 = F(T)§

3) HauanbHOE OTKIIOHEHHE uMeeT (HOpMy Mapaboonaa BPAIIEHUS, a
HAYAJIBHAS CKOPOCTE PABHA HYIIIO.

onpenensoTes GopMyIaMu

20.21. HaiiTu perenne CMEIAHHOM 3a0a4n
1
Utt = Uga + — Us + F @) Jo(prz),

roe [ MONOXUTENbHEIA KOpeHb ypasaenus Jo(u) =0, 0 < z < 1,

U|lpe1 = Ulg—0 = Ut|t=0 = 0, |t =0 < 00,
ecyu:

1) f(t) =12 +1; 2) f(t) =sint 4+ cost.

20.22. HaiiTu peleHue CMEIIaHHON 331341

utt:um+%um, O<xr<l,
|u]z=0] < oc, Ulp=1 = g(1), uli—o = uo(z), Ut|t=0 = u1(x),
ecm: . ) Jo(2z)
1) g(t) = sin’t, uo(z) = 3 [1 - ;0(2) ]., ui(z) = 0;
2) g(t) = cos2t, up(z) = Jo(22) ui(z) = 0;
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3) gty =t—1, uo(z) = Jo(paz) — 1, Tme g TOMOXUTENbHEBIN
kopenb ypasrenus Jo(p) = 0, uq(z) = 1.
20.23. HaiiTu perienue CMEIIAHHON 3a1a4N

utt+f(t):um+%uz, 0<z<l,
[t]z—0| < 00, Ulz—1 = g(t), uli—o = uo(z), Utli—o = u1(x),
eclimnm:
1) £(t) = cost, wla) = 1= 25 w(e) =0
2) f(H) =sindt,  gt)=uw(@) =1,  wi@)=g[1- {;(ff’;)],
3) f(1) = ~2cos2t,  g(t) =ui(@) =0, up(e) = 1 [‘2((22? —1]+

+ Jo(u1z), Toe g1 TONOXUTENBHBIA KOpeHb ypaBHeHus Jo(u) = 0.

20.24. PemuTh CMEIIAHHYIO 330349y

um+%uw:utt+u, 0<z <1,
|t e=0]| < 00, u|y—1 = cos 2t + sin 3t,
J() (.’E\/g) 3J0 (2$\/§)
Ult=0 = ——=", Utlp—o = ————.
7o (V3) 7o (22)

20.25. Pemnrs 3amauy 0 xkoynebaHUsIX OMHOPOMHON KPYTJON MeMOpa-
HBI paguyca R, 3aKperieHHON MO0 KPaio, €CIU 3TU KOJIeOaHUs BBI3ZBAHBI
PABHOMEPHO PACIIPENEJIEHHBIM MABIIEHUEM P = Pg Sin wi, TPUIIOKEHHBIM K
onHou cTopore MeMOpansl. [Ipeamnosmaraercs, 4To cpena He OKa3bIBAET CO-

NPOTUBIIEHUS U UTO W F %, roe [, (n = 1,2,...) — mOJOXUTENLHBIE
kopHU ypaBHenus Jo(p) = 0 (HeT pesoHaHca).
20.26. PemmumTh CMEIIaHHYIO 33049y

utt:um—i-%uz—;—g, O0<z <1,
|| z=0] < 00, U|p—1 =0, Ult=o = uo(z), Utli—0 = u1(z),
ecnu:
1) wo(z) = J1(upx) + J1(pmz), ui(z) = 0;
2) wo(z) = Ji(prz), u1(z) = J1(m).
31[(6C;: Wg M b, — IOBA PA3IAYHBIX MOJIOKUTEIILHBIX KODHS YPABHEHUS
Ji(p) =0.

20.27. PemuTh CMEIIAHHYIO 330349y
1 U
Ut = Ugy + — U~ — + et Ty (pp),

Te [t — TOJOXWTENBHBIN KOpeHb ypasrerns J1(u) =0, 0 <z < 1,
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|t] =0 < o0, Up=1 = Ult=0 = ut|t=0 = 0.

20.28. Pemuth cMemaHHYIO 330349y
u

1
Utt = Upy + — Uy — —,  0<z <1,
x x
|u|z=0] < oc, u|y—1 = sin2¢ cost, U= = 0,
” | _ J1($) § J1(3$)
H=0 = 9n1) "2 L@3)

20.29. PemuTh CMEMAHHYO 330349y

1 4
utt:um—k—ux——g., <<,
xr xr
|u|z=0] < oc, ulz—1 =0, ule—o0 = uo(z), Ut|t—o0 = u1(x),

ecqm:
1) uo(z) = ui(z) = J2(pxz);
1 3
2) uo(x) = 5 Jo(prw),  wi(z) = 3 Jo(pre).
30eck [t — NONOXWUTENBHBIN KOPeHb ypaBreHus Jo(u) = 0.
20.30. Pemuth cMemaHHyO 380349y

1 4
“tt:Uzm+;“z*z_’l;*'f(t)‘b(/llm): O<-T<1:

TIe {41 — TOJIOXUTENbHBIN KOpeHb ypasHenus Ja(u) = 0,
|uz=0] < 00, Ulz=1 = ult=0 = Ut|t=0 = 0,
ecam:
) f) =t 2) f(t) = cost.
20.31. Pemuth cMEmaHHYIO 330349y
1 9u

Utt = Ugy + — Uz — —5» <<,
xr xr
|u|z=0] < 00, ulp=1 =0, utli=0 = J3(p1z),
rIe [t — TOJOXUTEILHBIN KOPEHb YPABHEHUS

J3(p) =0,  uli—o = uo(x),
€eCclin:

1) uo(z) = 0; 2) uo(z) = J3(prz).
20.32. PemuTs CMEIIAHHYIO 33139y

1
“tt:Umz‘F;“z*%*‘fl(t) JS(,U'k-'E): 0<z< 1:

[t]zs=0] < 00, Ulz=1 = Ult—0 = Ut|t—=0 = 0,

TI€ [t — TIOJIOXKUTEIBHEIN KOPeHb ypasrerus Js (i) = 0, ecou:

1) f(t)=e" 2) f(t) =t —t2
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20.33. PemuTh CMEITaHHYIO 330349y

1
(zuz)e = ug, O<z< T

|u] z=0| < 00, U|z:1/4 =0, ult=o0 = Jo (2pm1v/), Ult=o0 = 0,
rOe g1 TOJIOXWTENbHBIN KOpeHb ypasHenus Jo(u) = 0.

20.34. Taxenas ogHOPONHAS HUTH IJINHONA [, TIONBEIIIEHHAS 33 OOUH
13 CBONX KOHIIOB (.’E == l), BBIBOANTCHA M3 IIOJIOXKEHUS DABHOBECUS 1 OTIIyC-
KaeTcs 6e3 HauallbHOU cKopocTu. I3yuuTh KonebaHus HUTHU, KOTOPBIE OHA
COBEPIIIAET N0 OEHCTBUEM CUIIBI TSXKECTU; IPEAIONIATaeTCs, UTO Cpena He
OKA3BIBAET COIPOTUBIICHNUS.

20.35. Tsaxenas oqHOPOOHAS HUTH IJIMHON [, 3aKPEIICHHAS BEPXHUIM
KOHIIOM (z = l) Ha BEPTUKAILHON OCH, BPAIAETCS BOKPYT HTOU OCH C
HOCTOSIHHOM YIJIOBOM CKOPOCTBIO w. Haittu orksonenue u(z,t) HUTH OT
TIOJIOXKEHUST PABHOBECHSL.

20.36. PemuTh CMEIIaHHYIO 330349y
Uit = (TUL ), O<z <1,
|u|z=0] < o0, Ugle=1 = 0, ult=0 = 0, ult=0 = Jo (r~/7),

rOe pp ~ TOJNOXUTENbHBIA KOpeHb ypasaenus Ji(u) = 0.

20.37. PemuTh CMEIIAHHYIO 330341y

Uty = TUgy + Up + () Jo (u1/7), 0<z <1,
[t]s—0| < 00, U|z—1 = Ult=0 = Ut|t—=0 = 0,

rOe [i1 — TOJIOXUTENbHBIN KOpeHb ypasrenus Ji (u) = 0, econ:

1) f(t) =t 2) f(t) =sint.

20.38. PemmmTh CMEIIaHHYIO 33,049y

U
Ut = TUgy + Uy — —, 0<z <1,
X

|t|z—0| < 00, U|pz=1 = 0, uli—o =0, Utlt—0 = Jo (e /1),
T€ [t — TOJOXWTENBHBIN KOPeHb ypaBreHus Jo (1) = 0.
20.39. PemuTh CMEIIaHHYIO 330349y

uttzxum—i-uw—g—u, <<,
4z
[u]z=0| < 00, Ulz—1 =0, ulg=0 = 0, Utlt—o0 = J3 (1),

rOe 1 TOJIOXWTENbHBIA KOpeHb ypaBHenus Jz(u) = 0.

2. YpaBHeHUus napaGoJmYecKoTO THUMA.

a) 3amaua 0 pACUpPOCTPAHEHUM TEIUIA B TOHKOM OIHOPOLHOM CTEDKHE
0 < z < I, 6okOBasi MOBEPXHOCTHL KOTOPOTO TEIJION30JIMPOBAHA, & KOHIIHI
z =0 u z = [ monmepXkuBAIOTCS TPU HYJIEBOW TEMIEPATYPE, MPUBOAUTCS
K PEIIEHNIO YPABHEHUS TEIJIOIPOBOIHOCTHU

Up = A Upy (1)
pY TPAHUYHBIX yCIOBUSX
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u‘z:O =0, u‘z:l =0 (2)
U IpPW HAYANBHOM YCIIOBUR
U0 = uo(x). (3)

TIpumMensss METON Pa3fesieHns MEPEMEHHBIX, WIIEM YaCTHBIE DEIIeHus
ypasrenus (1) B Buze

uw(z,t) = X (z) T(t). (4)
Moncrasnas v u3 (4) B (1), momydyaem nBa ypaBHEHU

T"(t) + a®>XT'(t) = 0, (5)

X"(z) + AX(z) = 0. (6)

st HAXOXIEHWs HETPUBUANIBHBIX pelneHuil ypasHenuil (1) suma (4),
YIOBJIETBOPSOIINAX TPDAHIUYHBIM yCIOBUIM (2), HYKHO HANTU HETPUBUAIIb-
HBIE pelleHus ypasHenus (6), yooBneTBopsiomue yciaosusm (2).

st 3Hauenuin A, paBubix (cm. §20, m. 1)

Ap = (?)2 (n=1,2,..),

U TOJBKO 7 HTUX 3HAYEHUU, CYIIECTBYIOT HETPUBUAILHLIE PEICHUS
X,,(z) 3apaun (6), (2) u upu sTom

X, (z) = 2 gin ™%

l l

3uaueHusaM A = A, COOTBETCTBYIOT CIEAYIOLIUE pelieHus ypasaenus (5):

Tn(t) — anef(ﬂ-na/l)%.
Torma dyuxumn

Un(z,t) = Xn(z) Th(t) = ane "1/t gin

m™NnT

YIOBIETBOPAIOT ypaBHeHuto (1) u rpanmdneM ycaoBusaM (2) npm mo6bIx
HOCTOSHHEIX .

Pemenne ypasuenus (1), ynosnersopsioree ycyosuio (3), uiem B Bume
¢$OpMAIBHOTO psna

’LL(.CI]‘7t) = Z Un($-, t) = Z anef(ﬂ'”a/l)% sin ﬂ—lﬂ (7)
n=1 n=1
W3 (7) u (3) maxonum
oc 1
uo(z) = Z Qn SN ﬂlﬂ7 rue a, = % /UO(ZI}) sin Wlﬂ dz.
n=1 H

6) 3amada 0 TemnepaType OMHOPOMHOTO CTEPXKHS IIMHON |, GOKOBas
TIOBEPXHOCTH KOTOPOTO TEIJION30JIMPOBAaHA, & Ha KOHIAX €ro MpPOUCXOONT
KOHBEKTUBHEIN TeIJIOOOMEH CO CpefaMy, UMEIOUINME COOTBETCTBEHHO II0-
CTOSHHBIE TEMIIEPATYPHI U1 U U, CBOOUTCS K PEINECHUIO YPABHEHUS (1)
IPpY HAYAJIBHOM Y CJIOBUM (3) U T'PAHUYHBIX yCJIOBUAX BUIOA
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Ug|e=o — D1 [t]z=0 — u1] =0,

(8)

Ug|w=t + ho [U|z=1 — ua] =0,
roe hy > 0, hy > 0.
Ecnu hy = hy = 0, To ycnosus (8) npyHIMAOT BUX
uw|w:0 - uz|z:l = 0. (9)
YenoBust (9) 03HAUAKOT, UTO KOHIBI CTEPXKHS TEIIION30IINPOBAHBL.
Pemenue s3anaqn (1), (3), (8) mmem B BunE
w(z,t) =v(z) + wlx,t),

roe v(z) — pemenne ypasaenus (1) (v"(z) = 0), ynosnersopsiomee rpa-
HuaHEbM ycoBusM (8). Ypasrenume v”(z) = (0 mmeer obmee pemenue

v(z) = Crz + Cs. (10)
Omnpenensis C; u Co m3 ycnosuii (8), nomyuaem
_ hi(uz —w) _ G
Il ey vy oy E R L (11)

Oyukuus w(z,t) yonoBneTBopsaioT ypasHeHuio (1), HAUAIBLHOMY yCIIOBHIO
Wli=0 = Ult=0 — V|t=0 = uo(z) — v(x) = Up(z), (12)

rzoe v(z) onpenensercsa uz dopmyn (10), (11), u crenyomumM OTHOPOLHBIM
FPAHUYHBLIM yCIIOBHUAM:

(wy — h1w)z—0 = (W + how),—; = 0. (13)

Pemas 3amaay (1), (12), (13) meTonom pasneneHus: mepPEMEHHBIX, MOILy-
qaem .
wy(z,t) = Aye® MEX, (),

2
roe )\,21 = %, fn (n=1,2,...) — IONOXNTENbHBIE KODHU yDABHEHUS
cte 1 — ( - hthlz)
SHE = by P T )
Xo(z) = £ cos B2 4 hysin B2 2.
Torna l l l
I

-3 ),

rae kosdduumenTs A, HAXOOWM U3 HAYAILHOTO ycyoBus (12), ncnone3ys
OPTOTrOHAIILHOCTD (pyHKLII/II/I X, (z) na [0,1]:

Ap =

bn fn pn
TS ”2/ x)(l cos & x—l—hlsln ] x)dx

1

2
|®,]? = / (HT" cos Hl—"a:+h,1 sin Hl—"m) dz.
0
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20.40. Haum Toukuin omHOpomubIZ cTepx)enb 0 < x < [, 60KOBas mO-
BEPXHOCTH KOTOPOTO TEMJION30JMpPOBaHa. HallTu pacmpenesieHue Temrme-
paTypst u(x,t) B CTEPXKHE, €CITN:

1) xonuw crepxkus z = 0 u £ = | TONAEPKUBAIOTCA NPU HyJEBOI
TeMIEepaType, a HavdajlbHAs TEMIEPATypa uli—o = uo(Z); paccmMoTpersb
citygamn:

a) ug(z) = A = const, 6) ug(z) = Az(l —z), A = const;

2) komen z = (0 MOONEPXKWBAETCS NPU HYJIEBOW TEMIEPATYpE, a Ha
KOHIIE £ = [ mpomcXOomWT TEmIO0OOMEH C OKPYXKAIOIIel CPemoit HyJIeBOn
TEMIIEPATYPHI, HAUAIbHAs TEMIIEPATYPA CTEPXKHA U|i—o = ug(z);

3) Ha oboux koHu@ax crepxkHs (r = 0 u z = l) mpoumcxomuT Temn-
JIOOOMEH € OKDPYXAIOIIe Cpenoi, a HAYaJIbHAS TEMIEPATyPa CTEPXKHS
Ult=o = uo(z);

4) xoHubl crepxHs (£ = 0 u 2 = |) TENION30NMNPOBAHEL, & HAYAIBHAS
TeMIepaTypa uli—g = up = const;

5) KOHIIBI CTEPXKHS TEMIOM30JMPOBAHEBI, 8 HAYAIBHOE PACIPENETICHIE
TEMIIEPATY PEL 3a0A€TCT (HOPMYIION

l
ug = const, ecmm 0 <z < 7

Ulp=0 = ]
0, ecmu o <z <l

n3y4auTh noBenenue u(x,t) npu t — 00;
6) KOHIBI CTEDPXKHS TEIJION30IIMPOBAHBI, &

2
ﬂx, ecnu 0<:1:<£,
l 2
l

2ﬂ(l—:L‘)7 ecm - < 1 <l,

l

roe ug = const; HaiTH tlim u(z,t).
— 00

U= =

|~

20.41. Pemuth crremyiomme CMEITaHHBIE 3a0a9H:

1) up =gz, 0<z<1, Uploeo =0, Uploe1 =0, ult—o=212%—1;

2) Uy =ur+u, 0<z<Il, ulp—0=1ulz= =0, ult=0=1;

3) up =gy —4u, 0<z<7, Ulp—eo="1ulper =0, u|t—g=12>— 7.

20.42. au ToHKuin omHOpOoOHLIZ cTepx)enb 0 < x < [, 60KoBas mO-
BEPXHOCTH KOTOPOTO TeIIIOM30IupoBana. HaiTu pacmpenenenue Temre-
paTypst 4(x,t) B CTEPXKHE, €CITH:

1) KOHUBI CTEPXKHS MOANEPKUBAIOTCS NPU MOCTOSHHBIX TEMIEDATY-
pax Ul,—o = U1, U|ly— = U2, a HauANBHASL TEeMOEPATYPa PABHA Ult—g =
= ug = const; HaiTu lim u(z,t);

t—o00

2) KOHLBI CTEPKHS UMEIOT IOCTOSHHYIO TEMIEPATYDY U|y—0 = U|yz—; =
= w1, 4 HAYAIBLHAS TEMIIEPATYPA 3a0AeTCs (HOPMYIION

wt=o = uo(z) = Az(l — ),
roe A = const; Haiitu lim u(z,t);
t—o00
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3) neBBIl KOHEI| CTEPXKHS TEIIOM30JINPOBAH, IPABBIA MONIEDKNBACT-
Csl OPU MOCTOSIHHOM TEMIEPATYPE U|,—; = Ug, HAYAIBHASL TEMIEPATYDPA

paBHA U|t—qg = 7 @, The A = const;

4) neBBI KOHEIl CTEPKHS MOAAEPKMBAECTCS IPY 330AHHON TIOCTOSTHHOMN
TeMIeparType u|,—g = U1, & Ha OPABBII KOHEN MONAETCS U3BHE 3a0AHHbIL
HNOCTOSHHBIA TEIUIOBO MOTOK; HAYAIBHAS TEMIEPATYPA CTEPKHI U|i—g =
= uo(x).

20.43. IlaH TOHKWII OMHOPOMHBIA CTEPXEHb MJIUHEI [, ¢ GOKOBOM II0-
BEPXHOCTU KOTOPOTO IPOUCKONNUT JIYIEUCITYCKAHIE TEIIa B OKPYKAIOITYIO
cpeny, NMEIOIIYIO HYJIEBYIO TEMIIEPATYPY; JIEBBIN KOHEIl CTEPXKHS MTOMIED-
JKUBAETCS NIPU MOCTOSHHOM TEMIEPATYDE U|z—o = u1. Oupeneaurs Tem-
nepatypy u(z,t) cTepxHs, ecau:

1) MIPAaBBIA KOHEIl CTEPXKHs T = | MoguepXuBaeTcs Ipu TeMIepaType
U|p=; = us = const, a HaUaNbHAA TEMOEpPATypa paBHA uli—q = uo(z);

2) Ha TPABOM KOHIE MPOUCXOOUT TEINIOOOMEH C OKPYyXAIOWEl Cpe-
OOW, TEMIEPATYpPa KOTOPOU PABHA HYJIIIO; HAUAIbHAS TEMIIEPATYPA PABHA
HYJIIO.

B 3amaue o pacnpocTpaHeHNN TeIa B CTEPXKHE, KOHIIBI KOTOPOTO MO-
IEPKUBAIOTCS TIPU 33JAHHBIX TEMIIEPATYPAX, 3aBUCSIIINX, BOOOILIE TOBOPSI,
OT t, TPAHUYHBIE YCIIOBUS NMEIOT BUI

U|peo = a1 (t), Wpmg = a(t). (8a)
B sTom cimyuae pemenne sanaun (1), (3), (8a) MOXHO ucKaTh B BuIe

u = v + w, roe GyHkuma w onpenensercs Gopmynon w = «(t) + % X
X (aa(t) — a(t)).

20.44. Haitu pacupenenenue temmepaTypsl B crepxue 0 < z <[ ¢
TEIION30IMPOBAHHOM OOKOBO OBEPXHOCTHIO, €CIIM HA, €r0 MIPABOM KOHIIE
z = | IOnOepXKUBACTCS TEMIEPATYPa, PABHAS HYJIIO, a HA JIEBOM KOHIIE
Temneparypa pasHa u|,—o = At, rne A = const. Hauansnas remneparypa
CTEPXHA PAaBHA HYJIIO.

20.45. PemuThb clenyiommne CMEIaHHbIe 331aYn:

1) up =Ups, 0<2<l, Uplp—o =1, t|pey =0, ult—o =0;

2) up = Uy +u+2sin2zsinz, 0 <z < 7/2, Uple—o = Ulp—r/2 =
= U|t:0 =0;

3) Ut = Upy — 22U+ +2t, 0< <1, Ulp—g = Ulp= =1, Ult=0 =
= e’ sinmx;

4) up = Uypy +u — z + 2sin2z cosz, 0 < z < 7/2, u|—0 = O,
uz|z:ﬂ'/2 =1, ulj=o = z;

5) Ut = Uye +4u+ 2% — 2t —4z%t + 2c08’ 1, 0 <z < T, Uy|le—o = 0,
Ug|o=r = 27t, u|t—0 = 0;

17 TIlom pen. B.C. Bragumupona
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6) ur—Uprt+2uy,—u=e€"sinz—t, 0< <7, Ulpeo=1+t u|per =
=141, ult=o =1+ e®sin2z.

20.46. PemuTs crnenyoIire CMEIAHHBIE 3a1aUN:

1) up —Upe—u=at(2—1t) +2cost, 0<T <, Up|le—o = % Uy|oer =
=12, uli=o = cos2z;

2) Up — Upy — Yu = 4sint cos3z — 922 — 2, 0< 2 <7, Up|s—o = O,
U |omn = 27, Ult—o = 2% + 2;

3) Ut = Uy + 6u + 2¢(1 — 3t) — 6z + 2coszcos2z, 0 < z < 7/2,
Uglo—o =1, wlpmrjp =12 +7/2, ult—g = ;

4) up = Ugy + 6u + 2%(1 — 6t) — 2(t + 3z) + sin2z, 0 < z < m,
Uglo=0 = 1, Uylo=r = 20t + 1, Ult=0 = x;

5) Ut = Upy +duy +7 — 4t +1+e 2 cos?mz, 0< 2 <1, ulpeg =t,
U|lg=1 = 2t, ult=o = 0.

Samaga 0 pacHpOCTPAHEHNMN TEIIa B ONHOPOLHOM Iape pampumyca R
C IEHTPOM B HAYajle KOOPAMHAT B CiIydae, KOrOa TeMmepaTypa J1io0omn
TOYKH I1aPa 3aBUCUAT TOIBLKO OT PACCTOSHUSI HTOR TOUKY OT IIEHTPA 1Iapa,
OPUBOOUTCYA K PEHICHUIO YPABHEHUSA TEIIJIOIIPOBOOHOCTN!

ou 5 (0% 2 0u
E‘“<ﬁ+iﬁ> (14)
TIpY HAYaJIBHOM YCIIOBUNI
U|t:0 = ’LL()(T'). (15)

Ecnum BHa noBepxXHOCTHM HIapa HPOUCXOOUT TEIIOOOMEH € OKPYXKAIOIIEH
Ccpenoil HyJIeBOU TEMNIEPATYPHI, TO 'PAHNYHOE YCJIOBUE MMEET BUL

(ur + hu)|,—g = 0. (16)
Monaras v = ru, noayyaem
dv 5 0%
1
V|r=o =0, [vr + (h - R) 1):| R 0, (18)
V|t=0 = Tug(T). (19)

Takum obpasom, 3anaqa (14)—(16) npusonurcs k 3amaue (17)—(19) o
PACTIPOCTPAHEHUN TEIJIA B CTEPXKHE, OAMH KOoHen KoToporo (r = 0) non-
IEPXKMBAETCS TIPU HYJIEBOM TeMmepaType, a Ha Apyrom kouune (r = R)
IIPOUCXOMUT TEIIOOOMEH C OKpyXarrei cpenoit (cum. 3amaay 20.43).

20.47. an omHOpPOOHBIN IIap paauyca R ¢ IeHTpOM B Hadajle KOOp-
nusaar. QupenenuTs TeMnepaTypy BHyTpH HIapa, €Cilu:

1) BHEmIHSS TOBEPXHOCTH MIAPA MOMAEPXKMBAECTCS NPU HYJIEBOU TEM-
[epaType, a HAYAIIbHAS TEMIIEPATYPA 3aBUCUT TOJIBKO OT PACCTOSHUS OT
LEHTDA 1apa, T.e€. u|t—g = Uo(r);
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2) HA MOBEPXHOCTH IIAPA MPOMCXOAUT KOHBEKTUBHBIN TEILIOOOMEH II0
3axoHy HBIOTOHA CO Cpenoil, UMEIOLIEN HYJIEBYI0 TEMIEPATYDPY, & Uli—g =
= uo(r);

3) Ha MOBEPXHOCTU LIAPA MPOUCXOMUT KOHBEKTUBHBIN TEILIOOOMEH CO
CPEIoii, UMEIILEN TeMIIEPATypy U1 = const, a uli—g = ug = const;

4) BHyTpBb mapa, HaumHas ¢ MOMeHTa t = (), Yepe3 ero mOBEPXHOCTH
TMOMAETCS TOCTOSHHBIN TEMJIOBON MOTOK MJIOTHOCTU ¢ = const, a HadaJIb-
Has TEeMIIEpPATypa U|t:0 = ug = const.

20.48. Ilana tomkas xkBanparHas mwiactuka (0 < z <[, 0 <y < 1),
IUIsl KOTOPOH M3BECTHO HAYAJILHOE PACIPENEIEHUE TEeMIEPATYPBL Uli—g =
= wo(z,y). BokoBrie croporsr z = 0, = = | W CTOPOHBI OCHOBAHUII
y = 0, y = | Bo Bce BpeMs1 HAOIIOONEHUST yOEPKUBAIOTCS MPU HYJIIEBON
Temneparype. Hatitu Temneparypy 000t TOUKM TTACTUHKA B MOMEHT
Bpemenu t > 0.

Haxoxnenuwe permnennit 3agaa 20.48-20.52 TpebyeTr nmpumenenus: Gec-
ceneBbIX QyHKIUA (cM. c. 249).

B uacTHOCTH, 3amMa4ua O PAOUAIIBHOM DPACIPOCTPAHEHUU TEIIa B Gec-
KOHEYHOM KPYTOBOM IMIMHIADE panmnyca R, 60KOBas MOBEPXHOCTH KOTOPO-
r0 MONIEPKUBAETCS NIPK HYJIEBON TEMIEPATYPE, IPUBOAUTCS K PEIIEHUIO

ypanem Ou Ou 1 0u
IPU TPAHUYHOM YCJIOBUU
U|r:R =0 (21)
1 HAYAJIBHOM YCJIOBUM
U|t:0 = UO(T). (22)

IIpuMeHsss METON DA3NENEeHUs] HNEPEMEHHBIX, HAMIEM, UTO DEILeHVe
samaun (20)—(22) MOXHO HOIYUUTH B BUAE

u(r,t) = i anJo (“_}T%r) e*(aun/R)%’
n=1

roe f,  TOJOXUTENbHBIE KOpHU ypaBHeHus Jo(p) = 0, a kosddunuen-
TBI G, ONPENEJISIOTCS U3 HAYAILHOrO ycioBus (22).

20.49. IlaH HEOTPAHWYEHHBLIN KPYTOBON nunuHap panuyca R. Haiitu
pacrpenenenne TEeMIepaTypsl BHYTPM HWIMHOAPA B MOMEHT BPEMEHU T,
ecnu:

1) HA MOBEPXHOCTY NWIVHADPA MOAAEPKUBAETCSI BCE BPEMS HYJEBasd
TEMIEPATYPaA, & TEMIEPATYPA BHYTPU HUINHAPA B HAYAIHHBIA MOMEHT

kT o
paBHa uli—g = AJy (%), roe [ TIOJIOXXUTENBHBIN KOPDEHDb YPABHEHU S

Jo(p) = 0;
2) TOBEPXHOCTH NWIMHAPA TONIEPKUBACTCS TIPU TOCTOSHHON TEMIIE-
paType ug, a HadajJbHasd TEeMIEPATypa BHYTPU LIMHIDA PaBHA HYIIIO;

17*



260 ILa. VI. Cmeuwannag 3adava

3) ¢ MOBEPXHOCTU NUIMHADPA HPOUCXONUT JIyYEUCIyCKAHUE B OKDY-
KoLyl Cpely, TeMrepaTypa KOTOpOil paBHa HyJII0, a HadallbHas TeM-
nepaTypa paBHa u|t—o = uo(r).

20.50. HaiiTu perenne CMEIIaHHOM 3303491
1 1
Up = gy + — Uy — —u f(8) S (),
rIoe [ MONOXUTENbHEIA KOpeHb ypasaenus Ji(u) =0, 0 < z < 1,

|t] z=0] < 00, U|p=1 =0, wli=g = 0,
ecnu:

1) f(t) =sint;  2) f(t)=e".
20.51. HaiiTu perenure CMEIIaHHOM 330341
1
Up = Upp + ~ur + tJo(par),
rme [ MONOXUTENbHEIA KOpeHb ypasaerus Jo(u) =0, 0 <r < 1,
|t r=0] < o0, ulp=1 = 0, ult=o = 0.
20.52. PemwnTs crienyomine CMEIIAHHBIE 330a9N:
1

1) Uy = TUgy + Uy — ol + tJ1 (),

TI€e [t — TIOJIOXUTENBHBIN KOpeHs ypasrerus J1(u) =0, 0 <z < 1,

|tt] z=0] < 00, U|p=1 =0, =g = 0.
2) ut::pum—kuz—iu, O<zx<1,
4z
|| x—0| < 00, Ulz=1 =0, uli—o = J3 (pr V),

TO€e [t — TOJIOXUTENBHEIN KOPeHb ypasruerus Js(u) = 0.

OrBerHn K § 20

20.1. 1) Asin Zﬂ cos m;at;

32h & 1 . 2k + 1) mz (2k + 1) wat (
2) — -
) — k;(] ISR sin ] cos . Yka3za

) 2h1* i 1 . kmc g knz cos kmat 8h X (—1)* y
el —c) 2 k2 I I R S Oy
(2k+ 1) mx (2k +1) wat
COs

% i
sin ] ]

(HDI/ICZ%) (YKa3aHHe. ug(z) =

= hinpmogxgc; uo(ac)zmnpmcgmgl.).

c l—c
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dlvg X 1 . 2k+1D)7mx . (2k+1)wat
20.2. 1) — ;
) ,20 k112 o I st T
vy X €08 k7zra — COo8 k7lrﬁ . knz . kmat
2) —3g kz::1 3 sin —— sin ——;
8Aa X COS I;a sin 7rklﬂco wkx wkat
) ; K1 = (ak)?jz] SN T T
o0
20.3. 1) 3 |ax cos (2k+ 1) mat + by sin (2k+1) wat sin (2k+1) mv’
= 2 2l 2l
2 | (2k +1) 7z 4 !
roe ap — T O/UO(./E) S le’, bk = m O/Ul(x) X
. 2 1
X sin de (YKaBaHHe. Waezo = 0, Uglz=; =0, ult=g =

= uo(x), Uili=o = u1(x).);

oo
/ [uo (&) + tug (§)] d€+ Z (ak Ccos @ + by, sin @) cos k%,
k=
2 ks 2
roe akzi/ug(a}) cos de, :_k/ u1 () cos—dm (Yka
0 0
3aHUE. Up|p—o = Uglzzt =0, ult=o = uo(z), Ut|t=0 = ul(r)),
oo
3) > (ancosAyat + bysin Apat) cos Az, toe Ay, (n = 1,2,...)
n=1
cobcTBeHHBbIE 3HAUeHUs, & X, (r) = cos\,z — cobcTBeHHBbIE dyHKIUN

kpaesoit 3amaunm: X (z) + A2X =0, X'(0) =0, X'(I) +hX(1) =0 (A,
HOJIOXKUTEJIbHBIE KOPHU ypaBHeHus tg Al = h/)\),
1

!

1 1

ESE /uo(m) cos A\px dz, by, = TXoPans /ul(m) cos A,z dz,
0 0

h
X0 = 4|1+ s

Ay =

k
—, rne E
Eg’
vonyns FOwura, o IJTOIIAE TIONEPEYHOTO CEUYEHUs! CTEPKHS, k KO-
5QOULUEHT, XaPAKTEPUYIOLINI JKECTKOCTh 3aKPEIUIEHU; U|i—0 = uo (),

Ug|t=0 = Ul(-’E).).

(YKaBaHMe. Uglemo = 0, Uglsmi = —hu|pey, h =

(2k+1) mz (2k+1) mat

8Pl X sin ol cos 2
20.4. u(z,t) = —1)k roe o
(@.1) = Fom kz::l( ) 2k +1)2 e
IJIOIIALb TIOMEPEYHOTO ceuenus: crepxkus, F — monyns FOura.

Pz Ou

Yrkasaune. ulpz—0=0, Uz|p— =0, tlt—g = =—, — =
|I ) .Z|I ) | EU’ at =0
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. /C nr . T7at 1
20.5. Z(.’E,t) = 7E0 f COS g sin 7, a = \/T_C

Y kasanwne. Cunartokai(z,t) ynosnersopsier ypasuerauio LCiy =

= Gz, THe L camonunykuus, C €MKOCTDb, OTHECEHHAS] K €IUHUIIE
IUIHBL TpoBOna. HauanbHbie ycnoBus umeroT Bum ili—g = 0, itlt=0 =
Eorm T . .
= — 5 008 5+ & TPAHMUHKIC YCIOBHSA TAKOBBI: izlz=0 =0, i|z=; = 0.
. . knrx k
a2y = (—1)"sin % cos l—ﬂt
20.6. 1) bz(l — z) + — > > (Yxasa
S — k
Hue. Pemenue MOXHO UCKATh B Bume U = U + w, rae QyHKOUS v =

= bz(l — z) ymOBNETBOpPSAET HEONHOPONHOMY YDABHEHUIO U HYJIEBBIM
T'PAHUYHBLIM YCJIOBUSM, & PYHKIIWS W YOOBIIETBOPSET OOHOPOMHOMY yPaB-
HEHUIO, HYJIEBBIM TIDAHUYHBIM U CJEAYIONIUM HAYaJIbHBIM YCIIOBUSIM:

Vlt=0 = bx(x — 1), v¢lt—0 = 0.);

s~ 4

2 (1 1)
lw . (2k+1)mat

2) 2 tsint sinz + (cost — cos kt) sin k.
e

20.7. 44 f (Ght1) ol gy S0 77 sin (2k + 1) ma rme
T =0 (2k +1)2(pi — w?) l ’
(2k + 1) 7a
Wy = ————.
l cos (2k+1)wat . (2k+1) 7z
20—z) 169" & 2 sm 21

_ gx(
20.8. u(z,t) = 247 ma? (2k +1)3

Ykaszauwuwe. 3amaua CBOOUTCA K DPEIIEHUI) YPABHEHUS Uy =

= a%Uyy + g, TIe ¢ YCKOpEHUE CHIIBI TSAXKECTHU, IPU CJEAYIOIINX yCIIo-
ou ou .

BUAX: U|p—g = —— =0, ult=o = — = 0. Pemenne sToil 3an0a4n
Ot =1 Ot |t=0

MOXHO WCKaTh B Bume u = v + w, rne v = Az? + Bx + C (A,B,C

BEIOpATE Tak, YTOOBI (PyHKIMSI yOOBJIETBOPSJIA HEONHOPOOHOMY ypDaBHE-

HUIO U 33[aHHBIM TPDAHUYHBIM yCIIOBUSIM ).

zt | X (=12 . krz . kat
20.9. 1) T +k§1W Sin T Sin T,

2) t+1+z( —t+1)+

& 2 [6(—1)k*!
+ E o S

sin 22 < (
20.10. A —2 sinwt + 2Al“’“ D
k=1

W
s ——
a

1k
— 1} sin tkt + (UJ} sin wkz.

3k3

71)k715in kmat . kmz

7 sin =
w? — (kma/l)?

Yxkazauune 3amauya CBOOUTCS K PEIICHUIO YPABHEHUS Uy = G2 Uyy
[IPY HyJEBBIX HAYAIBHBIX U CIEAYOIINX TPDAHNYHBIX YCIOBUAX: U] =g = 0,
U|y— = Asinwt. Pemenne sToil 3amaun uckaTh B BUOE U = U + W, THE
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v = X(z) sinwt. Pynkuuo v 100o6PATH TAK, 4TOOLI OHA YIOBIETBOPSIA
YPABHEHUIO U 33HAHHBIM T'PDAHUYHBIM YCIIOBUSIM.

Q 8QI X (-1)F 2k+1)mat . (2k+1) 7z

20.11. u(z,t) = % z—
uet) = 5o i, ,;::0 k12 T Ty
rne E — wMmomynb ynpyroctu, ¢ — IUIOIIAOL I[ONEPEYHOTO CEYEHUSs

CTEpPXKHSI.
Ykazanune 3amaua CBOOUTCS K PEIICHUIO YPABHEHUS g = (0 1gy
[pY HYJIEBBIX HAYAJIBHBIX U CIEAYOINX IPAHUYHBIX YCIOBUAX: U|,—0 = 0,

Ug|e=1 = %. Tonoxute u = v +w, roe v = Az (A BEIOpATH TaK, 9TOOBI

(pyHKI_[I/Iﬂ UV YIOOBJIETBOPSJIA 3a0aHHBIM I'DAHUYHBIM yCJ'IOBI/ISIM).

oW
Aq S Ea:smu)t

20.12. u(z,t) = +
Eow cos Y
A o0 k—1 sin (Sl T
i 2Aaw 3 (—1)" 21 21 sina (2k + 1)t
Bol = @+ D)7 o — [k +1) 7af 2D 20

Yka3zaruue 3amaua CBOOUTCS K PEIICHUIO YPABHEHUS Ut = 0 Ugy
IpY HYJIEBBIX HAYAIBHBIX U CIEAYIOLIUX TPAHIYHBIX yCIOBUIX: U|y—¢ = 0,

A . .
gy = Eo sin wt. Pemenne 5To# 3a0a4m MOXHO UCKATH B BUOE U = ¥ + W,
a

roe v = f(z) sinwt; f(z) BEIOGpaTh Tak, YTOGLI GYHKINS v YOOBIETBOPSIA
YPABHEHUIO U 33JAHHLIM TPAHUYHBLIM yCIIOBHAIM.

2 . . krnzx
20.13. wu(z,t) = e 2 > (ay cos ugt + by sin pxt) sin — rHe

k=1
a’m?k? 9
Hr = 12 —as,
l l
2 2 .
—/ (z) sin @dr bkzgak-l-—/ul(m) sin kﬂdm.
l J Dk Ly J l

Y xasanue. 3amaua CRBOOUTCS K PEIICHUIO yPABHEHUS U + 200Uy =

= a’uy, (@ > 0 Maso0) TpU CHEmYIONmMX YCIOBUAX: Ulz—g = U|lp—; = 0,
=0 = wo(x), Utlt=0 = u1(x).

8 X sin(2k+1)nz

_ s S e 2.2 .

2014, 1) -5 3 HOEES cos (/2 + 1777 + 41 );

2) e f: # [cos(2k+ Dt 4+ — sin(2k+1) t} sin (2k +1) z;
T k_0(2k+1)3 2k+1 ’
got w2 . 2k +1 % +1

3) 8 Z (2k+1)2 [( 1) 7r(2k+1)]S1 g 1S T

4) t(1—=z) + Z e t/? [2 cos A\t + L sin Apt — 2] sin Tkx,
k=1

1
(k)3 Ak

M=/ (km)? —
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> (A4t km kra k)2
5 2-xz)t+ Z (kw)ﬁ —FSIH)\M) sin - Ak = (T) - 1;
zt X 2(—1)F! ( sin )\kt) . krmx k)2
ot - o=y () 1
6 T+ X T YRR R I

20.15. 1) sin2z cos2t+ > (—1)* % (1 — cos kt) sin ku;

k=1
s 1
2) = ¢ [—1 + e*t/z(cos,ukt + — sin ukt)] sin (2k + 1) 7z, roe
k=0 2k
_ 4 - 2.0 1
oy VA R &

Ykasaune Mckars pemenne B Bune psna u(z,t) = >, T, (1) x
x sinkmz.
BamMeuanue x 2). MOXHO UCKATE DEIICHUE B BULE CYMMBI U =

1
= v + w, roe GyHKUUI Vv = 5.%(1 — Z) yIOBIIETBOPSIET YPABHEHUIO U
3aJAHHBIM IPAHUYHBIM yCI0BUsAM. Torma
-2 3 1
_ —Z - . ,t/g .
u(z,t) = 5 (cos it + o sin ukt> e sin (2k + 1) mx

k=0
20.16. 1) 2zt + (2" —e ' — 3te ') cos z;
2) 3+ z(t +12) + (bte! — e’ + 4t + 8) sinx;

3) z(t+1)+ (%65’5/2 —et/2+§) cos g:p;

4) xt + (10 — %e” + % e5t) e~ % sin 3z;
5) zt+ (1 —e t —tet) cos 3m;
6) 1 (et +e %) — 1 cos 2z;

8 4 2 ’

7) % sinz(ch3t — 1) + sin 3z(cht — 1);
8) at + (2! — e?) e “sinu.

20.17. Acos aﬂ\/_ts1 T sin 1Y
p p

20.18. 3cos \/_tsmm sin 2y + sin 5¢ sin 3z sin 4y.

) s . 2k+1D) 7z . (204+1) 7y
16A4p?g? & sin > sin 7

= 2k + 1)3 (21 + 1)°

2k +1)2 21 +1)2
Mk’l:\/( p2>+< q2>_

20.19.

cos wapy i t, rae
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20.20. 1) Acos 24t g (M)

R R
= U . pn LnT
2) ngl (an cos at + b, sin R at) Jo (F), rue

R

an = % /er(r) Jo (/%) dr, b, = aMnRJl ) /T‘F r)Jo (M" )dr
0 0

(4n ~ momOXUMTENbHBLIE KOpHU ypasHeHuUs Jo(u) = 0);

PnT
3) rt:AZ 5 (457) cos 2Hnt (+)

Jl(M ) R’
roe p, (n = 1,2,...) — nonoxurenbHble KOPHU ypasHeHus Jo(u) =

1
(y Ka3aHue 3amada IPUBOMUTCS K PEIICHUIO YPABHEHUS Upy + — Uy =
1 "
r
= — Uy npu yenorusx ul.—g = 0, |u|,—o|] < 00; uli=o = A(l — ﬁ)’
a
A = const, ut|t—o = 0. Hpnu BbI‘«II/ICJ'IeHI/II/I K03GhHUIIUEHTOB psma, (%) BOCTIONB-

30BATHCS CIIEAYOIIIME (HOPMYIIaMU: /fJg (&) d¢ = xJ1(z), /§3J0 )d¢é =
= 22Jo(z) + (+* — 4r) Ji(a).). ’ ’

20.21. 1) u(z,t) = [, (2 pd) cos prt + pi, 212 + g * (U2 — 2)] Jo ()
(Yxasanme. Pemenne MOXHO NCKATH B BUOE 4 = v + w, TOe U =
= (at® +¢) Jo(uxx) — YacTHOE PErIeHne HEOMHOPOIHOTO YPARHEHN S, W —
PeIeRne OOHOPOLHOTO yPABHEHWs, W|,—q = —Vl—g, Wilimg = —Vtls—g.);

2) u(z,t) = (u2 — 1) Y(cost + sint — cos upt — py, ' sin pgt) Jo(urz)
(y Ka3zaHue. PemeHre MOXHO UCKATH B BUOE ¥ = v + w, TIe
v = (asint+bcost) Jo(urxr) — 9acTHOE pEIEeHne HEOMHOPOMHOTO yPABHE-
aust, w = (Acos ugt + Bsin ugt) Jo(urz)  pelieHue OQHOPOMHOTO ypaB-

HEHUs, W|;_g = —V|;_g, Wi|i—g = *”t|t:0-)-
20.22. 1) = |1— cos 2t|; 2 cos 2t
) 2[ To(2) ] ) @) ’

3) t—1+ Jo(p1z) cos prt.

20.23. 1) [1 - j‘;im cost; 2) 1+ % sin 3t [1 B Jo(3z)}

1 ]0(2.’E)
3 3 [ Jo(2)
Jo (zv/3) Jo (22v2)
7J0 (\/§) c052t+7jo (2\/5) S

1] cos 2t + Jo(p11) cos p1t.

20.24. in 3t.
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1
J() ET' -| 3 oc J() BnT Sinau—n
20.25. 2 { (&) —1| sinwt + 228 () s %

wip LJo(%R) J ap =1 pi(WAR2 —a?u}) Ji(pn)’

e p — MOBEPXHOCTHAS INIOTHOCTH MEMODAHEL.

Yxazanue 3amaua CBOOUTCS K PEIICHUIO yPABHEHUS
a% Ut = Upp + 7 L, + p sinwt, 0<r<R,
[ulr=o| < o0, ulr—r =0, Ult—0 = Ut|t—0 = 0.
20.26. 1) Ji(urz) cos prt + J1(thmx) COS pmt;
2) Ji(prz) cos prt + p,t T () Sin gy, t.
20.27. (1+ p3) (e’ — cos ukt — ' sin pgt) J1 (pe).

20.28. —L _ Ji () sint + ———= J1(3z) sin 3t.

275 (1) o (3)
20.29. 1) (cos /th + iy, sin pugt) Jo ()

2) (— cosukt+ uk sm,ukt) Jo(purx).

20.30. 1) (,ul t— g smult) Jo(p1x);

2) (u? —1)"Y(cost — cosuit) Jo(p1z).

20.31. 1) py  Js(p1z) sin pt; 2) (cos pat + py b sin pat) Jz ().
20.32. 1) [urp(1 4 p2)] " (sin prt — py cos prt + pre™t) J3(prz);

2) ,u,:2 (2;1,;2 +t—t2— u,;l sin gt — 2;1,;2 cos pyt) J3(pr).

20.33. JO (2/11\/5) COSs ,ult.
Yxazaunue Homarasu = X(z)T(t), nonyuurs ypaBHEHUS

1 2
X”+£+’\—X:0., (%)
€T €T
T" + N2T = 0.

Ypaenernue (%) nomcTaHOBKON 1) = 2\/T cBecTu K ypaBHeHuro Beccers

X" () + 1X'<n> +X(n) =0,

umeromeMy obLIee pereHue X( ) = ado(n) + bYo(n).
o Ji l !
1 0 (“" z/ u at
20.34. - A, - rne A, = ) X
Lo TR [ o)

0
X JO( n\/?) dz, pn, (n = 1,2,...) — NOJOXUTENHEHBIE KODHU yDABHE-
0

uust Jo(p) =
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Yxaszarmume. 3amada NpuBOOWTCSA K DPEIICHUIO YDABHEHWS Uy —
= a*(zuy),, 0 <z <l, a=,/g, npu ycnosusax |ul,—o| < 00, ulp—; =0,

wt=o = uwo(x), ut|t=0 = 0.

20.35. ni:l(/ln cos aApt + By sinaA,t) Jg (unﬁ), rme
A, = % - (%)2 A = uf(ﬁo/l“()(x) Jo (/T ) d.
B gy | o)

W (n=1,2,...) — nonoxurensuse KopHu ypasaenus Jo(u) = 0.

Ykxaszanue. 3amada NpuBOOUTCS K PEHICHUIO YPABHEHUS Uy =
= a*(zuy), +w?u, 0 <z <Il, a=,/g, npu ycnoBumix |u|,—o| < oo,

wpeg = 0, u|t o = up(z), ut|t o = u(z).

20.36. — JO (/) sin 7 t.
20.37. 1) (4,;1 b 8y " sin B t) Jo(p1v/T);
2) 4(p3 —4)71 (sint — 2u; ' sin I%t) Jo (11 /).

20.38. 2 sin “E 41y (upr/7).
M 2

20.39. 2 sin %t.fg(;m/.%).
1

o) 2 !
20.40. 1) > apexp {(@) t} sin 7?, roe an:%/uo(m) Sin@daﬁ;
0

n=1
ecimn ug(z) = A = const, To

_ 44 @k+1) ma\,\ . (2k+1) 7
Z2k+1 {( I )t}sm r

ecmm ug(z) = Az(z — 1), To

SAIZ v 1 2k+1)ma\,\ . (2k+1) 7z
u(z,t) = = kz_o e exp{—<f b sin St

!
2 X o+ pl i @\ . HnT
: _ 7 THn - t\ gin Hnt - ) X
2) T X T P ( ] ) STy TAS An 0/”0(77)
X sin MT de, pn, (n =1,2,...) — NOJOKUTENHLHBIE KODHU yDABHEHMSI
tg u = —E, oc=hl>0 (y Ka3aHue. ['paHMUYHBIE YCIOBUS MMEIOT
ag

Bup ul,—0=0, (uy + hu)|= = 0.);
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Hn® 1

Un® .
9 & U @2 Hp €OS == tosin =
Z3b 7(—")15 . toe by = [uo(z) x
[ .= "exp{ l PICEE) NG O/UO(T)

3)
n
) — LOJOXKTENb

X (,un ”Tl‘x—kasin ”Tl‘x)dm, n (n = 1,2, ...
1
HBIC KOPHU ypaBHEHWs Ctg p1 = §(E — %), o = hl, ug(z) = ult=0
(o
(Yxaszanue [pannuseie ycnopus uMeoT Bum (u; — hu)l,—o =

= (uy + hu)|p= = 0.);

4) o (y Ka3aHue ['DaHUYHBIE YCJIOBUS UMEIOT BUL Uy|p,—0 =

= Uy |pmy = 0.)'
2

2ug X g L ~ ((2k+1) a (2k+ 1) 7z

5 3+ X1 2k+1eXp{ (f b cos S,
li =2,
At =55

2

wo  dug X 1 ~ (2(2k+1) 7a 22k + 1) mx

0) 5~ ,;::0 2k +1)° eXp{ ( 1 by cos I ’
lim u(z,t) = %.

t—o0

[ee] 2
20.41. 1) Q Z 2 +1 3 €XP {—(Qn;—l 7r) t} CoS 2n2+17r$;

%) % i - exp{ [((21“;1)7? +1} } (2k+l1)7rac’
k=0
8 1

3) 7;kz::0mexp{ 2k+1 }Sln 2k+ )

{(uo —w)[1 = (=1)"] +

_ 00
20.42. 1) uy + 2 : LIPS
™

nma NI

+ (- 1)"(uz— ug)} exp { (T)Qt} sin T2,

hm u(z,t) = ur + (u2 —uq) %

8AI? X 1 (2k+1) ma . (2k+ 1) 7wz
2) ug + — ];::0 e exp{ (f £ sin S

o0 % +1) 7a\ % +1

—4uy ) exp {— <ﬂ> t} sin M, lim wu(z,t) = u;
k=0 l l t— oo
2
A—ug) & )L ~ ((2k+1) Ta (2k+1) 7z

3) us -|- kE::O T { (721 tpcos —

sA =1 f ((k+Dma 2t o ZEH D
w2k 1)z P 2 T
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5 T o § [an_% (2n+1)7rul+lq/k] exp {_ <(2n+1)m>2t} y

k = (2n+1)2 2
1
. (2 1 2 . (2 1
X sin M, roe a, = —/uo(x) sin Mdm (Ykasa
21 l J 21
Hue. ['paHUYHBIE yCIOBUS UMEIOT BUL U|yz—0=U1, KUg|,_; = q.).
h h
uash =z —uish ~ (z—1) 9 1) e —
20.43. 1) S + 23 (ﬂ-w#—i-an) x
sh 2 ba=i \ An
5 . Trnza 2 w2 h\2 |
x exp {—(aX,)?t} sin - rme A2 = (T) + (—) , Qp = /ug(x) X
a
0
. mnr
X sin —— dx (y Ka3aHwue 3amadya OPUBOAUTCS K PEIIEHUIO yPaB-
HEHUS
up = @ty — h2u (*)
PU TPAHUYHBIX YCIOBUSX U|p—0 = U1, U|y—] = Uz U HAYAIBHOM yCIIOBUK
u|t=o = ug(z). Pemenue stoit 3anaum uckare B Bune u(z,t) = v(z)+
+w(z,t), tme v — pemenne ypasuenus a’v”(x) — h2v = 0, ymosne-
TBOPSIOIEE 33MaHHBIM TPAHWYHBIM yCJOBUsM, a w(x,t) — pemenne

ypaBHEHUs (%) MPU HyJEBbIX MPAHUYHBIX yCJIOBUAX M HAYAIBLHOM yCIIOBUN
Wlt=0 = uo(x) — v(m).);

h h
hch = (I —z) + hiash = (I — z) 0 2 2
a a 21 a2 D pn (pn, + hi)

2) uq e
heh 2 4 hyash 2 n=1 (a2l + h?)
1 2.2 12 .
X ————————— expi—(a°u;+h?)t}sinu,z, roe n=12,..
HONOXUTEIBHLIE KOPHU ypaBHeHus tg [y = fhi (Yxasanue. Ipa-
1
HWYHBIE yCJIOBUS MMEIT BUL U|z—o = U1, (Uy + h1u)|z—; = 0. Pemenne

uckathb B Bune u(zr,t) = v(z) + w(x,t), roe v(z) — pemenune ypasHeHUs
a?v"(z) — h?v = 0, yIOBIETBOPSIONICEe KPACBEIM YCIOBUAM U),—q = U1,
(Vg + h10)]z=; = 0, a w(z,t) — pemenmne ypaerenus (x) (cM. 3ama-
uy 40.43, 1)) npu ycnoBusax w|,—o =0, (wz+hw)|z= =0, w|t=0 = —v(z) )

_ 2 oo 2
20.44. At' e 240 S~ 1 {lexp ((@) t>} sin 172
n

m3a?

n=1
8l & e Mt m(2k + 1)
20.45. 1) z— 1+ % 5 ¢ o .
0.45. 1) z— 1+ e, kX::O CESE COS AT, Mg TR
2) tCOS$+é(678t—1) cos 3; 3) ot +sinmret T

4) z+tsinz + % (1—e3)sin3dz;  5) ta’+ i (e* —1) +t cos 2;
6) t+1+(1—et)ersinz + e” 4 sin2z.

20.46. 1) zt?> +ef +sint — cost + e 3t cos 2;

2) z% + 2e% + (2t — sin 2t) cos 3;
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3) A+t + < 3 (65t 1) cosz + % (1 — e 3") cos 3z;

= Cor-1

4) 2t + 1z + Z oy {1 — e 61"t gin(2k — 1)z,

2 1 1
Cop1 = (2k+1 B 2k73)’

5) t(z +1)+e 2 Z k%r? +4 [1— e~ (=" +4) 8] gin ke,

{0, ecm k= 2m,
Ch=41 2 1 1
_(Qm—1+2m+1+2m—3)’ ecmn k= 2m —1.

o] R
20.47. 1) % > ape (/B gin W—ZT, an = /ruo(r) sin 7r—;T(ir-
n=1
0

R
o+ i _ 2, . nT . nT
) &3 e e e i e, = frua(r) sin - dr,
Hn (n = 1,2,3,...) [IOJIOXKUTENIbHBIE KODHU ypaBHeHus tg u = —g,

o=hR—1 (0 >—1);

2 oo
3) uy + 2(up — uo) hit S (—1)"a, e (@mn /Bt gip %, fn  TIONO-
n=1
XUTENbHLIE KODHU ypABHEHUs tg p = B s =hR-1 (c>-1), h
ag

k03 dunrenT TemwioobMeHa B KpaeBoM yciiosuu [u, + h(u — u1)]|,—r = 0,
Vpi+o?
pnlpi +o(o + 1))

3a>,  5r° 3R’ 2R¥\ & e (/R yp
4 29 ¢ bl € ginHl =
) ug + k( + >n—1 o sin =, fin (n

ap =

R 10R r
=1,2,3,...) — moNOXUTENHHBIE KOPHU ypaBHeHus tg u = p (Y k a3 a-
Hue. 3amadya NpUBOOUTCS K peuteHuto ypasuenus (14) (c. 258) mpu rpa-

HUYHBIX YCIOBUAX |U|r—g| < 0C, Up|r=p = a

E
o0 o0 )
20.48. 3. 3 agee (TG i ITE gy BT,
j=1k=1 L
4 T km
ajx = l—Q//’LLO(.CE ) sin 7T sin ly dz dy.
00
Y ka3 aunue. [IpuMeENTH MeTON pasefeHns IepeMeHHLIX 718 ypaB-
HeHUA u; = a?Au OPU YCIOBUAX Ulz—0 = Ulp—) = uly—o = uly— = 0,
ult=0 = uo(z,y).
20.49. 1) Ae—(am /Rt jg (“"‘T)-
) Ac ),
— Jo(pnr/R) _ R)?
2) ug|l+ 2 —_— (‘“‘"/)t.,rﬂeu n=12..) — no-
) nzl fn T (i) n )

JIOXUTENBHBIE KOpHU ypasreHus Jo(u) = 0;



§21. pyeue memodo 271

T N
R =i+ iR ') "7 ) o/m0 '

x Jo (N—;;) dr, rme p, (n=1,2,3,...)  NONOXUTENbHbIE KODHU yDABHE-
aust pJ)(p) +hRJo(n) =0 (Y x asanue. Ipannunbie yCloBus NMEOT
Bun |u|,—o| <00, (u, + hu)|,—g = 0.).

20.50. 1) (14 pf) (e ¥ + p2sint — cost) Ji (u);

2) (pi—1)" et - e’“it) Ji ().

20.51. [pi°t+ppt (e*“flt = 1)] Jo(par).

20.52. 1) (16p; e /4 4 452 — 16,*) Ty (/T );

2) e Hit/4 g (/).

§21. IIpyrue meromsl

21.1. JlokaszaThb, 4TO 3a0a9a

Ups = @ Uy, t>0, x> 0;
wli—o =0, tls—0 = 0, =0 = g(1)
UMeeT eOUHCTBEHHOE peIeHne
0, T > at,
u(z,t) =
(@.1) g(t—g), z < at,

ecim g € C? (t > 0), g(0) = ¢'(0) = ¢"(0) = 0.
21.2. Jloxa3aThb, 4TO 330344

Ups = @ Uy, t>0, x> 0;
Uli=o = ug(z), Utli—0 = u1(z), U|p—o =0
uMeeT efUHCTBEHHOE pellleHue
1 r+at
3 [uog(z + at) + ug(z — at)] + o / ui(§)dg, x> at,
r—at
u(x, t) = 1 1 at+z
§[u0($+at)—u0(at—m)]+% t/ up(§)d¢, z < at,
at—x

ecmm ug € C%(x > 0), ug € C(z > 0), uo(0) = uf(0) = u1(0) = 0.
IlokasaTh, YTO 3TO peEIIeHNE MOXHO HOIYYUTh U3 dopMmynsl amam-
6epa (c. 137), ecrm dysxumm ug(xz) m u1(T) TPOOOIKUTH HEYETHBIM
obpasom mis z < 0.
21.3. IlokaszaThb, 4TO 3a0a9a
Uyt = G Ugy, t>0, z > 0;
uli—o = 0, Ut|t—o = 0, Uz |e=0 = g(1)

UMeeT eIUHCTBEHHOE PEIICHNE
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0, T > at,
t—z/a
—a / g(t)dr, =z < at,
0
ecn g € C1(t>0), g(0) = ¢'(0) = 0.
21.4. JlokasaThb, 4TO 3a0a4a

uw(z,t) =

Up = G2 Ugy, t>0, z > 0;
ult—0 = uo (), Ut|t—o0 = u1(z), Uy |e=0 = 0
uMeeT eIMHCTBEHHOE pellleHue
( 1 1 r+at
3 [uo(z + at) + ug(z — at)] + o / ui(§)dé, x> at,
1 xr—at
u(z,t) = 3 [uo(z + at) + up(at — z)] +
1 x+at at—zx
bl [ wm@det [ wm©de|.  x<an
\ 0 0

ecma ug € C?(z > 0), u; € Ct(z > 0), uH(0) = u}(0) = 0. Toxa-
3aTh, 9TO TO PENIEHWE MOXHO TONy4YnTh u3 hopmyss Hamambepa, ecin
dbyuaximn ug(z) u ug () TPONONKUTE YeTHBIM o6paszoM s 7 < 0.
21.5. JlokasaTsb, 4TO 3a0a4a
Uy = 6 Ugy, t >0, O<z<lI;
uli=o = 0, ut|t—o = 0, ul—0 = g(1), Ulz— =0
IMeeT eqUHCTBEHHOE PelleHIe

(z,t) = 3 [~t£2_"l ~t+£2(n+1)l]7
u(x 1;) 9( p ‘Z)) g£0 " o )
~n_ Je), t=>0,

g(t)_{o., t <0,

ecmm g € C? (t > 0), g(0) = ¢'(0) = ¢"(0) = 0.
21.6. JlokaszaThb, 4TO 330444,
s = AUy, t>0, O<z<l;
Uli=o = uo(z), Utlt—0 = u1(x), w|z=0 = 0, ey =0
MMeeT eIMHCTBEHHOE PEIICHUE
z+at

u(z,t) = % [6(z + at) + fio(x — at)] + 2i / 1 (€) d,
a
z—at
roe dyukuum ug(z), u1(z) HEUYETHLIE, 2[-TIeprONNYeCcKUe U COBIAIAI0-

mme ¢ gysxmaamu ug(z), ui(z) mpu 0 < z < I, ecmm ug € C?[0,]]
ur € C1[0,1], uo(0) = up(l) = u1(0) = usr(l) = uy(0) = uy(l) = 0.
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B samauax 21.7 21.23 TpebyeTcs OOKa3aTh, ITO CYLIECTBYET €NUHCT-

BEHHOE PEIIeHNE MOCTABIEHHON 330a9N; HAWTHM 3TO PEIICHUE.
21.7. Uy = a2 Uyy, 1> 0, > 0;
ult=o = 0, utlt=o = 0, (ug — PBu)|z=0 = g(1),
geCt(t>0),  g(0)=yg'(0)=0.
21.8. uy = a?uy,, t>0, > 0;
ult=0 = uo(z), utli=0 = 0, (e — Bu)|z=0 = 0,
ug € C? (z > 0), uy(0) — Bug(0) = 0.
21.9. Uy = a2y, 1>0, 0< 2 <I;
uli=o =0, =0 =0,  Uzle=0=9g(1),  Usle=1 =0,
geCt(t>0),  g(0)=g'(0)=0.
21.10. uy = a%ug,, t>0, 0<z <;

Ult—0 = uo(z), Utli—o = u1(x), Ug|a—o = 0, Ug|a=1 = 0,

ug € C?(]0,1]), uy € C*([0,1]),
ug(0) = uy (0) = ug(l) = vy (1) = 0.
21.11. uy = Uy, t >0, 0 <z <]
U|t:0 =0, Ut|t:0 =0, “|z:0 = g(t), Uz|z:l =0,
geC?(t>0),  g(0)=g'(0)=g"(0)=0.
21.12. uy = a’ug,, t>0, 0< 2z <1

Ult—0 = uo(z), Utli—o = u1(x), U|z—0 = 0, Ugla=1 = 0,

ug € C%([0,1]), uy € C*([0,1]),
o (0) = ug (0) = w1 (0) = ug(l) = ui(l) = 0.
21.13. us = Ugy, t >0, z > 0;
uli—g = 22, Ut|t=0 = 1, U|p—o = 12.

21.14. uy = 4u,, + 16t2, t >0, z > 0;

1 .
Uli=g = 5 zt, Ut|t=0 = 2sinz, U] p—o = 4%
21.15. YU = Uy, t >0, z > 0;
Ul = 2723, Utli=0 = 0, Ulp—o = 1.

21.16. Uy = Uz +2, t >0, z>0;

U|t—o = T + cos, Ut|t=0 = 1, Uglp=0 = 1.
21.17. upy = gy, t >0, z > 0;
U= = 7, Ugli=o = 1, Ug|z=0 = coOSt.

18 Ilom pen. B.C. Branumupona



274 ILa. VI. Cmeuwannag 3adava

21.18. wuy = ug, +€f, >0, > 0;

Ult—o = 1 + z, Ut|t—0 = 4 — 3 cos %, Ug|e—0 = 2 — cost.

21.19. ugy = 3ug, +2(1 —6t2) e 22, >0, > 0;

U= = 1, Ut|t—0 = =, (g — 2u)|pmp = —2 +t — 4¢°.
21.20. uy = Ugy, t >0, z > 0;
ult—0 = 0, Ut|t—0 = 0, (g + u)|z=0 = 1 — cost.
21.21. uy = Uy +4, t >0, x> 0;
gm0 = 1 —x, utlt—o = 0, (uy + u)|z=0 = th.
21.22. Uy = Ugy, t >0, z > 0;
Uli—o = 22, Utlt=0 = 0, (y — )| g0 = 2t — 2.
21.23. 1) uy =gy — 6, t >0, > 0;
ult—o = 27, utlt=0 = 0, (ug + 2uy)|a=0 = —4t;
2) uy =AUz, +2, t>0, x> 0;
Um0 = 2 — x, Utlt—o0 = 2, (ug + 3ug)|e—o = 3t — €.

21.24. Haiitu HanbOIBINYI0 06IACThH, B KOTOPOI MOCTABIIEHHAS 304~
Ya UMEEeT €OUHCTBEHHOE DEeIleHre, U HANTY 5TO PEIleHUE:

1) wpr = Uga;
Ulj—o = 23, Utlt=0 = 0 0<z<2, aul—og=t>, 0<t<2;
2) Utt = Ugx,
uli—o = 22°,  ugli—0 =0, 0<z<4,  ul—s, =0, 0<z<1

21.25. okazaTk, 9TO 3ama4a

U = a2 Au, t>0, |z| > 1, x € R3,
uli—o =0, t]t—0 = 0, uljg)=1 = g(t)
nMeeT eqUHCTBEHHOE PeIlleHune
0, |z| > 1+ at,
Tr.t) = —
u( ) Lg(t+1 m), 1<zl <1+ at,
|| a
ecm g € C%2(t > 0), ¢g(0) = ¢'(0) = ¢"(0) = 0. TokazaTs, uTO ec-
n g(t) ¢urUTHAS QYHKOUS, TO u(.r,t) = 0 nas a:060r0 GUKCUPOBAH-

HOrO z, |z| > 1, mpu mocrarousno Gombiuux t. B ciayuae, korma g(t) # 0
mpu 0 < t < T, ¢g(t) = 0 npm ¢t > T, valiTu MOMEHT BpemeHwu t,, B
KOTODBIN 4epe3 TOYKY =, |z| > 1 mpolimeT 3aaHUA GPOHT BOIHBL
21.26. Haiiru perenue 3anadm
up = a’Au, t>0, |z > 1, z € R3;

uli=o = a(|z]),  wutl=0 =B(z|),  uljz=1 =0,
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rae a(r) € C%(r > 1), B(r) € C*(r > 1), a(1) =0, o'(1)+2a'(1) =0,
B(1) = 0. Hokasarb, uro ecinu yukuuu «(r) u ((r) dunuTHBE, TO
u(z,t) = 0 mna mo6oro gukcupoBaHHOro z, |z| > 1, mpu mocTaTouHO
6oTbIIX ¢.

21.27. HaiiTu perienue 3anadu

ug = Au, t>0, |z] > 1, z € R3;
19}
ult—o = 0, Utlt—0 = 0, _GZ le]=1 = g(t),
z|=

roe g € C'(t > 0), g(0) = ¢'(0) = 0.
HokaszaTs, uto eciu g(t)  GuHUTHAS GYHKIU, TO CYIIECTBYET TaKasl
dbyuxuusa c(z), aro |u(z,t)| < c(z)e t, a mna Toro aTober u(z,t) = 0

IUIs KaXXIOoro (GUKCUPOBAHHOIO z, |z| > 1, mpm moctaTouno Gombiuux ¢,
oo

HeOOXOMUMO U JOCTATOYHO, IYTOOR / etg(t)dt = 0.

0
21.28. HatiTu pemenue 3anadn

uy = Au, t>0, |z| > 1, z € R3;
ou
uli=0 = a(|z|), utlt=o0 = B(|z), anlos =0

rnea€ C?(r>1), BeC'(r>1), o'(1)=p'(1) =0.
Hokaszats, uro ecnu dyukuuu «(r) u B(r) QUHATHBIE, TO CYLIECTBYET
Takas dynkmms c(z), aTo |u(z,t)| <c(z)e”t, a mas Toro uTobr u(z,t) =0

LUl KaXX[oro GUKCUPOBAHHOIO Z, |z| > 1, npu mocrarodHo Gonblux f,
oo

HEOOXOMUMO U NOCTATOUHO, UTOOLL / re"[a(r) — B(r)] dr = 0.

21.29. Pemuthb 3amauy 0

ug = Au, t>0, |z] > 1, z € R3;

ult=g = 0, Utlt—0 = 0, (ku + %)‘\1\21 = g(t), k = const.

Pemmure 3agaun 21.30 21.36.
21.30. u; = a®uy, + f(z,t), t>0, > 0;

Ult—0 = uo(z), w|g=0 = 0.
21.31. us = auy,, t>0, > 0;

Ult=g = 0, w|z=0 = g(t).

21.32. uy = auy,, t>0, > 0;

wlt—0 = uo(z), Ug|p=o = 0.
21.33. us = auy,, t>0, > 0;

wlt=o = 0, Ug |z=0 = g(1).

18*
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21.34. us = Ugy, t >0, 2> 0;
ult=o = 0, (u = ug)|z=0 = g(t).
21.35. uy = a’uy,, t >0, > 0;
wt=0 = uo(x), (uz — hu)|z=0 =0, h > 0.

21.36.?+g7j 0, t>0, z>0; 2
=0 = uo(z), (?9_1; o= 0, U peo = g(1), % 0= 0.
21.37. Pemnts 3amauy
up = a2 () Upa, t>0, z #0,
roe a(z) =anpu £ <0, a(z) =bupn z > 0;
wlt=0 = 0(x), U|p=—0 = Uz=t0, Ug|w=—0 = kUg|z=to-

OTBeTrnl K § 21

t—z/a

21.7. 0 npu z > at; —aeP(z—at) / eBTg(1)dr npm z < at.
0

21.8. % [uo(x + at) + up(z — at)] mpm = > at;

at—x

% [uo(z + at) + uo(at — z)] — Bellz—at) / up(&) ePedé npm z < at.
0
21.9. 5 [f (122 ff(t+£fw) Crme f(z) = 0
=0 a a a
mpu z <0, f(x) a/g )dr npm z > 0.
1 0 r+at
21.10. 3 [Go(z + at) + ao(z — at)] + o / w1(€) d¢, rme pyuxuuMnm
a
r—at
Uo(z), u1(z) gernwe, 2l-nepuonmueckme m coBnamawmmme ¢ GyHKOUIMU
uo(x), u1(z) mpm 0 <z <l

2111, 3 (~1)" [ﬁ (t -Z- QfT") +§(t +2 - L“f 1))}, g(t) =0,

n=0 a
t<0, g(t) =g(t), t>0. ot
21.12. % [@o(z + at) + ao(z — at)] + o / w1(€) d¢, rme pyuxuuMn

r—at
Uo(z), u1(z) meueTHble, coBmamaromme ¢ GyHkuusMu uo (), ui(z) npm
0<z<l, auy(x—1), ui(z — 1) —uernbe Qynkuum.

21.13. 22 + zt + 2.
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21.14. 4t* + 4222 -|- 5 zt 4+ sm2t sin z.

21.15. 9212 + 272° mpu = > gt; 3 4+ 27tz? npm z < %t.
21.16. z +t+12 + cosz cost.
21.17. x4+t upn x >t; 2t+sin(z —t) npu = < t.

21.18. $+3t+et73sintcos§ opu z > 3t;
2x+et—3costsin§npmm<3t.

21.19. 1+ zt + t?e 22,

21.20. 0 mpu z>1t; 17%6757“”7%[Sin(.’l,‘ft)+COS(.’I?7t)] npu z < t.

21.21. 1—z+2t2 npu = > t; 2t2—t—%(gc—t)2+eH opu z < t.

21.22. 2% + 12,

21.23. 1) z* — 2t

2) 242t —x+1t* npm x > 2t; mtfi$2+26t’z/2 npu x < 2t.

21.24. 1) 23 + 321> mpmu 0 < 2+t <2, 0< 2z —t < 2; 3z + 3
mpu 0<z+1t<2, -2<z—-1t<0;

2) 223 + 62t mpn 0 <z +1t<4,0<z—1t<4;(z+1)>+8(z—1t)>
mpu 0<z+1t<4 —-2<z—t<0.

21.25. tw:T+|x|T_1.

21.26. ﬁ (2] + at) a(|z| + at) + (2| — at) o]z — at)] +

|z]|+at
1
+Tlxl| |/ EB&)de mpu  Ja| > 1+ at;
x|—at
a7 izl + at) o(fal +at) — 2~ e+ at) a(2 — Ja| + at)] +
|z|+at
1
+T|.q:|2 |/| fﬁ(&)df opu 1< |m| <1+ at.
—|z|+at
21.27. 0 npu |T|>1+t
t+1—|z]

 lzl—t—1 T
|$|e / e"g(r)dr mpm 1<|z|<1+t.

21.28. 2— [(Jz| +t) a(lz] +t) + (Jz| — ¢) a(z] — )] +
|z|+t
o [ €P©de mpu ol > 1+
le t o]+t
2||[<|ac|+t) (|r|+t>+<2f|a:|+t)< ~lal+1)]+ 1 ARLGL
|4t 2 |z|+t

—ﬂe\w\ t-2 / cefla(é) — BO)]dE mpm 1< |z| <1+t
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21.29. 0 npum

x| >1+1;
t+1—|z|
— elk+1)(lz|—t-1) / etV g(r)dr mpm 1< |z| <1+t

21.30. 21“1/5 / g (€) {exp ( (z4a2§)2> — exp ( (z422£t)2>} dé +

11T AT (@ — &) (@ +8)°
T Savm /0/ o7 {eXp (4a2(t - T)> TP (4a2(t - ﬂ)} dc dr.

4a?t

21.32. "~ 7071,0(5){ exp { (e = 5)2] + exp [ (@ + 02”(1{.
0

t
_a rglt—T) _a?
21.33 ﬁo/ NG exp{ 427}
t
1 gt —T1) 42/
21.34. 7T0/ e dr +
t [e%e}
2 T o T —a?
+ﬁe/g(t T)e / e~ dadr.
0 Ve (27)

1 7 (z—&)° (¢ +)°
21.35. o 0/ uO(é){eXP <‘ yren >+exp <_ da?t >_
_9h 7Oexp <M — h/q) d’q}df.
0

4a3t
21.36. — /uO(f){cos[(I;tf)Q—ﬂ — cos {(”LOQ—E]}d&L
0

t 2
_x_ ryt—7) LA
+2ﬁ0/ a7 cos<4T 4>d7'.
2ka

_cka i —£? .
21.37. NG / e s dé mpm z<O0;
—z/(2avt)

ka 2b =/(2bV) 2
3
Py {l-l- NG 0/ e df} npu z > 0.




Homonuenne

IIPUMEPBI PEIIEHUA HEKOTOPBIX
TUIIOBBIX 3AIAY

§1. Meron xapakTepucTukK

Bamaga 1. Haittu pemenne samaun Komm mia ypasaenus
2
YUy + Uyy — guu =0 (1)
B IOy IIIOCKOCTH Y > (), yIOBIETBOPSIOIIEE HAYAILHBIM Y CIIOBHSIM
Uly=1 =1 —z, Uyly=1 = 3. (2)
Pemenue. Cuauana maiimem obmiee pemreHue ypasuenus (1) B
nosymockoctn y > 0. IHus sToro mpusemem ypasuenue (1) x xaHOHU-
JyeckoMy Bumy. XapakTepucTwdeckoe ypasaerme —y2dxdy + (dz)? = 0
pacmagaercsa Ha nBa ypasHenus dr = 0, —y2dy + dz = 0, 119 KOTOPHIX
z=C, 3z —y® = C sBngioTca obmmyu naTerpatamu. ClenoBaTensHo, B
ypasuerun (1) HYXHO cHenaTh 3aMeHy TIepeMeHHBIX & =z, 7 = 3z — 1.
Torna uy, = —3y%u,, Uzy = —3y>ug; — 9Y>uyy, uyy = 9ytu,, — 6yu, n
ypaBaerue (1) IpUBOLUTCS K KAHOHUYECKOMY BULY Ug, = 0. UHTErpupys
aT0 ypasuenue, Haxomam u = f(£) + g(n) = f(z) + g(3z — y*).
Tenepb BOCHONB3yEMCsT HAYAIILHBIME yCIIOBUSIME (2):
f(@)+9Bz—1)=1—u,
—39'(3z — 1) = 3.
Pemas sty cucremy, nomyuaem f(z) = 2z + C, g(z) = —x — C. Caeno-
BaTeIbHO, pernenueM 3anaan (1), (2) ssistercs dyHkuus

u(z,y) =20 +C + (=3z+9y> - C), r.e. u(zy) =y°—z.

3anaua 2. Haiitu pemenne 3anaun I'ypca nist ypaBHeHwms

Ugy + SUgy — dUyy — Uz +uy =0 (1)
BO BCeHl INIOCKOCTH, YAOBJIETBOPSIOLIEE yCIOBUSIM
— x —
U|y—aa = BT + €7, Uly=—z = L. (2)

Pemenue Haitnem obuee peuenue ypasuenus (1). Xapakrepuc-
Tugeckoe ypasrerue (dy)? — 3dxdy — 4(dz)? = 0 pacnmanaeTcs Ha mBa
ypaBuenust dy +dx =0, dy—4dx =0, nmus koropeix y+x=C),
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y — 4z = C sBusrorcs o6IIMMY UHTErpAIaMU. 3aMEHON EPEMEHHBIX & =
y+x, n =1y — 4z ypasaenue (1) npuBOONTCSA K KAHOHUIECKOMY BUILY

Ugy — — Uy = 0. MrTErpupys 310 ypaBHeHUE, HAXOOUM

5
u=f(me > +g(€) = fly — 4) e VT 4 g(y + 2).
Bocnonbsyemcs ycnosusivu (2):
f(0)e ™™ + g(bz) = bz + €,

f(=5z) +9(0) = 1.
Pemas sty cucremy, momyuaem f(z) = 1 — g(0), g(z) = z + e*/°>—
— £(0) e~ */5. CnenoBarensHO,

u(w,y) = [1—g(0)] e /2 4z 4y 4 /5 — f(0) e AW/,
YuureiBas, uro u3 cucremul (3) mpu z = 0 cmenyer pasenctso f(0)+
+¢(0) = 1, okoruarensHO Haxomum pemenune 3anaqn (1), (2): u(z,y) =
=z +y+el@tv)/s,

3amaua 3. HailTu pereHne CMEIIAHHON 3384 [JIsS YPABHEHUS

Ugr — gy = Ot (1)
B obstactu £ > 0, ¢ > (), ynoBneTBOpSIOLIEE yCIOBASIM

(3)

ulp—o = 2°, wtli=o = 0, U|p—o = 1°. (2)
Pemenne O6mee pemenve ypasaerus (1) umeer sun u(z,t) =
= f(z + 2t) + g(z — 2t) + zt3. VI3 ycnoswmit (2) momygaem

f(x) + g(z) = 23, x>0,

F@) - g@) =0,  w>0, (3)

f2t)+g(=2t) =3, t>0.
W3 nepsbix nBYX ypaBHeHUin 5Toi cucreMbl HaxomuM f(z) = %.r3 + C,
g(z) = %x3 —C, z > 0. Honcrasnsas naiinennyto ¢yuknuio f(x) B Tpe-
The ypaBHeHue cuctemsl (3), momydaem g(x) = gx3 —C, z <0. Cneno-
BaTeNbHO, pemenueM 3anaqn (1), (2) asusercs byukuus

1(m+2t)3+%($72t)3+mt3, T > 2t,

u(z,t) = i 5
5(x+2t)3+§(x—2t)3+xt3, x < 2t.
3amaua 4. HaiiTu perenue CMEIaHHON 330a4M 711 YPABHEHUS
U — Mgy = 2 (1)

B obsmactu £ > (0, ¢ > (), ynoBieTBOpSIOILIEE yCIOBASIM

Uli—o = = + 2°, Ugli—o = —927, (4 — tg)|pmo = 12 — 1. (2)
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Pemenue Obuee pemenue ypasaerus (1) mveer sun u(z,t) =
= f(z + 3t) + g(z — 3t) + 2. U3 ycnoruit (2) nomydaem
f(z) + g(z) =z + 23, x>0,
3f'(z) — 3g'(z) = —922, x>0, (3)
f3t) +g(=3t) — f'(31) —g'(=3t) = -1, >0

. . 1
W3 mepBBIX OBYX ypaBHEHUI 5TOW cucTeMbl Haxomum f(z) = 3% + C,

g(z) = %T + 23 — C, z > 0. Honcrasnas Haiinennyo dyskmmo f(z) B
1
1 2
orkyna g(xz) = Cre* + 7%~ C, z < 0. W3 ycnoBust HEMPEPBIBHOCTH

TpeTbe ypaBHeHue cuctembl (3), monyqaem ¢'(z) — g(z) = C + % — -,

dbyukuuu g(z) npu x = 0 maxonum C; = 0, T.e. g(z) = %r - C, z<0.

CuenoBarensHo, pemenneM 3anaau (1), (2) ssisercs yHxums
(z -3t +z+1t*, >3t
u(z,t) =
T+ 12, x < 3t.

§2. Meron pazneneHus nmepeMeHHBIX
3amauva 5. PemuTh cMemaHHyo 33039y O HEOTHOPOMLHOTO YPABHE-
HUsI TUNIEPOOINIECKOTO TUIA
U — Uge = 21, O<zx<1, t>0 (1)
[IPY HAYAIIBHBIX YCIIOBUSX

ult=0 = 0, Utli=0 = T (2)
1 T'PAHUYHBIX yCHOBI/IﬂX
’U,|w:0 = 07 uw|z:1 =1t. (3)
Pemeunne. Tlogbepem cHagasa Taxyoo QYHKOWIO W, YTOOBI OHA
YIOBIETBOpANa rpaHudHbiM ycioBusM (3). Iycrs, manpumep, w = xt.
Torna wi — Wy =0, W|t=0 =0, wi|t—o =2z. CrenoBarensHo, QyHKIUS
v(z,t) = u(z,t) —xt (4)
YIOBIIETBOPSET YPABHEHUIO
Vit — Vg = 2t, (5)
OMHOPOMHBEIM TPAHWYHBLIM Y CIIOBAAM
V|p=0 = 0, Vgla=1 =0 (6)
U HyJIEBEIM HAYAJILHBIM YCIOBAAM
'U|t:0 = 0, vt|t:0 =0. (7)
IIpuMensas METOm pasmeNeHus MEPEMEHHBIX [JIS DEIICHWS OTHOPOIHOTO
YDABHEHUs Uiy — Uz, = 0 mpu ycnoBuax (6), (7), monmoxum v(z,t) =

= X(z) T(t). lpuxonum x cuenyroweit 3anade Mrypma—Iluysusis:
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X"(z)+ XX =0,  X(0) =0, X'(1) = 0.

Pemas sty 3amauy, Haxonum ee COOCTBEHHBIE 3HAUEHUS A, = T4 ™,
n =20,1,2,..., 1 COOTBETCTBYIOIINE COOCTBEHHBIE QYHKIINN
X,(z) = sin A\, z. (8)
Pemenwe sanaam (5)—(7) nuem B Buge psna
v(z,t) = Z Ty (t) sin Az, 9)
n=0
rme
T,(0) =0,  T)(0) =0. (10)
Moncrasnss v(z,t) uz (9) B (5), nomyuaem
S (T (t) + N2 Ta(t)) sin Az = 2t. (11)
n=0

s maxoxnenns Gyukuuit Tp,(t) pasmoxum dysakuuio 1 B psag Pypwe
no cucreme dyukuuit (8) ma uarepsane (0,1):

oo
1= Zan sin A, . (12)
n=0

Tax kax
1
/sin2 Az dr = %, TO Q= /sin)\nxdx = )\i,
0 0
u u3 (11) u (12) nonyuaem
TH(E) + N2T(t) = <. (13)

Ob61uee pemienue ypasaenus (13) umeer Bun

T.(t) = 4—; + Asin At + B cos A, t.

AL
Ucnoms3ays yenosue (10), momyuaem B = 0, A = —4/X%. Tloncrarnsas
4t 4 .
B ¢dopmyny (9) m umcnmosmbdys (4), HAXOOUM HMCKOMOE DEIIEHWE 3a/a-
qu (1) (3): ~
u=uxt+4 Z vy (Ant — sin Apt) sin Az,
=0

roe A, = g + mn. "

3amaua 6. PemuTh cMermanuyio 3a0ady mjisi HEODTHOPOMHOTO YPAaBHE-
HUS MapaboOIMIECKOTO THTIA

Up — Uz = t(z + 1), 0<z<l, t>0 (1)

IIPY HAYAJIBHOM yCJIOBAU
tlt—o =0 (2)

7 T'PAHNYHBIX YCJIIOBUAX
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2 2
uz|z:0 =t 3 u|z:1 =1°. (3)
Pemenue ®yukmua w = 1’ yIOBIeTBOPAET KPACBLIM YCJIOBU-
M (3), yPABHEHUIO Wi — Wy, = 2Zt ¥ HAYAIBLHOMY YCIOBUIO W|i—g = 0.
IlosTomy dynukIIS B 5
v=u—xt (4)
YIOBIETBOPSIET yPABHEHUIO
Vg —Vpp = (1 —x)t (5)
U YCIOBUSIM
'U|t:0 - 0: 'Uz|z:0 - 0: v|z:1 =0. (6)
Tlpumensiss MeTon pa3neneHms IEPEMEHHBIX TSI PEIIIEHNS] OMHOPOMHOTO
yPaBHEHUs! vy — Uy, = 0 npu ycnosusix (6), monoxum v = X(z)T(t).

Homyanm 3anaay Mltypma—Jluysums
X"(z) + XN X(z) =0, X'(0) =0, X(1) =0,

COOCTBEHHBIMU 3HAUYEHUWSIMU KOTOPOR SBIAIOTCA YUCIA A, = g + mn,
n=20,1,2,..., a COGCTBEHHEIMI QYHKIUSIMI  (DYHKIUI
X, (z) = cos A,z (7)
Pemenve sanaun (5), (6) miem B Buze
oo
v(z,t) = Z T, (t) cos A\pz. (8)
n=0
Toncrasass v(z,t) us (8) B ypasrenne (5), momyuaem
oo
D (T () + NiTa(t) cos Apz = (1 — z)t. (9)
n=0

Pasnoxum dynkumio 1 — z B pan Pypee no cucreme dynkumit (7) Ha
natepsane (0,1):

1-—z= Zan COS A\pi. (10)

Tak xak ) =0
an = 2/(1 — 1) cos \pz dr = %,
0
1o m3 (9) m (10) maxomum
2t

T + A1) = 55 (11)

Pewmenunem ypasuenus (11) npu ycnosuu T),(0) = 0 sBusercs yHxums
T, (t) = 27,5 (e Mt + A2t —1). (12)

s (4), (8) u (12) maxonum pemenne 3anaun (1) (3):
u=zt* + 2 Z 26 (e*Ait + A2t — 1) cos A,
n=0

roe A, = g + 7.
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§ 3. UnurerpanbHble ypaBHEHUS C BBIPOXKIEHHBIM SIAPOM

3amaua 7. PemmnTh mHTErpasbHOE ypPABHEHUE

p(z) = A /(xsiny+ycos:z)<p(y) dy + asinz + bz (1)
TP BCEX OOMYCTUMBIX 3HAYECHUSAX a4, b, A.

Pemenue O6o3HauNM
™

C = /siny-w(y) dy,  Cp= /w(y) dy: (2)
torna ypasaenue (1) mpumer Bug
p(z) = ACr1z + ACa cosz + asinz + bz. (3)
N3 (2) u (3) nomyuaem
Ci = / siny (AC1y + AC3 cosy + asiny + by) dy,

—T

Cs = / Yy (AC1y + ACs cosy + asiny + by) dy,
OTKyIa HAXOMUM -
C1 = AC1 - 27 + am + 27h,
3 3
Cr =201 2 +aam+b 2
Cucremy (4) sanumem B CIeNyOIIEM BUIE:
Ci(1—27w\) = am + 2wb,

3 )
*)\—Cl-l-Cg—Q(lﬂ'-l-Qﬂ—b ()

Ounpenenurens A(N) cucremsr (5) paser A(\) = 1 —27A. Ecin A(X) # 0,

T.e. A ;é , TO cucrema (5) UMEeT eMUHCTBEHHOE PEIeHne TP JIF00BIX a
u b: 3 3
+ 27h 2m° Aam + 2wh) 2m°b
c, =4rrem Cy="200T200 19 : 6
LT T o 2 31 —2nn) ATt 3 (6)

Ioncraensas C; u Cy u3s (6) B (3), Haiinem npu z # % €IMHCTBEHHOE
pelleHne MHTErpaiibHOro ypasaenus (1).
IIycts A = %7 Torua cucrema (5) npumer Bun
Ci-0=(a+2b)7

3 7
*—Cl+02—2(171'+27rb ()

Cuctema (7) UMeeT peIIeHre TOr4a U TONBKO TOTAA, KOTAA BBIIOIHIETCS
yCIIOBUTE
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a+2b=0. (8)
Ycnoeue (8) sBaseTcs HEOGXOOUMEIM M NOCTATOYHBIM YCIOBHEM Daspe-

1 1

mmmMocTu ypasHerus (1) mpu A = 7 3nmecw 3,  XApaKTepUCTUIECKOe
™ ™

YUCII0 WHTETPAIIBHOTO YPABHEHUS

o(z) = A / (zsiny + y cosz) ¢(y) dy.

—T
O61riee pereHre OTHOPOMHON JIMHENHON CHCTEMBI
C:-0=0,
2
™
_? Cl + CQ == 07
coorsercrByiowen cucreme (7), umeer BUL
C, =0C, Cy=—0C,

rmoe C IPOU3BOJIBHAA IIOCTOAHHASI.

B xauecTBe YaCTHOTO penieHus cUcTeMbl (7) MOXHO B3STh

3
CcY =0, CSZQan%.

TTosToMy obree perenre cucteMms! (7) uMeeT BUL
2 2
C =, 02:%C+a7r(2—%). 9)
Toncraenss C; u Cy u3 (9) B (3), Hafimem Bce perneHust ypasaeHus (1)

1 .
npu A = 5, [P ycioBum (8). OTu pemeHnsa MOXHO 3aMUCATEH HOPMYIION
™

2 2
p(z) = (A— %) x+ [A;r —l—a(l — %)] cosz + asinz,

rmoe A IIPOU3BOJIBHAA IIOCTOAHHA.

§4. Bapumaunumonnsie 3agadn

3amauya 8. Haiitu MuHUMYM (YHKIIIOHAJIA,

I(w) = / {|gradv|2 + A
. Vi + 3
G
cpemn dymkumit, npuramexamnx kiaaccy CH(Q), roe G = {1 < |z| < 3},
z = (%1,%2)-
Pemenue. WsBecTtHo, uTo cymecTByeT GyHKIusa vo(x1,Z2) €

} dz1 dzs (1)

€ C' (@), naromas vurmmym bynknnonary (1). @yrxmus vo(z) sBasercs
pellleHreM KPAaeBOU 3a0aYK

Ay ==

T
3aMMCaB JIallJIaCaH B MOJSPHBIX KOOpAWHATAX, IIOJIYyYNM

; U] jg)=1 = U|jz|=3 = 0;
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(ruz) =2, Uljg)=1 = U|z)=3 = 0. (2)

4
Pewmenuem kpaesoit 3anaun (2) sBnsercs Gyukuus vg = 2(r—1) — o3 lnr.
Tak kax vy HE 3aBUCUT OT @, TO
4 12
=(2- 5.)
In3 r
27 3

= 0/1/{( —m;)2+[8(r—1)—%lnr]%}rdrdgo:

a’Uo 2

lgrad vo|? = o

Torna

3
16 1 1
/( ln3 23 r _S_HIM)dT_
1
16 1 16 1
- /(12r———8+1n23;—Elnr)dr—iﬂw(m—l).
1

Wrax, munumym dyuknuonamna (1) pasen 32w (1 13 1).
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