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B ocHOBY KHHMMM TOJIOXKeHbl JIEKUHMH, KOTOpble B Teue-
HHe psja JeT YUTATCH CTyAeHTaM MaTeMaTHYeCKHX Clie-
IHaJbHOCTE MaTeMaTHKO-MexaHHuecKoro oakyabrera Jle-
HUHIpajcKoro yHMBepcuTera. OT HMeOWIHXCSH YueGHHKOB
KBAaHTOBO/I MEXaHHMKM KHHMra OTJHYaeTess TeM, YTO OHa
OpPHEHTHPOBAaHAa B OCHOBHOM Ha MAaTeMaTHYECKYK) ayaHTO-
puio. B cBasH c¢ 3TuM Gosbllee BHHUMaHHe yaAeasercs 00-
IWMM BOTPOCAM KBAHTOBOH MeXaHHKH M ee MaTeMaTHye-
ckoMy ammapary. [lo-#HoOMY, YeM 3To NpuHATO B (u3Hue-
CKOJi JIMTepaType, H3JaralOTCsi OCHOBH KBaHTOBOH MeXa-
HHKH, NMOJPOGHO ONMHCAHA B3aHMOCBfI3b KBAHTOBOH M KJjac-
CHYECKOM MeXaHHMK, BKJOUeHbl naparpadbl, NOCBflleHHbe
NPUMEHEHHIO TEOPHU NpeACTaBJeHHH TPYNN ¥ MaTeMaTHye-
CKUM BOIpOCAM KBAHTOBOH TeODHH pacCesHHd.

KpoMe CTyIeHTOB-MaTeMaTHKOB KHHMra MoXeT OHTb
Mo/Me3HOH TakKe CTyleHTaM, CIeuHaJU3UPYIOLIUMCA IO
TeopeTHueckodl ¢H3UKe, KOTOPbIM OHA MO3BOJHT B3IJISHYTH
Ha KBAaHTOBYK0 MEXaHHKY C HOBOH IJIsl HMX TOYKM 3pEHHs.
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NMPEOVCJ/IOBHE

Hacrosimee mocoGHe ABAAETCA MOAPOOHBIM KOHCIIEKTOM JIEKLIHH,
KOTODHE UYHTAlOTCf Ha MAaTeMaTHKO-MeXaHHYeCKOM (aKynbTeTe
JIeHHHTPaJCKOrO TOCYAapPCTBEHHOTO YHHBEPCHTETA MJISl CTY/ICHTOB
MATEMAaTHYECKHX ChMelHajbHOCTed. [IporpaMma Kypca KBaHTOBOf
MeXaHHKH Obljia pa3paboTaHa NMepPBLIM H3 aBTOPOB, KOTOPHIA W 4Yu-
taJ 3ToT Kypc B 1968—1973 rr. B nocaenyromue roas Kypc KBaH-
TOBOH MeXaHHKH UHTaJCfi BTOPHM aBTopoM. Pasymeercs, 3a 3tH
rogbl Kypc HECKOJBKO H3MEHHJICS, OAHAKO leJb ero 0cTajlach Npex-
Hell — 1aThb M3J10XKeHHe KBAHTOBOH MEXaHHKH C TOYKH 3peHus 6o-
jgee 6JU3KOH CTYHEHTY-MaTeMaTHKy, YeM 3TO INPHHATO B (H3HUe-
CKOH JuTepatype. MBI yuYHTHIBaeM, YTO CTYJACHTH He H3y4YaloT
obwelt ¢pusnkun. EcTecTBeHHO, 4TO B Kypce, MPeAHA3HAYEHHOM Ma-
TEeMaTHKaM, MBI CTPEMHJHCh K 6Gojiee aKKypaTHOMY, YeM 3TO MpH-
HSTO, H3JOXKEHHI0 MaTeMaTHYeCKHX BONPOCOB KBAaHTOBON Mexa-
HHKH, HO MBI He CTPEMHJHCH K MOJHOH MaTeMaTHYeCKOH CTPOTOCTH,
TaK KaK CTpPOroe H3JIOXKeHHe pfga BOMpocoB moTpeGoBano Ol
CYILECTBEHHOrO yBeNHueHHA o0beMa Kypca.

B JsuTepaType Ha pYCCKOM f3BIKE CYILECTBYeT TOJBKO OXIHA
KHHTa, Mpecjefyiollas Te e 3afayd. ITO KHHra H3BECTHOrO aMe-
pHKaHcKoro MateMatuka JIx. Makku «JIekunu mo MaTeMaTHYeCKUM
OCHOBaM KBaHTOBO# MexaHuku». OT KHHrH MaKku HacTofllye JeK-
IHMH CYIIECTBEHHO OTJMHYAIOTCH KaK M0 crnocoby H3MOXKEHHS OCHOB
KBAHTOBO MeXaHHKH, TaK U mo mopbopy MmaTepuasa. Kpome Toro,
HaCTOSIIIHE JIEKUHH MPEeIbABAAIOT HECKOJBKO MeHblIHe TpeGoBaHHA
K MaTeMaTHYeCKOH MOATOTOBKE CTYAEHTOB. TeM He MeHee Mbl MHO-
roe 3aHMCTBOBAJIH KaK M3 KHUT'H MaKKH, TaK H H3 KJaCCHYECKOH
KHury Qon Hefimana «MaTeMaTHuecKHe OCHOBH KBAHTOBOH Me-
XaHHKU»,

B ocHoBe moAxoma K MOCTPOEHHIO KBAHTOBOH MEXaHHKH, MPH-
HATOrO B JIEKIUAX, JEXHT yTBepKIeHHe, YTO KBAHTOBafl U KJacCCH-
YeCKas MEXaHHKH fBJSIOTCA pPas3JHYHBIMH peasH3allusiMH OJHOR
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H TOH e alGCTPAKTHOH MaTeMaTHueCKOH CTPYKTYphl. OcoGeHHOCTH
3TOH CTPYKTYpPH BBISICHAIOTCS B NepBHX naparpacdax, NOCBsIHeH-
HbIX KJacCHUeCKOH MexaHHKe. DTH naparpadsl SIBJSIOTCS HEOTHEM-
JeMOR YacTbl0 Kypca H NPONMYCKaTb HX NPH UTEHHH HeJb3f, TeM
GoJsiee, 4TO MaTepHaJ 3THX naparpadoB NpakTHYeCKH He mepece-
KaeTcsl ¢ MaTepHaJoOM Kypca TeopeTHuecKofi MexaHHKH. Jloruue-
CKHM 3aBeplIeHHeM TaKOro MNOAXOAa K MOCTPOEHHIO KBAaHTOBOH
MeXaHHKH siBJsieTcsl naparpad, nocBsillleHHHIA B3aUMOCBA3H KBaHTO-
BOH M KJjaccHueCcKOfi MeXaHHK H Ipele/IbHOMY MepexoJy OT KBaH-
TOBOH MEXaHHKH K KJacCHYeCKOH.

IIpn orGope MaTepuana naparpacoB, NOCBAIIEHHHIX MPHJOXKe-
HHSIM KBaHTOBOH MeXaHHKH, MBl CTApaJIHCh BHIJEJNHTb Te BOIPOCHI,
KOTOpHIE CBfI3aHBl C NOCTAHOBKOH HHTEPeCHHX MaTeMaTHYeCKHX
safad. B cBsiam ¢ aTum Gosblloe BHHMaHHe YleJssercs 3ajauau,
CBSI3aHHEIM C TeopHeHd NpeACTaBJeHHH TpPynm, H MaTeMaTHYeCKHM
BONpOCaM TeOpHH paccesiHusl. B ocrasbHOM mopbop MaTepHaJja co-
OTBETCTBYeT TPaJAHUHOHHBIM yueGHHKaM, NMOCBALIEHHHIM OOLIHM BO-
npocaM KBaHTOBOH MeXaHHKH, HanpuMep, KHuraM B. A. doka uau
I1. Jupaka.

ApTtopnl GaarojapHsl B. M. Baéuqy, KOTOpPHIl mpoueJ pyKOHHCb

i cllesasl pAJl LIeHHBIX 3aMeyaHHi.



§ 1. AareGpa HaGa0naeMbIX KJACCHUECKOH MeXaHHKH

PaccMoTpHM mpocTefiliylo 3afavyy KJacCHYECKOH MeXaHHKH —
3a7ayy O JBHXEHHH MaTepHAaJbHOH TOUKH (YacTHIH) C Maccoil m
B cHjoBoM Mose V(x), rme X (xi, Xg, X3)— paZHyC-BeKTOD HYacCTHIIH.
Cuaa, aeficTByroulas Ha 4acTHIY,

av
F=—gradV=——-.

OcHOBHBIMH (DH3HUECKHMH XapaKTepPHCTHKAMH YaCTHUL $B-
JAIOTCS ee KOOPAHHATH Xi, X3, X3 H HPOEKLIH# BEKTOpa CKOPOCTH
v(v1,vg,v3). Bce ocranbHble XapaKTePHCTHKH ecTb (YHKIHH OT X
H v, HallpHMep, HMNYJbC p = mv, MOMeHT UMIyJabca | =x X p=
= mX X V, sHeprus vactuns £ = mv?/2 + V (x).

YpaBHeHHsA ABHIKEHHS MaTepHaJsbHOH TOUKH B dopMe HbioTona
HMEIOT BHJ

m—= =Y.

dv av dx
=" %%’ (1)

B npanbHefiieM yno6HO BMeCTO CKOPOCTH V B KauecTBe OCHOBHOMN
MepeMeHHON HCMOJb30BaTh HMNyJAbCc p. B HOBHX mepeMeHHbIX
YpaBHEHHs HABHIKEHHs 3alHCHIBAIOTCH TaKHM 00pasoM:

dp v dx __ p
I="o Aa=m @)
p__0H oV _ oH =P —bYHR-
Sameuas, U0 o=, - =, rae H=-_ +V(X)—odynx

A [aMHJIbTOHA [JiA YacTHLH B NMOTEHHHAJbHOM MOJie, Mbl [PHXO-
IHM K ypaBHeHHsM B ¢dopme.laMuibTona

dx __ 0H dp __ 0H @)

dt ~ op °* dt — =~ ox
M3 kypca TeopeTHUCCKOH MeXaHHKH H3BECTHO, YTO INHPOKHH
Kslacc MeXaHHUYeCKHX CHCTeM H, B YaCTHOCTH, KOHCEPBATHBHLIE
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CHCTEMEI ONMRCHIBAIOTCS YPaBHEHHUAMH [ aMHJIBTOHA
. oH . oH

==, = — =, i=1,2, ..., n 4
) q api Di aqi 1 ( )
3necb ¢; U p;— oOOOIIEHHEE KOOPAHHATH H HMIyJbch, H =
= H(q\,...,qn; P1s...,Pn)— OYHKIHsA ['aMHIbTOHA, YHCIO n Ha-

3LIBACTCS] YHCJAOM CTeneHelt cBoGoabl cHeTeMbl. HamoMuum, uto ans
KOHcepBaTHBHOH cHcTeMst ¢yHKmuMs T[amuabtona H coenmamaer
C BhIpaXeHHeM JJSl NOJHOH 3HePrHH CHCTEMH B TEPEMEHHBIX i
H p;. Beinuiiem ¢yHKIHIO 'aMHAbTOHA AJsl cucTeMbl N MaTepHalb-
HbIX TOYeK, nonapHo BBaPIMOIleHCTBy}OHJ,PIX Memny co6oii

H= }j e + }j Vi (x: — %) +Z Vi), 5)

i=1 i<y i=1

3xecy B KauectBe OOOOLIEHHBIX KOOPAMHAT ¢ B3SATH JeKapTOBbI
KOODAHMHATH UYAaCTHIl, YHCJIO cTeneHed cBoOOABI TaKOH CHCTEMBI
n=38N, Vi(Xi—X;) ecTb NOTeHNHAa] B3aHMOAEHCTBHA i(-H H j-U
yacTHI. 3aBHCHMOCTb V;; TOJBKO OT Pa3HOCFH X; — X; obecrneuu-
BRaeT BHINOJHEHHE TpeTbero 3akoHa Heiorona. (JleficTBHTeNBHO,
cuaa, JefcTBylOlIasi HA [-0 YAacCTHIy CO CTOPOHBl j-H YacCTHIH,
F”=——%‘:fi=i;—;i=—_l~‘”.) TTorennuansl V;(x;) onuceiBaoOT
i i)

B3aHMOJeHCcTBHE i-H YaCTHIB C BHeIIHHM noJseM. IlepBoe cnarae-
Moe B ¢opmyse (5)— KHHeTHUecKasi SHEPTHs CHCTEMBI YaCTHIL.

Jlns npou3BOJNIbHOH MeXaHHUeCKOR cHcTeMbl Bce (H3HUECKHE
XapaKTepHCTHKH eCThb (YHKIHH OT 0GOOIIEHHHIX KOODAHHAT H HM-
nyabcoB. Mbl BBeleM B pacCMOTPeHHe MHOXeCTBO U BCeX Belle-
CTBeHHBbIX, GeckoHeuHo AupdepennupyeMblx GyHRIul * [(q1,..., qn;
Pls-s pn) KoTophle OyZeM Ha3blBaTbh HabaronaeMbiMH. MHOXeCTBO
HabaofaeMbIX ¥, OUEBHIHO, SIBJSETCA JHHEAHHIM TPOCTPAHCTBOM
H ofGpaayeT BellleCTBEHHYIO aare6py ¢ OOHUHBLIMH A8 (GYHKIHH
onepaiHusMH CJIOXKEHHSI H YMHOXeHHS. BellecTBeHHOe 2n-MepHoOe
NpPOCTPAHCTBO C 3JeMeHTaMH (qi,...,qn} P1,...,Pn) HaA3HBaACTCH
(ba30BEIM NpPOCTPAHCTBOM H o6o3Hauaercst dyepe3 4. Takum obpa-
30M, ajrefpa HabJIOfaeMbIX KJacCHUeCKOH MeXaHHKH ecThb anrebpa
BelllecTBeHHBIX TJaAKHX (YHKIHA, 3afaBaeMbix Ha (as3oBoM Ipo-
cTpaHcTBe A.

Mul BBemeM HHXKe B ajirebpe HaGJaI0AaeMBIX ellle OXHY Onepa-
IIHI0, KOTOpas CBSi3aHa C 3BOJIIOIHEH MeXxaHHuecKofi cucreMbl. [las
IPOCTOTH BCe JAajbHefilllee H3JOXKEHHE BeleTCS Ha IpHMepe CH-
€TeMbl ¢ OJNHOfI cTemneHbio cBoGOAb. ¥YpaBHeHUus ['aMHJBTOHA B 3TOM
cnyuae HMeT BHI

. oH . oH
G=—3, P=—; H=H( p). (6)

* Mub He ofcyXkIaeM BOINPOC O BBEHEHHH TONOJOIMM B ajreGpe Habmomae-
mbix. K cuactbio, GONBUIKHCTBO (DH3HUECKHX BONPOCOB OT 3TOM TONOJOTHH He
3aBHCHT.
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Banaua Kown Ags cucremsl (6) H HayaJbHBIX YCJOBHE

q lt—0=qo, Plico=po )
HMeeT eJHHCTBEHHOE pelLIeHHe
9=4q (40: Pos t)’ p=0Dp (%, Po» t)' (8)

Jasl coKpallleHHs 3aIHCH TOYKY (a3oBoro mpoctrpaHctsa (g, p)
HHorga OyaeM o6o3HauaTb 4Yepe3 W, a ypaBHeHHA [aMuibTOHA
3alHChIBATbL B BHJE

i=uv (W), 9

rae v(u)— BeKTOpHOe MoJie 3THX YpaBHeHHH, COMNOCTABJSIOILee

KaxJo# TOouKe pu (a3oBOro IMPOCTPAHCTBA BEKTOP U C KOMIIOHEH-
oH oH
TaMH —a—,;—, -—?q—-
YpaBHeHHss [aMHJIbTOHa TNOPOXJAKT OJHONAPAMETPHIECKYIO
KOMMYTATHBHY10 rpymnmny npeobpasoBaHuil ¢a30Boro mpocTpaHCTBa
B cebga *

Gy M— A,

rage Gy eCTb pellleHHe ypaBHeHHH ['aMHJIbTOHA C HayaJbHbLIM Y-
JoBHeM Gilt|t=¢ = p. CripaBef/IHBEI pPABEHCTBA:

Gi4s=GiGs=GsGr,  Gr'= G_y. (10)

B cBoio ouepenpr npeoGpasoBaHHa (G MOPOXAANT CEMEHCTBO Mpe-
obpasoBaHull aare6pul HabJsofaeMbX B cebs

Ul: 91—)91,

Ud () =F; (W) =T (G). (11)

B xoopaunaTHo# 3anucH QyHKUMA fi(g, p) onpepesserca caeyio
muM obpasoMm: : '

ft (g0, Po) =1 (g (go> po, ), P (g0 po 1)). (12)

HaligeM auddepennranbtHoe ypaBHeHHe, KOTOPOMY YAOBJIETBO-
pser QyHkuHA f:(q, p). Jdas storo nposuddepeHUHpPYEM TOXKAe-
cTBO fstt(n) = ft(Gspn) 1o mepemeHHO#t § M MoMOXKHM s = 0,

rume

avfs+t(ll) A0
as S-=0_ ot s
of (Gm) | | o en o, oH
as =0—Vft(u)'v(u)_a_£__a‘ptw.

* Mub nmpeamoJsiaraeM, 410 ypasHeHHs [aMHJILTOHA ¢ HAYaJbHEIMH YCJIOBHAMH
(7) uMeiOT eIMHCTBeHHOe pellleHHe Ha BCefi BelleCTBeHHOH ocH. JIerko mMOCTPOHTBH
NpHMEpHl, B KOTOPHX r706ajJbHoe pellleHHe H COOTBETCTBEHHO TpyIna npeofpaso-
BaHufi G He CyLlecTBYIOT, DTH C/y4aH He NPeACTABJAKT HHTEPECA, H Ml HX He
paccMaTpHBaeM.
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Takum o6pasoM, yHukius [¢(g, p) yaosaersopsieT auddepenunanb
HOMY YpPaBHEHHIO
of, OH of, oH of, 3
at _ op dq  9q op (13)
H HayaJbHOMY YCJOBHIO

felg, p)lio=11(q, p). (14)

Ypasuenne (13) ¢ HayanbHbIM ycjoBHeM (14) HMeeT eIHHCTBeH-
HOE pellleHHe, KOTOpoe MOXeT OBITb MosayyeHo mo dopmyrae (12),
T. e, JJI TOCTPOeHHs pemeHH#t ypaBHeHHs (13) mocraToyHo 3HATDH
pelieHusi ypasHeHu# ['aMuabTOHA,

Ypasuenue (13) Moxer ObITH mepenucaHo B BHAE

L, 1, (15)

rae {H,f:} —ckob6ka Ilyaccona ¢ynxkumit H u fr. Ilas npousposb-
HbIX Habuaogaemux [ W g ckoO6ka Ilyaccoma ompepensiercsi ¢op-
MyJIOH

A= (2 08 _ o o
tr g}_;(api T T
Hepelmcmm OCHOBHble cBoficTBa cko0oK Ilyaccona:
) {Lg+ A} = {f.g} +A{},h} (nunefinocts);
2) {f, g} = —{g,f} (KOCOCHMMEeTPHYHOCTb);

) Al {g, Y+ g, (h, f}}+{h {f.) =0 (toxnectso SIko6u);

4) {f.gh} = g{i.n} + {f. g}h.

CBOHCTBa 1), 2) u 4) npsamMo CJeAYIOT H3 ONpeJeseHHs CKOGOK
[lyaccona. CeoiicTBo 4) mokaswiBaer, urto omepanus «cko6ka Ilyac-
coHa» ecTb Auddepenuuposanue anredpul HabawoAaeMblX. JleficTBH-
TeJbHO, CKOGKa Ilyaccona Moxer ObiTb nepenucaHna B popme

{f: g}:'ng:

roe X;= 0 97 " 9q 9 JuHeHHBIA nuddepeHunaSbHBIE Onepa-

TOp MepBOro MOPsiAKA, H CBOHCTBO 4) NMpPHHHMaeT BHI

CsofictBo 3) Mozker OnITb npoBepeHO AH(P(depeHLHPOBAHHEM, OJ-
HAKO €ro MOKHO A0KasaThb CJeNyIOIHM paccyxieHdHeM. Kaxpoe
cnaraeMoe ABoiHOH cko6ku IlyaccoHa comepKHT MHOXKHTENEM BTO-
pyIo MPOU3BONHYIO OT OJHOM K3 QYHKIHH MO OJHOH M3 MEPEMEeHHbIX,
T. €. JieBas 4acThb 3) eCTb JHHeHHas OJHOPOAHAs (YHKIHS OT BTO-
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pbix NMPOH3BOAHHX. C Apyrof CTOPOHBI, BTOpLIe NMPOH3BOJAHBIE OT A
moryT BXoauTh Tonbko B cymmy {f, {g,h}} + {g, {h.[}} = (X; X —
— XgX;)h, a KoMMyTaTop nAHHeHHHX IH(bepeHIHANBHEX omepa-
TOPOB INepBOro InopfAjKka sBAsercs AH(PPepeHIHANBHHEIM ONepaTo-
pOM NEepBOro MOpsijaKa, MO3TOMY BTOpHIE MPOH3BOAHHE OT A B JIEBYIO
yacTh 3) He BoHayT. B cuny cuMMeTpuu jesas yacTh 3) BooGiue
e COAEPXHUT BTOPHX NMPOH3BOJHBIX, T. € paBHA HYJIO.

Ckobka Ilyaccona {f, g} BBoauT B aare6py HaGaogaeMHXx
CTPYKTYpY BellecTBeHHoH aare6pu Jlu*. Mrak, MHOXecTBO Habiio-
naeMux obnanaer caedyoliell anreGpaudeckoil CTpyKTypoil. Mto-
KecTBO U sABAsSIeTCA:

1) BellecTBEHHHIM JHHEHHHIM NMPOCTPAHCTBOM;

2) RomMyTaTHBHO# aareGpo#l ¢ onepaiuef fg;

3) anre6poit JIu ¢ omepauuedt {f, g}.

JBe nocnennHe onepanuu CBA3aHBl COOTHOIIEHHEM

{f, egiy=1{f, gth+g{f, h}.

B anre6pe nabnogaeMbix % eCTb BBAENEHHBIH 3M1€MeHT — (DYHK-
uust 'amMunbroHa f, posab KOTOpOil — ONMHCAaHHE H3MEHEHHs HabJIIo-
JIaeMBbIX CO BpeMeHeM

%:{H, fl}

[TokaxeM, dro oTto6paxkenne U;: ¥ — U coxpaHsieT BCe omepa-
UHH B U:

h=f+g—-h=[+gs
h=fg—h =g
h={f» g}—’ht={fb gl}v

T. e. fiBAseTcsl aBToMopdH3MOM aarebpel Habaogaemux. [Iposepum
s IpHMepa Moc/ejfHee yTBepXkJeHHe. [l 5TOro JAOCTATOYHO
yGeIHTBCSI B TOM, YTO ypaBHeHHe H HadaJbHOe ycJlOBHe Ans A; €CThb
CNEeACTBHE YPaBHEHHH W HAYaJbHBIX YCJOBHH ANA GYHKUHH f: U gy

dh of 14}
”5,—t={‘3t£‘ gt}+{ft, Tg;,_}=
={H, [}, g +{[:{H, g}}={H, {{. g3} ={H, h}.

3aeck GHAH HCMOAB30BaHb cBOHCTBAa 2) H 4) cko6ok [lyaccona.

Jlanee,
hilico={Fs, g} ko= 1{f, g}.

Tenepb Halle yTBepXKAeHHE CNEAYeT H3 €AHHCTBEHHOCTH DeIUEHHs
ypasHenusi (13) ¢ HauanbHHM ycaosueM (14).

* HanoMHHM, 4TO JIMHeRHOe NPOCTPAHCTBO ¢ OHHapHON oNepauMeii, ynoBJe-
Tropsoliel yemosusim 1)—3), HasbiBaeTcea asre6poit Jlu.



§ 2. CocTosinus

[TousiTHe COCTOSHHS CHCTEMHEl MOXHO CBSI3aTb HEMNOCDPEACTBEHHO
C YCJIOBHSIMH 3KCTepHMeHTa. Besakuil ¢puanuecKHH 3KCNMEPHMEHT CBO-
JIUTCS K H3MEpEeHHIO UHCJeHHOro 3HaueHHs HabaonaeMoll ans cH-
CTeMBI, TOCTABJIEHHOH B OIpelNeseHHble YCJOBHS, KOTOPbIe MOIKHO
HA3BaTb YCJOBHAMU 3KcnepHMeHTa. CuUHTaeTcs, UTO 3TH YCJOBHS
MOTYT BOCHPOH3BOJUTbCA MHOrOKPaTHO, OJHaKO ME He MpermnoJa-
raeM 3apaHee, UTO NPH NMOBTOPHOM INpPOBEIEHHH 3JKCIEPHMEHTA H3-
MepeHHe JacT TO e caMmoe 3HaueHHe HalJonaeMoli. Ha Bompoc,
C ueM CBSiI3aHa HeONpeleJIeHHOCTb B pe3yJbTaTax 3KCIepHMEHTa,
BO3MOXHH JBa OTBeTa.

1) Ywucsno ycnoBHH, KOTOpble (HUKCHDPYIOTCA MpPH MPOBEJEHHH
3KCIepHMEHTOB HEJOCTaTOUHO IJIs TOro, 4ToOH OAHO3HAUHO OTpe-
LEeNUTh pe3yJbTaThl H3MepeHHs HabilonaeMux. Eciu HeomHo3zHau-
HOCTb BO3HHKaeT TOJbKO MO 3TOH TNpPHYHMHE, TO N0 KpalHel Mepe
B MPHHIHIE 3TH YCJIOBHA MOXHO IONOJHHTb HOBBIMH, T. €, IOCTa-
BHUTb 3KCIHEPUMEHT 0oJiee «UHCTO» H TOrZa pe3yJbTaThl BCEX H3Me-
penuil 6yoyT onpeneJieHsl OJHO3HAUHO.

2) CsaoiicTBa CHCTeMBl TaKOBH, 4YTO INpPH TOBTOPHBIX 3KCIEpHU-
MeHTax HaGJogaeMble MOTYT NMPHHHMATh pa3jHuyHbIE 3HAUEHHS, He-
3aBHCHMO OT uYHCJa M BHOOpa YCJOBHHA 3JKCIEpPHMEHTa.

Pazymeercs,, ecnd uMeeT MecTo 2), TO HELOCTATOUHOCThb YCJIO-
BHI MOKET JIHIUb YCyry6JsiTb HEOJHO3HAUHOCTb pEe3YJbTaTOB 3KC-
nepumenToB. [Toxpo6ro 1) u 2) MBI 00CcymuM mocae TOTro, Kak
HAYUYUMCSl ONHCBHIBATH COCTOSIHHSI B KJAaCCHUECKOH U KBaHTOBOH
MexaHHKe.

Mgpl 6yneM cuMTaTh, YTO YCJOBHS 3KCIHEDHMEHTa ONpeNeJsioT
COCTOSIHHE CHCTE€MBI, €ClH NPH MHOTOKPaTHOM MOBTODEHHH ONHITA
IIPH 3THX YCJIOBHSX BO3HHKAIOT BEPOSITHOCTHBIE paclpelesieHHs IJs
Bcex HabawopaeMblx. B atoMm cayuae Mbl 6yzeM roBoputh 06 H3Me-
peHHH HabJjronaeMofl f AJs cHCTeMBbl, HaXOAALIeACS B COCTOSHHH @.

Bosee TouHo: cocTosiHHe ® Ha anarefpe Ha6JaoaaeMblx U coro-
CTaBJ/IsieT KaxaoH HabaionaeMofi f BepOATHOCTHOe paclpefeseHHe
€e BO3MOXKHBHIX 3HauUeHHH, T. €. MepPy Ha BellleCTBeHHOH ocu R.

[Tycts f— Habaionaevas, E — GopejieBCKOe MHOMECTBO Ha Be-
mectBeHHOH ocu R. Torna ompenesneHue COCTOSIHHS ® MOXKeT OHITH
3amucaHo

f, E=> oy (E).
HanoMHuMm cBoficTBa BeposITHOCTEH MepHl

ecmn E\NEy =&, 10 0 (E U Es) = o (E1) + of (E2).

Cpenu HabaOfaeMEX MOTYT BCTPETUTHCS (DYHKIHOHAJNBHO 33aBH-
CHMBle, MO3TOMY HEOGXOAMMO HAJOXKHTb YCJIOBHE Ha BEPOSITHOCT-
Hble paclpefieJeHHsl TakKHX HalJaofaeMblx. Ecan HabaonaeMmass ¢
ecTb GyHKuHs oT HaOmonaeMol f, ¢ = ¢(f), To 3T0 yTBepKIAEHHE
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ToApa3yMeBaeT, YTo H3MepeHHEe YHCAeHHOro 3HauYeHHs Halbmopae-
MOH f, KOTOpOe NPHBOAHT K 3HAYEHHIO fo, OAHOBPEMEHHO fIBJSETCS
HaMepeHHeM HalJlofaeMofl ¢ M JaeT JJf Hee UHCJEHHOE 3HAaUYCHHE
@o = ¢ (fo). ITosToMy @;(E) H @y (E) cBA3aHBI COOTHOLIEHHEM

Do) (E)= ©; ((p_l (£, (2)

rie ¢~ (E)— mpoo6pas MHOoXKecTBa E mnpH orolpaxKeHHH (.
P P
Brinyknasi KOMOHHaLHs BepPOSITHOCTHBEIX Mep

of (E)=aoy; (E) + (1 —a) oy (E), 0<a<] (3)

yaoBJeTBOpsieT cBoficTBaMm (1) aus 060 Habawoaaemo#l f U coor-
BETCTBYET COCTOSHHIO, KOTOpoe MH Oyjnem 0603Hauarhb

0 =00, + (1 —a)o,. 4)

Takum o006pa3oM, COCTOSIHHA 00pa3yiOT BHINYKIO0e MHOXKECTBO.
HHoraa BeIMyKJIylo KoMOHHAIHIO (4) COCTOAHHE ®; H w; Ha3LIBAIOT
cMecbl0 3THX cocTosHHH. EcJH A/NA HEKOTOPOTO COCTOSHHS ® H3
(4) crenyert, 4TO @; = @; = @, 6yJeM T'OBOPHUTb, YTO COCTOSIHHE @
He packJajblBaercs B BHIYKJAYI0 KOMOMHALHIO APYTHX COCTOSHHH.
Takve COCTOSHHA Ha3bLIBAIOTCS YHCTHIMH, BCE OCTaJbHbIE — CMe-
IIaHHLIMH.

B kauectBe MHoxectBa E ynoOHO BLIGHpaTh HHTepBaJ Belle-
cTBeHHOH ocH (—oo,A]. Tlo ompeaenenuo ws(h)= ws((—oo,4])
H fABJsferTcs (QyHKUHed pacnpenenenus Habawopaemoft [ B cocros-
HHH ©. YHcneHHO ;(A) paBHa BepOSTHOCTH INOJYYHTL 3HAYeHHe,
He NpeBocxojdliee A NpH u3MepeHHH HabmojnaeModl [ B cocrTos-
Han o. M3 (1) caeayer, uro ¢yHKuus pacnpejeneHus oj(A)— He-
y6uiBamas QyHKIHA A, of(—o0) =10, w;(+o0)= 1.

MaremaTtuueckoe oxHAaHHe (cpeiHee 3HadeHHe) HabJI01aeMOM
f B cocTosHHE © onpeaensercs Gopmysoi *

o0
(Floy={ ado; ().

— 00

3aMeruM, YTO 3HaHHe MaTeMaTHUYECKHX OXHAAHHH AJd Beex
HabJiofaeMbHX 3SKBHBaJIEHTHO 3HAHHIO BepOSITHOCTHHIX paclpejie-
Jenufl. Uro6bl y6eqHTbcsl B 3TOM, AOCTaTOYHO PaCCMOTPETb (YHK-
nuo ot Habmonaemo#t 8(A—/f), rae 6(x)— ¢pynkuus Xesucaipa:

1, x>0,
ww={ -

0, x <0.
HerpyaHo MOHATH, 4TO

o; (M) =0} — o). ()

* OGosnauenne (f|®) nag cpexnero sHaueHus Ha6moXaeMoH He cJedyeT
NyTaTh C 4acTO HCIOJb3YeMHIM B KBaHTOBOH MeXaHHKe oGo3HaueHnem Jlupaxa
JANS CKaJTAPHOTO NPOH3BEJeHHS BeKTOpoB (@]} .
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[ToTpeOyeM BHINONHEHHS CJeAylOLUMX, €CTeCTBEHHbIX ¢ (H3MYe-
cko#t Toqxlu 3peHP(I:ﬂ yCAOBHE ISl CPEAHUX 3HAUYeHHH HAGJMI01deMHX:

1) ¢

2) <f+7»g|m>-—<f|m>+7»<g|m>, (6)

3) {FPlal)

Ecan rakue Tpe6OBaHHﬂ BBeJleHbl, TO peanusanus anrebpbl Ha-
6ai0faeMblX yKe caMa ompejessieT cloco® OMHCaHHA COCTOSIHHA.
JeficTBUTENIbHO, CDellHee 3HAYeHHe eCTb JHHEHHbIH MOJOXHTEeJb-
HHi# (QyHKIHOHAJ, ompeieneHHb# Ha aJarebpe HabJiofaeMbix 9.
O6wmas dpopMa Takoro GpyHKIHOHAJA:

1oy = {1 (o, 9 dua (0, @), )

M

rae du, (p, g) — Anddepenunas Mepnl Ha (Ha30BOM NPOCTPAHCTBE,
a uHTerpan Gepercs mo BceMy ¢dasoBoMmy mpocrpaHcTBy. M3 yeao-
Bus 1) caeayert, yrto

{ a0, =natmy=1. ®)

M

Mb1 BHAMM, YTO COCTOSIHHE B KJacCHYeCKOH MeXaHHKe OIHCH-
BaeTcsl 3aJlaHHeM BepPOATHOCTHOIO paclipefie/ieHHsl Ha (as3oBoM
npocrpancrBe. ®opmyny (7) MoXkHO IepenHcaTb B BHJE

ey = {1 (p. eu(p. 4) dpda, ©)

M

T. €. MH IPUXOAHM K OOGLIYHOMY B CTATHCTHYECKOH (H3HKe omHca-
‘HHIO COCTOSIHHSl CHCTEMBl IDH NOMOILM (YHKIHH DachpeleseHHs
0. (P, 9), KoTopasi B obmeM cayuae siBasercs 0606LieHHOR mMOJO-
XKHUTeJbHOH GYHKUHeH. YCIOBHe HODMHPOBKH (YHKLIHH paclpeje-
JIeHHS] HMeeT BHJ,

(o, pdpdg=1. (10)

M

"B 4acCTHOCTH, JIETKO BHJETb, YTO UHCTOMY COCTOSIHHIO COOTBET-
cTByeT GYHKLHS pacnpejeneHHs

(g, p)=13(q— 90 8 (p — po), (1)

rae §(x)— 6-dbynkuus Hupaka. CooTBercTByomas Mepa Ha (aso-
BOM NPOCTPAHCTBE COCPEJOTOYEHA B TOUKE o, Po, H YHCTOE COCTOS-
HHe ONpeje/sieTcsl 3ajlaHHeM 3TOR TOUKH (a3oBOro NPOCTPAHCTBA.
Tlo sro#i npuuuHe ¢)a30130e NpOCTPaHCTBO J HHOTJAA HAa3LIBAIOT
npocTpaHcTBOM cocrosnufi. Cpennee 3HaueHwe HaGJaiofnaeMol f
P YHCTOM COCTOSIHHH ©

({1 o)== [ (g0, Po)- (12)



dta (opMyJa HeNOCPEACTBEHHO CJeayeT H3 onpejeneHHs O-(yHK-
LHH

Fao pd= {1, p)8(q— 408 (p— po) dgdp. (13)
oft

O6LIYHO B KypcaX MeXaHMKH OTPAHHYHMBAIOTCA H3YYEHHEM YHC-
THX COCTOSIHHH, a CMellaHHHE COCTOAHHA c¢ (yHKUHel pacnpene-
Jenusi oTaHyHOH oT (l1) paccMaTpHBalOTCA B CTATHCTHYECKOH
¢n3uke. BBegeHue ¢ caMoro HayaJja B TEODHIO CMEIIAHHBIX COCTOSA-
HuH ompaBAbLIBAeTCA CJEAYIOIMHMH 0O6cTOoATebCTBAMH, POpMYJIH-
pOBKa KJacCHYecKOH MEeXaHHKH Ha fA3bIKe COCTOSIHHH H HabJjrogae-
MbIX HauGoJjee OJH3Ka K (OpPMYJHPOBKE KBAHTOBOH MeXaHHKH
II TO03BOJsAeT eIHHOOOPAa3HO ONHCHIBATH COCTOSHHA MeEXaHHKH
H CTaTHCTHYecKOH ¢H3HKH. Takasi (OpPMyJHpOBKAa MO3BOJHT HaM
B JaJbHeHIIeM J[eTaJbHO NPOCJENHTb 34 Npele/bHBIM NEPEX0I0M
OT KBAHTOBOH MeXaHHKH K KJlaccHYecKofi. Mbl YBHIHM, YTO B KBaH-
TOBOH MeXaHHKe TOXe CYIIeCTBYIOT YHCThle H CMellaHHble COCTOf-
HH#, TpPHYEM NpH Npele]bHOM Nepexo/e YHCTOe KBAHTOBOE COCTOS-
HHe MOXeT IpeBpallaTbCi B CMENIaHHOE KJACCHYecKoe, HO3TOMY
npefesbHbHH Nepexol Mpolle BCero ONHCHIBaeTcs NpH eAHHo0oOpas-
HOM DPacCMOTDEHHH YHCTHIX H CMeUIaHHBIX COCTOSHHH.

BHiACHEM Tenlepb (GH3HYeCKHH CMBICJ CMENIaHHBIX H YHCTHIX
COCTOSIHHH KJIaCCHYECKOH MeXaHHKH H HafileM NpHYHHY, N0 KOTOPOH
pesyJbTaThl ONHITOB HeoOs3aTe/NbHO ONpefelsloTes OXHO3HAYHO
YCJOBHAMH 3KCIEpHMEHTA.

PaccMoTpuM cMech COCTOSIHHE o) H o2

0 =0, 4 (1 — a) o, O0<a<l.
Ins cpenHHX 3HadeHHH, OYEeBHIHO, cnpaBeliHBa QopmyJa

(Ho)=a({flo)+ (I —a) ([ o). (14)

@opmyan (14) u (3) DomyckaloT ciaefyiolliee TOJKOBaHHE., YTBepK-
IeHHe O TOM, YTO CHCTeMa HaXOMHTCH B COCTOSIHHH o, 3KBHBAJICHTHO
YTBEpKAEHHIO, UTO CHCTEMA C BEPOSTHOCTBIO ¢, HAXOAHUTCA B COCTOA-
HHH @ H C BepoOATHOCTBIO (1l — @) B COCTOAHHH ©p 3aMeTHM, 4YTO
TaKOe TOJIKOBAHHE BO3MOXKHO, HO He SBJIAETCA HEeoOXOMHMBIM.

[Tpocrefiiee cMmeniaHHOe COCTOSIHHE SIBJSIETCS BBIOVKJIOH KOM-
6uHauuel IBYX YHCTBHIX

0(g, )=ad(g—q)8(p—p) + (1 —a)8 (g —q2) 8 (p — po.
Bo3MOXKHBI cMeCH 7 YHCTHIX COCTOSHHH

D(q’.P)=i§laié(q“Qi)G(P—Pi), a; >0, iz:lai=1-

3pech @; MOXeT GHITb HCTOJIKOBAHO KaK BePOATHOCTb peasiu3allHH
YHCTOTO COCTOSIHHS, 3aJaBaeMoro TOYKOA (ha30oBOro MpOCTPAaHCTBA
9i, p:. Haxonen, B obmeM cayyae mis (YHKIHH pacnpejesieHus
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MOXKHO HaImHcCaTL

0@ p)= {00 p0)8(@—q0)8 (o — po) dgu o

ot

Takasi 3aMHCb NPHUBOAUT K OGBIYHOMY B CTATHCTHYECKOH (pH3HKe

TOJNKOBAaHHIO (YHKIIHHM pacnpejleNeHHs: Sp(q, p)dqdp ectb Be-
Q

POATHOCTL OOHApYXKHTb CHCTEMY B YHCTOM COCTOSIHMH, H300paKae-
MoM ToukoH Hu3 ofnactu Q ¢dasoBoro npocrpaHcrBa. Eme pas nox-
YepKHeM, YTO B TaKOM TOJKOBaHHH HeT HeoOXOAMMOCTH, TaK Kax
YHCTBIE H CMeHIaHHBIE COCTOSTHHS MOTYT OHIThb OMHCAHBl B paMKax
eJHHOro (popManuaMa.

OaHoft W3 BaXHeHHIHX XapaKTePHUCTHK BePOSTHOCTHOrO pac-
npejleneHUs SABJASETCA AUCIEPCHS

Af =({(f — (Flo)?| o) = (P o) — (f o). (15)

[lokaxeM, 4TO CMeUIHBaHHEe COCTOSIHHE MPHBOJAMT K YBEJIMUEHHIO
aucrnepcud. Bonee TouHasi GopMyaHpOBKa 3TOrO yTBepKIAEHHS CO-
JepKHTCH B HEpPaBEHCTBaX

NfZaAZf+ (1 —a) AL, (16)
Amf Amg = aAcmfAm;g + (1 - a) AmzfAﬂ)zg’ (17)

NpHYeM 3HaKH paBEHCTBA HMEKT MECTO TOJBLKO NPH YCJOBHH, 4YTO
cpegHue 3Ha4yYeHHUSA Ha6Ja10JaeMblX B COCTOSIHHSIX ®] H 3 COBIA-

JakoT
(Flo =(floy), {(glo)=/{(glwy).
B ocnaGaenunoit popme (16) u (17) MOKHO 3amucaTh B BHJIE
A2f > min (AL f, A% ), (18)
AofAog = min (Ao fAag, AwfAog). (19)
ITpu noKasaTenbCTBe HCHOJB3YeTCS 3JeMeHTapHOe HepaBeHCTBO
eW=a+(l—a)2—(@+(1—a)xP>=0, —oo<x< o0, (2)
npHYeM ¢(1)=0, e(x)>0 npu x=z=1. (21)
Hcnonbays (14) u (20), umeem
Nf={(f*lo) — ({floy =
=a(f?lo) + (1 —a)(Flo) —[a(f o) + (1 —a){fle)]? >
=Za(f?lo) + (1 —a) {fFlog) —a{flo)? — (1 — o) {f loy)? =
=aAZf 4 (1 —a)A2f,
14



HepaBenctBo (16) nokasano. HepaBencrso (17) saBaserca cuen-
ctBieM (16). eficTBHTeNbHO,

A AL = (b5 ] + (1 — ) AL f) (adi g + (1 —a) AL g) >

= [0Ao Ao g + (1 — ) Ag,fAs,g)?
JIJ1T YUCTBIX COCTOSIHHH

p(q, P)=13(q — q0) 6 (p — po),
(Floy =1(qs po),
ALf=f* (qo’ Py) — I* (40> P) =0,

T. € JJs YHCTBIX COCTOSIHHH KJACCHUCCKOH MeXaHHKH JHCOepCHs
paBHa HyJ0. DTO 3HAUYHT, UTO AJi1 CHCTeMbH B UHCTOM COCTOSIHHH
pe3yJabTaT H3MepeHHs Mo6oit  HabaroaeMoil omnpeneseH OIHO-
3gauHo. COCTOSIHHE KJAaCCHUECKOH CHCTeMbl OyJeT YHCTHIM, eCJH
YCJIOBHS 3KCIepHMeHTa (PHKCHPYIOT K MOMEHTY H3MepeHHst 3Haue-
HHus BceX OO0OOIIeHHHIX KOOPAMHAT H HMIYJAbCOB. $ICHO, UTO ecsn
MaKPOCKOMHYeCKOe TeJO pacCMaTpHBaTb KaK MeXaHHUeCKYl CH-
creMy M3 N MoJekya, riae N uMmeeT o6uuHo mopsiaok 102, To HuKa-
KHe YCJOBHsl pealjibHOro (PH3HUeCKOro 3KCNepHMeHTa He (DHKCHPYIOT
3HAUYEHHH ¢p U po NN BCeX MOJIEKYJ H ONHCAHHE TAKOH CHCTEMbI
IPH MOMOIIH YHCTBIX COCTOSHHH siBasteTcss Oecnosie3HbiM. [Toatomy
B CTATHCTHUYECKOH (DH3HKe H3YYalOTCsl CMellaHHble COCTOSIHHS.

[ToxBeneM HeKOTOpHE HTOTH. B KiacCHUeCKOH MeXaHHKe Cylle-
cTByeT OeCKOHeUYHOe MHOMKECTBO COCTOSIHHH CHCTeMBl (UHCTHIE CO-
CTOSIHHSI), B KOTOPHX Bce HalJioflaeMble HMeEIOT BIOJIHE oOmpeje-
JeHHble 3HAaUeHHsl. B peasbHBIX SKCIEPHMEHTax C CHCTeMaMH H3
OPOMHOTO YHCJA YACTHI BO3HHKAIOT CMellaHHbIE CcOCTOsIHUS. Pa-
2yMeeTcsl, TAKHE COCTOSIHHS BO3MOXHbI H B 3KCNEepPHMEHTax ¢ Mpo-
CTHIMH MeXaHHYeCKHMH cHCTeMaMH. B 3ToM ciayuae Teopusi gaer
TOJILKO BepOSITHOCTHLIE TpeacKa3aHHs.

§ 3. Teopema JluyBuaas
H JIBe KaPTHHBI JBHKEHHS B KJACCHYECKOH MeXaHHKe

3ror pasfien Mb HauHeM C JOKa3aTeJbCTBAa BaXKHOH TeopeMbl
JlnyBuans. Ilycte Q2 — HekoTopast o6mnacTb ($a30BOrO MPOCTpaH-
ctBa 4. OGo3Haunm uepe3 Q(f) o6pas sroli obsacTH nox ned-
cTBHeM (ha30BOrO MOTOKA, T. €. MHOXeCTBO Touek G, p = Q. Iycts
V() — o6bem obaactu Q(f). Teopema JInyBHIJSA YTBEPXKAAET, UTO

av ) __
dt =0.
Jl0Ka3aTeJbCTBO:
— — (| D(G) —
va)_ggmdu_sg] 8 dy,  du—dqdp.
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3nech uepes D(Gin)/D(p) oGoanauen ompefesutesb SIKOGH npe-
o6pasoBanusa G IIns nokasaTe/bCTBa TEOPEMBI JOCTATOUHO MOKa-

3aTh, YTO @
DGw)
D ! (M
npu Beex f. [Ipu £ = 0 paBeHcrBo (1) oueBupHo. [lokaxkem Teneps,

qyTo
4 DG

aF Dy =0. (2)
IIpu ¢t =0 ¢opMysna (2) npoBepsercss HEMOCPEACTBEHHO

iD(Gtu)l _[D(ri,p)_l_D(q,ﬁ)]
dt D(u) l=o LD(q p) D{(g, p)

f=0

[pu t = 0, auddepeHUHpYs TOXKAECTBO
D(Gyyst) _ D(Gyy ) D(th")
D (w) D(Gu) Dw
no s H noJaras s = 0, NoJay4YuM

4 D(Gw) _[d D(GGm)
df "D | ds D(Gn)

D (G
s=0 D)

Takum o6pasom, paBeHcTBo (2) cnpaBeisuBo npH Beex /. Teopema
JIOKa3aHa.

PaccMoTpuM Tellepb 3BOJIIOLHIO MeXaHHUYecKoH cHcTeMbl. Hac
HHTepecyeT 3aBHCHMOCTb OT BPEMEHHM CpeJIHHX 3HaueHH# HabJio-
naeMbix {f|®). BoaMoxHbl aBa cnoco6a onHcaHHs 3TOH 3aBHCH-
MOCTH HJIM JIB€ KapTHHH JABHXeHHA. Mbl HauHeM ¢ GopMyJIHpOBKH
TaK Ha3hBaeMOH KapTHHH [aMHibTOHa. B 3TOl KapTHHe 3aBHCH-
MOCTh OT BpeMeHH Ha0JI0JaeMBIX OIpeJeNseTcs YypaBHEHHEM
(1.15)*, a cocTosiHHS OT BPeMEHH HE 3aBHCAT

df dp
Sh={H, ), =0

Cpennee 3HaueHHe Hal/iofaeMolf [ B COCTOSIHHH ® 3aBHCHT OT
BpeMeHH N0 dopmyne

ooy = {fwomdn = {F(Gm)pw)dn 3)

ot ot

=0.

U nofpobHee

(filo) = Sf(q (90, Po» 8), P (G0, Pos 1) P (g0, Po) dgodpo. 4 |

oft

* Ilpn ccouike Ha Qopmyily H3 NpeALIAYIINX NaparpadoB HOMepP COOTBET-
CTBYIOLero naparpada BBOLUTCA Nepel HOMepoM (OPMYJIEL,
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HanomHHM, 4TO ¢ (qo, Po,t) H P(qo, po, t)— pellienus ypaBHenuit [a-
MHJIBTOHA C HauyaJbHHIMH YCJOBHSIMH §|:—0 = qo, P|t=0 = po.

Ilas umcroro cocrosiHHa p(q, p) = 8(¢—qo)8(p —po), u u3
dopmynnl (4) ciaeayer, UTO

(fs |®>?f(q (90, Pos ©)s P (qo, Pos 1)).

Ato ob6pluHas GopMyJsa KJIaCCHUECKOH MEXaHHKH IJSl 3aBHCHMOCTH
OT BpeMeHH HabJiojaeMol B uHCTOM coctosinuu *. M3 dopmynsl (4)
fICHO, YTO COCTOSIHHe B KapTHHe ['aMHJIbTOHA ONpejesisieT BeposiT-
HOCTHOE pacnpejie/ieHHe HauyaJbHbIX 3HAauYeHHH ¢ H p.

AnpTepHAaTHBHBIH CNOCOG OMHCAHHS ABHXXEHHSI MOJYUHTCS, €CJH
B (3) cimenaTb 3aMeHy nepeMmeHHBIXx Gip—>p. Torna

{7 Gwow dn= {7 woG_a|Tet|au=
ot oM

= {1 or () dn=f 1oy

M»M

31ech HCHOJB30BaHO paBeHCTBO (1) H BBemeHO o0o3HaueHHe
pt(n) = p(G-p). Herpynno nonsath, uto p:(u) yAOBJETBOpPSET
YPaBHEHHIO

e=—1H, o4, ®)

Kotopoe otauuaerca ot (1.15) sHakoMm mepen ckoGkoit Ilyaccona.
BriBon ypaBHeHHd (5) OyKBaJbHO NOBTOpSIET BLIBOJ YpaBHEHHSA
(1.15), a pasHHua B 3HaKe BO3HHKaeT 3a cuerT TOro, 4to G_;p
YIOBJIETBOPSET ypaBHeHHSAM ['aMHJIbTOHa ¢ OGpalleHHBIM BpeMe-
HeM. KapTHHa JIBHXKEHHSl, B KOTOPOH 3aBHCHMOCTb OT BPEMEHH CO-
CTOSIHHI oOmpejessieTcsd ypaBHEHHEM (5) a HabJmopaeMble OT Bpe-
MEHH He 3aBHCAT, HaspBaeTcd KapTHHOH JIHyBHAJA:

df dp -
EZ'=07 _t=—{H’ pt}'

dt
YpaBuenne (5) HaswbiBaercd .ypaBHeHueMm JluyBuaas. M3 camoro
cnocoba BBelleHHS] KapTHHH JIMYBHJ/JISA OUEBHAHO, YTO

(Itloy= (I log).

Sta dopmysa BrIpa)kaer SKBHBAJIEHTHOCTb ABYX KaPTHH JIBHIKEHHS.
Cpenuue 3HaueHHs HaGJI0JaeMBIX 3aBHCAT OT BPEMEHH OJHMHAKOBO,
a pasHHUAa MeEXJy KapTHHaMH TOJIbKO B Cmocofe OMHCAaHHS 3TOH
3aBHCHMOCTH. 3aMeTHM, UYTO B CTaTHCTHUECKOH ¢H3HKe OOBIUHO
HCTMOJIb3yeTcss KapTHHA JIHYBHJLIA,

* B kypcax. MeXaHHKH OOHIYHO DPACCMaTPHBAIOTCA TOJMBKO WHCTHIE COCTOSIHHS.
Ifpm sTOM He pesnaercs pa3jHYHA MEXAY 3aBHCHMOCTBIO OT BpeMeHH abCrpakt-
Holl Hafniosaemoll B kKapThHe [aMHJIBTOHA W H3MeHEHHeM ee CPE/AHEr0 3HAuCHHS.
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§ 4. Pu3nveckHe OCHOBbl KBAHTOBOH MEXaHHKH

KBaHTOBass MeXaHHKa — 3TO MeXaHHKa MHKpoMupa. SIBaenus,
KOTOPBlE OHa H3yuaeT, B OCHOBHOM JIeXKAT 3a TNpeleNaMH Hallero
UYBCTBEHHOT'O BOCIPHATHS, MO3TOMY He CJeAyeT YIHBJIATHCA Ka-
KyleHcs mapagoKCaJbHOCTH 3aKOHOB, VIIPABJSIOUIHX 3THMH SB-
JICHHSIMH.

OcHOBHBIe 3aKOHBI KBAHTOBOH MeXaHHKH He yjaercsl chopMyuH-
poBaThb KaK JIOTHYECKOe CJe[CTBHE pPe3yJbTaTOB HEKOTOPOH COBO-
KyTHOCTH (yHAaMeHTaJbHBHX (H3HYECKHX 3KCHEPUMEHTOB. MHBIMH
(JIOBAMH, 10 CHX NOP HEH3BeCTHA (OPMYJIHPOBKAa KBAHTOBOH Mexa-
HHKH, OCHOBaHHasf Ha CHCTeMe IIPOBEPEHHBIX Ha OMBITE aKCHOM,
Bosee Toro, HeKOTOpble H3 OCHOBHBIX NOJIOXKEHHH KBAaHTOBOH Mexa-
HUKH TpPHHUMIHAJIBHO He JONyCKAalOT ONBITHOH mnpoBepku. Hama
YBEPEHHOCTb B CHPABEJJIHBOCTH KBAHTOBOH MEXaHHKH OCHOBaHa Ha
TOM, 4TO Bce (PH3HUeCKHe DPe3yJbTAaThl TEOPHH COTJACYIOTCH C 3KC-
nepuMeHTOM. TakKuM 06pa3oM, Ha ONBITE MPOBEPSIOTCH TOJBKO CJE/-
CTBHS M3 OCHOBHBIX TIOJIOXKEHHH KBAaHTOBOH MeXaHHKH, a He ee
OCHOBHbie 3aKOHBl. C 3THMH OOGCTOAITENbCTBAMH CBS3aHBI, MO-BH-
JHMOMY, TJIaBHble TPYAHOCTH, BO3HHKAIOLIHE NPH NMEpPBOHAYAJBLHOM
U3YYeHHH KBAaHTOBOH MeXaHHKH.

Takoro e xapakTepa, HO, OYEBHAHO, ropas3fo OoJbllHe TPYI-
HOCTH CTOSIJIH Nepel Co3AaTeNsIMH KBAHTOBOH MeXaHHKH. JKCMepH-
MEHTHl CO BCell ONpeNeNeHHOCTBIO YKAa3bIBaJH Ha CYIECTBOBAaHHE
0coBBIX KBAHTOBBIX 3aKOHOMepPHOCTeH B MHKPOMHpPE, HO HH B KOeH
Mepe He MOJCKa3bIBaJH (GOPMY KBAHTOBOH TeOPHH. DTHM MOXKHO
00BLACHHTh NOHCTHHE APaMaTHYECKYIO HCTOPHIO CO3JaHHS KBaHTO-
BOH MEXaHHKH H, B YaCTHOCTH, TOT (aKT, YTO INepBOHAYAJbHHE
(hOpPMYJIHPOBKH KBAHTOBOH MEXaHHKH HOCHJH YHCTO peLeNTYpHBIH
xapakrep. OHH cOJep:KaJH HEKOTOpHe NMpaBHJa, MO3BOJSIOUIHE Bhi-
YHCIATh H3MepsieMble HA ONbITEe BeJHYHHEB], a (HPH3HUECKOE HCTOMKO-
BaHHE TEOPHH MOABHJOCH IOCJE TOr0, KAK B OCHOBHOM GBI CO31aH
ee MaTeMaTHuecKHH GopMasH3M.

Ilpu mOCTPOEHHH KBAHTOBOH MEeXaHHKH B HAaCTOSLIEM KypCe MHI
He OygeM cJel0BaTb HCTOPHYECKOMY NyTH. Mbl OYeHb KOPOTKO
omuweM psAj (H3HYUECKHX §BJeHHH, MONBITKH OOBACHHTb KOTOpHIE
Ha OCHOBE 3aKOHOB KJIACCHUeCKOH (DH3UKH NMPHBOIHJH K HENPeojo-
JHMBIM TpyjaHOCTAM. Jlajiee Mbl INOMbITAaeMCSl BHISICHHTb, KaKHe
YepTH ONMHCAaHHOH B NpeABbIAYUIHX Naparpadax cxXeMbl KJaccHye-
CKOH MeXaHHKH JJOJI)KHBl COXPAHHTbCS B MEXaHHKE MHKPOMHpPA H OT
Yero MOXKHO H HYXKHO OTKa3aTbC. MBl yBHIHM, UTO OTKa3 TOJBKO
OT OJHOTO YTBEPXKIEHHS KJIACCHUECKOH MEXaHHKH, a HMEHHO OT
yTBepKIeHHA, UTO HabmaonaeMele ectb (GYHKUHH Ha $a30BOM Tpo-
CTPAHCTBe, MO3BOJHT NOCTPOHTb CXeMY MEXaHHKH, OIHCBHIBAIOILYIO
CHCTEMBl C MOBeJEeHHEeM, CYLIECTBEHHO OTJIHYHBIM OT KJIaCCHYECKOro,
Hakoneu, B mocaenyoiuux mnaparpagax Mbel y6eiuMmcs, 4TO Mo-
CTpPOGHHAs TeOpHS fABjaseTcs OGosee oblleld, ueM KJaccHYecKas Me-
XaHHKA, H COJEPKHT NOCJEAHIOI KaK NpejestbHBIH caydaH,
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Hcropuuecky mepBass KBaHTOBas THMOTe3a Oblla BBIABHHYTA
IMnankoM B 1900 r. B CBSI3H C TeOpHell PaBHOBECHOTO H3JYUYeHHS.
[TnaHKY yAajoch MOJYYHTH COTVIACYIOULYICS C ONbITOM (opmyay
1718 CNEKTPaJbHOIO pacrpejeseHHst SHePrHH TEIJOBOTO H3JydYeHHs,
BBHLABHHYB - IPENONOXKEHHE O TOM, 4TO 3JEKTPOMAarHHTHOe H3Jyye-
HEe HCIYCKAaeTcst H IOrjolaercs AHCKPeTHHIMH MOPUHSMH ~— KBaH-
TaMH, SHEprusi KOTOPHIX MpPONOPIHOHAJIbHA 4acTOTe H3JydeHHSs

E=ho, )

rae ® = 2mv, v— yacToTa KojebGaHHH B cBeTOBOHl BojHe, a h =
= 1,05 X 10~%7 3pr-c — mocroanHasa [lranka *.

[unoresa [lnanka o cBeTOBBLIX KBaHTaX MoO3BOJHJIA DHHIITEHHY
J1aTh uUpe3BblUafiHO NMpocToe oObsICHEHHe 3aKOHOMepHocTell $oTosd-
dekra (1905 r.). SIBneHue ¢orosddekra cOCTOHT B TOM, UTO MOA
JeficTBHEM CBETOBOIO MOTOKA H3 MeTaJJja BbLIOHBAIOTCH 3JEKTPOHBIL.
OcHoBHast 3agaya TeopuH ¢oroaddekra — HaliTH 3aBHCHMOCTH
SHEpTHH BbIOMBAeMBIX 3J€KTPOHOB OT XapaKTEePHCTHK CBETOBOTO I10-
toga, Ilyctb V— pabora, KOTOpyI0 HYKHO 3aTpPaTHTb Ha BbIOHBa-
HHe 3JeKTpOHa H3 MeTanna (pabora Bbixona). Torpa 3akoH coxpa-
HeHHs] SHEPTrHH NPUBOAHUT K COOTHOLUEHHIO

ho=V 4T,

rae T~ KHHeTHUECKAast SHeprust BbIOHTOrO 3JeKTpoHa. MBI BHIHM,
4YTO 3Ta 5HEPrUsl JHHEHHO 3aBHCHT OT YacTOTHl M He 3aBHCHT OT
HHTEHCHBHOCTH CBETOBOrO MoOTOKa. Kpome Toro, npu uwacrore
o << V/h (kpacHas rpanuuna ¢orosddekrra) siBIeHHe (oTosdderTa
CTAHOBHTCS! HEBO3MOXHBIM, TaK KakK T == (. DTH BRIBOABI, OCHOBAal-
HHl€ Ha THIOTE3e O CBETOBBLIX KBAHTAaX, MOJHOCTBIO COrJACYIOTCSH
C OomHTOM. B TO Ke BpeMs IO KJIaCCHUYECKOH TEOPHH SHEpPrHsl BHI-
PBaHHBIX 3JEKTPOHOB JOJKHA 3aBHCETb OT HHTEHCHBHOCTH CBETO-
BBIX BOJIH, UTO MPOTHBOPEUHT pe3yJbTaTaM SKCIEePHMEHTOB.

DiHIUTeHH JOMOJHHJ MpeACTaBJeHHE O CBETOBBIX KBaHTax,
BBe/is HMIYJILC CBETOBOTO KBaHTa 1O (HopMyne

p = hk. @)

3neck k— Tak Ha3blBaeMblil BOJTHOBOH BEKTOp, HMeWllHii Hampas-
JleHHe DPacIpOCTPaHEeHHs CBETOBLIX BOJH; [JHHA 3TOro BeKTopa k&
CBSi3aHa C AJHHOH BOJHBI A, 4acTOTOH ® M CKOPOCTbIO CBeTa ¢ CO-
OTHOLUEHHSIMH

2n ®
h=t= 3)

A

Lns cBeTOBBIX KBaHTOB ClpaBeAauBa opmynaa
E=pec,

* B crapofi nutepartype dopmyna (1) uacro aamuceipaeTcs B BHIe £ = hv,
TOCTOSAHHAS A, BXOZALLAs B TIOCJEAHIOW (OpMyJay, OYeBHAHO, OTJAHYAeTcs oT h
dopmyan (1) MHOXKHTeleM 27,
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sBAsollasicad YaCcTHBIM cJaydaeM CpOpMy.TII:I TE€OPHH OTHOCHTEJbHOCTH
E= ,\/pzcz + m2c*

JUIS1 4acTHIH ¢ Maccofi mokos m = 0.

3aMeTHM, YTO HCTOPHYECKH IepBhle KBAaHTOBLIE THIOTE3H OTHO-
CHJIHCh K 33aKOHaM H3JIyYEHHs H INOIJIOIIEeHHS] CBETOBHIX BOJIH, T. €.
K 3JIeKTPOAHHaMHKe, a He K MexaHuke. OJlHAaKO BCKOpe CTaJO fICHO,
YTO He TOJBKO [J51 3JeKTPOMAarHHTHOTO H3JYYeHHS, HO H .14
aTOMHBIX CHCTeM XapaKTepHa AHCKPETHOCTh 3HaueHH# psaga ¢usm-
yeckuX BequyuH. Onutel @panka u [epua (1913 r.) nokasaau, uyro
IPH CTOJKHOBEHHSX 3JIEKTPOHOB C aTOMaMH 3HEPTHSl 3JIEKTPOHOB
H3MeHseTcs] MHCKPETHRIMH NOpHHSAMH. Pe3ysbTaThl 3THX ONHITOB
MOXKHO OOBSCHHTb TE€M, YTO YHEPrHs aTOMOB MOXET HMETb TOJbLKO
OnpejiesieHHble AHCKPeTHHe 3HayeHHs. IlosnHee, B 1922 r. onbIThHI
IliTepHa u I'epnaxa mokasaJH, YTO aHaJIOTHYHHIM CBOHCTBOM obJa-
JaeT NPOeKLHsl MOMEHTa KOJIHYeCTBAa IBHXKEHHS aTOMHBIX CHCTEM
Ha HEKOTOpOe HampaBJeHHe. B HacTosimee BpeMsi XOpOILO H3BECTHO,
YTO AHCKPETHOCTb 3HauYeHHH psifa Hab/ogaeMBIX XOTSl H Xapak-
TepHas, HO He o0s3aTeqbHasi Yepra CHCTeM MHKpoMHpa. Tak, Ha-
NpHMep, SHEPrHsl 3JeKTPOHa B aToMe BOJOPOJAa HMeeT AHCKPETHHIE
3HAaYeHHs, a 3HePrusi CBOGOAHO ABHIKYINEroCsl 3JEKTPOHa MOKET
TNpHHHMaTb JIoOble MOJOXKHTEJbHEIE 3HaueHus. MarteMaTHUeCKHI
anmapaT KBaHTOBOH MEXaHHKH JOJIKeH GHITb MpPHCIOCOGJEH K OmH-
caHulo HabJrofaeMblX, TPHHEMAIOMHX KaK IHCKpPeTHHE, TaK H He-
npepLIBHLIE 3HAYEHHS.

B 1911 r. PesepdopnoM Gbl10 OTKPHITO aTOMHOE SAPO H Npen-
JOXKeHa NJaHeTapHas MojeJb atoMa (ombiThl Pesepdopna mo pac-
CesHHIO @-4acTHI Ha ofpasuax H3 pas3JHYHBIX 3JIEMEHTOB MOKa-
3a/ld, YTO aTOM HMeeT IOJIOXKHTEJNBLHO 3apsKeHHOe SAPO, 3apsin
KOTOpOro paBeH Ze,TAeZ — HOMeD 3/eMeHTa B Tabanue MeHfieneeRa,
a —-e—3apsA 3JeKTPOHa, pa3Mephl fifpa He mpeBwimanT 10-12 cym;
caMH aTOMHl HMeEIOT JIMHefHBle pa3mephl mopsaka 10— cwm). Ilaa-
HeTapHas MOJeJb aToOMa MPOTHBOPEYHT OCHOBHBIM TOJNOXKEHHSAM
KJaCCHYEeCKOH 3JIeKTpOAHMHAMHKH. [leHCTBHTENLHO, ABHrasich BO-
Kpyr siipa ImO KJacCHYeCKHM OpOHTaM, 3JEeKTPOHH, KaK BCAKHe
YCKOPEHHO [BHXKYIIHecs 3apsiibl, NOJKHBEI H3Jy4YaTb 3JEKTpOMar-
HHTHbIE BOJIHBL IIpH 3TOM 3J€KTPOHBI JOJIKHH TEPATH CBOKO 3HEp-
THIO H B KOHIle KOHIOB ynactb Ha aapo. IloaToMy Tako#l atom me
MOXeT OBITh YCTOHYHBHIM, YTO, KOHEUHO, He COOTBETCTBYeT [eii-

. crBUTeJbHOCTH. OJHA U3 OCHOBHHIX 3aJa4 KBaHTOBOH MeXaHHKH —
OOBSACHUTD YCTOHYHBOCTh H ONHCATL CTPYKTYPY aTOMOB H MOJIEKYJ
KaK CHCTEM, COCTOSIIHX H3 TOJIOXKHTEJNbHO 3apsiKeHHBIX sijep
H 3JIEKTPOHOB.

CoBeplLIeHHO YAHBUTENbHBIM C TOYKH 3PEHHS] KJIaCCHYECKOH Me-
XaHHKH IIpeJACTaBJjsercsl siBjeHHe NHpaKIHH MHKPOYACTHI. ITO
fBJIeHHe ObLIO npenckaszaHo ae Bpofinem B 1924 r., koTopuil mpen-
TOJIOXKHJ, YTO CBOGOAHO [ABHXKYIIefcs YacTHIe C HMIYJbCOM P
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i sHeprueill £ B KaKOM-TO CMHICJE COOTBETCTBYET BOJIHA C BOJIHO-
BHIM BeKTOpoM k H 4acTOTOH ®, MpHYeM

p=hk, E = ho,

T. e. cooTHomeHusa (1) H (2) cnpaBeJHBH He TOJBKO AJsI CBETO-
BbIX KBAHTOB, HO H AJs uyacTHI. PH3HYECKOe HCTOJKOBAHHE BOJH
ge Bpo#ns 6bl10 AaHO mMo3fHee BopHOM, H MB €ro noka o6cyx-
nath He OypeMm. Ecan nBHXKyleficAs yacTHIle COOTBETCTBYET BOJIHA,
TO HE3aBHCHMO OT TOT'O, KAKOH TOUHBIA CMBICJ BKJIAABIBAETCS B ITH
€JI0Ba, €CTECTBEHHO OXHJATh, YTO 3TO MPOSABHTCA B CYLIECTBOBAHHH
AuGbpaKUHOHHBIX SIBJEHHH AJs yacTHL. Bnepsbie AHdpaKuus 3JexK-
TpoHOB HabJmoAanack B onntax Ilesuccona u lxepmepa B 1927 r.
Broc/ieAcTBUH SBJEHHS QHGpakiHH HAa6JOZaNHCh H AAA APYTHX
YacTHIL.

=~

Pue. 1.

ITogaxeM, uro AHPPAKLHOHHBlE SBJEHHS  HECOBMECTHMBI
¢ KJ1aCCHYeCKHMH TNpejACTaBJ/IeHHSIMH O JBHXKEHHH YacCTHI[ MO TpaekK-
tTopusiM. PaccyxieHHe yaoOHee BCcero NMpOBECTH Ha IpHMepe MBIC-
JIEHHOTO 3KCHepHMeHTa Mo AH(PAaKIHH NyuyKa 3JIeKTPOHOB Ha JBYX
messx ¥, cxeMa KOToporo Hzob6paxeHna Ha pHuc. 1. IlycTb ss1eKTpoHb
OT ucTounuka A JBHraloTCd K 3KpaHy b H, Npoxoas yepes Lienu /
u /] B HeMm, nonajamoT Ha 3KpaH B.

Hac unTepecyer pacnpegesieHHe 3JIeKTPOHOB MO KOOpAHHATe y,
nonajarmoiux Ha 3KpaH B. §IBnenusi AudpaKUHH HA OZHOH H ABYX
IeJAX XOPOLIO H3yUeHH, H MB MOXEeM YTBepXJAaThb, YTO paclpe-
JeJeHHe 3J€KTPOHOB p(y) HMeeT BHA a, H306paXKeHHBHIH Ha pHC. 2,
€CJIH OTKpbITa TOJBKO MepBas wwenab, BHA 6 (pHC. 2),— eCJH OT-
KpHTa BTOpasi H BHJ 8, — eCJH OTKpHITH 00e wean. Ecnu npeano-
JIOXKHTb, YTO KaXXIblH 3/J€KTPOH ABHraJcs Mo ONpeje/eHHOH KJac-
CHYeCKOH TpaeKTOpHH, TO BCe 3JIEKTPOHbI, NONABIIHEe HAa 3KpaH B,
MOXHO pa36HTb Ha [Be TIpyNNH B 3aBHCHMOCTH OT TOrO, uepes
KaKylo Iieab OHH NpouwJd. Jljsi 3/7eKTPOHOB MNepBOH TPYMIBL CO-
BepiieHHO 6e3pa3JIMyHO, OTKpHITA JIH BTOpas IleJb, H MOSTOMY HX

* Takol SKCIEpUMEHT 5BJseTCA MBICJAeHHHM, TAaK AJHHA BOJIHBI 3JIEKTPOHOB
IpH 3HePrHaAX, YAOOHHIX A5 IHPPAKUHOHHHX ONBITOB, He Npepbimaer 10-7 cM,
a paccTOsiHHEe MeXAy IeJsMH AO/DKHO HMeThb TOT JXKe MOpAAOK, B peasbHHX
sKClepHMeHTax Habmonaercsd AMPPaKLUMs HA KPHCTAJaX, KOTOPHe Kak OH sB-
JSI10TCsl MPHPOAHBIMA THQPAKIHOHHLIMH pelIeTKa i,
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pacnpefie/ileHHe Ha 5KpaHe JOJKHO H300DpaXKaTbCd KPHBOH «; aHa-
JIOTHYHO 3JEKTPOHH BTODOH TpyNINbl JOJKHH HMETb pacnpepese-
Hue 6. IlosToMy B chaydae, Korja OTKPHITH 06e LIeJaH, Ha 3KpaHe
JOJIZKHO TIOJIYYHTbCS paclpefiesieHHe, sBJsfiolleecs CYMMOH pacrpe-
JeneHH#t ¢ u 6. Takasg cyMMa pacnpefieNeHHHl He HMEET HHUYEro
obulero ¢ HuHTepdepeHUUOHHOHi KapTHHOH 8. DTO MNPOTHBOpEUYHe
MOKa3khBaeT, YTO pa3je/ieHde 3JeKTPOHOB Ha TPYNNHl MO TOMY IIPH-
3HAKy, 4Yepe3 KaKyl0 IleJb OHH MPOLLIH, B YCJOBHSIX ONHCAHHOIO
SKCIHEePUMEHTa HEBO3MOXKHO, a 3HAYHT, Mbl BBIHYXKJEHBI OTKa3aThCsd
OT HNOHATHSA TPaeKTOPHUH.

Cpa3sy e BO3HHKAaeT BONpPOC, @ MOXKHO JH TaK MOCTaBHTb 3KC-
NMepUMeHT, 4TOObl BHISICHHThH, Yepe3 KaKylo IllesJb NPOXOAHJ 3JeK-
TpoH. Pasymeercs, Takasg NOCTaHOBKa 3KCIepHMeHTa BO3MOXKHA,

6 .
y a y y §

Puc. 2.

I8 5TOro AOCTAaTOYHO IOMECTHTb HCTOYHHK CBeTa MeXIy 3Kpa-
HaMd 5 u B ¥ HabuaojaTb paccesiHHE CBETOBLIX KBAaHTOB Ha
saeKkTpoHax. Jug Toro yto6nl JO6HTLCS AOCTATOUHOIO pa3pellieHHus,
MBI JOJKHBI HMCHOJb30BAThb KBAHTH C AJHHOH BOJHEI, 1O MNOPSAKY
He NpPeBOCXOAAleH PACCTOSHHA MEX]y IUeJSMH, T. €. C AOCTaTOYHO
Gosbluof 3Hepruedt ¥ mMIyJbcoM. Habmiogas KBaHTH, pacCesiHHBIE
HAa 3JEKTPOHAX, Mbl JeHCTBUTEJIbHO CMOXKEM ONpPEJENHTb, 4Yepe3s
KaKylo LieJb npoiuesa 3j1eKTpoH. OfHAaKO B3aHMOJAEHCTBHE KBAaHTOB
C 3JIEKTPOHAMH BBI30BET HEKOHTPOJHDPYEMOE H3MEHEHHE HX HMIYJb-
COB, a CJEeIOBaTEJbHO, paclpejelieHue 3JEKTPOHOB, MONABUIHX Ha
5KpaH, AOJXKHO H3MeHHTbcH. TakuM 006pasoM, Mbl NPHUXOAHM K Bbi-
BOJY, 4TO OTBETHTb Ha BONPOC, Yepe3 KaKylo Lieb Ipolles 3JeK-
TPOH, MOXKHO TOJbKO 3a CYET H3MEHeHHs KaK YCJOBHH, TaK M OKOH-
4aTeJIbHOI'O Pe3yJabTaTa SKCIepHMeHTa.

Ha stoM npuMepe MbI CTaJKuBaeMcsl CO caeAylolles oblues oco-
6eHHOCTbIO TOBEJAEHHS KBAHTOBHX CHCTeM. JDKCIepHMEHTaTop He
HMeeT BO3MOXHOCTH CJEJUTh 32 XOJOM 3KCIIeDHMEHTa, TakK KakK 3TO
NPUBOAMT K H3MEHEHHIO €ro OKOHYAaTeJbHOTro pe3yJbraTa. ITa
0cO6EHHOCTL KBAaHTOBOIO MOBEJIEHHS TECHO CBA3aHa C 0cobeHHo-
CTAMH H3MepeHH#i B MHKpoMHpe. Bcsikoe H3MepeHHe BO3MOXKHO
TOJBKO [pH B3aUMOAEHCTBHH CHCTEMBl C H3MEPHTEJIbHHIM NpHbO-
poM. DTO B3auMOJeficTBHE NPHBOAHT K BO3MYLIEHHIO JBHKEHHS
cucteMbl. B kusaccuueckodi ¢usuKe Bcerja MNpejnoJaraercs, 4To
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3TO BO3MYlIeHHe MOXeT OBITh CHeJaHO CKOJMb YTOAHO MAaJbIM, TaK
e KaK H JJHTeJbHOCTh Ipouecca u3MmepeHus. Ilostomy Bcerga
BO3MOXHO OJHOBPEMEHHOE H3MepeHHe Jio6oro yucaa Habato-
J1aeMBIX.

IleTanbHBIA aHAJH3 IIpoIlecca H3MePeHHS HEKOTOpHIX HabJio-
fAaeMBbIX JAJas MHKDOCHCTEM, KOTODBIA MOXHO Ha#TH BO MHOTHX
yue6HHKaX N0 KBAHTOBOH MeXaHHKe, MOKAa3hbiBaeT, YTO C yBeJHue-
HHEM TOYHOCTH H3MepeHHsl HalJoJaeMblX BO3JEHCTBHE HA CHCTEMY
YBeJMUMBAETCS H H3MEPEHHE BHOCHT HEKOHTDOJHDYeMEIe H3MeHEHHs
B UHCNEHHble 3HAayeHHs HEKOTOPBIX APYTHX HabaomaeMbiXx. 3T0
NpPUBOJAMT K TOMY, UTO OJHOBPEMEHHOe TOUHOe H3MepeHHe HeKOTo-
pHX HaGa0aeMbIX CTAHOBHTCA INPHHUHMIHAJIBHO HEBO3MOXHBIM.
Hanpumep, eciH 1718 H3MEDEHHS] KOODAHMHATHI YaCTHIB HCMOJB30-
BaTh pacCesiHHe CBETOBHX KBAHTOB, TO NOIPEHIHOCTh TaKOro H3Me-
pEeHHs] UMeeT NMOPAAOK AJHHH BOJHH cBeTa Ax ~ A. IToBLICHTH TOU-
HOCTh M3MepDEHHs MOXHO, BHIOHDasi KBaHTH C MeHbIleH JJHHOH
BOJIHBI, @ CJeI0BaTesbHO, ¢ GoJMbIINM HUMIyJabcoM p = 2mh/A. [Ipu
3TOM B UHCJEHHbIE 3HAaJeHHS HMIYJbCA YACTHIB BHOCHTCS HEKOHT-
poiupyeMoe H3MeHeHHe Ap MopajiKa HMOysabca KBaHTta. [loatomy
MOrpemHoCTH H3MePeHHsA KOOPAHHATH H uMmyabca Ax u Ap cBs-
3aHBl COOTHOIUEHHEM

AxAp ~ 2nh,

Bosee TOUHOe paccyXAeHHe IMOKa3bIBaeT, UTO 3TO COOTHOIIEHHe
CBSI3BIBA€T TOJBKO OJHOHMEHHble KOODJAHHATY H TPOEKIHI0 HM-
nysnbca. COOTHOMIEHHS], CBS3bIBAIOLIHe NPHHLUHIHAJBHO BO3MOXHYIO
TOYHOCTb OJHOBPEMEHHOI'O H3MepeHHsA ABYX HabJioJaeMbiX, Ha3H-
BAalTCSl COOTHOHIEHHSIMH HeomnpefaesneHHocTH [efizen6Gepra. B Tou-
HOA (GOpMYyJHPOBKe OHH OYAYT NMOAYUYEHHl B CJASAYIOIIHX maparpa-
¢dax. HabnwogaeMbie, Ha KOTOpble COOTHOIIEHHSI HEONpPEAEJEeHHOCTH
He HaKJaJblBalOT HHKAaKHX OTDAaHHUEHHH, SBJISIOTCS OJHOBPEMEHHO
H3MepUMBIMH. MB yBUAUM B JajbHeHllleM, YTO OJHOBPEMEHHO
H3MEPUMBIMH SIBJSIOTCH [OE€KapTOBH KOOPAHMHATH UYACTHIB HJH
NPOEKIHH HMIYJbCa, a HEH3MEPUMBIMH OJHOBpPeMEeHHO — OJHO-
HMeHHble KOODAHMHATH W NPOEKIHS HMMNYJbCa HJIH JBe NE€KaPTOBH
NPOEKIIHH MOMEHTa KOJHuecTBa ABHXKeHUS. [IpH MOCTpOeHHH KBaH-
TOBOH MeXaHHKH MBI JOJKHB NIOMHHTH O BO3MOXHOCTH CYLIECTBO-
BaHHfA HEH3MEPHMBIX OJHOBDEMEHHO BEJHUHH,

Tenepy nocme He6GoabMIOrO (PUIHYECKOTO BCTYIJIEHHS MOMH-
TaeMCs OTBETHTb Ha yKe NOCTaBJEHHHH BONMPOC: KaKHe 0COGEHHOCTH
KJ4CCHYECKOH MEeXaHHKH CJelyeT COXPAHHUTb H OT Uero eCTeCTBEHHO
OTKa3aTbCAd MNPH IMOCTPOEHHH MeXaHHKH MHKpoMHpa. OCHOBHEIMH
MOHATHAMH KJlaCcCHYeCKONd MeXaHHKH OblIH MOHATHA HabJofaeMoi
H COCTOAHHSA. 3afaya (PHU3HUECKOH TEOPHH -— NMpeicKa3aHHe pe3y.b-
TAaTOB 3KCINEDHMEHTOB, a KCNEPHMEHT BCerja ecTb H3MepeHHe He-
KOTODOH XapaKTePHCTHKH CHCTEMBI HJH HabJjiofaeMoH NpH ompe-
JeJeHHBIX YCJIOBHSIX, KOTOpHle OMNpPEAeNSIOT COCTOSIHHE CHCTEMH. .
[TosToMy noHsATHS Ha6104aeMOH H COCTOSHHA MOJKHBI NOSBHUTLCS
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B no6olt ¢usnueckoll Teopuu. C TOUKH 3peHHs1 3KCIepHMeHTaTOpa
onpeenuTh HabMoOJaeMylo — 3HAUHUT 3aJaTb CHOCO6 ee H3Mepe-
nus1. Ha6naonaemele Mu 6yneM o6o3nauaTh CHMBOJIAMHU a, b, ¢, ...
M Moka He GyneM JenaThb HUKAKHX MpeAnoJoxeHult o6 WX MaTeMa-
THUeCKOH mnpupone (HAMOMHHM, YTO B KJIaCCHUYECKOH MeXaHHKe
HabaiogaeMule ecTh (YHKUHH Ha ¢da3oBoM mpocrpaHcTse). Muoxe-
cTBO HabsofaeMblX, KaK M 1npexae, Mu O6yzeM o603HauaTh
gyepes .

PasyMHO TNpEANOJOXKHTb, UTO YCJIOBHS 3KCIEpUMEHTa Ompefe-
JISI0T MO KpaHHeH Mepe BePOATHOCTHHIE paclpefie/ieHHs pe3yJbTa-
TOB H3MepeHHsl BceX Hab/iofaeMHX, MOITOMY ONpefeseHHe COCTOs-
HMs, naHHoe B § 2, pa3syMHO coxpaHUTb. COCTOSIHHSA MO-NpexXHeMYy
M 6yneM o603HauaTh yepe3 ®, COOTBETCTBYIOUIYIO HabaonaeMol a
BEPOSITHOCTHYIO Mepy Ha HAeHCTBHTENbHOH ocH uepe3 wq(E), PyHk-
UHIO pacmnpepneseHdss HabMOAaeMOH a B COCTOSHHH o Uepe3 g (A)
M, HaKOHell, cpefiHee 3HaueHHe HAGJIOAAEMONH @ B COCTOSIHHH @ Ue-
pes {w]ad.

Teopust monXKHa COmepKaTh oNpenesneHHe PyHKUHH oT Habjwo-
naemoit. i 3KcIepHMeHTAaTOpa YTBepXKAeHHe, 4To Habuwjae-
Masi b ecth ¢yHruus ot Habnonaemoli a (b= f(a)) osuauaer,
uTO ANt U3MepeHHs b ZOCTaTOUHO M3MEDHTH a, H, eCJIH B pe3yJbTaTe
u3MepeHHsi HabnofaeMoH @ TOJYYHTCS UHCJIO @y, TO UYHCJIEHHOE
snauenHe HabaiofaeMoit b ectb by = f(ao). aa cOOTBETCTBYIOIHX
a ¥ f(a) BepOATHOCTHHIX Mep CIPaBeJJIHBO DPaBEHCTBO

o1 @ (E) =04 (F~" (B)) (4)
IJIs1 JIIOOBIX COCTOSIHHIE .

3aMeTHM, UYTO BCEeBO3MOXHble (DYHKUMH OT OAHOH HabJmpae-
MOH @ H3MepHMH OXHOBpeMeHHO, TaK KaK AJS H3MepeHHsl 3THX
Habar0faeMbIX AOCTATOUHO H3MepHTbL HabmwoaaeMywo a. B nanbuefi-
meM MB YBHAHM, UYTO B KBaHTOBOH MeXaHHKe 3THM NPHMEpPOM
HCYEPMHBAKTCA CJyYad OAHOBDEMeHHOH H3MeDHMOCTH Habumonae-
MEIX, T. €. ec/i HabGaonaemuie by, bg, ... H3MepHMBI OJHOBPEMEHHO,
TO HaiiieTcs Takas HaGaiomaeMasi a¢ H Takde GYHKUMH fi, fo, ...,
uyto by = fi(a), by = fa(a), ... . ‘

Cpenu mHoxkectBa (yHKUHE f(a) Habaonaemol @, OUeBHAHO,
onpenenennt f(a)=~*ia u f(a)= const, rme A— BemecTBeHHOE
yucao. CyliecTBOBaHHe MepBOH H3 3THX (PYHKUMH MOKAa3HIBAaeT, uTo
Ha6Jl0aeMble MOXKHO YMHOXATh HA BelleCTBEHHBIE UHCMA. YTBepHK-
neHHe, uTo HabnopaeMasi eCcTb KOHCTaHTa NMOApa3yMeBaeT, UTO ee
YHCJeHHOe 3HaueHHe B JIIOGOM COCTOSIHHH COBIafiaeT ¢ 3TOH KOH-
cTaHTOMH.

[TonniTaeMcs Temepb BBISICHHTb, KaKOW CMBICA MOXHO MPHIATh
cyMMme a + b M mnpousBefleHHIO gb HabnofaeMblx. 3TH onepaluu
6bl1u 6Bl OoNpesiesiensl, ec/H Ob y Hac 6bl10 ompefeneHHe (yHKIIMH
oT 1ByX HabGmiomaeMux f(a,b). 3nech, 0QHaAKO, BO3HHKAIOT MpPHH-
UnUasbHHEe TPYAHOCTH, CBSI3aHHBIE C BO3MOXKHOCTBIO CYIIECTBO-
BAHHSl HEM3MepPHMBIX OJHOBpeMeHHO HabnwpaeMbix. Ecan a u b
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H3MeDHMbl OJHOBpEMEHHO, TO OINpele/eHHe f(a,b) cosepuienno
aHaJoOrHyHO onpefeneHuio [(a). [Ins H3MepeHus HabaogaeMol
f(a,b) mocrtaTouHO H3MepHTb Habjlolaemble @ H b, H Takoe H3Me-
peHue IpHBeJeT K YHCJIEHHOMY 3HAuYeHHIO f(do, bo), TAe ag U bo—
yHCcJeHHHe 3HAaueHHs HabmwogaeMblX ¢ H b coorBercTBeHHOo. [as
cayyasi HeH3MePHMbIX OJHOBDEMEHHO HabJiofaeMbIX a H b He cy-
IeCTBYeT HHKAKOTO PasyMHOro ompefeneHus ¢ynkuuu f(a,b). dto
06CTOATENLCTBO 3aCTaBJAET HAC OTKAa3aTbCsl OT MNpPeANoJOkKeHHd,
yto HaGalogaeMble eCTb (QYHKIHH Ha (Ha30BOM MPOCTPAHCTBE
f(g,p), TaK KaK y Hac ecTb ()H3HYeCKHe OCHOBAHHA CUHTATb § H p
HEH3MEPHMBIMH OJHOBPEMEHHO H HCKaTb HabJiofaeMble CPeiH Ma-
TeMAaTHYECKHX O0bEKTOB HHOH NMPHPOIHL.

Mb! BHIHM, YTO ONpele/HTb CYMMYy & -+ b u TNpoHsBeleHHe ab,
HCIIOAb3Ys] NOHATHe (YHKUHH OT [ABYX HaG/I0OaeMBIX, MOMHO
TOJBKO B TOM CJydde, €CJH OHH OZHOBpeMeHHO HaMepuMbl. OLHAKO
BO3MOXeH ADPYrodl MOAXOM, MO3BOJSIOIIHH BBECTH CYMMY B 06lIeM
caydae, Mnl 3HaeM, 49T0 BCAl HHGMOpPMAaNHs O COCTOSIHHSIX H HabJlo-
JaeMbIX MOJYUaeTCsl B pe3yabTaTe H3MeDEHHH, NMO3TOMY pa3yMHO
NPEANOJIOKHTb, UTO COCTOSIHHH JOCTATOYHO MHOrO, 4TOGH MO HHM
MOXKHO ObLIO pa3jHyYaTh Hab/loJaeMble, H aHAJOrHYHO HabJjlofae-
MBIX JOCTATOYHO MHOTO, 4TOOBI MO HHM MOXKHO GBLJIO DasJHuaTh
COCTOSIHHS.

Bonee TouHO MBI mpeamosaraeM, 4TO H3 PaBEHCTBA

(alo) = (b|w),

CIPaBeAJUBOrO AJf J060ro COCTOSHHA ®, clelyeT, YTo HabJawogae-
Mble ¢ H b coBmajawr *, a U3 PaBEHCTBA

(alo) == (alay),

crnpaBefIuBOro Aas Jwobolt HaGawogaeMoll @, clefyeT, YTO COBHA-
Ja0T COCTOSTHHS ] H o,

[lepoe H3 cHeJaHHBIX NPEANOJNOXKEHHH [daeT BO3MOMKHOCTDb
OmpefieIuTb CyMMy HabaiogaeMbiXx a -+ b Kak Takyw HaGamopae-
MYI0, [J1s1 KOTOPOH CIpaBefJIHBO PaBEHCTBO

(a+blo)=/{(alo)+(b|o) (5)

npu J106oM cocTOAHHH ®. Cpa3y 3aMeTHM, YTO 3TO PABEHCTBO
fIBJIeTCS1 BHIDAaXKeHHeM H3BeCTHOH TeopeMbl TEODHH BePOSTHOCTEH
0 CpefHeM 3HAa4YeHHH CYMMbl TOJIBKO B cJaydae, Koraa HabJogae-
Mble g H b uMeloT obuyl0 GyHKUHIO pacnpenesneHus. Takas o6inas
bynkuua pacnpeneseHHs MOXeT CylleCcTBOBaTb (M B KBaHTOBOM
MeXaHHKe JeHCTBHTEJBHO CYIIECTBYeT) TOJBKO AJSI OZHOBPEMEHHO
H3MEPHMHIX BeJHUHH. B sTOM cayuae onpenmenenne cyMMbl no ¢op-
Myse (5) coBmajaer co CAeJNaHHHIM mpexpae. AHAJOrHYHOE OIpe-
Jle/leHHe NPOH3BeJIeHHs1 HEeBO3MOXKHO, TaK KaK cpeJHee OT HPOHS3-

* 370 mpeanoioxKeHHe MO3BOJAET CUMTATH, UTO HabMioAaeMas 3alaHa, eciH
KaX/IOMy COCTOAHHIO COMOCTABJEHO BELleCTBEHHOE YHLJIO,

26



BelleHHs1 He pPABHO NPOH3BeNEeHHIO CpeAHHX HdaxKe AJA OAHOBpE-
MEHHO H3MepHMBIX HabJIOJaeMBIX.

Omnpenenenne cyMMH (D) He COZEpKHT HHKAKOT'O yKa3aHHf Ha
cnocob H3MepeHHSA HabJofaeMOH a + b MO HM3BeCTHHIM crocobaM
H3MepeHHs HabJoJaeMbBX a H O M B 3TOM CMBbICJIEe SBJAsIETCS He-
SIBHBIM.

Uto6nl AaTh NMpeAcTaBJeHHE O TOM, HACKOJBKO NOHATHE CYMMBI
HabJI0faeMbIX MOXKET OTJHYATbCH OT OOBIYHOTO MOHSATHS CYMMBI
cJyyaHHBIX BEJHYHH, Mbl NIpHBeJeM NpHMep HaluaofaeMoii, Kotopas
6yzner noapo6HO u3yueHa B pajbHefimeM. IlycTs
P2 (02Q2
5t
Ha6awonaemMass H (3Heprust 0ZHOMepHOTO T'apMOHHYECKOTO OCIHJI-
JIATOpa) €CThb CyMMa [BYX HabJIOfaeMbIX, IPONOPLHOHANbHEIX KBl -
paTaM HMIyJbCca H KOOpZHHATH. MBI YBHIHMM, UTO 5TH NOCJeIHHE
HabJi0JaeMEe MOTYT NpHHHMATh JiloOble HeOTpHUATeJNbHBE YHC-
JIeHHble 3HAaUeHHd, B TO BpeMs KaK 3HaueHus Habmwopaemoii H
JOJIKHBI COBHaaaTh ¢ uncaamMu E,= (n+1/2)e, tne n=20,1,2,...,
T. e. Habmopaemas f ¢ JHCKPeTHHIMH YHCJEHHBIMH 3HaUeHHSMH
ABJIsIeTCS CyMMOH HaOMI0JaeMbIX C HellpepLIBHEIMH 3HAUEHHAMH,

Takum o6pasoM, Ha MHOXKecTBe HaOJofaeMHX ¥ ompeleseHbl
[Be OMepalHH: YMHOXKeHHe Ha BellleCTBEHHblE UHCJA H CJOXKEHHE;
TeM CaMblM MHOXeCTBO ¢ CTAHOBHTCS JHHEHHBIM NPOCTPaHCTBOM.
ITockoanbky Ha U omlpefesieHHl BellleCTBeHHHE (YHKIHH H, B 4acT-
HOCTH, KBajparT Habma1oojaeMoii, TO BO3HHKaeT eCTECTBEHHOe oOIlpe-
JeJleHHe NPOM3BeJeHHsl HabJI0JaeMbIX

aobz(a"l'b)z'_(a—'b)z. (6)
4
OrmeruM, u4TO NMPOHU3BelLeHHe @ ob KOMMYTAaTHBHO, HO, BOOOIe ro-
BOpd, He acCOLHAaTHBHO. BBeJeHHe NpPOH3BeJeHHS a b NpeBpaliaer
MHOXecTBO HabOglofaeMblx U B BellleCTBEHHYI0 KOMMYTATHBHYIO
anre6py.

BcnoMuuM, 4yto aarebpa HabJlogaeMBIX KJIaCCHYECKOH MeXa-
HHKH cojiepXkaJjla ellle JHeBCKyl0 onepaiHio — cko6ka Ilyaccona
{f,g}. dra onepaunus nosBHJIACL B CBSI3H C AHHAMHKOH CHCTEMHI.
C BBeleHHeM TakKofl omepaluH KaxpAas Habuaiomaemass f mnopox-
Jlaer ceMelcTBO aBTOMODP(H3MOB ajreGpel HabJIOJaeMBIX:

Utl A— 91,
rae U = [+ f+ ynoBierBopser ypaBHeHHIO
, df, -
A
ft lt:O = f

Hanomuum, uro oro6paxenue U: siBasiercsi aBTOMOp(hH3MOM
BCJIEACTBHE TOro, 4Yto CcKoOKa [lyaccona o6gagaer cBoAcTBaMu

i HavaJbHOMY YCJOBHIO
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JHeBCKOH onepauuu. Tor ¢akT, uto HabJaozaeMbie B KJIaCCHYECKOH
MeXaHHKe aBJsOTCH (GYHKUHSMH Ha (a30BOM NPOCTPAHCTBE, 37eCh
POJIH He HrpaeT. Mbl NPEANOJIOKHM, YTO H ajarebpa HalJa0JaeMbIX
KBAaHTOBOH MEXaHHKH HMEET JIHEBCKYIO ONEPALHIO, T. €. KaxjoH
nape HabuaiofnaeMbix a, b comocraBisercs Habalomaemas {a, b} co

CBOHCTBAMH:
{a, b} = —{b, a},

{ha+ b, c}=2nr{a, ¢} + {b, c},
{a, bocy={a, b} e c+ bo {a, c},
{a, {b, 1+ {b, {c, A} + {c, {a, B}}=0.

KpoMe ToOro, mpeimnoJsioXHM, 4TO CBSI3b JIHEBCKOH OMEpalHd C IH-
HAMHKO# B KBAHTOBOH MeXaHHKE TaKasl e, KAK H B KJACCHYECKOH.
TpynHo mpeicraBuThb OoJiee MPOCTOH H KpacHBBIH crnocol omuHca-
HHS JHHAMHKH, KDOME TOro, OJHOTHNHOE OMHCAHHE AHHAMHKH
B KJaCCHYeCKOH H KBAaHTOBOH MeXaHHKe MO3BOJISET HANEAThCS Ha
TO, 4TO MBI TIOCTPOHM TEOPHIO, COAEpKAIIYIO KJaCCHYECKYI0 Mexa-
HHKY KaK NpejeJbHbIH cayyah.

QaKTHYeCKH BCe HallH INPEANOJOXKEHHS CBOASATCA K TOMY, UTO
NpH NOCTPOEHHH KBAaHTOBOH MeXaHHKH Da3yMHO COXPaHHTb CTPYK-
TYpy aJjre6phl Hab/10JaeMBIX KJ4aCCHYECKOH MeXaHHKH, HO CJeflyeT
OTKa3aThCsl OT peajiH3aluH 3Tof aarebpnl ¢yHKUHSIMH Ha (as3oBoM
NPOCTPAHCTBE, TAaK KaK MBI JONMyCKaeM CYIECTBOBaHHe HEH3MepH-
MBIX OHOBPEMEHHO HabJIIOfaeMBIX.

Hama 6auxafimas 3anaua — y6eaHThCcq B TOM, YTO CYIIECTBYeT
peanusanus anre6psl HabJIOfaeMBIX, OTJHUYHAS OT peasH3alliu
Knaccuueckofi MexaHHkH. B ciaenylomieM naparpade Mbl NpHBeleM
NpUMep TaKo#i peasiH3allHH, TOCTPOHB KOHEYHOMEPHYIO MOME/b
KBaHTOBOH MexaHHKH., B 3Toli Momenn anrebpa HaGaiomaeMbix ¥
ecTb aJnreb6pa CaMOCONMPSXKEHHBIX ONEpPaTOpPOB B M-MEPHOM KOM-
nnekcHoM npocrpaHcrBe C” M3yuas 3Ty yNpoIlIeHHYIO MOJENb, MBI
CyMeeM MPOCJENHTh 33 OCHOBHBIMH OCOGEHHOCTSIMH KBaHTOBOH Teo-
pun. B 1o Xe Bpems, naB (H3HYECKOe TOJKOBAHHE MOCTPOEHHOH
MOJEJH, MBI YBHAHM, YTO OHA CJAHIIKOM O€nHa, 4TOOB COOTBETCTBO-
BaTh JeHCTBHTENbHOCTH. [103TOMY KOHeYHOMEDHYI0O MOJeJb HeNb3s
paccMaTpHBaTh KaK OKOHYATeJLHbIH BapHaHT KBAHTOBOH MeXaHHKH.
OnHako yCOBEpIIEHCTBOBAHHE 3TOH MOAeNH — 3aMeHa C” Ha KoM-
MJeKCHOe THAbL6ePTOBO INpOCTpPaHCTBO CyldeT MNpeAcTaBaAsAThCA
BECbMa €CTECTBEHHBIM.

§ 5. KoneuHomepHasi Mojie/ib KBAHTOBOH MeXaHHKH

ITokaxeM, uto anre6pa HabmaogaeMbix % MoxeT OBITb peaJsn3o-
BaHa Kak aarefpa CaMOCONpSIXKEHHBIX ONEepaTopOB B KOHeYyHOMep-
HOM KOMILIEKCHOM npoctpaHcTBe Cn.

Bekropw mpoctrpancrBa C* 6yneM o603Hau4aTb TPEUYECKHMH Oyk-
BamMu §, n, @, ¢, ... . HanoMHuM OCHOBHBIe CBOHCTBAa CKaJIsipHOrO
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l'IpOHSBelleHHﬂ:
D & W= 8,
2 &+, W= b)+Arm, ), (1)
3) (5,8 >0 npu E=~0.

3aech A — KOMIJIEKCHOE UHCJIO.
Bekropu e;, ..., e, 06pa3yloT OPTOHOPMHDPOBaHHHIH * 6asHC
B C", ecan
(e, e) =18, @)

rae 8;; — cumBosl Kponekepa.
PasnoxeHHe mpoH3BONLHOIO BekTopa § Mo BeKTOpaM 6a3uca
ey, ..., én HMeeT BHJ

§=i21 Lo,  E=G e). (3)
BexkTop & onHo3HauHO ompenensieTcss 4HcaaMH &y, ..., &n
(&, .nns Bn).

Ecnu Bnbpan 6a3nc, To TeM caMblM Bhi6paHa KOHKpeTHasi peaflH-
3auus AJs BeKTOPOB HJH 3ajJaHo npexacraBieHHe. Ilyctb e, ...
..., en— BasHc, Torna BeKTOPH

e minn

Toxe obpasyior 6Gasuc, ecan matpuua U = {U.,} o6pathma u
Ut = Uss. (5)

MarpHua, AJ1s 3JeMeHTOB KOTOPOH CIpaBeAJHBO paBeHCTBO (5), Ha-
apiBaercsl yHHTapHoH. [lepexox oT omHoro 6asnca K APYroMy ecTh
yHHTapHOe mpeobpasoBaHHe.

Ecan Bh6paHO NpeicTaBieHHe, TO AJS CKaJspHOro NPOH3Bele-
HHA clOpaBexnuBa ¢opmyna

& n)= ,Zl & (6)
OnepaTopr B 3aJaHHOM 6a3Hce l'IpellCTaBJlﬂloTCﬂ ManHU.aMH
A< {Aik}v Ay, = (Aey, ¢)). @

HefictBuTenbHO, mycTh n=AE, Tornan; = (4§, ¢;) = (A Y Een e,)=
E=1

=.kzl Ep{Aep, e,,)=kzl Ak, Onmepartop A* Ha3HBAETCs CONpAMKeH-

* B nanbHelilleM CJOBO «OPTOHOPMHPOBAHHHIH» Mbl wacTO 6yleM ONYyCKaTh,
18K Kak Jpyrde GasHCH MBI He pacCMaTpPHBaeM.
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HbIM omnepaTtopy A, ecau g Jo6oft mapsl BekropoB HM 1M cnpa-

BeIJIHBO PABEHCTBO
(g, m) =&, A™). 8)

. =
OueBunHo, uto A = Agi. OllepaTop Ha3bIBaeTcsl CaMOCOTPSXKEH-

HHM, eciu A*= A. JIna caMOCONpsXKeHHOro omepaTtopa A; =
= A;. HemocpeacTBeHHO M3 ompejiesieHHs] CONMPSXKEHHOro oOmepa-
TOpa CJAEAYIOT paBeHCTBA

(AB)'=B'A", (e 4y =ad’, 9

rjle o — KOMIJIEKCHOe YHCJIO,

[Toctpoum peanmsanuio aare6pnl Habmogaemux. [Iyets 91—
MHOXECTBO CaMOCONpsiXeHHbIX omepatopoB B C" B nanbHeimem
CaMOCONpSIXKEeHHHEe OmepaTophl Mbl YacTo OyZeM Ha3biBaTh Ha6JIi0-
naeMbiMH. Ha MHOXecTBe omnepaTopoB OGHIMHEIM 0Gpa3oM ompe-
JleJIeHBl ONEpalMH CIOXKeHHs M YMHOXKeHHs Ha uHcjao. Ecan A =9,
Be¥% Ar=R, 10 (A+B)es% u M =9, tak Kak (A + B)*=
= A+ B u (A)* = AA. EcTecTBeHHO 3TH OmepalHH CUHTAThb Ofe-
palMAMH CJOXEeHHs HabJI0JaeMbIX M YMHOXeHHS Ha YHCJO.

Caenyomad Halma 3ajaya — HayUYHUTbCl CTPOHTH (GYHKUHMH OT
HabJoaeMbix. MOXHO NPeANOJNIOXHUT, YTO 3AeCh MOJAUTCS 0ObIYHOE
ompefesteHre (GYHKIHE OT ONEpPaTopa. IDTO NPEANOJOXKEeHHe MBI
CMOXeM ONpaBJaTh IOCJTe TOro, KaKk HayYHMCSl CTPOHTb BepOsITHO-
CTHBle pachpefeseHua A HalJoZaeMbIX B KBaHTOBOH MeXaHHKe.
Torna Mu cymMeeMm nmpoBepHTb QOpMYNY wfuay(E) = wa (- (E)), 3k-
BUBAJIEHTHYIO oflieMy omlpenesNeHu0 (QYyHKIHK OT HabJiogaeMoft,
JaHHOMY B NpeAblIAylieM maparpade.

HanoMHuM, 4TO CYIIECTBYeT HECKOJBKO 3KBHBAJIEHTHBIX OIpe-
IeneHu#l ¢yukuuy oT omepatopa. Ecam jpas f(x) Ha Bceit Beue-
CTBEHHOH OCH CIpaBelJMBO pa3jioXKeHHe B CTENMEHHOH pAX

fly=2 cu”, (10)
T0 f(A) ompeneasiercs d)dpmynoﬁ-
f(A)=nZ=:O A" (11)

BTopoe ompejesieHne HCNOJAb3yeT CyLECTBOBaHHE Yy CaMOCONps-
JKEHHBIX OmepaTtopoB cobcTBeHHOrO Gaswuca *

A(pi=aiq),, i-'=l, sy R

* HanoMHHM, UTO COGCTBEHHBlE YHCJA CaMOCOMPSKEHHOro omepaTropa Belle-
CTBEHHH, @ COGCTBEHHHe BEKTOPHl, COOTBETCTBYIOIIHe Pa3HbHIM COGCTBEHHEIM 3Ha-
yeHHsM, opToronaibHel. Ecan coGcTBeHHOe 3HaueHHe HMeeT KPaTHOCTb 7, TO eMy
COOTBETCTBYET r JHHEHHO-HEe3aBHCHMLIX COGCTBEHHEIX BEKTOPOB, KOTOpHE Bceraa
MOXXHO BHOPaTh OPTOHOPMHPOBAHHHIMH.
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3aech @i — cOGCTBEHHbIE BEKTOPHI, (i, ;) = 8;;, a a; — coBCTBEH-
Hble 3HaueHHs omepatopa A. Jlna onpejpeseHHs JHHeHHOro omepa-
topa f(A) moctaTouHO ompenendTh peadynabTaT aefictBus f(A) Ha
BeKTOpbl 6a3uca. Ilo onpenenenunio

f(A)o; = (a) .. (12)

B co6ctBenHom Gasuce martpuila A auHaroHanbHa, W Ha AHaro-
HaJHu CTOAT coGeTBeHHble 3HaueHus, T. €. A; = a;6;;. B stoM xke
npencraBaedun [f(A)]y; = f(a:)8i;. 3ameTum, UYTO BelleCTBEHHOH

(DYHKIHH COOTBETCTBYET CaMOCOTpSIXKEHHBIH omeparop, T. e. f(A)e
=Rif

Onepanus A B onpepeaserca dopmymaoii (4.6), Kotopas nns
CaMOCOTIPSXKEHHBIX OTIEPATOPOB HMEET BHJI

A°B=(A+B)2I(A—B)2=AB-;BA. (13)

CamocomnpsiKeHHOCTb onepatopa A o B oueBHiHA.

Hawm ocTanocs MOCTPOHTb JHEBCKY10 omnepaiuio. as storo pac-
CMOTpHM KoMmmyTaTop omepatopoB A u B [A, B]= AB — BA. Ome-
pauus [AB] obnagaer cienyoLHUMH CBOACTBAMH:

1) [AB]=—[B, A],

%) [A+AB, C]=[AC]+AIB, Cl,

3) [A, BoC]=]A, B]oC+ B-[A, C],

4) [4, [B, C11+ 1B, [C, A]1+1C, [A, B]]=0.

(14)

Bce 3TH cBOficTBA TIPOBEPSAIOTCS HEMOCPEACTBEHHLIM BBLIUHCIEHHEM,
3aMeTuM, U4TO CBOHCTBO 3) CNpaBeJIHBO H AJI HECHMMETPH30BaH-
HOro npousBefeHud. IleficTBUTENbHO,

[A, BC]= ABC — BCA + BAC — BAC =|[A, B]C + B[A, C].

Mubl BHIHM, UYTO KOMMYyTaTop 00JafgaeT CBOHCTBAMH JHeBCKOH ofle-
pauun, Ho [A,B] He sABJfAeTcs CaMOCONPSXKEHHBIM ONEPATOPOM,
T. e. [A,B] E%. Oxanako Buipaxenue (i/h)[A, B], Kotopoe oTJH-
yaeTcs OT KOMMYTAaTOpa UHCTO MHHMBIM MHOXuTesNeM i/h, yaoBie-
TBOpsieT BceM TpeBoBaHuaM. OTMeTHM, uTO anreGpnl ¥, MOCTPOEHHLe
C pPa3HbLIMH TIOCTOSIHHBIMH A, HeusoMop®Hbl Apyr Apyry. BeiGop 4
MOXeT ObITb CJeNaH TOJbKO TOCJe CPaBHEHHS TEOPHH C 3KCIEpH-
MEHTOM. DTO CpaBHeHHe TOKAa3LBaeT, YTO KOHCTaHTa A coBmajaer
¢ mocrosinHofi Ilnanka. B manbHefilneM Mbl 6ymeM HCHOJAb30BATH
o6o3HaueHHe

{A, B}y =+[A, B] (15)

u HaspBath {A, B}, kBaHTOBOH cKOoOKO# Ilyaccona.
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HHTepecHO OTMETHTh, YTO B KJIACCHUYECKOH MEXaHHKe MBI MOTJH
6Bl BMeCTO

&)= 55— o o

dp dq dq Op
onpenenautb ckobky IlyaccoHa paBeHCTBOM

—q (9L 0e _ o og
{f, g§=a ap ¢ g ap )’

rle o — BellleCTBeHHAas NOCTOsHHasA. HeTpyaHo BHIAETb, OLHAKO, YTO
HOBoe omnpejenenne ckoOkH IlyaccoHa B kiaccHuecKoH MexaHHKe
npuBedeT K ajare6pe H3oMOpdHOH HCXOAHOH. JleHCTBHTENBHO, 3aMe-

Ha mepeMeHHHX p= /| a|p’, ¢=signa 4/[a | ¢ BosBpamaer Hac k
CTapoMy OINpeleJeHHIO.
BaxHyio po/ib B KBAHTOBOH MeXaHHKe HIpaeT CJei omepatopa
Tr A. Tlo onpexenenuto
n n
Trd= Z} A= 21 (Ae;, e;).
=

i=

HanomuuM ocHoBHBe cBoficTBa 5ToH omepauuu. Cles He 3aBHCHT
or Bhibopa Gasuca. B yacrHocTH, eciH B3SThb cOOCTBEHHBIH Gasuc
oneparopa A, TO
n
Trd= ), a
i=1
T. . caej fIBJseTCs CyMMOH coOcTBeHHBIX uHcesn. Ecanm a; — kpart-
HOe COGCTBEHHOE 3HayeHHe, TO OHO BXOAHT CJ1aTaeMbIM B CYMMY
CTOJIBKO pa3, KAKOBA €ro KpPaTHOCTb.
Cuiel IpoOH3BeAeHHs] ABYX ONEPaTOPOB He 3aBHCHT OT NOPSAKA

COMHOXHTeJ1el
Tr AB = Tr BA.

B cnyuae GoJbluero 4yHcjia COMHOXHTeJEH NONMYCTHMAa HX LHKJIH-
yeckasi MepecTaHOBKA MNOJ 3HaKoM Tr

Tr ABC = Tr BCA.

Cnen CaMOCOHpﬂ}KEHHOﬁ MaTpHIbI — BEILECTBEHHOE HHCJO, TAK KakK
coOCTBeHHble 3HAYEHHH ee BelleCTBEHHHI.

§ 6. Cocroanus B KBAHTOBOM MEXaHUKE

B 3roM naparpade MBI NOKaXeM, KaK 33JalOTCsl COCTOSIHHS
B. KBAHTOBOH MexaHuKe. HamnoMHHM, YTO MBl COXPAaHHJH OlpefeJe-
HHe COCTOfHMA, npuBeneHHoe B § 2. Tam xe OblI0 NMOKa3aHO, 4TO
3ajlaHHe BepPOSITHOCTHBIX paclpenefeHHH 3KBHBAJIEHTHO 3aJaHHIO
CpeIHHX 3HAueHHil NJs Bcex HabaionaeMblx. Paccysjenus, Korto-
pble TNpHBEJH HAC K 3TOMY pe3y/bTaTy, COXPAaHSIOT CBOK CHAY
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H B KBAHTOBOH MeXaHHKe, TaK KakK OHH He HCIOJNb30BaJH KOHKpET-
1O peasu3allMH aareOpbl HaOMIOJaeMbIX KJIaCCHUECKOH MexaHHKH.
3afaTb COCTOSIHHE —3TO 3HAUHT 3aJaTh (DYHKIHOHAJ (w|A) na
aare6pe HabJlofRaeMblX Y cO CAeYIOUIHMH CBOHCTBAMH:

)  (AM+Bloy=1(Alo)+(Bla),
2)  (Ale)>0,

3 (Cloy=C, M
4)  (Aloy={(Ale).

CeofictBo 1) Mub yxe obcyxpaau. CBo#HCTBO 2) BHIDaXKaeT TOT
dakr, uro aasa uabaogaemofl A%, KoTOpas N0 CBOEMY CMBICHY He-
OTpHllaTesNbHA, Cpe/lHee 3HaueHHE He MOXKeT ObITb OTPHUATENbHHIM
uhgciom. CpoficTtBo 3) yTBepXKJAaeT, uTO. cpefHee 3HaueHHe Habao-
paemoit C B J1060M COCTOSIHHH cOBNafaer ¢ 3ToH KoHcranTod. Ha-
KOHell, Mo CBoOficTBy 4) cpeJHHe 3HAUEHHs BeLIECTBeHHH. Takum
06pa3oM, COCTOSIHHE B KBAaHTOBOH MeXaHHKE €CTb INOJIOKHTeJbHBIH,
JUHEeHHbIA (QYHKIHOHAJA Ha aJrebpe CaMOCONDSXKEHHHX ONEeparo-
poB %. O6was dopma Takoro GyHKIHOHaNA

(Aloy="Tr MA, (2)
rie M —onepatop B C?, y10BAETBOPAIOUWIHA YCAOBHAM:

1) M'=M,

2) (Mg, §) =0, 3)

3) TrM=1.

Onepatop M HasplBaeTcsl MaTpuledl NMJIOTHOCTH H HrpaeT B KBaH-
TOBOH MeXaHHKe Ty IKe pOJib, UTO H (YHKUHA pachpeaesieHHs
p{g, p) B KJIacCCHUECKOH.

ITokaxeM, UTO CBOHCTBA MAaTPHIBl MJIOTHOCTH — CJIEACTBHE
c¢hOpMYJHPOBAHHBIX BHIIE CBOACTB (DYHKLHOHAJa YCpeAHEHHS
(A|w). JleficTBHTeIbHO, H3 BellleCTBEHHOCTH (yHKIHOHada <A|w)
clenyer

n

TrAM= . AuMep= 2. ApMi=

i, k=1 i, k=l
n

= Y ApMi=Tr AM*=Tr AM.

i, k=1
[Monaras X = A; 4 iAs, rpe A u Ay — camoconpsixeHuble onepa-
TOPbI, MOJIyuaeM H3 MOCJEAHEr0 PaBEeHCTBA
Tr XM =Tr XM",

rie X — npousBoJibHbIH onepatrop B C". 3 NpOH3BOJBHOCTH Olle-
paropa X cpasy cJaeayer CBOHCTBO 1).
Tenepb HCMoONb3yeM MOJNONKUTENbHOCTh (yHKUHOHAaa <A[w)

Tr A2M = 0.



Monoxum A = Py, roe Py— omepaTtop MNPOEKTHPOBAHHS HA HOP-

mMupoBanHbIl BekTop 1 (Il = 1),

PE=(, nn.
His BeiyucAeHHS cjefa yaobeH no6oft 6a3uc, B KOTOPOM HepBHIH
6a3UCHBIl BEeKTOD COBmagaer ¢ 1 (e =1,8€,...,€,), TOrIA

Tr PiM = Tr PyM = (Mn, 1) >0.

MEl BHIHM, YTO MOJIOXKHTE/IbHOCTb MATPHIE IUIOTHOCTH SIBJISETCS
HeOOXONHMbIM YC/JIOBHEM [IJ51 MOJOXHTENBHOCTH (YHKIHOHAJA
{A|w). loctaToYHOCTb NpOBepsieTcs CJ/elyOmHM oGpa3om:

Tr A2M=Tr AMA= ZI (AMAe;, e) =, (MAe,, Ae)) =0,
i= i=1

TaK KaK KaXjoe cjlaraeMoe MOJ 3HAKOM CYMMBl HEOTPHLATEJBHO.

Hakonen, yc/j0BHe HOPMHDOBKH MATpHUH MJIOTHOCTH TrM = |
cpa3y caenyetr H3 cBofictBa 3) dyHKLHOHaJA.

TakumM o6pa3oM, MH NOKa3ajH, 4TO COCTOSHHS B KBaHTOBOIi
MEeXaHHKe OMHCHIBAIOTCH MOJOMHTENbHBIMH CaMOCONPSIKEHHBIMH
omepatopaMd CcO CJelIOM, paBHbBIM exguHuue. (Hamomuum, uro
B KJ1aCCHYECKOH MeXaHHKe COCTOSIHHE 3a1aeTCd HeOTpPHLATeNbHOH

byHKuHeR p(g, p), HOPMHPOBAaHHOH yCJOBHEM Sp(q, p)dgdp = l.)

Jlio6o#t onepatop M co crofictrBaMu (18) omucCbiBaeT HEKOTO-
poe COCTOSIHHE CHCTEMBI, T. €. MeXJ1y MHOXECTBOM COCTOSIHHIl
H MHOXECTBOM MaTpHIL HJOTHOCTH M cyllecTByeT B3aHMHO-OJHO-
3HaYHOE COOTBETCTBHE

® <« M,

Ecnu M; u M; — oneparopnl co cBoifictBaMu (3), TO OYeBHAHO, YTO
HX BHINIYKJasi KOMOHHALMS

M=aM, 4+ (1 —a) M,, I<a<l
TakXe o6GJajaer STHMH CBOHCTBAMH H, C/1eJOBaTeJbHO, COOTBET-
CTBYeT HEKOTOPOMY COCTOSIHHIO

o= aw, + (1 — a) o..

Mbl BHAMM, YTO MHOXKECTBO COCTOSIHHH B KBAaHTOBOH MeXaHHKE sB-
JISIETCS BRIMYKJIBIM.

Bcem TpeGoBaHHSIM K MATpHIlE MJIOTHOCTH yAOBJETBOpPsET OJIHO-
mepHuiit mpoektop Py, (¢ || = 1). JeiicTBUTebHO,

1) (PyE, M)=( ) (P, 1) =, $)E ) =(©E Pym),

3) Tr Py= (b, %)= L.

B koHue naparpada Mbpi MOKaxeM, 4To CocTosHHe P, He pac-
KJalblBaeTcsl B BBIMYKNYI0 KOMOMHALHIO ADYTHX COCTOSHHH, T. e.
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sisfisercs dMcThiM. (HamoMHuM, dro B KJacCHYeckKolt Mexatike
YHCTOEe COCTOSIHHe HMeeT (YHKUHI0 pacnpelejeHus p(g, p) =
= 68(g— go)8(p— po).) 3aMeTHM, UTO UYHUCTOE COCTOSIHHE OMpene-
JAfeTCs 3aJaHHeM BeKTopa 1, OAHAKO MeXJy YHCTBIMH COCTOS-
HHUSMH H BEKTOPaMH HeT B3aHMHO-OJIHO3HAYHOTLO COOTBETCTBHS, TaK
KaK ecJd |’ OTJIHYaeTcs OT ¢ YHCJAEHHLIM MHOXKHTEJNEM IO MOIYJMIO
paBHbHIM eauHHUe, To P, = P,. Takum oGpasoM, uHcToMy cocTos-
HHIO COOTBETCTBYET KJ4acC HODMHDOBAHHBIX Ha €IMHHLY BEKTODOB,
OTAMYAIOIHXCA APYT OT ApYyra MHOXHTeseM e'% rge a =R.

BekTop ¢ 06bIYHO HA3LIBAIOT BEKTOPOM COCTOSIHHS, a MPOCTpaH-
CTBO, B KOTOPOM [efCTBYIOT CaMOCONpPSXKEHHLIE ONEPATOPH (Ha-
Garogaemble), npocTpaHcTBoM coctofiHMi. IJoka B Kauecrse mpocrt-
paHCTBa COCTOSIHHE Mbl B3s/iH npocrpanctBo G

TlokaxeM, uto J06oe COCTOIHHE B KBAHTOBOH MeXaHHKe sB-
JSIeTCSl  BBIMYKJOH KoMOuMHauue#l 4YHCTHIX cocrosuHu#. [lasg srtoro
3aMeTHM, 4TO M, Kak BCAKHE CaMOCONpPSAXEHHBLIH ONEpaTop, HMeEET
cobcTBeHHBIH 6asuc

Me; == p;;.

Pa3jioxkuM NpPOHM3BOJIbHBLIE BekTOp £ no 3Tomy 6asucy M mnojaei-
CTBYyeM Ha Hero omnepaTtopoM M,

E= i; & ) o,

ME_ZH;(E P @ = Zu,P S

i=1

B cuay npoH3BOJIBHOCTH §

M= 3 uiPq, (4)

i=1

Bce umeia w; HEOTDHUATENbHH, TaK KaK OHM SBJAITCA COGCTBEH-
HEIMH 3HAueHHAMH NOJOXHTeJbHOro onepatopa. Kpome Toro,

n 2
Zt_lp,-: TrM=1 u, cleioBaTeJlbHO, COCTOfHHe M JeHCTBH-
TEJbHO SIBJISETCS BbIMYKJIOH KOMOHHaLHMeH YHCTHIX COCTOSIHHH Pg .

t

Ilna cpennero 3Hauenuss HabJa0gaeMoll B UHCTOM COCTOSIHHH
® <> P, dopmyna (2) npuHuMaeT BHI

(Aloy= (A%, ¥), I¥li=1. ()

Iina cayuasi cMeIIAHHOTO COCTOSHHA ® <> M= ZH; 9, UMEEM
i=1

(Alo)y= ; wi (Ae;, ). 6)
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dra ¢opMysa MoKa3bBaeT, YTO TaK Ke KaK H B KJaccHYecKoft
MeXaHHKe, yTBepXKIeHHe O TOM, UTO CHCTeMa HaxOIHTCA B CMe-

UIAHHOM COCTOSIHHH M= Z u,P PaBHOCHJIBHO YTBePXKAECHHIO,

yTO CHCTEMa C BepomHocmMH Bis z— 1, ..., n HaXOOHTCS B HYHC~
THX COCTOHHHHXP

B 3aknioueHHe aToro naparpaga noKaxkeM, YTO COCTOSTHHE, OMH~
cHBaeMoe MaTpHUeH MmIoTHocTH M =P, sBasercs 4uCTHM. Ham
HYXHO MOKa3aTh, UTO H3 PaBEHCTBA

Py=aM i+ (1 —a)M;, 0<a<1 (7)

cnenyet, uto M;== My= Py,
Ilpu nokazaTesbCTBe HCIOJB3YeM, 4UTO AJS IOJOXKHTEJBHOTO
omepatopa A H NMPOH3BOJBHEIX BEKTOPOB ¢ H V CIpPaBeIJHBO Hepa-

BEHCTBO
| (Ag, ) P << (A9, @) (AY, b). ®)

U3 (8) caenyer, uto Ap =0, ecnu (Ay,¢) = 0. (Hepasenctso (8)
€CTh YCJIOBHE MOJIOXKHTeJbHOCTH ¢opMbl Ipmura: (A(ap+ byp),
ap + by )=(Aqg, 9)ad + (A, P)ab + (A, 9)ab + (A, )b =0,
rie a U b — KOMIJIEKCHRIE YHCJIA.)

OGosHayuM uepe3 % MOANPOCTPAHCTBO, OPTOTOHAJIbHOE BeK-
Topy VP, Toraa Pyg=0, ecnu @ & 76,. Hcnosnbays mONOKATENbHOCTh

onepaTopOB Mi 1 My u (7), umeeM
<a (Mg, ¢) <a (M, ¢) + (1 —a) (Mg, 9) = (Pyo, ¢) =0,

T. e. Mg = 0. Hcrnonb3ys caMoconpsixkeHHOCTb M;, Moay4uMm nans
MPOH3BOJILHOTO BeKTOpa §

("Ml(p’ g) = (‘Ps Mlg)/= 0’ = %I’

nostomy ME=Cy} u, B uactHocTH M =Cyb. 3necr Cy— KoH-
cTaHTa, 3aBHCAmAs OoT BekTopa E. [IpOH3BONIBHEIA BEKTOD E MOKHO
NpeACTaBHTh B BHIE

§=(§,"P)¢+(P, CPE%I,

nostomy Mg =CyPE, 1. e. M=C,P, Haxonen, H3 ycCJOBHS
Tr M;=1 nmnonyuaem, uto C,='1, cuenosatensio, M; =P u

M,=P,

MoxHo npoBepHTh H o6paTHOe YTBePXKAEHHE, Ec/H cocTOsiHHE
SIBJISIETCS UHCTBIM, TO cymecTByer Bektop Y = C*, || ¢ || = 1 Takoi,
yt0 M =P,

§ 7. CooTtHouieHust HeonpeaeaeHHocTH IeitaenGepra

B sToM maparpacde Mbl MOKaxeM, KaK COOTHOIICHHA Heompene-
JICHHOCTH, KOTOpble YNOMHHAJHCh B § 4, CJI€AYIOT H3 MaTeMaTHue-
CKOTO anmapara KBAHTOBOH MEX3HHKH, H [JaAHM WX TOYHYI ¢op-
\MYJIHPOBKY.
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PaccMoTpuM aHcmepcHH ABYX HabaionaeMux A u B B cocros-
HHH . HanoMHuM, 4To aucnepcHsi Ha6JaionaeMofl ompeaessieTcst
COOTHOUIEHHEM

oA={(o[(A— A, P)=(a| A% — (o | A),
rie A, ={(w|A). Uepes AyA Mb o6osnauaem W/Af.,A.

CooTHourenust HeonpeneJqeHHOCTH YTBEPXKAAloT, 4TO AJd Jaoforo
COCTOAAHUSA o CIOpaBE€OJIHBO HEPABCHCTBO

AADBZ 21(A, BY o). (1)

COOTHOIIEHHS] HEONpEeNeNeHHOCTH [OCTATOYHO JA0Ka3aTh JJs
YUCTHIX cOCTOAHHH. [ cMellaHHBIX cocTosiHu#l oHM GyAyT caefno-
BaTh TOrna H3 HepaBeHCTBa (2.17), KOTOpOE CNpaBeAsNHBO H B KBaH-
TOBOH MeXaHHKe, TaK KaK ero BLIBOJ He 3aBHCUT OT pealiH3allHH
anre6pbl HabJIOgaeMBIX.

Haunem ¢ oueBHIHOIO HEpaBEeHCTBA

(A+iaB) ¥, (A+iaB)$) =0, [bll=1, a=R.

paCKprBaﬂ JIEBYIO 4aCTb, NOJYYHUM

(A%, ) + a? (B*, $) — ia ((AB — BA)$, ) = 0.

Hcnonb3ys onpepenenHe KBaHTOBOH ckKob6ku Ilyaccona (5.15)
u GopMyny ans CcpedHero 3HadeHus HabJalogaeMofl B YHCTOM CO-
CTOSTHHH m<—~>P¢ (6.5), nepenuueM MOCJAefiHee HEPABEHCTBO
B BHJE

(A% @)+ a?(B? | @) — ah ({A, B}, |0)>0

npu Jio6oM o & R u, ciaenoBaTesbHO,

(A o) (B lo) =2 (A, BY, 0P

CoOTHOUIEeHHsT HeonpeaeNeHHOCTH (1) HemocpeiCTBEHHO CJenyIOT
M3 3TOr0 HepaBeHCTBa, €CJH caenaTbh 3aMeny A —>A— A,
B—B — B, u yuecTs, uto {4, Blp= {(A — Ac), (B — Beo) i
COOTHOLLIEHHST HEOMpeleNeHHOCTH MOKA3BIBAIOT, 4TO AHCMEPCHH
IBYX Ha6JiogaeMbX MOryT oOpaTHTbCS B HYJb OJHOBPEMEHHO
TONBKO B TOM CJydae, KOIJla cpefHee 3HaueHue CKoOkH [lyaccona
paBHo Hyso. Jns koMMmyTHpylomux HabmonaemMux {4,B}, =20
M MpaBas yacCTb pPaBHA HYJIO AN BCEeX COCTOSIHHE. B stoMm cayuae
COOTHOIIEHHST HEONPEeNeJeHHOCTH He HAaKJaAbBalOT HHKAaKHX Orpa-
HHYeHHH, U TakKHe HabJiofaeMble SIBJSIOTCS OJHOBDPEMEHHO H3Me-
pHMbIMH. B nasnbHefinieM MBI YBHAHM, 4TO AEHCTBUTEJNBHO CYlie-
CTBYET MPHHIUTHAJBLHO BO3MOXHLIHA cnoco® 0QHOBPEMEHHOI'O H3Me-
peHHss Takux HabuionaeMnx. Haunbosee cHibHBIE orpaHH4YeHHS
HaKJaAbBalOTCS Ha nMape  HabJalogaeMblX, JAJas  KOTODHIX
({A, B}ul0) =0 nns Bcex o, Hanpumep, ecau {A, B}, = const.
B aToM cayuae He CylIeCTBYeT COCTOSIHHI, B KOTODHIX AHCMEPCHH
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ob6eux HabJaOfaeMbiX paBHb HyJI0. Mbl YBHIHM B JaJjbHeflleM,
UTO AJs1 OJHOUMEHHBIX KOODIHHATH H MPOEKUHH HMIYJbca

{P» Q}hzl;

rae [ — eUHHYHBIH oneparop. CoOoTHOIIIeHH HeoNnpeaeJeHHOCTH
JJA 3THUX HaémonaeMbe NMPHHUMAIOT BU]J

A PAQ > hj2,

T. €. B IPUPOJie He CYLIeCTBYeT COCTOSIHHH, B KOTOPBIX KOODJHHATA
H OJIHOMMEHHAs NPOEKIHA HUMIY/bCa HMEIOT OJHOBPEMEHHO BIIOJIHE
onpeieseHHble 3HAUeHHs. DTO YTBepXKJeHHe CNMpaBelJHBO Kak JJs
CMeLIAaHHBIX, TAK H [/ YHCTHIX COCTOSIHHH, TMOSTOMY UHCTBIE CO-
CTOSIHUSl KBAHTOBOH MeXaHHMKH B OTJIHUHE OT UYHCTBIX COCTOSIHHI
KJACCHUECKOH MeXaHHKH He SIBJAIOTCA COCTOSIHHSAMH C HyJeBOH
Lucnepcuell Bcex HabJIOLaeMbIX,

Mbl MOXKeM Temepb BepPHYTbCS K BONPOCY, MOCTaBJEHHOMY
B HavaJse § 2: ueM MOXHO OOBSICHHTb HEOJAHO3HAUHOCTL PE3yJbTa-
TOB 3KCMEePUMEHTOB. MbI BHIEJH, UTO B KJIACCHUECKOH MeXaHHKe
Takas HEOQHO3HAYHOCTb CBSI3aHA TOJbKO C YCJIOBHAMH 3KCHEpH-
MeHTa, Ecau B yC/JI0BHSA 3KCHepUMEHTa BKJIOUHTH JOCTATOUHOE
UHCJIO INpPeIBAPUTEbHBIX H3MepeHHH, TO Mbl CMOMKeM OBHITh yBe-
PeHBbl, UTO CHCTEMAa HAaXOAHTCS R UHCTOM COCTOSIHHH H Pe3YJbTaThl
JIOGOro 3SKCIEepUMEHTa IMOJIHOCTBIO JNeTepMHUHHPOBaHH. B KBaHTO-
BOH MexXaHHKe OTBeT Ha 3TOT BONPOC OKa3bIBAeTCsl COBEepIIeHHO
npyruMm. COOTHOIIEHHS! HEONpeIeleHHOCTH NTOKa3blBalOT, UTO He Cy-
LlecTBYeT Ja{e NMPHHUHMMHAJIBHOH BO3MOMKHOCTH NOCTaBHTb 3KCIle-
PUMEHT TakK, YTOOBl pe3yJ/bTaThl BCeX H3MepeHHI GBlJIU onpejeseHbl
OJHO3HAUHO YCJOBHAMH 3KCIepHMeHTa. Mbl BBIHYKAEHBl, TAKHM
o6pa3oM, CUHTaTh, UYTO BepOSITHOCTHBI! XapaKTep mNpeacKasaHHH
B MHKpPOMHpe CBsI3aH ¢ (DH3HUeCKHUMH CBOHCTBAMH KBAaHTOBBIX
CHCTEM.

. DTH BBIBOJB KaXyTcsl HACTOJNbKO HEOXKHAAHHBIMH, UTO HHTepec-
HBIM TNpeACTaBJAETCS BONMPOC O BO3MOXKHOCTH BBEJEHHS B TEOPHIO
TaK Ha3bIBAEMBIX «CKPBITBIX MapameTpoB». MOXKXHO NpeIMnoJOKHUTS,
UTO OMHCAHHe COCTOSIHHSl CHCTeMBI NpPH [OMOIIH MAaTpPHUB MJOT-
HocTH M =P, 1e ABJAETCA MOJHBHIM, T. €. Kpome P, ciaerosaio
6Bl 3aJaTh 3HAUelHsl KAKHUX-TO nmapameTpoB* x («CKPBITHIX mapa-
METPOB»); TOrAA ONMHCAaHHE CTaHeT JOCTATOUHBLIM JJs OJHO3HAYHOTO
npeJcKas3aHus pe3ysbTaToB J1060r0 H3MepeHHS. DBeposiTHocTHHIH
JKe XapakTep TpeJCcKasaHH#l B COCTOfIHHH ® < P, TOrja MOXHO
0G'BACHHTL TEeM, UTO HAM HEHU3BECTHBl 3HAUEHHA CKPBITHIX NMapaMmer-
pPOB H O HHM CYLIECTBYeT KaKoe-TO BepOSITHOCTHOE pacnpeje/ieHHe.
Ecsn 0603HaunTh COCTOSIHHS, 3a1aBaeMble mapoit (P, x) uepes w.,

* «CKpbITHle MapaMeTPhl» X MOYKHO DacCMaTPHBATb KaK 3.JeMcliThl HeKOTO-
pero MmHoxectBa X. OTHOCHTEIbHO (H3HYECKOR NPHPOAS 3THX MAPAMETPOB MUl
He jellaeM HHKakKiX NMpPelnofoeHuil, Tak Kak oHa Ge3pasnyna AJs Aa/bHelinLix
paccyk/aeHHH, '
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TO Hallle MpPeANOoJOXKEeHHe CBOAHTCS K TOMY, UTO COCTOSIHHE @ €CTh
BhINYKJasi KOMOHHAIMSA COCTOSHUA ®x. Mbl 3Haem, uro P, He pac-
KJaAblBAaeTCs B BbIIYKJAYIO KOMGHHAIHIO OMNEPaTopoB CO CBOM-
CTBAMH MATPHUB IJIOTHOCTH, T. €. COCTOSIHHAIM @, HE COOTBET-
cTBYl0T HHKakue omnepatopsl M. Cnoco6 onHcaHus COCTOSTHHI
B KBaHTOBOH MeXaHHKe ompejessiercs BuiGopom ajarebpbl Hab.io-
naembix. IlpeamosoxeHue o TOM, YTO CYILECTBYIOT COCTOSIHHS, KO-
TOPHIM He COOTBETCTBYIOT HHKaKHe MaTpHUbl MNJOTHOCTH, 3aCTaB-
JAeT Hac OTKasaTbCH OT YTBEpPXKJAeHHS, 4TOo HabJIofaeMue ecThb
CaMOCOMNpSIXKEHHble ONepPaTophbl, T. €. OTKa3aTbCsd OT OCHOBHOrO
NpPeANoJOKeHHss KBaHToBoll MexaHukH. Takum o6pas3oM, MBI BH-
JIUM, 4TO BBejleHHE CKPHITHIX MapaMeTpPoB B KBAHTOBYIO MEXaHHKY
HEeBO3MOXHO 6e3 KOpeHHOH NepecTpPOHKH ee OCHOB.

§ 8. dusnyeckuit cMbic COGCTBEHHBIX 3HAYEHUIA
U cOOCTBEHHBIX BEKTOPOB HalM0AaeMbIX

B stom maparpade Mbl pacCMOTPHM BONpOCHI, Kacamouiiecs ¢H-
3HYECKOr0 TOJIKOBaHHA TeopuH. [lpexae Bcero Mbl JOJIKHBI Ha-
YVUUTBCH CTPOMTb (YHKUMH pachnpejiesNeHHs s HabGJIIOAaeMbIX
B 33J]aHHOM COCTOSIHHH. Mbl 3Haem obuyio ¢opmyay

w4 (A)=O M — A) o), (n
rae 0(x)— pynkuusa Xesucaiima. Uto6bl HOCTPOHTH (YHKUHIO OT
Habmonaemoli (A — A), paccMOTpHM ypaBHeHHe

Ag; =a;P;.

TonpKOo A7 NPOCTOTHI PacCyXAeHUH MOKa NPEANOJOKHM, UTO BCe
coO6CTBeHHBIe 3HAUEHHsI PAa3JHYHbl, T. €. CIeKTp omepatopa A mpo-
CTOH, H 3aHyMepyeM cOoOCTBEHHble 3HAUEHHS B MOPSJAKE HX BO3pac-

TaHusg a; << ... << a,. Yepes P, o06o3naudM oMNepaToOpnl TNpOeK-
i
THPOBAaHHUS HAa COGCTBeHHHIe BEeKTOpPH. BBejem omeparop
Pay= ¥ Py @)
a;<A

(3Ha‘{OK i noa 3HAaKOM CYMMbl NDHHHMaeT 3HA4YC€HHs, YIOBJIETBO-
paloniHe ycaoBHIO a; << A). ITokaxeM, urto

Py(0)=0(— A). 3)

Ias mpoBepKH 3TOro paBeHCTBAa [OCTaTOYHO YGeaHThCS, YTO OIe-
patopsl P4(A) u O0(A—A) oauHakoBO JelcTBYIOT Ha GasHCHBIE
BEKTOPH ¢;, Mcmonesys omnpeaesiense (GyHKUMH OT OmepaTopa,
HMeeM

, A>>ay,
9(A_A)¢,=e(x—a,)m1={$’ x:a,]
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~ C npyro#t cTopoHH,

(P[’ A > al»
h s = P =
A( )(P/ a‘zg:h qniq)l {0, [y <al'

[Mocnegnee paBeHCTBO HANHCAaHO C YUeTOM TOro, 4YTO Pq,‘q;,ﬁ
=08;,¢; H oneparop P“’I NOSABUTCA MOJ 3HAKOM CYMMEI TOJIBKO NPH

yCJIOBHH A = a;. Jlerko mpoBepHTb, 4TO P4 (A)— npoekrop, T. e.
Pi(M=Pa() u Pa(h)=Pa(r). Ouesuano, uto P,(A)= 0 mnpu
A<<a u Py(A)=1 upu A= a, Oneparop P,(A) HasbBaercs
crekTpasibHON (YHKLHel omepatopa A.

Tenepb HeTpyAHO NMOJNYYHTL SIBHHIH BHI AJA q)yHKuuu pacnpe-
nesenus s (A), o < M,

wg (M) =(Pr(A) |@)y=Tr MP,(\) =
=TrM Y P, 0, = > TrMP
a; A a;<h
OKOHYATEJLHO
0 (N = 2, (Mq, ¢)). @)

LT

HanomuuM, uto (Meg,9;)==0. Mu BHAHM, 4TO ®a(A)— KycouHo-
TocTosiHHAA (QYHKIHA, HMeoluas CKaukKH NpH 3HAUeHHAX A, COBma-
JAIOIWHX ¢ COOCTBEHHHIMH YHMCJIaMH, H HENpepLiBHAsf B 3THX TOYKaX
cupasa. I'paduK ee H300paxKeH HA pHC. 3.

w, (A)
R LT T —_—
—— .
—-

———e—

1 1 1 1 1 1

a, a; s Q4...0p.70n A

Puc. 3.

M3 Buga ¢yHKIMH pacnpejesieHHsl cjeayeT, 4TO OTJIHYHOH OT
HyJIl SIBJISIETCS BePOSATHOCTL MOJYUHTh 3HaueHHe Habusionaemoil A,
coBmajapoliee ToJMbKO ¢ OAHHM H3 COOGCTBEHHBIX YHceJ. BepoaTHocTb
W, npH H3MepeHHH MOJYYHTL 3HaUeHHe a; PaBHA BeJIHUHHE CKadka
‘OYHKUHH w4 (A) B 5TOH TOuKe

W, = (Mes, ). @)

CyMMa Wi, KaK H c.neu,ye'r OXHAATb, paBHa €eJIHHH1Ee, TaK KakK
n
YwW,=TrM=1.
f=1
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1 4HCTOrO COCTOSHHS @ < /', dopMyna (5) nPHHHMaeT BHA
W=, o) B (6)

HakoHen, ecad cuCTeMa HaXOMHMTCA B COCTOSHHH Pq,l, T. €. B YHUC-

TOM COCTOSIHHH, ONpeJeNsieMOM OJHHM H3 COGCTBEHHBIX BEKTOPOB
Habaionaemoli A, To nmo ¢dopmyne (6) W, = 8, B Takom umctom
COCTOSIHHH MpPH H3MepeHHH Hab.aonaeMoi A ¢ LOCTOBEPHOCTHIO
MONYYHTC YHCAO Q.

[loka MBl npeamonaranu, 4to omepatop A HMeeT OpOCTOR
crekTp. O6o6lLeH e MONYUEHHBIX Pe3y/JbTaTOB HA CJAY4ali KPaTHOrO
CMEKTPa, KOrjza CcOGCTBEHHOMY 3HAaYEHHIO Q; COOTBETCTBYET He-
CKOJIbKO COOGCTBeHHBIX BeKTOpOB @i, @2, ..., @) Tpyaa He npen-

craBaseT. JLocTaTOUHO 3aMeHHTb MPOEKTOPH P, Ha omeparopw Py,
i

[MPOCKTUPYIOLIHE HaA co6CTBeHHbI® noAnpoCTpancTBa, COOTBETCTBYIO~
mHe COGCTBEHHBIM 3HAUECHHAM @;

PY =73 (b o) ¢/,
k=1

Torna BeposTHOCTs MPH H3MepeHHH Hab6awonaeMofi A OONyYHTB
3HauyeHHe a; B ofleM cayyae onpeaensercs popmynoi

r

W= 3 (Ma®, o), )

k=1

asB CleLIae JUCTOI'O COCTOAHUSA
r
W= | (% o) ®)
k=l

Tenmepe MH MONYYHAH BO3MOXKHOCTB II0Ka3aTh, 9TO OOBIYHOE
onpeneneHHe QyHKHHH OT OMEPaTopa COIJacyeTcs C LAHHBIM B § 4
nousiTieM (GyHKUMH OT Habawonaemoh. IleficTBUHTENBHO, ONMepaTOPH
A u f(A) umeror 06y CHCTEMY COGCTBEHHBIX BEKTOPOB

k) — g @®
Ap = a0,
R) e
[ (AP =] (a) o},

R &)
a gECao 22-1 (Mo, o) onnoBpeMenHo sBAsIeTCR BepOATHOCTBIO

OPH H3MepPeHHH MOJYYHTb 3HaYeHHe q; JAJAs HabawoxaeMoll A
H f(a;) nna nabaopaemont f(A). Otciona cpasy caenyert, 4to

or 4 (E) = o4(f ' (E)).

3aMeTHM eIle, YTO B COCTOSHHUAX, ONpelensieMbix COGCTBEHHBIMA
BekTopaMH A, Habnionaemne A u f(A) onHOBpeMeHHO HMerOD
BNOJIHE OMpeJiC/eHHble 3HaYeHHR a; H [(a;) COOTBETCTBEHHO,
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Mul MoxeM caelyoAM 06pa3oM MOABITOXHThL PE3YJabTaTHl, KO-
TOpbie CBA3BIBAIOT MaTeMAaTHYeCKHH annapaT TEOPHH C ee (hH3HYe-
CKHM TOJIKOBaHHEM.

1) Ha6nionaemaa A B cOCTOSIHHH © <> M HMeeT cpenHee 3Ha-
yeHHe

{(Aloy=TrMA

H q)yHKL[HIO pacnpeneyaeHua
[OF] (A) =Tr MPA (A).

Jas ancroro coctosinus M= Py, [{]|=1

(Ao) = (A}, ¥),
04 (A) = (P 4 (A) ¥, ).

2) MHoxecTBO cCOOGCTBEHHBIX 3HayeHHH Habaomaemoli A cosna-
JIAeT C MHOXECTBOM BO3MOXKHBIX Pe3yJbTaTOB H3MepeHHs 3TOH Ha-
6nonaeMoi.

3) BepositHocTe W, moayuuTh B pe3y/bTaTe H3MepeHHss HabJ0-
naeMofit A 4mcJo0, coBnajgamllee ¢ OJHHM H3 ee COOCTBEHHBIX 3Ha-
YyeHHH, BblYHcAsieTca no ¢opmyae (7) B obumeM ciayuae W MO
dopMyse (8) A% YHCTBIX COCTOSIHHIL.

4) Co6cTBenHble BEKTOPH HabJionaeMoli A onpefensiioT YHCTHE
COCTOSIHHS, B KOTOPHIX HabJsofgaeMas ¢ JOCTOBEPHOCTBIO MPHHHMAET
3HaUeHHe, PaBHOe COOTBETCTBYoLleMy COOGCTBEHHOMY 4HCAY,

Mul BHAHMM, YTO MOCTPOEHHAs MOXEJb YIOBJETBOPSET MHOTHM
¢u3nueckuM TpebGOBaHHAM K MeXaHHKe MHKPOMHPA, cGOpMyJHpO-
BaHHBHIM B § 4. Ona gomnyckaer CylleCTBOBaHHE HEH3MEPHMBIX OJHO-
BpeMeHHO HalaogaeMbix H O6bACHAET COOTHOIIEHHS HeomnpejeJieH-
HOCTH. B paMkax 3TOH MOZeJH eCTECTBEHHO OUHCHIBAIOTCH Ha6JI0-
naeMble, HMEIOLUIHe MHCKPeTHOe MHOXecTBo 3HaueHHH. C nmpyrofi
CTOPOHB], Mbl BHAHM H OrpPAaHHYEHHOCTb TakKoH Mopenu. Jlwobas
HabaonaeMass He MOXeT HMeTb Oosbiue, 4YeM n 3HadeHHuit, rue
n — pa3MepHOCTb MPOCTPAaHCTBA cocTofAHHA C" H, cjemoBaTesbHO,
3Ta MOJeJb He MO3BOJIAET OMHCAThb HAab/onaeMble C HeNMpepbIBHHIM
MHOXKecTBOM 3sHaueHHfi. [ToaToMy TpyaHO npeAmosOXHTb, Y4TO Ta-
Kasi MOJeJNb MOXET OMHCHIBATh peaJsibHble (HPH3HUECKHE CHCTEMBI.
OgHaKO 3TH TPYNHOCTH He BO3HHKHYT, €CJH NepeHTH K f = oo
H B KayecTBe MPOCTPAHCTBA COCTOSIHHH B3STb KOMIJICKCHOE THJIb-
6¢pTOBO MPOCTPAHCTBO, a HabulofacMble CUHTATh CAMOCOMpPSIXKEH-
HHIMH OMepaTopaMH B 3TOM mnpoctpancrtBe. Bni6op mnpocTparcTs
COCTOSIHHH JJIsi KOHKPETHHIX (PH3HYECKHX CHCTEM H IpaBHJIa [0«
cTpoeHHs HabGaofaeMbix aas HuXx Mbl o6cyaum B § 11, a noka mpo-
JOJKHM H3yueHHe Haiuefl KOHeuHOMepHO# MoneaH. KoHedHOMepHad
Mojesb yno6Ha [AJ15 Hac elle TeM, YTO Mbl He CTaJKHBaeMCs ¢ YHCTO
MaTEeMATHYECKHMH TPYAHOCTAMH CNEKTPaJbHOH TEODHH HeOrpaHH-
YEHHBIX CAMOCONMPSAXKEHHBX ONepaTopoB B T[HJIbOEPTOBOM MPOCT-
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paHCcTBe, 3aMeTHM, YTO OCHOBHble MOJOXKEHHS 3TOH TeopHH OblIH
paspaboranbl ¢oH HefiMaHOM HMeHHO B CBSI3H C MOTPeGHOCTAMH
KBAaHTOBOH MeXaHHKH.

§ 9. JlBe KapTHHBI ABHIKEHH1 B KBAHTOBOH MeXaHHKe,
¥Ypasxenne lpenunrepa. CtauHoHapHble COCTOAHHA

B stom naparpade Mbl 0O6CYyAHM BONPOCH JHHAMHKH KBaHTO-
BbIXx cHcTeM, OCHOBHOe MNpefNoNOXeHHe YXKe N0 CYIIeCTBY G6blLIO
cienano B § 4, Korga Mbl IOBOPHJH O HeOGXOIHMOCTH -BBeLEHHS
JIHEBCKOH omepauud B anrefpe HaGaofaeMblX KBAaHTOBOH Mexa-
HHKH H O ee CBA3H C AHHaMuKofi. [losToMy Mbl npsMo HauHeM
C TOro, YyTO MOCTYJHPYeM TaK Ha3blBaeMylo KapruHy [efizenGepra.
Sra KapTHHA fIBASIETCS AHAJOMOM KJaCCHYECKOH KapTHHL ['aMHJb-
ToHa. Tak Xe KaK H B KJaCCHUECKOH MeXaHHKe, B 3TOH KapTHHE
HabnonaeMble A 3aBHCAT, & COCTOAHHS © < M He 3aBHCAT OT
BpPEeMeHH

aM

dA(t)
= {H, A

3pecb H — onmepaTop MOJHOH 5HEPrHH CHCTEMBl, SIBJSIOMIHICS aHa-
nmoroM GyHKUHH ['aMHJIbTOHA KJaacCHueckoH MexaHHKH. Omepatop
H wHorpa HaswmiBalor onepartopoM Ulpexnunrepa. ®opma 3amnucH
KapTHHB ['efisenfepra TOuHO Takas e, KaK KapTHHH [ aMHJbTOHA,
TONBKO B NMpaBOH 4acTH CTOHT KBaHTOBas cko6ka Ilyaccona BMecto
KJaCCHYECKOH.

Kak u B KNaccHUeCKOH MeXaHHKe, ypaBHeHHe

dA(t
e L 2)

BMeCTC C HauaJbHBIM YCJIOBHEM
AW ., = A4 (3)

3ajaer OAHONAapaMeTPHYECKOe CeMeHCTBO aBTOMOp(dH3MOB anreb-
pbl HabaonaeMbix 9.
3aBHCHMOCTb CpefHero 3HaueHHs OT BpPEeMeHH Ollpelensercs
dbopmynok
A y=TrAF)M.

YpasHenHe (2) ¢ HayaJbHBIM YCJOBHeM (3) HMeeT eIHHCTBEHHOe
peleHHe, KOTOpOe MOKeT ObITh 3alHCaHO B BHIE

Ht -

4T, 4)

Ht

&f e

A@t)=ce
42



HeficTBUTENBHO,

d_/;_tﬂ=% [H, A ={H, A},

BuimosiHenHe HavaJbHOrO YCJOBHA OUYEBHIHO.
i

Onmnepartop U(t)=e * Ht, KOTODBIH MOSABHJCA B 3aNHCH pelle-
HHA (4), HasbiBaeTcs onepaTopoM 3BoJouuu. OnepaTtop 3BOJIOIMH
ABJSIETCS YHHTapHBLIM ONEPaTOPOM BCJENCTBHE CaMOCOMNPSXKEHHO-
cTH oneparopa H
H

i
Uty=e® " =U"" ().

MuoxkecTBo onepatopo U(f) o6pasyeT oaHONapaMeTpHUECKYIO
rpynmy
UtU @) =Ut+t), U O=U(=1).

Ecnn nabmonaemeie H 1 A koMmmyrupyiot, to {H, A}, = 0 u cpen-
Hee 3HaueHHe HabJiofaeMoll A He 3aBHCHT OT BpeMeHH. Takue
HaGJogaeMble HA3bIBAIOTCA KBAHTOBLIMH HHTErpajaMH ABHXKEHHS.

B KBaHTOBOI MeXaHHKe CYUIeCTBYeT BTOopas 3SKBHBaJICHTHas
KapTHHA [BHXEHHH, SABJAIOUIASCA aHAaJoroM KJaccHueckofl Kkap-
THHB JluyBuanasa. ng toro 4Tobu chopMyJHPOBATb 3TY KapTHHY,
npeo6pasyeM Gopmyay AJas cpelHEero 3HaueHHA

(A() |0)=TrU*(f) AU (t) M=Tr AU () MU* () = Tr AM (t) =

= (Ao @),
re : o (f) < M) =U (t) MU* () (5)
H M(!) sBaseTcAd eJHHCTBEHHBIM pPEHICHHEM YDPaBHEHHS
W), — —(H, MO}, (6)
¢ HaYaJbHBIM yCJOBHEM
M@, =M. (7)

Mbl npHULIH K Tak Ha3biBaeMo#l kapthHe Lllpeaunrepa. B sroft kap-
THHe 3aBHCAILHMH OT BPeMeHH OKa3bIBAaIOTCH COCTOSHHSA
dM (t)
dt = - {H’ M(t)}fu

dA
dat

—0. (8)

[To camomy cmocoby BBeneHHs Kapruna Illpenunrepa »sKBHBa-
JenaTHa KaptuHe [efizen6epra, Tak Kak 3aBHCHMOCTb CpPeAHHX 3Ha-
yeHHH HabJlogaeMblX B 3THX KApPTHHAX fABJAETCH OAHHAKOBOH.

Tenepb paccMOTpPHM 3aBHCHMOCTb OT BPEMEHH HHCTHIX COCTOA-
uuit B kapture lllpenunrepa. CorsacHo obuiefi dopmyae (5)

Py@)=U() P,U" ().
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[TonGepem 3aBHCHMOCTb BEKTOpa COCTOSHHHA P(f) OT BPeMeHH Tak,
4TOGbI BBIIOJHANOCH PABEHCTBO

Py ()= Py
I"Iposepnm, 9TO 3TOMY yCJlOBI/IlO yD,OBJleTBOpﬂeT

YO)=U)b. 9)
[lycts & — npoU3BONBHBIH BEKTOp, TOTJa

Posyt =& b O=E UNOMHUN b=
=U@NU D D b=UW)PU ()= Py (/)¢

Takum o006pa3oM, 3aBHCHMOCTb OT BpeMeHH BekTopa 1P (f) mo
dopmyne (9) rapaHTHpPYeT NpPaBHJABHYK 3aBHCHMOCTb OT BPEMEHH
YHCTOTO COCTOSIHHA. 3aMeTHM, 4uTo (9) He cjaelyeT H He MOXKer
CNel0BaTb C HeOOXONHUMOCTBIO H3 (D), TaK KaK BEKTOP COCTOSHHS
OTIpesieNfeTCs COCTOSAHHEM C TOYHOCTbIO 10 MHOXHTENS 10 MOAYJIO,
paBHoro eauHHne. HecMoTps Ha 3TO, B KBAHTOBOH MEXaHHKe BCEraa
CUHTAETCsl, YTO 3aBHCHMOCTb BEKTODOB COCTOSIHHSl OT BpEMEHH
onpefenserca ¢opmyaofi (9). OTMeTHM, 4TO 3BOJNIOUHSA He MeHSeT
HODMHDOBKH BEKTODa COCTOSHHSA,

b O I=l%l,

TaK Kak U (!)— yHurapHbli onepaTop.
Bekrop ¥ ({) yaoBieTBOpseT ypaBHEHHIO

ih D — Hy ) (10)
M HadyaJlbHOMY YCJOBUIO

b () oy ="

YpaBuenne (10) HasbiBaercd ypaBHeHHem lllpenunrepa u saBasiercs
OCHOBHBIM YpaBHEHHeM KBAHTOBOH MeXaHHKH.

PaccMoTpuM Tenepb COCTOfIHHS, KOTOpble B KapruHe [lpenun-
repa He 3aBHCAT OT BpeMeHH. TaKHe COCTOSIHHSI Ha3bIBalOTCA CTa-
nnoHapHBIMH. QueBHAHO, CpefHee 3HAaYeHHe NW6GOH HabnwaaeMOH
H BEDOSITHOCTH €€ OIpeJleNleHHbIX 3HAYeHHH B CTAllHOHAPHHIX CO-
CTOSIHUSIX OT BPEMEHH He 3aBHCAT. YCJOBHe CTallHOHAaPHOCTH Cpasy
ciaenyer u3 (6) U UMeeT BHJ

{H, M}, =0. (11)
PaccMOTpHM UHCThie CTallHOHapHble cocTosiHHA. M3 (11) umeewm *
HPysyy=PypH.

* 3aMeTHM, 4YTO H3 He3aBHCHMOCTH Pw () OT BPEMEHH OTHIOAb He CJELdyeT,

410 BekTOp (), yaosreTsopsowMi ypasHenuio Illpeaunrepa, He 3aBHUCHT OT
BpEMeHH.

44



IMoxeiictByeM JieBo#t ¥ mpaBOH YaCTAMH 3TOTO PaBEeHCTBA HA BeK-
Top P (?)
HY (t) = (Hb (), » (@) ().

Uncao E = (H+ (), ¥ (¢)) = Tr PyyH oT BpeMeHH He 3aBHCHT, u
Mbl BHAHMM, 4TO OpH J1060M ¢ BeKTOp 1) ({) fIBJfeTCH COOCTBEHHHM
BeKTOpOM omepatopa H ¢ cobcTBeHHBIM 3HaueHHeM E. Tloatomy
ypaBrenue lllpenunrepa ans Bektopa 1 (f) TPHHHMAaeT BHI

g A0 ()

Pemenne 310ro ypaBHeHHS:
t

b)) =v e ", (12)

TakuM o6pa3oMm, 4HCTble CTAllHOHADHBIE COCTOSIHHUS — 3TO CO-
CTOSIHHSI C OlpeJesieHHOH 3HepPruel, U BeKTOD, onpejeasiomuil Ta-
KOe COCTOSIHME, 3aBHCHT OT BpeMeHH no ¢opmyne (12).

YpaBHeHHe

Ho; = E@;

MHOTJAa Ha3bIBAIOT CTayHoHAapHBIM ypaBHeHueM [llpeaunrepa. Oc-
HOBHBIE 3aj1a4¥ KBAHTOBOH MEXaHHMKH CBOJATCS K pPelIeHHIO 3TOro
ypaBHenud. Yucna E; cornacHo ofmemy ¢(H3HMYECKOMY TOJKOBa-
HMIO, €CTb BO3MOXHbBIE 3HAUeHHUS SHEPTrUH (3HepreTHUecKHe YPOBHHU)
cuctemul. CoCTOstHHe, COOTBETCTBYIOLlee HauMeHblLUeMY 3HaUYeHHIO
sHeprud £}, Ha3bIBaeTcsl OCHOBHHIM COCTOSIHHEM CHCTEMBl, OCTaJb-
Hble COCTOSIHHS — BO30yX/JeHHBIMH. EcaH H3BecTHB COGCTBEHHLIE
BEKTOPHl ¢; onepaTtopa H, T0 Jierko moxer ObITb IOCTPOEHO perlie-
e 3ajaun Kowwu gas ypasuHenus Ilpeaunrepa

o A9 ()

P (t) |t=0 =1

Insi 3TOTO JOCTaTOYHO Pa3jOXKHTb BEKTODP P MO COOGCTBEHHOMY
6asucy onepatopa H

Y= i;l 9 =10, ¢;)

¥ ucnoab3oBaTh ¢opmyay (9). Torgja MB NOJyYHM pellueHHe 3a-
nadu Kowwu B BHAE

L gy

V()= ;:101(]3#3—T C. (13)

D1y dopMyay HasbBaOT 00BIYHO (OPMYJIOH PA3/OMEHHS pelleHHs
ypaBHenus lllpegunrepa mo CTanHOHApPHBIM COCTOSIHHSIM.
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B 3akaloueHHe sToro naparpada NOJyYHM COOTHOWUEHHe Heol-
peleneHHOCTH BpeMs — sHeprud. Ilosaras B (7.1) B = H, uMeeM

h

A4 AmH>‘2_|<{A’ H}y o)l (14)

BenoMuuas, uto B kKapruHe ['efizenGepra %={H, A}, 1 ucnosn-
dA; dA '
3ysl OYEeBHAHOE DPaBeHCTBO T"-: <7lm>, cooTHolenune (14)
nepenuIieM B BHIE
h | dAcp
AAAHZ> —2—-i—dT— .

- dA
BeegeM npoMeXyTOK BpPeMeHH AmtA=AmA/l—dtip—
3a Bpems Ay, cpepnee sHaueHHe HaOmonaemodi A, cMmemaercs
Ha «wupuHy» pacnpegenennss AgA. Tlostomy Ayf, ecTb xapak-
TEpHOe AJS COCTOSIHHA @ H Habaioxaemofi A Bpemsd, 3a KOTOpoe
¢byHKUUSA pacnpepeneHHs oa(A) ycneBaeT 3aMeTHO H3MEHHTbCA., U3
HepaBeHCTBA

Aot b H = hf2

CleAYeT, YTO MHOXKECTBO 3HaueHu# A f, [ BCEeBO3MOXHBIX Ha-
6stofaeMblX A B COCTOSHHH  OTPaHHYEHO CHH3Y.
ITonaras At=infAf, u o6osnauas AyH uepe3 AE, noayuum,
A

qyTO AJda JI}06OFO COCTOAHHA ©® cnpaBemmBo HepaBEHCTBO
AE At > hf2. (15)

DT0 H eCTb COOTHOLIEHHEe HeOoNpefesNieHHOCTH BpeMs — SHEPrHus,
®u3nyecKH#i CMBICA 3TOrO0 COOTHOiLlEHHSl CYILeCTBEHHO OTJHYaeTcs
OT CMbICaa CcOOTHOuIeHUHA HeonpexeneHHoctu (7.1). B dopmyie
(7.1) A A u AyB — HeonpeleJleHHOCTH B 3HAYEeHHAX HabJOKae-
MEIX A u B B COCTOSSHHH ® B OZHH H TOT e MOMEHT BpeMeEHH.
B cootHomennu (15) AE — HeonpegeneHHOCTb SHEPrHH, H OHA OT
BpEMEHH He 3aBHCHT, a Af XxapaKTepH3yeT BpeMs, 3a KOTOpOe ycre-
BaeT 3aMeTHO H3MEHHTBbCHl pacnpefesnenne XoTs Ob ORHOH H3 Ha-
6aonaeMux. UeM MeHblle BeanynHa Af, TeM 60Jblle COCTOAHHE ®©
OTAHYaeTcsl OT CTallHOHapHoro. JIaf CHJABHO HeCTAalHOHAPHBIX CO-
cTosiHHE Af MaJio W HeompelesNeHHOCTh 5Hepruu AE xoskHa OBITH
pocratoyno Beaunka. HaoGopot, ecan AE = 0, To Af = oco. B stom
clyyae COCTOSHHe fIBJSIeTCA CTALLHOHAPHBIM.

§ 10. KBaHToBasi MeXaHHKa peajbHbIX CHCTEM.
INepecTanoBoyHble cooTHomeHus Telizendepra

MH yXe ynOMHHAMAH O TOM, YTO NOCTPOEHHAss KOHeYHOMepHas
MOZenb CAHIIKOM GefHa, YTOOLl COOTBETCTBOBATH pPeasibHOCTH, H UTO
€e MOXKHO YCOBEpLIEHCTBOBATb, B3SIB B KayecTBE IPOCTPAHCTBA
COCTOSIHHE KOMIJIEKCHOE TFHIbGEPTOBO HPOCTPAHCTBO &6, a B Kaue-
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cTBe HabJ0/laeMbl%¥ — CAMOCONPAXKEHHbIe ONIePaTOPLl B 3TOM IIPOCT-
paHCTBe. ‘

MoXHO mnoKasaTb, UTO OCHOBHaa (opMmyJa Hjs cpelHero 3Ha-
uyenusi HabJawgaeMoii A B COCTOSIHMM ® COXpaHSeT CBOH BHA

(Aloy=Tr AM, (1)

rie M — nosoXXHTeJbHHIH CaMOCONPsXKEHHHI onepatop B 46 co
CJeNOM, PABHBIM eHHHUILE.

Haa no6oro caMocONpPSKEHHOTO onepaTopa MOXKeT ObITh 1o-
CTpoeHa cnekrtpaJnbHasi ¢GyHKuuAa P4(A), T. e. cemeHCTBO NPOEKTO-
POB CO CJeAYIOLUIUMHU CBOHCTBAMHU:

D) Pa(M)<Pa(w) mpu A<p, T. e Pa(A)Pa(u)=P, (),
2) P, (L) HenpepblBEeH cnpaBa, T. €. li{n Po(p)y="P,(}),
u->A+0

3) Pal—o0)= lim Py()=0, Py(w)=1,

4) P4(A)B = BP4(A), eciu B — mio6oli orpaHH4YeHHBIH onepa-
TOp, KOMMyTUpYioLHH ¢ A.

BekTop @ NpHHAI/IEXKHUT 00/1aCTH OnpejesieHHs: omepatopa A
(p = D(A)), ecan

0o

Md(Py(A) @, @) < oo

gt/ﬂ

H Torxa

Ap={ 1dP,(0)o. @

®ynkuus ot onepatopa f(A) onpenensercs bpopmy.oi

0

Fye= | FWdr, e 3)

- 00

O6.acth onpejesenus storo oneparopa D(f(A)) ecTb MHOXKeCTBO
3JeMEeHTOB @, AJIs1 KOTOPBIX

0

{10 PdPs) e, @) < .

-~ Q0

CnekTp CaMOCONpAXKEHHOrO olleparopa npeiacTasaser cobol
3aMKHYTOe MHOXECTBO TOYEK BeIllleCTBEHHOH OCH, cocTosliee H3
BCeX ToyeK pocTa CHEKTpasbHOl GYHKUMH P4 (A). Ckadku 3T0H
(GYHKUMH COOTBETCTBYIOT COOCTBEHHBIM UuMcJaaMm onepatopa A,
a Py(h+0)— Ps(A—0) ectb mnpoekTop Ha coOCTBeHHOe TOA-
NPOCTPaHCTBO, OTBeyalouiee co6cTBeHHOMY uucay A. CoOGCTBeHHBle
yucsia o6pasyioT TOUeyHBIH cnekTp. Ecan cob6cTBeHHbIe BEeKTOPh
06pasyloT TOJHYI CHCTeMY, TO ONepaTop HMeeT YHCTO TOuedHbl
cnektp. B ofmeM ciyyae npocTpaHCTBO MOXKeT OblTh pasburo
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B IPAMYIO CYMMY OPTOrOHaJIbHHX H HHBAPHAHTHBIX OTHOCHTEJbHO A
MOANPOCTPAHCTB 6, H Jfy TAKHX, UTO 8 NEepBOM onepatop A HMeeT
YHCTO TOYEUHHH CIEKTP, a BO BTOPOM He HMeeT COOCTBEHHBIX BeK-
TopoB. CHeKTp oneparopa B MOANPOCTPAHCTBE 56, HA3LBAIOT He-
NPEPHIBHBIM,

M3 ocHoBHOH Qopmysn (1) caenyer, uto QyHKUHs pacmpene-
JeHus HabJonaeMod A B COCTOSIHHH @ <> M B of6umieM cayuae
HMeeT BHJ

g (M) =TrPs MM, (4)

a a8 YHCTHIX cocTOsHHE M =P, {]=1

0a(A) = (P4 () ¥, ¥). ©)

B orauune oT KOHeYHOMepHOH MojenH (QyHKIHA ©a(A) He o06s3a-
TeNbHO dABJfeTcAd (QYHKLUHeH CKaykoB. MHOXKeCTBO JONYCTHMEIX
3HaueHHH HaburonaeMol A coBmajaer ¢ MHOMKECTBOM TOYeK pOCTa
GYHKUHA 04 (A) A1 BCEBO3MOXKHBIX COCTOAHHN . [TosToMy MoxHO
yTBEPKAaTb, YTO MHOXKECTBO BO3MOXKHBIX De3ynbTaToB H3MepeHHs
HabaonaemMolt A coBmajaer ¢ ee CHeKTpOM. Mbl BHAHM, 4TO TeO-
pHA N03BOJIIET OMHCHIBATL HabJlofaeMble Kak ¢ AHCKDETHbIM, TaK
H HENpepPLIBHBIM MHOXKECTBOM 3HaueHHH,

Tenmepb Hawa 3ajaya — OMHCAaTb NPaBH/Ia BHIOOpPA MPOCTPAHCTB
COCTOSIHHE H HAay4YHUTbhCc CTPOHTb OCHOBHHIE HabJaiofaeMmble s
peasbHbIX (PHU3HYECKHX CHCTeM. 31eCh MEl OYJeM ONHCHIBATb KBaH-
TOBblE CHCTEMBI, HMEIOIIHE KJACCHYeCKHH aHaJjor, 3ajaya CTaBHTCSA
creayomuM obpas3om. IlycTb MBH HMeeM KJIaCCHYECKYIO CHCTEMY,
T. €. 3ajlaHnl ee (a30BOe NPOCTPAHCTBO H (PyHKUHS ['amMuabroHa.
Hy:kHO HalTH KBaHTOBYIO CHCTEMY, T. €. IIOCTPOHTb NPOCTPAHCTBO
cocrosinnit H onepartop IllpenuHrepa Tak, YyTOOH MeXAy KJaccHYe-
CKHMH HabJaiojaeMbiMH ((QYHKUHAMH Ha (a30BOM MPOCTPaHCTBE)
H KBaHTOBBIMH Ha0JI0faeMbIMH (ONepaTOpaMH B NPOCTPAHCTBE CO-
CTOSIHHA) OBbIJIO YCTAHOBJIEHO B3aHMHO-OAHO3HAaYHOE COOTBETCTBHE
j <> A;. Ilpu 3tom ¢yHknuu [aMHABTOHA NOJIKEH COOTBETCTBOBATH
onepatop IllpenuHrepa. 3T0 B3aHMHO-OJHO3HAYHOE COOTBETCTBHE
HH B KOeM cnyqae He MOXKeT ObiTb H30MODOH3IMOM fg«/— Ao A,
{f, 8} </—{A}, Ag}» (MMeHHO MO3TOMY KBAHTOBas MeXaHHKa omn-
4aercsl OT KJacCHYeCKOH), HO HOJIKHO CTaHOBHTBCH H30MOPGHH3IMOM
npu A—> 0 (4To 06ecneyHT NpefesbHbBIH Nepexoi KBaHTOBOH Mexa-
HHKH B KJjaccHueckylo). OOblyHO KBaHTOBble HabJaiofaeMue Ay
HMEIOT Te Ke Ha3BaHHA, YTO H KJaccHYeckue f. 3aMeTHM, uTO Mhbl
He JOJIKHBI HCKJIOYaThb BO3MOJXKHOCTH CYL{ECTBOBAHHS KBAaHTOBHIX
CHCTEM, He HMEIOIIHX [POCTOTO KJACCHYECKOro aHasora. ¥ TaKHX
CHCTEM MOTYT GHITh HabJlofaeMble, KOTOPbIM HE COOTBETCTBYET HH-
Kakaf (yHKUHA 0606IIEeHHHX KOODAHHAT H HMIYJhCOB.

B nonHom o6heMe mpaBHJa COOTBETCTBHsI H NpellesIbHBIA mepe-
XOJ B KJaCCHYeCKYI0 MexaHHKYy Oyayr onucaHel B § 14. [loka mu
YCTaHOBHM TaKoe COOTBETCTBHE TOJILKO MeXAy HanGoJee BaKHBIMH

48



Hab/loaeMBIMH H TOK4KeM, KaK CTPOHUTCH MPOCTPAHCTBO COCTOS-
HHH AJ19 NPOCTCHILHMX CHCTEM.

Paccmorpum cHavasa martepHaJbHylo Touky. Ee dasosoe mpocr-
PaHCTBO WECTHMEPHO H TOYKA B HeM onpelessieTcsi 3aJaHHEM Tpex
AeKapTOBBIX KOOPAHHAT 1, 3, g3 H TPeX MPOEKUHH HMOyJbca pi,
p2, ps. Hetpynuo cocunraTs Kjaaccuueckne ckoGku [lyaccoma ans
000K napel H3 3THX HaGJKAaeMbIX

{lh, ql}=0v {piv pl}=0v {ph ql}=6i,lv i1 j=lv21 3.

a8 yacTHB B KBAHTOBOH MEeXaHHKe MBEl BBeJeM IIeCTh HabJio-
naemuix Qi, Qa, Qs, P1, Ps, P3, y KOTOpHIX KBaHTOBbIe cKOOKH [lyac-
COHAa HMEIOT Te }Xe 3HaueHHd

{Q, Q},=0, (P, P},=0, {P,Q}}y=18,, (6)

rie [ — epuununblfi oneparop. dtH Habaonaemue GyleM Ha3bIBaThb
KOOpAHHATaMH H MPOEKUHAMH HMIyJbca.

B npanbHefimieM MH CcyMeeM ONpaBAaTh TaKO€ COMOCTAaBJEHHE
OnepaTopoB KOOPAHHATaM H HMMYJbcaM CJEAYIOIHMH O6GCTOATEb-
crBaMH. H3yuuB HaGuaionaemble, onpeneseHHble COOTHOWEHHSAMH
(6), MBI yBHIHM, 9TO OHH 06J1aal0T MHOCHMH CBONCTBAMH KJIacCCH-
YeCKHX KOOpAHHAaT H HMNyJabcoB., Hampumep, ans cso6opnoii uac-
THUB [POEKUHH HMNYyJbCa SBJAIOTCA HHTErpajaMy - JIBHXEHHS,
a CpelHHe 3HAUYEHHs KOOPJAMHAT JIHHEAHO 3aBHCAT OT BpPEMeHH
(paBHOMepHOe NpPAMOJIHHEAHOE IBHIKEHHE).

Hanee, coorBercTBHE ¢ <> Qi, pi<«> P; i=1, 2, 3, ssurcs
AN HAC OCHOBOH JJIi MOCTPOEHHS OGIIero cooTBeTCTBUSA [(g, p) <>
<> A;. Onpenenennble TakHM 06pa3oM KBaHTOBHeE HalJiojaeMble,
B TOM YHCJ€ KOOPAHHATH H MMIYJbCH, MPH NMpeleJbHOM Mepexoje
NpeBpaIlaloTCAd B COOTBETCTBYIONIHE KJaCCHUeCKHe HaGJlofaeMbie *,
Hakonel, npaBHuja cOOTBeTCTBHS [ <= A; 1eNalOT TEOPHIO BHOJHE
KOHKDETHOH, M ee pe3yJbTaThl MOLYT NPOBEPATbCH B 3KCIEPHMEH-
Tax. VIMeHHO corjachHe TEODHH C 3KCHEPHMEHTOM CJelyeT CYHTATh
OKOHYaTe/NbHBIM ONpaBAaHHEM MpeANnoOJOXeHHs (6) M Bcell KBaH-
TOBOH MeXaHHKH.

Ycaosus (6) HasbBawTcd YCJOBHAMH KBaHTOBaHHA [efizen-
Gepra. M3 stux ycaosu#t u dopmyaws (7.1) cpasy cleayior cooTHO-
IIeHHs HeompeleJeHHOCTH [efisenGepra Ans KOOPAMHAT H HMMyJb-
COB. DTH COOTHOIIEHHA MBI yXKe 06CyXaaJH. :

Yacro ¢opmyan (6) 3anmuchiBaloTCH AJ% KOMMYTAaTOPOB

[Q), Qel=0, [P}, P]=0, [Q, Pi]=1ihd. 7

STH COOTHOLIEHHS Ha3bIBAIOTCSH MEePECTaHOBOUHBIMH COOTHOUIEHHAMH
lefizen6epra.

* Touunifl cMbica 3TOro yTBepHkAennn obcyxiaerca 8 § 14.
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Hmeer mecTo 3ameuaTenbHas TeopeMa Hefimana — Ctoyna. Mt
chopMysnupyeM ee 6e3 n0KasaTesbCTBA *.

Y cucreMsl cooTHomweHHH (7) CyUiecTBYeT eIMHCTBEHHOE HEeMpH-
BOLHMOE TpeJCTaBJeHHe ONepaTopaMH B IHALOEPTOBOM MPOCTPaH-
CTBe (C TOYHOCTBIO JO YHHTAapHOro NpeofpasoBaHHusA).

HanoMHuM, uYTO O3HayaeT HENPHBOZUMOCTL TNPENCTaBJEHHUS.
OO6KIYHO HCMONB3YIOT ABAa 5KBHBAJIEHTHBEIX ONpPeNeseHHS:

1) npencraBjeHHe coOoTHoweHHH (7) HasbiBaeTcsl HENPHBOAM:
MEIM, €CJIH He CYILIECTBYET OMepaTopa, OTJHYHOrO OT KPaTHOTO enH-
HHIHOMY C/ H KOMMYTHDYIOILEro CO BCeMH omepaTtopaMu Q; U P

2) npexcraBieHHe Ha3bIBaeTCs HEMPHBOLHMEIM, €CJIH He CYlle-
CTBYeT B J# TNOANPOCTPAHCTBA Sy, UHBAPHAHTHOTO OTHOCHTENBHO
Bcex omepatopoB Q; u P,

[IpoBepUM 3KBHBAJNEHTHOCTh 3THX oOmnpefeneHuit. Ecau cyue-
CTBYeT MHBaPUAHTHOE OTHOCHTENBHO (; U P; MOANPOCTPAHCTBO o,
TO MPOEKTOP Ha 3TO MOANPOCTPAHCTBO Pz, KOMMYTHPYeT ¢ Q; H P;
H, OYeBHIHO, Pz, 5=CI,

Ecnu ects omepatop A 5= CI, KOMMYTHPYIOWIMHA cO BceMHu Q;
u P;, to A* a 3uauut, u A + A* xommytupywr ¢ @ u P;. [Tostomy
€ caMOro Hauaja MOXKHO cuMTath A camoconpsikeHHBIM. Camocon-
psXKeHHBIH onepaTop A uMeeT CcneKTpasabHylo GYHKuHIO P4(X), Ko-
TOpasi MPH HEKOTOPOM A oTiauuyHa oT Hyss u CIl. Onepatop Pa(i)
KOMMYTHpYeT ¢ Q; u P;, 4, cllefoBaTeslbHO, MOANPOCTPAHCTBO ),
Ha KOTOPOE OH MPOEKTHPYET, HHBAPUAHTHO OTHOCHTENBHO Q; U P;.

Uz TeopeMbl Hefimana — CroyHa ciemyeT, 4TO ec/iH MH HaiiieMm
Kakoe-1uGO MNpenCcTaBJeHHe TNEepPECTaHOBOUHBIX cooTHomenuil [eil-
3eHGepra M JOKaXeM €ro HEmpHBOXHMOCTh, TO BCE OCTaJbHble He-
MPUBOJUMBIE TPEACTaBACHHSI OYAYT OTJHUYATBCA OT HErO0 YHHUTap-
HBIM TIpeoOpa3oBaHUEM.

Mkpl 3HaeM, uTo (GU3HUECKOE TOJKOBAHUE TEOPHH OCHOBAHO Ha
dopmyne nas cpennero 3nauenus {A|w) = Tr AM. IIpaBas yactb
3TOH GOpPMYJH He MeHsieTCS MPH YHHTAPHOM NpeoOpas3soBaHUH BCex
onepatopoB. [ToaToMy $u3HuecKHe pe3y/bTaTHl TEOPHH He 3aBHCAT
OT TOro, KaKoe H3 YHHTaPHO IKBHBAJEHTHHIX MpPENCTABNEHUH MbI
BbrﬁnpaeM

§ 11. KoopaHHaTHOEe H HMIYJbCHOE NPEACTABJEHHS

OnuiieM HauboJiee 4aCTO HCMOJNb3yeMOe B KBAHTOBOH MeXaHHKe
TaK HasblBaeMoe KOOpJAHHaTHoe npeiacrapienue. MHorna ero uasml-
BaloT npencraBieHdeM lllpenunrepa. B aToM mnpencraBieHHd B Ka-

yecTBe MPOCTPAHCTBA COCTOSAHHI A/ MaTepHANbHOH TOUKH BHIGH-

* TlpnBeneHHas QOpMYJNHPOBKA He fBJASETCH TOYHON, TaK KaK HMEIOTCS TOH-
KOCTH, CBfI3aHHHle ¢ HeOTPaHHUeHHOCTbIO omepaTopoB P n @, KoTOpble MBI He
ofcyxaaeM. ITogo6uble TPYAHOCTH He BO3HHKHYT, eCJTH BMeCTO CaMHX ONepaToOpoB
P 1 Q paccmaTpHBaThb orpaHHuesHble QYHKIHH OT 3THX ONepaTopos, TouHyiwo
(GOpPMYIHPOBKY TeOPEMbI HeﬁMaHa——CToyHa MBI TIPHBE/IEM B § 13. .
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paerca mpocTpaHcTBo L2(R3) KBaApaTHYHO HHTErPHPYEMEIX KOM-
IJIEKCHO3HAYHBIX (QYHKUHHA @ (X) == @ (%1, X2, X3). CKajasipHOE IIPOHU3-
BelEHHE ONPeJeNAeTCsl PaBEHCTBOM

(@1, @) = S @1 (x) @2 (x) dx. (1)
Ra
Omnepartopsl Q; ¥ P, j=1, 2, 3 BBOAsATCA HOpPMYJNaMH
Q9 (x) = x;¢ (x),

P (0 =-F 5= 0 (x). @)

DT0 HeOrpaHHYEHHbIe ONEPATOPH, YTO COOTBETCTBYET (DH3HYECKOMY
CMBICAY HaOMI0aeMBIX, TaK KaK YHCJeHHble 3HAYyeHHS KOODAMHAT
H MMIYJbLCOB HeorpaHHueHel. Ha ofaactu D, o6pa3oBannol Gecko-
HeyHO AH(depeHIHPYeMEIMH (GYHKIHAMH, YOLIBalOIIHMH GhICTpee
J060H CTeNeHH, ONpe/eJeHsl CaMH omepatopel ; H P; u Jo6be HX
leJble TMOJOMXKHTeNbHElEe cTenleHH. OueBHAHO, o6JsiacTs D mioTHA
B #. MoXHO NOKa3aTh, YTO omepaTopul Q; H P; HMEIOT elHHCTBEH-
Hble CaMOCONpAXKEeHHble paCUIHpPeHHs N0 3aMblKaHHi. CHMMeETpHS
3THX OTepaTopoB NpoBepsieTca mpocto. Hanpumep, nas Py H J06kX
dyHkuui Y & D, ¢ & D, HHTerpHpya MO YacCTsIM, HMeeM

(P, 0= ax 2 2B F55— (ar, (dnLowdm| —
R? —00 —~00 ‘ Xp=—00
— {axp (02 2500 — (axg () £ 220 — (g, p, ).
R® R?

[TpoBepum nepecraHoBouHble cooTHouweHHs (10.7). IlepBhie apa
H3 HHX OYEBHIHBHI, a Tpe'rbe CJNeYeT H3 DPABEHCTB

PR (x)= 7 axk (xij(x))——‘éjka(x)"}"x] »l- axk o (x),
Qkacp(x)=x,—l’_z-aim; (x).

TakuM 06pa3oM, Mbl JEHCTBHTEJNBHO NOCTPOHJIH NpeCTaBJEHHE
coorHouennit (10.7) nHHeliHBIMH onepatopaMu: HenpuBoauMocTb
3TOr0 MPEACTABJEHHS MBI LOKaXeM IO3XKe.

[lpuBeneM elle OAHH NpPHMEDp MpPeiCTABJEHHS (HMIYJbCHOE
npejcrapaeHne). B 3ToM mpeacTaBseHHH NPOCTPAHCTBO COCTOSHHE
6 ToXe fABJsAETCS KOMIJIEKCHHIM mpoctpaHctBoM L2(R3) ¢ 3ae-
MeHTaMH @(p), a omepatopel Q; U P;, j=1, 2, 3 onpexneasiorca
cJeLy0MHM 06pa30oM:

Q9 (p) =ih g‘%cp (p),
P;o (p) = p;9 (p).

(3)
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IlepecraHoBouHble cooTHOmeHHsi (10.7) mpoBepsilOTCH Tag iKe,
KaK JAJ9 KOODJHHATHOTrO NpeACTaBJieHHdA, H TaK XKe JOKa3blBaeTcd
HenpuBoauMoctb, Ilo Teopeme Hefimana — CToyHa 3TH mpeJcTaB-
JIeHHsl YHHTapHO 3KBHBAaJIEHTHHl, T. €. JOJXKHO CyUIECTBOBAaTb YHH-
rapHoe npeo6pa3oBaHHe *

i
¢ (x) > ¢ (p),

NpH KOTOPOM OIepaTophl, onpeaeneHHule popmynsamu (3), mpespa-
watorca B onepatopnl (2). HerpyaHo BHIeTb, 4TO TakHM npeobpa-
30BAHHEM SIBJAETCA npeoépaaoBaHHe Pypbe

9 (x)= (th) S T 0 (p) dp, 4)

% (p)= (2,,,,) S ® (x)dx. (5)

VuurapHocTb npeoGpasoanus QPypbe cjaeayeT H3 paBeHCTBA
Tlapcesans

{loyrar= {100 rap.
RS R!

TTpumenss oneparop T ox ¥ BhpaxeHHo (4), noayuum

3

a7 () Se%"va<p>dp=(ﬁ)78e%"‘p,cp(mdp.
| ) )

Mbl BHAMM, YTO NpPH yHHTapHOM npeo6pasoBanun W oneparop

-’t,l—-—a—npeBpamaeTcsi B One€epaTtop yMHOXeHHs Ha NepeMeHHyo py.

AHaJIOFH‘{HO npoBepsiercs, 4To
v . 2
x/@ (x) —>ih o @ (p).

Takum o6pasoM, MB NPOBEPHJH YHHTapHYIO 3KBHBAJEHTHOCTb KO-
OPAHHATHOTO H HMIYJbCHOrO NpeJCTaBJEHH].

Buinuiem ¢opmyab npeo6pa3oBaHHs HHTErpaJibHEIX OMNeparo-
poB NIpH mepexoje OT KOOPAHHATHOTO K HMIYJbCHOMY Mpe€JCTaB-

* Mbl cO3HaTeNbHO HCHOJb3YeM OAHH M TOT XK€ CHMBOA AJs OG03HAYeHHS
pasHuix GyHKOHA @(X) ¥ @(p), Tak Kak 06e 3TH QYHKUMH HPEACTABJAIOT ONHH
H TOT K& BEKTOP COCTOAHHSA .
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JIEHHUIO:
Ag(x) = S A(x, y)o(y)dy,

R

29 (0)=(527) T .S P g (x) dx —

i i
1 3 ——pXx —_—
= (=) Se' AKX, y)e™ " @(q)dxdy dq =

RS
=SA(p,q)fp(q)dq,
Rfi
3¢ Loy i ‘
rie A, Q)= (57) Se AP A(x, y) e dx dy. ©)

RG

Ecnu onepatop B KOODJIHHATHOM INPEACTABJIEHHH fIBJSETCHA OIe-
paTopoM yMHOXKeHHs Ha QYHKUHIO f(X), TO ero MOMHO paccmanH~
BaTh KaK HHTerpaJibHHH C AJpoM

Ax, y)=[(x)8(x —y).

B uMNyJbCHOM MpeACTaBJEHUH SAPO TAKOLO ONEPATOPA 3aBHCHT
TOJIKO OT DPa3HOCTH NePeMeHHHX H MMeeT BHJ

A, q)= (W‘,z)sl;f(x) P g (7)

®opMysnH npeobpasoBaHHA OT HMIIYJbCHOTO MpeJCTABJCHHA
K KOODIMHATHOMY OTJIHYAIOTCA 3HAKOM B MOKAa3aTeNAX 3KCIOHEHT

Lox L
Ak y)=(z7) {e*" 40, 90 " dp g, ®)
RE
H ecid A, q)=F(p)d(p—q), 10 ‘
i -—
Ay =(z7) {F@™* " ap. ©)
R3

BuisicanM Tenepb ¢Gu3HYecKud cMHca OGyHKUHE @(x) u ¢(p),
KOTOpHE O0OBIYHO Ha3BIBAIOT BOJHOBHIMH GyHKUUAMH. Haunem
C BOJIHOBOH (PYHKI[HM B KOODJHHATHOM IIpeJCTaBJNeHHH @ (X). B aToM
npejcTaBaeHuH onepatopsl Q; (i =1, 2, 3) ecTb onmepaTops yMHoO-
JKeHHSl Ha NepeMeHHBble X; T. €. KOODJHWHATHOE NpeJCTaBJEeHHe fB-
asercad COOCTBEHHHM JJjisi onepatopoB Q; Uro6bl MosICHHTH 3TO,
cllesiaeM HeGOJbIIOE MaTeMaTHUeCKOe OTCTYIJIEHHE,

3anath (yHKIHOHAJbHOE MpeJCTaBJeHHe T'HJAbGepTOoBa MPOCT-
paHCTBa J6 — 3TO 3HAUYMT 3aJaTh B3aUMHO-OJHO3HAYHOE COOTBET-
CTBHE MEXJY BEKTODAMH 3TOr0 IPOCTPAHCTBA M (PyHKIUAMH Bele-
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CTBEHHOH MepeMeHHOH ¢ < @(x) W 3aJaTh MeDy Ha BellleCTBEHHOH
ocu dm(x) Tax, uTo

@ )= { ¢ (1) $ ) drm ().

R

3HaueHHs QYHKUHH @(x) MOryT OBITb KOMMJIEKCHBIMH UHCIAaMH HJH
(YHKIHSIMHA OT ADYTHX NepPeMeHHHIX, T. €. SABJATbCH 3JeMeHTaMH

KaKoro-To AOHOJIHHTEJIBHOTO NPOCTPAHCTBA, H ¢(x)y(x) Torna obo-
3HAYaeT CKaJspHOe NMDOH3BeJeHHe B 3TOM JOMNOJHUTENBHOM MPOCT-
paHctBe. B nepBoM ciayuae mpejicTaBeHHe Has3blBaeTcs MPOCTHM,
a BO BTOpOM — KpaTHBIM. JIBe QyHKUHH @(Xx) cJaelyeT CUHTATb
PAaBHBIMH, €CJIH OHH OTJIHYAITCS TOJBbKO Ha MHOMXECTBE #m1-Mephl
HYJb.

TlpencraBieHne HasblBaeTcsl CHEKTPAJbHBIM s omepatopa A,
€C/IH JNeHCTBHe 3TOrO ONMepaTtopa CBOAUTCS K YMHOMXEHHIO HA HEKOo-
Topylo QyHKUHIO f(x)

Ag <> f (x) @ (x).

[TpencraBieHHe HasblBaeTcsl MPSAIMBIM HJH COOCTBEHHBIM AJIf1
onepatopa A, ecau f(x) = x,

A« xo (x).

Cnektp onepatopa A MoxeT OHITh ONHCAH KaK HOCHTCAb (OYHKIHH
pacnpedeneHdss Mepbl. CKaykKu Mepbl COOTBETCTBYIOT COGCTBEHHBIM
ygcsaaM. Ecin Mepa alCoJIIOTHO HenpepblBHA, TO CHEKTP Hempe-
PHIBHBIH.

HamnoMHHM, 4YTO B KOHeuHOMepHOM mnpocTpaHctBe C” MBI Haabl-
BaJH cOOCTBEHHBIM 1151 onepaTopa A Takoe HpejACTaBjeHHe, B KO-
TOPOM BeKTOPH ¢ 3aJ]aBajUChb KO(PPHUUEHTAMH pPa3JIOKEHHS ;
no co6crBenHOoMy 6asucy onepatopa A. IlycTte cnektp onepatopa A
ApocTof

Ay = a; Yy,

p= ,-; o, @ = (o, ¥;).

BekTopy ¢ MOXHO CONOCTAaBHTb (YHKHHIO @(X), TakKyw, uro
¢(a;) = ¢; (3HaueHHs QyHKUHH @(x) NPH x == a; BHOHpawTCH
npou3BoJbHO). PyHKIHIO pacnpefe/ieHHs. Mephl BblfepeM KyCOYHO-
MOCTOSTHHOH ¢ eNWHHYHBIMH CKaukaMH npH x = aq;. Omnepatop A
TOrAA MOXHO 3aJaThb (opMyJaoH

Ag <> x@ (x),
TaK KAakK 3Ta 3anHCb 3KBHBAJIEHTHAa OébquOﬁ
] a1y
A = .
cpn ancpn
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KpatHoMy co6CTBEHHOMY 3HAYEHHIO @; COOTBETCTBYET HECKOJMbLKO
co6CTBEHHBIX BEKTOPOB. Mbl MOXKeM BBecTH (YHKIUIO @(x), 3Haye-
HHe KOTOPOit B TOYKE g; €CTh BEKTOp C KOMIIOHEHTaMH @i, kB = 1,
2, ..., ri. B atoM cayuae npeacraBneHde 6yleT KpPaTHLIM, M KpaT-
HOCTb €ro paBHa KPAaTHOCTH r; COOGCTBEHHOro 4Hcaa 4.

Mbl BHIMM, YTO OMepaTop B COOCTBEHHOM MpPeICTABJEHHH SB-
JisieTcsl aHAJIOrOM- IHaroHa bHoll Matpuus B C7,

B coGcTBeHHOM IpeAcTaBJieHUH omepatopa A Jerko omucarthb

dynkuuio f(A)
[(A)g<T(x)q(x). (10)

B uwacTtHocTH, JJs CHeKTpaJbHOH @YHKuUH omnepatopa Ps(A)=
= 0(Ah— A) bopmyna (10) maer

PA(x)q)ee(x_x)Q)(x)z{w(x), x <A,

0, x> A,

Cnektp omepatopa A OynxeT MOJHOCTbIO ONMCAH, €CJAH AJs omepa-
Topa A yjnacrcst MOCTPOHTH ero clekrpaJjbHoe NMpexacraBgaenue. [lpe-
" o6pa3oBaHHe, KOTOpOe MEpPeBOJUT JaHHOe NpejicTaBJeHHe B CIEKT-
paJibHOe, Ha3blBaeTCst CHEeKTPaJbHLM Npeofpa3oBaHHEM.

BepueMcss K KOODAUHATHOMY NpeACTaBJeHHI0. MB BHAHM, 4TO
OHO JeHCTBHTENbHO sIBJsieTcs COGCTBEHHHIM KpaTHHIM MpejcTaBJe-
HUeM 1Jsi TpeXx omepatopoB @y, Qg Qs:

Q19 <> %19 (xy).

3nayenue @{x;) €CTb BeKTOp JOMOJHHUTEJLHOrO MPOCTPAHCTRA,
B JaHHOM cayyae GYHKIHS OT NepeMeHHHX x; 4 x3. Cka/nsipHoe
npousBejeHne onpeaeasercs GopmyJsok

(@, )= S @ (x1) ¥ (x)) dxy,

R

T. €. B KOOPAHHATHOM MpeACTaBJeHHH Mepa m(x) ecTb je6erosa
Mepa, HOCHTeJb ee (YHKIHUH paclpeje/ieHHsi — BCS BellleCTBeHHas
oCb, a 3HAYMT, CNEKTP KOOPAHUHATH HENpPepbBHLIA U 3amoJHseT
BCIO OCb.

OyHKUUS pacnpeneneHuss KOOPAHHATH @y B YHCTOM COCTOSIHHH

0<> P, uMeer Bun
A

0o, () =P, M7, )= | o (=)o lx)dx,

- 00

OTKyJa CJAelyeT, UTo
@ () @0 = { @ 0x1, 22, ) 9 0xts o, 5) iz iy
R?

ecThb IIOTHOCTh (DYHKUHH pacmpejeneHus KOopauHaTh Q. AHajo-
rMYHO 3aMHCLIBAIOTCS BHIPaXKEHHs AJS NJAOTHOCTH yHKUHH pac-
npegenennst Q; u Q; EcTecTBeHHO 0xXMAaTh, UTO l@(x)|? ectb
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IJIOTHOCTb O6iel A/ BceX KOOPAHMHAT (YHKUHH paclpefieeHHs,
T. €. BEPOATHOCTb HANTH 4aCTHLY B 06JacTH £ TPeXMEepHOro MpocT-

pPaHCTBa OINpeesseTcs BhlpaxKeHHeM Slcp(x) Pdx. 910 yTBEpKIE-
Q

HHE Mbl MPOBEPHM B pasjeJe, NOCBSLIEHHOM CHCTEMaM KOMMYTH-

PYIOILIHX HabJsiogaeMbiX.

HimnysnbcHOe MpefcTaBleHHe fBJAseTCH COOCTBEHHBIM MAJS Tpex
onepatopoB Py, Py, P3, u |@(p)|? ecTb maoTHOCTh obwe#t pJjs
Tpex MPOeKUHH HMNyJabca (QYHKUHMH paclpefeseHHSs.

Mbl MoKeM TeNeph C HOBOH TOUKH 3peHHsl B3rJAHYTb Ha COOT-
HOUIEHHS] HEONpeleJeHHOCTH [J5 KOOPAMHAT M HMOYJbCOB. Mbl
BH MM, YTO 3TH COOTHOIUEHHS OODBACHAIOTCS H3BECTHBIM CBOHCTBOM
npeo6pasoBanus Pypbe. Uem cHJAbHee KOHUEHTpPHpyeTcad (hYHK-
s @(X) ¥ TeM caMbM YMeHbIUAIOTCA HeoNpeleseHHOCTH KOOPIH-
HaT AyQ:; TeM cuabHee pacnabiBaercad Pypoe-o6paz @(p) ¥ yBeau-
YHBAIOTCA HEONpEJeJeHHOCTH UMIYJabCcOB AP

§ 12. «CoOGcTBennbie hyHkIMu» onepatopos Q u P

PaccmoTrpuMm Tellepb ypaBHeHHS AJs COOCTBEHHBIX BEKTOPOB Olle-
patropoB Q ® P. Ina NpocTOTbl 3amHCH PAacCMOTPHM HACTUILY
¢ ONHOH cTemeHbi0 CBOGOAL. B KOOpIHHATHOM MNpenCTaBJIEHHH 3TH
ypaBHEHHs HMEIOT BHI

XQy, (X) = xo@x, (x), (1)
h d
T 77 Op () =@, (x) (2)
Pemaqa 5T ypaBHeHHS, MOJYYHM
Qx, (X) =8 (x — xo), (3)
1
—
1 \?2
P, (x)= (m) e, -4

(Tleppas  Qopmyna cpasy cjaeayeT H3 cBoficTBa §-GyHKuMH
x8(x) =0, BTopas oueBHaHa. Bbl6Op HOPMHPOBOUHBIX KOHCTAHT 6y-
ReT fiCeH W3 AaJjbHelIuero.)

XoTs «coOGCTBeHHass (GYHKLUHA» onepatopa KOOPAHMHATH @y, (x)
ectb 0600weHHan QYHKIHSA, a @p(x)— obbluHas PyHKUHS, HX 06D-
€MHSeT TO, YTO OHHM 00e He ABJAIOTCS KBaAPaTHYHO HHTErpPHpYe-
MBIMH, T. €. He MNpHHamJdexaT npocrpaHctBy L2 Cob6eTBeHHbIX
¢GyHKLUHE B OOBIYHOM CMBICJIE CJIOBa y omepaTopoB Q u P Her.

UTo6bl MOHATh, Kak DYHKUHH @, (X) B @,(x) CBA3aHB CO CIIEKT-
poM omnepatopoB Q u P, BCMOMHHM, KaKOH CMBICJ HMEIOT COBCTBEH-
Hple BekTOpbl B C". 3ajaya o HaxOXKIEHHH COOCTBEHHBIX YHCeJ
H cOGCTBEHHbIX BEKOTOPOB MaTpHUb A cBA3aHa ¢ 3afauell o AMaro-
HaJH3alUMM 3TOH MaTpHLUbl MNOAOOGHBIM NpeobpasoBaHHEM HJIH,
WHaye roBops, ¢ mpeo6Gpa3oBaHHeM ONepaTopa M3 HEKOTOPOro HC-
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XOAHOro mpejacTaBseHuss B co6cTBeHHoe. [l caMoOCOMpsiKeHHOro
onepatopa A B C" Bceraa cywecTByeT 6a3uc, COCTABJACHHBIH H3 cO6-
CTBEHHLIX BEKTOPOB

Ap; = a;01, (91, Pr) = 0.
Co6cTBeHHbBIE BEKTOPHl MBI HINEM B HCXOAHOM MpPeACTABJEeHHH,
B KOTOpPOM
EH(EI’ L] gn)’
Q<> (@ s @)

Komnonents BekTOpa § B COOCTBEHHOM MNpejJCTaBJEHHH oOmepaTopa
A BoiyHCAfAIOTCS 1O dopMyJe

a—@wm—Za@

(5)

Mn BHAHM, 4YTO MaTpHUA, COCTaBJieHHaa H3 4YHCEJ, COMpAXKeEH-

1
HBIX KOMIIOHEHTAM COGCTBEHHBIX BeKTOPOB U, = @Y, OCYylIeCTBASIET
CHeKTpaJbHoe npeobpa3oBaHHe

n
g =2 Unts
k=1
Marpuua U aBasiercss YyHHTapHOH, TaK Kak

Z UnlUiy= Z UnUp = Z oo = (@1, @) = by,
Ecau mb ¢opmanbHo B (5) 3aMeHHM ¢; Ha @, W & Ha E(p),

TO TOJYYHM
Hp=G. e
nn g(p)=(2,m) Se' T )

Sta ¢opmysa Ham yXe 3HaKoMa, Mpl BHIHM, 4TO (YHKIHS
U(p, x) = @p(x) dABAAeTCA ALPOM YHHTApHOrO oOmepaTtopa, nepe-
BOJALIEr0 KOOPAHHATHOe MpPeACTaBJeHHe B HMMyJbcHoe (coGCeTBeH-
Hoe ans omepatopa P). Tak xe Moxer OHITb HCTOJKOBaHa
H «co6cTBeHHas (GyHKUHA» onepaTtopa KoopauHath Q. KoopauHar-
HOe MpeACTaBJIeHHe ABJseTca COOCTBEHHHIM AJif omepaTtopa Q, mo-
3TOMY ONepaTop, OCYLLeCTBAAIOWHA CreKTpaJbHOe npeobpasoBaHue,

noJizKeH OBITb eIHHHYHBIM, @ @y, (x)=0(x — x;) ABJAAeTCA agpoM
eHHHYHOr0 oMneparopa.

Ha 3Tux npuMepax MBI BHIAHM, 4TO <«COGCTBeHHbBIEe (GYHKIHH>
HeMpPePLIBHOTO CMEKTPa, XOT! H He ABJAIOTCA COGCTBEHHHIMH 3Je-
MeHTaMH B OOLIYHOM CMBIC/IE CJIOBA, HO HX CBA3b CO CNMEKTPaJibHLIM
npeofpasoBaHHeM OCTA4€TC TAaKOH Xe, KakK H AJA COOGCTBEHHBIX
BEKTOPOB B KOHEUHOMEPHOM NMPOCTPAHCTBE,
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3ameruMm, 4TO CyLIeCTBYeT KOHCTPYKIHs, NO3BOJsIOMAs [PH-
JaThb pelleHHAM ypaBHEHHH

Aq)h == Mph

TOYHHIH CMbICJI COGCTBEHHBIX BEKTOPOB Aaxe HJIA caydyas, KOria ¢
He MpHHajJjexat 4. [na storo BBOAHTCA O0Jee IWHPOKOE MPOCT=
paHctBo @D* D JF, s7eMeHTaMH KOTOpPOro SBJAIOTCA JIHHEHHBlE
(OYHKI{HOHAJIbI, ONpeJesieHHble Ha HEKOTOpOM npoctpaHcTBe @ — J6.
[Tapy npoctpancte @ u @* ynaercs MOCTPOHTh TakK, 9T06bl KaXKAbli
caMOCONpsAXKeHHbIl onepatop B 46 uMea B (D* MOJHYIO CHCTEMY
co6cTBeHHBIX BeKTOpOB, CoGCTBeHHblE 3J1eMeHTH onepartopa A, npu-
Hajexamue M* U He MpHHAaJAJexalHe J6, Ha3biBaloTcad 0606eH-
HBIMH coOcTBeHHBIMH 3JieMeHTamH. Ecan onepatop A HMeer mnpo-
cTolf cnekTp, To AJd Jioboro P = @ HMeeT MeCTO pa3JOKeHHe MO
cOGCTBEHHBIM 2JIeMeHTaM

v={comar, ™
\ |

[Tpeo6GpasoBanne Pypbe Moxer GHITh HCTOJKOBAaHO KaK pasJo-
XKeHHe Mo cobCTBeHHBIM (YHKLUHAM onepaTtopa HMIyJabca ¢p(x):

n .
¢ (x)= (-2;117) ? S ¢ (p) & dp. ®)
’ R

HopMupoBoynas koHcraHTa (1/2nh)' B BbipaKeHHH AJA COGCTBeHs
HOH GYHKLHH HMIIYJbCa COOTBETCTBYET YCJOBHIO HOPMHPOBKH

{05 ()0 (Y dx = 8 (p — . ©
R

dra QopMysa — CI€ICTBHE H3BECTHOrO HHTErpaJbHOro MpeacTaB-
Jgenus Anas O-QyHKLHH:

Sem‘dx==2n6(kL (10)
3 |

B mByx mnocaeaHHx dopMyJiax HHTerpaJul MOHHMAIOTCd B CMbIcJe
rnaBHoro 3HayeHus. ®opmyaa (9) ecTb aHaJlor paBeHCTBa

(Pr, Pr) = 04

A cOOCTBEHHBIX BEKTODOB JAHCKPETHOrO CIeKTpa.

[TocTponM Tenepp cheKTpaJbHYI0 (YHKUHIO ONEpaTopa HM-
nysabca. ToNIbKO B 3TOM MecCTe MHB HCIOJb3yeM JJfl CHeKTPaJbHOH
¢ynknnu OykBy II, uro6Gbl He myTaTbh ee C OmepaToOpoM HMIYJbCa.

B umnysabcHoM npexcrasienun onepatop II,(A) ectb omeparop
YMHOX€eHHA Ha (PYHKLHIO

O,A)e(p)=0(—p)o(p).
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TlepelineM K KOODAHHATHOMY TpeACTaBJEHHUIO. I/Icno.nbsyﬂ dopmyay.
(11. 9) JJ1s1 OJHOMEPHOrO ¢cJaydas, MoJyyHM

. (x=~p)
I, (4) (5, 9) =5 | 00- — p) e T gy
R
I ¢ Lpw-n ;
TPX—y IO
= e ap= (0,0, G dp

TlpousBoaHas 6T cnekTpajbHOH (YHKIMH MO MapaMerpy A Ha-
3bIBaeTCA CNeKTPaJbHOH MJOTHOCTBIO. SIApO 3TOro omepartopa
HMeeT BHJ

P P 1 ix(x—y)
T LW ) =n@nb =10 .

ME BUAMM, YTO 3TO aHAJOr NPOEKTOpa Ha OJHOMepHOe COGCTBeH-
HOe MOANPOCTPAHCTRBO.

§ 13. JHeprus, MOMEHT UMNyJibCA
H Jpyrue npamMepbl Ha6aK01aeMbix

[lepeiinemM Temeps K uayueHHIO (oJiee CJOXKHBIX HabJIOIaeMbIX.
Hama 3agaua comocTaBUTh NPOH3BOJIBHOH KJaccHYecKo#l HabJii0-
naemoit f(p,q) ee KBaHTOBHI aHajor A, Xotenoch Obl IMOJOXKHTH
A;=[(P,Q) HO He cymecTByeT ofliero omnpeieneHus YHKIHU
OT HEKOMMYTHpPYIOIIHX onepatopoB. Hampumep, yxke He MNOHATHO,
Kakoii u3 onepatopoB Q?P, QPQ unu PQ? ciaeayer CONOCTaBUTh
KJdaccuueckoit HaGuaogaeMolt ¢%2p. OnHako anst HaubGoJiee BaXKHHX
Ha0Ja10laeMbIX YKa3aHHBIX TPyJAHOCcTeH Booflle He BO3HHUKAeT, Tak
KaK 3TH HabaonaeMble ABJAAIOTCA CyMMaMy (pyHKUHE OT KOMMYTH-
pyloIIHX Mexny coboii KommoHeHT (4, Q2, Qs u Py, Py, Pi.

[IpuBeneM HeKOTOpPHE NMPHMEPHL.

Kunernueckast sHeprus YacCTHLB B KJaCCHYECKOH MeXaHHKe

p[ + P2 + P3
m
CoOTBETCTBYIOIMH ONepaTop KHHETHUECKOH SHEPrHH HMeeT BHI

[}
Pi+Pj+ P}
2m

T =
B KOOPﬂ.HHaTHOM npeacCTaBJICHHH

Tp(x) = — 5 Ap(x), )



2 2 2
rie A= 02 —%—i——%— onepatop Jlannaca. B umnynabcHoM
ax?  ax2 | oxd
npeﬂcrasneﬂuu onepatop T ecTb onepaTop yMHOMXKeHHS Ha PYHKUHUIO
P1 + P2 + P3
To(p)=——=—""9().

TouHo Tak e JIlerKo BBeCTH ONEpaTOp MOTEHIHAJ/JbHOH 3HEpruu
V{(Q1, Q2 Q3). B KoopauHaTHOM mpeAcTaBjieHHH V saBjseTca ome-
pPaTopoM yMHOKeHHSI HAa (DYHKILHIO

Vo (x)=V (x) 9 (x), (2)
a B MMINYJbCHOM — HHTErpa/bHBIM onepaTop0M C AApoM

X(q p)

Vo, q)=(2—::,7)3s Vx)e dx.

Onepatop nosano#i sneprun (onepatop Ilipeaunrepa) omnpesgensercs
paBeHCTBOM
H=T+V.

3anuwewm noapo6Ho ypaBHeHue lllpexnunrepa
ih L — vy (o), 3)

B xoopaunatHOM mpeacTaBaeHud ypaBHeHue [llpeamnrepa aas
YacTHIB ABJdeTcH AH(GdepeHLHANbHHIM YpaBHEHHEM B YacTHHX
TPOU3BOHHIX

N
i 22D B A (x, 1) 4 V()P (x, ), (4)

a B MMIYJbCHOM — HHTErPOAU(¢epeHIlHaIbHEM
., 0 , !t 2
ih 22D — 2 pip, )+ | Vo, 9w (g, D da.
RI

Paccmorpum Hapsaay ¢ (4) ypaBHeHHe A/ KOMIIEKCHO-COMps-
’KeHHO!l BOJIHOBOH (hYHKIHH

—ih awé’t( 2 — ;;TAlIJ(X, )+ V{x)¥p(x, 1) (5)

Ymuoxas ypasHeHue (4) Ha v, ypaBHenue (5) Ha ¢ M BbUHTas
OMHO U3 APYroro, NoJy4um

lh("p +1IJ at)_

2 - -
=_3’%(¢A¢—¢A¢)=——2—Jdiv(¢grad¢—113 grad )
HJH 0|11>| + divij=20, 6)

rae i=-§7(¢ grad$ — P grad ),



YpapHeHue (6) siBJseTcs YpaBHEHHEM HePa3pBIBHOCTH M BhIpa-
aeT 3aKOH cOXpaHeHHsl BepoATHOCTH. BekTop j HasmiBaeTcsl Bek-
TOPOM INIOTHOCTH NMOTOKa BepoATHOcTH. M3 ypaBHenusa (6) Buamo,

YTO BEKTOP j MMeeT CJeAYIOWHHA CMBICI: SjndS €CTb BEPOATHOCTH
S
TOrO, YTO YacCTHLA NepeceyeT MOBEPXHOCTb S 3a eJHHHIY BpPeMEHH.
BaxHYI0 poJb H B KJAaCCHUECKOH, U B KBAHTOBOH MeXaHHKax
urpaeT MOMeEHT HMMNyJbca. Ta HabJiofaeMas B KJIaCCHUECKOH Me-
XaHHKe SBJseTCA BEKTOPOM, MNPOEKUHH KOTOPOro B JIEKAPTOBOH
CHCTeMe KOOpJAHMHAT HMEIOT BUA

L= qsp3 — q3po,
ly=qsp1 — q1p3,
ly=q\p; — qap1.
B kBaHTOBO# MeXxaHHKe NMPOEKLHAMH MOMEHTa HMMYJibca fABJAIOTCS
OnepaTophl
Lk=Q1Pm_QmPl- (7)

3necy k, [, m—uMKIMdecKas mnepecTaHOoBKa 3HaukoB 1, 2, 3.
B npaeyio yacts (7) BXOAAT NMPOU3BEJEHHS TOJbKO Pa3sHOHMMEHHBIX
KOOPJAHMHATHl M NPOEKIHH HMMOYJbCA, T. €, TNPOU3BEIEHU KOMMYTH-
pYIOLIMX ONepaTopoB. lHTepecHO 3aMeTHTb, 4TO OmepaTopsl Lg
HMEIOT OJIMHAKOBBIH BHJ B HMIYJbCHOM H KOODJAHHATHOM TMpe-
CTaBJICHHH -
h ad d

Lo (x)= T(xz Bx, Xm 'g;c‘l‘) 9 (x), .
Lo (0) =2 (01 50— = pm5) (D)
k i I apm m al’z .

CpofictBa omepaTopoB L, 6yayT moapoOHO H3yueHBl HHIKE.
KBanToBasg MexaHHKa OIMHCHIBaeT, KOHeUHO, H GoJiee CJOXKHLIE,
yeM MaTepHaJbHas TOYKa, CHCTeMBbl. TakK, 1Js cHcTeMbl U3 N Ma-
TepHaJbHBIX TOUYEK IPOCTPAHCTBOM COCTOSIHHH B KOOPAHHATHOM
npejCTABJEHHH siBJsieTcss mpocTpaHcTBo * L2(R3Y) dynkuuit or N
BEKTOPHHX NMepeMeHHBbiX @(Xi,...,Xy). Oneparop llipeaurrepa nns
Takol cucteMbl (anajor ¢yukiuit [amunbtona (1.5)) uMeeT BHA

N 2 N N
h
H=— oAt Y Vi —x)+ ) Vi(x). 9)
i=1 : i<{ i=1
dusuueckufi CMHICJ cJaraeMblx 3jiecb TOT e, YTO H B KJjaccHye-
CKOH MeXaHHKe.

* B nasnbHefillleM MBI YBHAHM, YTO AJf1 TOXAeCTBEHHLIX YaCTHIL MPOCTPaHCTBO
COCTOfIHUII J¢ coBmajgaer C MOANPOCTPAaHCTBOM L2SCL2 $yHKUHE ¢ onpeleleH-
HOi! cuMMeTpHel.
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PaccMoTpHM -elfe IBa omepaTtopa AJs MaTepHAJbHOH TOYKH, KO-
TOpble OKaXYTCs NMOJE3HbBIMH NPH 06CYXKAEHUH B3aHMOCBJ3H KBaH-
TOBOW M KJIaCCHUECKOH MeXaHHKH

U (u) = e~ @Pi+uPstusPy), (10)
V (v) = efi(lex+UzQz+v1Qa)’ (1 1)
roe u(uy, U9, 43) U V(vy, Ug, U3) — BellleCTBeHHble mapamerphl. Ome-

patop V(v) B KOOpIMHATHOM MpeJACTaBJEHHH $fIBJSeTC OMepaTo-
pPOM YMHOXEHHS Ha (pYHKILHIO

V (v) @ (x) = e~V (x).

BhisicHuM Temepb cMblca, omepatopa U(u). ILas mpocToTm pac-
CMOTPHM OIHOMEpHHIH cayvai

U (1) = e=ivP.

O6osnaunm @ (i, x) == e~ P (x). Auddepennnpys ¢(u, x) 1O napa-
METPy u, HMEeeM

26D — Py, v,
HJIH %%—x)'=——h aq)g; x)

Urobm HalitH ¢yHKUMIO @(i,X), HYXKHO DEIHTh 3TO YpaBHEHHE
C HAYaJbHBIM YCIOBHEM

o (u, x) |, = (x).
EnuHcTBeHHOE pellleHHe, OYEBHAHO, HMeeT BHI
@ (4, Xx) = (x — hu).

Mu BuauM, uto omepatop U(u) B KOODAMHATHOM MpeicTaBJe-
HHH €eCTb ONepaTop CABHra aprymeHTa (yHKIOHH @(x) Ha BesH-
YHHy —hu. B TpexMepHOM cayuae

U (u) @ (X) = @ (x — uh). (12)

Onepatopel U(u) 1 V(v) BASIOTCA YHMTApHBIMH BCJEICTBHe
CaMOCOIMPSIKEHHOCTH omepatopoB Py, Py, P3; u Q), Qg Q. Hafimem
nepecTaHOBOYHBlE COOTHOLIeHHS s omepatopoB U(u) u V(v).
B KOODIHHATHOM NpEACTaBJIEHHH HMEEM

V() U (u) @ (x) = e~ " (X — uh),
Uu) V(v) @ (x) =e~vix-uhg (x — uh).
M3 3THX paBEHCTB cpasy CJeAyer, 4To
U)V(v)=V(v)U (u) etvur, (13)
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Pasymeercs, cooTHoweHusi (13) He 3aBHUCAT OT MNpeACTaBJEHHS.
OtMeTuM ewie GopMyaH

U () U () = U (u; + ),
Viv) V(v)=V (vi+ ),

T. €. MHOXecTBa onepatopoB U(u) u V(v) obpazytor rpynms. O6o-
3HAUYUM 3TH rpynnbl uepes U u V.

Tenepb MB MoOXeM [JaTb TOYHYIO (OPMYJHPOBKY TeopeMbl ¢oH
Hefimana. OrpaHuuuMcs AJs IOPOCTOTH CHCTEMOR ¢ OaHOH CTe-
MeHbI0 CBOGOABI,

Teopema. Ilyers U v V — opHomapaMeTpHuecKue TPYMNNBl YHH-
TapHulX omepaTtopoB U(u) u V(v), npeficTByousx B ruib0epTOBOM
NPOCTPAHCTBE J W YAOBJETBOPSILUHUX YCJOBHIO:

Uu)V(v)=V (v) U (u) eivut, (14)
Torga 56 MoxXHO NpPeACTaBUTH B BHJe NPAMOI CYMMBI
H=36D#H,D..., (15)

rae Kaxjaoe J6; mepesoaurca B ce6a BceMu omnepatopamu U(u)
u V(v) u Kaxjoe #6; MoxHo ortobpasuthb yHutapHo Ha L%(R) Ta-
KHM 06pasoM, uTo omepaTopbl V(v) mepexoAdT B omepaTopH P (x)—
— e~i*(x), a omepatopsl U(u) mepexoaar B omepatopsl ¢ (x)—
— P (x —uh). .

MoxHO TOBOpPUTL O TOM, UTO B HPOCTPAaHCTBe J§ JeHCTBYyeT
npejacTaBieHue cooTHoweHu# (14) yHUTapHLIMHM oOIlepaTopamH.
Ecau 3To mpejcraBieHHe HepUBOAMMO, TO cymMMa (15) coaepkur
TOJBKO OAHO CJaraemoe.

B 3akamwoueHue 3TOro Maparpaca AoKaKeM HENPHUBOAHUMOCTb KO-
OPAUHATHOTO NpeAcTaBJeHus aas P u Q.

Ilycts K — HekOTOpPHE omepaTop, KOMMYTHpyowull ¢ Q u P

[K,Ql=0, [K,P]=0.
W3 Broporo paBeHcTBa CJaepyerT, 4TO
KU@u)y=U(@u)K.

[Tpumensia onepatopbl B 06eHX YacCTAX PaBEHCTBA K NMPOHU3BOJBHOM
¢GYHKIME @ (X), HOJYUUM

SK(x, y)tv(y—uh)dy=SK(x—-uh, v ey dy.
R R

3aMeHa y— uh -~y B JeBOH uacT® MO3BOJSET MEPenucaTh 3TO pa-
BEHCTBO B BH[E

{ Kt y+uhy o) dy={ K (c—un, 9 9 ) dy.
R

K
B cusny npou3BOJBLHOCTH @

K(x, y + uh) =K (x — uh, y),
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OTKy#a BuAHO, 410 sapo K(x,y) 3aBHCHT TOJBbKO OT Pa3HOCTH
X—y, T e

Kx,y)=k(x—y).

Tenepb HCnoOJb3yeM NepecTaHOBOYHOCTb onepaTtopa K ¢ oneparo-
POM KOODAHHATHI

oo

{sec—noway= {te—vreway

- 00 -

OTKyZAa CJelyeT, YTo
=y k(x—y=0.

Pemex—me 3TOro ypaBHeHHﬂ uMeetT BHIO
Ex —y)=cd(x—y),

a (yHKUHA, CTOAIlAaf B MPaBOfl 4acTH, eCTb AApo oneparopa Cl.
HMrak, Mun mokasanu, 4to Jo060# onepatop, KOMMYTHUPYIOUIHH
¢ Q u P, KpaTeH e IHHHYHOMY.

§ 14. B3anmMocBs3b KBAHTOBOW M KJaCCHUECKOX MEXaHHKH.
MpeneasHbili nepexoa oT KBaHTOBOH MEXAHHKH K KJAacCHYECKOH

M3BecTHO, 4TO mNOBeleHHEe MaKPOCKOMHYECKHX CHCTEM XOpOILIO
OMHCHIBAEeTCA KJaCCHYECKOH MeXaHWKOH, H KBaHTOBAas MeXaHHKa
NpH mnepexoje K MaKpooOGbeKTaM HOJXKHA MNPUBOAUTH K TeM XKe
peaynbrataM. KpuTepHeM «KBaHTOBOCTH» MOBEAEHUS CHCTEMBI MO-
KET SABJATHCA CpPaBHUTEJbHasl BeJHYHHA XapaKTepHHX IJA CH-
CTeMbl YHCJEHHBIX 3HaYeHHH HaOJIOAaeMbiX, UMEIOUIHX pPa3sMepHOCTDb
nefictBus, W nocroswHolr Ilnanka h = 1,05-10~% spr-c. Ecau
nocronHHas [lnanka npeHe6pexHMO Maja Mo CpaBHEHHIO CO 3Ha-
YeHHAMH TaKHX HaOJIOfaeMhiX, TO CHCTeMa NOJIXKHA HMeTb KJac-
cuueckoe nosefeHde. PopMasbHO Mepexol OT KBaHTOBOH MeXaHHKH
K KJlaCcCHYeCKO#t MoxXeT OHITh ONHCaH, KaK npeleJbHbifl nepexon
npu* h->0. Pasymeercs, npu TakoM mNpeleJbHOM NEpPeXoie CHo-
coObl .ONHCAaHHUSl MeXaHHYECKHX CHCTeM OCTalOTCA PasJHYHBIMH
(onepaTopu B THABOEPTOBOM MPOCTPAaHCTBE He MOTYT MNpeBpa-
waTtbcsi B (QYHKUUH Ha (a30oBOM NpOCTpaHCTBe), HO (PU3HUYECKHE
pe3ysbTaThl KBAaHTOBOA MeXaHMKH npH A — 0 NOMXKHHEI COBmafaTb
¢ KJIaCCHYeCKHMHU.

Mb onmATb PaccCMOTPHM CHCTEMY C OAHON CTeNeHbI CBOOOMIH.
Hsnoxenue 6yner BeCTHCh MO CjaelylouleMy MJjaaHy.

* 3nech ecTb @HAJIOPHA CO CBSI3bI0 MEXAY PEJATHBHCTCKON H KJAacCHIecKOR
mexaHHkaMH. PensTHBHcTCKHMH sddextaMH MOXKHO npeHeGpeub, eclTH Xapakrep-
Hhie AJI CHCTEMbl CKOPOCTH U MROFO MeHbile CKOPOCTH cBeTa ¢. PopMaibRO me-
pexol OT PENATHBHCTCKON MeXaHHKH K KJaccHYeCKOA MOXHO paccMaTpHBaTh Kax
npeAeNbHEl MepPexoi mpH ¢ =» oo,
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CnavaJia BemecTBeHHBIM (YHKIHAM Ha ($a30BOM mnpocTpaHCTBe
f(p,q) ME comocTaBHM MO HEKOTOPOMY INpAaBHJY CaMOCOIpPSIXKEeH-
Hule onepatopu A;, (f—>A4;).

Hanee mMu HafizieM ¢opMysay o6palueHus, NO3BOJSIOMYIO IO
onepatopy A; BocctaHoBHTh ¢yHRuHIO [(p,q), (A;—=>[). Tem ca-
MBIM 6yneT YCTAaHOBJEHO B3aHMHO-OJHO3HAYHOE COOTBETCTBHE
MEeXJY BeIECTBEHHHMH (YHKIHAMH Ha ()a30BOM IMPOCTPAHCTBE
H CaMoconpsiKeHHHIMH omepaTopaMu B 6, (f—A;). Ilpu 3tom
ClpaBe/IHBOM OKa3biBaeTcsl GopmyJia

Tr 4= {1 (o, ) 2235L. (1)

oft

Hakonen, Mpl HafizeM, KakHe ¢yHKUHMH Ha ($a30BOM IPOCTPaH-
CTBe COOTBETCTBYIOT mNpoH3BeleHHI0 AjcAg H KBaHTOBOH cKoGke
[Myaccona {Aj, Ag}. Mbl yBHAHM, uTO 3TH (QYHKUHH He COBIAAaioT
C TMpoH3BeJleHHeM [g H KJaccHuecKoft cko6koii Ilyaccona {f, g}, Ho
B npeznese npH A—> 0 crpemaTcs K HUM. Takum o6pa3oM Mbl yGe-
IHMcH, uTo aJrebpa HabJi0JaeMBIX KBAHTOBOH MeXaHHKH HeH30-
Mop¢pHa asnre6pe HabJi0faeMbIX KJACCHUECKOH MeXaHHKH, HO MpPH
h—>0 B3aHMHO-O/lHO3HAYHOE COOTBETCTBHe [ <> A; CTaHOBHTCA
H30MODPGH3MOM.

[lyctb kBaHTOBaf cHcreMa ¢ oneparopoM [llpenunrepa H naxo-
AuTcs B cocTosiHuH M, u myctb A; — HekoTOpas HabJuwojaeMas JJs
stofi cHcTeMH. OnHcaHHOe B3aHMHO-OJHO3HAUHOE COOTBETCTBHE
03BOJIfieT CONMOCTAaBHTh onepatopaM H, M u A; ¢yuknuio amHIb-
ToHa H (p, q), dyHkuuio p;(p,q) u nabmopaemywo f(p, q). Beenem
2(p, 9)= 01(p, q) /2nh. 3 dopmyan (1) ciaenyert, uTO .

TrM= (o (o, ) dpdg=1, @
ot
Tr MAj—> {1 (5, 9) 0 (p, 9) dp dg. 3)
ot

dopMyaa (2) nokasmiBaer, uto GyHKUHS p(p,q) HMeer mpa-
BHJILHYIO HODMHPOBKY, a dopMmyaa (3) yTBepxKIaer, UTO B mpejnese
npu h—>0 cpenHee 3HaueHHe HabJiofaeMOH B KBAaHTOBOH Mexa-
HHKe COBMNajaeT cO CPefHHM 3HAaUeHHeM COOTBETCTBYIOWIeH KJacCH-
yeckofi HaGmomaeMofi *. [JaJjiee OycTb 3BOJIOIHA KBaHTOBO# CH-
cTeMbl omnHceiBaeTca KaptuHofi Tefisen6epra H  COOTBeTCTBHE
Aj(t) < f(f) ycraHOBJIeHO 1)1l MPOH3BOJILHOTO MOMEHTA BpeMeHH f,

* Eute pas noxuepkHeM, 4To JeBas uacTb B (3) He coBmazaer ¢ mpasofi MPH
h %0, tak kak mnpousBefenHi0 MA; coorBercTBYeT GyHKUHA, OMIHYHAA OT
f(p, 9)p1(p, 9). Kpome Toro, samernm, uro dyukuns p(p,q) npu h 5= 0 moxer
GbITb He MOJOXKHTENLHOM, T.e. He COOTBETCTBOBATH KJACCHUYECKOMY COCTOSIHHIO,
Ho B mpefene npu h—» 0 u3 (3) caenyer, uto p(p, g) yAoBJerBOpsieT BceM Tpebo-
BaHMAM K KJacCHuecKof (YHKUHH pacnpejeseHHs.
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MMokaxeM, uto npu h-—>0 knaccuueckass Habawonaemast f(f) mpa-
BHJ/IbHO 3aBHCHT OT BpemeuH. Onepatop A;(f) ynoBJeTBopsieT ypas-
HEHHIO

O —(H, A O 4

o df dAf
M3 nuHefiHoCcTH coOTBeTCTBHSL [ <«— A; caenyer, 4To S T

KpoMe Toro, npu h—0 {H,A;}n <> {H,[}, nostomy mpu h->0
KJaCCHYeCKoe ypaBHeHHe

A=t 1)

IBJISIETCS CJle[ICTBHEM KBAHTOBOTO ypaBHeHus (4).

Ilepefinem K moapo6HOMY H3JNOMKeHHIO. PacCMOTPHM HeKOTOpYIO
oynkunio f(p, q) u obozHauuM uepes f(u, v) ee mpeobpasoBaHHE
Dypoe *:

Fg, p) =5 S f (u, v) e~19e~i74 dy do, )
R?

F, o) =55 {Fa petewerrdqdp. ©®)
R?

I'IpeoépasoBaHHe dypre BemecTBeHHoH GYyHKUHH f(p, q) obaagaer
CBOHCTBOM

f(ur U)=f("“ u, -"U)- (7)

Jlna. moctpoeHust omepatopa Aj, COOTBETCTBYOUIETO (DYHKIHH
f(p, g), XxoTenoch 6bl 3aMeHHTb IlepeMeHHEIe ¢ H p B (5) Ha olepa-
topsl Q@ H P. Cpasy, 0JHAKO, HeSCHO, B KaKOM [MOpsaKe cJeLyer
IHCaTh HeKOMMyTHpylouiHe MHoxuread V(v) n U(u), mepecraHo-
BOYHEIE COOTHOUIEHHS /51 KOTOPHIX HMEIOT BHJ

Uu)V (v) =V (v) U (u) e, 8)

EcrecTBeHHHH (HO OTHIONL He eXHHCTBEHHHI) peuent, obecie-
YHBAIOMHA CaMOCOINPSKEHHOCTb, Obln mnpemyoxeH I'. Befinem u
HMeeT BHJ

1 thuy
Af=a—gf(u, ) V()U(we ? dudo. ©)
Rl
thuy
IMosiBjieHHe AOMOJHHTESLHOMO MHOXKHTeNS e % CBSI3aHO C HEKOM-
MytaTHBHOCTBIO V(v) u U(u) H obecrieuHBaeT caMOCOIPSIXKEHHOCTE

* Ml oftyckideM Te OTOBOPKH, KOTOpble ciaefioBajo 6ul chelaTh, 4ToOH BC&
fanpHeilHe npeo6pa3oBaHHA CTaJH BNOJHE CTPOTHMH.
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onepatopa A;. He#icTButenbHo, ucnoabdys (7) u (8), uMeem *
lhuv

A;:—%—[—S fu, dU )V (v)e ? dudv=

ihuv

=% S f(—u, =) U(—w) V(—v)e ? dudv=

ihuv

=%Sf(u, YUWV(v)e ? dudyv=

thuv

=—21_31_S Fu, )V Uwe * dudv= Ay

B konue storo maparpada MBI NMpoBepHM, 4TO Mo ¢opmyae (9)
byukuuaM f(g) u f(p) coorserctByloT omepatopn [(Q) u [(P)
B TOJHOM COIVIACHH CO CAEJNAHHHIMH HPeK/Je TPeANoJOKeHHAMH.

Haiinem tenepsr dopmyny obpaienus. IIpH BHIYHCJIEHHH clefa
onepatopa K Mbl 6yfeM noab3oBaTscs GopMyJoH

| TrK=SK(x, x) dx, (10)
rpe K(x,y)—aapo onepatopa K. Hafizem sapo omnepartopa
V(v)U(u). U3 dopmyasl :

V(o) U (1) @ (x) =e~"**¢ (x — uh)
cJeflyeT, 4To AAPOM HHTerpanabHoro oneparopa V(v)U(u) aBasercs

dyukuua
V(o) U (u)(x, x') = e~ %8 (x — uh — x’).

[To dopmyne (10) uMeem

Tr V(o) U (1) = S e~ 1053 (—uh) dx =28 (0) b (u). (11)

[TpoBepum, 9To dopMyna obpailleHHs] HMeET BHA

ithuv

flu,0)=hTr A V(—0)U(—u)e ¢ . (12)

JIlns 3TOro COCYHTaeM MNpPaBYI0 YacTh paBeHCTBA, HCHOAb3yA (8)
u (11),
thuo
Tr AV (—0)U(—w)e 2 =
thu'v’ ihuo

=5 Tr S f, o) V@) Uw)e 2 V(—o)U(—u)e * du'dv' =

* B paJibHefillleM B HamucaHHMH HMHTerpaja Mo A-MepHOMY NPOCTPAHCTBY MH
omyckaeMm cuMBoa R”,
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(u v’/ +uv—2u'v)

== Tr (@, )V )V (—0)U @) U(—u) : du’ dv'=
= 31:—';— Tr S [, 6') V' —o)U @ — ) 7 W huo—au'o du’ dv’' =
Sf(u, v)8 (v —v)d(u —u)e (“+uv_2“)d'dv'=

=7{ f (u7 v)-
[Tonoxum B dopmyse (12) u=v =20

f(0,0)=~hTr Ay
C npyro#i CTOpOHbE,

F0, 0= { (o, 9 dpda,

H MBl y6exaaeMcs B clpaBeJJuBocTH (opmyaws (1).

Teneps HaM ocrajock Hafitu mo ¢opmyae (12) (pyHKmm Ha
¢dasoBoM mnpocTpaHcTBe, coorBeTcTBylomue Ajodg u  {Af, Aghn,
H y6eauThes, uTo npu h->0 stH dynkuuu crpemarea K fg u {f, g}.
Crauana HaiimeM ¢yHKuMO F(p, g), COOTBETCTBYIOIIYIO HECHMMeT-
pH3oBaHHOMY npoHusBefeHHI0 AjAg. Ilns ee Dypre-o6pasa uMeeM

thuo
Flu, 0)=hTr 4A,V (—0)U(—n)e T =
thuo

=hTr(5)' { dur doy dusdof @, 0) 8 (2, 0V (0) U @)e * X

1hu,0s {huo

XV(@w)U()e = V(—o)U(—u)e 2 =
= h Tl‘ (EIE)‘Z S du] dv, du2 dvzf (u], vl) g (u2» 02) X
XV(otve—0)U(u+us—u) X
X exp [—ZL (w01 + u9vy + uv + 20405 — 2uyv — 2uzv)].

OKoHﬁaTe.m;Ho
1
Ay 5= S duy dvy dus doof (1, 01) £ (ta, 02) 8 (0 + v, — 1) X

in
X 8 (g + g — ) e T T, (13)

TlokasaTenr B 3KCMOHeHTe GBI NMpeo6pasoBaH C YUETOM CTOSIIHX
nox 3HaKoM HHrerpasaa &-dynkuuf. HanoMmruM, dro mpeo6pasoa-

HHe - Oypbe M (u,v) npousBemeHus JBYX ¢yskuui @(p, q)==
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= f(p, 9)g(p, q) ectb cBepTKa mnpeobpasoBaHHli Pypbe COMHONKH-
Teqaei _
DO (u, v)=

=5 | duy doy duy dosf (w1, ©1) 8 (s, 08 (014 02— 0)8 (0 + 1, — ).

OYHKIHSA F(u, v) orauuaercs oT (YHKIHH (i)(u, U) MHOXHTEJEM

in .
o % ‘4orm#:®)  KOTOPHIH CTOMT MOA 3HAKOM HHTerpaja. ITOT MHO-

b

JKHTEJb 3aBHCHT OT Mopsiika omepatopoB A; H Ag, nostoMy orne-
patopam A;Ag u AgA; cooTBeTCTBYIOT pasHbie GOYHKIHH Ha ¢aso-

— (U102~ Us01)
BOM mpocTpaHcTBe. B npemene mpH hA—0 e?2 o1 m

F(p,q)> ®(p,q). Paszymeercs, 3T0 YTBepXKIEHHE CIPaBEAJNUBO
H 1as byHkiHH Fs(p, ¢), COOTBETCTBYIOIIEH CHMMETPH3OBAHHOMY
NpOH3BENEHHIO A} o Ag.

OGosnaunm uepes G(p,q) (YHKIHIO, COOTBETCTBYIOIIYIO KBaH-
ToBO#i ckobGke [Iyaccona

{An A= (AAg— AgA).
U3 dopmyan (13) noaydsaem
G(u, V) =
=2_rlcf7_ S duy dvy duy duof (w1, v1) & (s, 05) 8 () + v, — v) X

ih ih
[ - (thvg—t;01) 5 (uzvl—ulvz)]
e S e =I

X 8 (uy + 1y —u)
== | duy doy duy dogf (), 0,) £ (1, 0)8 (0, + 02— 0) X

X 6(uy -+ ug — u) sin —2h—(u201 — 1;U5)
" opu h—0
G (u, v) > 21—” S duy dvy duy dvy (1150, — u09) f (11, v1) & (s, v5) X
X 8 (vy 4 vy — v) 6 (uy + u, — u).

Huterpas, crosiiHii B npaBoH 4acTH, fBJAseTCS NpeoOpasoBaHHeM
dypbe ot kJaccHueckoil cko6ku Ilyaccona

[é] 7]
Tak Kak npeo6pas3oBaHHsIMH Pypbe NPOH3BOAHHX —62— H 37':- sB-

AA10TCST GYHKUHH —ivf ¥ —iuf cOOTBETCTBEHHO.
Takum o6pa3oM, MH NpPOBEPHJIH BCe YTBepXKAEHHH, CHEJaHHHE
B HauaJe maparpada.

69



B 3akjioueHHe NpHBEJEM HECKOJBKO NPHMEPOB BLIYHCJEHHH 0O
¢dopMynaM storo naparpada. ,

HaiineM ¢opMyny ans sppa onmepatopa Ay B KOOpAHHATHOM
npexcraBaeHud. Hcenonbsysa dopmyay

V(@)U @) (x, x')=e" %6 (x — uh — x’),
MONYYHUM
thuv

Ap(x, x) = _21? S fu,v)e-tv*d(x —uh—x")e 2 dudv,

A (x, ¥') = 2:-:h Sf (x -;lx’ , v) e—T(x+x’) do. (14)

[TokaxeM, uto f(g) <> f(Q). JIAs Takol GYHKUMH Ha (a3oBoM
ApPOCTPaHCTBE

P, o) = {1 g) ettei dgdp =T (v) 6 (u).

3necy uepes [(v) oGosnaueHo mpeoGpasoBaHue Dypre dyHKUMH
oxHoli mepeMeHnHol f(q). Hanee mo dopmyne (14)

iv ,
-2—(:1:+x )

dv =

Ay ) =5 {8 (FF5) T @)

=i (ZEE) s — ) =F ()8 (x — 1),

4 OmepaTop C TaKHM SIAPOM SIBASIETCS ONEPATOPOM YMHOMKEHHSI Ha
dyHRuMo f(x). TouHO TaK XXe B HMAOYJLCHOM NPEACTABJEHHH JIErKO
APOBEPHUTH, UTO f(p) <> f(P).

[ToayuuM sBHYI0 GOpMyJay, HO KOTOPOH MOXKHO HaHTH KJacCH-
YeCKOe COCTOSIHHE, COOTBETCTBYIOHIee Mpejeny YHCTOrO KBaHTOBOrO
coctosnusa npu h—> 0.

Hcnons3ys ¢opMyay obGpalienusi, Ha¥geM p;(g,p), COOTBET»
cTByIOILyI0 omepatopy P, W moctpouM p(g,p)==pi/(2nh). Bek-
TOp 1 CUHTaeM 3ajJaHHHM B KOODAMHATHOM NPEICTaBJEHHH.

H3 dopmyan

V(—0) U(—) P& (1) == { £ () T ' (x + )
-Caenyer, 4To ’
V (—0) U (—u) Py (x, ') == €'t (x + uh) $ (¥,

thuo
B, V)= hTIV(—0)U(—t) Pye 2 =

thuv

= —2% S elvp (x fub) P (x)e 2 dx.
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Ecnu BBecTH ¢yHKuMIO *
F (x, 1) = 5 lim  (x -+ uh) $(2) (15)

TO b (u, v)= S e’V *F (x, u)dx

ecTb Dypre-ofpa3 kaaccuueckoi (QyHKIHH pacnpeigeseHHs, COOT-
BeTCTBYyIoleft npeneny coctosnus Py npu h—0. Iasa caMmelt dyHK-

LUK pacnpepesieHus p(q, p) cupaBeiauBa hopMyJaa
0@ p)={e"F (g, wdu. (16)
Tycrs Y (x)— HenpepbiBHasd (QYHKUHS H He 3aBHCHT OT A Kak
or napaMerpa. Toraa
F(x, 1) =5 ¥ () P
u p(p, 9)=1%(q) Fd(p).

TakoMy KBaHTOBOMY COCTOSIHHIO B mpefeie ki —>0 cOOTBETCTByer
COCTOSIHHE TMOKOSIIENCH YACTHIE C IJIOTHOCTbIO (YHKLUHH pacipes
HeJieHHsi KoopAHHATH | (g) |2

iDoX

IMycts Y (x)=¢(x)e * ,rme @(x) or h He 3aBHUCHT H Hempe-
pwBHa, B 3TtoM cayuae B mpepese npu hA— 0 Mbl IpHAEM K KJjac-
CHYECKOMY COCTOSIHHIO ¢ (yHKUHeH pacnpeneseHHsA

p(p, ) =19(q) P& (p — po)-

Ha stux npuMepax Mbl BHAHM, YTO YHCTOMY COCTOSIHHIO KBaHTOBOM
MeXaHHKH B mpeneJe IIpH h >0 MOXeT COOTBETCTBOBAThH CMeIlaH-
HOe KJIaCCHUYECKO€ COCTOfIHHE.

§ 16. OnHoMepHble 3aJaUM KBAHTOBOH MeXaHUKH,
Ceo6GoHas OZHOMepHAs YacTHLA

B § 15—20 Mn paccMOTpHM OJHOMepHble 3ajJayu KBaHTOBOH
MexaHuKH. PyHKIuA ['aMHJIbTOHA [Jf YACTHILI C OJHOH CTeleHbIO
cBOGOJb B MOTEHLIHAJBHOM MOJIe HMeeT BHI

2
H (p, q) =4—+V (g).
droit dynkuun I'amuabToHa coorBercTByeT omepatop Llpeaunrepa

H=1-4+V@Q.

* drtoT npefesl He Bcela ABJASETCA TPHBHAJLHBIM, TAK Kak B (H3HUECKH
HHTEDECHHX cayuasx ¢yHKuHA P(x) oOHYHO 3aBHCHT OT A KaK OT nmapamerpa
(cM. mpEMep HHXeE).
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Ias cBo6oaHO# yacTuuy V = 0. Mbl HauHeM ¢ H3y4eHHS STOH Npo-
crefilell 3ajlaud KBaHTOBOH MexaHuKH. HalimeM cmektp omeparopa
1penunrepa

PZ
= ()
YpaBHeHHe nJ5 COOCTBEHHBIX BEKTOPOB HMeeT BHJ
PZ
5, b=EV ()
HJIH B KOOPAMHATHOM IpeACTaBJEeHHH
B dhp
~ om dxr — LV 3)

Yn06HO HCNMOJNBb30BAThH CHCTEMY @JHHHIL, B KOTOpOH A= 1 H m =
= 1/2. Torpa ypaenenue (2) npu E >> 0 npunuMaer BHA

tl)”—l—k2ll>=0, B=E, k>0. (4)

Ilocneanee ypaBHeHHe HMeeT JBa JIHHEHHO-HE3aBHCHMBIX PelIeHHS

1
b, (1) =(37)7 exthe (5)

Mb!1 BHAMM, 49TO KaXXJAOMYy 3HaueHHI0 E > 0 COOTBETCTBYeT ABe
co6cTBeHHBIX (yHKIHH onepatopa H. Ilpu E << 0 ypaBHeHue (3)
He HMeeT OrpaHHYEHHHX Ha BCeHl BellleCTBeHHOH ocH peruenuil, Ta-
KM o6pa3oMm, cnektp omnepatopa Hlpemunrepa (1)— HenpepoiB-
HBI#, MOJIOKHUTENbHBIH, ABYKPATHBIH.

OyHKIHH (5) OAHOBPEMEHHO fIBJSIOTCA H COOGCTBEHHBLIMH (YHK-

. d ,
LOUSIMH OllepaTopa UMIynbca P = — [ ——, COOTBeTCTBYIOIHMH COG-

CTBEHHHIM 3HaueHHAM k. 3ameruM, uto ¢yHkuuu (5) He npuHan-
aexar L?2(R) H mosToMy He SIBASIOTCA COOGCTBEHHHIMH (GYHKIHAMH
B oObiuHOM cMblcsie. [l 3anmucH mocjeAyiomux GopMya yaoGHo
CUHTATh, YTO —o0 << kB <C 00, b=+ 1/E. Torna o6a pewenus (5)
HMEIOT BHJ

1
L \T
b ()= (55)* ™ ©)
Hopmupyromu#i muoxurens B (6) BHOGpaH H3 yCJOBHS
| % () e ) dx =8 (6 — ). )

R

Crosb Xe TPOCTO NMOJYYAIOTCH pelleHHs ypaBHeHHs (2) B HM-
nyabCHOM npeacrtaBieHud. Ilpuw m = 1 ypaBHeHue (2) uMeer BHA

PP = k2P, @®)
‘A ero pellleHHSIMH fBJASIOTCA (QYHKIHUH
b () =8(p— k), k== VE. ©)
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HopMuposka ¢yukunit (9) BoibpaHa Takoil e, KaK H QyHKUHII (6),

Ve, ¥ ap =660 — 08— k) dp=0(k —#).
R R

Hast Toro 4To6b BLISICHHTL (DH3HUECKHH CMHCJ COGCTBEHHLIX
(GYHKUHA Pr, TOCTPOHM peIlleHHe HEeCTALHOHAPHOLO YpaBHEHHs
[Ipenunrepa st cBOGOIHOH YaCTHIIHY

, d (¢
20 — )

IIPH Ha4YaJIbHOM YCJIOBHH
b (0) =g lol=1

Hpome BCEro 3Ta 3ajada pemaercss B HMMOYJbLCHOM IpeJCTaB-
JICHHH

, 0 , ¢
i 20D (p, ),

2, 0 =0 (), {10() Fdp=1.
R .

QueBHIHO, UTO
*

—ip

Y(p,)=0(pe "

B KOOpIHHATHOM TPEJCTABJEHHH 3TO e COCTOSIHHE ONHCHI=
BaeTcst QYyHKUHeH
1

205 0=(57)" {0 dp= (0@ v, e k. (10)
R R

JIerko mpoBepHTH, YTO HODMHpPOBKAa OGYHKUHH (x,{) He 3aBHCHT
OT BpeMeHH

o Par={10( rap=1.
R R

®opmyay (10) moxKHO paccMaTpPHBaTL H KaK pasJiOXeHHe pe-
wenusi ypaBHeHHs lllpenuurepa (x, f) MmO CTalHOHAPHBIM COCTOSI-
HHSM, T. e. Kak o6o6uienne dopmynasl (9.13) Ha cayuad Hempe-
puBHOro crnekrpa. Posb KoadpduunentoB C, 3mech urpaer ¢(yHk-
uust (k).

Cocrosinde, onHchiBaeMoe GyHKUHAMHE (X, f) Han $(p,1),
HMeeT HauboJsiee mpocToil (DH3HUeCKHH CMBICA B TOM cJjyuae, Korja
@(p) OTMHYHA OT HYJS B HEKOTOPOH MaJsIOH OKPECTHOCTH TOUKH py.
CoOCTOsIHHSI TAKOrO THNA OOLIYHO HA3BIBAIOT BOJHOBLIMH NMaKeTaMH.
I'paduk dyHKuHH |@(p)|? u306paxeH Ha pHC. 4.

HanomunMm, uto |$(p,?) |2 =|¢@(p)|? ecTb maoTHOCTL BYHKUHH
pacnpeneneHHsi HMIyJbca. TOT ¢akT, 4To 3Ta MIOTHOCTL HE 3aBHCHT
OT BPeMeHH, eCTb CJeJCTBHe 3aKOHA COXPaHeHHs HMNyJbca IJf.
cBoGomnoit vactuun. Ecnu pacmpenesenne |@(p)|2 cocpenoroueno
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B OKPECTHOCTH TOYKH pg, TO COCTOsiHHe v (f) MoxeT OHTb HCTOJ-
KOBAaHO KaK COCTOSIHHE C MOYTH TOYHO 3afaHHHIM HMIYJbCOM.
®yukuusa [P (x,f) |2 ecTb MIOTHOCTb (GYHKIHH pacnpefesNeHust
koopaHHaTH. IIpociiefnnM 3a ee sBoJiouUHell Bo BpeMeHH. Ilpexne
BCero H3 TeopeMhl PuMmana — JleGera * caeapyer, uro Anas rjaap-
kol @(p) 1 (x,¢)—0 npu [¢{|—> co, mOITOMY CTpeMHTCH K HYJIO

| (x, {) Pdx, B3aTHH 1m0 M0GOH KOHeyHOH 06GJaCTH BelleCTBeH-

Q
HOM ocH Q. DTO 3HAYHT, YTO NPH |f|-> co YACTHLA YXOAHT H3 JIO-
6oft KoHeuHOH 06JacTH, T. €. ABHXKeHHe HHOHHHTHO.
Jaa toro urofu Gosee nmoapoGHO MPOCAEAHTb 3a [BHKEHHEM
yacTHUBH TpH GoJblIHX |#|, HCHOMb3yeM MeTOA CTAlHOHAPHOM
¢dba3u. 3IroT MeTon MNpHMeHseTcs AJf
|¢Tp)|? ACHMITOTHUECKOTO BHIYHCJEHHS HHTErpa-
JOB BHJA

b
[(N)= g FxeWday 1)

Po

@ Y

npu N — oco. I caydas raaikux GyHK-

Puc. 4. uuil f(x) u F(x) ¥ 0pH HaJIU4HH onHOf

TOYKH CTAUHOHAPHOCTH X GYHKUHU f(x)

B HuHTepBane (a,b) (f(¥)=0, [’(¥)5% 0) wumeer Mecro dop-
MyJia

1
W)= (7)) exp GNF @)+ sign ” (3) + 0 ().

(12)
[Tepenumem BripaxeHue ans P (x,t) B dpopme

I\ i|t|[=F‘p’+-ﬂ]
v )= (5)7 (o (e LT ap,
R

Bepxnufi 3HaK B 3KCHOHEHTEe COOTBETCTBYeT ! > 0, HHKHHE { < 0,
HalileM acHMNTOTHKY GYHKUHH Y (X,f) npu {— toco no opMmyae
(12). Touka cTallHOHAPHOCTH HAXOAHUTCHA H3 YCJAOBHS

I @)= 25 + 17 =0,

o0
* TeopeMa Pumana— JleGera yTeepkiaer, uto S [(x)e'¥* dx >0 npu

-0

N — oo, ecain GyHEUHA [(X) KycOuHO-HeMpepHBHAa H aG6COMIOTHO HHTErpHpYeMa Ha
Beefi OCH —00 <T X < 00, o -
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OTKy1a p =—2xt—. Hanee [/(f)= F2 u nupu {—> 00

ven=e(3) (zm) " +0(mr). @9

rie y— BelllecTBeHHasi (YHKUHS, BHA KOTOPOH AJAA AajbHEHIHEro
HEBaJKeH.
-Tlo mpeanosioxkeHuio GyHKUHusA ¢ (p) OTIHYHA OT HyJs TOJIbKO B

MaJIoH OKPeCTHOCTH TOYKH py, MOITOMY | (x, ) P —}cp (2t )I 3771 -+

+ (IfI/ OTJIHYHA OT HYJS TOJbKO BOJIH3H TOYKH x = 2pof. U3z

3TOrO COOTHOLIEHHS BHAHO, YTO 006s1acTb, B KOTOPOH OTJHYHA OT
HyJsl BePOSITHOCTb HAHTH YacTHLY, NepeMellaeTci BJIOJb OCH X
¢ MOCTOSIHHOH CKOPOCTBIO U == 2p;, T. €. OCTaeTcsi CIpaBelJHBOH
KJacCHUecKas CBA3b MeXJAy HMIYJbCOM H CKOPOCTBIO p = mu
(HamOMHHM, YTO MBbl NOJOXKHIH m = 1/2). Jlanee U3 aCHMNTOTH-
YeCKOTO BbIpaxKeHHs s | (x,?)|? sicHo, YTO M KOPHS M3 MHC-
NepPCHH KOOpAHHATHl A,x NpH GoJablinx 3HaueHusx |t| cmpasen-
JguBa (popMya
Ax==2A,pl|t]

HJIH Agx=Ayult].

Oro osHayaer, uro 06/aCTb, B KOTOPOH BeJIHKAa BEPOSATHOCTH 0OHA-
PYXHTb YacTHLY, NepeBHrasch BAOJb OCH ¥, OYJeT pacIiuBaThes
CO CKOPOCTBIO A,v.

HerpynHo noHsATb 63 BCAKHX BHIUHCJEHHH, YTO MOBEJEHHe KJac-
CHUeCKOH CBOGOJHON YacTHIBI, HaXOAsILIeHCA B COCTOSIHMH C HEHy-
JIeBBIMH JHCIEPCHIMH KOODJHHATH H HMIyJbca, OyieT TOYHO
TakHM XKe. TakuM o6pa3soM, KBAaHTOBas MeXaHHKa IPHBOJHT IIPaKTH~
YeCKH K TeM Ke pe3yJabTaTaM [Jisl CBOGOAHOH YaCTHLH, YTO H KJac-
cHYyecKasi. EJHHCTBEHHOE OTJ/IMYHE COCTOHT B TOM, YTO B KBaHTOBOM
MeXaHHKe, COlMIaCHO COOTHOLIEHHIO HeompeaeJeHHOCTeH, HeT co-
CTOSIHHA C HYJIeBHIMH JIHCIEPCHSIMH KOOPAHHATH H HMIYJbCa.

OTMeTuM elne HeKkoTophle (opMaJsibHble CBOHCTBA pelIeHHR
ypaBHeHHsa Illpenunrepa ans csoGopno#l wactHus. M3 cooTHoume-
Hus (13) caenyer, uto

P (x, t)=0(‘7‘ll,—2),

T. €. IpH NO0HX X I/IMGET MecCTO HepaBeHCTBO

1 (5, 1<

rae C — HekoTopas KOHCTaHTa.ECTeCTBeHHO OXKHJATh MO3TOMY, UTO
BeKTOp P (f) cnabo CTPEMHTCS K HyJio NpH |¢]|-> co. [Ipome Bcero
3TO yTBepXKJAEHHe JOKa3hBAeTCS B HMIYJbCHOM IpeAcTaBJIeHHH.
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Jns npousBodibHOro Bektopa fes L2(R) HmeeM

®®, N="{ o e T dp.
R

[Mocaeanuit uHTErpas CTPEMHTCS K HyJI0 NpH |f|-> oo MO Teopeme
Pumana — JleGera.

B KoopaHHaTHOM e 1npeicTaBjJeHHH cJabasfg CXOAMMOCThb
K Hyao P(f) uMeer oueHb npoctofi cMmeica. ITocrosHHbIE BekTOp f
3ajaercqd (YyHKIHeH, KOTOpas 3aMeTHO OTJHYHA OT HYJA JHILb
B HEKOTOpOH KOHeuHoH obaacTu €, a o6aacTb, B KOTOpPOH OTJHUYHA
oT HyJas yHKUHSA P(x, ), pacHabiBasch, yXOAHT HA GeCKOHEUHOCTh.
[Mostomy (Y (f),f)—> 0 npu |{|— oo.

[TpoBepuM, uTo acHUMNTOTHYecKoe Bhipawenue (13) masa ¢Qyuk-
wud P (x, {) HMeeT NpaBHJbHYI0 HOPMHpPOBKY. [Ipu |{|— co HMeeM

(o opdce (oo (57) [ ar={1o@pae=1.
R R R

§ 16. T'apMoHHuecKUl OCUHIASTOP

B kJaaccuueckoft MexaHHKe rapMOHHYECKHM OCHMJJISTOPOM Has
3niBaeTcsl cucteMa ¢ ¢yHkuue#t aMuabToHa

2 2
H(p, ) =4+

[Tapamerp @ > 0 uMeer cMbica UaCTOTHI KogebaHuil,
Onepatop llIpeaunrepa cooTBeTcTBYWIe#i KBaHTOBOMEXaHHue-
CKOft cHCcTeMHB HMeeT BHJ,

H="4 + 22 (1)

Mu Hcrosib3yeM CHCTEMY €IHHHI, B KoTopolt m = 1, h = 1, Haiua
3ajaua HaHTH coOCTBEHHBIe BEKTOPbl H COOCTBEHHble 3HAYEHHS Ole-
patopa H. MH pemuM 3Ty 3ajfauy, HCIOJAb3Ys TOJbKO IlepecTaHo-
BOYHHle cooTHOIIeHHs ['efisenbepra ansi onepatopoB P u Q u He
mepexoAfl K KOHKDETHOMY IpeicTaBjeHHI0. [ada 3TOoro BBeaeM
onepaTtops

«f_ (0Q -+ iP), @)
a'= —'\/.—2—(; (0Q — iP).

Hcnonbsys coorHouenne I'efizenGepra

[Q, P]=i, 6
6



IOJIYYHM
0aa* = (@Q*+ P?) + - (—QP + PQ)=H + 5,
oa'a = (0%Q? 4+ P) + 2 QP —PQ=H — %
HJ/H '
H=oaa" — <, 4)
H=uwa"a + —02)— (5)

U3z (4) u (b) cpasy HaxOAHM IepecTaHOBOUHOE COOTHOILEHHe
JJ1s1 onepaTopoB a U a*

la, "] = 1. (6)
M3 (6) serko mpopepseTcs MO HHAYKLHH, YTO
[a, @)*] =n(@)""" (7)

Haxkonen, Ham mnoTpefyioTcsi NepecTaHOBOYHBIE COOTHOIUEHHS OIle-
patopoB a 4 a* ¢ H. [na Bhluuc/ieHHs KomMMmyratopa [H,a] no-
CTaTOYHO YMHOXHTH QopMyay (4) Ha a cnpasa, (5) Ha a ciaeBa
H HaHTH Pa3HOCTb IMOJYYeHHHIX BhIPaXKeHHH

[H, a] = — wa. 8
[H, a"] =wad". 9)

IlepeitneM Tenmepb K u3yueHHI0 cnekrpa omneparopa H, Ilpex-
I0JIOKHM, 4TO CYLIECTBYeT XOTH Obl OAHO cOOCTBEHHOe 3HaueHHe E
onepatopa H. CoOTBeTCTBYIOIIHH COGCTBEHHEIH BeKTOp MH 000-
3HayuM yepe3 Pg ITokaxeM, uro cobcTBeHHble 3HaueHus E orpa-
HUYEHH CHHU3Y. BeKTOp Pz MO YCJOBHIO YIOBJETBOPHET YpaBHEHHIO
Hvpe == Eg, kKoTOpOE MOXKeET GHITh ¢ yueToM (5) mepemucaHo B BHAE

-« (0]
(coa a4+ 7) g = Eg.
VYMHOXas 5TO paBeHCTBO cJeBa Ha Vg, MOJYUYHM
(0]
olladel? + 5 lbelP = Ellbe I,

OTKyaa cpasy cienyer, uto E > ©/2, npuueM 3HaK paBeHCTBa BO3-
MOXKeH TOJABKO TNpH ycaoBuH ave = 0. U3 Boipaxenus (5) gaa H
BHJIHO, YTO €CJH HEeKOTOpH BOKTOD 1 YAOBJETBOpPSET YCAOBHIO
ayp = 0, To oH sBAsgeTcs cOGCTBEHHHM BeKTOpoM omepartopa H, co-
OTBETCTBYIOLIHM COGCTBEHHOMY 3HAUeHHIO ®/2.

ITokaxkeM, KaKHM 06pa3oM MOXKHO MO MPOH3BOJBHOMY COGCTBEH-
HOMY BEeKTOpPY Pz MOCTPOMTb HOBHE coGCTBeHHble BeKTopH. Ilox-
cyHTaeM BhipaxeHue Hapz, Hcnoab3ys (8):

Habg = aHV; — waYy = (E — o) apg.

AHaJoruuHo
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U3 nmocsaegHero COOTHOLIEHHSI BHAHO, uTO JHO60 ayg siBAsdercsa cob-
CTBEHHBIM BEKTOPOM, COOTBETCTBYIOIIHM COOGCTBEHHOMY 3HAUEHHIO
E — @, qubo ays = 0. Eciu ave 5= 0, T0 BekTop a®Pg aubo cob-
CTBeHHHH ¢ coGCcTBeHHEiM 3HaueHHeM E — 2w, qubo a?pg = 0. Ta-
KUM 00pas3oM, Mo MPOH3BOJBLHOMY COGCTBEHHOMY BEKTOPY Vg MOKET
6bTh [OCTPOEHA MOCJAEAOBATENBHOCTL COGCTBEHHBIX BEKTOPOB g,
ade, ..., aVPg, COOTBETCTBYWIIHX COOCTBEHHBIM 3HaueHHsAM E,

—®, ..., E— No. 9ta nocjsenoBaTeJbHOCTb, OAHAKO, HE MOXKET
O6HThL GecKOHeuHOH, TaK KakK coGCTBeHHble 3HA4YeHHsl omepatopa i1
orpaHHyeHbl CHU3Y YHCJIOM ®/2. [TosToMy cymectByer Takoe N =0,
uro aVg 5= 0, aVtpg= 0. OGosHauuM BekTOp a™pr uepes 1.
DTOT BEKTOp YAOBJIETBOPSIET YPABHEHHAM

apo=0, H‘Po=%‘|30- (10)

MB BHAHM, YTO INpefNOJIOKEHHe O CYIIeCTBOBAHHH XOTA Ol
OJIHOTO COOGCTBEHHOTO BEKTOpa Yg SKBHBAJEHTHO INpPEANOJIOXKEHHIO
0 CyLIeCTBOBaHHH BEKTOpa o, yaosjerBopsiomero {10). Bekrop v
OTNHUCHIBAET OCHOBHOE COCTOSIHHE OCHMJIIATOPA, T. €. COCTOsIHHE
C HaUMeHbluel 3Hepruel w/2.

TTocMoTpuM, Kak jAeficTByeT omepaTtop a* Ha coOGCTYBeHHble Bek-
Tophl onepatopa H. Hcnoabsys (9), momyunm

Ha*pp = d"Hyp + 0a* by = (E 4 0) a™bg. (11)

O6GpaTHM BHHMaHHe Ha TO, 4TO a*pz He MoOXeT ObITb HYJIEBHIM
BeKTOpoM. JleHCTBHTEJILHO, H3 BbIPaKeHH (4) nas omepatopa H
BHJHO, YTO BEKTOp, YAOBJIETBOpAWNIHE ypaBHeHHi0 a*p = 0, aB-
Jasercsi COOCTBEHHBIM BeKTOpoM H ¢ COOGCTBEHHBIM 3HaueHHeM
—/2, 4TO HEBO3MOXHO, TaK Kak E = w/2. [lostomy u3 (11) cie-
AyeT, uTOo a*pg ABJsSETCH coécTBeHHblM BEeKTOpoM omepatopa H
¢ co6cTBeHHBIM 3HaueHHeM (E 4 o). Anagoruuno (a*)?Pz— co6-
CTBEHHBI BeKTOp ¢ cobGcTBeHHHIM 3HaueHWeM (E 4 20). Hauunas
TaKOe MOCTPOEHHE C BEKTOpPa Yo, MBI NMOJYUHM GEeCKOHEYHYIO IocJe-
JIOBaTeJbHOCTh COGCTBEHHEIX BEKTOPOB o, a*Po, ..., (a*)™pg, ...,
COOTBETCTBYIOIIHX COGCTBEHHBHIM 3HAauYeHHAM /2, ©/2-+ o, ...

(n+ 1/2)w, ... IIycTb BekTOp Vo HOpMHPOBaH || Yo Il = 1. Bhi-
THCJIUM HOPMY Bekrtopa (a*)™p,

I1(@*)™bo [P = ((a") b0, (@*)*bo) = (o, a"~" (@")"arpo) +
+n(po, " (@) ) =n[ @)= ... =n [wf=n...

I1pu BBIUMC/IEHHH HCHOJB30BaJOCH NMEPECTAHOBOUHOE COOTHOLIEHHE
(7) u paBenctBO (10).

Takum o6pasoM, MOC/IeNOBAaTeJbHOCTb HOPMHPOBAHHBIX COO6-
CTBEHHBIX BEKTOpOB omepatopa H MOXHO 3aiaTh GopMyJsoH

—_ L (Mn —
‘pn— VE (a) 1130» n_0)1:2: LRCR (12)
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OpTOroHa/ILHOCTb BEKTOPOB Pn, COOTBETCTBYIOUIHX Pa3JIHUHBIM OG-
CTBEHHBIM 3HAUeHHSM, CJeAyeT H3 OOLIHX COOOpaKeHHH, HO MOXKeT
OLITb NIpOBepeHa M HENMOCPeJCTBEHHO

(bs, ) = = (b, @* (a7)"00) =0 ip £ 5~ .

ITocnennee paBeHCTBO noayvaercs U3 gopmya (7) u (10).

O6cyauM Temepb BONPOC O €IHHCTBEHHOCTH BeKTOopa . Hata-
HeM Ha OpPTOHOPMHPOBAHHYIO CHCTEMY BEKTODOB 1V, TH/JIbGEPTOBO
NPOCTPAHCTBO F6. DJIEMEHTH (pe% HMEIOT BHJ

qa-—Zc L, ZICn|2<°° (13)

B sTOM mpocTpaHCTBe MBI NOJYYHM peasH3allHi0 IIepecTaHOBOUHBIX
cooTHolleHu# [eiizenbepa, eclH TMOJOXKHTL B COOTBETCTBHH C (2)
a4t a* Vo {(a—a¥)
Q=——=, P= . (14)
'\/2(0 i '\/—

CoorHowrenne (3) roraa ssJasiercss cJaexnctBueM ¢dopmyas (6).
TIpocTpaHCTBO 6 HHBAapHAHTHO OTHOCHTENBHO JefiCTBHS Omepato-
poB P u @ (TOYHee, OTHOCHTeJNLHO OrpaHHYeHHBIX ¢(yHKUHH f(P)
u F(Q), nanpumep, U(u) u V(v)) u He comepKUT MOANPOCTPAHCTB,
obnanatonux TeMm Xe cBodctBoM. [loaToMy mpeacraB/ieHHe omnepa-
TopoB Q u P ¢dopmynamu (14) B 56 HenmpuBOIHMO.

Ec/iu B HEeKOTOpPOM IpeJACTaBJEHHH CYLIECTBYeT ABa BEKTOpa 1,
" 1136, ynoBJieTBOpsolux ypasHenuo (10), To HapAny ¢ 76 Moxer
6HTh aHAJOrHYHO MOCTPOGHO TMPOCTPAHCTBO JB’ MO BEKTOPY Por ITO
NpPOCTPAaHCTBO OyAeT HHBAPHAHTHBHIM OTHOCHTeJNBHO P H Q, T. e.
IpejCTaBJeHHe, B KOTOPOM cCyliecTByeT G6oJjiee OJHOTO pelueHHS
ypaBHeHHs1 (10), 6yaeT npHBOAHMBIM,

§ 17. 3agaua 06 OCHHJANATOPE B KOOPAHMHATHOM NPENCTaBJEHHH

B mpeabiaymem naparpade MB UHCTO anre6paHyeckKHM myTeM
Hamau crnektp omepartopa lllpenunrepa anas ociumaaropa. Buuto
CHeJaHO TOJbKO OJHO IpeiIoJoXKeHHe, YTO CYIIECTBYeT XOTA OH
onuH coGcTBeHHHH BeKTop omepartopa /. DT0 3KBHBAJIEHTHO Cylie-
CTBOBAHHIO pelleHHs ypaBHeHHA ay== 0. ITokaxeM, 4T0 B KOOp-
JUHATHOM TpeACTaBJIEHHH . JeHCTBHTENBHO CYIIECTBYeT €JIHHCTBEH-
HOE pelleHHe 3TOro ypaBHeHHs. JamuileM OmepaTopsl @ H a* B KO-
OPAMHATHOM IIpeJCTaBJEHHH

a=—1—/—él_—_(5—(mx,—l—%), 0y
¢ (o= ), "
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YpaBuénue avo = 0 NpHHHMAET BHJ
ox, (x) + 'll?(; (x)=0.

Paspenss nepeMeHHble, TOJNYUHM

do __
. —axdx
- ax
" Po(x)=Ce 2.

ITocrosinnas C HaxXOAHTCH H3 YCJOBHA HOPMHPOBKH

( H i
Sl‘Po(X)Fdx=ICF Se"“’"’dx=|C|2(_:;_)2

SroMmy ycaosuio yposaerBopsieT C = (w/n)'4, U HOpMHpOBaHHas
coO6cTBeHHAd (GYHKUHSA A/ OCHOBHOrO COCTOSIHHSI HMeeT BHJ

R
Po(x) = (-ﬂm—) !

CoGcTrBeHHble (YHKUHH HJS1 BO3OYXKIEHHBIX COCBOAHHE 1, (x)
Haxoxarcs no dopmyae (16.12) ¢ yuerom (2)

1IJn (x)= ( )4 (2(')) wx — -;i—x)" e 2

OyeBHAHO, YTO 3TH (QYHKIMH HMEIOT BHJ

wx?

- o

Yu(x)=Pa(x)e %,
rae P, (x) — nonunoMm n-fi crenend. MoxHO mokasartb, 4yro P, (x)=
=H, ('\/mx) TIe Hn(g)—nommom I-Ie6meeBa—3pMHTa Usge-

cTHO, uTo cHcTeMa OGyHKUuE H,(E)e 2 noaHa B L2(R). 3ro
YTBEpXKJeHHe, BOOOIe roBOps, C/lefyeT H3 HENPHBOXUMOCTH KOOp-
IMHATHOTO MpEJNCTaBJEeHHS H pe3y/JbTaToB NpPEABIAYIIEro MHapa-
rpada.

DyHKUHA |[Pn(x) |2 ABASETCS NNOTHOCTHIO (QYHKUHH pacnpese-
JEeHHS KOOPAHHATH B n-M COCTOSIHHH ocuuaastropa. HurepecHo
CPaBHHTb 3TO paclpefesieHHE C COOTBETCTBYIOIIHM KJaCCHUECKHM
pacnpenenenHeM. PemleHne K/aaccHuecKOH 3afaud o6 OCHHJAJSTOpE

HMEeT BH]I
x (t) = Asin (of + @), (3)

rie A —amnauryna KonebaHHs, a ¢ — HauaJbHasl (asza, DHeprus
Kosle6aHH MOXeT GBITb BHIUHC/AEHA 1O GopMyJie

%2 w2x?
E= 5 + —5—
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u paBHa ©?A%/2. CooTBeTcTBYIOIIas IJIOTHOCTb (PYHKUMH pacrpefe-
JICHHs] KOOPAMHATEI HMEET BHJ

Fx)=06(x—x(). (4)

SlcHO, 4TO cTalHOHapHOEe COCTOSIHHE KBaHTOBOI'O OCUHJIATOPA HH
NPH KaKHX YCJOBHAX HE MOXET NEePEeXOJHTh B KJACCHYECKOE YHCTOE
COCTOsIHHe, 3ajaBaeMoe (opmyaoit (3). EcrectBenHo mnpeanojo-
XKHTb, YTO TNPEAEJIOM KBAaHTOBOTO COCTOSIHHA OYAET KJaCCHUYecKoe
CMEIIaHHOE COCTOSIHHe, fBJIsIONleecss BHIMYKJOH KoMOGuHalued (3)

Puc. 5.
co cayvaiiHbIMH asamu @. 111 TAKOTO COCTOSIHHSA MJOTHOCTb (PYHK-
LUHH pacnpeleseHHs] KOOPAHHATHl MOJydYaercss ycpenHeHHeM (4)

21
F () =755 { 8(Asin (of + ¢) — ) dp= +
0

6(Asinp—x) do=

M‘ncl'bnl;\

1

1
=‘1‘§6(y—x) LN ;w//ﬁ—x"xe(_A’A)'
"2 VA 0, xE(—4,4),
HJIH KOpoye F (x)= uey;— x:z

[padukn dynkuuit F(x) u |$a(x)|2 npuBenens Ha puc. 5 pas
JIOCTaTOYHO GOJBIIOTO 7 NPH YCIOBHH, 4T0 * E, = h(n+ 1/2)o =
= 024%/2, TIpy n-—>oo KBaHTOBOe paclpeneleHHe OymeT cTpe-
MHTBCSl K KJACCHUECKOMY. YCJOBHEe n—> 00 NpPH 3aJaHHOH 3Hep-
rud E Moxer GBITH BBHINOJIHEHO, ecau h—> 0.

OrMeTHM BaxHoe oTauyne GyHKRUHE F(x) H |Pn(x) |2 Dynuk-
una F(x)=0 nmpu |x|> A, T. & KJaccHuecKas d4acTHIa BCeraa
HaxoAuTcA Mexjay ToukamMu —A H A (B KJIaCCHYECKH paspelleH-
HOlf o6aactu). OyHKRuEA |$.(x)|2 npu |x|>A B Hysb He
o6pauraercsi. OTO 03HAYAET, YTO KBAHTOBAsS 4aCTHIA MOXET GHITh 06-
HapyeHa ¢ KOHEYHOH BepPOSITHOCTBIO B KJaCCHUECKH 3alpelleHHOH

* 3mech MH A48 YA0GCTBAa $IBHO BHIIHCHBaeM nocrosunyilo I[laanka h, He
cyHTad, yto A = 1.
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ob6nactd. Jas npoH3BoAbHOrO noreHudana V(x) ara obnacts ompe-
JeJISIeTCs1 M3 YCJOBHSA, uTo noaHas aueprusa E <C V(x), uto coort-
BETCTBYeT OTpHUATENLHBIM 3HAYeHHsIM KJAaCCHYeCKOH KHHeTHYe-
CKOH 3HEpPruH.

§ 18. MpencraBieHne COCTOSSHHI OMHOMEPHOH YaCTHIbI
B IPOCTPAHCTBe MocJefoBaTeNbHOCTeH o

CoraacHo pesysnbraTtaM § 16 ni06oii BeKTOp @ & #6 MOXKeT GBHITh
pasJjiokeH B psifi M0 COOCTBEHHBIM BEKTOpPaM oOMNepaTopa 3SHEPTHH
rapMOHHYECKOTo ocummmopa

CP-——ZCn v— 'lpOa Zlan(oo

Kaxabiii BEKTOp ¢ & # ONHN3HAUYHO ONpenelsieTcs MOocJaenoBa-
TeNbHOCTBI0 KoadduuentoB {C.}, T. e.

¢ <> {Cu}.
[Tycts ¢} «—> {Bn} TOTAQ B CHIY OPTOHOPMHPOBAHHOCTH CHCTEMAI
BEKTOpPOB 1, = «/l Yo

(b, ¢) = Z Bn-én'

[TocMoTpHM, KaK JAefiCTBYIOT oNepaTopsl B TaKOM IIpeicTaBlie-
HuH. J{As1 9TOr0 AOCTAaTOYHO MOCTPOUTHL omepaTophl a U a*.  Ilyctb
¢« {C,}, ap<«>{C;}. Ham nyxHo Bmpasuts C; yepes C,. It0
MOXHO CAeNaTh CJedyIOIIHM o0pasoM:

EXY/] . n..1
aq>=aZCn%’1——!1Po=Z un(:/—)—— Po ==

=2 Wne T Z«/n+wnw— M

TIpu BHIYHC/JEHHH HCHOJB30BAJHCh COOTHOIeHHs [a, (a*)"]=
= n(a*)"!, ajo =20, nocnenHee paBeHCTBO MOJyYaeTcsi NpH 3a-
MeHe 3Hayka CyMMHpoBaHHs n—n -4 1. M3 (1) BumHO, 4TO

Ch=/n+ [Cuyr- 2)
Ananoruyao ’
n+t
adp=a ZC \PO—Z (01}— Py =

n+l

_Z v C«/( T Z‘/_"' «/n! Yo
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[TostoMmy, ecnd a @ <> {Ch}, 10
C;ll = ’\/Ecn—l' (3)

®opmyanl (2) u (3) CcTaHOBSTCH OCOGEHHO HATJSIAHBIMH, €CJIH
HCIOJb30BaTh MaTpHuHble o6o3HaueHHs. DyaeM 3amucelBaTh IO-
caegosatebHocth {C,} B Buae croabua

(C,
Cy

g |G |.
|

Toraa omepaTopil @ U a* MOTYT ObITb 3allHCAaHBI NPH MOMOIUH Mart-

punt
041 0 0 . /0 0 0

pes] 0 0 42 0_' | VI 0 0 |
0 0 0 4/3 0 42 0

ITpoBepuM, 4TO Takas 3alHChb 3IKBHBAJEHTHA COOTHOIIEHHSIM (2)
# (3). HeficTBuTeabHO,

- C
o ¥T 0 0 .\, VT G

. 1 9

. 0 0 42 o :|lal_|v2 e
Q <> _ 2 | = ,\/g C [
0 0 0 43 .])]|" l 3

yro copmagaer ¢ dopmynaoft (2); aHaJOTHYHO NPOBEPSIETCS CBA3bL
dopmya (3) u (4). daa onepatopoB a u a* B npeacTaBjeHHU (4)
Cpa3y e NpOBEpSIeTCsl NMepPecTaHOBOYHOE COOTHOIIeHHe [a, a*]= 1.
Co6ceTBeHHblE BEKTOPH onepatopa / B 3TOM NpeACTaBIeHHH HMEIOT
BHJ,

(1] 0 0
0 1 0
it ...

Po=10}{> Pr=|0}, Y=

OueBU/HO, YTO BEKTOD o YAOBJETBOPSAET ypaBHEeHHIO ao = 0.
OnepaTopul a* U @ 4acTO Ha3LIBAIOT ONEPaTOPaMH DPOXKAEHHS

M YHHYTOXEHHS BO36yXKAeHHsl. DTH Ha3BaHUS OODBSCHSIOTCSA TeM,
yTO omepaTop a* MpeBpallaeT COCTOSIHHE ¢ SHeprueit E B COCTOsSIHHUE
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¢ Goablied sueprueit £ 4 @, a omepaTop a — COCTOSIHHE C 3HeED-
ruefi E B cocTossHHe ¢ 3HeprHed E-— @ (OCHOBHOE COCTOSIHHE VYo
omepaTop a aHHyaupyer). MHoraa BBOASIT Tak Ha3blBaeMHIH oIle-
patop uucaa Bo3byKienHii N = a*a. B HalueM npeacraB/ieHHH OH
HMeeT BH],

N «—

O O O O
SO N O O
w o o O

SO = O

L

Co6cTBeHHBIEe 3HAYEHHS 3TOFO ONepaTtopa COBHNAAAIOT C HOPSAKO-
BHM HOMepOM BO30YKIEHHOFO COCTOSIHHSI Y.

BrinuiueM, HakoHel, onepaTopel 1, P u Q B paccMaTpHBaeMoM
npe/ACTaBJeHHH

(o |

5 30 0
H=coa‘a+—(;—<—> 0 g0 0 ak )

%w:

0

— =T
Vo (a — a%) Ao _ .

P=—=7 D 0 —4/2 o w3 | ©

0 .

0

v

0

0

0
0
VZ o0 43 (7)

U3 stux cdopmya BHAHO, yTo H mpeicTaBasieTcsl AHaroHaJsbHoOM
MaTpuued, T. €. paccMaTpHMBaeMoe IpejCTaBJieHHe fBAseTc Ccob-
CTBeHHBIM jansa omepaTtopa UlpenuHrepa rapMOHHYECKOrO OCIHJIJISA-
topa. [anee, cpasy BHAHO, 4T0 P u Q — caMoconpsIKeHHbIE oOme-
paTophl, H JIEFKO MOXHO NPOBEPHTb BHINOJHEHHE IlePecTaHOBOYHOrO
cooTHolieHus [Q, P]=I.

B cBssH ¢ mpeacTaB/ieHHEM COCTOSIHHA B NPOCTPAHCTBE l; XOTe-
Jocb OBl HECKOJIbKO CJIOB CKa3aThb O [epBOHAYaJbHOH MaTpHYHOH
¢GopMyJaHpOBKe KBaHTOBOH MexaHHKH ['efizenGepra. Ha HavasbnOM
jTane pasBHTHA KBAHTOBOH MeXaHHKH OCHOBHOM Oblaa  3ajaya
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0 HaXOXJEHHH AONYCTHMBIX 3HAaUEHHH 3HEpruM CHCTEeMH. Pemenr,
npeAJoxeHHni I'eifi3en6eproM NpHMEHHTENBHO K CHCTEME C OJHOH
CTEIEHbIO CBOGOAH, cOCTOS] B cJaepyooumeM. PaccmarpuBadach
KiaccHyeckas cHcreMa ¢  ¢yHKuMeli [I'amuabrona H(g,p)=
= p*2m + V(q). CTpoHauch caMOCONpsKEHHbE MATpHUH Q u P,
yIOBJETBOPSAIOIHe cOOTHOIIeHHI0 [Q, P] =i (TakHe MaTpulul oI-
peleseHn HeoAHO3Ha4yHO). [lanee crpousmach wMatpHua H =
= P¥2m+ V(Q). Tlocaennuii sTam cocToAN B JAHACOHAJH3aLMH
3TOH MaTpHIB, Npu4YeM cOoGCTBEHHBIE 3HaYeHHA MaTPUIBE H OTOXK-
ACCTBJAJHUCH C IONYCTHMBIMH 3HaYEHHAMH 3HEPTHH.

GopMyans (6) u (7) maior mpumep Matpull P u Q, yaoBJIeTBO-
PAIOIIHX MePecTaHOBOYHBIM COOTHOUIeHHAM [efisenbepra. ITu Mar-
puubl mogo6paHbl Tak, 4TO MaTpHua omepatopa f Jas OCIUHAJA-
TOpa cpasy fABJsercA AuaroHaabHoH. OmHAKO I NPOHU3BOJLHOTO
H nenp3a oGoliTHch Oe3 sTama JHAroHaJH3aLMH.

Mub BupuM, uto QopmyaupoBka [Iefisenbepra mo cyluecTsy
coBNajaer ¢ coBpeMeHHOH GOpPMyJHPOBKOH KBAaHTOBOH MeXaHHKH,
ec/IH B KadecTBe NMPOCTPAHCTBA COCTOSIHHHA B3ATH IPOCTPAHCTBO lo.

§ 19. TpeacraBaeHue coCTOAHHUI OAHOMEPHON YaCTHIbI
B NPOCTPAHCTBE LieJIblX aHAJUTHUYECKHUX (YHKuUMiA D

PacemorpuM MHOMXKecTBO (PYHKIUHH KOMIIEKCHOrO MepeMeHHOro
BUJA

f(z)=;00n—%r. glcn R < oo, (1)

310 MHOXKecTBO GYHKIHA &) cTaHOBHTCH T'HIL6EPTOBHIM MpPOCTpaH-
CTBOM, eCJH cKaJfipHOe NpPOH3BeJeHHe onpeleuTb popMyJoi

(he == (@ F@ e du ). @)

HuTterpan Gepercas mo KOMIVIEKCHOH NJockoctTdH H du(2) = dxdy.

[IpoBepuM, uTO GyHKIHH 2*[4/n! o6pasyior OpPTOHOPMHPOBAH-~
HBl 6asuc B 9. a5 3TOro BHIYHC/AMM HHTErpaJ

00 27
j S Sz";’;‘e_l 21 gy (2) = S odp S doprtmete (n=mp=p",
0 0

Mpu n=%=m Iman=0 3a cuer unTerpupoBanus no ¢. I[lpyu n=m
UMeeM '

l,,=2n S prtle=dp=n S t"e=t dt = mnl
Y] Y]
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. v “h
[TpousBospHOE COCTOSIHHE @ = 58, @ = Z C, (f/%l_ Yo Moxer
n

n
6LITh MPencTaB/eHO ¢GYHKIHeHA f(z)=ZCn—jT, ¢« f(2). Cob-

n
CTBEHHBI€ BEKTOPbI OCHHJJIATOpA ‘ll)n npeacTaBJAIOTCA 6a3HCHBIMH

dyukuusinu 2"/ 4/nl.

[TocMoTpuM, Kak JeHCTBYIOT ONepaTopel @ U a* B TaKOM Ipea-
craBjennd. Mcnouap3ys BHIKIaAKH, KOTOpble NMpHBEJH Hac K ¢op-
mynaam (18.2) u (18.3), Mb MoXeMm 3amucaTb BEKTODH ag H a¢*
B BHJIE

wnn-1
ap= Z Ca 1/)—- Yo  do= Z
STH BEeKTOPH MNpeACTaBAAIOTCA Q)yHKuHﬂMH

aqae—»ZC «/n' ——Fdz—f(z),

*)n+1

—="Yo.

a@ﬁZCnJ: = zf (2),

T. €. JJf OonmepaTtopoB a H a* Mol NOJYUHJIH NpeacTaBJIEHHE

a<>r—, a'<>z,
dz
BunumeM CcOOTBETCTBYIOWAE (OPMYJAH AJsi omepaTopoB Q,
PuH
Qi ()
A/ 20 dz !

Vo ¢ d
P 4
D iv2 \dz z)’
d 1
H <o (272— + "2") .
Bce OCHOBHBIE COOTHOIUEHHS ([a, a'l=1, [Q, P]=i, HY,=

1
=m(n +—-2—) 119,,) MOryT OBITb JIErKO NpOBepPeHbl B TaKOM mpej-

craBnenHd. IlocTpoenHoe npeacTaB/eHHe MOMKET OKasaTbCs y/006s
HHIM, ecJIi H3y4yaeMmple HabJofaeMble eCTh MOJHHOMB OT Q U P,

§ 20. O6Gummii cayuait oZHOMEPHOro XBHIKEHHS

B mpeapinyiux naparpadax M paccMOTPeENH ABE OAHOMEpHHIe
3aJlayd KBAaHTOBOH MeXaHHKH —3ajaud o CBOGOAHOH dacTHIE H
0 rapMoHuudeckoM ocnuaaftope. Cpo6ojHasi uacTHIA JaeT HaM
NpUMEp CHCTEMBl C HENPEpPHBHHLIM CIIEKTPOM AJsa omepartopa Illpe-
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JHHrepa, & TapMOHHYECKHA OCHHJJAATOP-—C YHCTO TOYEYHBIM
creKTpoM. B GosbuiHHCTBE peatbHBIX (DH3HYECKHX 3aJ4ay CHEKTD
OKasbiBaercs 6oJsiee C/I0XKHBIM. PaccMOTpHM 3ajaady o cmeKkTpe olte-
paropa lllpennnrepa

H=-——§z—+ V(%)

IpH BecbMa OOLIHX NMpPEANOJIOXKEHHAX O MOTEHUHAJe.

OOHYHO CHJMB, JeHCTBYIOIIHE HA YacTHLY, 3aMeTHO OTJHYHH OT
HyJAs B KaKOH-TO KOHEYHOH 0GJAaCTH Ha OCH X H CTPeMATCS K HYyJIo
npu |x|-> oo, mosToMy HaHGOJee YacTO BCTpedaloTcss NOTEHLHAJbl
V(x), woTophie cTpeMsATCHd K MNOCTOSIHHBIM 3HAaYeHHAM TIIpH X —>
- 400, JIAS OpOCTOTH paccyXIeHHH MBl OUPaHHYHMCSl CJydaeM,

bvix)E

Puc. 6.

KOrla NMOTEHLHaJ CTPOr0 paBeH NMOCTOSTHHBIM NpH ¥ << —a H MpH

x > a. Micnonb3ys NnpoH3Bosl B ONpefeJeHHH NMOTEHUHAaNa, OAHY H3

3THX NOCTOSIHHHIX BCErAa MOXKHO CYHTATh PaBHOH HYJIO.
Paccmorpum ypaBHenus lllpeannrepa

W Ep=V ()% 1)

NpH YCJOBHH, YT0 V (x)— HenpephiBHAas GYHKIHA Ha BeLIeCTBEHHOH

ocH, 1 V(x)=0 npn x < —a, V(x)= Vo npu x > a. Iasa onpe-

JefeHHOCTH 6yaeM cuHTaTh, 4To Vo > 0. 'padHK noreHunana uso-
6paxeH Ha pHuc. 6. ,

TIpn x << —a u x > a ypaBHenue Hlpenunrepa (1) ympolnaercs

\p”+E\p=0’ x<'—a’ (2)

Y H(E—Vo) =0, x>a. @)

IIpu nwbeix 3Ha4YeHHsAX E cyllecTByeT ABa JHHeHHO-HE3aBHCHMEIX

peiuteHHs ypaBHeHHs (1), KoTophle MH 0GO3HAaYHM dYepe3 P; H 1Ps.
(QO0iee peieHHe 3TOTO YpaBHEHHs

Y = Cp; + Corhy. 4)
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ITpu usyweHnuu crnekrpa oneparopa /1 Hac HHTepecylOT JuHOO KBah-
paTHYHO HHTErpUpyeMble pellleHHs ypaBHeHus (1), KoTopele fB-
JS0TCA cOGCTBEHHBIMU (YHKRUUAMH onepartopa fI, anubo peruenus,
orpaHUYeHHble Ha Bceil BemectBeHHONl ocH. [Ipu nomomu mocJaen-
HUX MOXeT ObiTh ONHCAH HENpephIBHHI CIeKTp onepatopa H.
PaccMoTpum Temnepb TpH ciydas.
1) E<0.
YpaBuenus (2) u (3) nepenuuieM B BHIE

P’ — up =0, x< —a, w=—E>0, % >0,
P —xp =0, x> a, w=—(E—V)>0, %, > 0.

JIuHelHO-He3aBHCUMBIMH pEIIEHHSIMH 3THX YpaBHeHHH ABJIAOTCA
dyHRUUH e¥** npy x < —a u e¥™* npy x > a. [loaToMy npous-
BosibHOe peliieHue (4) ypaBHeHus (1) B obnactu x < —a HMeeT
Bug Cle=** 4+ Cie**, a B obaactu x > a — Cle~™* -+ C3e™*. 3pech
Ci, C3, CY u C§ — HeKOoTOpbie TOCTOSIHHBIE, JHHelHO 3aBHCALIHE
or C; u Cy dhopmyan (4). PeweHue ¢ Oyaer KBaApaTHYHO HHTe-
rpHpyeMbIM TIpH ycaoBusax Ci=10 u C§=10. Yxke OIHOrO H3 3THX
yCJIOBHI HOCTATOYHO JJ1s1 TOro, 4ToObl ¢ Obl1a onpefesneHa ¢ TOY-
HOCTbIO O YHCJEHHOTO MHOXHTeJsl. K3 ycaoBusi Ci=0 Moxer
OnTb HafimeHo OTHolleHHe Ko3ddunHeHTOB C; U Cy KOTOpHIE Oy-
IyT 3aBHCeTb OT napamerpa £k,

C,

L= Fi(B).

Anajornuyno u3 ycaosHa Cz ==0 mojyyum

G

'@‘2‘=F2 (E).
KBajipaTHUYHO HHTerpupyeMoe peuieHune 1§ OydeT CYVUeCTBOBATb
TOJIbKO IIpH TeX 3HaueHHAX E, 1/ KOTOPBIX

Fi(E)= Fs(E).

KopHu 3TOro ajnre6paHdyecKoro ypaBHEHHS, €CJH OHH CYUleCTBYIOT,
ABJAIOTCA cOOCTBEHHBIMH 3HaueHHsIMH omnepatopa /. W3 npuseneH-
HbIX cOOOpaXkKeHHU!l eCTECTBEHHO OXKHUAAThb HaJH4YHe NMPOCTOTO TOYey-
Horo crnektpa npu £ < 0.

2) 0<< E <<V,
YpasueHus (2) u (3) 3anuuieM B BuJe
w,/_{—k?lp: ’ x<—a, k2=E>Oa k>07
P — w2p =0, x> a, u%=—(E——V0)>O, %, > 0.

JIuHeHHO-He3aBUCHMBIMH pEUIeHHSAMH ABJAIOTCA (QYHKIHH exik* npH
x<—a U e** mpu x > a. Cpa3y BHAHO, YTO KBajpaTHYHO HH-
TerpPHpPYEMBIX pemeHHﬁ HEeT, a OrpajHyeHHOe pellleHHe MOXKeT OHhTh
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ocTpoeHo, ecau Bhi6parb Ci/Cy Tak, utobbl Y HMena Buj Cle—**
npu x > a. [lostomy B uureppase 0 < E <V, cnekrp sBasercs
IPOCTHIM HENpPePHIBHBIM.
E >V,

B stoM cayuae ofa ypaBHeHHS (2) H (3) HMeEIOT OCLHJJHpYIOLIHE
pemenus (ex** npu x < —a u e** npu x>a, Kf=E—-V),
nosToOMy Ji00oe pellleHHe ypaBHeHHsA (1) ABJAfAETCH OrpaHHUYEHHHIM,
a KBaJPaTHYHO HHTErpHpyeMHX peiieHH# HeT. CnekTp oneparopa i
ipH E > V,— HenpepuiBHBIH, ABYKPaTHBIH.

Ha puc. 6 coGcrBenHBle 3HaueHHs onepatopa fI H306paKeHH
rOpH3OHTAJIBHBIMH JIHHHAMH, OGBIYHOH IITPHXOBKOH NoOKa3aHa 00-
JlacTh IPOCTOTO HENPEPHIBHOTO CHMEKTpa, a ABOHHOH LITPHXOBKOH —
06/1acTh IBYKPaTHOTO CHEKTpa.

O6cynum ¢usuueckuii cmpica pemenuit ypasHenus (l). Ksan-
paTHYHO HHTETPHPYeMBle DelleHHSl ONHCHIBAIOT CTAlHOHADHBIE CO-
CTOSIHHSI C 3HEpruef, paBHOH COOGCTBEHHOMY 3HaueHHIO. DTH (yHK-
IMH 3KCIOHEHIHAJbHO YOHBAIOT NMpPH [x|-> 00, MO3TOMY BepoAT-
HOCTh OOHADYXKHTb YAaCTHIy BHe HEKOTOPOH KOHeuHOH obJjactu
6/H3Ka K HyJI0. SICHO, YTO TaKHe COCTOSIHHA COOTBETCTBYIOT (DUHHT-
HOMY JABHXKeHHI0 uacTHIB. CoOcTBeHHBle (QYHKIHH HeNmpepEIBHOTO
CNEeKTPa HENMOCPEACTBEHHOrO (H3UYECKOTO CMBICA He HMEIOT, TakK
Kak OHH He MpPHHAJJEXKAaT MPOCTPAHCTBY cocrosuuii. OQHAKO ¢ HX
IIOMOLILIO MOTYT OBbITh NMOCTPOEHBl COCTOSIHHS THMA BOJHOBEIX MNa-
KETOB, KOTOpPHle MBI paccMaTpHBaJH AJsf cBOOOAHOR yacTHHB. DTH
COCTOSIHHA MOTYT OBITh HCTOJIKOBAHH KaK COCTOSIHHA C TMOYTH 3a-
JaHHOH 3Heprueli. M3ydeHHe 3BOJIIOLHH TAaKHX COCTOSIHHH MOKa3bl-
BaeT, YTO OHH ONHCHIBAIOT YACTHILy, KOTOpas npu |f{|— oo yxomur
Ha GeckoHeyHOCTb (MHGHHHTHOe ABHXKeHHe). K 5TOMY BOmpocy Ml
ele BepHeMcs, Korja OyneM H3y4yaTb TEODHIO paccesHHA.

B kaaccuueckoil MeXaHHKe, KaK H B KBaHTOBOH, mpu £ << 0
ABHXKeHHe gBjiseTcsl GHHHTHBIM, a NpH E > 0 — unbuuaTHbIM. [IpH
0 << E << V, vactuna MoxeT YHTH Ha GeCKOHEYHOCTBH IO OJHOMY
HanpaBJeHHIo, a npH E > Vy—no gBym. O6paTHM BHHMaHHe Ha
TO, YTO KPATHOCTb HeNpepHIBHOTO CIEKTpPa COBHNAJAeT ¢ YHCJAOM
HanpaBJieHHH, MO KOTOPHIM YacTHIA MOXeT YHTH Ha OGecKoHeu-
HOCTb.

Ha npuMepe wacTHuBl B OJHOMepHOH NOTeHUHAJBHOH fiMe pacs
CMOTPHM BONPOC O KJIACCHYECKOM Ipejese KBAHTOBHIX CTalHOHap-
HbiX cocTosaHui. Jas BeuncaeHus npeaena (14.15) yno6Ho HCIOb-
30BaTh aCHMNTOTHUeCKH# BHA pemieHHa ypaBHeuHf Illpeaunrepa
npa h—> 0. MeToas NMOCTPOEHHS ACHMNTOTHYECKHX peLIeHHH ypaB-
nenus Illpenunrepa npu i — 0 HOCAT Ha3BaHHE KBA3HKJIACCHUECKHX
MeroJ0B. MBI NpPHMEHHM OJMH H3 TaKHX MeTOJOB — MeTojA BeH-
nens, Kpamepca, bpunaosuna (BKB).

Ypabuenne lllpenunrepa sanuiieM B BHAE

v+ 2B =o, )
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3xech, KaK H mpexje, Mb HCHO/Mb3yeM CHCTEMY eIHHHI, B KOTOpOH

x

m = 1/2. ITonaras ¢ (x) =exp [—h‘— Sg(x) dx], NOJYYHM yPaBHEHUE
X0
ansi GyHKUuH g (x)
ihg' —g*+ E—V=0. (6)

Pewenne storo ypaBHeHHus OyjeM HcCKaTbh B BHIe p;ma o cre-

nedam h/fi
ew= (£) aw. ™
£=0

[Toacrasasa (7) B (5), uMeeM

—Z( ) & —ZZ( )gkgn_ — @+ E—V=0.

n=1 k=0

[TpupaBuuBas Kosdduumentol npu (hA/i)", TOJYyUHM CHCTEMY
PEeKKYPEHTHBIX ypaBHeHHH ans GYyHKUHH gk (x):

@2=E—V, @®)

g1 ==X 8w ©)
M3 (8) HaxonuMm go(x)
goX)=+NVE—V (x)==p(x).

3aeck p(x) npu E = V(x) ecTb KIaccHueckoe BHIpaXeHHE [JS
aBcogoTHON BeJHYHHB MMMYJbCa YacTHUH c 3Heprueir £ B moJe
V(x). lIpn E << V(x) dysKuus p(x) CTAaHOBHTCH YHCTO MHHMOM.
[Tonaras n = 1, u3 (9) monyuaem

d
G=—288, §=—55 =—ggnlr®l

OrpaHHYHBasicb STHMH YJeHaMH Da3/joxkeHHs1 (7), MOJYYHM acHMa=
NTOTHYECKHH BHA TpH A-—>0 AJs ABYX JHHEHHO-HE3aBHCHMBIX pes
IeHHi ypaBHEHHM IHpemmrepa

o) = e xp[i%ép(x) dx]+0(h) (10)

npu p(x) = 0. dynkunn (10) nHorga HasmBalor BKB-pemennamu
ypaBHenus llpenunrepa.

Tounas teopusi meroga BKDB noBoabHO caoxua. MsBectHo, uro
pan (7) B obumeM caydyae pacXoZHTCs U mpeacrasiser coboil acum-
nroTHuecknit psa. KoHeuHoe YHCJO YJEHOB 3TOrO pAjAa MO3BOJSET
NOCTPOHTb Xopoluee NPHOJHKEHHe AJS GYHKUHH ', €CJHH TOCTOSIH-
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nyto Ilnanka A MOXHO CUHTATh AOCTATOYHO MAJIOH B yCAOBHAX KOH-
KPeTHOH 3ajauH.
B nanbuefimeM 6ynem CYHTaTh, YTO MoTeHu#an V(x)= 0 npu
[x| = a u nycrs E < 0. IIpeanonoxum, uro npu min V (x) < E <0
x

HMeeTCs JIBe TOUKH X1 H X; (—a << x; < xp <8 a), YAOBJIETBOPSAIO-
wHe yeaoBHio E— V(x) = 0. D10 TdK HasbiBaeMbie TOYKH MOBO-
poTa, B KOTOPBIX HACTHLA, COLJIACHO KJIAacCHYeCKOH MexaHHKe Me-
HeT HampaBJleHHe [BHXeHHfi Ha TMpoTuBonosoxHoe. Herpynuo
MOHATb, YTO B KJACCHYECKH 3anpelieHHON ofjactu (x < x| HJH
x> xp) oaHo H3 BKDB-pemenunt skcrnoHeHUHaJBHO BO3pacTaer,
a BTOpOe — 3aTyXaeT INPH yJAaJeHHH OT TOYKH MOBOpOTa B ray6b
sanpeuieHHo#t o6aacru. IIpu |x|> a BKB-pewenuss coBnapaior
¢ TOUHBIMH H HMeIOT BHJI e ** rpe E = —x2 Bcnomuum, uto co6-
CTBeHHAsl (YHKILHS NHCKPETHOro cleKTpa omnepatopa H 3KCHOHEH-
yHaJbHO yOBIBaeT NpH X —> #4-oo, [Ipu A-> 0 co6cTBenHas QyHKUHA
B paspeureHHoH o6JacTH NOJXKHA COBNAfAaTb C HEKOTOPOH JHHEN-
Hol kom6unauueii BKB-pemwenuit Ci§; 4 Cape. ITocTpoenne Takoii
JHHeHHOH KOMOHHALHH SIBJAETCS CPABHHTENBHO CJOXKHOH 3afauef,
Tak kKaK BKB-pelwenus TepsiloT CMBICA B TOYKaX MOBOPOTa. MOXKHO
noKas3aTh, 4TO YcJoBHA yObiBanHfl (yHKumH YP(x) 0pH x-—>—oo
BHIIOJIHAIOTCS, €CJIH

C . 1 3 F1d
1P(x)—-;/—l3:-(_;s1n(7x5p(x)dx-l-j)-l-o(h)- (11)
AHaNIOTHYHO M3 YCJOBHH YOBHIBAHHA NPH X —> 00 CJIEAYeT, UTO

1p(x)=7%_(j sin(%S!p(x)dx—I—%)—l—O(h). (12)

Dt ABa BHIpaxKeHHA AJ P(x) COBNAAAIOT, eCJH

Xz

Sp(x)dx=nh(n +g) n=0,1,2, ... (13)

X

Ycnosue (13) onpenensier coOGCTBEHHHE 3HAUEHHS 3HEPrHH B KBa-
3HKJIACCHYECKOM TMPHOJIHIKEHHH H COOTBETCTBYET MNPAaBHJAY KBaHTO-
BaHusg Bopa — 3omMepdenabna B cTapoii KBAHTOBOH TEOPHH.
[TepefineM K BHIYHCJEHHIO KJAaCCHYECKOro Npefiesia KBaHTOBOLO
cocrosinus. Ilpenen npu A -—»0 MOXHO HAaXOAHTb MpPH Pa3JHUHEIX
yciaoBHsiX. MOXHO, HanpuMep, PacCMOTpeTb COCTOfIHHE, COOTBET-
cTBylolllee cob6cTBeHHOMY 3Hauenhio sHeprud E, npn dukcHposau-
HOM 3HaueHHH yHucaa n u3 ycaosusi (13). Jlerko Buugersb, uTo Toraa
E,—»Vy=minV(x) npu A—>0 u B npeaese NONYYHTCA COCTOSTHHE
x

NOKOsLIe#ICA YACTHLB Ha JHE MOTeHUHAJbHOH AMH. Mbl pasGepem
Gonee HHTepecHHH cayuail;: h—>0, n— oo, a sneprus E ocraercs
nocTosiHHOH. (3aMeTHM, YTO B JIAHHOM CJyyae HHTerpas B JIeBOA
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yactH (13) or h He 3aBHCHT H A ->0, npoGerasi HEKOTOPYIO mocCJe-
JoBaTeNbHOCTh 3HaueHHi.) Iloacrasnsigs B dopMyny (14.15) acum-
NTOTHUeCKOe BoIpaxkeHHe (11) mas ¢ (x), noayunm

Fx, 1) =3 lim ¢ (e + uh) $( =

x-+uh
C . 1 n
_};l->o A/p (x F uh) p (x) s (7’— xS pix) dx+?)><

x+-hu
X sin ( Sp(x)dx—l— ) p(x) LLH‘})[COS(% S p(x)dx)__

1 X
x+uh : x

—-cos(%— S p(x)dx—l—ESp(x)dx—l—%)].

Bce HOpMHpPOBOUHLIE MHOXKHTeNH Mbl 06o3HauaeM GykBoit C. Ilpe-

JeJ BTOPOTO CJIaraeMoro B cMbicie 06O0OIIEHHHX (QYyHKUHH DaBeH

Xy X
HYJII0, MO3TOMY

Fx, uy= p((:x) cos (p (x) ).

Hcnonwsys (14.16), HafineM OyHKUHIO DaclpeleNeHHs Ajs Tpe-
JeJBHOTO KJIaCCHUECKOrO COCTOSTHHS

oo

S e~tu cos (p (q) u) du ==

~oo

=L
4. =775

. o0
— 7% S o0 (ip @8 |- o—ip @ 1) gy,
o0

OxkonuaTesbHO n'o.nyun

p(g, p)= p(q) [b6(p—p@)+6(p+pg)]. (14)

CocrosiHHe, onHucbiBaeMoe (yHKUHeH p(q, p), HMeeT OueHb Mpo-
CTOH CMBHICJ. B 3TOM COCTOSIHHH MJIOTHOCTH (DYHKLHH pacrpesese-
HHSI KOODAHHAaTH OOpaTHO NpPOMOPIHOHAJNBHA KJIACCHYECKOR CKO-
POCTH 4YacTHIH, a HMIYJbC YacTHUB B TOUKe § C PaBHOH BeposT-
HOCTBIO MOXeT NPHHHMAaTh JBa 3HaueHHs —+p(q). Popmyna (14)
6uia moJyueHa Ass paspemieHHoH ob6nactH. HeTpyaHo TaruM ke
cnocofoM NpPOBEPHTH, UTO B 3ampellleHHOH o6aactH p(q,p) = 0.

§ 21. TpexmepHble 3a1aYH KBAHTOBOH MeXaHHKH.
TpexmepHas cBoOoLHAA YacTHIA

Onepatop IlpeanHrepa A cBOGOAHONH YACTHULI B KOOPAHHAT-
HOM MpeJCTaBJEHHH HMEET BHI

h?
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YpaBHeHHe 1) cOGCTBeHHbIX GYHKUHH (nMpH A =1, m = 1/2)

— Ap= k%, E=k>0 2
HMEET pelleHHs

3
— (1Y% jikx
i () = (5 ) * etex, 3)
HopMHupoBouHas KOHCTaHTa BbI6paHa H3 YCJIOBHSA

{9, 0) ¥ M ax =0 (k — k.
R ,

Mul BHAMM, UTO crekTp omneparopa H fABJIfETCA TOJOXKHTENb-
HHIM, HENpEpHIBHHM, GecKoHeUHOKpaTHHIM. KaXaoMmy HampaBJeHHIO
BekTopa k coorBeTcTByeT cob6cTBeHHas (pyHKuHsA (3) ¢ co6CTBeH-
HuM 3HaueHHeM k2. [losToMy co6cTBeHHBIX (YHKUHA CTOJBKO,
CKOJIBKO TOUEK Ha eJHHHUHOH cdepe.

Pewenne 3agaun Komu njs HecrauHoHapHoro ypasHenus Llpe-
JHHTEpa

Py, $0)=

KaK #H B OJHOMECPHOM cCJyuyae, Jerue BCEro NnoJy4YuTb B HMITYJIbCHOM -
TpeacTaBJICHHH:

P 2D 0, b )=o)
OueBHAHO, YTO
P (p, ) =g (p)e .
[epexoas k xoopzmHaTHomy TIPEACTABJIEHHIO, TOJYYHM

$(x, )= QQ hmwwwa—hmMMrwmf

Tak ke, Kak H B OAHOMEpPHOM cJydae, (GyHKuuu (X,f) HIH
1|;(p, {) OmMHCHIBAIOT HHOMHHTHOE NBHXKEHHE YAaCTHIH C He3aBHCH-
el oT BpeMeHH quHKuueﬁ pacrpenesenus uMmyabca. Mcnonbays
MeTOA cTauHoOHAapHOH (asbl, MOXKHO MOKa3aTh, YTO 06J1aCTh, B KO-
TOpOfi BeJHKa BEPOSATHOCTb OOHAPYXKHTb YACTHIY, NepeMellaercs
C KJIACCHUeCKOfl CKOpPOCTbIO V = 2p; (MBI CUHTae€M, YTO HOCHTEJb
¢yHKuHH @(p) cocpenoToueH B OKPECTHOCTH  TOUKH Po). CmpaBen-
JIHBA OLICHKa '

t
1 (x, 141 < =

rae .C — HekoTopas mocTosiHHasA. HaKoHen, Kak W B OJHOMEpHOM
ciayuae,
lim & $(#)=0
t-» oo
Iag Jnoboro E e 76.
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§ 22. TpexmepHasi yacTHIA B NOTEHUHAJbHOM M0J€

Onepatop llpeguHrepa AAsf YaCTHIH B TNOTEHIHAJBHOM MOJe
B KOODJAHHATHOM NpPEJCTaBJISHHH HMeeT BHJ

h2
H=—5—-A+4V(x)
BaxHocTh 3ajlayd O ABHXKEHHH YACTHIB B MOTEHIHAJBHOM I0Je
oObACHAETCH TeM, 4TO K HeH CBOAHTCA (KaK H B KJAaCCHUECKOH
MexaHHKe) 3ajaya O JBHXKeHHH JBYX Tea. [lokaxeM, Kak 3To
neqaeTcsd B KBaHTOBOH MexaHHKe. PaccMOTPHM cHCTeMy JABYX dac-
THIl C MacCaMH #M; H Mg, B3aHMOJeHCTBHe MeXAY KOTOPHMH OIIH-
chlBaeTcl moTeHIHadoM V(X — Xp). 3anHileM onepartop Hlpenus-
repa 3To#i CHCTeMBl B KOODAHHATHOM IIPeJICTABJCHHH

h? h?
=—?"-“—A1 _—2m—2A2+ V(x; —Xy).

3necs Ay U A;— onepatops Jlanmjaca Mo KOOpJHHATaM mMepBOH
H BTOPOH 4YaCTHIL COOTBETCTBEHHO.
BBejieM HOBBE MepeMeHHHE

mxy + MaXa
= — X=X —
X I X; — Xo,

X—KOOplIPIHaTbI IeHTPa HHEPUHH CHCTEMBl, @ X — OTHOCHTEJIbHbIe
KOOpJAHHATHI. C nomolupio NMpOCTHX BBIUHCJIEHHH NOJMYYHM BbIpaXKe-
HHE A4 H B uoBHX NepeMEeHHBIX:

h2

h2
H=—WAX_WAX+V(X)

3necs M = m, -+ my— mosiHasg Macca CHCTEMH, a | = mymof (m; +-
-} my)— Tak Ha3nBaeMas TNpHBeJleHHasd Macca. [lepBoe ciaraemoe

B H moxer OBITh HCTOJKOBAaHO KakK oneparop KHHeTHYeCKOH 3HEP-
THH LUEHTpA HHEPUHH CHCTEMBI, a OIlepaTop

h2

ABJAETCA OINEpaTOpOM I_Hpelumrepa JAJ OTHOCHTEJIBHOIO JBHXEs

HHA. B ypaBHeHHH
HY =E¥

NnepeMeHHble pa3fensaloTcda, H pelleHHs TaKOoro ypaBHeHHA MO)KHO‘

HCKaTh B BHJE
¥ (X, x) =1 (X) P (x).
CI>yAm'<1mn P (X) u P;(x) yaoBaeTBopsIlOT ypaBHeHHAM (h=1)

— 3 A (X) = e (X),
— 71; Ay (X) + V (X) Py (X) = egp, (%),
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fipuueM E == e 4 ¢;. [lepBoe M3 5THX ypaBHeHUH HMeeT pellleHUs

3
1 \2 K?
X =(5) e g

3ajlaua CBOJAHTCA K PpeIleHHIO BTOPOr0 YDaBHEHHS, KOTOpOe Io
(hopMme coBnmagaeT ¢ ypaBHeHHeM lllpenHHrepa AJs1 4acTHUBI C Mac-
coft p B moTeHuHaJbHOM ToJe V(x). OTMETHM, 4TO CHeKTp omepa-
tTopa H sBasercs Bceraa HenmpephIBHBIM, TaK KaK HENPEPHIBHBIM SB-

. 1
JsieTCsl CIeKTp olepaTtopa — WA'

HauGoJsiee BaXKHbIM cjlyyaeM 3ajaud O JBHXKEeHHH YacTHUB B MO-
TEHIHAJbHOM II0JIe SIBJASETCS 3ajjaua O JBHXKEHHH B IMOJIe CHJIOBOrO
uentpa. B stom ciayuae morenmuan V(x)=V(|X|) 3aBHCHT TOJBKO
oT |x|==r. K 3ajaue o HeHTPaJbHOM I0Jie CBONUTCA 3ajaya ABYX
YaCcTHI, €CJH MOTEHIHAJ B3aHMOJAEHCTBHS 3aBHCHT TOJIBKO OT pac-
CTOSIHMS] MeXay uacTHiaMmu. [Ipexje ueM mepexOoAHTh K PaccMOT-
PEHHIO 3TOH 3aJayH, MbBl H3yYHM CBOACTBA MOMEHTa HMITyJbCa
H HEKOTOpble BONMPOCH H3 TEODHH NpPEACTABJEHHH TI'pyNNbl Bpalle-
HHH, YTO IO3BOJIUT HaM S§BHO Y4eCTb C(epHUeCKYI0 CHMMETPHIO
3aJayH.

§ 23. MomeHT uMnyabca

B KBaHTOBOH MeXaHHKe OIllepaTOpbl MPOCKUHH MOMeHTa HM-
nysabca onpepeJsioress GopMynaMu

Ly=Q.P3— Qépz,
Ly == Q3Py — QPs3, M
Ly ==QP, — Q.P,.
BeeneM emle ogHy Ha6JlogaeMyio, KOTopas HaswBaeTcsl KBal-
paToM MOMEHTa HMITyJbCa
L= L1+ L5+ L3 )

HafineM nepecTaHOBOYHbIE COOTHOILIEHHS! AJS omepaTtopoB Lj,
Ly, Ly u L2 Hcnonwssya cootHouenus Ieiisenbepra [Q;, Pr}=
== {8;, U CBOHCTBA KOMMYTAaTODPOB, MOJYYHM

[Ly, Lo]=[Q2P5 — Q3P2, Q3Py — Q\P3]=
== Q,P, [PS: Qs] + QiP, [Qm Ps] =i(Q1P2 — Q.P)) =iL,.

Takum o6pasom, onepatopnl Ly, Lo, Ly yIOBIETBOPAOT CJIELYIOMIHM
MepecTaHOBOYHBIM COOTHOIIEHHSAM:

[Ly, Lo} ==iLs,
[Ly, Lg}==iL,, 3
[Ls, Ly] ==iL,.
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Herpyauo npoBepuTsh, uto Bce onepatopnl Ly, Lg, L3 KOMMyTH~
pylot ¢ L2

) [th L2] =0, ]= 1, 2, 3. (4)
JefACTBHTEJBHO,

(L, LY=Ly, L3+ L3+ L3]=[Ly, L3) +[Ly, L3]=
=L, Lo] Ly + L, (L, L]+ [Ly, Ls] Ly + Lg[Ly, Ls]==
= iL3L2 + iL2L3 - iL2L3 - iL3L2 = O.

[1py BBIYHCJEHHH HCNOJb30BAJHCh CBOHCTBA KOMMYTAaTOpPOB H ¢op-
Myas (3). )

W3 mnepecTaHOBOUYHHIX cOOoTHOWIEHHH (3) H (4) cJaeayer, 4to
IIPOEKIIHH MOMEHTa HMIyJbCa He SBJSIOTCS ONHOBPEMEHHO H3Mes
puMbiMH BeqHuHHaMH. OJIHOBpeMEeHHO H3MepeHH MOTYT OHITb KBajs
paT MOMEHTa HMIYJbCa H OJIHA H3 €ro MPOeKIHH.

BoimuiieM omepaTtopbl NPOEKIHH MOMEHTa HMIyJbca B KOODJAUs
HATHOM NPEeJCTaBJeHHH

L —i(x —a———x 9
1= 3 9%, 2°3x3

(.9 9

L2-—-—l (xla—m-—xa——axl),
(. 3

Le=i(ngm —n75)-

Herpyaso yGeautbcsd, uro onepatopsl Li, L, L3 pmeficTByior
TOJBKO Ha YTJOBHE NepeMeHHble GYHKIHH (X). JeficTBHTENBHO,
ecJH (YHKIHSA ¢ 3aBHCHT TOJBKO OT 7, TO

Laip(r)=i(x2 6(1 — X5 )1!)(x2+x§+x3)-—
= [}’ (2 + %+ x3) (%, 20, — x, + 2x,) =0,

I nanbHefuiero MoJesHod OKaxercs q)opMy.na

-—-_._.. - 2
A r2 or ) L% (5)
KOTOPYI0 MKl TOXe INPOBEPHM B JeKapTOBHX KoopAuHaTtax. Iind
9TOr0 BHYHCAHM omepatop —L2%, Hcrosb3ys o6o3HaueHHA X, Y, 2
and npoekuut X:

"L2=(x -’/ax) +(-’/az_z'é§y')2+(z?a?_x'§?2

92 92 92
2 2 —_ g2 2 e
=(x*+ y* +z)(axz+ayz+azz) A Tl A o e

9? 9% 0? 7]
— 2y Fyoq O0x dy —2yz 6y02_2zx 620x—2xa-_2y5;7—225;'
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YuuteiBas cOOTHOLIEHHUS

Jd 0 J Jd
= Far T Yy T

r

(ra—a,) = x* az+y 2+22 a2+x ax—l-yay +zaz +

02
+ 2xy axay + 2y2 aydz + 2zx B20x "
2
noayuum -— L2=r?A — (r%) —r:-g—=r2A __(

§ 24. I'pynna BpaumeHui

O603HauuM yepe3 G COBOKYMHOCTb BCeX BpallleHHHd NpocTpaH-
crBa. R® Bokpyr Hauana KoopauHaT. Kaxaoe BpauieHHe g & G
nopoxjaer JuHefiHoe mpeoGpasoBaHHE TPeXMEePHOTO NPOCTPAHCTBA

x' = gx,

rie Temepb MH OykBoH g o6o3Hauunun Matpuuy |l g ll, KoTopas
Ha3bBaeTCd MaTpHied BpaulleHHsd. XOpOIMIO H3BECTHO, YTO g 4B-
JseTcss OPTOroHaJabHOH MaTpuuell u det g = 1. BepHo u o6paTHoe:
Ka)J0# TaKOH MaTpHLE COOTBETCTBYeT OIpeflesleHHOe BpallleHHe.
[MosToMy B pagbHeiilieM Mbl OylZeM OTOXAECTBJAATH BpallleHHS
H HX MaTpHUB., [pynnma BeleCTBEHHHX OPTOIOHAJbHHIX MAaTPHI
TPeThero mopsiika ¢ ONpejesHTe/ieM, PaBHBIM eJHHHIE, Ha3bBaeTcs
rpynno#t SO (3) uau rpynno#t BpallleHHH.

CyuiecTByeT HeCKOJBKO cnocoGOB NMapaMeTpH3allHH BpallleHHH.
Tak, B TeopeTHueCcKOH MeXaHHKe YacCTO HCHOJb3YIOTCH YIJB Ji-
aepa. [Ins Hamux ueaefi HaubGojsee yno6uo 3anaBaTh BpallleHHe
BeKTOpoM a = na (|n|= 1), KOTOpHIA HamnpaBJ/leH MO OCH Bpalle-
HHS N M AJHHA KOTOPOro ¢ paBHa yrJy mnooporta. Ilpu atom cuu-
Taercsd, UTO HampaBJieHHe BpaIleHHd H HalpaBJeHHe BeKTOpa a
0o6pasyloT TMpaBbHIl BHMHT, M YroJ HOBOpPOTA o HE NPEBOCXOJHT =
(0 << a<Cm). Ecain oTKAagbBaTh BEKTOPH @ OT OAHOH TQUKH, TO
HX KOHLB GYAYT 3aMOJHATHL Miap paauyca ;. PasjHyHbBIM BHYTpeH-
HUM TOYKaM 3TOro mapa OyAyT COOTBETCTBOBATH Pa3JjiHYHBEIE Bpa-
HIEHHS, a JHAaMeTpaJibHO INPOTHBONOJOMXKHEIM TOYKAM TpPaHHIB —.
OJIMHAKOBHIE BpallleHHs.

Takum o6pasoM, rpynna BpalleHHH TONOJIOTHYECKH 3KBHBA-
JEHTHa 1Wapy, Y KOTOpPOTO OTOXAECTBJEHH NPOTHBONOJOKHEE
TOUKH I'PAaHHIHI.

YeTaHOBHM CBs3b MeKAy TpyNmoli BpalueHHuil ‘u anre6poit Jlu
KOCOCHMMETPHUYECKHX MAaTpPHIl TPeThero mopsaka.

MaTtpuia A HasbiBaeTcss KOCOCHMMeTpHueckod, ecau A’ = —A.
fIpousBonbHas KOCOCHMMeTpHUYecKas MaTpHLA 3aJaeTcsa TpeMs
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napaMeTpaMH H HMeeT BHJ

0 Qi ais
A=| — age 0 Qo3 |-
—a —ay 0

COBOKYIIHOCTb KOCOCHMMETPHUECKHX MATPHI, CTAHOBHTCH ajre6-
poit JIH, ecaH B KayecTBe JHEBCKOH omepalHH B3ATb KOMMYTaTop
[A,B]. 3rto yrBepXieHHe cJegyeT H3 CBOHCTB KOMMYTaTOpOB
u pasedcrBa |[A,B|’ = —[A, B]. IlocnenHee mpoBepsieTcs Hemno-
CPeACTBEHHO:

[A, B =(AB— BAY =B'A’ — A’'B"=BA— AB= —|A, B].

B kauectBe o6pasylomux anarebpsl JIH ymo6HO BHI6paThp Mar-
pHUBI

0 0 0 0 0 1 0 —1 0
A1=(O 0 -1), A2=( 00 O), A3=(1 0 0].
0 1 0 -1 0 0 0 0 0

Jlio6asi KococHMMeTpHYeCKasi MaTpHLUa MOXeT ObITb NMpeicTaBJjeHa
B BHIe

A(a) = aiA, + a4 + a3 As.

HafineM mnepecraHoBouHBle COOTHOINEHHMA AAsf Marpuu A, A,
H A3

[Al’ Az] = A Ay — AA =

00 0 010 0 —1 0
=(1 0 o)—(o 0 O)‘-:(l 0 .0)=A3,
‘ 000 00 0 o 0 0/

H HCKOMbl€ COOTHOWLIEHHA HMEIOT BH]

[Alt A2] = A3:
[A2’ A3]=Al’ (1)
45, A=A,

HenocpeacTeHHO MoXeT GBITh npoBepeHa GopMyJa
[A(a), A(b)]=A(aXDb).

Paccmorpum Mmarpuuy e*%s, Ins Ttoro uro6bl MOJNYYHTL $IBHOE
BbipaxKeHHe [JS STOH MaTpPHLbl, BLIUHCAHM Lejible CTeNeHH MaT-
puis Aj;

—~1 0 0
A%z( 0 —1 O)=—1~3, Ag=—A3, Ag=73’ v

0 0 0
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PacknanwiBas e®: B pag noayuuM
S (—1)k 2" (—1)f+1 g2k—1

AR 2 t
9”3—2 - 3"“32 ‘—%T—+Asz _(§k——-(:)_l=

n=0

=I+13(cosa—-l)+A35ina

cosa —sina 0
HIH e =| sina cosa 0
0 0 1

Mzl BHAMM, 4TO %4 gBaseTcs BpallleHHEM BOKPYT TpeThel ocH
Ha yroa o, T. €. g (0, 0, a) =e%. AHaJOrHYHO TPOBEPSETCH, UTO
gla, 0, 0)=e** u g(0, a, 0)=e2%, [{asa BpalleHHH BOKPYr OCH
KOOPAUHAT Mbl OyIeM HCHOJb30BATh COKpalleHHOe 0003HaueHHe
gi(a),i=1,2 3.

MuduHHTe3NMaNbHEMHE 06pa3yOUIMMH TPYNObl BPAUIEHHH Ha-

g (a)
3LIBAIOTCA MAaTPHLBI . Hcnoaways dopMmyas aas spa-
i am0
IMIEHHH BOKPYr Ocell KOOPAHHAT, MOJYUYHUM
g (a) __9g(a;, 0,0 _ 9en —
s —_— _— 1-
’aal a=0 aal a;=0 aal a;=0
AHanoruuHo
(7] J
g(a) = A, g (a) — A,.
az la=p das a9

MB BHAMM, UYTO KOCOCHMMETpHUHHE MaTpuum Ay, A, Az aB-
agoTca HHGDUHATE3UMAJLHEIMH 06pa3yIOIIUMH TPYNNH BpalleHHH.

Tenepb MBI JIETKO MOXKeM MOJYYHTb (DOPMYJY AJA TPOHU3BOJB-
HOro BpaiueHuss g(na). OueBHAHO, UTO TPOH3BEJNEHHEe BpalleHUA
BOKPYT OJHOH OCH n HA yIrJH ¢ H B ecTb BpalleHue Ha yroa « -+ p
BOKPYT TOfl XKe oCH:

g (nB) g (na) =g (n(a 4 B)).

Huddepentupys 3Tto ToxkaecTBO Mo P H moaaras P =0, noayuum
d .
(m Ay + oAy + n34;) g (o) = —— g (na).

Mu mamau nuddepeHunanbHoe ypaBHeHHe Aaf g(na), KoTopoe
HYXKHO DEIIHTb NPH HAaYaJIbHOM YCJIOBHH g(nO)—— I. Ennncraennoe
pelieHUe 3TOH 3aJaud HMeeT BHI

g (na) =exp [(m A, 4- nA; + naAa) al. (2)

§ 25. MMpencraBaenus rpynnsl BpalieHuf

[TpeacraBaenneM rpynns! Bpamienuft G B ruan6epToBOM TPOCT-
paHctee & HaswnBaerca otofpaxkenne W, KoTopoe KaXIoMy 3Je-
MeHTy g rpynnsl G CTaBHT B COOTBETCTBHE OrPaHHUYCHHBIH IMHEHHBIH

4 : %9



¥ HeNpepeBHO 3aBHCAIHA oT g omepatop W(g) B mpocrpa-
cTBe & TaK, YTO BBINOJHSAIOTCSA YCJIOBHSA

) Why=1,

2) W(gig2)= W(g) W(gs).
B ycaoBuu 1) cneBa / 03HayaeT eqHHHYHOe BpallleHHE, a CIpaBa —
elHHHYHbIHA onepaTop B &. M3 ycnoBuit 1) u 2) cpasy caeayer, uto

W(g™)=w"(g.

IlpencraBienue HasHBaeTcsl YHHTAPHHM, €CJAH YHHTapHH oOle-
patopu W(g), 1. e. W*(g)= W-1(g).

B Teopun rpymnm pAoOKa3biBaercs, 4To Jw06oe MpeicTaBJeHHe
IPYNNBl BpalleHHH 3KBHBAJEHTHO HEKOTOPOMY YHHTAPHOMY IIpef-
CTABJIEHHIO, NO3TOMY MOKHO OIPAHHYHTBCS H3YUEHHEM YHHTapPHHIX
npeacTaBJeHHH.

HanoMHHM 1Ba 3KBHBaJIEHTHBIX ONpejeseHHsT HENPHBOLHMOrO
NpeiCTaBJIeHHs:

1) mpencraBieHHe Ha3bHBaeTCsl HEMPHBOJHUMEBIM, €CJH HE CYIIe-

CTByeT omnepaTtopa, oTiHuHoro ot CI, KoTophlfi KOMMYTHpO-
. Bana 6Bl co BceMHu omepatopamu W(g);
2) mpencTaBieHHe Ha3bIBaeTcsl HeNPHBOAHMEBIM, €CJH B INPOCT-
paHcTBe & He CYLIECTBYeT MOJANpPOCTpaHCTBA &, HHBAPHAHT-
HOT'O OTHOCHTEJNBHO AeHCTBHs omepaTopoB W (g).

Jlerko moCTpPOHTH INpeACTaB/JeHHe TPYNNH BpauleHHH B NpPOCT-
paHcTBe cocTOsIHHH wacTHOH 28 == L2(R3). Idna storo ompenennm
onepatopu W(g) dopmynoi

W (g) b (x) = ¥ (g-1x). (1)

YcnoBue 1) ompejeneHHst NpeACTaBJIEHHS OYEBHJAHO, YyCJaOBHE 2)
HpoBepsieTcs CAeNYIOIHM o0pa3oM:

W (g,8,) v (x)=1(g;7'gr'x)=W () ¥ (g;'x)=W (g,) W (g,) ¥(x).

Onepatopsl W(g) oTo6paxaloT 6 Ha H B3aHMHO OJHO3HAYHO,
MO3TOMY JJif NMPOBEPKH YHHTAPHOCTH JOCTATOYHO YOENHThbCS, YTO
OHH COXPaHSIOT HOPMY BeKTopa 1:

W @vlk={1v@E 0 rax={1v@Pax=lvp
-y Y
rie Hcmoab3oBaHo paBeHcTBO det g = 1. ITokaxeM, yto cmpasen-
auBa ¢dopmyaa
W (a) = exp [— i (Lia; -+ Laas + Lyas)]. @
3necs Mb o6osnaunan W(g(a)) uwepes W<(a), L, L, Ly — npoek-

IIH¥ MOMeHTa HMIyabca. Jlis pokasatenpctBa dopMysas (2) pac-
CMOTPHM CHayaJa BpalleHHe BOKPYT TpPeTbell OCH W MOKaXeM, YTOo

HJIH, YTO 3KBI{BaJE€HTHO,

(g5 (@) X) = =L (x) 3)
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NpH NpoH3BOJBHOR (X} . Mpl npoBepuM cHpaBesJHBOCThL MO-
CJIe[IHErO PaBEeHCTBa, ecaH ybeauMmcs, yTO OYHKUHK B JeBOH H mpa-
BOfl YacCTX €ero. YAOBJETBOPAIOT OAHOMY H TOMY e YpaBHEHHIO
¢ OJIHHAKOBLIMHM HayaJbHBIMH YCJOBHAMH,
Oyuknns
P (x, a) =e~hsmp(x)

OYEBHAHO, YAOBJETBOPSAET yPAaBHEHHIO

d ) .
‘% = —iLyp(x, a)

HJIH l'[O,U.pOéHee
aq; X, (1) 0 —_
( ""(7C _._._l__.xl )\p(x, (1). (4)

dyukuus, crofmas B JeBof dactH (3), KoTOopylo Mbl 0603Ha-
yuM uyepes P (X, o), HMeeT BHI

P (x, a) =P (x, cos a4 xysina, — x; sina 4 x,cosa, x3).
[IpoBepuM, 4TO 3Ta (YHKIHA YAOBJETBOPSET ypaBHEHHIO (4):

ﬂll=%P—(——x1 sina 4 x2cosa)—}-—a—¢-(—-x1 cosa — x, 8inaj,

da 1 6x,
oy . O oy .
x2—671— == X3 o cosa Xo o%s sin a,
opy 0y . A
X Fer = ¥ %, sin a + x; Dz, 08 %

OTKyJa chaelyeT crnpaBeianBocTs (4) ana ¢ynkuun (X, a). Ha-
KoHell, o6e (QYHKIHMM YyIOBJETBOPAIOT OAHHAKOBOMY HayaJbHOMY

YCJIOBHIO
P (x, 0) =1 (x, 0) =1 (x).

TakuM o6pa3oM, omepaTophl BpallleHHH BOKPYr Ocel KOOpAMHAT
HMEIOT BHJ

W, @=e"""% =1, 2, 3. (5)
HubuuuTe3MMabHbEIe OMepaTopbl MpPeACTaBJeHHs Cpa3y HaXoAATCH
u3 popmyanl (5)

oW (a)

dWi (a)
da -

da

= —IL,.
a=0 /

i

a=0

Hanee, 6ykBa/JbHO MOBTOPSA paccyXieHHs, KOTOpHIe MPHBEJH
Hac K ¢dopMmyae (24.2), mpl noayuum (2). OGpaTHM BHHMaHHe Ha
TO, 4TO OmepaTopel —ilL; MMeIOT Te Xe MepecTaHOBOYHBIE COOTHO-
weHHs, 4yto M Martpuun A; j=1, 2, 3. [eAcTBHTeNbHO, H3

: [Ll’ L2] = 1L3
caegyeT, 4To .
[—iLl, —1L2]=—_——ZL3.
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B Teopuu rpynn poKasblBaeTcs, YTO MEpPeCTaHOBOUYHBEIE COOTHO-
IIeHHA MeX1y HHDUHHTe3UMaJbHEIMH ONEpPaTOPaMH NpelNCcTaBJIeHHS
He 3aBHCAT OT Bbi6opa NpeicTaBJieHHS. bBoJsee Toro, eciu Kakue-
nu6o omnepaTopH B HEKOTOPOM IpocTpaHcTBe & YAOBJETBOPHAIOT
TEM K€ MEePEeCTAHOBOYHBLIM COOTHOUIEHUSAM, UTO U HH)HHHTE3UMAJb-
HHe o0pasyloinHe  TpyNnel, TO OHH ABJAIOTCA HHDHHHTE3IUMAaNb-
HEIMH ONepaTGpaMH HEKOTOpOro IpeicTaBjeHHus, HAelicTBylolie-
roBs &.

[IpuMeHHTEIBHO K TpyNIe BpAlleHHH 3TO O3HayaeT, 4YTO €CJH
MH Haiinem omepatopsl M;, Mz Ms, ynoBieTBOpsilOLIHE COOTHO-
LICHUAM: [MI,M2]= Ma, [MQ, M3]= Ml, [Ms,M1]= Mz, TO MO-
JeM NMOCTPOUTh NpeiacTaBiaeHHe W mo dopmyse

W (a) = exp (M, + a;M, 4 azM;).

§ 26. CdrepHuecKH-CHMMETPHYHBIE ONIEPATOPHI

Onepatop A HasbiBaercss cdepHueCKH-CHMMETPHUHBEIM, €CJH OH
KOMMYTHpPYET cO BceMu onepatopamu W (g) mpexcrasJieHHs TPYNIbI
BpallleHHH.

OueBuaHo, uto onepatop A sBAsercA chepHIeCKH-CHMMETpPHY-
HHM, ecan [A,L]=0,i=1, 2, 3.

[Tpusenem npuMeps cdepHUECKH-CHMMETPHUYHBEIX ONMEPaTOpOB.

1) Onepatop yMHoxeHHs Ha dyHKuHio f(r). B camoM nene, Mbl
BHJEJH, YTO ONEpaTopsl MOMEHTa HMNyJbca AeHCTBYIOT TOJBKO HA
yrJioBeie nepemenusle. [Tostomy Lif (r) ) (x) = f(r) Liyp (x) npu mpo-
H3BOJIbHOH P & F6.

2) Omnepatop L2. CdepHueckas CHMMETPHS 3STOro ONepaTopa
crenyeT W3 MOJYYEHHHX paHee cooTHowendit [L% L] =0, =1,
2, 3.

3) OnepaTop KHHETHUECKON B3HEPrHu T=-——217A. Codepuue-

CKas CHMMETPHS 3TOrO OMepaTopa cpa3y BHUAHA B HMMYJbCHOM
NpPEeACTABNEHHH, B KOTOPOM OH SBJISETCS OMEPAaTOPOM YMHOXKEHHS
Ha ¢yukuuio p?/(2m). OnepaTopnl MOMeHTa HMNyJbca L; B HM-
NyJbCHOM NPEJACTAaBJICHHH UMEIOT TOYHO TaKOMH Ke BHJI, KaK H B KO-
OPAHHATHOM.

4) Onepartop lllpenuurepa aJs 4YacCTHUH B LEHTPAJbHOM TOJE

H=—,—217A+ V()

Kak cyMMa ABYX cdepHueCKH-CHMMETPHUHBIX ONEPATOPOB.

- O6paTuM BHHMaHHe Ha TO, YTO H3 CaMOro CyllecTBOBaHHA cde-
pHUYeCKH-CHMMeTPHUYHBIX ONepaTopoB, OoTJAH4YHHX oT C/, crenyer
NPHBOAHMOCTb IOCTPOCHHOrO MNpPeACTaBJeHHA TIPYNNbl BpalleHHl
B MPOCTPAHCTBE COCTOAHHH F8.

BrissicHuM Tenepb ocobeHHOCTH cnekTpa omepatopa !llpenunrepa
B lIeHTpaJbHOM IOJIe, CBA3aHKbIE ¢ ero cheprHueckoll cUMMeTpHel.
Tlyets  § — HEKOTOPBIA COOCTBEHHBIH BEKTOD, COOTBETCTBYIOLUH
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cobcTBeHHOMY 3Hayenuio £

H{ = Ev.
Torpa

HW (g) b =W (g) HY = EW (g) ¥,

OTKyJlla BHAHO, 4TO BeKTOp W (g)y TOXe sABJAfAeTcH COGCTBEHHHIM
BEKTOPOM H, COOTBETCTBYIOLIHM TOMY e COGCTBEHHOMY 3HAUEHHIO,

Mbl BHAHM, 4TO COGCTBEHHOE NMOANPOCTPAHCTBO g onepatopa H,
COOTBeTCTBYIOIlee COOCTBEHHOMY 3HaueHHI0 E, sBJAeTcH HHBA-
PHAHTHLIM OTHOCHTEJNbHO BpalleHHH (T. €. OTHOCHTEJbHO AEHCTBHA
onepatopoB W (g)). [IpeacraBaenne W rpynnsl BpalieHH#i B npoct-
paHCTBe J6 HHAyUHpYeT npeAcTaBieHHe Wr B IOANPOCTPaHCTBE Mg
g—W:(g), rne We(g)— orpanuuenne omepatopa W(g) Ha mog-
NpOCTPAHCTBO J6¢ (B AanbHefileM Mu 6yjaeM moJb3oBaTbes 060-
anayenveM W(g) u ana omepatopoB Wg(g)). Moryr npeacra-
BHTbCAl /Ba cJydas: JH6O NMpeAcCTaBjeHHe, HHAYLUHPOBAaHHOE B e,
AIBJIA€TCH HENPHBOAHMHM, JH60 e CONEPKHT HHBADHAHTHHIE OT-
HocHTeqIbHO W (g) NOAmpoCTpaHCTBA MeHbUIeH pa3MepHOCTH, H
TOTJla 3TO NpeAcTaBJeHHe OyneT S5KBHBaJIeHTHO MPAMOH cyMMe He-
NPHBOAHMHX MpeACTaBJeHHH *,

Mbl BHAHM, 4TO KPaTHOCTb COGCTBEHHOrO 3HaUeHHs c(hepHYeCKH-
cuMMeTpHYHOro oneparopa [llpenmnHrepa Bcerna He MeHblle pas-
MepPHOCTH HEKOTOPOro HeNpHBOJHMOrO NpeACTaBJEHHS TPYMNIH Bpa-
IleHHH H B NepPBOM H3 YHOMSAHYTHIX CJy4YaeB COBNajaer ¢ 3TOH
pPasMepHOCTHIO.

[TosBnenne KpaTHBIX COGCTBEHHBLIX 3HAYEHHH 3HEPrHH B (DH3HKe
Ha3HBAlOT BHIPOXJEHHEM, a TaKHe JHepreTHYeCKHe YPOBHH BHI-
poxAeHHEIMH. EciH B KaxXAoM H3 COGCTBEHHLIX MOANPOCTPAHCTB
HHAYLUHDOBAHHOE TpeACTaBJEHHE HENPHBOAHMO, TO TOBOPAT, YTO
onepatop H He HMeeT cJAyvyaliHEIX BHIpOXJAeHHH. B 3ToM cayuae
KPaTHOCTb CNEKTPa IOJHOCTbIO OGbACHAeTc BLIGpaHHOH CHMMeT-
pueft 3agaun. IIpun HamHyHH c/ayYafiHLIX BHIPOMXKJEHHH, BO3MOXKHO,
cymecTtByeT Gosee Goratas rpynna cHMMeTpHH ypaBHeHHs [llpe-
nuarepa. MiMenHo Tak o6cToHT geno ¢ omepatopoM [llpenunrepa
JJIf aToMa BOAOPOAA, KOTOPHIH, KaK Mbl YBHAHM, HMeeT cJayyafiHhle
BLIPOXK/JeHHS1 OTHOCHTEJNbHO IPYMNNLI BpalleHHH.

3aMeTHM, UYTO Yy CcdepHYeCKH-CHMMeTpHYHOro omnepatopa [
C YHCTO TOYEYHBbIM CIIEKTPOM CYIIECTBYIOT COOCTBEHHble 3HAYEHHS
CKOJIb yroAHO GoJblIoH KpaTHOCTH. JleHfCTBHTENbHO, B 3TOM CJY-
yae 56 NpeaCcTaBHMO B BHJIE

=, @D He, D ....

* 37ech MBI HCMOJIb3yeM H3BECTHYIO H3 TEODHH TPYNN TeopeMy:

[Tycte 3ajaHo yHHTapHOe mnpejcTaBieHHe g — W(g) rpyniel BpalleHuii B
ruapGeproBoM npoctpanctBe &. Torma cylmecTByioT KOHEUHOMEpHHIE NOANpO-
ctpaucrsa &), &g, ..., HHBaApHAHTHHe OTHOCUTeNbHO W(g), B KaxAOM M3 KOTO-
pux npeAcrtasiende W HenpHBOAMMO. IJTH NOANPOCTPAHCIBA MONApHO OPTOrO-
HAJIBHH, H HX CymMMa ectb Bce &, T.e. & =&, D& D ... .
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C apyro#t cTOpoHbI,

H =D ...

rfe uepe3 6. 0o0O3HAYeHBI MNOANPOCTPAHCTBA, B KOTOPLIX Jell-
CTBYIOT HEeNpUBOJAMMBIE NPEACTABJeHUS] Tpynnsl BpauieHuil. Mayuas
Takue npeacraBaenus B § 30, Mbl YBHAUM, YTO CpelHd J6, UMeIOTCS
NOANpPOCTPAHCTBA CKOJb YroaHO GoJablioii paamepHoctH. Ho ans
nboro #4, xotsa Gbl OAHO U3 mepecedeHuil 58, (| #g, 5= & u Toraa
CONEPKHUT HB, UEJHUKOM, NO3ITOMY COOCTBEHHOe 3HaueHHe E, nMeer
KPaTHOCTb He MEHbIIYIO, YeM Pa3MepHOCTb * 6.

Ecnu cucrema He uMeeT caAy4yallHbIX BBIPOKAeHHH, TO COGCTBeH-
Hble 3HayeHWs1 omnepatopa [ MOXHO KJaacCHUUUPOBATH € 1O~
MOUIbI0O HENPHBOAUMBIX NpeACTaBNeHUH rpynnbsl G B TOM CMBICITe,
4TO KaxKjaoe coGCTBEHHOE NOANPOCTPAHCTBO JBg sBAsieTcd U COG-
CTBEHHBIM TNOANPOCTPAHCTBOM COOTBETCTBYIOUIErO INpeACTaBJeHHU .
TTosToMy BaxXHOH NpeicTaBAsieTcs 3ajaya O HAXOXK/JeHHH BCex He-
NPUBOJHMBIX TPEACTABJIEHUH TPyNNbl BpauleHUHd. DTUM BONPOCOM
MBIl 3afiMeMcs B CJeAYIOUIUX nmaparpadax.

B s3akaoueHue sToro naparpacda 3aMeTHM, YTO TaKylo CpaBHH-
TEeJbHO NMPOCTYIO 3ajlayy KBAHTOBOH MeXaHHKH, KaK 3ajlaya O JIBH-
JKEHHH B LEHTPAJbHOM IOJe, MOXHO 6blI0 611 pemgrb BooOIue He
npuBaeKas Teopud rpynn. Hama genp Ha 3TOM npuMepe Toxa3aTb,
KaK NpUMeHseTCcs TeOpusl TPyNN NPH pellleHHH KBAHTOBOMEXaHHYe-
CKMX 3aja4. MUKpOMHp (aTOMBI, MOJIEKYJIb, KPHUCTaJJIHYeCKHE pe-
IIeTKH) BecbMa GOrat pasJHYHBIMH BUAaMH cuMMeTpuu. Teopus
npeAcTaBJeHUH TPyNn NO3BOJSET ¢ CaMOr0 Hayaja fIBHO YYecTb
9TH CBOHCTBAa CHMMETPHUH, H 3aYaCTYI TOJbKO MOAXOJ, OCHOBAaHHBIH
Ha TEOPMM TpPyNI, MO3BOJSET NOJyYaTb BaXKHble pe3yJbTaTh A
OYeHb CJIOXKHBIX CHUCTEM.

* OueHb MPOCTLIM TPHMEPOM ChepPHUECKH-CHMMETPHYHOTO OIepaTopa ¢ 4HCTO
TOYEYHbHIM CIeKTPOM sBJsiercs onepatop lllpenuHrepa a/s TpexMepHOro rapmo-
HHYeCKOTO OCIHJJsATOpa’

Pi+ P+ P o (Qi+G3+0Q))

H = p) D)

HJH B KOODAHHATHOM TPEeICTABJAEHHH
1 w2
H=——A+4 —r2
2 + 2

3anaua pasjieneHHeM NepeMeHHBIX CBOJXHTCS K OJHOMEDHOMY CJAYYaw H AJs oG-
CTBeHHBIX 3HaudeHH[ nmoaydaerca dopMyna

3
Enln;m:(nl +n2 +n3+'§') @, ny, no, n3—"=0, L, 2, ...

Kaxpol Tpoilke 4HCeN 1|, Mg, Ny COOTBETCTBYET COGCTBEHHHI BEKTOP Wpn,p, .

BupHo, uTo kpaTHOCTb cOGCTBeHHbIX 3HadeHufi £ npu E-—-oco pacreT Heorpa-
HHYEHHO.
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§ 27. NpencrasaeHune BpalleHH#
YHHTapHBIMH MaTPHLAMH BTOPOro nopsaka

Mgl mocTpouM mpencTaB/eHHe Tpynnbl BpalieHHit G, peficTByIo-
wee B mpoctparctBe C2 [asi 3TOr0 BBEAeM TPH CaMOCONpSKeH-
HBHE MATPHLH CO CJEIOM, PaBHBIM HYJIO,

(o 1) (o -i)— 10
=\1 o) 2=\ o) °3=(o -1)'

DTH MaTpHUbLl HasbiBaloTcd Matpuuamu I[layau. Boluucaunm mepe-
CTAHOBOYHBIE COOTHOLIEHHS AJS 3THX MaTpHIL:

i 0 —i 0 a! 0
[01, 03] = 610, — 0,0, = 0o —i/) 0 i)=2t(0 —-1)'

T. e. |01, 02] = 2i03. AHaOTHYHO MpoBepsercs, YTO
{02, 03] = 2i0y, {03, 61]=2{5,.

HerpyaHo BHIETb, UTO MaTpHUbl —ic;/2, j =1, 2, 3 uMeloT me-
PecTaHOBOUHHE COOTHOIIEHHS TaKHE XKe, KaK HH(QHHHTe3HMaJ/IbHHE
o6pasyiolye rpynny BpaueHus Aj:

[_ o “’_2] = 1%
2’ 2 1T :

[TosToMy MOXHO MOCTPOMTb HpeiacraBjenne g—>U(g):
Ul(g)=exp[— 5 (@21 + 0.3, + 0305) |- (1)

CJIeﬂ.yeT OTMETUTb, UYTO 3TO MNPEACTaBJCHHE HE ABJACTCA MNPCACTABJICHHEM B
oGBIYHOM CMBICJIE CJIOBA, TaK KaK BMECTO

U(g)U(g2) = U(g:182) (2)
U(g) U (g2)= oU(g1g2), 3

rie 6 = 1. B atom HeTpyzHo yGenuTbCs Ha NPOCTOM NpHMepe, COCUHTAB NPO-
usBegienne U(g))U(g:2), The g1 = g2 €CTb BpallieHHe Ha YroJ J BOKPYr OCH X3

! { —in R
—— 07l —— 0Tl e 0
Ulg)U(g)=e 2 e ? =e“‘””=( 0 e‘“)=_1'

MH 6yJeM HMeTb

B 1o xe Bpems no dopmynae (1) elHHHUHOMY 3JIEMEHTY TPYNNH COOTBET-
creyer U(0, 0, 0)=1I OroGpaxenne g-»U(g), yrosneTsopsiowee (3) mpu
|6] = 1, HasbiBaeTCA NMPOEKTHBHHM NPEJCTaBJeHHeM C MYJIbTHNIHKaToOpoM. Ecan
MH BCe-TaKH 3aXOTHM COXPaHHTb (2), TO MOJNXKHH OyJleM CUHTaTh, YTO KaXKAOMY
BpallEHUIO COOTBETCTBYeT JBe MaTpmunl U, orinyamouiuecs sHakoM. B dusuke
TAKOrO POLd MPEJCTABJCHHS HA3LIBAIOT JABY3HAUHHIMH. DTH NPeJCTaBJICHUS UrPaloT
B KBAaHTOBOJ MexaHUKe TAaKyKO K€ BajKHYKO POJb, KaKk H obbiunbie. B nanpHefimem
MH He 6yJeM NOJYEPKHBATh 3TO pasjHiMe. 3aMeTHM ellie, YTO MNOSIBICHUE Ta-
KOro pofla MNpeACTaBJeHHH OGbsCHAeTCs TeM, YTO TFpYNNa BpalleHHH HEOAHO-
CBfI3HA.

BuisicuuM cBoiictea Matpul U(g). YHHTApHOCTH 3THX MAaTpPHI
OYeBHAHA, TaK KaK ¢; — caMocompsikeHHHe MaTpuiuu. Herpynuo
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BHAETb, UTO ONpEeAEJHTeNb 3THX MaTpPHL paBeH eaunHLe. [leAcTBH-
tedbHo, U(g) umeer BHA €5, rae S — caMOCONpsXKeHHAas MaTpHua
CO CJeOM, PaBHBHIM HyJ0. DTy MaTPHIY BCeria MOXKHO NPHBECTH
K JHaroHalbHOMY BHAY NOJOGHBIM npeoGpa3oBaHHeM H OHA NPHMET

A 0

BH] (0 5, |- COOTBETCTBEHHO jMarOHanbHBA BHA MaTPHUH
e* 0

6y11eT( 0 e—”~)' Cael W onpejfe/HTeNb HHBapHAHTHb OTHOCH-

TeJbHO nogo6Horo npeo6pa3oBanus, nostomy det U(g)=1.
Haiigem o6uiuii BHJ YHHTAPHBIX MaTpHL C onpejefuTelleM, pas-
HBIM eJuHHILE. 3anulleM yCAOBHE YHHTAPHOCTH:

(a b)(d 5) (aa+b5 a5+bd) ;
¢c dJ)\p d) \ca+db cé+dd/
W3 paseHcTBa cd + db =10 HaxoguM, UTO d=—-%. U3 ycaouit

detU=1 u ad+ bb=1 nonyunm

T. €. c= —2b, d=a.

Takum o6pa3oM, yYHHTapHble MaTPHUbl C OINpepesuTeNeM, paB-
HHM eJHHHLlEe, UMEIOT BHI, :

a b
U=( - _), laP+16P=1.
—b a
I'pynna takux MatpHi HasbiBaercd rpynnoit SU(2).

§ 28. MpencrasaeHue rpynnel BpauleHui
B NPOCTPAHCTBE HEJbIX aHAJHTHYECKHX DYHKOHH
ABYX KOMILJIEKCHBIX flepeMeHHbIX

B strom naparpade HocTpouM Bce HENPHBOANMLIE NpeicCTaBJe-
HHSl TPynne BpauieHud. B KauecTBe NpoCTpaHCTBa NpejacTaBJenHi
Mbl BbiGepeM THAbLOEPTOBO mNpocTpaHcTBO Dy dyHKRuui [(E, 1)
(=G neC) Buna

_ - g7 ,
fE n)= Z Cmcnz""‘““'\/mmzl , Z | Crun, P < 00

ni, ny=0 n. n;

CO CKaJIApHbLIM NPpOH3BEAECHHEM

(f, g)=—an S [E M) gE n)e 311 dpE)dp ().
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Touno Tak xke, Kak B § 19, npoBepsaercsa, uto ¢yHkuuu [, =

mn,;

LN (71

= f/% o6pa3yioT OPTOHOPMHPOBAHHHIA 6a3uc B 3TOM NPoCTpaH-
nyingt

CTBE (fnln2, fn;n;)=‘5nln{‘5n2n;- YauThiBas cBfI3b MEXIY TpynmaMH

SO(3) n SU(2), Mbl MOKeM CTPOHTb MNpPEACTaBJAEHHE TpYMIbl
SU(2). B nanbreifiiem yno6uo f(E,n) o6Gosnauath uepes [(§), rae

= ( fl ) e C2% Orobpaxenune U— W (U) onpenenum dopmyJoi
WO Q=FU""). (1)

Mb 6yaeM 3TH onepaTophl 00603HauaThb Takxke uepe3 W(a) uau
W(g), a onepatopn BpauieHuil BOKpyr oceit uepes W;(a), j=1,
2,3

YTo6nl noayuuth BHpaxenue Aaa W(g), uHaiiaeM HHPHHHUTE3H-
MaJ/ibHbie ONEepaTopbl TNpeACTaBJeHHs, KOTOpble 0603HAauHM depe3
—iM;, j=1,2,3

—IMfQ) =50 W@ L f O =" [O=

= 1P @D eg= it ()| =

a=0 _
=01 489 O dnla)
Tt da g om  da |y

3aech MB HCMoJb30BanM onpepenende (1) u uepes E(a), n(a)

13

— 0,a
0603HaYH/IN cocTaBJasAomie Bektopa e2 g [locnegnne npousBox-
HHE BBIYHC/IAITCA TaK:

i . .
{—a i = 61 i t(mn
= 2 _t_ PG =0 =—( ).
da e Q a=0-== 5 (o314 @ . ) 18 2\¢
TI03TOMY
d§ (@) =ty dn (@) =_i_§
da |a=0 2" da la=0 2

B pesyabrate noayunm '
. i (0 a
—iMf Q=5 (5En +5-8).

Tourno Tak ke Haxojaarca omepatopel Mz n Ms. Bmnumem Bhoipa-
XKEHHS JJISl 9THX ONMEepaTopoB:

M=—g(ng+i5)
et (). .
Y
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Jlerko mpoBepHTb, YTO oNlepaTophl M; HMeIOT tTakie ke mepe-
CTaHOBOYHbIE COOTHOLIEHHs, KaK ONepaTOphl MOMEHTa HMIyJibca,
a —iM;, j=1, 2, 3 —kak ManHLLbI Ay, As, A;. Ina onepatopoB

W(a) nonyuum

W (a) =exp [— i (Mya; + Moay 4 Msas)]. (3)

OcHoBHOe ya06CTBO NMPOCTpaHCTBa NpeACTaBjieHH %Dy COCTOMT
B TOM, UTO OHO OYeHb JIerKO packKjaJbiBaeTcsi B NPAMYIO CYMMY HH-
BapHAHTHBIX MOANPOCTPAHCTB, B KOTOPBHIX AeHCTBYIOT HENPHBOAH-
Mble npeiacTaBJieHHs. JlefiCTBHTe/bHO, HHBADHAHTHOCTb HEKOTOPOro
NOJANpPOCTPAHCTBA OTHOCHTeNbHO omepaTopoB W (a) 3kBHBasieHTHa
HHBaPHAHTHOCTH OTHOCHTEJIbHO JAeHCTBHS omepatopoB My, M, M,.
W3 dpopmys (2) BHAHO, YTO TAKHMH HHBapHAHTHBEIMH NOANPOCTPAH-
CTBaMH fIBJISIIOTCA MOANPOCTPAHCTBA OJHOPONHBIX MHOTOYJIEHOB CTe-
neHH n = ny-} np,. OTH TNOANPOCTpPAaHCTBA HMEIOT pa3MepHOCTb
n+4+1, n=0,1, 2, ... . Ham ocranoch moka3aTb, UTO TakHe MNOI-
NPOCTPaHCTBA He COJiepXaT HHBAPHAHTHBIX MOANPOCTPAHCTB MEHb-
wefi pa3MepHocTH. /15 3TOr0 BBEEM ONMEpPaTOpPhbl

. d
M, =M, +1M2=—"10—,
R @
M_=M1 —lM2=—§a—_n
H TIOCMOTPHM, KaK OHH JAefiCTBYIOT Ha Ga3HCHble BEKTOpHI Fainse

) §n| ny Enl—lnn,+1

M —p
sl =—n7 %t Vmimal Y minal

Enl—lnnﬁl
— 4/ 1
it ) e
T. €. M+fmnz == e "v/n'l (ﬂ2 + 1) fnl—l’ nz+1° (5)

M—f"1n7= N (nl + l)n2 ni+1s n2—1°
M+fon=0’ M_fno=0.

W3 ¢opmyn (5) sdcHo, 4TO moAnpocTpaHCTBA OXHOPOAHBIX MHOTO-
YJIeHOB He COfepKaT HHBAPHAHTHHIX NMOJANPOCTPAHCTB MeHblIeH pa3-
MepHOCTH.

ITokaxeM, uto Ga3HCHLHIe BEKTOPH fBJAIOTCA COGCTBEHHBIMH

BeKTOpaMH ollepaTopa M; H omepaTtopa M’ = M} + Mj + M3 Umeem

I

QueBHJHO, UTO

1 P P E.ru_nm i E.ru_nnz
M —_—— [ — - = —_ — —
anlnf 9 (g ag "] 1/nllnzl 2 (nl n2), 1/n.lnzl ]
1
T. € Msfnln, =3 (ny — ny) fnln,' (6)

na onepatopa M? cnpaBenJiiBa dopMyna
M' =M M_ + M5 — M
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JTeHCTBHTEIBHO,
MiMo = (M + iMo) (M — iMo) = M; + ME — i (MiMo — MoMy) =
=M — Mj + Ms
Jlanee umeeM
Mgfnln? = (M+M— + M% _M3) fﬂ.n2 =
1
= (Vo F D V@ F D+ — P + 5 — 1)

szn]nz = (Tl' (nl + n2)2 + %'(’11 + n2)) fn‘n,; (7)

Yno6Ho mepenmucaTb BCe MOJyYEeHHblE COOTHOUIEHHS,, 3aMeHUB
3HAYKM Hi, Mg HA j, m no gopmynam

jzﬂ—-g—n—z’ m=_%(nl_n2)’ j=0)_‘:12'v 1,%» veey

m=_j)_j+1v°°°,j)

HJIH n=j—m,nn=7j+m.

Torna dopmyawl (5)—(7) NMpHHHMAIOT BHA
Mifim=—AG—my((+m+1) frmin (8)
M_fim=—A(G—m+1D{+m)f a ©)

Msf]m = mffm’ (10)
Mfim=i(+ 1) fm (11)

rae 4epes f;, o6osnauena f,n ="Fi_m j+m-

HoBpie 3Ha4KH j U m YHOOHBl TeM, 4TO KaXJAOMY WHAEKCY |
COOTBETCTBYeT NpelcTaBJjeHHe pa3MepHoctd 2j+4 1, j=0, 1/2,
1, 3/2, ... . Takoe npelicraBjeHHe 06buHO 0603HaualOT depe3 D,
a | Ha3blBaIOT HHAeKcOM InpeicrasieHus. Popmynan (8)—(10)
NO3BOJIAIIOT JIEFPKO MOCTPOMTb SIBHBIH BuUA Matpuu M;, M, M; aas
kaxjoro D;. Takum o6pa3oM, MBI HOCTPOHJIH KOHEUHOMEpHHIE Npej-
craBjeHuss D; rpynnel BpallleHHH BceX pasMepHoCTel.

§ 29. EQMHCTBEHHOCTb NpecTaBAeHHH D,

JlokaxeM, HYTO MOCTPOEHHEIE HENPHBOAMMEIE INPELCTABJEHHS
D; enuHCTBeHHBI (C TOYHOCTBIO O 3KBHBajseHTHocTH). Ilpu noka-
34TeJbCTBE MBI YBHAUM, B KaKOH CTENEHU CIEKTP ONEPATOPOB MO-
MeHTa HMMIYJbCa ONpelessieTcsl HX NepeCTaHOBOYHBIMH COOTHOIIe-
HMSIMM M KaK NPOH3BOJbHOE NpeACTaBJeHHe IPYNIHL BpamleHHH pac-
KJaJBBaeTcs Ha HEeNpUBOJHMEIE.

[lycTb B n-MepHOM HpPOCTpaHCTBe & ONpeleseHO HEKOTOpoe He-
NpUBOLUMOE MpeAcTaBjaeHHe, uepes —if;, —iJ;, —iJ; 0603HAUUM
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AH(QHHHTE3HMalIbHble onepaTopn 3Toro npexpcrasiaenus. Ouu yz08-
JIETBOPSAIOT N€PeCTaHOBOYHKIM COOTHOUIEHHAM

[Jh J2]=i13’
o, Jsl=1il,,
[13’ Jl]=il2'

DKBHBAJIEHTHOCTb ITOTO MNpejCTaBJeHHS HEKOTOPOMY MpejcTaB-
Jenuio D; 6ylerT nOKasaHa, eC/AH MBI OKaXeM, YTO NPH NOAXOAS-
meM BoiGope Gasuca B & wmartpuun J,, k=1, 2, 3 coBmapaior
¢ matrpuuaMH M, Ilpexne Bcero 3aMeTHM, 4YTO MNpejACTaBjeHHE
_Tpynnel BpauleHHH ONHOBPEMEHHO SIBJAAETCst H Npe[CTaBleHHeM ee
HNOATPYNNBI, COCTOAUIEH H3 BpalleHHH BOKPYT OCH X3 Ha Yyroa o.
Ora noarpynna abeneBa, NO3TOMY Bce ee HelNpHBOAHMHEE Ipel-

CTaBJICHHS OJHOMEPHbl H HMEIOT BHA e ™*° (OTHOCHTENBHO YHCEJ
m, Mbl He OyleM [enaTb HHKaKHX NpeAnoJNOXEHHH, Aomyckas
BO3MOXHOCTb «MHOTO3HAUHBIX» MpeJcTaBleHHi). DTO 3HAUHT, YTO
npH NoAxojslleM BolGope Gasuca B & MaTpHLA BpalleHHA BOKDYT
OCH X3 HMeeT BHJ

[emime 0 . 0 )

0 e—ima ()
e_”sa=........' .

{0 0... e_im"a;

Takum oGpasoM, B & cyulecTByeT 6a3HC H3 cOOCTBEHHBIX BEKTOPOB
onepatopa /s,

Jsem=me,, (1)

Janee, H3 HENPHBOIHMOCTH NPENCTABJEHHS CJIE[YET, YTO ONMEPATOP
F=rH+ A+ /5 xommytupyomui co Bcemu Jp, k==1, 2, 3, non-
XKeH ObiTb KpaTeH €AHHHUHOMY B npocTpaHcTBe &. DT0 BO3MOKHO,
ecMH Bce Ga3HCHBlE BEKTOPH e, SIBAAIOTCS COGCTBEHHLIMH BEKTO-
pamu onepatopa J?, cOOTBETCTBYIOIUHMH OJHOMY H TOMY ke c0G-
CTBEHHOMY 3HayelHIo, KoTopoe MH 0603Hauum uepes j(j+ 1) (sta
3alHch NOKa Mnpocto o6o3HauenHe). DBasuncHbie BeKTOpH 6ylem
0603HaYaTh Yepes ejm,

Jzelm=j(j+ 1)e/m- (2)

Beenem onepatopun J. = J| =% iJ;. Jlerko npoBepHTb cnpaBef-
JIHBOCTb cJlefylomux ¢opMya:

[12, J:k] = 0’ (3)
[Ja &)= =% s, (4)
P=lddz+ LF s (8)
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Haiizem rpaHully BO3MOXHBIX 3HayeHHH |m| npu 3aganHoM c06-
CTBEHHOM 3HadyeHHu j(j-} 1). Jlas 3Toro, yMHOXas Ha e;m paBeH-
CTBO

B+ em=((+1)—m) ejp,

(B4 1) ejms eim) =7 G+ 1) — m2
JIEBaﬂ JacCTb HeOTpHL[aTeJIbHa, IIOSTOMy

|m|<ATGF D) (6)

W3 coornowmennit (3) u (4) caenyet, uto
Plseim=i(+ Ve Jsl sty =(m 1) ] ce/p.

[Tostomy BekTOpH Jiejm (€CAM OHH HeHyJ€BHE) SBAAKTCA CcO6-
CTBEHHBIMH BeKTOpaMu omnepatopa J2 ¢ co6CTBeHHBIM 3HavYeHHEM'
j(j+ 1) u onepatopa J3 ¢ COOCTBEHHEIMH 3HaueHHMH m 4 1.
TakuM 06pa3oM No NPOHU3BOJBHOMY Ga3UCHOMY 3JEeMEHTY &jm MO-
KeT ObiTh INOCTPOEHA LienoYKa COOGCTBEHHBIX BEKTOPOB C OAHHUM
H TeM Xe coOCTBeHHBIM 3HaueHueM omnepatopa J2 u ¢ cobcTBeH-
HHMH 3HayeHusMu my, m;-+ 1, ..., my onepatopa J;. Uepes m,
H My Mb 0603HAaYH/JIH HauMeHbllee H Haubosbliee COOGCTBEHHBIE
3HaYyeHHsl COOTBeTCTBeHHO. CyllecTBOBaHHE m; H My CJA€AyeT H3
HepaBeHCcTBa (6), Llenoyka cOOGCTBEHHBIX BEKTOPOB AOJXKHA OBpHI-
BaThcsl B 06€ CTOPOHHI.

BoluucniuM HopMy BekTOpa Ji€jm, yuHTBIBas, 410 |l ejml| =1

H 4YTO Jl =Js
Il Jie]m ”2 = (J:Fjie]m» e]m) = ((-’2 - fét-’a) Cim,» eim) = ;
=i+ D)—mmE)={GFm({ixtm+1).
[ToaToMy MBI MOXeM Hamucatb
Jegm=—ATFm(Exm+1e .. (7)

dta <¢opMyna mno3BoJseT MO NPOH3BOJILHOMY OPTY €jm CTPOUTH
HOBBI€ OPTHI &), m+1, YAOBJETBOpAWUIHe BceM TpeGoBaHuaM. 3Hak
MHHYC Niepej]l KOpHeM HamucaH u3 coobpakeHuil ynobceTBa.

MBI NOKa ellle He BHISICHHJIH, KaKHe 3HAYEHHsS] MOTYT NPUHHUMAaTh
ygcaa j 4 m. ByaeM HCXOAHMTb H3 pPaBEHCTB

I e =0, J+e,m2=0. (8)

YMHOKasl 3TH paBeHCcTBAa Ha J4 U Ha J. u Hcnoab3ys (5), moay-
UM #
(P— B+ 1)eim =0, (*—J3— Iy)eim =0,

HIH G+ —mi+m =0,
G+ 1) —mj—m,=0. &)
U3 (9) cpasy nomyvaem (my--my)(mi—my—1)=0. Ham ro-
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IUTCS OLHO DeIIeHHe 3TOr0 YPaBHEHUS m = —m,, TaK KaK Mo =
>rm. [Hanee myg— m = 2my; — 4HCJIO LE€JOE HJIH  HYJb.
[MosToMy my MoKeT NpuHHMaTh 3uauenus 0, 1/2, 1, 3/2, ... Ha-
KOHell, U3 (9) MBI BHAHM, YTO B KayeCTBe YHCJIA j MOXKHO B3ATb M.
Mbl moayyuau, 4To COGCTBEHHBIE 3HAuYeHHs onepaTtopa J2 HMeloT
Bunp j(j4 1), rne j=0, 1/2, 1, 3/2, ..., a cobcrBeHHbIEe 4HCTa M
onepatopa J3 mpu 3agaHHom j mpoberatot (2j 4 1) 3HaueHHe: —j,
—j41,...,j—1,j. Yncna j u m oJHOBPeMEHHO ABAAKTCA NHO0
neabiMH, au6o mosyueasiMu. Elne pas moguepKHeM, YTO 3TH CBOi-
CTBa chekTpa omepatopoB J2 W J MBI HaIUJH, HCAOOJb3YS TOJbLKO
NepecTaHOBOYHbIE COOTHOUIEHHUS.

[ns 3aBepiieHus AOKa3aTeJbCTBAa HaM OCTaloch yOedHThCS B
10M, YTO MOCTPOEHHHE COOCTBEHHBIe BEKTOpH 06pasyiot 6asic B &.
310 caegyeT U3 HENPHBOAHMOCTH NpeAcTaBleHHA. [lefiCTBHTENbHO,
MOJANMPOCTPAHCTBO &', HATAHyTOE Ha BEKTODbl €&jm, M = —fj,
—j+41, ..., j, 6yner HWHBapHAHTHBHIM OTHOCHTEJbHO OIlepaTOPOB
Je, =1, 2, 3, a MOTOMY [HOJKHO COBMajaTth ¢ &, H Pa3MepHOCTD
npeacraBaenus n = 2j 4+ 1. ®opmyasl (1) u (7) MOKasbLIBAIOT, UTO
matpuus J, Tpu Takom Bhuibope Oa3uca COBMAJAIOT ¢ MaTpH-
namu M,. '

3aMeTuM, 4TO MBI 320AHO NMOCTPOMJH CNOCO6 pa3JoKeHHS Npo-
M3BOJMBLHOIO [PEACTaBJICHUS Ha HempHBoAuMBIe. I1ycTh B HEKOTOPOM
npocrpaHcTBe & [eHCTByeT [MpeAcCTaBJeHHe TDYMNbl BpalleHUH
—iJ, ¥ ero uHQUHUTe3HMAJbHble ONMepaTophl. [Oas TOro 4ToOHI
BBIAEIHTb HHBapHAHTHble NOAMPOCTPAHCTBA, MK JOJXKHH HalTH
obliHe pelle¢HHs ypaBHeHHH

J2e]m=j(j+ l)e]my Jse]m=me]m‘ (10)

BeKTOpHI € MpH 3afaHHOM j H m = —j, —j 41, ..., j ob6pasyior
f6asuc HeMPHBOLUMOrO TNpeAcTaBjeHHs pa3mepamu 24 1. 3apgaua
0 HaxOXJeHHH oOlHuX pelleHuit ypaBHeHu#t (10) mpolne Bcero pe-
mmaercs caefymoliHM obpaszoM. CHayanla HaxOAHTCS BEKTOD ¢,
YAOBJETBOPAIOIIHH yPaBHEHHAM

Jie; =0, Ise; = Je;,
a 3aTeM M5 MOCTPOEHHS BEKTOPOB €;m HCHoJbayercs ¢opMysa
I eim=—A(+mG—m+1)e n_,

KOTOpasi [MO3BOJIieT MO ¢€;; MOoCaeNoBaTelbHO HaliTH BCce Bek-
TOPH €jm.

§ 30. IpencrasnenHus rpynnel BpaLieHHH
B npoctpancree L? (S%). Cdepuueckue ¢yHKuuu

B § 25 MBI MOCTPOMJIH NpeACTaBJeHNe I'PYNNL BpalleHHit B mpo-
cTpaHCcTBe cocTosiHuil 46 = L?(R?®) omepaTtopamu

W(a) =exp[—i(Lia + Loaz + Lyas)],
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rae Ly, L;, L3— onepatopsl MOMeHTa uMMyJbca. HamoMHuM, 4YTO
3TH ONEPaTOPBl AEHCTBYIOT TOJbKO Ha YIJIOBhE NepeMeHHble (YHK-
uud P (x) < L2(R3), mostomy npocrpancTBo L2(R3) yapobuo pac-
cmaTtpuBaTh Kak L2(R+)® L?(S?). 3mecy L?(R*)— mpocTpaHcTBO
KBAa/pPaTHYHO HHTerpHpyeMux ¢yHkuu#A [(r) ¢ Becom r? ua R+,
a L%(S?)—npocrpancTBo (yHKuHH $(n)= (6, ¢), KBaapaTHuHO
HHTErpHpyeMBblX Ha enHHHuHOH cdepe. CKansipHble NPOU3BEAEHHUS
B 3THX IPOCTPAaHCTBaX BBOAATCH HOpMyJaMu

oo

(i 1= P11 () Fa (Y r, (1, %) = § w1 () s () i,

0 S?

rae dn = sin 0 d0 dp — sJeMeHT MOBEPXHOCTH eIHHWYHOH cdephl.

HeckosabKo rpoMo3aKHe BHIYHC/ACHHS NPHBOAAT K CJeLyloueMy
BHIy ONepaTOPOB MOMEHTa HMIyJabca B C(HepHYECKHX KOOpMIH-
HaTax:

L1=i(sin qa%--l- ctgecosq:%),

L2=—i(005q3—(%—— ctgesinqa%),

. 0
L3——L-éa.

Onepartopsl L+ = L; == iL, B 3THX NmepeMeHHBIX HUMEIOT BHJ
o0 ictedL) L —emiof — 2 4 jeton L
L+_etq>(ae+zctg90q)),L_—e ‘v( 5 +zctg96tp).

OGuiue coGcTBeHHble (GYHKIMU omepaTopoB L2 u L; Gymem o6o-

3Hauartb yepe3 Yim(n) (uucao j Ang oneparopoB L mpuuaTo o6o-

3HayaTb uepe3 l). Ypapuenuss L Yy =0 u LYy, = 1Yy B chepu-
YeCKMX KOODAMHATAX UMEIOT BHJ
. dY;

-—LT‘)I=IY”, 0]

oY

. d
30 +_l cthE’;Y” =0.

3 nepeoro ypaBHeHus (1) BHAHM, 4TO
Y1 0, ¢) =e'F; (0),

npuyeM [ MOXKeT NPHHHMAaTb TOJBKO IleJible 3Hauenus, [ =0, 1,

2, ... Bropoe ypaBHenue (1) {03BOJISIET MOJNYUHTb ypaBHEHHe AJIA
Fu(0)
F
i® _ 1ctgoF, (6)=0. @)

Pemaa 5T0 ypaBHeHHe, NOJYYHM
F,;(8)=C sin'6.
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3aMeTHM, YTO AJS KaxkJoro ! cyllleCTByeT OJHO peIUeHHe ypaBHe-
Hus (2). Vitak, Mbl HaLLIH, 4TO

Y, 0, ¢) =C sin’Beilo,

npHieM NoctosiHHAas C MoxkeT ObITb HafjeHa H3 YCJIOBHS HODMH-
poBkH. OctajbHble GYHKUHH Yim(n) MOryT GbIThb BBIYHCJEHH NG

dopmyae

1
Yl.m—l =

VITFm)y—mF1)
Mbl He 6yaeM MpojesblBaTb COOTBETCTBYIOIUHX BbIUHCJAeHHH., PYHK-

mHH Yim(n) Ha3bIBAalOT HOPMHPOBAHHBIMH ChEepHYECKHMH (YHK-
UHAMH [-ro nopsaka. JAns HHX MOXKeT GbITb MOJYYEHO BbIpaXeHiue

, B3] R a
—iof . 2 <z
e ( m +ictg0 a(p)Y,m.

im0, @) = =P (c0s ),

rae QyHKUIHH

T¥mr 2371 1 o= == gl=m (2 —1)
PT (w) = (t—m)r'\/ 2 ol (1—u)" > api=m

HOCAT Ha3BAHHe HOPMHMPOBAHHLIX MPHCOGAMHEHHBIX MONHHOMOB Jle-
Kanjpa.

Hrak, 6asuc HeanBOILPIMOI‘O NpeiCTaBJeHHS B TpPOCTPAHCTBE
L%(S?%) cocrout H3 cdepuueckuxX (GyHKUHH Y (n) mpH ¢HKCHpO-
BaHHOM [ H m = —I, —[+ 1, ..., [. TIpocrpancteo L2(S?%) conep-
KHUT TMOATPOCTPAHCTBA HEMPHBOJAHMBIX NPEACTaBJICHHHA BCeX HeyeT-
HHX pasMmepHocTelt 2{4 1 (/— uesoe) mo oanomy pasy. Teopema
O Pa3JIoXKEeHHH MPEeACTaBJEeHHS TPyNNbl BPalleHHH Ha HENPHBO/H-
Mble B JAaHHOM CJy4yae 3KBHBAJIeHTHA YTBEPXKAEHHIO O TMOJHOTE
cheprueckux ¢ynkuuii B L2(S?). Jliobas dyHkuns ¢ (n)e L2(S?)
MOKeT ObITb pa3jioKeHa B cxo;mumﬁcn pan

¥ (n)= Z Z CimY im (n). (3)

=0 mee~—|

BcnoMHHM, 4TO B mpocTpaHCTBe %Dy JeHCTBOBAIH HEMPHBOJH-
Mble TIPeACTABJEHHS KaK UYeTHBIX, TaK H HEUETHHIX pa3MepHocTefl.
[TpoctpanctBo %, MOXKHO NpeACTaBHTb B BHAE MPAMOH CYMMbl

DS DDy, rne D u D; — OPTOroHAJbIbIE MOAMPOCTPAHCTBA HeT-
HHX M HedeTHbIX (QyHKUMA cooTBeTcTBenno. B &, , kak u B L2(S?),
JdeACTBYIOT MpeACTaBJeHHS TOJbKO HEUETHHX pasMepHocTeil. JTo6oi

aNeMenT f(2) & D) moxker GbiTh npejcTaBieH B BHJe
El—mnl-l-n;

o0 !
2)= C . 4
1@ Z‘ ;, T ANT=m + m)! @
HCHO, 4YTO B3aHMHO-OJHO3HAYHOE COOTBETCTBHE

[ (@) <% (n)
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ycTanaBaHBAaeT H30MOPH3IM MeXK1y NMPOCTPaHCTBAMH D u L’ (SQ),
IPH KOTOPOM

gl-mnl+m

AT —=m){d + m)!
M];‘_"Lk, k= 1, 2, 3.

B sakaiouenHe storo maparpacda paccMOTPHM IIpelCTaBJeHHe
rpynnel BpalleHHH B mpoctpaHcTBe cocrosnufi L2(R%) = L2(S?Y)®
® L%(R*). [lyctb {f.(r)} — npousBosbumii 6asuc B L2(R+). Torpa
{fa(r)Yim(n)} — 6a3uc B npocrpancree L?(R?), u mo6asa dyHruus
P (x) = L2(R?) moxer ObITb pasjioxkeHa B pal

Y (n)r

o0 ]
PO=23 3 Coinfa()¥in(0, 9).

M3 sroii popmyan BuaHO, uTo L2(R3?) TaKKe MOXKeT GBITH pas-
JIOXKeHO (IpHYeM MHOTMMH croco6aMH) Ha MOANPOCTPAHCTBA, B KO-
TOPBIX JeHCTBYIOT HENPHBOAHMbBbIE MNpEeACTABJEHHA TPYNNb Bpalie-
Huil mopaxka (2/4 1), u Kaxpoe npencraeaeHHe D; BcTpeuaercs
6eckoHeuHOE yHCa0 pas. Jlo6oe H3 HHBAPHAHTHBIX MOANPOCTPAHCTB,
B KOTODHIX AeHCTByeT HeNMpPUBOJAHMOe NpejacTaBieHHe D), ecTb MHO-

!
*ecTBO GYHKUHMHA BHAA [(r) D, lCmY,m 6, @), rae f(r) = L2(RY).

m=—

§ 31. PanuanbHoe ypasHenue Llpeaunrepa

BepHeMcAa K H3YYeHHIO 3aJauH O JBHXKEHHH YaCTHUBI B IEHT-
paJabHOM ToJe. ByneM HCKaTb pelieHHs YpaBHEHHS

— o M+ V()b =E
HJIH, Henoab3ysl dopmyay (23.5),
~ g () F o b+ V(D b=Ev. (1)

Mpbl BHAesH, 4TO coO6cTBeHHBIE TMoAMpocTpaHcTBa onepartopa [lpe-
auHrepa H B ciayyae OTCYTCTBHS CAYYaHHBIX BHIPOXKIEHHH IOJKHBI
COBMajfiaTh C MOANMPOCTPAHCTBAMH HENPHBOJIHMBIX MpPeACTaBJEHHH
D, a npuH HaJHYHH CJY4YaHHBIX BHIPOXJEHHA SIBAATbCA NPAMOMH
CyMMoO#i TakKHX MOANPOCTPAaHCTB. JICHO, UTO BCe HE3aBHCHMBbIE COO-
CTBeHHBle (QYHKLUHH onepatopa’ H MOXHO NMOCTPOHTb, ecaH Mbl Oy-
JleM HCKaTb HX B BHJE

¥ (r, ) =R (r) Y, (n). 2

OTH GYHKUHH yXKe ABAAIOTCA COOCTBEHHBIMH (GYHKUHSIMH ome-
patopoB L2 u L

LA =1+ 1)V, Lyp = m,
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4 foTOMy ONMCHBAIOT COCTOSIHHA HYaCTHUH C ONpejleieHHHMH 3HA-
YeHHSIMH KBajpaTa MOMEHTa HMIyJbCa H €ro TPeTbed IPOeKLHH.
IMoncranoBka (2) B (1) maer Ham ypaBHeHHe Aas R;(r)

1 aJ
~ 2urf or

2 dRz(r) ) +

LR+ V () R ()= ER, (1),

BeejeM HOBYIO HEHW3BECTHYIO (DYHKLHIO
_ fi(n
R, (r)= -

¥ ypaBHEHHE A4 f;(r) OpHMeT BHA

1 a4

— g+ G VO =E. (3)

2ur?

STo ypaBHeHHe HOCHT Ha3BaHHe pajHajbHOro ypasHeHHs [llpeaun-
repa. O6paTuM BHHMaHHE Ha HEKOTOpble OCOO@HHOCTH YpPaBHeHHS
(3). IIpexne Bcero mapaMerp m He BXOAHT B ypaBHeHHe, (H3H-
4ECKH 3TO 03HAYAeT, YTO IHEPrus YaCTHIH He 3aBHCHUT OT MPOEKLHH

14

Puc. 7.

MOMeHTa Ha ocCb Xx3. Jlaa xaxkpaoro !/
noJiy4aeTcsi CBoe pajgHalbHOe ypaBHe-
Hue, CnekTp pasHaJibHOTO ypaBHeHHSA
Bcerja mpocrtoii (3T0 MOXKHO JOKa-
3aTh), MO3TOMY cAydaliHble BHPOXKe-
HHSl BO3MOXKHbI, eCJd ypaBHeHus (3)
C pa3sHHIMH [ HMeIOT OJIUHAKOBHE CO0-
CTBEHHBIE 3HAaYeHHS.

PangnanpHOoe ypaBHeHHe MO BHAY
coBnajgaer ¢ ypasHenueM [llpenun-
repa aJs OAHOMEDHOH YaCTHUH

— o T+ Ve =E¥,

eCJIH BBeCTH TaK Ha3biBaeMblll 3ddex-
THBHBIH MOTeHIHAJ

V=V +255L o

Ectb, onnako, onHo cymecrBenHoe orauyue. Oynkuus P (x) ompe-
nenesa Ha R, a fi(r) ma R*¥, nostoMy paauanbHoe ypaBHeHHe
JKBHBaJICHTHO OAHOMEPHOMY ypaBHeHHIO [llpeaunrepa s 3apauu
¢ noteHuxanoM V(x) mpu ycaoBHH, 4TO V(x) == 00 mpu x << 0.

Ha puc. 7 nzo6paxenn rpaduku QyHKUMHA V(r) LD/ (2nr?)
u Vsg(r). B radecrBe V(r) B3AT KyJOHOBCKHH NOTEHLHAJ MPUTS-
KeHusi —afr (o > 0).
Buipaxkenue [(I+ 1)/(2ur?) moxer OHTH HCTOJKOBAHO Kak
MOTeHUHaJ OTTAaJKHBAHHS, BO3HHKAIOUMH 3a CueT LEHTPOGEeKHON
cunel. TlosToMy 3T0 BHpaxeHHe OOHIYHO Ha3HLIBAIOT LEHTPOGEKHBIM
MOTEHI[HAJIOM.
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B KBaHTOBO# MeXaHHKe NMPHXOAHTCS pelliaThb 3afiauft ¢ CAMLIMH
pa3HuHbBIMH noreHuuasnamu V(r). Haubosee BaKHBIMH M3 HHX,
NO-BHAHMOMY, ABJSIOTCA KYJOHOBCKHMH noteHuuana V(r) = a/r, onu-

CbIBAIOLIHI B3auMOAeHCTBHE 3apsiXKeHHLIX YacTHL, H IOTEHLHAJ
Y

IOkaBu V(r)=g

(hH3HKe.

OO6bIlYHO pacCMaTpHBAIOTCA MNOTEHIIHAJBl, KOTOpble mnpu r—0
MeHee CHHI'YJSpHBb, ueM 1/r2¢ (¢ > 0). B 3aBucuMOCTH OT mnoBe-
IEeHUsl Npu r-—>»oo yoOnBawouue (V(r)—>0) noreHuuasbl AeasaTCs
Ha KopoTKogeHctByioue V(r)=o (1/r**¢), ¢ >0 u panapHomell-
CTBYIOLLHE, KOTOPble 3TOMY YCJIOBHIO HE YJO0BJIETBOPSIOT. [Toren-
unan lOkaBu siBAsieTcs KOPOTKOAGHETBYIOUIHM MOTEHIHAIOM, a KY-
JIOHOBCKHH NOTEHUHAJ — AaabHoAeHCcTBYIOWHM. CHnekTp paaHalb-
HOTO oNeparopa Hlpezmm‘epa

Hi=—ar + 30 v (n=1)

XOpOLIO H3yuYeH 115 BecbMa LIMPOKOIo Kjaacca NMOTeHIuasoB. B cay-
Yae pacTyulero noreHuxdana V{(r)-»oo NpH r-> oo CHEKTP HHCTO
ToueuHBIH mpocTolt. B cayuae yOriBaloulero MoTeHLHaJsa HHTEPBaJ
0 << E << oo 3amoJiHeH HeNpepblBHBIM CHEKTPOM, OTPHLATEJNbHbIH
CIEeKTP AUCKpeTHBIH. [/ KOPOTKOAEHCTBYIOUIErO NOTEHLUHAJa IO-
JIOXKMUTEJNbHBIH CIHEKTP MPOCTOH, HENpepulBHLIA, a8 OTpHLATEbHLIH
COCTOHT H3 KOHEUHOI'0 YMCJa COOGCTBEHHBIX 3HAUEHHH.

[TpuBenem npoctoie coobpakeHHs, MO3BOJSAIOUIHE NIOHATL OCHOB-
Hble ocoGeHHOCTH crmekTpa H;. JJas 3TOro mocMOTpHM, KaK BelyT
cebs1 pellleHHs pajHaJbHOTO YpaBHeHHs NpH r—0 H r—> oco. Ecau
Npu r —> oo npeHebpeub YieHOM V., B paiHaJbHOM yPaBHEHHH, TO
OHO cBeleTcs K

»  KOTOPBIH 4acTO HCIOJNb3yeTcs B sAepHOH

|
— %W fr + Ef1=0.

[Mpu E > 0 370 ypaBHeHHe HMeeT 1Ba JHHEHHO-HE3aBHCHMBIX pe-
meHus e~k u ekt k2 =2uLk >0, k> 0. [Ipu E < 0 auHeiiHo-
He3aBHCUMble PEelIeHHs] UMEIOT BUA e~ * u e, x*= —2uE >0,
% > 0.

B cnyuae r—> 0 MOXHO HalesTbCs, YTO MBI MOJYUHM MPaBHJb
HOe TOBejleHHe pelIeHHH paaHaJbHOTO YpaBHEHHS, €CJH B 3TOM
ypaBHEHHH H3 UYJIEHOB JHHEHHBIX MO f; ocTaBUM HauboJee CHHIy-

(! 1
Wb

JISIpHBIA TOTAa

o

” 1{{+1
i (+)]c

9To ypaBHeHHe HMeeT [Ba JHHEHHO-HE3aBUCHMBIX pelenus r—
u it

Tenepb MOCMOTPUM, KaKHe YCJIOBUS Pa3yMHO HaJOXHTh Ha pellle-
HHSI paluajbHOro ypaBHeHHS. Hac HHTepecyloT pemienusi ypaBHEHHS
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lif penuurepa 1b(x)=f’r—(r)Y,m(n).'d>yHKuHH P(x) mOMKHB 6HTH

HenpepblBHBIMH B - R® W J1HG0 KBaJpaTHYHO HHTETPHPYEMBIMH,
JH60 OrpaHHYeHHbIMH BO BCeM MNpocTpaHcTBe. B nepBom cayuae
OHH ABJAIOTCA COOCTBEHHHIMH (YHKUHAMH B OOBIYHOM CMbIC]IE
€J10Ba, a BO BTOPOM — ¢ HX NOMOLIbI0 MOXKeT GbITh OMHCAH Hempe-
PBIBHBIH CHEKTP.

M3 nenpepniBHOCTH ¢ (x) caenyer ycaosue f;(0)= 0. [Tostomy
HHTepecC MpeACTaB/sAeT TONbKO TakKoe pellleHHe pajHaJ/JbHOTO ypaB-
HEHHA, KOTopoe npu r—>0 Bemer cebs, kak Critl. 3rto ycnoBue
onpenenaseT f;(r) ¢ TOYHOCTBIO N0 YHCJAEHHOro MHOXHTens. anee
npu E <C 0 Mbl I0JKHH HalTH peuieHHe [;(r), KOTOpoe NPH r—» 00
BefeT cebsi, kak Ce™ (B NpPOTHBHOM cJaydae peuienHe Oyner He-
orpannyeHnbiM). [Ipn nponsBojbHOM oTpHLATEJbHOM £ 3TH yCJ0-
BHSl OKa3blBalOTCsl HeCOBMecTHbIMH., Te 3HaueHHs E, A KOTOpHIX
yaaercs NOCTPOHTb pelieHHe, HMeKollee NPaBHJIbHOE MNOBEJAEHHE
B HyJe H Ha GeCKOHEYHOCTH, H eCTb COOCTBEHHblE 3HAYEHHS,

[Ipn mo6om E > 0 peurenne f;(r) ABAAETCA OrPaHHYEHHBIM, IO-
3TOMY JAOCTaTOYHO, YTOOB OHO HMeJ0 MNpaBHJAbHOE I[OBEJeHHE
B Hyne. Cnektp npu £ > 0 — HenpepbiBHBIA,

CoGcTBeHHbBIe (QYHKUHH AHCKPETHOrO CNEKTPa OMNHCHIBAIOT dac-
THLY, JIOKaJH30BAHHYIO B OKPECTHOCTH CHJIOBOrO LEHTpa, T. €. CO-
OTBETCTBYIOT (DHHHTHOMY naBHxKeHHI0. [IpH nomouin coGCTBEHHRIX
({YHKUHE - HeMpPepBIBHOrO CHEKTpa MOTYT ObITb ONMHCaHbI COCTOSIHHSA,
B KOTOPHIX [BH)KC€HHE YaCTHUH SIBASAETCH HH(OHHHTHBIM.

Cob6cTBeHHble  (YHKLUHH =~ AHCKPETHOTO CHEKTPa PaAHaJbHOrO
ypaBHeHHS! Mbl OyzeM o6Go3HauaTb uepe3 f[r(r), Ile HHAEKCOM R
HyMepyloTcsi coOCTBeHHble 3HaueHHs! Ep; YpaBHEHHs NpPH AaHHOM [,

Hifpr = Epifuse

Co6cTBeHHbIe DYHKUHH HelNpephiBHOTO CHEKTPa, COOTBETCTBYIO-
e sHeprud E, 6ynem o6osnauaTh uepes [

Hlel=EfEl-
Jlns 1HpPOKOro Kjaacca MOTEHLHANOB J0Ka3aHa MOJHOTA CHs
cteMbl GyHKUHE {fe;, fei} Ana kaxaoro /=0, 1, 2, ... D10 3Ha-

YHT, YTO AJA NpPOH3BOJAbHOH ¢yHKuuH * f(r)e L%(0, 00) cnpasen-
JHBO NpeACTaBJ/ICHHE:

F) =Y Cifw () + { C(E) Far (1) E,
k 0

oo

rze o=\ 10Tt ar, c B)={ 1) e ) ar.

0

* Uepes L2(0, 00) Mu 0603HaYHAH NPOCTPAHCTHO KBAAPATHUHO HHTErPHpYyE-
Mbeix QyHkuuit (6e3 Beca r?) Ha R+, Ecau | & L?(0, o), TO R=—r— e L2(RY).
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BepHeMc;l K TpexMepHOH 3apnade. PyHKLIHH nncxpemoro CMeKTpa
HMeEIOT BHJ

4 Vi (0) =1Ly, ()

H KPaTHOCTb COGCTBeHHOro 3HaueHHs Ep paBHa 2/ 41 (mpu orcyr-
CTBHH CaydafiHBIX BBIpOXJeHHI). JInA COOCTBEHHBIX (QYHKUHH HE-
NpEepPLIBHOrO CMEKTpa HMeeM

fF,()

Ve, = Yy (n).

KpaTHOCTb HemnpephIBHOrO CNeKTpa GecKoHeuHas, TaK KaK JJsi Tpo-
usposbHoro E >> 0 ecThb pemeHHs pajfHaJbHbIX YpaBHEHHH TpH
Bcex [ H, kpoMe Toro, m = —[, —[ 41,

ITapaMerpu &, [ H m, KOTOpHIe ONnpefeasioT coO6CcTBeHHBIE GYHK-
IIMH TOUEUHOro CIHeKTpa, HA3hBAIOTCH pafgHaJbHEIM, OpGHTAJIbHBIM
H MAarHUTHBIM KBaHTOBBIMH YHCJAMH COOTBETCTBEHHO. DTH HA3BaHHSA
MosiBHJHCh B cTapoft KBaHToBOfi TeopuH Bopa — 3oMMepdennba,
B KOTOPOH KaXJOMYy JONYyCTHMOMY 3HAYEHHIO 3HEPrHH COOTBETCTBO-
BaJla ONpejeJieHHass KJaaccHueckass opOuTa (MM HEeCKOJBKO TaKHX
opbur). Uucna %k u [ onpepensnun pasMepsl H ¢dopMy OpGHTHI,
a YHCJIO M — OPHEHTAllHI0 TMJOCKOCTH OPGHTH B TNpPOCTPAaHCTBE.
Uxcio m Mrpaer CyUECTBEHHYIO pOJIb B MACHHUTHBIX $IBJEHHSAX,
aTHM OObSICHSIETCA ero Ha3BaHMHe,

U3 nosanotsl cHcteMbl GYHKUMA {fz, fei} B L2(0, 00) caenyer
noaHoTa CHCTeMB {Ywim(X), Yem (X)} B L%(R3). g KpaTkocTH
3aMHCH PacCMOTPHM cJydafl, Korga ToueuHbl cnekTp y onepatopa H
orcyTeTByer. B 3ToM ciyyae mnpoHsBoJbHAs QYHKUHA P (X) S
e L?(R3®) moxetr GbITh l'[peILCTaBJIeHa B BHJe

oo

Px=) Z { Cum () i (x) dE.
[\]

l=0m=—|

SlcHo, uTto 1 oOmpejensieTcss MOCJeAOBATEIbHOCTBIO (YHKUMHA
{Cim(E)}, nosTOMY MBI MOJIy4aeM NpejCTaBJeHHe

"'p «> {Clm (E)}

B MPOCTPAHCTBe NMOCJAef0BaTeNbHOCTeR QYHKUHI.
CkaJysipHOe TNPOH3BEJEHHE B 3TOM TPOCTPAHCTBE 3anaerca Qop-
MyJoH ’

(1, %)—Z Z S csh (E)c‘” (E) dE.
=0 m=-10

M3 Toro dakra, 4to Prm(x) ecTb cobcTBeHHAss (YHKIIHS OmepaTo-
poB H, L? u Ls, nerko mMOHATh, YTO B MOCTPOEHHOM MpeCTaBaEHHH
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onepatopul H, L? u L3 neficTBylor cienylomuM o6pasom:
Hclm (E) = EClm (E)r ‘
LC1 (E)=1(+4 1) C1n (E)s (5)
LsCypn (E) = mCipm (E).

[TosToMy MOCTpPOEHHOe MpeiCTaBJieHHe ABJAAETCH COOCTBEHHBIM MJIS

Tpex KoMMmytupylomux omeparopoB H, L? u Li (YpaBHenus ()
He cJefyeT NyTaTh ¢ YPaBHEHHSAMH JJf COOGCTBEHHBIX BEKTOPOB.)

§ 32. Atom BonOpona. ATOMB WIENOYHBIX METANN0B

Atom Bomoposa mpeacraBager coboil CBA3aHHOE COCTOSIHHE MO-
JIOKHTEJbHO 38DSIKEHHOTO -SPa C 3apAJOM € H 3JeKTPOHA ¢ 3a-
pagoM —e (e > 0— abconoTHAs BeJHYHHA 3apsAjfa 3JeKTPoHa).
[TlosToMy noreHunaa V(r) uMeer BHJ

V(i)=——
Mubl paccMoTpuM 3amadyy o ABHXKEHHH B MoJe
Zet
Takolf noTeHuuas] COOTBETCTBYeT aTOMY Bojmopoxaa npu Z = | u Bo-
nopoponono6HuM nonam Het, Lit+, ... npu Z =2, 3, ... Onepa-
top lllpeanHrepa B KOODAMHATHOM INpeJCTaBJEeHHH HMeeT BHJ
HemmlA 22
i r

rae p = mM/(m 4 M)— npuBenenHas macca, a m u M —Macch
3JeKTpPOHA W fKpa COOTBeTCTBeHHO. 3ajmauy OymeM pellaTh B TakK
Ha3LBaeMON aTOMHOH cHCTeMe eJIHHHI, B KOoTopol h=1, u=1,
e?=1. Torma paanaiabHoe ypaBHeHue lllpennnrepa mnpuHHMaer
BHA

SO+ 2 g,

Mpl OyneM HHTepPecOBaTLCA MHCKPETHHIM CIEKTPOM, MO3TOMY
paccmotpuM cayualt E << 0. ¥nob6uo obosnaunts —2E = %% Torna

2y _LCrDyg g, —o. 1)

anBeﬂeHHBle B NpenbiylueM naparpade coobpaxkeHusa o nose-
JIEeHHH pelieHHd npu r—>0 H 7->» 0o MOACKA3HBAIOT, YTO pelleHHe
ynoOHO HCKAaTh B BHIeE

fi(ry=ri*le= A (r). (2
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Ecau Mbpl cymeeM HalTH A;(r), NPeACTAaBHMYIO CXOASIIIHMCSI CTe-
NEeHHBIM DSAOM

A= Tt 3

¢ ag 5= 0, Takylo, uto f;(r) ynosaereopsier (1), to Gyamer obecne-
YeHO H MpaBH/IbHOe NoBeneHHe [;(r) mnpn r->0. [Tosenenue f;(r)
npH r — oo, KOHeyHo, OyJpeT 3aBHCETb OT ACHMOTOTHKH (YHKIIHH
Ai(r) npu r— oo.

[ToacranoBky (2) B ypaBHenue (1) ymobHo cmenatb B JBa
npruema. Broas odyukiuio g

f — e—-urg’

Pr=em (g — g + g"),
HMeeMm

” P 2Z 1{+1
g — g+ g LD oo
Hausee, nojsaras
g=ritiA,
g =r (AR 48,

g”=r"+‘(l(l-|;21)A + 2(+ 1A -}—A”),

r

NOJTYUHM
p 2 1 ’ 2Z 2u(l +1
VEWEIESINEPRYYRE- A TEIR P

HueMm pemeHHe 3TOrO YpaBHeHHsI B Buje psiga (3)

3 i [i(— 1) =2 4 2 (1 1) irt =2 — 2inri=1 - (2 — 2 — 2 ri=1] =0,

{=0

CuenaeM 3aMeHy 3HaykKa CyMMHpoOBaHHs {->i{-+ 1 B NepBBIX ABYX
cJaraeMbiX B KBajpaTHOH CKoOKe, TOrza

3 i @l i 20+ 1) A+ Dl — ey 26+ 14 1) — 22} =0,

[IpupaBuuBas Koa(hPHULHEHTH Npi CTENEHSX r, MOJYYHM

o i+l =2
41 =2 G+DGrar & 4

[lo npusnaky [lanambepa BHAHO, YTO PSIA CXOMHUTCS NIPH BCex r.
OuennM noBejieHHe psila ¢ KO3(QpUIHeHTaMH, onpeleasieMbiMu (4)
npH GOJbIIHX r. ACHMINTOTHKA HDH r —» 00, KOHEYHO, OTpeae/siercs
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ko3¢ duuHeHTaMu npyu GOJBIIKX CTENEHS X, HO TOraa
~ 2
Qi1 & 77 @
2x)!
T. €. a; e C -(l_‘)
H A=z Ce?r,
TakuM oGpazoMm, Ans pelleHHs f; MpH r~> 00 HOJNYUHM
fl oz Crlitlenr,

(Pasymeercs,, NpHBeIEeHHOe pacCyXJAeHHe MOXKHO Oblio Ol che-
Jaatb 6oJiee TOUHBIM.)

Mpbl BUAHM, 4TO pellleHHe paAHaJbHOrO ypaBHEHHS, HMelolee
npaBHJIbHOE MOBeJeHHe MNpH r—> 0, 3KCIOHEHLHAJbHO BO3pacTaer
npu r-—>oo. U3 dopmyanl (4) BHOHO, OAHAKO, 4TO CYIIECTBYIOT
TakKHe 3HauyeHHs %, 4To paA Oyner o6GpHIBATBCS Ha HEKOTOPOM
uneHe. B stoM cayyae ¢yHKmHs A; oKaxKercs MHOrouJeHOM, a pe-
wenxe f;(r) Gyner KBajpaTHYHO HHTerpupyempiM. O60O3HAYHM Yye-
pe3 k HOoMep crapiuero Ko3¢$pQHLUHEHTa, OTIIHYHOrO OT HYyJs, T. €.
a.#*0, appy =0, k=0, 1, 2, ... U3 (1) BugHO, 4TO 3TO BO3-
MOIKHO, eCJH

o Z
=Xl = F T F 1
N3z popmyan —2F = #2 nonyuaem
ZZ
Ev==swFrrir ©

ITapamerp k sABJsieTCs BBEJEHHLIM paHee pajHAJILHBIM KBAaHTO-
BHIM 4YHCJOM. MBI BHIHM, YTO COOCTBeHHBIe 3HaueHHa Ey; 3aBHCAT
TOJLKO OT n =k + [~ 1. 310 uHcAO HAa3LIBaeTcs IJaBHLIM KBaH-

TOBBLIM 4HcJOM. Bemomumas, uto k=0, 1,2, ...ul=0, 1, 2, ...,
noaygaem: n=1, 2, 3, ... [anee npu 3afaHHOM n KBaHTOBOe
uncyo [ MOXeT MpHHUMaTh 3Hauenus 0,1,2, ..., n—1,

HUrak, Mb NOAYy4YHJH cJaeldyloljHe pe3yabraTthl. s coGcTBeH-
HbiX 3HaueHu# E cnpaBennuBa ¢opmysa

ZZ

En=—5pr> ©)
a co6cTBeHHble (PYHKLHH HMeEIOT BHJA
Patm=r'e”" At ()Y 1 O, @), ()

rae A, — MHOrouwJeH cremneHH n—I!— 1, Ko3ppHLUHEHTE KOTOpOro
HaxoasaTcs no dopmyne (4), ap— U3 YCJAOBHS HOPMHPOBKH. MBI
BHJHM, YTO YHCJO COOCTBEHHBLIX 3HaueHHH OeCKOHeYHO H HMeer
Touky crymenusi £ = 0. Herpynro omnpejpeqHuTb KpaTHOCTb COG-
CTBeHHOro 3HaueHus L, Kaxaomy E, cOOTBeTCTBYIOT cOGCTBeHHBIE
GYHRUHH Ynym, pasiHyaroliiecs KBAHTOBBIMH YHCJaMH [ H m, TpH~
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yeM [ =0, 1,2, ..., n—1,am=—I, —Il41, ..., [. Ias kpa1-

HOCTH ¢ TNOJYYHM
n—1

g= 2, (2l —)=n
=0
KpaTHocTh COGCTBEHHBIX 3HAUEHUH I/ KYJOHOBCKOTO TMOJSI OKa3bi-
Baercs GoJblieii, yeM B o0IIeM cJaydae UEHTPaJbHOTO TMOJS, HMEET
MeCTO JOMOJHHTENbHOE BHIPOXAEHHe 1o [, Mbl yxe ynoMHHAJH,
4TO 3TO «CJAy4YaiiHOe» BLIPOXKAEHHE O0DbACHAETCA HaaHuHeM GoJee
6oratoli, ueM SO (3) rpynnst cuMMetpuu y onepatopa lllpeaunrepa
J18 atoMa BoJopona.

TlocmMoTpuM Temepb, Kakyio ¢GH3HUecKylo HHGOpMaUHIO jaer
HamM pelreHue ypaBHenus Illpeaunrepa ans atoma Bomopoja.
Tlpexze Bcero Mbl HamH JAONYCTHMBIE 3HAUEHUS SHEPrHH, KOTOpHE
pPa3yMHO TPHBeCTH B OOBIUHBIX eAHHHLAX. [Jf 3TOro J0CTATOYHO
YMHOXHTb BbipaxeHue (6) mas £, Ha aTOMHYIO €IHHHIY 3HEprHH,
paBHYIO

%‘4—=4,36 107" 3pr = 27,21 3B.

Bynem cuurath, uto Z=1, T. e. pacCMOTPUM aTOM BOZOpOAA,
Toraa
_ ___he!
En= =2 ®)
Hns 3HepruM OCHOBHOrO COCTOSHHS aToMa Bofopoma (n = 1)
uMeeM

Ei=— 2 — 136 5B.

A6conoTHas BelMUYMHA 3TOH 3HEPTUH Ha3biBaeTCAd MOTEHIHAJIOM
HOHH3AIMH WJM SHeprHedl CBA3H 3JeKTPOHA B aTOMe M paBHa .pa-
60Te, KOTOPYIO HYXKHO COBEpPHIHTb, YTOGH BEIPBATb 3JEKTPOH H3
aToma.

®opmyaa (8) no3BosisgeT BHIUUCAHTH YACTOTH CNEKTPAJbHBIX JIH-
Huit atoMa Bomopoaa. KBaHToBas 3JeKTpOANHAMHKA MOATBEPIKAAET
runote3y Bopa o ToM, UTO 4acTOTa CHEKTPaJbHOH JHHUK Ompene-
Jasercs no Gopmyne

Wy = Ey — Epy  Ep > Ep,

NpHYEM HMeeT MeCTO TOrJOLIEHHE CBETOBOrO KBaHTA, €CJH aToM
MepeXoJHT H3 COCTOSTHHS ¢ MeHblUel 5HeprHell B cocToAHHe ¢ 60Jb-
el 3Hepruedl U H3JydyeHHe NpPH 06pPaTHOM mepexome *,

* CreKTp mMOTVIOUleHHsT (TEMHHBle JHHHH Ha SIPKOM . GOHe) BO3HHKAaeT, eC/H
CBETOBO MOTOK HENpPEePHIBHOrO CIeKTPa MPOXOAHT dHepes . cpely,  ColepKallyio
atoMapuuii BoaopoA. JIHHEM MOTJIOUlEHHS HaGAIOAAIOTCS B 3Be3AHBIX CIEKTPax.
JlunefiuaThiil CeKTp HaaydeHHst 6yleT HabAOAATLCS, HAMPHMED, ecAH B cpele C
ATCMAapHHIM BOAOPOJAOM NMPOHCXOJAHT 3JEKTPHUeCKHIT paspsta. -Toraa aToMbl BOJAO-
poaa moa AelicTBHeM 3/1eKTPOHHHX YAapoB GyAYT NMepexXoAnTb B BO36YK/eHHLIE
COCTOSTHHSI. pepexonbl HA YPOBHH C MeHbluefl IHepruefl NMPHBELYT K NOABACHHIO
APKHX JUHHH, )
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Jng 4acToT cnekTpasibHBIX JIHHHE HMeeT Mecro (opmyJaa
pet ¢ 1 i
mm,‘=—2?(—————— . n<m. 9)

dra ¢dopmyna HasbiBaerca Gopmynol Baabmepa u 6blia OTKDHITA
HM UHCTO 3MIIHPHUYECKH 3aJ0Jr0 KO CO3JaHHS KBAHTOBOH MeXaHMKH.

OGpaTuM BHHMaHHe Ha 3aBHCHMOCTb YaCTOT ®Wm, OT IPHBEJEH-
HOR Macchl n. B npupoje cyllecTByeT ABe DasHOBHAHOCTH BOJO-
pona: o6uiuHbi Bogopox H, aapom KoToporo sBasfercsd NPOTOH

£ ; /
0 // % ‘
- 1L n=3
Cepun Nawena
- _81_ L ' n=2
Cepus Ganomepa
-% ne=1

Cépus Jlaimana

Puc. 8.

¢ maccofi M = 1836m (m — Macca 3/JeKTpoHa) U B HebGOJbIIOM
KOJHUeCTBe TAXKENbIA BOJOPOX — meliTepuii D, A1po KOTOPOro BaBoe
Taxkenee nporona. Mcnoabays dopmyny p = mM/(m -+ M), nerko
COCUHTaTb, YTO pp/pu = 1,000272, T. e. npHBeJeHHble MAcCChl OUEHb
6ausku. TeM He MeHee -TOUHOCTb CHEKTPOCKONHYECKHX H3MepeHHil
(ANMHBI BOJIH H3MepPAWT C TOUHOCTbIO B 7—8 3Hauauwux uudp)
M03BONIAET HAJEKHO H3MEPHUTh OTHOWEHHe ®p/ou AN COOTBET-
CTBYIOWIfIX ~JIHHUH, DTO OTHOLIeHHe TOJYYaeTCs TOXKe paBHLIM
1,000272 (a1 HEKOTOPHIX JIMHHH BO3MOXKHO pacXoXKAeHHE B II0-
cnenHeM 3Hake). BooG6lle TeopeTHUeCKH BbIYHCJEHHble MO (GopMyne
(9) wu - skcrepUMEHTaJbHbIE ~ 3HAYEHHA  YACTOT COBMNAJAIOT € TOY-
HocTh!0 B D 3pauanmx uadp. Mmewiuuecs pacxoxiaeHus, 0AHAKO,
MOTYT GHiTh. yCTPAHEHBl, ec/i. YYeCTh PesSITHBHCTCKHE IONpPaBKH.
Hapsany ¢ nepexomamu -MeXAy CTaUHOHAPHBIMH COCTOSHHAMH
JHCKPETHOr'O CNEKTPa BO3MOXKHBEI TMepexojbl H3 JHCKPETHOT 0 ceKTpa
B HenpephiBHbI H obpaTHble Nepexoibl; (DH3HUECKH OHH COOTBET-
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CTBYIOT NpoueccaM HOHH3aULHH H peKoMOHHAUMH (3aXBaTa 3JieK-
TpoHAa AApoM). B 3THX cayuasix HaGaiofaeTcss HeNpepHBHBIH CNEKTp
MOTJIOLEHHS WM H3NYUEeHHSA *.

ChekTpa/nbHBIe JIHHHH BOJOpPOJA HAa CIEKTPOrpaMMax TpyImH-
pyIOTCS B CEpHH, COOTBETCTBYIOLIHE ONpeleJeHHOMY 3HAYEHHIO 7
B -popmyne (9) u m=n+41, n+42, ... Heckonbkum mnepBEIM
cepusiM NPHCBOEHH HMeHa: cepus Jlaiimana (n = 1), cepus Bajb-
Mepa (n=2), cepus [lawena (n==23). JIunun cepuii JlatiMmana
JneXaT B yAbTPa(duONETOBOH UacTH CNEKTpa, NepBble UeThIpe JHHHH
cepun BanbMepa B BHAMMOR YacCTH CIeKTpa, JHHHH cepuH [lawena
H TocJeAyloulHX cepHi B HH}paKpacHOH uyacTH cnekrpa. K KoHuy
KaXJ0# CepHH JHHHH CTYWAITCA K TaK Ha3bBaeMoOil TpaHHIe ce-
pHH, 33 KOTOpPOH HAYHHAeTCH HeNpepLIBHBIH CIEKTPp.

Ha puc. 8 ropHsoHTaNbHEIMH JHIHAMH H306paKeHbl 3HEPreTH-
yeCKHe YPOBHH aTOMa BOJOPOZAA, a BepPTHKAJbHHIMH OTpe3KaMH —
BO3MOXKHBIE NEpPEeXOJbl MeXJy HHMH. 3alITpHxoBaHa o6JacTb He-
NPEPEIBHOTO CNEKTPA.

Ha puc. 9 cxemaTHyHo H306paxeH BHJA CIHEKTPaJbHOH CepHH,
NYHKTHPOM H300pazkeHa IpaHHIa CepHH.

BaXHbIMH XapaKTEPHCTHKAMH AaTOMOB SBJSIOTCS BEPOSITHOCTH
epexofioB MeXay cocToAHHAMH. OT BeposTHOCTeH NepexoloB 3a-
BHUCSIT HHTEHCHBHOCTH CcHeKTpanbHbx JauHuil, [lepexoabn OwBiBaroT
CIIOHTaHHble (CaMONpPOH3BOJIbHHIE) C BEPXHETO YPOBHSI HAa HHIKHHH
C H3JyYeHHEM KBAHTA, BBIHYXKJAEHHHE (NMOJA JNeHCTBHEM CBETOBOrO
MOTOKa) H, HaKOHell, NepeXo/bl 34 CUYeT CTOJKHOBEHHH C 3apsiKeH-
HHMH YacTHUAMH. POpMyJbl AJs BHUYHCJIEHHS BepOSITHOCTEH CIOH-
TAHHBIX H BRIHYKJEHHHIX NEepeXOJIOB JlaeT KBAaHTOBas 3JIeKTPOJHHA-
MHKa, Mepexoibl 3a CYeT CTOJKHOBEHHH H3YJaloTCi B KBaHTOBOH
TeOpUH paccessHHA. s BHIYHC/JEHHS BCEeX 3THX XapaKTePHCTHK
HeoOXOMHMO  3HaHHe  BOJIHOBBIX
dyuknui. KpoMe Toro, 3Hanue BOJI-
HOBbIX (DYHKIMI JaeT BO3MOXKHOCTb
CYAHTb O  pa3Mepax AaTOMOB,
pacmpejiefieHHH 3apsAja B aToMe
H paxe o ¢opMe aroma. Hamo- Puc. 9.

MHHM, uT0o | (X) |2 ecTb NnIOTHOCTD
¢byHKOHE ~ pacnpejesieHHs  KoOOp-
punat. Ilox pasMepoM atoMa MOHHMAlOT pa3Mmep TOH ofJacth,
B KoTopo# |¢(x)|? He sBasieTcs NpeHeOpexHMO MaJgo#. flcHoO, uToO
pa3Mep atoMa — MOHATHe YCJOBHOE.

PaccMoTpuM s mpHMepa OCHOBHOE COCTOSHHE aTOMa BOJO-
pona - (n=1, (=0, m=0). YuurmBas, uto Yopo(n)= consi,
»i==1, no dopmyne (7) moayuum

Yoo (X) = Ce—".

* CnoBo «CIIEKTP» 34eChb HCIOJb3YeTCA B ABYX CMBICJAX: CIOEKTp oleparcpa
H AONYCTHMBIE 3HAYEHHST 4ACTOTHI 3JeKTPOMArHUTHOIO H3JIYyYeHHS.
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V3 ycaoBUsS HOpMHPOBKH HaXOAHM MOCTOstHHYIO C:

f1opax=icpane-rrar=|cpa=1,
R® 0

otkyna C= 1/4/5 H |
Y100 (X) = = e-’,

Jlerko MoHATH, YTO
0 (r)=4n| bigo (r) P r* = de=2r?

ecTh IJIOTHOCTh (YHKUMH pacnpefeseHds KoopauHatu r. ['pacux
aToit GYHKUHM U306paxeH Ha puc. 10. MakcuMyM p(r) mocruraetcs
npu ro=1, 1. e. ro = 1— Haubonee

BEPOSTHOE pACCTOsIHHE 3JIEKTpoHa OT 4 p(7)

sapa., B OOBIUHBIX eJHHHUAX ro=
= h?/ue? = 0,5629-10-8 cM. Hurepec-
HO OTMETHTH, UYTO 3TO YHCJIO COBMAMAET
¢ paauycoM nepBofi 60poBckoll OpOH-
TH. MB BHAMM, UTO pasMephl aTOMa
BOJOpOJA MMeIOT nopsifok 10-8 cm.

[Tox naoTHOCTBIO 3apsiia B aTOMe
MOHUMAIOT  BeAWYHHY —e|P(x) |3
T. €. CYMTAlT, YTO 3JIEKTPOH .32
cuer OBICTPOrO  JBHUXKEHHS  OKOJIO
aapa Kak Obl pasMuiBaercs no o6beMy atoMa, o6pasys 3JeKTpOH-
HOe o6JakKo,

Hagkoneu, Bua ¢ynkuuu (7) nokaseiBaer, 4to npu [ 0 nior-
"HOCTh pacrnpejesieHUss KOOPAHHAT He fABJAseTCH CHEepHUYECKH CHM-
MeTpHYHOH. 3aBHCHMOCTb 3TOll [MJIOTHOCTH OT YIJOB [03BOJSET
roBOpUTh O (popMe aTOMa B PasJIHYHBIX COCTOSTHHSX.

B 3stoM Xe maparpacde Mbl pacCMOTPHM NPOCTYIO MOJeJb aTo-
MOB L€JIOYHBIX METaJJIOB, OCHOBAHHYIO HA NpeANOJIOMEeHHH, UTO HX
ONTHYECKHE CBOIICTBA OODBACHSIOTCS ABHMKEHHEM BaJIEHTHOTO 3JeK-
TPpOHAa B HEKOTOpOM HeHTpajsbHOM mnoje V(r). [lotenuuan V(r)
MOXKHO 3aMHCaTh B BUAE CYMMBI ABYX CjaraeMbiX

Al e e

Puc. 10.

Vin=—Z+Vi0),

rge mnepBoe cJaraeMoe ONHCHIBAaeT B3aHMOJEHCTBHE 3JIEKTPOHA
c sapoM, a Vi(r) MoxeT ObITb HCTOJIKOBAH KaK MOTEHIHaJ B3aHMO-
IefiCTBHS 3JIEKTPOHA C pacrnpejie/ieHHBIM Mo 00beMy aToMa OTpHIa-
TeJbHBIM 3apSiIOM OCTaJIbHBIX 3JIeKTPOHOB. Pa3yMHOCTb Tako#
MOJeJH HMEHHO JJIsT aTOMOB IIeJIOUHBIX METaJJIOB CTAHET MOHSTHOM
TOJBKO [OCJIe TOr0, KaK Mbl MO3HAKOMHMCS CO CBOHCTBAMH CJIOXK-
HbIX aTOMOB H Tabuuuefi MeHpeneena,
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O norenuuane V(r) Mb 3HaeM OYeHb MaJjio, HO BCE Ke MOXKHO
YTBEPXKAaTb, YTO

V(r)g——rl— npH r—» oo

" V(r)z—% npu r—0.

[TepBoe ycsioBHe cyiefyeT H3 TOro oueBHAHOro ¢akTa, 4TO NMpH yaa-
JIHHH BaJIEHTHOTO 3JIeKTpOoHa Ha O6eCKOHEUYHOCTh OH OKa3hiBaercd
B IoJie MOJOXHTEJBHOIO OJHO3apsaAHOro HOHAa. BTopoe ycaosue
BLITEKAeT H3 HeNPepLIBHOCTH NoTeHuHana oO6beMHOro pacrpejese-
Husa 3apsagos Vy(r).

B KayecTBe MOJENBHOrO NMOTEHIIHAJNA MH BhiGepeM

Vi)=——+—%, a>0. ©)

HecMoTpst Ha TO, 4TO 5TOT NOTeHUHas 06JajaeT NPaBHABLHBIM MO~
BeleHHeM Ha OeCKOHEYHOCTH, OH HMeeT HHOe, YeM <«HCTHHHBHIN>
HOTEHIHA/ TOBejeHHe B HyJe. B To XKe BpeMsl MOJe/bHBIH NMOTEH-
IHaJ IpPaBHJABHO OTpa)KaeT TOT GaKT, YTO MpPH NPHOJHXKEHHH
K spy moJie cTaHOBHTCA 6oJjiee CHJBHBIM, 4eM KYJOHOBCKOe —1/r.
Mu npeanoJsioxXuM, YTO mapaMerp o MaJ (B KaKOM CMBICJe, YKa-
KeMm HHKe). UHcneHHbe 3HAYeHHs! 3TOrO NapaMeTpa  AJsl PasHHX
ATOMOB' IIeJOYHBIX MeTaJJIoOB pa3yMHee Bcero BHIOHpaTh H3 CpaB-
HEeHHsl pe3yJbTAaTOE pacyeToB 3HEPreTHUECKHX YPOBHeH ¢ HaljeH-
HHIMH 3KCIIepHMEHTAJBHO. '

PajnanbHoe ypaBHeHHe JAJS1 TaKOro fOTeHLHaJaa pellaercs
ouyeHb NMpocTo. JeHcTBHTENbHO, OHO HMEET BHA

2 =2 — e —o, (10)
Beenem uncao I/, KoTopoe YIOBJIETBOPsieT YpPaBHEHHIO
Vi +1)4+2a—1(4+1)=0
1 YCJIOBHIO llml =1, oTkya noayuum ['=—1/2 4 4(7_5727?—2;
YpasHenue (10) MOKeT OBITb NepenHcaHo B BHJeE

" l l 1
t+7fl ( + )f %’f, =0,

T. e. GOopMaJBHO COBNAJaeT ¢ ypaBHeHHeM JJS  KYJOHOBCKOTO
nonsi. Bce 9TO MOXeT HMeTb CMBICA TOJBKO MNPH YCJIOBHH, YTO
I(I4+1)41/4—20 > 0. B wpoTHBHOM CJyuae MBI NOJAYYHM JJsi
I’ KoMIJIeKCcHBIe 3HAaYeHHs *.

* MoxHo mnokasarb, wro nmpu 2a—I[(l-+1) > 1/4 paguansHui omeparop

LIpeaunrepa \
1 d I+ 1)—2 1
H==ggz+ 27 T

CTAHOBHTCA HEOrPaHHYEHHLIM CHH3Y.
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[Mpeanonoxum, uro o << 1/8, Toraa yciaoBHe 11+ 1)-\|~— 1/4 —
— 200 > 0 BonosHsieTca npu Bcex [. OO6bIYHO [/ 3aMHCHBAKT C TOY-
HOCTBIO [I0 UJIEHOB Nopsijika a? T. e.

PN D S
U= 1—|—1/2"l ;.
Torma ucnonb3ya ¢dopmyay (5) npu Z = 1, noayunm

1
Epy=— 2(k+ti—o, 1y

WIH, BBOJAS TJaBHOE KBaHTOBoe uHciao n = k-4 [+ 1,
?

Enl=__—2—(_,;?l__0-[)—2' (11)

U3z dopmyawsr (11) BuaHO, uTO Aasa mnoreHuuasa (9) cuuMaercs
KYJIOHOBCKOE BHIpOXJeHHe nNo [. YpoBHH sHeprun E, Jjexar
ray6xe, 4eM YPOBHH aToMma Bojgopoha E,, H ¢ poctoM n ypoBuH E,;
H E, cobanxawrcs. Popmyna (11) Hensoxo OnHCHBAaeT ypOBHH
SHEPrHH aTOMOB LIEJOYHBIX METAJJOB NPH COOTBETCTBYIOUIEM 3HA-
yeHHH o. JTa Qopmyna Oblja BrnepBbie mnoayueHa PuaGeprom Ha
OCHOBe aHaJ/IH3a 3KCIEePHMEHTAJbHBIX AAHHBIX, 3aMETHM, 4TO AJs
aTOMOB WIEJTOYHEIX METaJJOB IJIaBHOE KBAHTOBOE YHCJIO, KaK H IS
BOJOpPOMA, NMPHHHMAET HeJble 3HAUEHHS, HO MHHHMAaJbHOC 3Haye-
HHe n paBHO He 1, a 2 ana Li, 3 nas Na, ..., TaK KaK COCTOSIHHSA
C MeHbIIHM TIJIaBHHIM KBAaHTOBHIM HYHCJOM 3aHSITHl 3JEKTPOHAMH
BHYTPEHHHX 000J04YeK aToMa (3TO YTBEpKIEHHE CTAHET NOHATHBHIM
nocje TOro, Kak MBI TNO3HAKOMHMCSL CO CTPOEHHEM CJOXKHHIX
aTOMOB).

B 3akJloueHHe 3aMeTHM, 4TO PAcCMOTPEeHHAsi MOJeJib HJJIKOCTPH-
pyerT NOJy3MNHPHUYECKHH NOAXOA K PEUIEHHIO CJOXKHBX KBAaHTOBO-
MeXaHHYECKHX 3ajay. TaKoll MOAXOX COCTOHT B CJAEAYIOLIEM: BMeCTO
Toro yrobw pemiaTh 3ajauy B TOYHOI NMOCTaHOBKe, H3 (PH3HUEeCKHX
coo6paXkeHHH CTPOHTCA YNpOlLleHHass MoJenab cHcTeMbl. Omepartop
IlpeanHrepa /s MOAEJNbHOH 3a1ayH OGBIYHO 3aBHCHT OT NapaMer-
poB, HafiTH KOTOpble TEOPETHUECKH TAaK K€ TPYAHO, KaK H PELIHTb
3anauy Bo BceM obbeme. [JosToMy napamerpbl HaXOIsITCS H3 CpaB-
HEHHSl pe3yJbTaTOB pacyeTOB MOJAEJbHOH 3ajayH C 3KCNepHMeH-
TaJbHBIMH JaHHBIMH.

§ 33. Teopus Bo3amyieHui

B KBaHTOBOH MEXaHHKe CYLIeCTBYeT CPaBHHTEJbHO MaJO HHTe-
pecHHX 3ajay, KOTOpHE NONYCKAalOT NOCTPOEHHE TOYHHIX pPEeUIeHHH.
[TosToMy BaXHYI0 poOJb HrpaloT NpHOAHKeHHHe MeToabl. Yacto
npubJaHXKeHHBH e TeOPDHH OKa3biBaloTcsi 6GoJjiee LIeHHBIMH JIJ1 TOHH-
MaHusl (PH3HUECKHX SIBJIEHHH, YeM TOYHBIE YHCJEHHBIE PEelleHHs CO-
OTBETCTBYIOWIHX ypaBHeHHH. OCHOBHBle NpPHOJHXEHHBIE METOMAB
KBaHTOBOH MeXaHHKH OCHOBAHB Ha TEOPHH BO3MYLIEHHH H BapHa-

IHOHHOM NpHHIHIIE,

128



OnuieM NMOCTaHOBKY 3aJaud B TeOPHH BoaMymeHH#. [Tyctp aaH
CaMOCONpsAXKeHHK onepatop A, CIEKTp KOTOpOro HaBecTeH. Tpe-
Oyerca HaliTu cnektp omnepatopa B = A+ C npu ycJaoBHH, 4TO
camoconpsaxeHuui omnepatop C B KaKOM-TO cMbicle MaJj. Mbl He
YTOYHSIEM, YTO MOAPasyMeBaeTcsl MojJ MaJjocThio omeparopa C, Tak
Kak OyjmeT pacCMaTpHBaTbcd TOAbKO (opMa/bHAas CXE€Ma TeOPHH
BosMyluenuii. [ToaBenenue cTporoft 6a3bl mojJ Takymo cxeMmy Tpebyer
pelieHHsl pAAa CJAOXKHBIX MaTeMaTHUeCKHX 3ajad.

Mb pasbepem cayyaili, Koraa crektp omeparopa A 4YHCTO TO-
yeyHnY H HauHEM C 3a/1aUH O BO3MYIIEHHH NMPOCTOrO cOBCTBEHHOrO
3HAueHHs. BBeieM oJHONMapaMeTpHuecKoe CeMeHCTBO ONEPATOPOB

A, =A+eC, (1)
$lcho, yto Ag = A u A; = B. Ham u3BecTHBI COGCTBEHHbIE BEKTODH
4, U cOGCTBEHHKIE 3HAUEHHS A, onepatopa A, KOTOpble YyJIOBJETBO-
PAIOT YypaBHEHHIO .

Alpn = APy, (2)

Mu npeanosaraeM, uTo ClekTp omepatopa A MpocTOH, T. €. Kax-
JIOMY A, COOTBETCTBYeT OAHH COOCTBEHHBIH BeKTOD a.
Hanuinem ypaBHeHHe 18 COOCTBEHHBIX BEKTOPOB onepartopa Ae

Ae"'ps = AeP,. (3

OCHOBHOe NpEANOJOKEHHE, KOTOPOe Mbl CH€NaeM, COCTOHT B TOM,
4yTo VP, H A, aHAJHTHYECKH 3aBHCAT OT &, T. €. OHH MOTyT OHTb
NpefCTaB/eHs B BH/E

Ae =A0 4 eA) 4 @ 4+ | 4)
Py = PO - ep® 2@ ... (3)

TToacrasasas (4) u (5) B ypaBHeHue (3)
(A+eC) (PO 4 ep® 4 ...) = (A0 +eAl + ... ) (PO +ep® + ...)

H NpuUpaBHHBasA Ko3(p(UIHEHTHl NPH OJHHAKOBHIX CTeNEeHAX g, MO
JYYHM CHCTEMYy ypaBHeHHH -

APO = AOpO),
Axp<1> + CpO = A<°>xp<1> + ADp@),

q,(n) + C¢(n—l) = A(O)xp(”) + A(l)lp(n—l) _+ . AP0,

KOTOPYIO HaMm y/:106Hee nepenucaTh CJAeAyIOUHM 00pasoM:

AP0 = AOHO),
(A — AO) (D = (A — C) PO,
(A — A0) @ = (4D — (;) P 4 A(?)xpw) (6)

(A — )UO)) ¢(n) = (A“) — C) q,(n l) + + A(n)tp(ﬂ)
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W3 nepsoro ypasuenus (6) cmeayer, uro $©@ gBiasiercs co6-
CTBEHHBIM BEKTOPOM onepatopa A; H3 NPEANOJOXKEHHS O MPOCTOTE
CleKTpa cJjaeayert *, aro

10 = }"m 4,(0) =P,
ITpexpe ueM obpaluaTtbesl K CIEAYIOIHM ypaBHeHHAM (6), BhH-

6epeM ycJioBHE HOPMHPOBKH BeKTopa vP,. OKasbiBaeTcs, 4TO HaH-
6oJiee yNOOHBIM SIBJSIETCH YCJAOBHE

(e, $O) = 1. (M)

Mubi cuntaeM, uTo H©@ HOpMHpPOBaH OGHIUHBIM 06pasoM || p©@ || = 1,
NO3TOMY ycjIOBHe (7) 3KBHBAJEHTHO YCJIOBHAM

(lp(l)’ 4,(0)) = 01 ey (lp(n)’ 4,(0)) = 0, oo e (8)

Takum 06pa30M,'nonpaBKH p@D, oo, ™, ... MBI MOXKeM HCKaTb

B NOANPOCTPAHCTBE, OPTOTOHAJLHOM K BeKTOpy ¥®) = 1.

O6patuMcs Tenepb KO BTOPOMY ypaBHeHHIO (6). DT0 ypaBHe-
HHe SBJIFEeTCs YpaBHEHHEM BTOPOTO POJa C CaMOEOIpSIKEHHHM oOlle-
patopoM A, u A9 gBasieTcs coGCTBEHHBIM 3HAYeHHEM omepatopa A.
Heo6x0auMBIM H JOCTATOYHBIM YCJIOBHEM CYIIECTBOBAHHA PelIeHHS
3TOr0 ypaBHEHHsS SHBJSETCH OPTOTOHAJBLHOCTL TMPaBef 4acTH 3TOrO
ypaBHeHHs Bektopy ‘9. U3 ycaosus

(4O, (A —C) ) =0

cpasy moJydaem, 410
AD = (CH©O, )

M) = (Cb,s b,). . )

dopmyna (9) uMeeT oueHb MpocToe (PH3HUECKoe ToNKoBaHue. [To-
IpaBKa MepBOro HOPSAAKAa K COOCTBEHHOMY 3HAYEHHIO A, COBIajfaer
CO CpeJHHM 3HAaYeHHeM BO3MYIUeHHS C B HEBO3MVIIEHHOM CO-
CTOAHHH Vn.

[TocMmoTpuM, uTO AaerT BTOopoe ypaBHeHHe (6) ass Bekropa PV,
KasaJjoch Obl, caegoBajo HamHCAThb

P = (A — ;J())])"l (AD — C) O, (10)

HJIH noapobHee

OaHako 3ta ¢GopMyna HyxkjAaercd B yTouHeHHH. UTOObI MOHATH, mO-
4eMy 3TO TakK, paccMoTpuM mnoapobHee omepatop (A — Al)~!, Koro-
pHii HasbiBaeTcs pe3oJbBeHTOH omepatopa A. Omepatop A MoxkHO
3alHCaTh B BHAe

A=Z7~um,
m

* B ganbHefimeM csefioBafo Gbl cHAGXKaTb HHAEKCOM A COGCTBeHHBle BeK-
TOPH P, COOGCTBEHHHIE 3HAUEHHAA A, H A.(k), q;‘k’. Mu aToro He AenaeM jJas co-
KpallleHHs 3alHCH,
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rie Pm — MPOEKTOp HAa COGCTBEHHBLIH BEKTOP m, T. €. Pno =
= (@, Pm)Ym. Torza ans omepatopa (A —Al)—! umeem

- P,
(A —2l) 1=Zx,,,-—x' (11)

Us dopmyan (11) BHAHO, uTO pe30JbBEHTA TepsieT CMBICA MpH
A=A, T. € Kak pa3 NpH TeX 3HAYEHHSX NapaMerpa A, KOTGpLIe
HaC WHTepecyloT. BcrmomHuM, ofHako, 4To npaBast yacTb BTOPOro
ypaBHenHst (6) oproroHanbHa K @ =, u (YD), @)= 0. Ilo-
3TOMY Ha CaMOM Jiejle HaM Hy>XeH He onepatop (A — Af)~1, a one-
patop (A-—AJ)~'P, neficTBylouii B NOANPOCTPAHCTBE, OPTOTO-
HaJbHOM K .. 31ech yepe3 P o6o3nauen mpoektop /-— P,, npoek-
THPYIOIWIHA Ha MOANPOCTPAHCTBO, OPTOTOHAJBHOE K BEKTODY Y.
Onepatop (A — A/)~'P MoxeT GbITb NMpeNCTaBJeH B BHAE

—1 P, .
(A—ah~'P= gm (12)

OH COXPaHsieT CMBHICA NpH A = A, DBwmectro dopmyam (10) wmu
JIOJIKHH HAMHCATh

PO = (4 = KON P (M) — C) O (13)
OTo BhIpaxKeHHe MOXKHO NMpeo6pasoBaThb CAEAYIOUIHM 06pa3oM:
(A= 4) ™" PL(Ca, $a) by — C,] =
=(A=20)"'P (P, — 1) Cthp = — (A —h,])"' PCY,,

MO3TOMY .
YO = — (A —2,0)" PCy,. (14)
Ucnonbsys (12), noayuum
(C¥n, Ym)
Y = W‘q’m- (15)
mEn

PaccMOTpHM TONpaBKH CleAyOIIHX NMopsiakoB. U3 ycaosust op-
TOTOHAJILHOCTH TpPaBOfi YaCTH TpeTbero ypaBHeHHs (6) BekTopy
PO cpasy noayuaem

A% = (C, ). (16)

Hcnoabsys Bua ), maxoaum siBHyI ¢opMyay IJas BTOpOH To-
NpaBKH K COOCTBEHHOMY 3HAUYEHHIO A

@ __ [ (Cbn, bm) |2

he' = Z An—Am (17)

mskn
Mbl He OyleM NpHBOAHTL MOAPOGHEIX BHIUHCAeHHA aas @

H TOCAeAYIOUIHX TonpaBoK Y, AW, 3aMeTHM TOJbKO, YTO OHH
MOTyT ObITb HafileHbl € NMOMOWBI GopMya A = (Cp=D, ©),
PP = (A — AOJ)P (npaBas uyactb ypaBHenus (6)).
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O6cynuMm Tenepb OCOGEHHOCTH TEODHH BO3MYWEHHH KpaTHOro
COGCTBEHHOrO 3HAaYeHHS. MBI OrpaHHYHMCSl NMOCTPOEHHEM MONMPABKH
nepsoro npubauxenuss AD. [lyctb A, = A (uHAeKC n MH onyc-
KaeM) sBasgeTcs cOOCTBeHHHIM 3HaueHHeM omepatopa A KpaTHO-
CTH ¢

A’tl)l=7\.’t|31, l=1, 2, “ ey q.

O6o3HaunM uyepe3 6, COGCTBeHHOe MOANPOCTPAHCTBO omepaTopa A,
COOTBeTCTBYIOILlee COGCTBEHHOMY 3HAYeHHIO A, yepe3 Q — mpoekTop
Ha 3TO MOJANpPOCTPAHCTEO. .

O6paTtuMcs cHOBa K cHcreMe ypaBHeHHi#l (6). M3 mepsoro ypas-
HeHHs, KaK H paHblle, caedyerT, yTo A'® = A. Yro Kacaercs BeKro-
poB $®, To MH MOXeM JHIIb YTBepXAaTh, uTo Y & H,. Mu
MOKaXkeM celiyac, yto Ha BekTOpH P» HaKMagHBAIOTCA MOMOJHH-
TeJbHBE OrpPaHHYEHHS, NMOSTOMY OHH B ofIlmeM cJyyae He COBNA-
AT ¢ CcoOCTBeHHLIMH BeKTOpaMHu ;. [eHCcTBHTesNBbHO, BTOpOE
ypaBHeHHe (6) HMeeT pelleHHS, eCJH ero npapasf 4acTh OPTOro-
HaJbHA MOANPOCTPAHCTBY H,, T. e.

QA — C) p© =0,

YuutwiBas, uto Q¢ = $©, mocienHee ypaBHeHHe MOXHO Mepe-
nucaTh B BHIE

QCQY = }\,(01])(0), (18)

Mu BuauM, uTo PO ABIAIOTCS COGCTBEHHHIMH BEKTOPAMH ¢-Mep-
‘Horo omepaTtopa QCQ, a A) —ero coGcTBeHHHe 3HaueHHsi. [Ipak-
THYeCKH 3aJlaya CBOJHMTCSI K AHaroHaJH3allHH MaTpHIB ¢-r0 MO-

- q
panka. IlefictBuTenbHO, moacTaBass B (18) O = Zl=lan|>i H yYH-

THBAas, 4YTO Qtp=27=1(tp, ¥,) by, moayunm
Zj:;ai (CY,, b)) 1|>,=7\.“);a,1|>,

HJIH 2. Cha; = ADay;,
i :

rae Cjp = (C¥i,¥;). Matpuna || Cy |l sBAsieTcss caMoconpsxeHHOH,
MOITOMY BCerja Moxer OBITb NMpHBeNeHA K JHATOHAJBHOMY BHIY.
O6o3HayuM COGCTBeHHble 3HAYEHHS OSTOH MaTpuusl uepes A}
i=1,2, ..., g KpaTHoMy cOGCTBEeHHOMY 3HaUeHHIO A HEBO3MY-
IeHHoro oneparopa A COOTBETCTBYeT g COOCTBEHHBIX 3HAYeHHH ome-
patopa B = A - C, koTopHe B NnepBOM NPHOIHKEHHH TEOPHH BO3-
n .
mymennt uMeiot BuA A + A i=12,..., g. O6BYHO TOBOPAT, 4TO
BO3MYILleHHe CHHMaeT BBIPOXJeHHe. PasyMeercd, CHATHe BHIpOXKIe-
HHSl MOXeT OKa3aThbCs HEMOJIHBIM, ecii cpeln uncen AYY okaxyres

ONMHAKOBHeE, T. e. omepatop QCQ uMeeT KpaTHHE cOGCTBeHHHE
3HAYeHHS,
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[Tpumep. PaccmoTpum cucreMy c omepatopom [lpenunrepa
1 1
H=—ta—-1_anL, (19)

Tako#t omepatop [llpenwHrepa onHceiBaeT aToM BOAOPOAA, MOMe-
INEHHBI B TOCTOSHHOE OAHOPOAHOE MAarHHTHOE TOJIe, BEKTOpP HH-
AYKIHH KOTOPOTO HampaBJjeH 10 TpeThel ocH *.

B KauecTBe HEBO3MYIIEHHOIO ONMepaTopa pa3yMHO B3fIThb OTle-
patop

T, €. omnepatop Ulpezmﬂrepa aJiga atoMa Bojaopoja, a
AH = —GBLg

paccMaTpHBaTh Kak BoaMyuleHHe. C ¢uanueckoii TOuKH 3penns AH
MaJo, TaK KaK MarHWTHas cHJa, AeficTBYIOIIas Ha 3JeKTPOH aToMa
B MOCTHXHMHX MaTHHTHBIX MOJfAX, HA HECKOJbKO MOPSIAKOB MEHbIIe
KyJIOHOBCKO# CHJIBI TpHTSIXKeHHA K saapy. HamoMHuM, uTo cobcTBeH-
Hbe (yHKIHH omepatopa Ho apnim(X) ABIAAIOTCS H COOCTBEHHBIMH
GbyHKUHAMH onepatopa L

LBlpnlm = mVPpim.

Marpuua soaMymenus A/ cpasy okasbiBaeTcs JHaroHaJbHOT,
H ee JNHArOHaJbHbIE 3J1eMEHTH paBHH —amB. TlosToMy ans 3Hep-
rMH aToMa BOJAOpPOAAa B MAarHHTHOM TMOJie HMeeT Mecto (opMysa **

E,,=— # — aBm. (20)

MBI BHAMM, UTO MaTHHTHOE TOJie CHHMaeT BHIPOYKAEHHE MO MAarHHT-
HOMY KBAHTOBOMY 4HCJY 1, ONHAaKO OCTaeTcs XapakTepHoe Aas
KYJOHOBCKOTO TOJI BBIPOXKAEHHE MO [,

* B 3/ieKTPOJHHAMHKE MAarHHTHBIM MOMEHTOM YACTHIB C 3apsIoM e Hashlr
BAeTCsl BEKTOD

e e e
M= grxXv 2cux><pw20ul

37ech 1L — Macca YaCTHIB, V — CKOPOCTb YaCTHIBI, ¢ -— CKOPOCTb CBeTa, 1-— Mo-

MeHT HMNyJbCa 9acTHUB. PyHKUHA | aMHIBTOHAa 4aCTHUB B ONHODOAHOM MOCTOSIH-

HOM MAarHHTHOM foJe B cOmepXXHT HOMOMHHTeNbHOe ciaaraemoe — MB. Jlas aro-

Ma BOJOpONA, NOMEIEHHOF0 B MAarHHTHOM [oJe, HanpaBJieHHoe MO TpeThelt OcH,

$yHKuHs TaMHIbTOHA HMeeT BHI

Cootsercryrouufi onepatop IlllpennHrepa B aTOMHBIX eIXMHHIAX COBHNAfaer €
€19) npu a=1/2¢c.

** TlpusefleHHBIt NpUMep SIBJSieTCSs He COBCEM YyIAAaTHLIM, TaK Kak (YHKIHH
Vnim SBAAIOTCH TOUHLIMH COGCTBeHHBIMH GYHKIUHAMH onepaTtopa H ¢ coGCTBeH-
$yuMH 3HaueHusMu (20).
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sIBJieHHe, coCTOsilllee B DAcCUleNJeHHH YPOBHeH 3HEPrHH aTOMOB
B MAaTHHTHOM I[I0Jie¢ H B COOTBETCTBYIOLIEM pacllelJeHHH HX CIeKT-
paJbHLIX JHHHHA, HOCHT Ha3BaHHe 3ddeKTa 3eeMaHa.

WHTepecHO B3IJSHYTb HA 3TO fIBJEHHe C TOUKH 3PDEHHA TEeOPHH
rpynn. Boipoxknenue no m o6bsicHAeTcs chepHUECKOH CHMMeTpHeH
oneparopa llIpenunrepa. MarsuuTHOoe moJie, HanpaBJieHHOe TO OCH
X3, HapylIaeT TaKylo cCHMMeTpHIo. ['pynmoli CHMMeTpHH omepartopa
[lipenuHrepa aToMa B MArHHTHOM [MOJie fBJISAETCS TpPymna Bpalle-
HU BOKpYr TpeTbefl ocu. Dta rpynmna abejieBa H BCe ee HENPHBO-
JHMble Tpe/ACTaBJIeHHA OJHOMepHb. [losToMy HasnuuHe Tako#
rpynnel CHMMeTPHH He BLI3bIBaeT BBIPOKAEHHS, JI0Ooe BHIPOXKJe-
Hue Oy/1eT caydyaiHbIM.

§ 34. BapvauuoHHBIH NPUHUMI

Paccmorpum dyHKunoHaN

— U, b)

E= RO =P 1)

3roT (QYHKIHOHAJT HMeeT NpocTOoH QHu3HUecKHH cmbica: E ecThb

cpe/lHee 3HAYEHHe 3HEPIHH CHCTEMBI B COCTOSIHHH, 32/1aBA€MOM BEK-

topom P/l ¢ 1l. Ecan = §,, rae P, — co6CTBEHHBIH .BEKTOP OTe-

patropa H, cooTBercTBylOmHH COOGCTBEHHOMY 3HaueHHI0O E,, TO
E = E,. BoiuncnuM BapHanuio gyHKmHoHana (1)

OF — 3% ) + (Hh, &%) (A, 9) [(Oh, ) + (b, 39)] __

(bs ¥) (b, $)* O
— 9Re (« (w,)$, ¥
Jlerko BHJIeTb, UTO YCJ/OBHE CTALHOHAPHOCTH (GYyHKIHOHajaa E
8E=0 @
9KBHBaJIeHTHO ypaBHeHH10 [lIpenunrepa
Hy = Evy. 3)

HekicTButenbHo, 3 (3) cpasy caeayer (2). Uro6wl nposepuTh 06-
paTHoe yTBepiKaeHWe, JOCTATOYHO HApALy C BapHauued OO pac-

cMmoTpeTb 8 = i6¢p. Torga us ycsiosus (2) caepyer, 4to
(b, P)

H ¥3 TPOH3BOJLHOCTH &Y crmenyer (3).

OTMeTHM ele OJHO BayKHOe CBOHCTBO (yHKUHOHaNa E. s
Jmoboro Bektopa Y =58 E = E,, rae Ey— HauMeHblIee COBCTBEH-
HOe 3HAYeHHe, NMPHYEM 3HAK DABEHCTBA HMeET MECTO TOJBKO IpH
P = Cyy. DTO yTBepKAEHHE IMOYTH OUYEBHIHO, TaK Kak cpenHee
3HaYeHHe SHEPTHH He MeHblle MHHHMAaJbHO BO3MOXHoro. Ilpose-
puM ero ¢opmanbHO AJA onepatopa H ¢ MPOCTBIM YHCTO TOYEYHBIM
caekTpoM. Bynpem cuurtath, 4TO cOGCTBEHHBlE 3HAYEHHS 3aHYMepo-
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BaHbl B nopsiike Bospactanus: Eg << Ey << E, << ... . IloacraBasis
B (1) ¢=Zn=0Cn1lJn, NONYYHM

> EnlCrP > (En— Eo) [Cn?
E—Ej=-"*—— —E,=-= =0, 4
0 Llcnlz 0 ZICnlz = . ()
n n
Tak Kak E,— Ey>= 0. 3Hak paBeHcTBa B (4) J[dOCTHraeTcs, eciad
C,=0mpu n=1, 2, ... B arom cayuae }p = Cppo. AHaJOrH4HO

npoBepseTrcd, 4TO
EZE;, ecan (), ) =0,
E > E2’ €CJH (113, 1130) = O’ (q)’ 1131) = O;

. . .

5)

CeofictBo E == E) nenaerT BapHAlMOHHBIH HPHHIHN Oco6GeHHO 3¢-
({eKTHBHBIM JAJisi pacyeTa OCHOBHOTO COCTOsIHHAI cHcreMBl. [loacras-
asasi B (1) NPOU3BOJILHEIA BEKTOp P & J6, MBI NoJydaeM OLleHKY
cBepxy s Eo; u3 ABYX 3Hauenu#l dyHkuuonana (1) E' u E” 60-
Jgee GJAH3KUM K E, daBjasercd MeHbllee. Mcnosnb3oBaHHe CBOHCTB
(b) ans oueHku E, HaTaJKHBaeTc Ha TPYAHOCTH, TaK KakK HaM
HEeH3BeCTHbl COOCTBEHHBIE BEKTODPBI Yo, ..., Pa—1.

CyutectByer BTOpasi ¢opMyJaHpPOBKAa BapHALHOHHOTO MpPHHIHIA,
KoTOpas yTBepxpaaer, uyto ypaBHeHue [llpeaunrepa (3) 3KBHBa-
JEHTHO YCJAOBHIO cranHoHapHoctH ¢yHkuHoHana (Hp, ) npH
(p, )= 1. Hcrmonb3ys Merox HeompeneJeHHHX MHOXHTeseli Jla-
rpaHxa, nocjefiHee YCJAOBHE MOXKHO 3aMHCAaTh B BHAE

S[(Hb, ) — E(, $)]=0, (6)

rie £ — mHoxutenp Jlarpanxka. DkBHBaseHTHOCTh (6) u (3) mpo-
BepsieTcsl TaK JKe, Kak 3KBHBaJeHTHOCTb (2) H (3).
BapHanHOHHble NPHHIHIN MOTYT HCINOJb30OBATBCS ABYMS CHOCO-
6aMH AJS moJydyeHHsl NpPHOJHIKEHHBIX pellleHHH ypaBHeHHsa (3).
IlepBuifi cmoco6 COCTOHT B TOM, YTO NPHOJHMKEeHHAs BOJIHOBAs
¢dbyHKuHA HImieTcd B Kiacce (YHKUMH ompeaeseHHOrO aHaJHTHUe-

CKOTO BHJAA, 3aBHCANIMX OT HECKOJbKHX NapaMerpoB o, ..., O
Torma E = E(ai,...,ar), U HNapaMeTphl HAXOAATCA H3 YCJOBHH
OE (ay, ..., )
1’ > Tk .
—71——=0, i=1,2 ..., k.

i

[lpu BTOpOM cnocobe mpuGaHXKeHHass cobcTBenHas GyHkuus H
IJIS CJIOKHOHI CHCTeMH (HanpuMep, AJs aroMa), 3aBHCANAA OT
MHOTHX IlepeMeHHBIX (X1, X2, ...,Xy), CTPOHTCS INpPH INOMOIIH He-
H3BeCTHBLIX (YHKIHA OT MeHbLIEro YHCJa HepeMeHHBIX (dYalle BCero
npejiCTaBjiseTcss B BHAe NpPOH3BeAeHHS 1(X1)p2(X2) ... Pw(Xy)
WM JHHeHHOH KOMOGHHAIHH TakuX mpousseneruil). M3 BapHanuoE-
HOTO NPHHLUNA HAXOAATCA ypaBHeHHS AAd QYyHKIMH 1, ..., P
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C 3THM cmoco6OM MBI MO3HAKOMHMCSA, KOrAa OyAeM H3yYaTb CJOK-
HbI€ aTOMBHI,

[Ipumep. TIpuMeHHM BapHALMOHHBIH MPHHLUHMIN NJA TPHOIHKEH-
HOrO pacyeTa OCHOBHOrO COCTOAHHA atoMa reaus. Omepatop Llpe-
IUHrepa [/ reJIHf B aTOMHBIX eJHHHIAX HMEET BHJ

1 1 2 2 1
H=—gh—gh—F—T+70

B kauectBe npoGHO#H (GyHKIHMH Bo3bMeM *
P (X), Xg, @) = e=Uig=0rs,

BhiunceHHsa, KOTOpbie Mbl He TMPHBOAHM, AAIOT IpOCTO® BHpaxe-
HHe AJA (PYHKIHOHAaJa

MuHHMYM 3TOrO BHIpaXKeHHs HOCTHraercs npu o = 27/16, u mpu-
GiHXKeHHOe TeOpeTHYecKoe 3HaYeHHe SHEPrHH OCHOBHOI'O COCTOSHHN

Ey= E (27/16) = — (27/16)? = — 2,85.

SkcnepHMeHTa bHOEe 3HaueHHe Eggxen = —2,90, Mul BHAHM, YTO
TaKOH NpPOCTOH pacuerT MPHBOAHT K BecbMa XOpOlleMy COrJIacHIo
¢ aKcmepHMentoM. Kak u clemoBano oxHEaTh, TeOpeTHYECKOE
3HaveHHe E, GoJsplle 3KCIEepPHMEHTaJabHOTO.

3aMeTHM, uTO e~% ABiAeTCA COGCTBEHHOH (YHKILHEH OCHOBHOTO
COCTOAHHA YaCTHUbI B KYJOHOBCKOM moJje —o/r. [TostoMy npubiu-

27
15 (ri+r2)

JKeHHas CoOCTBeHHas O(OYHKIHA e ABJIAETCA TOYHOH COG-

CTBEHHON (yHKLHeH A4 omepaTopa
1 1 27 27
HI = - ?Al -_— ?AQ

T 16r; ~ 16rg

BsaumopefictBHe MeXAY 3/1€KTPOHAMH B MPHOJIHKEHHOM onepa-
Tope Ulpenunrepa H’ yureno 3ameHoil 3apsanma anpa Z =2 Ha
Z’=27/16, TeM caMBM yuTeHa 3KDaHHpPOBKa fAjpa 3apajaoM
3/]eKTpoHa, :

B saksioueHHe oTMeTHM, YTO TpPH pacyeTax aToOMa FeJHs HC-
NONb30BaIHCh MPOOHBIE (GYHKUHH C OFPOMHBIM YHCJOM MapaMer-
POB M GblJla NOCTHTHYTa TaKaf TOYHOCTb, YTO HMEIONIHECH PacXOX-
ACHHA C IKCNEPUMEHTOM MOrYT ObITb OODBACHEHH PEJISATHBHCTCKHMA
nonpaBkaMu. CTONIb TOYHOE pelLleHHe 3aja4yd 06 OCHOBHOM COCTOf-
HHH aTOMa rejiHd HMeeT MPHHLUHNHAJIbHOE 3HAaYyeHHe AJd KBaHTOBOH
MEXaHHKH M MOATBEDPXKAAeT CIPaBeJJHBOCTb ee YpaBHEHHH AJ14 3a-
Ja4H Tpex TeJ.

* Bui6op npoGHOH GYHKUHH MOMKHO OGBSCHHTH TEM, 4TO byHKIHA g™
ABJIARTCA TOUHOH coGCcTBeHHOM ¢yHKunell omepatopa H — 1/ry,. JeficTBHTeNBHO,
ecnd B H oTOpOCHTbL uneH 1/ry;, TO pasielieHHeM IepeMeHHHX TAKas 3a4aua CBO-
JAHTCS K 3ajade O BOAOPOAOMOAOSHOM HOHe, a, KaK ObLLIO NOKa3aHo, cOBCTReH-
HaR (DYHKUHS OCHOBHOTO COCTOSIHHS TAaKOTO HOHA CCTh ¢~%', rie Z — 3apss aapa.
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§ 35. Teopus paccesnus.
Pu3nyeckas NOCTAHOBKA 3a1a4u

Mu HauneM c omnHCaHHsl (PH3HYECKOH IOCTAHOBKH 3aJa4H O pac-
cessHuH. [lycTb MYYOK YacTHIL cOpTa a, MOJydyaeMblli OT YCKOpHTess,
najgaeT Ha MHLIEHb, COCTOSIINYIO M3 YacTHI copTta b. Cxema Takoro
oneiTa H306pakeHa Ha pHC. 11.

Hactuubl a@ H b MOryT ObiTb KaK 3JeMEHTapHbLIMH, HalpHMep,
3JIEKTPOHbI, MPOTOHbI, HEHTPOHBI, TAK H COCTaBHBIMH, HaIlpHMep,
aTOMbl, MOJIEKYJbl, aTOMHBIE sigpa. DKCNEePUMEHTAaTOp u3yuaer ¢u-
3HYeCKHEe XAPAKTEPHUCTHKH YACTHIL, BHIJIETAIOUNX H3 MHmeHH. Eciu
OHH OTJIHYAIOTCS OT COOT-

BETCTBYIOUIHX XapaKTepHC- ﬁ
THK MaJaiolHX YacTHI, TO

MOXHO T'OBOPDHTb, YTO Hac- —— — =
THIIa @ HCObITaja pacces- ———=
HHE.

OGBLIYHO CTPEeMSITCH BHI-
6paTbh TaKyio TOJILUHY MH- Pre. 11
IIeHH, 4YTOOH JOCTAaTOYHO S
GoJbLUIOE YHCJIO YaCTHI @
paccesiioch Ha YacTHUAxX b H B TO ke BpeMsl, YTOOb XOJS 4acTHIL &,
HCMBLITABIIHX MHOTOKDATHOE CTOJNKHOBeHHE, Obljia mnpeHeGpeRumMo
masa, B atoM cayuae pis 06bsICHEHHS] Pe3YJbTAaTOBR SKCIEPHMEHTOB
JOCTAaTOYHO M3YUYHTh 3aJa4y O PACCesTHHH 4acCTHIbl q Ha YacTHLE b,
Takas 3ajgaua sIBJsieTCH 3ajaydeil ABYX TeJ, €CJH YaCTHIL a H b
3JeMeHTapHble, H 3ajauell MHOTHX TeJl, €CJIH YaCTHIH a H b cocTas-
Hble, HamoMHuM, uTO 3ajaua ABYX TeJ OTHEJNECHHEM IBHIKEHHS LEHTDPA
HHEPIIHH CBOJNHUTCS K 3aJgue O JBHIKEHHY YACTHIBI B [OJIE HETIOABHK -
HOTO CHJIOBOI'O lIeHTpa. JTa 3ajaua fIBJsileTCcs NMpocTellieil 3amaveit
TEOPHH pacCesHHS, :

Ilpu paccessHHM Ha CHJIOBOM LIEHTpe BCJEACTBHE 3aKOHa COXpa-
HEHHs] SHEPrHH YaCTHIA MOXKET H3MEHHTb JIHUIb HalpPaBJEHHE CBO-
ero JABHXKeHHS. B aToM ciyuae roBopsT 06 YNPYroM pacCesHHH.
IIpH CTOJNKHOBEHHH COCTaBHBIX YaCTHIL BO3MOXKHLI GoJee CJOXKHBIE
npoitecchl. HanpuMep, NHpH CTOJMKHOBEHHH 53JEKTPOHA € aTOMOM
BONODPOZA BO3MOXHO YIPYroe paccessHHe (COCTOSIHHE aToMa He
MeHsIeTCsT), paccesiHie ¢ BO30YKIEHHEM (2JIEKTPOH MepefaeT 4acTh
CBOEil JHEPTHH aTOMY, KOTOpHIH MepexofUT B HOBOE COCTOSTHME)
H, HaKOHell, HOHH3allUsl aToMa 3JeKTpoHoM. Kaxnawil Takoit mpo-
LecC HA3bIBAETCS KaHAJOM pacCesiHHA, PaccesiHHe YaCTHIIW Ha CH-
JIOBOM LEHTpe SIBJASETCA OZHOKAHAJNBHBLIM, a pacCcesiHHe COCTaBHBIX
yacTHI OGLIYHO MHOTOKaHaJbHBLIM. EcJH, 0fHAKO, CTaJKHBAIOUIHECS
YACTHIB @ H b HaXOAATCH B OCHOBHOM COCTOSIHHH H HEPIrHS HX
OTHOCHTEJNLHOT'O JBHXKEHHSI MCEHbUIE SHEPrHH BO3OYKAEHHS, TO
paccesiHHe OyIeT OJHOKAHAJBHLIM,

OcHOBHOIl XapaKTepHCTHKOHN pasJHuHBLIX MPOLECCOB paCCEsHHS,
KOTOpasi H3MepseTcs B JKCHepPHMEHTax, SIBJSIETCHd WX CEueHue,

Byemyux

137



KOTOpOe MBI ompejenuM HHxe. [IponeccoM paccesnHsi Mbl Ha3biBaeM
HEKOTOpOe MHOXECTBO BO3MOKHBIX Pe3yJ/bTaToB paccesnus. B satom
CMBICJIE TIPOLECCAMH fBJAIOTCA:

1) ynpyroe paccesiHHe B 3JeMEHT TeJIeCHOro yrila dn, mocTpoeH-
HBIf OKOJIO HalpaBJIeHHA M,

2) ynpyroe paccesiHHe Ha MPOH3BOJIBHBIH YroJ;

3) paccesnHe B TeJecHHH yron dn ¢ Bo30yXJIeHHeM MHIIEHH
¢ i-r0 YpOBHA Ha k-1i;

4) paccesiHHe ¢ HOHH3aluHeHd MHIIEHH,

5) mpouece, cocToswHA B TOM, YTO paccessHHe BooOlle HMeJNO
MecTo, H T. I.

BepoaTtHocte N kKakoro-nubo mpolecca paccesiHusl g Ha b 3a-
BHCHT OT HEKOTOpO#l BEJHUHHH, KOTOpAas XapaKTepH3yeT TOYHOCThb
«CTpenbbr» vacTHlamMd ¢ no uactuie b, Uto6nl BBeCTH Takyio
XapaKTepUCTHKY COCTOSIHHS HaJeralouwlefl YacTHIH @, MOCTPOUM
MJIOCKOCTD, NMPOXOAALLYI0 Yepe3 TOUKY, B KOTOpo# HaXoguTcA pac-
ceuBaTeab b, M TepUEHAMKYJAPHYI0O HMIYJbCY HaJjeTaiolledl dyac-
THB a. BepositHocTh dW mepeceub miomanky dS 3Toff MI0CKOCTH
IJIfl 4acTHIB @ mpomnopluHoHaabHa dS, T. e. dW = IdS. §Icuo, uto
BeposATHOCTh N GyfeT NpONMOpUHOHAJbHA BeJNHYHHE /, BEHIUHCJEHHOH
B TOUKE, TJle TIOMEIEeH paccedBaTeNb *,

Teneps ecTecTBeHHBIM MpeACTaBJAsAETCA ONpeJesieHHE ceueHHs o:

0’———1—.

CeueHHsl NepevyHCJeHHBIX BhIlle NMATH NPOLECCOB HOCAT Ha3Ba-
uus: 1) puddepenunanbHoe ceueHue ympyroro paccesuus, 2) mod-
HOe ceueHHe YNmpyroro paccesinus, 3) auddepeHHANbHOE CeUeHHE
B0o30yKAeHHs, 4) ceueHHe HOHH3alUH, 5) monHoe ceuenue. [ToHsATHE
CEUEHHs] CTAHOBHUTCH OCOOGEHHO HATJANHBIM, €CJAH MPeANOJNOXKHTh,
UTO HMEeT MECTO MOJHHMHA JIeTepMHHH3M pE3YJbTaTOB PACCESHHS.
[Ipu TakoM neTepMHHH3Me pe3yJbTaT paccesiHusl onpepensscs Ol
TOH TOUKOH NMOMEPEewYHOro ceueHHs NYyUKa, uepe3 KOTOpY Mpomuaa
6H yacTHLla TMPH OTCYTCTBHH pacceuBartens. Ilpoumeccy paccesiHus
COOTBETCTBOBasa OHl- TOrAa HeKoTopas o6JacTh B MJOCKOCTH ToOIe-
PEYHOr'0 CeYyeHHA, M CedYeHHe paBHAJNOCH OB mJOWALH 3TOH 06-
JIaCTH. ‘

‘[lepen Teopuelf paccessHHs CTOSIT ABe 3ajauyM: 1O H3IBECTHHM
MOTEHI[HAJ1aM B3aHMOJEHCTBHUA MeEXJY YacTHIAMH HANTH CEUYEHHS
pPasJHUHHX TMpolieccoB (MpsAMas 3aJauya) W 1O U3BECTHLIM CEUEHHAM
nonyuuTh uHGOpMalHi0 O B3auMojelicTBuH uyactul (obpaTHas 3a-
paua).

B Jsekuusx MH OrpaHHYHMCSl H3YUEHHEM MpPAMON 3aJaud pac-
CesHHSl YaCTHIB HA MOTEHUHAJHHOM IEHTPE W HAUHEM C MPOCTei-
HIero OJHOMEPHOro cJyuas.

* PaccenBaTenb b NpH TOM CUHTAETCS YAAJNEHHEIM, Tak KaK | XapaKtepHsyer
COCTOsIHHE CBOGOJAHO ABHXYIIEHACS 9acTHUH 4.
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§ 36. Paccessune onHOMepHON uYacCTHUBI HA MOTeHUHAJbHOM Gapbepe

HanoxeHndne 3TOro BONPOCaZ MBI IIOCTPOHM [0 CJeAYIOLEMY
mnany. CHavaja Mbl cOPMyJHpyeM TaK Ha3blBaeMylo CTaliHOHap-
HyI0 3ajauy o paccesiHHH. [l 3TOFO Mbl H3yUHM peLIeHHS ypaB-
HeHusd Hyp = Ev{ HeKoToporo cmnelHanbHOro BHIa. PH3HUecKHil
CMBICJI TaKHX pelleHHH MB BBISICHHM I[03Xe, NOCTPOHB IPH HX
MOMOILIH pelleHHs HecTauHoHapHOro YypaBHeHHs Illpepunrepa
. d
1Ft—=H1p. JlJIs mpOCTOTHI 3aMHCH MBI HCIOJIb3yeM CHCTEMY efH-
HHLBI, B KOTOpOH h = I, m = 1/2.

Onepatop IllpenuHrepa B KOOPAHHATHOM NpEJCTaBJEHHH HMeEET
BHJ

H=—2 v (1)

®yukuuio V(x) mbl 6ynem cuntate ¢unutHOR (V(X)=0, |*| > a)
H KyCOYHO-HeIpephIBHOH,

YcaoBHMCS HA3BIBATHh 00J1aCTH X < —a@, x > a U —a << x << a
BellecTBeHHON ocH obaactamu I, II u II] cooTBeTcTBeHHO, 3asaua
0 paccedHHH fABJgeTcs 3afaueifi 06 HHDUHUTHOM JBHXKEHHH dac-
THUBL. Takoe nBHXKeHHe BO3MOXHO nmpu E >0, H MBI 3HaeMm, 4TO
npu E > 0 cnektp onepatopa lllpemnunrepa HempepniBeH. C Mare-
MaTHUeCKOH TOUYKH 3peHHsA 3afauH O pacCCesiHHH SABJAIOTCA 3afa-
4aMH O HeNpepHIBHOM CIHeKTpe omnepatopa lllpexunrepa.

CraunonapHoe ypaBHeHde llIpenunrepa, KoTopoe Ha BceH Be-
LIeCTBEHHOH OCH HMeeT BHJ

=V + V@) b=~y E=F, k>0, (2)
ynpomaercs B obgaacrax [ u I
W k=0, (3)

YpapHeHHe (3) HMeeT ABa JIHHEHHO-HE3ABHCHMBIX DEIIEHHS e**
H e—i** DPemenus ypaBHeHns (2) Ha Bced oCH MOryt OHITH MO-
CTpOeHbl clIHBaHHeM pemeHHH B obnacrax [—II/l. Tlpu cmuBannu
MBI JOJDKHBI HCIIOJIb30BATh YCJOBHSI HENPEPLIBHOCTH PelleHHH H WX
MepBBEIX NMPOH3BOJAHBIX B TOYKaX —a H @. DTO HaKJajiblBaeT YeThHIpe
YCJOBHS Ha IIEeCTb IPOH3BOJbHHIX MOCTOSIHHBIX, BXOASIUHX B Bblpa-
KeHHs AJas obmux pemeHdHft B obaactax [—III. TlateiM ycioBHeM
AJIs 9THX TNOCTOSHHBIX fBJSeTCs YyCJOBHe HOPMHpPOBKH. Ilostomy
MOryT OHTb IIOCTPOEHbl JIHHEeHHO-HEe3aBHCHMBIE pelleHHS YypaBHe-
Hus (2), Kotopble B obsnacrsax [ u /] umeror Bup *

I 11
Py (k, x), e**+ A(k)ei**, B(k)et=,
Vo (k, x), D(k)e ik, e—tkx | C (k) eit=, (4)

* Ecqu noTeHuHas He fgBJseTcsds (HHATHBIM, HO NOCTATOYHO OHICTPO yObiBaeT
npu |x|— oo, TO mpHBelleHHBle BHIPaXeHHs M P; H Pz B obaactax I u I1
ClleflyeT paccMaTpPHBAaTh KaK aCHMNTOTHKH GYHKUHA P, H YPp OpH X — F-oco, Hay-
9yaTh ITOT C/ydyail Mu He GyleM.
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HanpuMep, npH NOCTPOeHHH pellieHHs ; Mbl, HCOOJb3ys MPOH3-
'BOJBHOCTb OZHOH H3 KOHCTaHT, MOJaraeM paBHHIM HyJIO KO3 (H-
IHeHT npH e—*** B obGaactu //. [lanee Mul BhlOHpaeM paBHBIM €JH-
HHIe Ko3(¢pHuMeHT npu e'** B obGjactd /, TeM caMblM OOpe/lenss
HOPMHPOBKY (yHKiuH ;. Kosdduunuentnn A u B Haxomarca u3
YCJAOBHH CIIHBAHHA BMeCTe C NOCTOAHHBIMH m H A7, TAe MQ;+-nps —
obutee peumienue (2) B obnacru //. HerpyaHo y6enutbes, yTo ycJo-
BHSl CIIHBAHUS NPHBOAAT K JHHEHHOH HEOJHOPOAHOH CHCTeMe ypaB-
HeHU#t naa A, B, m ¥ n ¢ onpejenuteneM, OTAHYHBIM OT HYJs, €CJH
Q1 H @2 JHHeHHO-HE3aBUCHMBI. AHAJOrHYHO CTPOHTCS pelIeHHe 1o
JluHeliHas He3aBUCHMOCTb pelleHHH P; H Py CJAeldyeT H3 TOro, 4yro
BPOHCKHAH 3THX pellleHHH He paBeH HYyJIO.

Buscuum cBoiictBa Kos(p¢uumentos A, B, C u D. Onas atoro
sameruM, uT0 BpoHCKHaH W (¢, ¢,)= @,¢; — ¢{¢, pellennii @
H @2 ypaBHeHHs (2) He 3aBHCHT OT x. IleHicTBHTeNbHO, MycTb @i
“H Qg yAOBJeTBOpAT (2), TOraa

o, —(V—FE)p,;=0, ¢,—(V—~)eg,=0.

VMHOXKas OepBoe H3 pPAaBEHCTB Ha (g, BTOPOe HAa @; H BHUHTAsA
OIHO W3 JPYroro, NOJy4YHm

A (09— olm) =0.

Hcnonn3yss 3TO CBOMCTBO, Mbl MOXeM [pHPaBHHBaTb BpOH-
CKHaHu aas JAo6off napel pelleHuil B obaacrax [ u //. Bubupas
B KauyecTBe TAKHX Nap pelleHHH NOCAefOBaTeNbHO i, b2y P1, P}
Yo, Pg, H Pj, Yo M HCOONB3YA paBeHCTBA: W (e—'%%, ek*) = 2jk,

W (etikx etikx) — (), Mp OpHAEM K CHAEAYIOIMHM COOTHOUIEHHAM
Mmexay Kostd¢uuuentamu 4, B, C u D:

B=D, (5)

AR+ |BP=1, (6)

[BE+ICP=1, (7)

AB 4 BC=0. 8)

(Hanpumep, B o6nactu [ W (i, |1)= —2ik(1 — AA), a B obna-
e 11 W (1, $1) = —2ikBB. [lpupaBHHBas 5TH BHIPAXKEHHs, NOJY-

YHM cooTHoleHHe (6).)
CoorHoutenus (5)—(8) nokasmBaloT, YTO MaTpuua S, cocras-
nenHas u3 KosdpduuuentroB A, B=D u C

S(AB
~\B CJ’

ABJIAEeTCA CHMMETPHYHOH M YHHTapHOH. DTa MaTpHLa Ha3HBaeTcs
MaTpHIlel paccesiHHsi HMJAH MNpocTo S-Mmarpumeil. Mbl  yBUAHM
B HajbHe#lleM, YTO Bce (PU3HUECKH HHTepecHble Pe3yJabTaThl MOryT
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OBITh NOJYYeHBl, €CJIH H3BecTHa S-MaTpULla, MO3TOMY BHIUHCJEHHE
€e 3JIeMEHTOB §ABJAETCA OCHOBHOH 3ajauefi OJHOMEPHOH TEOpHH
paccesiHus.

Paccmorpum Bonmpoc o HopMupoBKe GYHKUHH Py (&, X) H P2 (&, x).
HmeroT MecTo popMynnl

[~ ]

0k 0%, Ddx=0, >0, £>0, ©

- 00

V12610 B, ) o = 28 (ks — o), (10)

T. €, COPAaBeJJIMBH T€ XK€ COOTHOUIEHHA, YTO H AaA (QyHKuUnH e'**
H e~** 'y HOPMHPOBKA HE€ 3aBHCHMT ,OT BHAA NOoTeHuuasna V(x).
Hurerpanu B popmynax (9) u (10) moHMMAIOTCs B CMBICJE TJIaR-
Horo 3HaueHuda. Mel npoBepuMm (10) mna ¢yHKuHH $;. OcTanbHbE
BAa COOTHOUIEHHs NpoBepsiioTcsl Tak xe. [loacraHoBKa GyHKUIHHA

Y1(R1, x) u Pi(k2, x) B ypaBHeHHe (2) NMPHBOAMT K PaBEHCTBAM
V7 (kyy x)+ k3 (R, x)=V (0¥ (5, x), (11)
V” (ky x)+ B30 (R x) =V (x) P (Ry x). (12‘)

(Mpl He nuireM uHaekc 1 B 0603HaueHHH pellleHHA P; AJAA COKpa-

menus 3anucu.) Jomuoxasa (11) Ha {(ky, x), a (12) Ha P (R, x)
H BHIUHTAA IEPBOE H3 BTOPOro, HOJYUHM

d e —— L e—
T W (0 (ki %), ¥ (R X)) = (KT — K5) ¥ (k) X) ¥ (B X).
HuaTerpupys sto paBeHcTBO, OyneM HMEThb
N

§ ¥ 09 Ddr =2 W (e 0, 9T 0)| . (19)
. > —-N

-N 1=

Hac untepecyer npenen B cMbicsie 0000IIEHHBIX (GYHKUHH HHTE-
rpaja, crosuero B jneBod yactu (13), npu N-—oco. ¥Yxe u3 o¢op-
Myanl (13) BHAHO, 4TO 5TOT Ipeles 3aBUCHT TOJbKO OT BHOA pellle-
Hull B obnactax [/ u [l (nna cnyuasds HHOHHHUTHBIX NOTEHLIHAJIOB
TOJIBKO OT aCHMOTOTHKH PeUIeHHH NMPH X — £o0),

[Tocne mpocTBIX BHIMUCAEHHH MOJYYHM

N
S P (ky, x) (k2 x)dx=
<N

= — =5 (A (k) AT + B (k1) B(R) et =k N — o=t ik V] —
i

ky + kg

[A (kz) et kitTk) N + A(ky) el (kitks) N]’
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Bropoe caaraemoe mno TteopeMe Pumana—Jlebera crpemuTca
K HyJo (B cMHcje 06o0uieHHbIX ¢yHKuu#). IMonoGHoe yTBepkae-
HHe HeCnpaBelJIHBO IO OTHOLIEHHIO K IEePBOMY CJaraeMoMy, Tak
KaK OHO CHHIYJSIDHO NPH By == ky. CHHryJaApHass 4acTb 3TOro cJja-
raeMoro He H3MeHHTCH, ecqd 3aMeHuTb A(k:) u B(k:) Ha A(ki)

u B(k1) coorBercrBenHO *, Mcnonbsya (6), uMeeM

N
\ 1o, )9 (oo, 2 dx = 2 sin (ks — k) N+ F (R, ko, N),
=N
rae lim F(kl, kg, N)=0.
N—>oo

Hakownel, ucnonb3ysa ussectHyio GopMyny

. sin Nx
lim ——==mnd (x),
N-—»oo
HOJIYyUHM
N

lim { W (e1, 0) $1 (s, %) dix = 200 (ks — ko),

N> =N

yro coBmagaer ¢ (10).

§ 37. ®u3nuecKHii CMBICA PelICHHH P; H P,

Iaa toro 4toGbl BBHISICHHTb (DH3HUECKHH CMBIC] peIUeHHH 1
H 9, MOCTPOHM C HX NOMOLIbI0O PeLIeHHs HECTAalHOHAPHOrO ypaB-
Henusi llIpenunrepa

de
i ="Ho,

PaccmorpuM peutenne ypaBHenus lllpepmnrepa, mocTpoeHHOe MO
GyHKUHE (R, X)

o (x, ) =—= SC<k)¢1 (, x)e=t¥" dk. (1)

OtHocHTEIbHO cpyﬂxmm C(k) Mbl npeanoJOXKHM, YTO OHA OTJHYHA
OT HyAA B MaJio OKDECTHOCTH TOYKH ko. B sTOoM cayvae q(x,¢t)
rMeeT HauboJee mpocroft ¢H3Hyeckui cMbica. Kpome toro, 6yaem
CUMTATh, YTO

{lcwrar=1,
0

* Huas at0T0 n0cTaToyHo, 4tobu A (k) u B(k) Guin guddepeHUHpyeMbIMA
GYHRUHSAME OT £, YTO MOXKeT OLITb J0Ka3aHo.
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trorpa u3 (36.10) cmeayer, urto

o0

{ o npax=1,

-0

T. €. peureHHe @ (x, {) HMeeT NpaBHJIbHYI0O HOPMHPOBKY. Hcnonbays
cocpenoToueHHOCTh GyHKIHH C(k) B OKPECTHOCTH TOUKH Ry H He-
npepeiBHOCT, (yHKUME A(k) u B(k), MOXHO 3anucaTb NPHOJH-
KeHHble BbIpaxeuud * pus GyHKuuu @i(x, ) B obnacrax [ u II:

Log(x, =gy (x, )+ A(k)o_ (x, 1),
II: g (x, )= B(k) o, (x, 1),

rue o, (x, )= _x/% S C (k) exike—ikt b ()
0

GyHKIHE @+ (x,!) SBJAIOTCS HOPMHPOBAHHBIMH peIIeHHSMH
ypaBHeHus [llpenunrepa ans cBo6OJHOH UYACTHIBI M H3ydaJiuch **
B § 15. Tam ke ObINH OOCTPOEHBI ACHMITOTHUYECKHE BBIPAMNKEHHS
[UISl 3THX DeuleHHH npH §— oo

P, (v )= 42;t| (“ e +0 (|t|

rae y — BellecTBeHHas (DYHKUHSA, BHA KOTOPOH AJI HAac Hecylle-
crBed. M3 3Toro BHIpa)KeHHs1 BHAHO, YTO (GYHKUHH @+ (X,!) TpH
|¢] — co OTNHYHBI OT HYJIi TOJIbKO B OKPECTHOCTH TOYEK X = —=2kgl.
[TosToMy @) ONHCHIBAeT COCTOSIHHE CBOOOAHOM YacTHUBI, ABHXKY-
mefica caeBa HanmpaBO CO CKOPOCTBIO *** p = 2k, a ¢.— wacrumy,
HMEIOIIYIO TIPOTHBOMOJOXKHOe HaNpaBJieHHe CKOPOCTH (HaNOMHHM,
uto m = 1/2).

Tenepb Jierko NOHATb, KAKHMH CBOHCTBaMH oOJlafaeT pellleHHe
@1 (x,t) npu t— +oo. Ilycts ¢t > —oo. Torga B obnactax [ u [/
HMeeM

Lo (x, )=9,( 0,
I @ (x, H)=0,

* DTH BHPaXKeHHs MOXHO CUHTATb CKONBKO YrOAHO TOUHLIMH, €CIH HHTep-
Ban Ak, sHytpu Koroporo C(k) cTanyHa oOT HyAd, cKodb yroaHo wMan. Oaxaxko
nepefiTh K npegeny, samenus C{k) Ha §-QyHKUMIO, MBI He MOMeM, TaK KaK He
NOJyudM KBaAPaTHYHO HHTErpHpyeMoro peileHHs ypasHeuus Llpeauurepa.

** JIMeeTcst HeCYLleCTBeHHOe pa3nHuHe B 3anucH. Ham yno6uee 3mech cun-
tath £ >0, U 3HAaK MMOyJAbCa B KCHOHeHTe e*!** ppimuchBaerca siBHO. Kpome
Toro, HHTerpupoBaHHe B (2) MOMXKHO PAaCUPOCTPAHHTH HA BC!O BELIECTBEHHYIO OCb,
tak kak C{k)= 0 npu k < 0.

*#* BoJlee TOYHO: CO CKOPOCTbIO 2k nepeMemiaercss o64acTh, B KOTOPOH OT-
JIHYHA OT HYJSl BEPOATHOCTL HAHTH HaCTHIY.
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TaK KakK npH {——oo @_(x,1)=0 npu x<<—a u @u(x,)=0
npH x >> a. AHaJIOFHYHO npH { — o0

It g (x, )= A(k)o_(x 1),
IT: @ (x, ) =B (k) e, (x, t).

MBl BHIHM, UYTO 3aJ0Jro A0 paccesHHs (f->—oo0) uacTHlAa
C BePOSITHOCTBIO, PABHOH eNHHHIle, HAXOLHTCS cjeBa OT Oapbepa
H JIBHXETCS 1O HANMpaBJIeHHIO K Gapbepy CO CKOPOCTbIO 2kp.

Buiuncnum BeposTHocTH W, W W, o6HapyX HTb uacTHLY INpH
t— 400 B obsactax I u Il coorBerctBenHo. HMmeem

Wi={ ot ) Pdr=1 AP § |o_(x, DPax=

o0

=AY | Jo_ e 0pdr=|A(k)

— 00

2

3aMeHa o6JacTH HHTerpHpoBaHHS [ Ha BCI BeILECTBEHHYIO OCb
BO3MOXHA, TaK Kak npu { —> oo @-(x, )= 0 Toabko B obaactH /.
Touno Tak xe nmpoBepsercs, YTO

Wi =B (ko) .

I'paduku dynruun |@i(x,f) |2 Kak GYHRUMHE OT x NPH f—> 400
H306paxeHbl Ha pHC. 12,

| 2 2
o [, (x.t)] e oo | 94(z,t)]
v=2kg U=-2kq U=2Kg
L 1 : \- 1 1 J t o
—-a a X -a a X

Puc. 12

Takum o6pasoM, pemenue ypasHenus Ilpenunrepa ¢ (x, 1)
OMHMCHIBaeT YaCTHIY, KoTopas N0 paccesHHs NPHOIHMKAETCa K IO-
TEeHIlHa/JIbHOMY O6apbepy CO CKOPOCTbIO 2Ky H C BEPOATHOCTDBIO
1A (ko) |* oTpaxaercs or 6apbepa HJH C BepOSTHOCTbIO |B (ko) |2
- IDOXOJMT Yyepe3 NMOTEHUHAJIbHHE 6apbep *.

O6paTHM BHHMaHHE Ha TO, YTO Pe3YJbTaT He 3aBHCHT OT BHIA
¢yukuun C(k), BaXHO TOJDbKO, 4TOGH HHTepBas Ak, B KoTOpoM
C(k) oranuna or Hyas, 661 Mas. Pu3HUECKH 3TO TpeGoBaHHe NO-
HSTHO, €CJIH Mbl XOTHM 3KCIEepHMEHTAJbHO HAHTH 3aBHCHMOCTD,

* B oanomepHoit 3amade MOHATHE CedeHHsi TepsieT cMbicA. Beio mHQOpMalHQ
0 paccesiHnu codepxar sepositocth |42 w |B|2
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HalpuMep, Kosdpduuuedta otpaxenus |A(k)|2 or k, KOJKHB
HICIIOJIb30BAaTh YaCTHIB!, HAXOANLLIMECS B COCTORHHH C BO3MOXKHO
MeHbIleH AuClepcHel k (COCTOAHHUE ¢ HyJeBo#i aucnepcHedl He cy-
uwectByer). [IpH KOHKpeTHBIX pacuerax Ko3(h(HUHEHTOB oTpaxke-
Hua u npoxoxzaenus |A(k)|? m |B(k)|? Her HeoGxomMMOCTH pe-
IIaTh HecTalMOHapHoe ypaBHenue [lIpenuHrepa, AOCTaTOYHO HANTH
pewieHHe (&, x). 3aMeTHM, uTo peumleHue @q(x,f), KOTOPOE MOXKHO
[OCTPOHTb MO GYHKUHH Yo(k, X}, UMeeT TaKOH xKe CMBICJ, TOJbKO
yacTuua npubanxaercs K Gapbepy crnpasa.

BcrnomHuM cBoficTBa Matpuub paccesuns S. PapenctBo B =D
NPHBOAHT K PaBeHCTBY BepPOSITHOCTeH MPOXOXJAeHHs uepe3 Gapbep
B [POTHBOIOJIOXKHBIX HAalPaBJAEHHAX M, KaK MOXHO MOKas3aThb, fB-
JsieTcsl CJleACTBHEM HMHBapHaHTHOCTH ypaBHeHusi [llpenunrepa or-
HOCHTeJbHO o6pauieHHst BpeMenH. PaBeHcTBa

|AP2+1BI?=1, [BI2+|C|*=1

BHIPAXKAlOT 3aKOH COXPAaHEHHs BePOSATHOCTH. [leHCTBHTENBbHO, HOP-
MHPOBKa pelieHH#t ¢i(x,f) H @2(x,f) OT BpeMeHH He 3aBHCHT,
a MpH {— o0 UMeeM

o0

lim [ 1o n12ax =140 12 +1B () 12=1.

o0
-—00

§ 38. Paccesinve Ha MPAMOYroJabHOM Gapbepe

PaccMOTpHM KOHKpeTHHH MpHMep 3aJlaud O pPaCCesiHHH OJHO-
MepPHOH UYaCTHUL Ha INPAMOYTOJbHOM MOTeHLHAJbHOM OGapbepe.
Iycro

VO’ |)CI<(1, V0>0,

V(x)={ 0, |x|>a.

YpaBnenne Hy = k% B sToM cayuae B obaacrax [—I/] umeer
BHUJI

[ ull: ¢ 4 k=0,
I $" 4 a2 p=0, 80
rie a=+4/k2—V, (a1 oONpeleNeHHOCTH CuHTaeM, 4T0 o > 0
npu k2 — Vo> 0 u —ia > 0 apu k22— Vo << 0).
[Moctpoum pemienue (%, x). dro pemwenne B obmacrax [—II]
UMeeT BHJL _
I e f de—i**, 2
II: Be'**, 3
HI:  meler 4 pe-iox,

148



Koshpuuuentnt A, B, m, n HaxoAATCA U3 YCJIOBHH HeNPePLIBHOCTH
GYHKUHH Y; U ee POM3BOAHOH B TOUKAX —a H @

e—ika _|_ Aeika — me-—iaa _|_ neiaa,
k (e—ika — Aeika) =aq (me—iaa — neiaa),
meiaa _|_ ne—iaa — Beika,
a (meiaa _— ne—iaa) = kBeika,
BoinuiieM BbipaxkeHue AJaf Kosdduunenra B

—[lot+r? oipmnya__ (2—F) 2i(k+a)a]_1
B_[ ok ¢ ok ¢
HerpyaHo npoBeputb, uro B -0 npu BuimonneHuu Jmoboro us yc-

JIOBHH:
1) =0, 2) Vy—>o0, 3) a—>o00, B2V,

Hao6opor, B—>1 npu BHNONHEHHH OJHOTO H3 YCJOBHH:
4) k—~>oo, 5) V,—0, 6) a—0.

MH BUIHUM, YTO B NpelelbHHX caydaax 1)—5) pesyabrathi, moay-
yeHHble HAa QCHOBE KBAHTOBOW MeXaHHKH, COBMANAalOT C KJacCHYe-
" ckumu *. Ha puc. 13 npusemen rpaguk

[8(x)] dynkuuu |B(k)|%. U3 rpacdura BumHo,
P _ 4TO TPH HEKOTOPHX KOHEUHBIX 3Haue-
HUAX k& BepOATHOCTb MNPOXOXKAEHHSA
|B|?=1. HHTepecHO OTMETHTH, 4YTO
ypaBHeHHs (1) BMmecte ¢ ycaoBusamu (2)

4 (3) onuCHBAIOT NPOXOXKAEHHE CBETO-
BbIX BOJIH Uepe3 MpPO3pauHble MJacTHUH-

% ku. Ilpu stom |B|%? n |A|? nponopuuo-
HaJbHb! HHTEHCHBHOCTAM MPOXOASIIEH
Puc. 13. ¥ OTpaxeHHOH BoaH. B cayuae |B|? =
=1, |A|2=0 orpaxeHHas BOJHa OT-

CYTCTBYe€T. 310 fSIBJIEHUE UCIIOJIb3YETCA AJ1d NPOCBETJ/ICHUA
OITHKH.

§ 39. Paccesnue Ha mOTEeHUHANBbHOM LEHTpe

Ilns 3afauu O pacCesiHWM Ha MOTeHIUAJNbHOM LEHTPE OMepaTop
[lpenunrepa uMeeT BHA
H=—A4V(x). (1

(MBl cHoBa cuutaeM, uto m = 1/2, h=1). B nansHelilmeM Mb
006bIYHO OyZAeM CUHTaTh, 4TO MoTeHUHaN V(X)— duHUTHAA GYHKIUA

* COrJIacHO KJACCHUECKOH MeXaHHWKe 4aCTHIA ¢ BEPOSTHOCTBIO eJHHHIA APO-
XoJIHT Yepe3 Gapbep npH k2 > Vo u ¢ BepOATHOCTLI) eNHMHHIA OTPaxaercs OpH
k2 < Vo.
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(V(x)=0 npu |x|> a). HanoxenHe NOCTPOHM MO TOH Ke CXeMme,
49TO H B OZHOMEPHOM caydae, T. e. CHadaJa PaCCMOTPHM HEKOTOpHIE
pellleHHsl cTanHoHapHOro ypaBHeHHs llpenuurepa, a 3ateM BHIfAC-
HUM HX (H3WYeCKHH CMBICJ C NOMOIIbI0O HECTALHOHAPHOTO ypaBHe-
aust W pexunrepa.

Hama nepeas 3agaua — copmMyaupoBaTh acCHMNOTOTHYECKOE
(npu r —> oo) ycsaoBHEe Ha pelileHHe YpaBHeHHS

— AP (x) + V (x) $ (x) = £ (x),

KOTOPOe COOTBETCTBYeT (QH3HYeCKOH KapTHHe paccesiHHA H fBJAETCHA
anajoroM ycaouii (36.4) mas oxHomepHoll 3apmaud. EcrecTBeHHO
OXHAATb, 4TO OJHO CJaraeMoe acCHMNTOTHYECKH GyAeT COOTBETCTBO-
BaTb YacTHIE, HajJeTalolledl Ha pacCeHBalOWHHA LEHTP NO Onpexe-
JeHHOMY HanpaBJeHHIO, a BTOpPOe — COOTBETCTBOBATb paccesHHOH
qacTHILE, KOTOPAs 'MOMKET HMeTb pa3/HyHble HanpaBJeHHs IBHIKe-
HHSl MOCJIe PAaCCesHHA M yhanaseTcs OT LeHTpa. AHanoramMu ¢QyHk-
uufi e** y e~** B TpexMepHOM ciaydae saBAsOTCA GYHKUHH e*’/r
u e *[r. TlosToMy pa3yMHO NpPeAMOJIOXKHTb, YTO YacTHIE 4O H
HOocJde paccesHHs B aCHMOTOTHKE COOTBETCTBYIOT cJjlaraeMble
g—ikr elkr

p d(n4+e =u p
ofo3sHaveHus: k- uMnysabc Haseralomed dactuub, o = k/k, n =
= x/r, §(n-—no)— 6-OyHKUHs Ha exuHHYHOH cdepe, ompegesnse-
Masi paBeHCTBOM

S (k, n, ®). Mb uCROJb3yeM CJeLyIOLIHE

S f(n)d(n—ng)dn=7F(ny,), dn=sinBdBdop,

Sq

S(k,n, ®) — HekoTOpas (yHKUHA, KOTOpas, Kak OyeT MOKas3aHo,
COZEPXKHUT BCIO HHOOPMALHIO O NpOLEcce pacCessHHS H KOTopas
HOJIKHA OBITb HafiieHa NPH DelIeHHH 3agadd. Mbl YBHAHM B LaJjb-
HefiweM, 9t0 GyHKOHA S(k, N, ®) sABJASETCH AAPOM HEKOTOPOrO VHH-
TapHOTO onepatopa S, KOTOpHI Ha3blBaeTcss ONEPaTOpPOM pac-
CesTHHS.

Mpl npHxoZMM K caelylouled NOCTAaHOBKE 3a4ayd O PacCessHHH
Ha CHJIOBOM LeHTpe: TpeGyeTcss HafiTH pelieHHe ypaBHEHHS

— A% (x, k) + V(%) (x, k) = £ (x, k), )
KOTOpO€ NIIpH r —> 0o HMeeT aCHMITOTHKY
e—ikr oikr
b K ="—bn+0)— =Sk n o) +o(+). O

O6ocHoBaHHe TakKoH TNOCTAHOBKH 3afayH MOXeT OLITb KaHO
TOJNIbKO NPH NOMOILM HECTAllHOHapHOro ¢opManHaMa TEOPHH pac-
cesHHs, 370 OyIeT clesaHO B caeldyiollleM naparpade. Bonpoc o cy-
LeCTBOBAHHH DellleHHs ypaBHeHHs (2) c ycnoBHeM (3) MBI TakxKe
o6cynum HmxKe. Ha stoT BOmpOC, OQHAKO, MPOCTO OTBETHTH AJA
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cayuaa V(x)= 0. [lokaxem, uto GyHKLHA

—_ k ikx-____&_ ikrnwe
Yo (x, k)= 57 ™0 =57 ethrne,

KoTopas, OYeBHIHO, ABJfAerca peweHHeM (2) npu V(x)= 0, yzros-
JeTBOpsieT U ycaoBHIO (3), u HalgeM BUA GyHKRUHH S (k, n, @) mad
3TOrO cJayyas.

Mu umeM acuMOTOTHKY GyHKUHE Pg(X,k) B KJacce 0606ieH-
HHX (QYHKIHHA, MOSTOMY JOJKHB Ha#TH acUMNTOTHUECKOE BHIpaKe-
HHe TIpH r —> 00 HHTerpaJa

= { ) %o (rm, ko) an,

S2

rie f(n)—ranagkaa ¢ysknua. Hcmoabsys ABHHHE BHI  Po(X, k)
M BBOAs c(epHUYECKYI0 CHCTEMY KOOPAHHAT, MOJsSpHAas oCb KOTOPOH
HamnpaBJjeHa IO BEKTOPY ®, HMeeM

2n

s
1=§§7 S de S f (cos 8, @) etkrees® sin 8d 6 =
0 0

25 1
k
=5 S de S dnf(n, )et.
0 -1
Vinterpupys mo uacram, noJyuum

2n

k i
’=TS dp 7= [ (. Qe
0

ikrn|!

21 1

— o § do 7= S dn fa(n, @) ™.

-1

Ewe pas mpoOHHTErpHPOBaB MO YacTAM, Jerko y6eIHThCS, YTO BTO-
poe caaraemoe uMeer nopaxok O(1/r%), mosromy

= 5 §ndcp (¥ — e *F (— o)) +0 () =

—tkr

F— o) =2 o) +0 ().
Takum o6pasoMm, MB MOKasaJH, 4TO

: r eikr 1
P =Sr—0(n+0)——s0—0)+0(w). @

CpaBuuBas (4) c (3), mafizem ¢yukuuo S 1asa ceoboxHofi yac-
THIIB
So(k, n, ©)=108(n— ).
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Hcnoapsys (4), MoxHO mepemucarh acCHMITOTHYECKOe YCJOBHe
(3) B popme

P = (e oo e n0) 2 ) 40 (L), @)

rae ¢yskmus f(k,n,0) ceszaHa ¢ ¢ynkuuedt S(k n,®) COOTHO-
ILIeHHeM

S(k, 1, @) =2 (n— o) + 5= [ (k. n, ©). ©®)

dynkuys f(k, n, ®) HaseBaeTcs aMIUTyxo# paccesnusi. OueBHAHO,
yto (R, n,®)= 0 npu V(x) = 0. Mb: yBuauM, uto uepe3 31y QyHK-
oMo HauboJiee NPOCTO BHIpAXKAeTCs cedeHHe pacCesiHHs.

BMecTo acHMITOTHYECKOTO YCJIOBHS (5) qacTO HCHOJMb3YIOT

(x, k) = (+)- (7)

KOTOpOoe TIpHBOAHT K boJee y1106H0H HODMHPOBKe (YHKLHUU
b (x, k).

[TocMoTpuM Tenepb, KakKuUMH CBoOiicTBamH objaajnaer (PyHKUHUSA
S(k,n, ®). Ja5 U3yueHHs 3THX CBOHCTB YAOOHLIM OKa3biBaeTcs cJje-
Jlylolliee BCIOMOrarteJbHOe yTBepXKIeHHe.

[lycte GyHKUHH P (X) H p2(X) YAOBJACTBOPSIOT ypaBHeHHIO (2)
H aCHMITOTHYECKHM YCJIOBHSIM IPH r—> 00, KOTOpble MOKHO OJHH
pas auddepeHupoBaTh 1o r

()= Ay () 2 4 By (1) £ 40 (.L) ,
o (X) = A, (ﬂ)

Torpa cn paBeAJHBO DPABEHCTBO

N, man={ 4m B @dn. (8)
S,

82

D710 yTBepikAeHHE JerKo JAOKA3hlBaeTcsl HPH NOMOLH (OPMYJIH
I'puna

S(%sz o) dx—S (0 32 —p 5 )az. @

B kadecTBe o6JacTH HHTerpHpoBaHHs 2 cJenyer BHOpaTh wmiap
paguyca R u mepeidiTH K mpeaejy npu R —> oo, [Tosoxum

—ikr eikr 1
Py (x) =V (X, k)= 6(n+"))——7—‘3(k,n,m)—|—o(—r-)'

—ikr , elkl , 1
o () =% (x, k) =5—8(n+ ) — =S (k, n, ) + 0 (),
%(x)=¢(x,k’)=—ﬂ3(k, ﬂlw’)+fl—k'—6(n+m’)+o(L),

r r r
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rae k' = ko’. Ilpumensns dopmyay (8) K dyHRuuAM ¢; W Py, TO-
JIYIHM

Sk, —0,0)=Sk, —o, 0),
HJIH, 3aMeHAId ® HAa —@,

Sk, 0,0 )=S8S(k, — 0, — o). (10)
dra dopmyaa sgBasgeTcs aHaJoroM paBeHcTBa B = D aas opaso-
MepHOH 3ajayd paccessHHS H BHIpaxaer TOT (aKT, UYTO 3HAUYEHHS
dyuruun S gas opsamoro (o — @) H oGpalieHHOT0 BO BpPEMEHH
{(—o > —o’) npoieccoB CTOJKHOBEHHH coBHagaloT. MoXHO mOKa-
3aTh, YTO 3TO CBOHCTBO (TaK e, KaK H CHUMMeTpHS S-MaTpHIH
B OJHOMEPHOM cJiyuae) SBJSIETCH CJEICTBHEM HHBAaPHAHTHOCTH
ypaBHeHHsi llIpenunrepa oTHocHTeNBHO OOpallileHHS BpPeMEHH.

Hanee, npuMenss dopmyay (8) K OYHKIHAM §; H Y3, NOJYIHM

(S0 0)S k0, 0)dn=38(0— o). (11)
S,
Ecau paccmartpuBath ¢yHKuHIO S(k,n,®) Kak sApo HHTerpaJb-
Horo omnepatopa B L%(Sy)
Se(@) =St 0 0)e©)dw,
Sy
To ¢popmyna (11) Moxer OBITH IepenHcaHa B BHIE

, S'S=1.
YuutraBasa (10), us (11) cieayer, 4To cCHpaBelJIHBO PaBEHCTBO
S§*=1.

U3 nmocienHHX [BYX COOTHOWIEHHH cJeayer, 4ro omepatop S B-
JISIETCSl YHHTAPHEBIM.

MH BHAHM, 4TO omepaTop S [/5 3aj1auH PacCessHHS Ha MOTeH-
IHAJbHOM IleHTpe obJajaeT TeMH e CBOHCTBaMH, YTO H S-mar-
puia A5 ONHOMepHOH 3ajxauu paccesnus. M3 yHHTapHOCTH one-
patopa S BEITEKaeT BaXKHOE COOTHOIIEHHE

4
(176 n, 0)12an=T-1m} (&, 0, @), (12)
Sa
KOTOpPO€ HOCHT Ha3BaHHe ONTHUECKOH TeopeMHl. JleHCTBHTEJBHO,
Henoab3ys (6) u (11), moayunm

S[G(n—m’)— = Tl n, u)’)][é(n—m)—l—i—f‘f(k, n, ©)]dn=

82

=8(0— o)+ 4= [f (&, o, 0) — [, ©, 0)] +

k2 4 /7
+ x| F(k,n,0)f (6, 0, 0)dn=0( — o).
Sy
ITonaras @ = @’, MB cpa3y npuxoiuM K dopmydae (12).
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B § 42 mwm yBHAMM, uTO HHTErpa’a B JeBoH uyactH (12) cosma-
JlaeT ¢ NOJHBIM ceueHHeM ¢ AJS1 paccessHHs YacTHUBI Ha MOTeH-
uuaabHoM uenrpe. [loatomy (12) MoxXHO NepenmHcaThb B BHJE

X Imf(k, o, ®).

Sta ¢opMyaa cBASHBAET MOJHOE cedeHHe pacCesiHHA € MHHMOH
YacThbl0 aMIJIHTYAH paccesiHHs Ha HyJeBoH yrod.

Hcnonbsys yHHTapHOCTb omepaTopa S, JerkKo IOKasaTh, 4TO
¢yHkuHH (X, k), yI0BJIeTBOpSAIOLHE aCHMNOTOTHUYECKOMY YCJOBHIO
(7), ”Mel0T HOPMHPOBKY

S ¥ (x, k)P (x, K) dx = (27 6 (k — k’)» (13)
R3

T. €. HOPMHPOBAHBl TaK XKe, KaK peIleHHs AJsl CBOOOJAHOH YaCTHIEE
e’ Uro6u npoBeputh (13), yMHOXKHM paBeHCTBa

A\P (x’ k) + kQ\p (X, k) =V (x) 'lIJ (x) k))
A (x, k) + £2b (x, k') =V (x) ¥ (x, k')

Ha P (x,k”) H P(x,k) COOTBeTCTBEHHO, BBHIUTEM IepBO€ H3 BTOPOrO
U MPOHHTErPHPYeM IO Iapy paauyca R, Toraa

§ o x, 03T K) dx = ([ (x, 0 ABT KT —

2p 2R

— P (x, k') A (x, k)] dx.

C nomowmpio dopmyasl 'pHHA 3TO PaBeHCTBO MOXKHO HepeMHCATh
B BHJE

Sﬂ)(x k) ¥ (x, k’)dx— S(¢( a"\Iﬂ(x b (x, k)

2R
=7 0 , k
— $lx, k) 22K ) g3,

rae Sy — cepa paguyca R. Popmyana (13) monyuaercsa 3 mocaen-
Hero COOTHOLUIEHHSI NMepPexojOM K mpejeny NmpH R — oo, HHTerpan
B NPaBOH YAacCTH CUHTAeTcsid C IOMOIIBI0 ACHMITOTHYECKOTO BhIPa-
KeHus aaa P(x,k). Mu He NPHUBOAUM COOTBETCTBYIOUIHX BBIKJA-
JOK, TaK KaK OHH OyKBaJbHO NOBTOPAIOT BHIYHCJEHHS, KOTOpble
npuBesu Hac K Qopmyaam (36.9), (36.10).

§ 40. JIBuxkeHHe BOJHOBLIX MAKETOB B MOJe CHAOBOTO LEHTPa

[ToctpouM c¢ moMowblo (GyHKUHH P (X,Kk) pemeHHe HECTaLHO-
HapHoro ypaBHeHHs llIpenunrepa

. 0 it
2D Hy (x, 1)
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Bpaa
3
°

P )= (5 ) SC(k)tlJ(x, k) e=1#* dk. (1)
Rl
Ecau dyuknua C(k) ympoBaeTBOpseT YCJAOBHIO
{1cwra=1, (@)
RY

to P (x,?) BcaenctBue (39.13) umeeT MPaBHJBLHYIO HOPMHPOBKY

Slxp(x, £)[2dx = 1.
2

Kak ¥ B OIHOMEpPHOM cJay4ae, Pa3yMHO PaccCMOTDeTb pelleHHe
¢ ¢yuknuei C(k), cocperoToueHHOH B Majof OKPECTHOCTH TOUYKH
ko = koo. Tlo Teopeme Pumana — JleGera npu |¢|— oo P(x,¢)—>0

" S[tla(x, f)1%dx —0 nna noboit KoHewyHo#l ob6gaactu Q.- [Toatomy

Q
¢hyuakuua P (x,?) onucniBaeT WH(GHUHHTHOE NBHXKeHHe wacTHUbL Hac
HHTEPECYET NOBEJEHHE 3TOFO0 pelleHus npu |t|—>o00 H r— o
H ME MOXeM 3aMmeHutb P(x,k) B ¢dopmysae (1) ee acuMnTOoTHYe-
CKHM BHpa)eHHeM

1 —ikr ikr i 1
e =2 (b (ko)== Sk n @) + o ().
[Ipu r > oo umeeMm .
e ; —ikr
vix, 0= (55)7 | £2ae {doc(k, o) Z (=0 m+e) —
Q N
eikr

— S (k, n,0) ) e~ =1y (x, ) + s (x, 0),

rie Pi(x,?) 1 Pa(X,f) cooTBeTcTBYIOT cxoismefica e~*"/r u pac-
xonaauiefics e**”/r BoNHe B aCHMITOTHKE,
DyHkuUA Pi(X,!) MOXKeT ObITb MepenucaHa B BHIE

S EC (k, — n)e-itre=ikt g (3)

—00

(MBI pacmpoCTPaHHUNHM HHTETPUPOBAHHE HA BCIO BEHIECTBEHHYIO OCh,
nosoxuB C(k,n)=0 npu k << 0). Brruncaas unrerpana (3) wmero-
JIOM cTalHOHAPHOH (askl, MOJYUHUM

L

1l31 (X, t) =

ra/2n

Py (X, t)=(|—§lt—,)?C(—%. —n)e"x—i—O(l—tsz—): (4)

uepes y, Kak sceria, o003HaueHa BellecTBeHHasa (yHKIHA, KOTopas
HacC He HHTEpeCyerT.
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Has Toro uto6bl BBHIUHCAHTL WPo(X,f), HCIOAb3yeM ¢GOPMYyJy
(39.6) nas byukuuu S
b (X, 1) = — S kddemC(k, m)[é(n—m)-l—
=

-0 S,

r

__ ikdk [C(k, n) +

—o0

%f(ky n, (.!))] eikre_ikzt = -

+ 52 Ci(R) [ (k, n, ©9)] et b=k, (5)
3pech Mbl BBeaH o6GosHaueHue C (k)=SC(k, ©)d® U, yuYHTHIBas

S

§-o6pasnocts yHKRuHH C(k, @), 3aMeHUAH QYHRUHIO f(k, N, 0) ee
3HaYeHHeM B TOUKe @ = ®o. MHTerpas B () BBIUHCASETCH METOAOM
cranuoHapHo#l a3zl

_3_
00, 0= (1z7)" [¢ (57 n) +
+ 377 G (57) 1 (30> m o) Je +0 (7777)-

Hakonen, yuutoiBasi 8-06pasnocts ¢yuruuu C;(k) (oHa cocpeno-
TOY€Ha B OKPECTHOCTH TOUKH &), IIOJYYUM

3
waix 0= (rr) [ (57 m) +
+52Ci (57 ) F o, m, 09)]es+0 (7)) (©)

W3 dopmyn (4) u (6) BuAHO, 4TO P; AaeT BKJaA B Y(X,{)
TOMbKO TpU {—>—o00, a g — TONbKO IpPH {—>4-oo. JIasg mJaOTHO-
cTH (QYHKIHH pacnpeﬂ,eneﬂnﬂ KOOp}lHHaT [$(x,¢) |2 umeem

W(x’t)lzgm — 57 )| t—— oo, (7)
lxb(x,t)l“’gﬁ?[lc‘(?’t_,n)' ——E"—Imcl(é—)c(éf’n)x

e
X [ (ko 1,00+ 5o |G (57) | 1T Gku m 00 2]t o0, ®)

Hs dopmya (7) u (8) caedyer, YTO MNOJy4YEHHbIE ACHMITOTHUE-
CKHe BhIpaxeHus Aas (X, {) HMeIOT IPaBUJbHYI0O HOPMHPOBKY HDH
t > +oo. (IlpoBepka 3TOro yTBepXieHHs AJAs cJaydyasd f{-—»—oo
TpUBHAJbHA, & B cjaydyae f—» 400 c/eayeT HCIOJAb30BaTh GopMyay
(39.12).)

Benomunasi, uro C(k, ®) OTJNUYHA OT HYJAS TOJABKO B MaJjoH
OKPECTHOCTH TOYKH Rowg, 8 Ci(k)— B MaJ/o# OKPECTHOCTH TOUKH Ko,
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MB BHAHM, 4YTO NPH {-—>-—o00 IUIOTHOCTb (DYHKHHH paclpeaeseHHs
KOODAHHAT |[W(X,f)|? oTIHYHAZ OT HYJA B OKDECTHOCTH TOYKH
r = —2kot, n = —ay. [Ipu { > 400 mI0OTHOCTb |Y(X, ) |? OTIHUHA
OT HYyJsi BHYTPH TOHKOro cdepHUecKoro cJosi paauyca r = 2kof.
YrioBoe pacnpejeseHHe BePOSITHOCTH MOXKHO HOJYYHTH *, NPOHH-
terpupoBaB (8) no nepemeHHofl r ¢ BecoM r2 SIcHO, YTO mepBhie
JBa cjaraeMeix B (8) paioT BKJAajg B 3TO paclipejelieHHe TOJBKO
NpH HampaBJEHHAX, OJH3KHX K @¢. ¥TJI0BOe pacnpejeleHHe MO BCeM
OCTaJIbHBIM HaNpaBJIeHHsM MNPONOPUHOHAMBHO |f(ko, 0, o) |2
Tenepp MBI JIETKO MOXKEM NpPEACTABHTb, KaK NPOHCXOAHT JBH-
JKeHHe YaCTHIH B COCTOSIHHH, ONHCHiBaeMOM ¢yHKUHeH (X, {).
3agonaro a0 paccesinus (f—>-—o0) yYaCTHLA CO CKOPOCTBIO 2k,

\

e
-
\
R
AN

N /// e
7
e S e =
ptave
PacceuBarwuld | ===
- uenmp S
R NN
v=2k0(ﬂo

TR
4 / /] \ \\\\v=2k,,

Puc. 14.

npubiaukaercs K pacceHBalolleMy LEeHTPY, ABHIasicb MO HampasJe-
HHIO @p. [Tocne paccesHHsi (f — —+oco) HacTHua yjansieTcs OT pac-
CeHBAIOLIEro LEHTPa ¢ TOH e CKOPOCTbIO, MDHYEM OHa MOXKeT
O6uiTb OOHapyxkeHa B J060H TOYKe cdepHUIeCKOro cJosi pajgHyca
r = 2kyt ¢ BEepPOATHOCTHBIM paclpefesieHHeM MO YIJaM, 3aBHCSIIEM
ot C(k) u f(ko,n,a0). Ha puc. 14 saiwirpuxoBaHsl 06/MacTH, B KO-
TOPBIX BeJHKAa BepPOSTHOCTb OOHADYXKHTb YaCTHUY INPH f—> oo,
Kpecr-HakpecT 3alNTpHXOBaHb 06JacTH, B KOTOPHIX 3Ta BEpOST-
HOCTb OTJIHYHA OT HYJs H NPH OTCYTCTBHH pacCeHBAaIOLIero LeHTpa.

Tpu cnaraeMeix B dopMyse (8) aomyckawT CJAeAYIOLIEe TOJKO-
eaHHe. MHTerpas no BceMy NpPOCTPAaHCTBY OT CYMMBI NEPBHIX ABYX
cnaraeMbix W) ecTp BepOSITHOCTB TOrO, YTO YaCTHLA NPOHAET MHMO

* Mbl He BBITHCHBaeM TOMHBIX (OPMYJ JJisi YIJIOBOTO paclpefesieHHsl BEpoOsT-
HOCTH, TaK KakK OHO CYyillecTBEHHO 3aBHCHT orT BHAa ¢yHkuuH C(k) u nosromy
He sBJsieTcsl yAoGHON XapaKTepHCTHKOH mpolecca paccesHHs (Pyukuus C(k),
COOTBETCTBYIOILAsl KOHKDETHOMY 3KCMNEPHMEHTY MO paccesiHHlO, HHKOTJa He u3-
BectHa). Iloaxoasuiefi XxapakTepHCTHKOM siBJsiercs cedeHHe. Kak Ml yBHAHM, ce-
UeHHE OKa3blBaeTCs HeuyBCTBHTeNbHnM K BHAY C(k), BaX<HO TO/bKO, UTOOH 3Ta
GyHKUHS Obla cocpejoTOYeHa B MaJiofi OKPecTHOCTH TOUKH ko Pu3nuecku 31O
Tpe6OBaHHEe O3HAYaeT, YTO HMMIYJAbC HajeTaloulefi YacTHUL [o0JKeH ObITb MOYTH
3ajaH.
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CHJIOBOTO IlleHTpa 0e3 paccesHHfA. DTa BEPOATHOCTb MeHblle efH-
HHIB 33 cYeT BTOporo cjaraeMoro. MHTerpas oT TpeTbero cJjarae-
moro W, ecTb BepoATHOCTb paccesHusi. MB yXXe YNOMHHAaJH, YTO
aCHMIITOTHYECKOe BhIpaxkeHHe (6) mas ¢ (X,f) HMeeT NpaBHJbHYIO
HOPMHPOBKY, II03TOMY

Wit W,=

Mu BupHM, u4TO pemeHue ypaBHeHHs [lIpenunrepa P (x, 1),
MOCTPOEHHOE IPH MOMOLIH GYHKLUHH (X, k), TpaBHJIBHO ONHCHIBAET
(GU3HUIeCKYI0 KaPTHHY paccessHHsl. DTO ONpaBjAblBaeT BHIOOpP aCHM-
NTOTHYECKOTO YCJOBHA 1Js GyHKUHH ¢ (X, K).

OTMeTHM ellle HeKOTOpHe ocobeHHOCTH pemnteHuss P(x,?). He-
TPYAHO BHIETb, YTO NpH !->»—oo 3Ta (DYHKIHSA HMeeT TaKyio xKe
aCHMNTOTHKY, Kak H pelleHHe ypaBHeHus llIpexunrepa nnas cBo-
60HOH YaCTHLBI

P(x, ()= (?I’T)%RS C (k) et =k gk,

(3necy C(k) ta xke ¢byHKuHA, yTO U B uHHTerpaJse (1).) HdelicTBH-
TeJILHO, ' PACXOASINHECS BOJHHE ei*7/r He AalOT BKJaja B acHMITO-
THKY 0OpH {—>—oo, a Ko3bbHUIUMEHTH NpH e~*/r B acHMNTOTHYe-
CKOM BHIpa)KeHHH A GyHrumi e’s* y 1 (x, k) cosmagaior.

[TokaxeMm, uTo M npu f{—> +oo pemenue P(x,!) acHMOTOTHYE:
CKH CTPeMHTCS K HeKOTOpoMy pelendio ypaBHeHus [lIpenunrepa
a5 cBoOOAHON YaCTHUH. YYHTBHIBAsA, YTO NpH {— 400 cXoAasfliuecs
BOJIHH e~**"[r He HalOT BKJajfa B aCHMITOTHKY, NMOJYYHM

P (%, £) = (—2‘&—)% caowx, ket ak =
&

= (_L)% §° K dk S deC (k, m)zz—i S (k, n, ®) eifr o=k —
S

=—(—l—-)§§°k2dk8dmgd " 2L S (k, ', 0)C (k, ©) (@ —n)X
0 S:

2

S
3
2

Xeikr e—ik’t=—-(—21;) Sokgdkgd , 2mc(k ®") 8 (0" —n) X

S»

. 3 ~ . ) ~
o & et o (_21&_)380(k)e’“"‘““) dk = ¢ (x, #).
r R?

3nech
CH)=C(k, 0)={S(k 0, 0)C(k, o) do. ©)
8s
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Mu suguMm, uto peueHne ypaBHenus [IIpenuurepa ¥ (x,f) acum-
NTOTUYECKH CTPEMUTCH K peureHuio §(x,f) nas cBoGOAHON HaCTHIIBI
npu t—co. Oynxkuus € (k), onpenensiiomas KOHeUYHOe COCTOsIHHE
cBoBonHOrO NBHKeHHd, moayuaercsd u3 GyHxuuu C(k), sanawomei
HayaJbHOE COCTOSIHHE, B pe3yJbTaTe NeficTBUA omepaTopa S. YHH-
TapHOCTb omnepatopa S o6ecneuyuBaeT NPaBHJAbHYIO HODMHPOBKY
¢(x, 1), TaK KakK BCJEeJICTBHE YHHTAPHOCTH

S|é(k)|2dk=1.

R'!
§ 41.-UurerpanbHoe ypaBHEHHE TEOPHH paccesHus

OcHoBy GOJBUIMHCTBA MOAXONOB 1Js TOCTPOEHHS pemleHHH
Y(x,k) ¥ amMnautyas paccesuus f(k,n,®) COCTaBJSIET HHTErpajb-
Hoe ypaBHeHHe

= ) s T VW) (y, K dy, (1)

—pikx .\ ' 7
'llJ(x,k) e A |x—y|
R'(

KOTOpPOe 4acTo Ha3blBaloT ypaBHeHueM Jlunmnmana — [IIBunrepa.
[MpoBepuM, uyTO pelleHHe 3TOr0 YypPaBHEHHS YIOBJETBODSET
ypaBuenuio (39.2) u acumnroruueckomy yciaosuio (39.7)*. Ileii-
CTBUTEJNBHO, HCTONB3YA (GOPMYJIBI
(A+ E) et =0, (A4 EY)e*/r=—4nd(x),

MOJTy4UM ‘

B+Bvx =0+ {3x—y) V5 by, Wdy=V @ b(x, k.

i~

AcuMnTOTHUECKOE YCJIOBHE MPOBEPUM AJAS cjayuias (HHHTHOTO
noteHuuanaa (V(x)= 0 npu r > a). UmeeM

1 1 1
W'—‘T"I-O(j), r=[x|, lyl<a,

2 2 1
x—yl=r A/t = 2L+ E = —ny+0(2),

r?

1
1k |x—y| — oi (kr—kny) -
etkIx=yl = gt (kr "Y—I—O(r).

Mostomy nna dyukuuu ¢ (x, &) nomyuum
’ tkr

— {ermvimvy way+0(5).

Rl

(%, k) = et — -~

CpaBuuBas mocaeianion dopMmyay ¢ (39.7), MBI BUAUM, UTO peie-
HHe HHTerpaJbHOTO YPaBHeHHs HMeeT INPaBHJbHYIO aCHMITOTHKY,

* MoxHO, KOHeYHO, MPOBEPHTb H O6paTHOE YTBEPIKIAeHHE,
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H, KpOMe TOro, moJjiyyaeM

Pk, n, @) = — - { e=inxy (1) 9 (%, o) ax. (@)

R3
dopmyna (2), B KOTOPOH aMMIHTY[Aa paccesiHds BblpaKeHa uepes
pemenne ypaBHeHHsI (1), wacTo OKasbiBaercsl MOJE3HOH AJA TpH-
6nnxeHHoro Haxoxaenusa f(k, n, ).
Oaun u3 NPUGMHIKEHHBIX METOJ0B TEOPHH DAaCCESHHS OCHOBaH
Ha HCIOJb30BAHHH DAAa UTepaluil ypaBHenus (1)

¢Rkﬁi;¢”mkh 3)
rie
PO (x, k) = eikx (rtD) (g k)=——l— adbadl V (y) 9™ (y, k).
’ ’ ‘Ll) y 4 R IX—-yl y 'qj y:

Pan (3) naswiBaetcsi GODHOBCKHM pSiiOM, mojcTaHoBKa (3) B (2)
naet GODHOBCKHHA DA IJA aMIJUTYIAbl pacceqHus. DopHOBCKHHA
pAA AJNA 3ajayH pacCessHHS Ha NOTEHLUHAJbHOM LEHTPE XOPOILO
usyden. MsBecTHo, HanpuMep, 4TO OH CXOIHTCS IHPH YCJOBHH

l
X 5

H3BecTHO Tak¥Xke, YTO NMPH ITOM YCJIOBHHM Ha NOTEHNIHAaJ ofepa-
Top [ He MMeeT NMCKDETHOTrO CHeKTpa. EcAM AHUCKPETHLIA CIEKTp
TIPHCYTCTBYET, TO psia (3) cxomuTcs He mpH BcexX k. B To Xe BpeMms
npu AoctatoyHo Goabmux & pax (3) cXoaurcs AJg BecbMa WHPO-
KOTO KJlacca MOTEHLHAJIOB.

Ipocrefimee npubauKeHue AJAs aMIJIHTYIBl pacCessdusd IMoJay-
unrcs, ecad B (2) BMecto (X, k) nomcraButh O (x, k) = efkx

fg(k, n, ©) = __41; g e~ knx Y (x) eikox dx.

R!

dro npHGAHKeHHe Ha3kBaeTca GOopHOBCKHM npubauxenuem. Tou-
HOE YTBEPKJEHHE COCTOHT B TOM, YTO IpPH GOJIBIIHX R

f(kr 1, m)_fB(k! n, m)=0(1)

PaBHOMEPHO 10 N H @.

HuarerpanbHoe ypaBHEHHE HCIOJb3YeTcs HJS MaTeMaTHYECKOro
u3yueHusi 3ajaud o paccessHuu. I[lpu momxomsmem BblGope ¢yHK-
IHOHAJBHOTO TPOCTPAHCTBA 3TO YPaBHEHHe MOXKeT ObITh CBEIEHO
K YpaBHEHHIO BTOPOro poja

Y=0 -+ AP
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¢ BIIOJIHE HeNPepHIBHHIM onepatopoM. [lostomy ansa ypabuenus (1)
crpapellsiUBH TeopeMH Ppenronbma. s WHPOKOro Kjaacca IoO-
TeHIHaJOB II0OKa3aHO, YTO COOTBETCTBYIOLee ONHOPOAHOE YypaBHe-
HHe MOKeT HMeTh pellleHusl JHIWb NPH MHHMBIX 3HAaUeHHAX mapa-
Merpa k (kn = i%n, %, >>0). DyKBanbHO MNOBTOPfA BBIUHCJEHHS,
IpUBEJeHHBIe B HauaJje 3Toro mnaparpada, Jerko yGenuTbes, uTo
pelienue 1,(X) OLHOPOAHOrO YpaBHEHHs YAOBJETBOpSET ypaBHe-
nuio pennnrepa [—A + V (X)), (X) = — x2¥, (X) ¥ HMeeT acuM-
NTOTHKY ¥ (X) 22 f(n)e*a"/r, Te f(n)— HekoTOopas dyHKIHSA, ONpe-
JIeNeHHass Ha eJWHUYHOH cdepe. DTo 3HAUMUT, UTO pELIEHHA Of-
HOPOAHOTO yPaBHEHUs HABJAAKTCA COOCTBEHHHMH  (QYHKIHAMH
IHCKpeTHOro crekrpa omneparopa H. C noMompbio HHTErpaJbHOTO
ypaBHerus (1) Owma porKazaHa noJHoTa HaGopa CcOGCTBEHHHX
byaruni {}.(x), $(x,k)} onepatopa A.

§ 42. BoiBopn hopMyJabl fJs ceyeHHS

OcCHOBHOH XapaKTepHCTHKOH Ilpolecca pacCesHHA YAaCTHIH Ha
NOTEHUHAJBbHOM IeHTpe aABAsdercs AH(depeHUHANBHOE CceUeHHE.
B coraacuu ¢ of6mum onpeneneHueM ceueHus nuddepeHnHansHOe
ceuenne do onpepeaserca dopMmyJsof

dN
dO’=T, (1)

rie dN —BepoATHOCTb OGHAPYXHTb UYacTHLY I[OCJe pacCessHUs
(f > 00) B 3JIeMeHTe TeJeCHOro yriaa dn, MOCTPOEHHOTO OKOJIO He-
KOTOPOTO HaInpaBJieHHA n; [-— BepOATHOCTH lepeceyeHHs cBo6Oj-
HOA yacTHIeHd NJOWAAKH eJIHHHYHOH IJIOIanaH, OPUEHTHPOBAHHOH
NePHeHIHKYNAAPHO NBHKEHHIO YacCTHUB. DTa BePOATHOCTL OIpeje-
JseTca B TOH TOUKe, Tie HaXOAMTCA paccenBawmuil nentp. O6pa-
THM BHHMaHHe Ha TO, YTO dN ecTb XapaKTepHUCTHKA YACTHIH B IoJe
pacceuBalomero IleHTpa, - a [ -—XapakTepucTHka CcBOGOJHOH
JaCTHIIHL.

O cocToAHHH ® CBOGOAHOH YACTHUH NYyYKA H3BECTHO LOBOJBHO
mano. JleficTBHTe/IbHO, HM3BECTHO, YTO YAaCTHIA HMeeT HMIYJLC,
npubaHKeHHO paBHBIA Ko = koo, H3BECTHA NHCIEPCHS HMIYJIbCa
(AR:, = (AR)Z, + (Ako)2) + (Aky)Z; TpHUeM LISt TOTO UTOGH ONBITHI
[0 paccesiHHIO [OUyCKaJH IMPOCTYIO HHTEPIPETalHIO, CTPEMATCS
HCIIOJAB30BATh ITYYKH YacTHI ¢ MaJjofl pucrnepcuell umnynasca. O xo-
OpAUHATAX YAaCTHUBE IyuyKa H3BeCTHO OOBIUHO coBceM MaJo. Ho
BCe 3Ke H3BeCTHO, UYTO B HeKOTOPHIH MOMEHT BpeMeHH (KOTOpHIl
MOKHO HPHHATbL 3a f= 0) yacTHIa HAXOAHTCA B MaKPOCKOIHYe-
cKOll 006/1aCTH, PAacClOJOXKEHHOH MEeXAY YCKODHTEJNEM H MHIIEHBIO;
morepeyHsie pasMephl 3TOH 061aCTH MOXKHO OTOXKJECTBHTH C AMa-
MeTpOM IIyuKa. 3aMeTHM, UTO CYILIeCTBOBaHHe TakoH ob6jacTu Ha-
KJlajblBaeT CONJIAaCHO COOTHOIIEHHIO HeomnpeaendeHHoctell [efizen-
Oepra orpaHHyeHUs Ha NUCIEPCHIO HMITyJibca CHH3Y,
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[Ipu BniBome ¢GopMmysabl Ias IDHGGEePEHUHANBHOTO CEUeHHS MBI
cHesaeM [Ba MPEeANOJIOXKEHHS OTHOCHTEJNBHO MAaJIOCTH KODHSI K3
NHUCTIEDCHH HMIYJbCa, KOTOpPbIH OyneM 0603HauaTh uepes Ak:

l) Ak < kOv

2) |[f(k,n,0)—f(k,n &)< |f(kne)], ecmn |ko—Fo'|<

< Ak.
B npHHuHme 3THM TpeGOBaHHAM BCErfa MOMKHO YIOBJETBODPHTD,
ec/H f(k, n,®)— HenpephiBHasi ¢GyHKUHs OT k = ke (HempephB-
HOCTb (QYHKUHH [ MoxeT OBITb HOKasaHa JLjisi IIHPOKOTO KJjacca
noteHuHasoB). OOBIYHO HA NPAKTHKE 3TH YCJIOBHS BBINOJHSIOTCS.
OnHaKo BCTPeYAIOTCA CAyuaH, KOorga MpPH MajoM H3MEeHEeHHH Tepe-
MeHHOH Kk MPOHCXOIHT CHJIbHOE H3MeHeHHe (YHKUHH [(k, n, @) (cay-
uyall yskoro pesonaHca). BenHunna Ak B KOoHeUHOM cueTe ONpefe-
JSIeTCSl KOHCTPYKUHEH YCKOPHTEJs H NMPAaKTHYECKH He MoXKeT OBbITb
coesNaHa KaK YyrogHo Majol. I103ToMy B HEKOTODBIX 3KCIEPHMEHTaX
yCJOBHe 2) MOXKeT He BBINOJHATBCS. B 3ToM ciayuae Hesb3s HpH-
MEHSITb MOJIYUEHHYIO HHXKe HOpPMYJy JJs CedeHHs.

[TokaxkeM, uTo MpH BHIOJIHEHHH ycaoBHi 1) u 2) nuddepeH-
IHaJbHOEe CeueHHe 3aBHUCHT OT COCTOSIHHS HaJjleTarolled YacTHLBI
TOJIbKO 4epes3 Ry H cnpaBensuBa ¢dopMmysa

do =| f (ko, n, &) Fdn.

Haubomnee o6muM cocTosiHHeM 751 CBOOONHOH 4YaCTHIB sIB-
JsieTcsl CMellaHHoe, 3agaBaeMoe MaTpHueH njaoTHocTH Mq(f), Ko-
TOPYK0 MBI NpPENCTaBHM B BHIE BHOYKJOH KOMOHHALHH YHCTHIX

COCTOSIHHH
My(t)= ; 0Py iy Yo =1

Uncroe cocrosHme P, ONpeneiseTcs BOJHOBOH  (YHKUHeH
By

@s(X,%), HMeloLleH BuI
3
P (6, 8= (715)2 S Cs (k) e! =) gk,

R3

MoxKHO yTBEpXIaTh, UTO 3aMETHBIH BKJAa[ NAKOT TOJBbKO TaKHE
YHCTBIE COCTOSIHHS, AHCIEPCHS HMIIYJbCa B KOTOPHIX HE MpPEBOCXO-
IOMT OHCAEPCHH HMIyJbca B cocTostHHH My(f). ITostomy Mbl Gymem
cuuTaTh, 4TO BCe (YHKUHH C,;(K) OTIHYHBI OT HyJa JHUIb B MaJok
OKDECTHOCTH TOUYKH Ry = Rowp H JHAMeTD 3TOH OKDeCTHOCTH He
npeBocxoIHT Ak, Mb He HMeeM HHKaKoH HH(pODPMAlUHH HH O KOH-
kpetHoM BHae ¢YHKUHA* C,(k), HH 0 Becax o H He Oynem nenatb
OTHOCHTEJIBHO HHX KaKHX-THOO Mpenroso:KeHHH.

* PasueiMv ¢yHkuusam Cs(k) cooTBeTCTByeT Kak pasauyHas ¢opma, Tak H
pasJuYyHOe pACMOJOXKEHHe BOJHOBHX NaKeTOB B KOH(MHIYpPaUHOHHOM IIPOCTpali-
cTBe B HEKOTOpPBIil MomeHT BpeMeHH. IlycTb, HampuMmep, HekoTOpas QYHKUHS
Cs(k) 3agaer BOJHOBOH MAaKeT, LEHTP TSXKeCTH KoToporo (x(f))cp ABHIKeTCSH
BJIOJIb OCH X3, HANpPaBJleHHOH MO BeKTOPY o H TMpPOXoAAllefl 4epe3 pacceHBaIoLIHil

iku
wentp. Toraa ¢ynkuun Cy(k)=e Cg(k) GyleT COOTBETCTBOBATb NAKET, CMe-
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BuiuncanM cHavajda BeposiTHOCTh /. BuliBepem cHcTeMy KOODAH-
HAT C HAuaJOM B CHJIOBOM LEHTpPe 4 OCbhIO X3, HalpaBJeHHOH no
BEKTODY @o. JLJsI YHCTOTO COCTOSIHHSA s (f) BeposiTHOCTL /) mpoue
BCErO BHLIYHCJHTb, HCIOJb3yS BEKTOP MNJOTHOCTH INIOTOKa BepoAT-
HOCTH .
j(s) (X, =i (cpquJs - quVQs)»

Torza S = S i (x, t).

Boiuncasa

x=0

. (o 09 = 09
i (x, t)|x=0 =z(qu axsa % 6xz)

= (2:15)3 Sdk Sdk'(k + &) C, (k) C, (k) et (&*=kt
R R
NOJIyYHM
1(5)—..(.2._)__-8 dk Sdk/ S dt(k —|—k3)C k)C ( /,)el —k7
R® — 00
(2n>2 S‘”‘Sd"'(k + k) C, (k) C, (k) 8 (K" — k) =
R3 R3
, bt _
— o Ve (e BF B c o Tmiow — n=
R R

=5 ) Sdk Sdk’Cs (k) C, (k) & (k' — E).
R3 R?
ITpu BHIYHCAEHHAX HCIOJNbL30BAaHO PaBEHCTBO

8 (k2 — k") =5 (8 (k — k) + 8 (k + &) @)

1 yeaoBue Ak < kg, KoTopoe no3BoJsieT 3aMeHHTh (& 4 £3)/2k na 1.
Bropoe cnaraemoe B dopMyae (2) BEJAaga B HHTErpaj He Jaer,
TaK KakK B 00J1aCTH HHTerpHpoBauus k>0 u k' > 0.

Jas cMewraHHoro cocTosiHus Mg (f), oueBHAHO,

1 ’ ’ ’
1=Zaswl§dkl§adkcs(k)cs(k)b(k—-k).

s

L{eHHbIH Ha BEKTOP U; B KOH(HIypauHOHHOM NIDOCTPAHCTBe (e”‘“ — 3TO oflepaTop
CABHra, 3alHCAHHBIH B HMIYJbCHOM IpeacTaBjeHHH). KaacCHUecKHM auajorom
COCTOSIHHA @s (X, t) (XOTsl M He BIIOJIHE TOYHBIM) MOXKHO CYHTATb COCTOsIHHe ua-
CTHUBI, JBHAKYWEHCS Mo HpﬂMOJIHHEHHOH TPAEKTOPHH, NPOXOAsAUIEH yepe3 pacceH-
Barominii ueHTp. CocTOoAHHIO (X, f) TOrZa COOTBETCTBYET TPAEKTOPHs, NPOXOASA-
ufasi Ha pPAacCTOAHHH O OT PACCEHBAIOUIEro LUEHTPa, PaBHOMY IIPOEKLHH BeKTOpa U;
Ha IMJIOCKOCTh IIONEPEYHOr0 CeyeHHs Nyuyka. B KJaccHueckOH TeODHH paccesiHHs
paccTosiHile P, lla KOTOpPOM Ilpownia Obl YacTHUA OT UeHTpa, ecJH Oul He GbLIO
B3aHMOAeIICTBHS, Ha3biBaeTCs NPHUEJAbHLIM 1apaMETPOM.
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Boluncnum tenepp dN. Ilpu BHIYHCAEHHHM MBI JOJXKHBI HCHOJIb-
30BaTh MaTpHLY MJOTHOCTH M (f), OMHCHIBAIOILYK COCTOSHHE, KO-
TODO€ 3aJ0Jro IO paccedHua (f—>-—oo) acHUMNTOTHYECKH CTpe-
MHTCa K Mo(f). Onepatop M(f) MOXHO 3amHcaTb B BHAE

M@= o,Py 4

rae 4YHCTbI€ COCTOAHHA P\ps(t) onpeaesiecHbl BOJIHOBLIMH (byHKU.HHMH

YROE (ﬁfédkcs ()  (x, k) e, 3)

[MaoTHOCTL (DYHKIHMH pacmpejesieHHs KOOPAHHAT B YHCTOM CO-
crosHuR Py 1 ecTb |$s(X, 1) |2 U ana BeposTHOCTH dN) oGHapy-
JKHTh YaCTHIy NpH {—>co B 3JieMEHTe TeJecHOro yrja dn B CO-
CTOIHHH Py () Monyuum

00
(
AN = lim dn S r2dr) P, (x, ) P )
t> 4oo
0
Mbl 3Haem, UTO MpH {— oo YaCTHLIA YXOAUT Ha GeCKOHEYHOCTH, MO-

sTOMy mpH moicTaHoBKe (3) B (4) MoxHO 3aMeHHTb Y(Xx, k) ee
ACHMIITOTHYECKUM BLIpaXKeHHeM, TOria

dN® = lim dnS 2 dr ( ) SdkCS(k)X

t» oo

X (4 f (b, n, 0) ) e-‘k’f|2

1 \2 :
OyHKIHSA (E) ? S dKkC (k) etkx—i%% gpnigeTcs BOJIHOBBIM MaKETOM
R : ‘

JJig CBOOOMHOH YAaCTHIH M OTJIMYHA OT HYyJiA TOJBbKO B TOH YacCTH
KOH(HTYPAaIHOHHOTO MPOCTPAHCTBA, FAe KOHEYHa BepOSITHOCTb 06-
HapyXHTb HepacCesAHHYI0 YacTHIy Nyyka, T. €. BHYTPH Y3KOro Ko-
Hyca, MOCTPOEHHOr0 OKOJIO HAampaBJieHHS . [/ BCeX OCTaJbHBIX
HAMmpaBJeHHUH BKJaj .JaeT TOJbKO pacxoifinascs BOJHA H 1Jd
TaKHX HanpaBneHHﬁ

(s) dn
AN = llm (2n)“S

(5)

( Cs (k)f(k, n, (1)) elkr—{kq dk 2
R

Hcnonbsys yciaoBHe 2), MOXKHO 3aMeHHTb (PyHKuHIO f(k,n,®) mox
3HAKOM HHTerpa/ia ee 3HaueHHeM B TOUKe k= kj, ® = @ H BhIHe-

CTH 3a 3HAK WHTerpaJa. [{ajee HHTerpan S C; (k) etkr—te' dk mocne
R3
MHTErpHPOBaHHA MO YIJOBHIM MepeMeHHbM BeKTopa k craHOBHTCA
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OJHOMEPHHIM BOJIHOBHIM NAKeTOM H KaK (DYHKUHA OT r NpH {-— oo
OH OTJIMYEH OT HYJS TOJbKO NpPH OOJbIIHX MOJOXHUTeNbHbIX r. [lo-
3TOMY HMHTErPUPOBaHHe Mo r B (5) MOXKHO PacnpoOCTPAaHHTb HA BCIO
BelleCTBEeHHYI0 ocb, Toraa

. d
dN© = lim <z |1 (ko m, 00) X

-0 RS R3
1 , __ ,
=dn| f(k07 n, (!)0) |2 (231:)2 S dk S dk Cs(k)cs(k )6(k_k ).
R? R3
Haxonen, ansa cMemannoro cocrosnus M (f)

AN =dn|f (ko n, 0P Y a TzrlcT S dk S dK'C, (k) C, (k) & (k — ')

R3 R3
WIIH dN =dn|[(ky, n, 0y £1,
OTKyJa Cpasy noJydaem
dU:I f(kO’ n, (DO) |2 dn' (6)

B 3akmaioueHue 3aMeTHM, YTO ME moayuuiu dopmyay (6) mis
BCceX HampaBJieHMH n, 3a UCKJIOueHHeM n = @ CeueHue pacces-
HHUsSl Bllepel He MoxeT ObTb onpejfeneHo ¢opmynaol (1), Tak Kak
BEPOSITHOCTb OOHAPYXKHTb YAaCTHULY IpU f —> co B TeJeCHOM yrie dn,
NOCTPOEHHOM OKO0JIO HalpaBJeHHS N = @), He NPONOpLHOHaJbHA [
(kpoMe TOro, Mbl BOOOHIE He MOXKeM OTJHYHTb YaCTHLY, paccesH-
Hyl0 Brepej, OT HepaccessHHOM dactuuwbl). Korja roBopsiT o ceue-
HUM pacCesHHs Blepe], Bcerja MOJpPa3yMeBalOT 3KCTPANOJSLHUI0 Ha
HYJIeBOll yroJ ceueHHH paccesHHss Ha MaJble yrabl. IIpuy Tarom
MOHUMaHHM JAJS CeueHUd paccessHUS BIepeJ] crnpaBeiaHBa ¢op-
myJaa (6). '

Jas MHOrMX 3anay yno6HOH XapaKTepHCTHKOH DpacCesiHHs OKa-
3LHIBAETCSl NMOJIHOE CeueHHe, KOTopoe ompenensiercs dopmyJoi *

0= S If(kO) n, (!)0) Ian-
S2

§ 43. AGcTpakTHas TEOPUS PACCEAHUSA

B 2roM naparpade Mul 6yleM CTPOro NpUAEPXKHUBATLCA CJEIYIO-
wux o6osnauenuit., Oneparop Illpeamnrepa anas cBobGoAaHON uac-
Tuilbl o6o3Hauaercs depe3 fH,, oneparop Illpeaunrepa uacTuibi

* B RJacCHYeCKOH MeXaHHKe [0JHOE CedeHHE O == 00, €CJH MOTeHIHaJ He
aBagercs QHHUTHHM. OCOGEHHOCTBIO KBAaHTOBOH MEXAHHKH fBJAETCA KOHEYHOCTb
CeueHHs ¢ JJA JOCTaTOYHO OHCTPO YOHBAIOLIHX MOTEHIHAJOB,
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B moJe uepe3 H
H=H,+V,

rae V —onepatop moreHiHaJbHOH 3Hepruu. Jlioboe pemeHHe He-
cTalHoHapHoro ypaeHeHusi llIpenuHrepa pas 4acTHILI B Hoje 06o-
3HadaeTcs uepe3 1P (f). IDTOT BEKTOP OMHO3HAUHO OMNPENESTCTCH
CBOHM 3HaueHHeM Inpu { = 0, KoTOopoe MHl o00O3HauaeM uepes 1,
T. €.

P (1) = e~ iy,

(HanomuuM, uTO e—*H! — omepaTop 3BOJIIOLHH).

Ananoruuno Jo6oe pemreHue ypasHeHHs1 [IIpenunrepa agas ceo-
6onHoll dacTHHB o0603HAaUaeTCss CHMBOJOM @(f), a e€ro 3HadeHHe
npH ¢ = 0 4epes ¢,

(t) — e—-iHot
Y Q.

Pasnuunbie pemenuss ¢(f) MOryT cHabxaTbCsd AOMOJHHTENLHBIMH
ungekcaMu. CooTBeTCTBYIOIIHE BekTOopaMm P (f), P, @ (f), ¢ BoaHO-
Bole (yHKIMH OyAayT 3anuchiBaThes Kak W(x,f), P(x), ¢(x,i),
¢@(x) B KOOpAMHaTHOM IHpexncraBieHHH H V(p,?), v(p), ¢ (p,?),
@ (p) B uUMIyJbCHOM mpexacraBieHHH. HakoHen, co6CTBeHHLIE Bek-
Topel omepatopa H (ecAH OHM CyulecTBYIOT) OyaeM o603HayaTh
gepes Yn, Hogn = Enyn.

B § 40 mu mnocrpousan pemenne ypaBHeHusi Illpemuunrepa
P (x, £) = e~tHiyp (x), KOTOpPOE HpH {— FF 00 ACHUMITOTHYECKH CTpe-
MHJIOCh K HEKOTOPLIM penieHusiM ypapHeHusi llIpenuHrepa ags cBo-
GomHoOM uacTHIH @ (X, {) = e~ Hg_ (X), MO3TOMY MOXKHO OXKHIATb,
YTO JJI TakKoro pemteHus P (f) copaBelTHBH paBEHCTBA

: —iHtay . p—iHt _

lim_Jemtip — ettt | —o. (1)

®du3HYECKyl0 KapTHHY paccesiHHS MOXKHO NPEACTaBJSTL Cle-

ayomuM obpaszoM. 3aJ0Jro 0 pacCesiHUS 9acTHIA CBOGOJHO IBH-

JKeTCA BJaJH OT pAacCeHBAIOIlero IEHTPa, 3aTeM OHAa MomafaeTr

B 30HY JeHCTBHSA MOTeHIHasJa (NMPOUCXONHT pacCesiHHE) M, HAaKO-

Hell, Yepe3 AOCTaTO4YHO O0JbIIOH MPOMEXKYTOK BPEMEHH IBHXKEHHE

YacTHIbI CHOBAa CTaHOBHTCS cBoGoaHbIM. [losTomy ecTecTBeHHOI

MpeacTaBASIeTCs Clefyloniasl MOCTaHOBKA HEeCTalHOHapHOH 3ajaym
O paccesHHH:

1. Tlo nmpoH3BOJILHOMY BEKTOPY ¢— H3 HpPOCTPAHCTBA COCTOS-
Hult 76 NOCTPOMTb BeKTOp ' Takoil, uro (1) chopaBemJHBO NpH
{=>—o00,

2. Tlo mocTpoeHHOMY BeKZOpy ' HaHTH BEKTOp @i & ¢ Takoil,
uto (1) cmpaBeasHBO NpH ! —> -}oo,

Bektop ¥ (f)= e~f*"p omHchIBaeT TaKoe COCTOSIHHE YAaCTHIDI,
KOTOpOe B JlaJleKOM IIPOINJIOM coBmajaer ¢ ¢_(f)=e—iHolp_ u mnpn
t— -}-co mepexonut B, ({)=eHlp,  dusuka HHTepecyeT CBS3b
MexJy BeKTcpaMH @_ H @y. [TosToMy x nyHkTam 1 u 2 moCTaHOBKH
3aja4H MOXKHO N0GaBHThL cJeayiollee,

1]56* 162



3. TokasaTb, YTO CymeCTBYyeT TaKofi yHHTapHbIfi omeparop S,
aT0

o, =So_.

Haunem ¢ mysxra 1. ITocraBuMm 3amauy HecKOJbKO LIMpe H MO-
CMOTPHM, BO3MOXKHO JH IO IPOH3BOJbHHIM BEKTOpaM @- & 6
H Q4 € 56 NOCTPOHTb TaKHe BEKTOPH P, 4To (1) cmpaBeasuBO mpH
{—>—00 H t—> 00 COOTBETCTBEHHO (pasyMmeeTcs, BeKTOPH v, IIO-
CTPOEHHbIE MO Q— H MO @y, He 00513aHbl COBNMAAATh).

[TepemucuiBas (1) ¢ yyeTomM YHHTapHOCTH omepartopa e—'!
B BHJE

llm ”"b _— ethe-—iHetcP:F'lz 0’
t=>TFoo
Mbl BHJIHM, YTO IOCTABJEHHBIH BOMPOC CBOANTCS K CYIIECTBOBaHHIO
CHJLHHX TIPEJIEOB
lim ethe_iH°t=Ui_ (2)
t-> o0
QOnepatopst U+, ecnu OHH CYILECTBYIOT, HA3bIBAlOTCS BOJHOBBIMH
onepatopamu. Ecau moctpoen oneparop U_, to Bektop ¢ = U_g.
YIOBJETBOPAET IMyHKTY | MOCTaHOBKH 3aJayH.

Haiinem mpocroe noCTaToOYHOe yCJOBHE CYNIeCTBOBAaHHA BOJHO-

BLIX omepaTopoB, PaccMOTpuUM omepaTop

U () = etHte— i,
BHIYMCJIHM ero IPOH3BOAHYIO *

_4%& = ietft (H — H,) e~ ot = jeifitV o= iHot,

QuepujHo, uto U(0)= I, nosatomy
t
U@ =1+ifemtve-ta,
]
+oo

Uy=I+i | emve-imar, (3)

0

Bompoc 0 cymecTBoBaHHH omepaTopoB U. MBI CBeJH K BONpPOCY
-0 CXOAMMOCTH HHTerpasoB (3) Ha BepxHeM mpejene. JLocTaTOUHBIM
YCNOBHEM CXOZHMMOCTH (3) sBJAsAETCS CYLECTBOBAaHHE HHTErpaJioB

+oo
| 1ve-tmigyar (4)
0

Jns nwoboro ¢ & 4 (MH y4IH YHHTapHOCTb omepartopa e?), Ha-
KoHel, HHTerpansn (4) cXOAATCH Ha BEPXHHX INpelesax, eCad AJsf

* O6paTiM BHHMAaHHe Ha 3alHChb NPOH3BOAHOH, KOTOPas YYHTHIBAE€T HEKOMe
myratuBHocTs H v Hy,
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Joboro ¢ =
1
I Ve"”“'q3||=o(—l—t—lm), e>0, |t oo (5)
[TocMoTpuM, A71s1 KaKuX MOTeHIHaJ0B BhNoJaHsAeTes (5). B koop-

JAUHAaTHOM Hpe,[lCTaBJI_EHI/II/I MLl UMEeM OI.LEHKy* A4 BOJIHOBO#1
GyRKIIE @ (X, ) = e~ g (x)

o, )] < —5
It)?
paBHOMEpHO OTHOCHUTeNbHO X. Toraa
. C
Iveitgp— {1V @ o o Pdx< i {1V ) Pax.
RS R?

Mbl BUAMM, uTO YycJaOBHe (5) BBHIMOJHAETCS, €CJAH INOTEeHIHAaJ
KBaJpaTHYHO HHTerpupyemas ¢yHkuus. PasyMeercs, 3To ycjoBue
He sBJsieTCs HeoO6XoAMMBIM. Kjacc NMOTeHLHAJOB, AJsl KOTOPHIX CY-
mwecTBYIOT Us, mHpe, HO CYINECTBYIOT MOTEHLHAJbl, AJs KOTOPHX
HeJb3s TOCTPOHTbL BOJHOBLIE omepaTophl. BakHefimium mnpuMepom
TAKOro TNOTeHlHasa $BJdeTcs KYJOHOBCKHH moTeHuunan V(r)=
= a/r. IlpuunHOfi OTCYTCTBHS BOJIHOBLIX OIEpPaTOPOB MJsI KYJO-
HOBCKOTO INOTEHLHAaJja fIBJSeTCs ero CJAHIIKOM MelJeHHoe y6biBa-
HHe Ha OeckKoHeuHocTH. Pemenus ypaBHenus lllpenunrepa mjs Ky-
JIOHOBCKOT'O NMOTEHLHAJa He CTPEMATCS K pelleHHsIM JJs CBOGORHON
YaCTHLH MPH !> ~4-co (4acTHIAa «YYBCTBYET» MOTEHIIMAJ AaXe Ha
6eCKOHeYHOCTH). B ©BSI3M ¢ 3TUM M HecTallHOHApHAfA, W CTALHO-
HapHas NMOCTAHOBKH 3aJa4l O PAacCestHHH B KYJOHOBCKOM IOJIe Tpe-
OyiorT cepbe3Hof MojudUKaLUKH. ACHUMNTOTHYECKHH BHA KYJOHOB-
ckux ¢yHkuui § (x, k) orsauuen or (39.7).

BepHeMcss K PacCMOTPEHHIO NMOTEHLHAJOB, JJIs KOTOPHIX Cylies
CTBYIOT BOJIHOBble omepatopul Ux u ob6cyauM nyHKRT 2. MoXHo
MOCTaBUTb TaKofl Bompoc: Ajs Jw6oro Ju BeKTopa $ & 4 Hali-
LyTCs BeKTOPH @4 H ¢_ Takue, 4to (l) cnpaBemsuBOo mpH
{— 400,

OxasbiBaercsi, 4TO ecau y omepartopa H CyILecTBYOT coGCTBeH-
Hble BEKTOpH ¥, [y, =1, To mans Hux paBenctBo (1) Hecmpa-
BeMJINBO HH NPH KaKHX @i H @_. JleficTBHTeJbHO, B 3TOM cJiyuae
JIErKO MOXHO COCUHTAaTb [Jis NpOHM3BOJbHOrO @ &8, [loll =1

* Ora omeHKa NOJYYaeTcs aa OCHOBE METOAA CTAUHOHADHOA (dasm Aas
3

ACHMNTOTHYECKOTrO BHIYHCJICHHS HHTerpaia @ (X, f) =(—2l—-) 2 S q)(k)ei (kx—&") g1,

£ R .
Meron crannoHapHofi a3l MOXHO mnpHMeHsiTh, - ecqu @ (k) yroBJeTBOpseT
olpefieieHHEIM YCIOBHAM raafikocTH. Ho MHoxecTBo raazkux GyHkuuii 2 nijor-
Ho B 76, a omepartopu U(f) u U. orpaHuueHnb, MO3TOMY AOCTATOYHO AOKA3aTh
CyllecTBOBaHUe CHJIbHHX mpefienoB U(f) Ha MHoxecTBe D,
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npeaessl
lim “e”imxn—e_m"’cp”: lim ”e
t>»too {00

= lim Vi, P+ lol’ —2Ree™ ™ (x,, e 7o) = V2.

—iE ¢t —iH .t
hyy —e Holp)=

M=ul yuaH, 4TO

t—>» koo

lim (x,, e~!Htg) =0, (6)

TaK Kak BeKTop e~ g cmabo CTpeMHTCS K HyJIO NpH f-> 400,

H3 ¢dusndeckux coobpaXKeHHH TaKXKe Jerko INOHATb, NMOYEMY
cocTosinHe e Hly  He CTPEMHTCS] ACHMNTOTHYECKH K HEKOTOPOMY
COCTOSIHHIO CBOGOJHOrO JBHXXeHHS npH e~ ifip.  Bekrop e-iHty,
OMHCBHIBAET COCTOSIHHE YAaCTHIBl, JOKaJH30BAHHOH OKOJO pacceH-
Baloulero UeHTpa, a BekTop e~ HepnpH m060M ¢ & H — cocTosHHe
JACTHUB, YXOAsiuleH NMpH f— 4-co Ha GECKOHEYHOCTb.

SlcHo, yto (1) HecnmpaBeAJHBO H AJas Ja060ro BeKTopa y & %,
rae % — moanpocTPAaHCTBO, HATHYTOE Ha COOCTBEHHbIE BEKTOPHI Y
onepatopa H. Bynem HaseBaTb MOJANpPOCTPAHCTBO % MOANPOCTPaH-
CTBOM CBSI3aHHBIX COCTOSIHHH.

Hrak, Mbl BHIHM, 94TO MO NPOH3BOJLHOMY BEKTOPY 1, BoOGIuE
roBopd, HeJb3s1 TMOCTPOHTH BEKTOD @4, YAOBJeTBOpsitomui (1) mpw
t — -+ oco. IIns Toro utobul BBIACHHTb, BO3MOXHO JIH MO MOCTPOEH-
HoMy BekTopy ¢ = U_g@_ HaliTH @4, HaM norpebyercss H3y4YHTH
CBOHCTBA BOJIHOBBIX ONMEPATOPOB.

O6o3nauum uepe3 H. obnactu 3naueHud onepatopoB U.. Ilo-
KaxeM, uto H+ L A.

JoctaToyHo mnpoBepHTb, UYTO BeKTOpbl U+ OPTOroHaJbHB
K cOOCTBeHHHIM BEKTOpaM ¥, A1s Jwoboro ¢ = #. 3 (6) noayuum

(U:t(p, Xn) = t_l)iinw (eiH!e—iHa!(p, Xn) e

. iE t —{H .t
= lim ¢ (e™ "', x,) =0.
*+ o0

Cienyloulee CBOACTBO MBI NpHBeleM Oe3 noKasaTesabcrBa. Oka-
3HIBAETCS, UTO

B, =R =R, ROR—2k. (7)

JloKa3aTeJbCTBO 3TOrO YTBEPKAEHHS sBJIsETCS HaHOoJee CAOXKHHM
B abcTpakTHo#l Teopun paccesHus. [TommpocrpancrBo %, coBna-
jgawiiee ¢ 06JacTIMH 3HaueHHH omepatopoB Us, 4acTO HAa3LBAOT
HOANPOCTPAHCTBOM COCTOSIHHH PacCesiHHsl,

[Tokaxem pganee, 4ro omepatopsl Usx sBISIOTCS H3OMETpHYe-
CKHMH. JleHCTBHTe/bHO, H3 CHJIBHOH CXOIHMOCTH onepatopa U (¢}
NpH {— 4-co H YHHTAPHOCTH 3TOr0 OMepaTopa cJeIyeT, YTo

(V.9 Us0)= lim U)o, UO® =@ o)
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T. €. onepafopm Us coxpaHsIOT HOPMY BEKTOPa @, H MO3TOMY
ULU.=1. (8)

Oneparopel Us SBJAIOTCS YHHTAPHBLIMH TOJBKO NPH OTCYTCTBHH
COOCTBEHHBIX BEKTOPOB JHCKDETHOrO cIeKTpa Yy omepatopa H.
B stom cayvae omnepatopul Us. orto6paxaiorT 56 Ha 56 B3aHMHO
OJIHO3HAYHO, M TOrja HapsaAy c (8) HMeeT MeCTO DaBEHCTBO

U.UL=1. 9)

Ecau H uMmeeT AMCKpeTHHH CIeKTp H Y& F, Toraa Hafipyres
TaKHe BEKTODH @4 H ¢_, UTO

vy=U,9,.
JlomHoKas 3T0 paBeHcTBO Ha U’ H yuuTeiBas (8), moayuum
Ub=09., (10)
UsUsh=4, v=4. (11)

C apyrofi cTOpOHH, Aad v < B u Joboro ¢ = H
Uix, @) = Uz9) =0,

[O3TOMY
Uw=0, UsUix=0, x4

J1106011 BEKTOp @ & J# MOKHO NPEACTABHTb B BHAE

P=x+% x=3B VYR
H U.Uiog=v9=(I—P)g,
rie P — npoekTop Ha MOANDPOCTDAHCTBE CBSI3aHHHIX COCTOSHHH 4.

Takum o6pasom, B oOumem cayuyae BMecTo (9) HMeeT Mecto pa-

BE€HCTBO
U.Uy=1—P, (12)

MOTOMY NpPH HaJHYHH JAMHCKPETHOro cIHeKTpa omepaTtopul U. He
SIBJISIIOTCA YHHTaPHBIMH.

Hakonen, mokaxem, uto Anas q000# orpaHHueHHOH ¢YHKUUR
f(s), s =R cnpaBefJHBO paBeHCTBO

F(H)Ur =Uxf (Ho). (13)
[epexoas K mpegeny mpu f=> 4-co B DaBEHCTBE

elHvgiHto=ititq — il (t+Tp—iHi(t+piliig o=, TR,

IIOJIYUHM
elH-rUi — Uiei”"",

OTKyfa cpasy caeayer (13).
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BepHeMca K HecTallMOHAapHOR 3ajmaue O paccesiHHH, NOCTaHOBKa
KoTopoli Omliia chopmysnupoBaHa B HadaJse naparpada. Ecam pas
HEKOTOpOro MOTeHIHasaa V CyllecTBYIOT BOJHOBBie onepaTtopbl Us
H cnpaBejJHBo (7), TO HecTallHOHApHas 3ajlauya O pacCessHHH HMeeT
e/HHCTBEHHOE peHIeHHe.

BekTop ¢y HaXomuTCA 1J5 NPOH3BOJBHOTO ¢— & J no dopmyne

Yy=U_g_.
Bekrop ¢ = %, nostomy coraacuHo (10)
, ¢, =Uj
HJIH o, =U U_g_,
4TO MOKHO NepenucaTbh B BHIE
¢, =Sop_, (14)
rae S=U3U_.

YHurapHocTh oneparopa paccesHdHs S cienyer u3 (8), (12) u oue-
BHAHBIX paBeHCTB PU. = 0. [JeficTBHTeNBHO,

SS=UUUWU_=U-(I—P)U_=]1

H aHaJIOTHYHO
SS*=1I.

Hanee us (13) cnenyer, uro
Sf(Ho)={(H)S. (15)

3anuimem (15) B HMNyJbCHOM INpejACTaBJEHHH MpH f(S)=s

S(k, k') £’ = E2S (k, k).
Mgsl BHAHM, 4YTO SAPO onepatopa S MoxeT ObITb 3alHCAHO
B BHIE .
Sl k) =L (12— k), k=ko,  (16)

d cooTHollenne (14) npuHHMaeT BHJ

o0

o, (k, 0)= S do’ Sk”d_

S 0

, 2S (k, ®, ©) &(k— k)
k A ok @

-

Se

(K, 0)=
S(k, o, o) g_(k, o)de’.

CpaBuuBasi 3ty ¢opmyay c (40.9), nonyuaeM, uto ¢yHKuus
S (k, ®, ®"), BBefleHHasa cooTHoweHneM (16), coBnamaer ¢ dyukuuei
S(k,0,0) u3 § 39. dra cBA3p MeXKAy S-onmepaTopoM HeCTalHO-
HapHOH TEOpHH paccesiHHS H AaCHMITOTHKOH BOJHOBHIX  (yHKUE#H
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CTAllHOHADHON 3aJayH O PACCeHHH MOXeT ObITb YCTaHOBJIEHA, KO-
HEYHO, H B PaMKax CTPOrofi TeopHH.

CywecTByer mpocrtas CBfi3b MeXAy BOJHOBBIMH ONlepaTOpaMmH
U: n BBenennniMH B § 39 pemeHuaMH ypaBHenus Llpemunrepa
P(x, k). HanomMHuM, 4YTO pelleHHe HECTAUHOHAPHOTO YpPaBHEHHS
LUlpenunrepa ¢ (x, t), IOCTPOeHHOe No (PYHKUHH (X, k), uMeeT BHI

vx, )= (3 )3§cp (k) ¥ (x, k) e~t#" dk.

3neck MB 0603HAUHIH (PYHKIHIO C(k) uepe3s ¢-(k). Mb 3Haew,
uyTo GyHKUHA P (X,f) OpH {——00 ACHMNITOTHYECKH CTPEMHTCS K

o_(x, )= (ﬁ)g {o_ () ettme=1 ax,
3

[Tonarasi B 3THX paBeHcTBax f = 0, No1yYHM

P(x)= (m) wa Ko_()dk, o_(x)=(5 ) Sethq, (K)d

CpaBuuBass 3t dopmyam ¢ = U_@-, 3anHcaHHOH B HM-
[YyJABCHOM TNpPEeACTaBJIEHHH

v = U_k K)o (k)aK,
nonyyaem, 4To

U_ (k, K) = Gor | =% (x, k) dx

MoxHo NoKa3aTb TaKkxe, 4To

U, (k, K)= Se e T, — ) dx

Cpsasp onepatopos Usx ¢ CO6CTB€HHbIMPI OYHKLUHAMH HelpephiB-
HOTrO ClleKTpa omepaTtopa H CTaHOBHTCS OCOGEHHO HArJISAAHOH, €CJIH
sumnucath (13) npu f(s)=s, (8) u (12) B uMmyabcHOM npen-

CTaBJIeHHH
HU: (p, k)= kU4 (p, k) (17)

(H —onepatop Illpenunrepa B HMIYJbCHOM INpPeACTABJCHHH),
(UL, k)T, T dp =0 (ki — ko) (18)

RS
(U200 T R dk+ Y 0 P ) =00 — D). (19)
R’ n
7  3ak. 330 169



dopmyaa (17) nokaswiBaer, uto anpa onepatopoB U., pac-
CMaTpHBaeMble KaK ()YHKIHH OT P, €CTb cOGCTBeHHHe (QYHKIHH He-
NPEPHBHOIO CHEKTPa, COOTBETCTBYIOIIHE COOCTBEHHOMY 3HAUEHHIO
k% Torma (18)— ycJ0BHE «OPTOHOPMHPOBAHHOCTH» COOCTBEHHHIX
oyuruuit U.(p, k), a (19) — ycnoBHe mnosaHoTe cHcTeM {X,(P),
U=(p, k)}.

§ 44. CsoiicTBa KOMMYTHPYIOLIHX ONEepPaToOpPoOB

B stoM naparpade MH pacCMOTPHM CBOHACTBAa KOMMYTHPYIOUIHX
onepaTopos, ellle pa3 o6CyAHM Bonpoc 06 OAHOBpeMEHHOH H3MepH-
MOCTH HaGJI0JaeMblX H BBeJeM BaXKHOe /151 KBAHTOBOH MeXaHHKH
MOHATHE NOJHOTO Habopa KOMMYTHDYIOIIHX HabJ0JaeMblX.

st Hadasla pacCMOTPHM JBa CaMOCONPSIXKEHHBIX KOMMYTHDPYIO-
i#x onepatopa A u B ¢ 4HCTO ToueyHHM cnekrpoM. [lokaxem, 4to
TaKHE OnepaTopH HMeiT OOIHA noJHBIH HaGop COOCTBEHHHX BeK-
topoB. IlycTh

Ag) =A@, i=1,2 ...,
BYP=p ¥, j=12 ..., W

ITo ycnoBuwo Habopn BektopoB {@¥)} u {${} sBnsOTCA NONHBIMHU
B NpPOCTPAaHCTBE COCTOSIHHE 6.

O6o03HauuM uepe3 f, COOGCTBeHHOEe HOJANPOCTPAHCTBO omepa-
Topa A, COOTBeTCTBYiOUlee COGCTBEHHOMY 3HAYEHHIO Am, Uepe3 P
NPOEKTOP Ha 3TO NMOANPOCTPAHCTBO. AHAJIOTHYHO BBeleM g6, u Py
A onepatopa B. M3 ycioBuss AB = BA caemyer, uTO
PP, =P,P,. Beemem onepatop Pmp=PmPs. OueBHIHO, 4TO
Pmn,— onepaTop nNpPOEKTHPOBAHHA HA TNOANPOCTPAHCTBO Hpmn =
= Hm Hrn Ecin ¢ & Hmn, TO OH yAOBJIETBOPSET 06OHM ypaB-
senusiMm  (1). anee, Hmn L Hpn, €CIH HHACKC mn OTJIHYEH OT
HHAeKca m'n’. I'IyCTb'{cpﬁﬁ)n}, k=1, 2, ...— 6a3ic B moANpoOCTpaH-
cTBe Mmn. [ TOro 4ToOB JOKA3aTh MOJHOTY CHCTEMbI BEKTOPOB
{‘P%} k,m,n=1,2,...B J6, I0CTATOYHO NPOBEPHTb, YTO HE CylIe-
CTBYeT BeKTOpa ¢ & #6, ¢ = 0, OpPTOroHAJBbHOrO KO BCeM Bmq. U3
nosHoTel Habopa COOGCTBEHHBIX BEKTOpPOB onepatopa A cienyer,
uro AN Joboro ¢ = 0 HafijeTcss HOMep m1, AJs1 KOTOPOro Pne = 0.
Anajnoruuno Ha#igercss HOMep n Tako#l, uto PrPmp=%=0, 1. e.
Pmngp = 0 an1s1 n1060r0 @ = 0 ¥ HEKOTOPLIX m H 7.

Takum o6pa3oM, Mbl NMOKa3ajH, 4YTO {q;‘rﬁ}‘} sABasdeTca 6a3ucoM
B 46, cOCTOSIILUM H3 OOGUHX COOCTBEHHBIX BEKTOPOB Oneparo-
poB A u B.

CropaBesauBo M oOpaTHoe yTBepXJAeHHe. Eciu JBa onepatopa
HMeloT o6ILu# noJMHBIE HaGop COOCTBEHHBIX BEKTOPOB, TO OHH KOM-
MyTHPYIOT. J[eHCTBHTENbHO, IyCThb {cp%}—onHﬁ noJHbli Habop
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coOCTBEHHBIX BEKTOPOB ONepaTopoB A H B

A\p(k) = }"m(pg:r)t’
B(P(k) = p’ncpgr’:;p k= 1, 2’ e (2)

Torna ABo®), =2, pn ¢® n BAe® =i n ¢*. W3 nomsorsl Ha-
6opa ciexyer, uTO AB(p = BAg nasa moboro ¢ = 6.
"~ JloKazaHHBle YTBEePXKAEHHA CHPaBEAJHBH MAJS [POH3BOJBHOTO
YHC/Ia TIOMAPHO KOMMYTHPYIOLIHX CAMOCOTNPSIXKEHHBIX ONepaTopoB
Ay, ..., As, ... C UHCTO TOYEUHBIM CIHEKTPOM H C HEKOTOPHIMH OTO-
EOPKaMH ]I/ ONEepaTOpPOB C HENPEepbIBHBIM CIHEKTPOM.

HMeer MecTo TakXke cienylooliee yTeepxkJeHue. Ecanm camoco-
NpsXKeHHble onepaTtopnl Aj, ..., A, MONapHO KOMMYTHPYIOT, TO Cy-
LIecTBYeT TAKOH CaMOCONMpAXKEHHHIH omeparop R, 4TOo Bce omepa-
Topel A;, i=1, 2, ..., n aBasworca ero ¢yHkuuamu A; = F;(R).

Jlnsi omepaTopoB ¢ WHCTO TOYEUHHIM CNIEKTPOM IOCTPOHTb TaKoH
onepaTop R oueHb Jerko. PaccMOTpHM cayuyad JAByX KOMMYTHpYIO-
wux omepatopoB A H B. OHH HMeOT OGUIYI0 NOJHYIO CHCTEMY
cobcTBeHHBIX BekTopoB {@)}, KoTOphle yIOBJETBOPAIOT ypaBHe-

HuaM (2). OnpeneanuM onepatop R COOTHOIIEHHAMH
Ro®) = r(®) k)

mn?’

rnerﬁr’&‘— BellleCTBeHHHe pa3JHuHble uucaa. OQueBHAHO, 4TO R —
CaMOCOMNpSXKEeHHBH ONepaTop ¢ NMPOCTHIM YHCTO TOUYEUHBIM CIEKT-
poM. BeeneM Tenepnb BellecTBeHHble PyHKUHH F(x) u G(x), ynos-
neropsiowue ycaoBuaM A, =F(r®), n =G (rd). lna sunaue-
HH# x, He COBNAjalWMX C uucaamu ri® pun ¢yskuuit F(x)

H G(x) HecyuwecTBeH. M3 ompenesneHHs (YHKUHH OT omepaTtopa
cpasy caeayer, uto A = F(R) u B = G(R). O6was teopeMa aas
KOMMYTHpPYIOLHX onepatopoB Aj, ..., A, ¢ NPOH3BOJBbHBIM CIIEKT-
poMm Gblna mokasaHa ¢oH HeliMmaHoM.

OécynHM (U3HUeCKHEe CJeACTBHA cq)opMyanOBaHHblx yTBEpXK-
JleHH# IS KOMMYTHDYIOLIHX ONepaTopoB. HamoMHHM, 4TO COOTHO-
LeHHe HeompeneseHHocrell [efisen6epra He HakjaJblBaeT HHKaKHX
OrpaHHUYEHHH HA JAHCNEPCHH KOMMYTHPYIOUIHX HAaGMIOfaeMbIX H
B 5TOM CMBbICIe MBl Ha3BajJH HX OZHOBPEMEHHO H3MepHMbIMH. M
Tenepb MOXKEM YTOUHHTb NOHATHE OJHOBPEMEHHOH H3MEpPHMOCTH.
[Mocnennee yTBepKaeHHe MOKa3blBaeT, UTO /9 H3MePeHHS UHCJEH-
HHX 3HAUeHHH# KOMMYTHPYIOWHX HabJ10/aeMblX JAOCTATOYHO H3Me-
pHTb OJHY HabaiogaeMmylo R, T. e. NMPHHUHIHAJBLHO BO3MOXHO IIPH
eJIHHHYHOM H3MeDeHHH Y3HaTh UHCJeHHble 3HAUeHHH BceX HabJio-
naembix Ay, ..., A, U3 cyuiectBoBaHHs cHcTeMbl OOLIHX COGCTBEH-
HHX BEKTOPOB cJelyeT CylLlecTBOBaHHe GeCKOHEUHOr0 MHOXKecTBa
COCTOSIHHH, B KOTOPHIX BCe 3TH HalbjlofaeMble HMEIOT OlpefeseHHHe
YHCTeHHble 3HaueHHsA. HakoHel, H3 pe3ysnbTaTOB cJepyoliero na-
parpacda 6yaer caeloBaTh, YTO MOXKHO NMOCTPOHTb 061IYI0 (PYHKUHIO
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pacnpelieNeHHsl UYHCJEHHBIX 3HAaUYeHHH OJHOBPEMEHHO H3MepPHMHX
HabMIoAaeMbIX [J5 JI060r0 COCTOSHHS.

BpeneMm noHsaTHE ¢)yHKuHH OT KOMMYTHPYIOIHX onepaTopOB A
H B. Ilo BemecrBeHHOH GYHKUHH f(X,y) MOXKHO NOCTPOHTb CaMO-
conpsixkeHHbIHl oneparop f(A, B), nonoxus

[(A, B)o®), =] (A, 1,) R,

I'Jie BEKTOPHI quT’fgl ynoBJaeTBopsAOT (2). DTo ompeneseHHe corJa-
CyeTcsi ¢ BBeJCHHHM paHee ONpejeJieHHeM (YHKUHH OT OJHOBpe-
MEHHO H3MEepHMBIX HabJwlaeMblX. -

CrnpaBeJUBBIM ABJsETCA cJeayollee yTBepKaeHHe. Ecau one-
patop D KOMMYTHpYeT ¢ JIOGbM onepatopoM C, KOMMYTHPYIOUIHM
co BceMH omepatopamu Ai, ..., Ap, [A;, Ax] =0, 10 omepatop D
saBasercss (yHKuueA OT 3THX omnepaTopoB. lIpH mokasartenbcTse
ONATb OTPAHHUHUMCS CJydyaeM [BYX ONePaTODPOB C UHCTO TOYEUHBIM
CIIEKTPOM.

Ilyctb Kaxpofi mape coOCTBEHHBIX 3HAaUeHHH An H [4; COOTBET-
CTBYeT OJHH COOCTBEHHHI BEKTOp

Aq)mn = An@Pmn»  BPmn = UnPmn.

B 3TOM cayuae mocTaTOYHO KOMMYTaTHBHOCTH omnepatepa D ¢ ca-
MHMH onepatopaMu A u B. JefictButenvho, ecan [D,A]=0
H Q& H#ny, 0 U Dp = Hpm, Tak Kak ADp = DAg = AmD@. Ana-
JoruuHo u3 ycaoBus [D,B]=0  noayuaem, uYTO BMeECTe. C
o=H#, u Dp=56,. TlostoMy, ecau @ & Hmn, T0 D9 & Hmy. o
YCJIOBHIO IPOCTPAHCTBA Jmp OJHOMEPHB! H D@, JHIIb YHCJEHHBIM
MHOXKHTEJIEM. MOXKET OTJHYATBCH OT Qmn, T. € DQmp = RmnQmn.
Buﬁnpi{i byukua f(x,y) Takyw, 4TO %mp = [(Am, An), BHIHM:

= [(4, B).

I'IepepmeM K GoJlee CJOKHOMY CJy4aio, KOTZa [OANPOCTPALCTBA
Hmn He SBJASIOTCS OLHOMEPHBIMH

Aoy =2, 0, Bom =wom, k=12

PaccMOTpPHM COBOKYIHOCTb COGCTBEHHBIX BEKTOPOB, COOTBET-
CTBYIOIIHX Mape Am, WU, HMHIEKC mn 1A COKpalleHHS 3aIHCH
onycTuM. BBesmeMm omeparopu CU) u CUD, ompejpenuB HX paBeH-
CTBAMH

(§) (k) k)
CP9® = 80"
o, k=I,
Clbg® =4 b, k=],
0, k=], k]
C(!)q) — C(”)q) — 0, P E%;'r-m,
rae i, — OPTOrOHAJbHOE JAONOJNHEHHE K NOJTNPOCTPAHCTBY Hmp.
Jlerko mpoBepHTb, uTO Bce omepatopbl CU) u CUD xoMMyTHPYIOT
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¢ A u B. U3 ycnosua [D, C] = 0 noayuum
DD = DCDgH = CH D,
oTKyaa caenyer, uro Del) nponopunoHnanen gt:
Do) == nDeD.
ITokazxkeM, uto Bce umcaa ») coBnagaror

¥ = Deld == DCUN® == CUH De®) = CUDRD P! == yDeh,

Takum 06pasoM, BeKTOPH @) ABJAITCA COGCTBEHHBIMH BEKTO-

pamu oneparopa D, npuyeM cOOCTBeHHble 3HAYeHHs OT HHAEKca &
He 3aBucaAT Do) == @ [lostomy, Kak H B NepBoM cayuae,
D = f(4, B).

O6GpaTHM BHHMAaHHE Ha TO, YTO KOMMYTaTHBHOCTH omnepartopa D
¢ camumu onepatopaMu A u B 3nech Ous0 Ob1 HemocraTouno., Bo-
Jlee TOro, €CJH H3 YCJOBHS KOMMYTATHBHOCTH omepatopa D ¢ A
u B cnenyer D = f(A, B), To MOXHO YTBepXKIaTh, YTO KaxXoOi
nape coOCTBEHHBIX 3HAUYEeHHH Amn H W. COOTBETCTBYeT OJAHH COO-
CTBEHHBIH BEKTODP @mn. [ €HCTBHTENBHO, €CJH TAaKHX BEKTOPOB He-
CKOJIBKO, TO BCErja MOXeT OBITb MOCTPOeH ONepaTop, KOMMYTH-
pyiomufi ¢ A U B u He ABJIAKINHACA HX OyHKOHell. B Kauecrse
TAKOrO OMEpaTopa MOXKHO B3fTh, HaNmpHMep, omepatop CUY.

Temepb MBI MOXeM BBECTH BaxKHOUe INOHSITHE O IOJIHOH CHCTeMe
KOMMYTHPYIOIIHX onepaTtopoB. CHCTeMa CaMOCOMPSIXKEHHBIX Onepa-
topos Aj, ..., A, Ha3bBaeTCs NOJHOH CHCTEMOH KOMMYTHPYIOIIHX
'onepaTopoB, eCJH

1) omeparopn A; nonapuo koMmmyrupywr [A;A;]1=0, I, j=1,
2 ..., n,

2) HH OAMH H3 onepatopoB A; He ABaseTcs (yHKHHe#l OT oC-
TaJbHHX, '

3) mo6oii onepaTop, KOMMYTHPYIOIHi co BceMH A;, ecTb hyHK-
UHS OT 3THX ONEePaTOPOB.

M3 nokasaHHLX BhIIIe YTBep:KAeHHH H ycaoBHit 1) u 3) ompe-
Jgenenuss moaHoro HaGopa A, ..., A, clenyer, 4TO CyIIeCTBYeT
ofmas moJHas CHCTeMa COOCTBEHHBIX BEKTODOB BCeX 3THX Olle-
paTopoB

Alcpal,...,a =09, ....a, i=1,2....n

n

npuyeM KaxAOH COBOKYNHOCTH COOCTBeHHBIX 3HAUeHHH @i, ..., Ua

COOTBETCTBYET OJHH COOCTBEHHBIH BEKTOD @, .- Y3 ycaosus 2)
[ A

c/lelyer, 4TO MOCJHENHHM CBOHCTBOM He o6sajgaer ofmas MOJHas
cHcTeMa BEKTOPOB [JIsl 4acTH omeparopoB Ay, ..., A, Pakruuecku
ycropue 2) obGosHauaer, uto cpepu omepartopos A, ..., A, mer
«JTHIHHX>.

Ecau B pesysnbTaTe H3MEepPeHHH H3BeCTHO, YTO YHCJEHHBIE 3HA-
yeHHst MOJHOro Habopa Habaiogaemslx Ay, ..., A, B HEKOTOPOM
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COCTOSIHMM C JOCTOBEPHOCTbIO PpaBHH a4y, ..., Qn, TO MOXKHO

YTBEPXKAATDb, UYTO 3TO COCTOsSIHHE ONMUCHIBA€TCsl BEKTOPOM cpal .’
e 8y

B 3akJoYeHHe 3aMeTHM, UTO ecju HaGop MomapHO KOMMYTH-
PYIOUMX He3aBHCHMBIX ONMEPaTOPOB He fIBJISETCS MOJHBIM, TO €ro
MOXHO H IPHTOM MHOTHMH CiI0CO6AMH JOMOJHUTH JAO IOJHOrO
Habopa.

§ 45. MpencrapieHne NPOCTPAHCTBA COCTOSAHHH
no MnoJHOMY HaGopy HalJi0/aeMbIX

[Iycte naH mnoauslii HaGop omepatopoB Aj, ..., A, C UYHCTO
TOYCUHHLIM CNEKTPOM. JTH ONepaTops UMeoT oOulHil MoJHbE HaGop

COGCTBEHHBIX BEKTOPOB , 1 Kaxjaomy Habopy coOCTBEHHBIX
a‘, an

yHcesJ COOTBETCTBYET OJHH BEKTOP @, o+ 11pOM3BOJIBHBIN BeK-
[ Gy
TOp P & £ MoXeT ObITb NpeJCTaBJeH B BHAE pAla

b= X (@ @) g, V(@ G)= (0 00 )

dra ¢opMyna omnpeleasieT B3aHMHO-OJHO3HAYHOE COOTBETCTBHE
MeXx 1y BeKTopaMmu ¢ u GyHkuuamu $(ai,...,a), onpejejeHHEIMH
Ha cmekTpe onepatopoB Ay, ..., An,

b>dla, ..., @)

QueBHHO, UTO

(\ph 1"2)=a Z a lpl (aly ey an)ll)‘z(al’ o0y an)1
A —adlay, ..., a),

T, €. OCTPOEHHOe IpeJCTaBleHHe ABaseTcqd COOCTBEHHHM AJf BCex
onepatopoB A, ..., A, (#eficTBHe 3THX ONEPaTOPOB CBOJHTCA
K YMHOXEHHIO Ha NMepeMeHHYI0).

®yukuusa P(ai,..., a,) Ha3piBaercs BosaHOBOH ¢dyHKHnHeH. UroGH
BHACHUTh ee (H3WYECKHI CMBIC/A, NMOCTPOHM, KaK B NpeAbAylIeM
naparpade, omnepatop R rtako#t, uto 4;= Fi(R), i=1, 2, ..., n,

chal, e @y ral, an(pal, cens

TI€ Fg,..., a, — PA3NUUHbIC BeIleCTBEHHbIE UHCAA H @;=F; (ra,, ..., a,).
Mst snaem, wto |(b, @, . o )=|%(a ..., @)} ects Beposr-
HOCTb B pe3yJibTaTe U3MepeHHs MOJYUYHTb YHCJIEHHOE 3HaUeHMe Ha-
Gaonaemolt R, paBHOe rg,.. . q,. I[losTomy [|¥(ay,...,as)|? saB-
JSIeTC BEPOSATHOCTBIO MOJYUHTh B pe3yJabTaTe OJHOBPEMEHHOrO
H3MepeHus HalgaoaaemMux A, ..., A, 3HaUeHHS 4y, ..., Qn

Bce atu pesynbTaThi ofofuwarorcs Ha caydal moaHoro Habopa

onepaTtopoB Ay, ..., A, ¢ Ipou3BOALHEM clieKTpoM, ChopMyaupyem
6e2 10Ka3aTeJbCTBa TeOpeMy,
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Teopema. [lyctb mam mosaHbii Ha6op KOMMYTHPYIOLIMX Ofepa-
TopoB Ay, ..., A, Toraa cymecrByer Takoe NpeAcTaBJIeHHe MPOCT-
PAaHCTBA COCTOSIHHE, YTO BeKTOD Y & 6 NpeAcTaBisiercss GyHKIHeH
Y(ay...,a,), ONpeleNeHHON Ha HEKOTOPOM MHOXecTBe U (a =
= (ai,...,a,)=¥%). Ha mHOXecTBe ¥ 3ajaHa Mepa du(a) u c¢Ka-
JApHOE NPOU3BEJleH e onpejensieTcss GopMyJIoH
(1, %) = | 4@ 20 dn (a).

A

Onepatopsl Ay, ..., Az B 3TOM NpeACTaBJEHHUH SBJSIOTCS OMepaTos
paMH YMHOXeHHS Ha TNepeMeHHYI0

A['qJ(al, ey an)=ai\|3(a1, ey aﬂ), i=1, 2, N (S

®ynkuua |P(ai,...,a,)|? ecTb maoTHOCTh O6ulel GYHKUMM pac-
npefejeHdss Anas HabaogaemMblx Ay, ..., A, OTHOCHTEJIbLHO Mepbl
du(a).

Brime Mbl yXXe HMeJH NPHMephl NMOJHLIX HAGOPOB KOMMYTHPYIO-
HIUX ONepaTOpOB H COOTBETCTBYIOUIMX MpeJACTaBJeHHH NpPOCTPaH-
CTBa COCTOSIHHI 8.

Hns GeccTpyKTypHOH yacTHIL TOJHBIE HaGop o6pasyioT omepa-
TOpbl KOODAHHAT @, Q2 Q3. DTOoMy Habopy COOTBETCTBYET KOOD-
JIUHaTHOE TIpe/cTaBjeHHe. AHAJOTHMYHO CTPOHUTCS MMIYJLCHOE Tpej-
CTaBJeHHe TO TNOJHOMY Habopy P, P, P, Iloauwniii HaGop o6pa-
3YIOT TakKXe onepartophl H, L% L, rpe H —onepatop Llpeaunrepa
JUIsl 4acTHLLl B LeHTpasbHOM noJe, [IpeacraBaeHue, COOTBETCTBYIO-
uiee 3TOoMy mnoJHoMmy Habopy, onucaHo B § 31. [laa opHoMepHO#
vactullsl onepatop LlpeauHrepa H aJsi rapMOHHUECKOro OCLHJJA-
Topa caM 1mo cebe npejcTaBsasgeT NoJHbIE Ha6op. CoOTBeTCTRYIOILee
npejacraBjeHue OblIo nocTpoeHo B § 18.

§ 46. Cnun

Jlo cHX mOp Mbl CYHTAJH, YTO SJEKTPOH MNpeacTaBJsieT coboit
MaTepHaJbHYI0 TOUKY C MAaccoif m W 3apsiioM — e, T. €. ABJISAeTCs
6ecCTPpYKTYPHOH uacTHLeH, NpPOCTPAHCTBO COCTOSSHHH KOTODOH 8
MoxeT OBITH peaJsM30BaHO, Hampumep, Kak mnpocrpaHctBo L2(R®)
KBaJpaTHYHO HHTerpupyeMuix ¢yukuuit $(x). Ha ocHoBe Takoro
npeacTraBaeHnss 00 3JEKTpOHE Mbl pPacCUHTaJH SHepreTHueckHe
YPOBHU aTOMa BOJAODPOAA W TMOJYUHMJH pe3yJbTaThbl, KOTOpble ¢ 60Jb-
ol CTeNeHbI0 TOYHOCTH COBMAJAIOT ¢ SKCIepUMeHTaJbHbIMH. TeM
He MeHee CYIIeCTBYIOT 3KCNEpHMEHTbl, KOTOpble MOKa3blBalOT, UYTO
nofo6HOe oMHCaHHe 3JEeKTPOHA He SBJSAETCS IMOJHLIM.

Mu yxe ynomuHanu o6 omnwbltax llrepna u I'epnaxa. Irtu
ONBITHl TIOKA3aJiH, UYTO MPOEKLHs Ha HEKOTOpOoe HampaBJeHHe Mar-
HATHOTO MOMEHTa aTOMa BOJOPOJAa B OCHOBHOM COCTOSIHHH MOXET
NpUHUMaTb jABa 3HaueHus. B § 34 Mbl NOCTPOHMJH KBAHTOBYIO
HabJ0aeMyl0 <«MpOeKLUHsT MAarHUTHOTO MOMeEHTa» 3apsKeHHOH
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GeccTpyKTYpHON 4aCTHIbl U BHAEAH, YTO TpPerbsi NMPOEKIHs Marsut-
HOTO MOMEHTa MpPONOPIHOHAJIbHA MPOEKUHH MOMEHTA HMNyJbca Ls.
M3 pacuera aToMa BOZOpPOAA MH 3HAeM, UTO UHCJEHHOE 3HaUeHHe Ly
IJsi OCHOBHOTO COCTOSIHHSI e€CcTb HyJb. I[103TOMYy M MarHuTHblf Mo-
MEHT -aTOMa B OCHOBHOM COCTOSIHHH JOJIKEH PaBHATBHCHA HYJNI0. DTO
NMPOTHBOpEUHe MOXKeT ObiThb 00bACHEHO, ecJH MNpPeANoJOXKHTb, HTO
caM 3JIeKTPOH HMeeT MArHUTHBHI H MeXaHHYeCKHH MOMEHTH, NPOeK-
IIHH KOTOPBIX HA HEKOTOpOe HalpaBJjieHHe MOTyT NPHHHUMAaTb JBa
3HAYEHHUS.

Co6cTBeHHBIE MOMEHT HMIyJibCa 3JIeKTPOHA HAa3bIBAIOT CIHHOM
B OTJIHYHE OT MOMEHTA, CBSI3AHHOTO C ero ABHXKEHHeM B MpOCTpaH-
CTBe, KOTOPHH O6GBLIYHO HA3LIBAIOT OPOGHTAJBHBIM MOMEHTOM.

CymeCTBOBaHHe HabJI0aeMOH, YHC/IeHHble 3HAYEHHS KOTOPOH
MOrYT NMPHHHMATh [BA 3HAYEHHs, IPUBOJUT K HeOGXONMMOCTH CUH-
_TaTb, YTO 3JIEKTPOH MOXKeT HaXOJHTbCH B ABYX Pa3JHYHbIX BHYT-
PEHHHX COCTOSHHAX, He3aBHCHMO OT COCTOSIHHSl €ro JBHIKCHHS
B NpocTpaHcTBe. DTO B CBOIO oOYepeib NPHUBOAHT K YABOCHHIO
ofIero yucia COCTOSIHHH 3JeKTpoHa. Tak, KaXJOMY COCTOSIHHIO
3JIEKTPOHA B aToMe Bojopona (06e3 ydera CIHHA) COOTBETCTBYET
JABa COCTOsIHHS, Pa3JuYaloOlUXCs MpPOeKIHed COHHa HA HEKOTOpoe
HanpaBJIeHUe,

Ecau npeanosox)uth, YTO He CYIIECTBYeT KaKoro-aubo HOMOJHH-
TeJbHOTO B3aUMOMIEHCTBHS, CBSI3aHHOTO CO CINHHOM, TO KPAaTHOCTb
Bcex coGCTBEHHHIX 3HAUeHHH 3HEePrHM OKasbiBaeTcs B JBa pasa
6osblle, yeM 1Js1 GeCCIHHOBOH yacTHnbl. ECaH XKe Takue B3auUMo-
JefCTBHS CYIIECTBYIOT, TO BBIPOXKJEHHS, CBA3aHHbBIE CO CITHHOM,
MOTyT CHHMAaTbC M TIPOM30HIET pacllelJeHHe SHepreTHYeCKHX
ypoBHeil. ONbITHl NMOKAa3bIBAIOT, YTO TaKoe paclleN/eHHe NeHCTBH-
. TeJbHO HUMeeT MecCTo.

B § 32 Mbl omicasH MOJENb aTOMOB IIE@JOYHBIX METaJlJIOB, OC-
HOBAHHY!O Ha TMpPeANOJIOKEHHH, YTO BAaJEHTHBII 3JeKTPOH aToMa
JBHKETCH B IIEHTPAJbHOM MoJie, DTa MOJelb HelJOXO OIHCHBAeT
pacnoJioxeHue 3HEpPreTHYeCKHX YPOBHEH aTOMOB IIENOYHBIX MeTal-
JIOB, OJJHAKO HH caMa MoJeJb, HH Kakoe-Ji00 ee yCOBEpIICHCTBO-
BaHHe He MoOryT o6bsicHHTb HabjofaeMoe pacllelyieHHe YpoBHeH
npa [ =0 Ha jgBa Gau3Kux. ['unoTesa o CNHHE IMO3BOJISET JIETKO
06 BACHHTL 3TO pacllieneHue. B aToMHOH (u3HKe CyLIECTBYeT ellle
MHOXKECTBO fBJIEHHH, KOTOpble HaXOAAT cBOe 0ObSCHeHHE Ha OCHOBE
3TOH rHmoTe3bl. Mbl YBHAUM TO33Ke, YTO TOJBKO yABOGHHE 4yHCJa CO-
CTOSIHHE 3JIEKTPOHA, CBSI3aHHOE CO CIIHHOM, M03BOJIAET OODBSCHUTD
IJIHHY TepHONOB B Tabaulle MeHgeneesa.

Xotesoch Obl MOAYEPKHYTb, YTO THMOTE3a O CIHHE 3JEKTPOHA
ABJseTcs THIOTE30H O NPHPOAE KOHKDETHOH 3JeMeHTapHOH uac-
THIB M. He 3aTpardBaeT OGIIMX NPHHUHIOB KBAHTOBOH MEXaHHKH.
Anmapar KBaHTOBOH MeXaHUKH OKasbiBaeTcs IPHCIOCOOJCHHBIM
VIS OTMMCAHHUSA YAaCTHIB CO CIHHHOM,

Mbl HauHeM C MOCTPOEHHS MPOCTPAHCTBA COCTOSHMH AJS 3J€K-
TpoHa. bes yuera cniHa NPOCTPAHCTBOM COCTOSHHH J6 B KOODAH-
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HaTHOM MPeJCTaBJEeHHH fBJseTcs NpocTpanctBo L2Z(R3). Beenenue
cnuHa TpefyeT paculMpeHHs TNPOCTPAHCTBA COCTOSIHHE, Tak Kak
YUCJO COCTOAHHH YaCTHIB CO CIHHOM 6o0Jblle, 4eM y GecClHHOBOH
YaCTHILHL

Y 1BOeHHSI UHCIA COCTOAHUE 6Ge3 HU3MeHEHHR (HU3HUECKOro Co-
JNepXKaHUS TEOPHH JIETKO AOOUTLCS, 3aMeHHB NMPOCTPAHCTBO COCTOSA-
HUlt 96 = L?2(R®) nHa s = L2(R®)® C? u COMOCTABHB KaxKAOMH
HabmonaemMolt A B 56 nabaonaemyio A Q[ B Hs.

[TosicauM ato moapo6GHee. DJNeMeHTAMH MPOCTPAHCTBA COCTOSHHI
YACTHIH CO CIIHHOM SBJAIOTCHA mapsl QYHKIHH

\}r:(wl(x)), n

Pa (X)
CkaJfipHOe TIpOU3Be/leHHe B NPOCTPAHCTBe JBs 3amaercs GopMyioi
(%, ©) = {4 () 91 (9 dx + | 420 7 (0 dx. )
R R

Bynem ucmonbizoBath ans HabgawpaeMuix A® [ B J8s Te xe 060-
3HAYeHHS H Ha3BaHHA, YTO H AjA Habuaogaemblx A B #. Tak Bo3-
HHKAIOT ONepaTopnl KOOPAMHAT Q), Qs Qs, omepaTopsl NpPOEKUHH
uMnyabca Py, Py, P; u T. A., AelictByiomue B #s. Hanpumep,

b, (%) b 0y (x)

1 X i axl

Pl\y:Pl('l["g(X))= _h_a‘l(l;z(x)
L Xy

KaxaoMy YHCTOMY COLTOSIHHIO P(X) B J6 Temepb COOTBETCTBYET
[Ba OPTOrOHAJBHLIX COCTOSIHHA B JBs

‘I"z(wgq)’ ‘Pzz(w(()x))

iy aobas ux JuHeliHasd koMOHHaNUA. SICHO, UYTO cpenHee 3HAYEHHE
Jo6olt HabmonaeMolt A B cOCTOAHHH P GYAeT PaBHATHLCA CPEqHEMY
3Hayenuo HabaogaemMolt A ® [ B cocroauuax W, u W, TakuMm o06-
pasoM, BBels MPOCTPAHCTBO JBs M OTPAHHUMBAACL PACCMOTPEHHEM
HabmonaeMbix Buga A Q) /, MBI AeHCTBUTENLHO AOGHJIHCH YABOSHHSA
YHCJa COCTOSHHH, COXPAHHB Bce (DH3HUECKHE CJAENCTBUS TEOPHH.

B mpocTtpaHcTBe J6s, OnHAKO, HapAny ¢ HabawonaeMbMu A R [
CYILECTBYIOT H Apyrue HaQmaoolaeMble, HanpuMep, Buaa [ ® S, rae
S — camoconpsikeHHsll onepatop B C2. PasyMeercs, B s cylie-
CTBYIOT HabJionaeMble, He mpenacTaBuMble B Buiae AQ [ win [ Q) S,
HanpuMep, CYMMBl HJIH MPOHU3BEJAEHHA TAKHX HaAGJIOMAEMBIX.

Paccmorpum HaGuaopaemble tunma [ ® S. [lpexne Bcero oue-
BUHO, uTO Ji06Gas Takasa HabjaogaeMas KOMMYTHpPyeT ¢ J0GoH
Habaogaemolt A® I u He gBjasercs QyHKIHeH OT HAOJIOLaeMbIX
takoro Tuna. [lostomy B npoctpaHcTBe J6s HabmopaeMble Qi, Qa,
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Q; He 06pa3yioT noJHOrO Habopa KOMMYTHPYIOIIHX HaG6JI0LaeMBIX
H MBl JOJKHH 6yjAeM JONOJHHUTH 3TOT HaGop A0 MOJHOTO.

Jlio6o#t camoconpsikeHHHH onepatop S B mnpocrpaHcrBe C2
NpeAcTaBHM CaMOCONPSIXKEHHOH MaTpHIleHd BTOPOrO MOPSAKA H MO-
JKeT OBITb BbIpaKeH B BHJe JHHeHHOH KOMOHHALHH YeThpex He3a-
BHCHMBIX MaTpull., B KauectBe Takux Matpuu yao6HO BHOpaTh
enuHHuHylo Matpuny [ u Marpuuu Ilayau oy, oy, o3

(o 1) a=(\ o) ==(; To) ==(, _})
I=\o 1) o=y o) 2= o) o=\g —1)

Ceofictea Matpun Ilaynm o6cyxkpanuce B § 27. Matpuns S; =
= 0;/2, [ ==1, 2, 3 UMeIOT NepecTaHOBOUHHIE COOTHOIIEHHS, TAKHE
Ke, Kak H AJ5 opOHTAJbHOTO MOMEHTa HMINYJbCa

[S1, Sol =183, [Ss, Ss]=1iS;, [Ss, Si]=1iS,.

Mel BHAENH, YTO TepecTaHOBOUHBIE COOTHOIUEHHS SIBJSIOTCS OLHHM
H3 Haubojee BaXKHBIX CBOHACTB ONEpPaTOPOB MOMEHTa HMMNY.JbCa.
ITostoMy pasyMHO oOTOXAecTBHTH omepatopnl I ®S;, j=1,2,3
C omepaTopaMH MpoeKUHH cnuHa *. B panbHeiilieM 3TH omepaTtops!
6yneM o6o3aHayath OOGbYHO 4Yepe3 S;. Onepatope S; HMelOT co06-
CTBEeHHble 3HauYeHHs1 ==1/2, KoTOprle H SIBAAIOTCS OOMYCTHMBIMH
3HAYEHHSIMH NPOEKUHH CNHHA Ha HEKOTOpOoe HampaBJseHHe **. Bek-
¥ (x) 0

TOPBI ‘I’lz( 0 ) H 1P2=("~|3 x) SIBASIIOTCS COGCTBEHHBIMH BEK-
TOpaMH onepatopa S3 ¢ cOGCTBEHHBIMH 3HaueHHAMH —+1/2 u —1/2.
ITosTOMy 3TH BeKTOpPH ONHCBHIBAIOT COCTOSIHHSI C ONpeAe/]eHHHM
3HaYeHHEeM TPeTbell MPOEeKIHH CIHHA.

Has panpHefiero HaM yao6HO HM3MeHHTL O6GO3HAYEHHS H BeK-
top ¥ e 565 3anuchBath B BHae GYHKIHH Y (X, Ss), rae x & R3,
a s3 NpHHHUMaeT ABa 3HaueHHs -+1/2 u —1/2. Takas 3anHchL 3KBH-
BajeHTHa (1), eClH MONOXHTH

¥(x g)=h®, ¥(x —5)=h.

U3 paBeHcrBa

¥y (%) % Py (x)
&( m)= I
bz — 53 (x)

* Bosee rayGokHe cooOpaxKeHHs OCHOBaHBI Ha TOM (aKTe, UTO AN CHCTEMBI
co cdepHIecKH CHMMeTpHUHHM onepaTtopom lllpeaunrepa omepatoput L)+ S; sas-
JAI0TCA KBAaHTOBBIMHM HHTerpajiaMH ABHXeHH. JTOT BONPOC Mbl O6CYIMM IMO3XKe.

** Bce dopMyabl Mbl 3allHCHIBaeM B CHCTeMe €AHHHL, B KoTopofi h == 1,
B o6uiuHofi cHCTeMe eXHHHIL ONEPaTOpHl MPOEKUHH cMHHA uMeloT BHA S;== (h/2) g,
B MONYCTHMble YHCJCHHBIE 3HAYEHHSI 3THX NMPOCKUHH paBHH =+h/2. 3aMeTuM, uTo
UPH Tepexofle K KJaCCHUECKOH MexaHHKe i — 0 H COOTBETCTBEHHO NPOEKLUHH CMH-
Ha ctpeMaTcs K HyJo. [TosToMy chmuH sBasieTcs clielH(HYeCKH KBAHTOBOW Ha-
6monaemoii.
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CAeslyer, 4To
S3IP (x) S3) = S3IP (x) S3),

T. e. onepaTop Si, Tak Xe, Kak U onepartopn Qi, Qs Qs, siBaAgerca
ONepaTopoM YMHOXEHHs Ha mnepeMeHHyI0. MB BHAHM, 4YTO [O-
CTPOGHHOE TpeJCTaBJIeHHe MPOCTPAHCTBA COCTOSHHH ~YaCTHIB €O
CIHHOM fBJIsIeTCS COOCTBEHHBIM HJifl omepaTopoB @, Qs Qs u Ss,
a 3TH omepaTopsl 06pa3yloT MOJHBIH Ha60p KOMMYTHPYIOUIHX Ofe-
paTopoB B Fs.

Tenepb Jerko NOHATb (H3HYeCKHH cMbica QyHKUHHE W (X, s5).
B cooTBercTBHH ¢ 06IHM ToJKOoBaHHeM |W (X, S3)|? eCTb MJIOTHOCTb
GbYHKIHH pacnpenesieHHs KOODAHHAT MNPH YCJAOBHH, YTO TPEThs

MPOEKIHS CNHHA HMeeT 3HaueHHe S3, a \|W(X, s3) Pdx ecTb Be-
R3
POSITHOCTb B pe3yJibTaTe H3MepeHHsA CNHHA NOJYYHTb 3Ha4YeHHe,
paBHOE 3.
Hapsany c Ha6aopaembimu S;, S, S; MO:KHO BBECTH Olepartop

kBaxpaTa cnuHa S°=S: + S5 4+ S3. IToxacrasasia B 370 BbIpaXKeHHe
S; =%ol H YYHTBIBafl, YTO G"}=1, MOJTYIHM S2=%1. Mt BHANM,
yro Jio60#t BeKTOp W & Hs saBJAeTca «COGCTBEHHBIM» /s Ollepa-
topa S? ¢ cob6cTBeHHBIM 3HaueHHeM 3/4. 3T0 cO6CTBeHHOE 3HAayeHHe
MOXHO 3amucatbh B Bume * s(s—+ 1), rane s = 1/2. Ilostomy roso-
pAT, YTO CNHH 3JIEKTPOHA paBeH /2.

[TocTponM mnpexacTaB/eHHe TI'pyNNbl BpamieHHH B NPOCTPAHCTBE
#s. HanomMuuM, uto B npocTpaHcTBe J6 = L2(R3) pefictByer mpen-
cTaB/JieHHe BpalieHHH g onepaTtopaMu W (g) = e iLatlartla)
a B mpocrpaHctBe C?— oneparopami U (g)=e~iSiai+S:8:+Sa),
Oto6paxenne g— Ws(g), rne Ws(g)= W(g)® U(g) sasnsercs
NpeACTaBJeHHeM B NpOCTpaHcTBe Hbs. [IpencraBnenne Ws ectb mpo-
U3BeneHHe npexpcrabiednii W u U

Onepatopsl B s Ha3biBaloTcd chepHUeCKH-CHMMETDHUYHBIMH,
€CJIE OHH KOMMYTHDPYIOT co BceMu omnepatopaMu Ws(g). Ecan ome-
patop Ulpemunrepa H sBasercs chepHIECKH-CHMMETPHUIHBIM, TO
oneparopnl Ws(g) H HHOQHHHTE3HMaJibHblE OMEPaTOPHI

OWS
aaj

=—i(L;@I+I®S), =123,

a=0

ABJIAIOTCA HHTerpaJJjaMH JABHXEHHA. I_IOSTOMy JJigd CHCTEMBI CO Cq)e’»
PHYECKH-CHMMETPHUHBIM omepaTopoM llIpennHrepa cnpaBenJuB 3a-
KOH COXpPaHEHHA NOJHOr0 MOMEHTAa HMIYJabCa, NMPOCKIHH KOTOPOro
Ji=Li+S;

*B § 29 Mm nokasalH, YTO H3 MePECTAHOBOUHHIX COOTHOWIEHHH AJs MO-
MeHTa WUMIYJbCa CleAyeT, 4T0 cOOCTBeHHhie 3HaueHHs OMepaToOpa KBajpaTa MO-
MeHTa HMelT BHA j(j+ 1), rde j— uemoe uiM nojyuenoe 4HCAO., DTo YHCIO
178 OnepaTopa ChHHA NPHHATO 0603HadaTb GyKBOH S.
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3aMeruM, uto B ofuieM caydae cdepHueCKH-CHMMETPHUHOTO
onepatopa H HeT 3aKOHOB COXpaHeHHs OPOHTAJBHOTO H CIIMHOBOTO
MOMEHTOB MO OTHENbHOCTH. ONHAKO, eCJH chepHUeCKH-CHMMETPHU-
ublli onmepatop UlpenuHrepa B s KOMMYTHPYeT H CO BCEMH Olle-
patopamu W(g)® [, TO OH KOMMYTHPYET CO BCEMH ONEpPaTOPaMH
IQ U(g), H UMeIoT MecTO 3aKOHHI COXpaHeHHs nJs HabaiogaeMbix
L; u §; no orpenpnoctd. Ilpumepom rtakoro omeparopa Ulpenun-
repa sBJasiercs onepatop H @/, rae H —omepatop llpeguurepa
JJIl 4aCTHUH B I[EHTPAJbHOM MOJeE,

§ 47. CnHH CHCTEMBI IBYX 3JEKTPOHOB

ITpoctpancrBo C2?, BBeeHHOe B MpeAbAyHIeM Naparpade, gacto
Ha3bIBAIOT CITHHOBHIM NPOCTPAHCTBOM /151 3JEKTPOHA, JIas cHCTeMH
H3 JIByX 3JIEKTPOHOB CIIHHOBLIM NMPOCTPAaHCTBOM SIBJSIETCS] POCTpaH-
crBo C*= C?® C2. B npocrpancree C? Bunfepem Gasuc, cocTOs-

1 0
H# U3 COGCTBEHHBIX BEKTOPOB onepatopa S U, = (0) HU_= (1)

¢ co6CTBEeHHHMH 3HaueHHsMH 1/2 B —1/2 coorBercTBeHHO. B Ka-
yecTBe OGA43HCHHIX BeKTOpPOB B mnpocTpaHcTBe C*! MOXKHO B3fTh

sekropsi  UPUR, UPU®, UPU? w UPU?P, rme uupexkcw (1)
11 (2) HyMepyWOT CIHHOBbiE MOANPOCTPAHCTBA 3JEKTPOHOB.
Bonee yno6HBIM, 0ZHaKO, OKa3hlBaeTcsi APYro#l OPTOHOPMHPO-
BaHHHH 6a3HC, COCTOSHUIHH H3 BEKTOPOB
1y,
W= UYUY,
Ny ;@
W.=UZUZ,

1 Dy @ 1y @
Ws=—(UPU? 4+ UOUD),
A/2
1
W,=—(UP0? — UOU?).
V2
Yno6erBo HoBOro 6asHca COCTOHT B TOM, YTO BeKTOpH Wi {=1,
2, 3, 4 aBasOTCA COOCTBEHHLIMH BEKTOPaMH ONEpPaTOPOB

Sa= S8+ S5
2
u S§*=S81+ S;+ Si.
3nech omepaTop S; €CTb TpeThsl MPOEKIHS IOJHOr0O CIHHA JBYX

3JIEKTPOHOB ¥, aHAJIOTHUHBLIH CMEICH HMEIOT onepatopel S; H S,
Onepartop S? ecTb KBafipaT NMOJIHOTO CIIHHA.

% B Gosee TouHoR 3amucH S =—;-0'3 ®1I +—;— I ® 03. Oneparopm o; ®In

(1) @)

1®0’1 Mbi o003Hauaem B faibHeiflliemM uepe3s G;° ¥ 0j’ COOTBETCTBEHHO,
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Hast toro utobb MpoBepHTbL CHOPMYJIHPOBAHHOE YTBEDKACHHE
OTHOCHTeJIbHO BeKTopoB W;, i = 1, 2, 3, 4, HaliaeM pesyabrar aeH-
CTBHSl ONEPaToOpoOB O1, Oy, O3 Ha OasucHue BekTopw U, u U_.

Hmeem
0 1\ /1 oy
U — = —
N (1 0)(0) (1) V-

0’1U__ = U+,
o U, =iU._,
e (1)
olU_=—iU,,
03U+ = U+,
ol/l_=—U_.
Hcnonbayst 3tn GhopMyabl, mosyuum
SaWi =5 (of + o) UYUP = VYUY = 1w,
S3W2 =__— 1W2; (2)
S3W3 - OW37
83W4 - OW4.
Hapsany ¢ (2) uMenT MecTo GOpMyJH
SW,=2W, =1, 2, 3,
i 7 (3)

SW,=0W,.
Ilposepum dopmyay (3) anas Bekropa Wi
SWy=(S1+ S+ S) Wy =
= [0 + o) + (o8 + o) + (o8 + o)1 W =
=[5 1+ 5 (sl + oo + 0(3”0(32))]-1/% (VRU2 + U09) =
=Wyt 5 Wt 5 Wy — o Wy =2W,,

3gech Mb ucmosab3oBadau (1) u papeHcrBa o7=1/, j=1, 2, 3. Ta-
KuM ofpaszoM, nepsble Tpu Bekropa Wi, W, u W3 onuchBanoT co-
CTOSIHHSI, B KOTOPBIX KBaApaT MOJHOrO CMHHA CHCTEMBI H3 ABYX
3JeKTpOHOB paBeH 2. Uucio 2 MOXKHO 3amHcaTh B BHie 2=
=S8(S+ 1), rae S=1, N03TOMYy NOJHBIH CIMH B 3THX COCTOSI-
HUSAX paBeH eanHHle. [Ipoekius MOJHOrO CHHHA B COOTBETCTBHH
¢ o6mHUMH cBOHCTBAMH MOMEHTa HMMINYJbCa NMPHHUMAET B 3THX CO-
crosHusIX 3HaueHHss =1 u 0. Bekrop W, omuceiBaer cocrosinue
C NMOJIHHIM CIHHOM, paBHBIM HyJ©0. WHorjaa roBopsT, UTO B COCTOS-
Huax Wi, Wo, W3 cnuEBl 27eKTpPOHOB napaJJesbHbl, & B COCTOSI-
Hun Wi — aHTHNapaJgJenbHbl,
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O6cynuM  MOJYYEeHHBIH pe3yJabTaT C TOUYKH 3PEHHS] TEeOpHH
rpynn. Mbl 3HaeM, yto B mpocrpaHctBe C? neHcTBYeT HeNpHBOIM-
Moe npeacTaBJIeHHE TpyIsl BpalleHu# onepatopamMu

_QL(olal+o2a2+0$a3)
U(g)=-e . Slcho, uTto oro6paxenve g-—>U(g)=

=U(g) ® U (g) = e~ HSw+SuntSa) ecth npejicTaB/IeHHe TPYNIBl Bpa-
wenud B npoctpanctee C* Ilpencrasnenne U siBisieTcss TeH3OPHBIM
1IIpOH3BeeHHEM [BYX OJHHAKOBBIX mpejcraBiaeHu#t U, H OHO NpPHBO-
quMo. CornacuHo pesyabrataM § 29 npocrpanctso C* nmpencTaBHMO
B BHJle MPSIMO# CYMMBI ABYX HHBapHAHTHBIX OTHOCHTE/bHO ONEepaTo-
pos U(g) moanmpocTpaHCTB, B KOTOPHIX ACHCTBYIOT HeNPHBOAHMBIE
npeacraBaenus. [leppoe U3 5THX NMOANPOCTPAHCTB HATATHBACTCH Ha
Bektopul W;, W,, Ws, a Bropoe —ua Bexrop W, Hcnoabays o6o-
3HayeHus § 29, Mbl MoXeM 3anyucaTh STOT pe3yJbTaT B BHAE

2

1

2

3aMeTHM, 4TO MBl JO0Ka3aJW YacTHBIA cJjyya#i TeopeMbl O pasio-
JKEHHH TEeH30PHOrO TPOU3BENEeHHS HENPHBOAUMBIX IIpeJCTaBJeHHHA
rpynnsl  Bpawenuft. Cdhopmynupyem 3Ty Teopemy 6e3 [oKasa-
TeJbCTBA.

Ilycts B mpoctpaHcTBax & W &, LeACTBYIOT HeNpPHBOAHMBIE
npeicTasjiennss rpynnsl Bpawenuit D, u D,. Toraa TeHsopHoe

[pou3BeJileHHe MpeCTaB/eHu# NpeJCTaBUMO B BHJ€ NPAMOH CYMMHI
HENPHBOAHMBIX NpeacTaBJeHHH

D;®Dj,=Dj~ 1y @ Djj—14+1D .. . D Dyj4p,e

IMocaenusas ¢opMysna Ha3wiBaeTcss passoxenuem Kie6mia —
Topaana. CaMo pasJioeHHe moJyyaercsl mnepexoaom ot 6Gaswuca,
COCTABJIEHHOTO M3 BEKTOPOB €f,m€jymy Me=—jr, —Jr+ 1, ..., ],

k=1,2, rae ej,m, — COGCTBEHBble BEKTOPHl ONEPaTOPOB (j“‘))2 nJP
K Gasucy u3 BeKTOpoB &, ;o I =/ —Jy|, [J;— B[+ 1, . i+ ],
M=—J,—J4+1, ..., J. Bektopnl €} 1um SBISIIOTCS COGCTBEHHBIMH
IJs1 4eThIpeX KOMMYyTHpylowux onepatopos (JM)?, (J@)2

P=0 4092 4 (1 + 19 + (I + 19, 1,=10 + 19,

BEKTOpr ell/le nmpeacTaBuMbl B BHIAC

. e/.mM=mZ C ottt a5, € s (4)
1, M2

MHpexcel  cyMMHpoBaHHMS  m;  npoGeralor  3HaYeHHs  —j,

—jr 41, ..o, jo, k=1, 2. Kosdduuuentel pasnoxenns C B (4)

HaselBawTcA kospduuuenraMu Kneb6ma — l'oppana. 3aMerum, uto
Mbl, nepexoas kK 6Gasucy W, W, W, W, namau sti kosddu-
IMEHTBl AJS caydas j; = o= 1/2.

H3 chopmysnpoBanHOH TeopeMBl CJeAyeT TaK¥kKe, UYTO eCJH
B HEKOTOPOM COCTOSHHH MOMEHT uMnysbca J{) umeer 3HaueHue j,
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a MoMeHT J/® — 3HaueHHe j;, TO NMOJHHA MOMEHT J MOXeT IDHHH-
Matb 3HaueHHd |j1—jao|, |j1—Jje|l+ 1, ..., j1+ j. CraannBath
TaKHM 06pa3oM MOXKHO KakK OpPOHTaJbHblEe HJH CIHHOBHIE MOMEHTHI
IJS pa3JHYHBIX YacTHL, TaK H OpOHTAJbHHHA H CIHHOBOH MOMEHT
JAJ1 OJHOH YaCTHLHL.

B 3aknmwdenHe sToro maparpada OTMETHM BaXXHOe AJA AaJb-
HeHniero cBOHWCTBO GasHCHBIX 3JjemeHToB W, i=1, 2, 3, 4. as
3TOro 3allHIleM HX, BBOAS CIIHHOBble NepeMeHHHle si) u s, Kaxpas

H3 KOTODHIX MOXET IPHHHMAaTh JABa 3Ha4YeHHd —+1/2
W, (4 ) =U, () U, (),
W, (sg”, sg”) =U_ (sg") U_ (3‘32)),

W, (s, 58) =~ (U () U_ (s) + U_ () U (590 ©
V(s ) = UL () U (65) = U () U ()]

1 1 A 1
me Uy (5)=1 U.(—5)=0 U_(3)=0 U_(—3)=1
M3 (5) cnenyer, uto ¢ynkuun W, W, W; asagiorca cummer-
PHUHEIMH DYHKIHAMH OT CIIHHOBLIX lleDeMeHHBIX

W, (s, sO) =W, (s, s2), i=1,23,
a W, — aHTucHMMeTpHYHaa (QyHKIHSA
2 ) = — ) ol
W (s )= = W, (s, o).

§ 48. CucreMbl MHOTMX YacCTHIL
TIpHHUMN TOXK1€CTBEHHOCTH

Jo Hacrosiulero naparpada Mbl H3y4aJH B OCHOBHOM INOBEJcHHE
OJHOH KBaHTOBOH dacTulbl. IIpocTpaHCTBOM COCTOSHHH 4YaCTHIb
6e3 cniHHA ABJAAETCA B KOOPAHHATHOM IIpPeJACTaBJEHHH NPOCTPAHCTBO
L2(R®), a pas vactHubel co cnuHoM 1/2 — L2(R3)® C2 EcrecrBen-
HeIM 0006IleHHeM TaKHX I@POCTPAHCTB Ha CJayd4aH CHCTEMH H3
#i JacTHI NPEACTABAAIOTCH IPOCTPAHCTBO

L2 (RSn) — L2 (R3) ® L ® L2 (RS)
JJaa JacTHI 6e3 cIHHA H IIPOCTPAHCTBO
LPRHC"=LR)QC*® ... ® L*(R) ® C?

AJIS Y4acTHI[ co cnuHoM 1/2.

CpaBHeHHe TeODHH C 3KCIEPHMEHTOM IOKa3hiBaeT, OJHAKO, UYTO
TakKoe MpellNoJOXKeHHe O TIPOCTPAHCTBAX COCTOSTHHA CHCTEM H3
#1 YaCTHIl OKa3bIBaeTCd CHPaBeJHBbLIM TOJbKO B TOM CJydae, KOrja
CpelH YaCTHI] CHCTeMB HeT OJHHAKOBbIX. [IpH HanHYHH OAHMHAKO-
BHX YaCTHII B TIOBEJEHHH KBAHTOBLIX CHCTEM OOHAPYXHBAIOTCA
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0COBEHHOCTH, OObsCHEHHe KOTOPHIX CTAHOBHTCS BO3MOXHBIM Ha
OCHOBE TaK Ha3blBA€MOro MpHHUHNA ToxjaecTBeHHOCTH. Cpasy 3a-
METHM, YTO MPHHIUHI TOXJAECTBEHHOCTH SIBJSIETCS HOBBIM HpPHHIHU-
oM KBaHTOBOH MexaHHKH. OH He MOXeT OLITb BbIBEIEH H3 JIPYrHX,
chopMYJHPOBAHHKIX PaHEe, OCHOBHBIX MOJIOXKEHH{I KBAHTOBOIl Mexa-
HHKH H J0JKeH OBITh MOCTYJHPOBAH.

ByneM o603HauaTb OJHHM CHMBOJIOM 8 npoctpaHcrBa L2(R3%)
u L2(R3) & C2", a 3/1eMeHTH 3THX MPOCTPAHCTB 3aMHCHIBATb B BHJIE
Y(E,...,t), rae E=x®—paa OGecCOHHOBOH YaCTHUB H
§i=(x“), sgi))—zum YACTHIB CO CIHHOM, S{ — cmHHOBas mepe-
MeHHasi [-H yacTHubl. JlJIS YaCTHIBI CO CMHHOM 1/2 mepeMeHHbie 3‘3’”

NPHHUMAIOT ABAa 3HaueHus =+ 1/2.
CkansipHoe TNpPOU3BeAEHHE B MPOCTPAHCTBAX J# TaKXKe MOXKHO
3aMHCHIBATb €JHHOOOPA3HO

(lIJ" (D)=S‘If(§1, sees gn)cD(glr ey gn)dgl dgm

nojpasyMmeBasi, yTo AJAsi YaCTHIL CO CMIHHOM HHTErpHPOBAHHE TI0 Me-
peMeHHBIM §; eCTb HHTErpHpOBaHHE MO MPOCTPAHCTBEHHBIM Tepe-
MeHHbIM X() M CyMMHPOBaHHE 1O CIHHOBBIM MepeMeHHbIM s,

Ilpexge ueM mnepexoadTb K (OPMYJUPOBKE MPHHLATIA TOXKJe-
CTBEHHOCTH, PACCMOTpPHM TpYINy MepecTaHOBOK S,, KOoTopas Hashl-
BaeTcst TaKXKe CHMMETPHUYECKOH IpYNMoi. DJeMeHTaMH 3TOH ['PyMiIbl
SIBASIIOTCS TIepeCTaHOBKH

1,2, ..., n
n={. . .
Ly lay o ooy Uy
a eIUHHYHBLIA 3JIeMEHT €CTb TOXJEeCTBEHHAasl NepecTaHOBKa
1,2,..., n
I= .
,2,...,n
IlpousBejeHHeM TMepPeCTaHOBOK I = fp7; HA3LIBAETCSH TepecTa-
HOBKAa, KOTOpas MOJAYy4YaeTcsl B pe3y/bTaTe NOCJAeNOBATENbHOIO BbI-
MOJTHEHUS] MEPECTAHOBOK 71; H fy.

Jlerko MoCTpouTb MpejcTaBJAeHHe I'PYNILL S, B NPOCTpaHCTBE H.
Beenem omepatopn! Py, MOJOXHB

Pﬂqr(gly ey gn)=qr(§i1, L] gin)-

OueBHHO, Py SIBASIIOTCS YHHTAPHBIMH ONEpaToOpaMHu U oTo6GpaxXeHHe
n— Py ecTb mpeicTaBJeHHe CHMMeTpPHYeCKOH IpYMMbl B MPOCTpaH-
CTBe 6. '

B npocrpaHcTBe J6 cpasy BBIACNASIIOTCS ABA UHBAPHAHTHHIX OT-
HOCHTEJIbHO OMNepaTopoB P, MOANPOCTPAHCTBA. DTO MOANPOCTPaH-
CTBO s CHMMETPHUHBIX (PYHKLHH, IJ5 KOTOPbIX

Pﬂqr(‘él’ [ gn)=qr(§1’ DRIRK] gn)
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H TOANDPOCTPAHCTBO FB4 AaHTHCHMMETPHUHHIX GyHKLHH
PRW (€1, ..o B =(—DHWE, ..., £,

rie depes [n] o6o3HaUYeHAa YeTHOCTb MepecTaHOBKH . OueBHAHO,
uTo s L Fbs.

B cayuae nByx uactuu 58 — HBa D Hbs. HelictBUTeNbHO, N106as
byuruua ¥ (g, E2) MoxkeT ObITh 3alMcaHa B BHJIE

‘P(gly §2)= II’ (gl’ EZ) .;_ lF (EZ’ El) + IF (Eh EZ) ; II’ (gz, El) —

=‘PS (glv g?) +‘PA (gh g?)v rie ‘PS E%S’ a ‘PA = %A'

B cayuae GoJbliero uHcaa YacTHIL HMeIOTCSl H BoJsee CJI0XKHbBIE,
ueM JBs M B, VHBapHAHTHbLIE TOANPOCTPAHCTBA, OJHAKO HHTEpeca
3TH MOJNDPOCTPAHCTBA He TpeAcTaBasior. [IpHHUMN ToXaecTBeH-
HOCTH YTBepXKIaeT, UTO IIPOCTPAHCTBOM COCTOSIHHH CHCTeMBl H3
1 OJNMHAKOBHIX UYaCTHL SIBJASETCS JHOO0 TNPOCTPAHCTBO HBa, JHOO
MPOCTPAHCTBO JBs. BHGOp oJHOro H3 3THX TNPOCTPAHCTB B Kadye-
CTBe MPOCTPAHCTBA COCTOSIHMIl 3aBHCHT TOJbKO OT pOAA YaCTHIL

['oBopsAT, UTO YaCTHLLI, COCTOSTHHSI KOTOPHIX OIIHCHLIBAIOTCS CHM-
METPHUHBIMH (GYHKUMSMH, NOIUYHHSIIOTCA CTaTHCTHKe DBose — Diin-
mTedHa, a YacTHLbl, OMNHCHIBAeMble AHTHCHMMETPHUHBIMH OYHK-
HSAMH, ToauHHsIIoTes craTHcTHKe Pepmu — lupaka. Ileperie Ha
3HBaloTcsa 6030HaMH, a BTopble — (pepMHOHAMH.

OKasblBaeTcs, YTO CTATHCTHKA, KOTOPOil MONUHHSIIOTCST YaCTHIIH,
ofnpenensieTcss UX CIHHOM. YacTHUBI ¢ LeJBM CIHHOM (B TOM 4YHCJe
u 6e3 cmHHA) SIBJASIIOTCH 0O30HAMH, a YACTHIH C TOJYLEJbIM CIH-
HoM — bepMHOHaMHu. B HepesATHBHCTCKOH KBAHTOBOH MeXakHKe
HeT OOBSICHEHHUST CBSI3H CIHHA M CTATHCTHKH, OTYAaCTH 3Ta CBS3b
oG bsicHsIETCS B PEJNSTHBHCTCKOH KBAaHTOBOH MexaHHKe., DepMHOHAMH
ABJAIOTCSA 3JEKTPOHbI, NPOTOHB, HEHTPOHH, CIHH KOTOpBHIX pa-
BeH 1/2, 6o30HaMH SIBJAAKOTCA (OTOHBI, CIIMH KOTOPLIX DaBeH elH-
HHLe, H ME30HBl, y KOTOPLIX CIHH paBeH Hymd0. CTaTHCTHKA COCTaB-
HBIX TOXAECTBEHHBLIX YAaCTHl, (HAlpHMep, aTOMHBIX silep) oIlpele-
JSIeTCST UeTHOCTbI0 BXOASIUMIMX B UX coCcTaB ¢peDMHOHOB, TakK Kak Iie-
pPeCcTaHOBKa OJHHAKOBBIX CJOXKHBIX YacTHL 9KBMBAJEHTHa MNepecTa-
HOBKE HECKOJIbKHX TMap 3JeMeHTapHbX dacTHl. Tak, AeHTPOHEH], co-
cTosIuIHE M3 HelTpPOoHA H INPOTOHA, SIBJASIOTCH 0030HAMH. 3aMeTHM,
4TO CIMH JeHTpPoHa LeJsbld *, TaK KaK CIHHH NPOTOHA H HEHTpPOHA
paBHul 1/2.

" BuimumeM omepatop lllpenunrepa Aas CHCTEMBl NONAPHO B3aH-
MOJEHCTBYIOIIUX YacCTHL, HaxoAsLuleHcs BO BHEHIHEM IoJe

n ‘n n
1 \ . . .
H=—Y 50+ ) Vx®) 4+ Y U x®—xt),
i=1 i=1 i<k
TlepBblii uwjJeH eCTb ONEPAaTOP KHUHETHUECKOH 3SHEPrHH CHCTEMBI
yacTuy, BTOpOfI—Ol’IHCbIBaeT B3aUMOJAEHCTBUE YACTHIL C BHEIUIHUM

* M3 3KCOEPUMEHTOB H3BECTHO, YTO CHHH HeHTpOHA paBeH edHHHIE.
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noseM, a Tpetufi — B3auMoAelcTBHe YacTul Mex Ay coboit. O6paTum
BHMMaHHe Ha TO, YTO MacChH BceX YacCTHL, OAMHAKOBBl, a MOTeH-
uuanasl Baaumoneficreuda V(x) u U(X) He 3aBHCAT OT HOMEpOB dac-
tuu. Beneacrsue storo omepatop lilpenusrepa H KOMMyTHpYeT co
BCceMH onepatopamu Py, [H,P;]=0.

§ 49. CHMMeTpHs KOOPAHHATHLIX BOJMHOBBLIX (PYHKIHH
CHCTEMBI IBYX 9JE€KTPOHOB.
AToM renuns

DNeKTpOHH ABASAKTCA (PepMHOHAMH, MOITOMY BOJHOBAsS (PYHK-
IMA IS CHCTeMBl IBYX 3JEeKTPOHOB [OJXHA OHTb AHTHCHMMET-

PHYHOH
v (§2) gl) =—-Y (gl) gZ)-

Pasnoxum ¢yuknuo ¥ (g, &) no BBefeHHbIM B § 47 6a3HUCHBIM
dynkuuam Wy, Wo, Wi, Wy

4
W (xDsf), xDs) = iZ:l W, (xM, x2) W, (s, s@). (1)

[TepBble TpH cJaraeMelXx B 3TOf CyMMe COOTBETCTBYIOT COCTOSTHHUSIM
C TOJHHIM CNHHOM €JIMHHIA, a YETBEPTOE ONHUCHIBAET COCTOSHHE
C NOJHBIM CNIHHOM HYJb. BBeneHHble cooTHowleHueM (1) dyHkuuu
¥ (x(D, x@), =1, 2, 3, 4 Ha3BBaIOTC KOOPIHHATHBIMH BOJIHO-
BuMH GyHKUMAMH B oranune ot W(E;, &), KOTOpyH Ha3HBalT
nosHoit BosHOBO# OdyHkuued. B § 47 mu Buzean, uro W, (s§, s¥)
npu {=1,2,3 ABJASIOTCH CHMMETPHYHBEIMH OTHOCHTEJNBHO MepecTa-
HOBKHM CITHHOBBIX TiepeMeHHHX, W, (sg‘), s{f)) — aHTUCUMMETPHUHAS
¢yuxuug. Torga M3 aHTHCHMMETPHUHOCTH TOJHON (YHKLHH cJe-
LyeT, 4To

¥, (x?, xV)= -, (x, x@), i=1, 2,3,

W, (x2, x0) = W, (x0, x),

T. €. KOOpPJHHATHHE BOJHOBHE (YHKIHH AJA COCTOSHHE CO CIIMHOM
e/IMHHLA SBJAAIOTCA AHTUCUMMETPHUHBIMH, a [/ COCTOSHHH CO
CNIHHOM HYJb — CHMMETPUUHBIMH.

IIpumeHuM 3TOT pe3yabTar K atoMy reaus. Omepartop IllpenuH-
repa At aToMa rejus B NpeHeOpexKeHHH CIMHOBBLIMH B3aHMOJEH-
CTBHUSIMH HMMeeT BHI *

H=—1A
=—A—

1
2 ri r2 rig

* B TOuYHOIl TMOCTaHOBKe 3alayH omepatop lllpennHrepa copepXuT uneH:Hl,
34BHCAUINE OT CIHHA, OJHAaKO BHIBOJ BHIPAXKeHHsS 1Js CIIHHOBOrO B3aHMOJefCTBHSA
BO3MOMEH TONBKO B DENSITHBHCTCKOR KBaHTOBOH MexaHuke. Kpome toro, ans
atoMa refusl 3TH YJeHH HIPalOT PoJb MajblX NONPAaBOK H BCerfa YYHTHIBAIOTCH
Mo TeOPHH BO3MYIUIeHHH.
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Ecau ¥ (&), §§) ABJISIETCS pelIeHHeM ypaBHEHHSH
HY (gla §2)=E‘y (gla §2),

T0 H KoopaHHaTHble PynkuuH W¥;(xD,x®) ynoBaerBopsiior ypas-
HeHH1o IlIpenunrepa ¢ tem Xe coOCTBeHHHM 3HadeHHeM £E. [lo-
3TOMY 3ajaua CBOJAMTCH K OTHICKAHHIO pPEelIeHHH ypaBHEHHUS

HY (xV, x@) = EW¥ (x1, x@) ()

B NOANPOCTPAHCTBAX CHMMETDHYHBIX HJH AHTHCHMMETPHYHLIX
¢yHKUHH. SIcHO, UTO pelleHHH ypaBHeHHs (2) B KaxXJOM H3 TaKHX
NOANPOCTPAHCTB MeHblle, yeM B npoctpaHcrBe L2(R8). Te snaue-
HHA E, pyf KOTOpHIX ypaBHeHHe (2) HMeeT pelleHHe B MOAMpPOCT-
paHCTBe aHTHCHMMeTpHUHBIX ¢yHKHHE W(x(D,x@), cooTBercrmylor
COCTOSIHHAIM CO CIIHHOM eJMHHLA, a Te 3HaueHHs E, ] KOTOpHX
CYIeCTBYIOT CHMMETpPHUHBIE pelLIeHHs YpaBHeHHA (2), cooTBeT-
CTBYIOT COCTOSIHHSIM CO CIIHHOM HYJIb.

MBI BHAHMM, YTO YPOBHH 3HEPTHH aToMa reJiHs 3aBHCAT OT MNOJ-
HOTO CHHHA Jaxe B npeHeGpekeHUH CHHHOBHIMH B3aUMOJEHCTBHAMH
B onepatope lllpeannrepa. Dta 3aBHCHMOCTb ABJISETCS CJEACTBHEM
NpHHLHNA TOXKAECTBEHHOCTH H BO3HHKAET Uepe3 CHMMETPHIO KOOp-
JUHATHBIX BOJIHOBBIX (YHKIHIl.

MoXHO [10Ka3aTb, YTO OCHOBHOMY COCTOSIHHIO aToMa reJHs CO-
OTBETCTBYyeT CHMMeTpHUHAsi KOOpPAMHATHasl BOJIHOBas (YHKIHS,
T. €. COHH aTOMa TeJiisl B OCHOBHOM COCTOSIHHH PaBeH HYJIIO.

VIHTepecHO OTMETHTb, UTO MEePeXCAbl ¢ HCIYyCKAHHEM HJH MOTJOo-
IIeHHEM KBAHTOB MeXAY COCTOSHHUAMH ¢ S=0 u S =1 okasu-
BalOTCA MaJoBepoATHHIMU. [103TOMY ONTHYECKHH CHEKTp TeJaHs Ta-
KOB, Kak ecad Obl cyllecTBOBaJo JBa copra rejqus ¢ S=20
u S = 1. JlepBulfl COpPT requa Ha3bIBAIOT MaparejueM, a BTOPOH —
optoresueM. Kaxaomy sHepreTHYecKOMY YPOBHIO Naparesus COOT-
BEeTCTBYeT OJIHO CIIHHOBOe cOcTosiHHe W4 a YpPOBHIO OPTOTeJIHA —
TPH cnHHOBEIX coctosinusl Wi, W, Wi. [lostomy cocrosinus mapa-
reJHs Ha3bBalOT CHHIVIETHBIMHM, & OpPTOreJHf — TPUIJIETHBIMH,
Yuer cNHHOBHIX B3aHMOACHCTBHH NPHBOAHT K paclUeNJEHHIO TpH-
NJIETHBIX YPOBHEH SHEPrHH Ha TPU OJH3KHUX *.

§ 50. MHOT03/1eKTPOHHBIE ATOMBI.
O/ HO3/IEKTPOHHOE MPHGAHKEHHE

Omnepatop lllpeaHHrepa MHOTO3JEKTPOHHOTO aToMa HJH HOHA
C 3apajoM dapa Z uMeeT BHJ

n n fn
h=—fya-3iey L

|
. 7"
=1 i=1 i<y

* MoxHo mOKa3arb, YTo TaKoe pacllelIeHHe MPOHCXOUHT, eCNH NOJHHIA op-
6HTaNBLHBIi MOMEHT JBYX 3JeKTpoHOB L %% 0, mo3ToMy paciuenJende Halaionaercs
He A7 BCeX TPHIJIETHHIX YPOBHeil 2HepruH.
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SroT onepaTop 3anHCaH B NpeHeGpeKeHHH IBHXEHHEM iApa H CNH-
HOBLIX B3auMogelcTBuil. [IpeHeOpexeHHe NBHXKeHHEM sApa CJAOXK-
HbIX aTOMOB BIOJIHE 3aKOHHO, TaK KaK MONpPaBKH, BO3HHKAlOLLHe
NpH €ro yuere, Ha HECKOJbKO NOPSAKOB MEHbllie MNOrpeurHocTe
COBPEMEHHBIX METOAOB pacueTa CJOXKHBIX aToMOB. CIHHOBLIE B3aH-
MOJEeHCTBHSl NPAaKTHUECKH BCerja YYHTLIBAIOTCS MO TEOPHH BO3MY-
IMeHHH, U UX POJb MBI OOCYIHM HHXKe.

Onepatop H cooTBeTcTByeT HefiTpanbHOMY aToMy npu Z = n,
NOJOXHUTENbHOMY HOHY NpH Z >>rn U OTPHUATENLHOMY HOHY IpH
Z << n. TlpocTpaHCTBOM COCTOSIHHE MHOTO3JEKTPOHHOIO aToMa HJH
HOHA SIBJSETCA TNPOCTPAHCTBO HB4 AHTHCHMMETPHUHBIX (YHKUHI
W (&i,...,E). DTO NpOCTPAHCTBO, KAK H B pasobpaHHOM cCJjyuae
JABYX YaCTHI, pacnafaeTcs B NPSMYI0 CYMMY NpPOCTPaHCTB C ONpe-
JeJleHHBIM TOJHbBIM cnHHOM. COOTBETCTBYIOLINE KOOPJAHHATHbLiE
(YHKIOHH yAOBJETBOPSIOT HEKOTOPLIM YCJIOBHAM CHMMETPHH, KOTO-
pble oKa3biBalorcsl 6oJiee CNOXKHBIMH, YeM B Cjydae JBYX 3JEKTPO-
HOB, 1 MBIl HX He 6yJeM onuCHBAaTb. 3ajavya O HAXOXKAEHHH CHEKTpa
onepartopa f B 4, cBoiuTCA K 3ajayaM O CnekTpe onepatopa i
B NOANPOCTPAaHCTBAX B, KOOPAMHATHHIX (YHKIUH C onpeaeneH-
HBIMH YCJOBHSIMH CHMMETPHH.

Cnektp omepatopa H{ B NMOANPOCTPAaHCTBAX B, XOPOWIO H3YUeH
npu Z>=n. B 3TOM caydae CNeKTp HENpepblBeH Ha HHTepBale
—n << E << oo ¢ HekoTOpbIM, BoOGIe T'OBOPS, NMOJOKHTENbHBHIM W
H COCTOUT U3 GECKOHEUHOH CepHH OTPHIATENbHLIX COOCTBEHHBIX 3HA-
YeHHH, HaKalJUBaloWHXcs K —u. B pasnuuHBIX noanpocTpaHcTBax
3HaUYE€HHS W MoryT OBbITb pa3iHYHLIMH, [IpH 3TOM JIHCKpPETHBIH
- CIEKTP B OJHOM H3 3THX MOANPOCTPAHCTB MOXKET HalaraThCsl Ha
HeNpephBHBIA CreKTp B ApyroM. TakuMm o6pa3oM, Ha 4acTH OTpH-
HaTeJbHOH NOJYOCH CNeKTp omnepatopa 1 cMeliaHHBIH, COBGCTBeH-
Hbie 3HAUEHUS JeXKaT Ha HeNpPepbIBHOM CNEKTpeE.

Cayua#i Z < n HccnedoBaH MeHee neTasbHO. [IpuMepnl mnoka-
3bIBAIOT, UTO MAHCKPETHLIH CNEKTP MOKeT OBbITb KOHEUHBLIM HJIH
orcyTcTBoBaTh. OTCYTCTBHE NHCKPETHOro CIHEKTpa O3HAuaeT, "uTo
YCTOAUHBBLIX COCTOSIHHE TAKOr0 OTPHLATENBHOrO HOHa HeT. M3 ske-
NEepHMEHTOB, HaNpHMep, H3BECTHO, UTO CYIIECTBYET OAHO YCTOH-
YHBOE COCTOSTHHE OTPHIATENBLHOro HOHa Bojopona (Z =1, n=2).
Crtporo moKa3aHa TOJbKO KOHEUHOCTb [JHCKPETHOTO CIIEKTpa MAJS
TaKOH CHCTEeMBL

3ajgaua o noctpoeHHH co6cTBeHHBIX (QYHKUHE onmepatopa H ans
MHOTO3JIEKTPOHHOI'O aToOMa sABJSETCA UPeSBLIYafHO CHOXKHOH, Tak
kaK ypaBHeHue HW = EW He nonyckaeTr pa3feseHHS NepeMeHHBIX.
DTa CJO0XKHOCTbL CBSI3aHA C NMOCAEJHHM UJeHOM B omepartope H, yuu-
THIBAIOIIUM B3aUMOAEHCTBHE MeXAY 3jeKTpoHamu, [JonbiTKa yuectsb
3TOT YJieH N0 TEOPHH BO3MYIUEHUH NMPHUBOAUT K NJOXHM pe3yJbTa-
TaM, TaK KakK B3aUMOJEHCTBHE MEXIY 3JEKTPOHAMH HMEET TOT XKe
NOPAAOK, UTO U B3aHMOJEHCTBHE 3JEKTPOHOB C SAPOM.

OnHH H3 MPOCTBIX Croco60B MPUOJIHKEHHOTO yuera B3aHUMoJel-
CTBHSI MEXJIY 3JeKTPOHAMH COCTOHT B 3aMeHe MNOCJeJHero uieHa

188



n
B H cymmodt 2, V(r;), rie motesuuan V(r) Moxer GHITb HCTOJNKO-
i=1

BaH Kak [OTeHLHaJ B3aHMOJEHCTBHS 3JEKTPOHA C paclpejeseH-
HBIM [0 0o6beMy aroMa 3apsiioM OCTAJbHBIX 3JeKTpoHOB. [loreH-
nuaa V(r) HasbBalwT CaMOCOIJFACOBAHHBIM, TAaK KaK OH 3aBHCHT OT
COCTOSIHHSA aTroMa, KOTODOe B CBOK OdYepelb 3aBHCHT oT V(r).

n

3ameHa mocsefHero wiexHa B H Ha ), V(r;) n1puBOOUT K TNpH-
i=1
6auxenHoMmy onepatopy lllpennnrepa

n

H=—5) M+ U,

i=1 i=1

rpe U(r)= —Z/r+4 V(r). O norerunane U(r) anpaopu MH Mo-
JKeM CKas3aTb TOJbKO, UTO

U(r)g——f—, r—0, U(r)g—%, r—> 0o,

Mbl yBHAMM B JaJbHeHIEeM, YTO CYUIECTBYIOT METOIH, I103BO-
JfIOlIHe HAXOIHTb 5TOT NOTEHLIHAJ, OJHAKO JJ5 NMOHAMAHHS CTPYK-
TYDPHl CJOXKHBIX aTOMOB JOCTATOYHO NpeANoJoxKeHHs, uto H moxer
6bITb AOBOJbHO TOYHO anNpoKCHMHpoBal omnepatopoMm H’, a pas-
Hocth H'— H = W MoxXeT ObITb y4T€Ha MO METOAY BO3MYILEHH.

[Tpubauxennoe ypaBHenue llpenunrepa

H,qr(gl’ L) gn)=qu(§1, seey gn) (l)

JOoNyCKaeT pa3jeJeHHne MepeMeHHbIX. BYII,QM HCKAaTb pEIleHHUsI 3TOro
YpPaBHEHHUST B BUJAEC

VEL o B)=11E) ... $u(En) 2)

[Toxcranoska (2) B (1) nokaswiBaer, 4to ecan GYHKUHH Py (&1), ...
<evs Pn(Er) aBasioTcsa cob6cTBeHHBIMH (QYHKIMAMH omnepartopa llpe-
JHHrepa AJs 4acTHUbl B lleHTpasabHOM Ioje U(r)

— 5 A, ) + U (1) s () = Eathe (®), 3)

tTo ¢yHKUHS (2) saBasercs cobcrBeHHOH (yHKuMefi omepatopa H’,
cooTBeTcTBYIoUeH co6crBeHHOMY 3Hauenurw E =E; 4 ... 4+ E,.
Oyuxuus (2), ofHaKo, He YAOBJETBOPAET MNPUHIHIY TOMKJIECTBEH-
wocti. [Tonnas BosHOBas (YHKUHA OJKHA GLITH aHTHCHMMETpHY-
Hofi. 3ameruMm, 4to ecau W ynoBjerBopser ypaBHenuwno (1), To u
P, ¥ sapasiercs coGcrBenHo#l dyukuue#i H” ¢ TeM Xe coGCTBEHHHM
spayenueM E. TlosTomy B KayecTBe co6cTBeHHOH (YHKUMU, YAOB-
JleTBOpsilOlIel  TIPHHUHIY  TOXKJECTBEHHOCTH, CJeAyeT  B3fThb
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AHTHCHMMeTpHUHYI0 KoMmOuHalHio GyHKUHA Pr¥, T. €.

(U7 (3) PR N (39
\FA(Ela ) gn)=c . . s (4)
1pn (gl) LR 1pn (gn)

rae C— nmocTosiHHAs, KOTOpas HaXOAHTCA H3 YCAOBHS HOPMHDOBKH.
Oyuxuus (4) sBJaseTcs aHTHCHMMETPHUYHOH, TaK KakK IlepeCcTaHOBKa
KOOPAHHAT 3KBHBaJIeHTHA MePeCTAHOBKe CTOJOLOB ONpeNeNHTe N,

Oyuguun (2) H (4) MoryT OBITb HCTOJKOBAaHBLI CJENYIOUIHM
o6pasoMm. DyHKUHA (2) ONHCBLIBAeT COCTOSIHHE CHCTEMBI 3JIeKTPO-
HOB, B KOTODOH INEpPBBLI 3JEKTPOH HAXOAHTCH B OJHO3JEKTPOHHOM
COCTOSIHHH |, BTODOH 3JIEKTPOH — B COCTOSIHHH Yo H T. 1. PyHKIHA
(4) COOTBETCTBYET COCTOSHHIO CHCTEMH, B KOTOPOM A 3JEKTPOHOB
3aMO0JHSIOT 1 OJHO3JEKTPOHHBIX COCTOAHWH H He HMeeT CMHCJa
FOBOPHTb O TOM, KaKOH 3JIEKTPOH B KaKOM COCTOSIHHH HaXOTHTCS.

3aMeTHM, UTO He s Joboro pemeHHsl (2) BQ3MOXHO NOCTpoe-
aue ¢yuguuu (4). Oupenenutenb (4) OTJAHUEH OT HYJAS TOJNBKO
NpH YCJOBHH, UTO cpeln GyHKHUHH i, ..., P, HET OJIHHAKOBLIX.
DTOT pesysabTaT HasbiBaeTcs MNpHHUHOOM Ilayium H ero MoOXHO
chopMyJaHpoBaTh CAeAyolHM o6pasoM,

B onHOM H TOM Xe OJHO3JEKTPOHHOM COCTOSIHHH He MOXeT
HaxonuTbcs 6oJiee OJHOTO 3JI€KTPOHA.

IlpencraBieHHe O COCTOAHHH OTHAEJNBHOTO 3J€KTPOHA CBA3AHO
C ONHO3JEKTPOHHLIM MNpubJHXKeHHEM. 17 NPOH3BOJBLHOTO COCTOS-
HHSl CHCTeMBI BOJIHOBas (pyHKIHS He mpeiacraBuMa B Buae (2) Hau
(4), 1 NOHATHE O COCTOSTHHH OJLHOrO 3JeKTpoHa TepseT cMuica. Cy-
mectByeT GhopMyJHpOBKa NpHHLUHNA [layau, He cBA3aHHad ¢ OOHO-
3JIeKTPOHHBIM IpHOJHXKEeHHeM, odHAKO B o6mieli ¢opMyJaHpPOBKe
npuHuun Ilayjan TepsieT cBolo HarAAAHOCTb, H Mbl He OyneM NpH-
BOAHTb Takyw dopmyanpoBky. OtrmernM, uro npuuuun [layau ss-
JsieTcsl  CJeNCTBHEM AHTHCHMMETPHYHOCTH BOJHOBOH  (QYHKIUHH
H COpaBeJJIHB TOJNLKO IJif (EPMHOHOB,

PaccMoTpHM BONMpOC O KAacCHHKAlHH 3HEpreTHYECKHX YpOB-
Hell MHOTO3JIeKTPOHHOro aroMa. TouHblfi oneparop [lIpeaunrepa
JJIS. aTOMa MOXHO 3alHcaTb B BHJIE

He=H +We+ W,
n 1 n
rae Wc=z - Z V(ry,

i<y ¥ 4
a Ws onucblBaeT CIHHOBble B3aHMOAEHCTBHA. SIBHBIH BHA omnepa-
topa Ws Ham He moHajpo6HTcA. Pacuerbl aTOMOB IOKa3bIBAIOT, YTO
nonpaBkH, BHocHMble onepatropaMH We H Ws, AOBOJIBHO TOYHO
MoryT ObITb HafiieHbl N0 TEODHH BO3MYIUEHHH, NpHUEM AJsi aTOMOB
neppofl MOJOBHHBI TabAHIL MeHaeneeBa TIJIaBHBI BKJIAA [LAWOT
nonpaBgH. oT We. ITosToMy BO3HHKaeT BO3MOXKHOCTb MOBTOPHOIO
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IIPUMEHEHHS] TEOPHH BO3MYILEHHII, T. e. CHauala B KauyeCTBe HeBO3-
MYLIEeHHOI0 onepaTtopa MOXHO B3ATb H’ M onepatop W, paccmar-
pHBaThb KaK BO3MYlleHHe, a 3aTeM Ws paccMaTpHBaTh KaK BO3MY-
leHHe onepatopa H' 4 We.

Onepatop H’ BecbMa 6Gorat CHMMETPHSIMH, NO3TOMY COGCTBeH-
Hble 3HAaUeHHsl 3TOTO OnepaTopa OGLIYHO HMEIOT JAOBOJBLHO GOJIbIIYIO
KpaTHOCTb. [locMoTpuM, 3a cuer uero oHa Bo3HHKaeT. CofcTBen:
Hble GYHKIHUH ypaBHeHHs (3) 6e3 yueTa CIHHA KJacCHPHLHPYIOTCS
TpeMsl KBaHTOBLIMH 4HCIaMH A, [, m. CIHHOBHE COCTOSIHHS MOXKHO
yuecTb, BBejisl CIIHHOBOE KBAaHTOBO€ UHCJO M, IIPHHUMAOLLee fBa
3HaueHHsa =4:1/2 no dopmyne

U, (85) = 1

Torpa cobcTBeHHble QYHKUHMH ypaBHeHHs (3) MOryT OBITb 3amu-

CdHHBl B BHJeE
’lpnlmms (X, SS) = ’lpnlm (X) UmS (83)' (5)

Co6cTBeHHble 3HAUeHHs ypaBHeHHA (3) 3aBHCAT TOJBKO OT KBaH-
ToBHIX uHcen n, [. IlostoMy cobGcTBeHHoe 3HaueHHe [ omepaTopa
H’ 3aBucHT oT Habopa KBAaHTOBHIX YHCeJ A H [ JJIS BCeX 3JEKTPO-
HOB. DToT Ha6Op KBAHTOBHIX UHCeJ n H [ HasblBaeTcss KOHGHrypa-
muell atoma. Jlas 3amuch KOHQUIYpPAallUH TNPHHATO 3HAUYEHHAM
i=0,1, 2, 3, ... conocraBaatb 6ykBH S, p, d, f, ... Torua oxno-
3aeKTpoHHoe coctosinne (5) ¢ n =1, /| = 0 HaswBalwoT ls-cocTos-
HHeM, cocTosiHHe ¢ n = 2, [ = 1| 2p-coctostHueM W T. . s atoma
JINTHSI, HampuMep, BO3MOXHH KoHdurypauuu (1s)22s, (1s)22p,
1s2s2p, ... B nepBoii 3 3THX KOHOHIrypallHi ABAa 3JeKTPOHa HaXo-
JAATCA B 1S-COCTOSIHHH H OJIHH B 2S8-COCTOSIHHH.

COBOKYIHOCTb COCTOSIHHA € OJHHAaKOBHIMH KBaHTOBBIMH YHC-
JaMu n W | HasbBaeTcsl 060104KOH. COCTOSIHHSI 3JIeKTPOHOB OJHOH
060JIOUKH pPa3jiHvalOTCsl KBAHTOBLIMH UHCAaMH m H m. lns o6o-
JOUKH C KBAaHTOBHIM HYHCJAOM [ YHCJIO TaKHX COCTOSIHHH paBHO
2(21+ 1), Tak Kak m nUpHHHMaeT 3Hauenus —I[, —I/41, ..., [
a ms = -+1/2. O6oJi0uKa, B KOTOpO#H 3aHATH Bce 2(2/ 4 1)-cocrosi-
HMil, HaablBaeTcsl 3aNOJHEeHHOH. 3anosHeHHOH 0860JOUKe COOTBET-
CTBYeT BHOJIHe onpejeseHHHA Habop ¢ynkuuii (5). ns Hesamnos-
HeHHOH OGOJIOUKH BO3MOXKEH pasJHuHbBf BHOOD ¢yHKuUHE (5), oT-
JHUAIOUIMXCS UHCJAAMH m U ms. [103TOMY KpaTHBIMH OKa3bIBalOTCS
Te coBcTBeHHBIE 3HaueHHs omepaTopa H’, KOTOPHIM €OOTBETCTBYIOT
KOH(MHUIypalHH, CcomepKalllie He3amnoJHeHHHe 060/oukH. Hamnpu-
Mep, KPaTHOCTb COGCTBEHHOrO 3HAueHHsl, COOTBETCTBYIOLUEro KOH-
durypannn (1s)2(2p)2 pasna Ci= 15, Tak Kak HMeeTcs LeCTb
2p-cocTOsIHHH, KOTOpbLle 3aHSITH ABYMS 3JIEKTPOHAMH,

[lonpaBku oT Bo3MylleHHss W: Moryr ObiTb HafjieHbl IpH AHa-
[OHAJIM3allMH  MATPHIIE 3TOr0 BO3MYIIEHHs, IOCTPOeHHOH IIpH
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[IOMOIIH BCEBO3MOXHBIX (YHKUHH (4), COOTBETCTBYIOUIHX AaHHOH
‘KoHpurypanud. OnHako oO6BYHO B TAKOH NHArOHAJH3allHH HET He-
06XOQHMOCTH. B TEOpHH aTOMHBIX CLEKTPOB [OKasblBAeTCH, YTO
eC/IM 3aMeHHUTb COOGCTBeHHble (GYHKUHH (4) AAs NaHHOH KOHHry-
pallHH HX JHHEHHHIMH KOMOHHalIHAMH, KOTOpble ABJAAKTCA COb-
CTBEHHBIMH (YHKUHSMHE OTepaTopoB KBajapaTa MOJHOro op6HTanb-
HOr0O MOMeHTa uMmynabca L2, KBajpara MOJHOIO COHHOBOTO MO-
meHTa S? M omeparopoB Lj, Ss

LW =L(L+1)¥,
SW=S(S+ 1)V,
LW = MV,
S3W = MW,

TO MaTPHIlA BO3MYINEHHS OKa3bIBaeTCS AHATOHAJbHOH OTHOCHTEJbLHO
KBaHTOBLIX uMcea L, S, M., Ms, npuuyeM ee 3JIeMEHTH He 3aBHCST
or uncesa M; u Ms. TakuM o6pa3oM, BHIPOXKAEHHBIH YpPOBEHb 3HEp-
TMH, COOTBETCTBYIOIIHH KOoH(Hrypauuu K, pacuiemnsiercs Ha He-
CKOJIBKO ypPOBHEHN, COOTBETCTBYIOIUHX BO3MOXHBIM 3HAYEHHSIM L
u S. CookynHoctb (2M; - 1) (2Ms -+ 1)-cocTosiIHH# ¢ 3amaHHBIMH
KoHdurypauueii H uucaaMu L U S HasbiBaeTcss Tepmou *.

Yuer Bo3mymeHHss Ws MoxeT OLITh CAeNaH AJA KaXAOro TepMa
10 OTAeNbHOCTH. IIpH 3TOM OKasblBaeTcsi, 4TO YpPOBEHb 3IHEpTHH,
COOTBETCTBYIOLIHH TepMy, pacluenssiercss Ha HECKOJbKO OGJH3KHX
ypoBHei#l. COBOKYNHOCTb 3THX YpPOBHeH HasblBAe€TCS MYJbTHILIETOM,
MoXKHO MOKa3aTh, YTO COCTOSIHHUS, COOTBETCTBYIOUIHE PAa3JHUHBIM
YPOBHAIM MYJIbTHIIJIETa, Pa3/JHYAIOTCS KBAaHTOBBIM uHcaoM J. 310
YHCIO XapaKrepHayeT coOCTBeHHble 3HAYEHHS KBaJpaTa TIOJHOTO
MOMEHTAa HMMYJbCa, SABJASIOIETOCH CYMMOH MOJHOrO OpOHUTaJbHOrO
H MOJIHOFO CMHHOBOFO MOMEHTOB,

HakoHel, Ka)XJoMy ypOBHIO MYJbTHILIETa COOTBETCTBYET He-
CKOJIBKO COCTOSIHHH, pa3/HUYaloIHXCSl MpOoeKlUHeH MOJHOTO MOMEHTa
M;. Drto BHpOXKAEHHE MOXKeT ObITb CHATO, €CJAH TIOMECTHTb aTOM
B MarHHTHOe TOJe.

MBI BHAMM, YTO KJaCCHPHKALUS IHEPTETHUECKHX YPOBHEH CJIOK-
goro aroMa (KoHbHrypauus, L, S, J) cOOTBercTByeT HepapXuu
cnaraeMulx -onepartopa llpeaunrepa H', W¢, Ws.

§ 51. ¥YpaBHeHHA CaAaMOCOrJIACcOBAHHOFO MO

OnucaHHbl B mpeabaylieM naparpade NOAXOA K H3YUYEHHIO
CTeKTpPa CJO0XHBIX aTOMOB XOTSl M MO3BOJISIET MOHATHL KJaaccH(HKa-
LUK 3HEPIeTHYECKHX YPOBHEH, HO He fIBJseTCS YAOOHBIM 178 Tpak-
THYeCKHX pacyeroB. Haubonee s3p¢peKTHBHEHIM ANS 3TOH 1eaH #B-

* Ecin B He3anoJHeHHBIX oGosoukax GoJlee JABYX 3JIEKTPOHOB, TO MOMKeT
TIOIBHTbCS HECKOJbKO TepMOB ¢ OJAHHAKOBLHIMH KoH(Hrypauuedl, L u S. B atom
cnyuyae MarpHua BoaMyllenus W. sBaseTcs KBa3HAHATOHAJBHOH n JJS BLIUHCIC-
HHSL TMOMPABOK MepBOro npubJiKenus HeoOXOlMMa €e AHATQHAJH3AUHA.
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JIsieTesi MeTo camocorstacoBannoro nojis (Meroa Xaprpu — doka),
OCHOBAHHHII Ha NpHMEHEHHH BapHAaUHOHHOTO NpHHIHmNA. B sToMm
naparpade Mbl paccKaxKeMm 06 OCHOBHBIX HJAESIX 3TOTO MeToja.

B ocHoBe Merona XapTtpu — PokKa TakXKe JIEKHT OJHO3JIEK-
TPOHHOe mpHOJHKeHHe. BoJsHOBas GYHKUHS ‘CJOXKHOTO aTtoMma
annpoKCHMHPYyeTcsl JHGO [POHM3BENEeHHEM ONHO3JICKTPOHHBIX (DYHK-
ol W= ;i (&) ... ¥n(Er) (OPHHUHO TOXKAECTBEHHOCTH HPH 3TOM
HE YUHTbIBaeTcs), AH6O ompenesnnTesneM

B E) .. i)
v—c| . C
lpn (gl) e lpn (gn)

aubo JuHeHHON KOMOMHAauMeR Takux ompenesutenell. M3 ycrnosus
cTanHoHapHOCTH ¢GyHKuMoHana (HW,W) npH NONOJHHTENBHOM YC-
goBun (¥,¥)= 1 mnoayyaerca cHcTeMa HHTerpoaHddepeHHaNb-
HbIX YPaBHEHHH 115 OJHO3JEeKTPOHHBIX (DYHKHHE P (X), ..., ¥a(X).

[TpounniocTprpyeM TakoH NOAXOL Ha INpPHMEpe aTtoMa TeJHs,
oneparop llIpenunrepa nJs KOTOporo MMeeT BHI

1 1 2 2 1 1
H=—5M—gMh—Fr—Frt =0+ H 4=, (1)

2 =,

]
rne Hi=—7Ai—,l

ByneM HckaTbh NpHOJMKEHHYIO BOJIHOBYIO (DYHKHHIO B BHJIE
W (x0, x0) =y (x) ; (x).
3aMeTHM, YTO yCJOBHE
(%, )= {11 (x) ¥, (x) P dx dx® =1
RS
MOXKeT OBLITb 3aMEHEHO ABYyMS YCJIOBHUAMH
o pax=1, {1mepax=1, @
R? R
KOTOpble He CYyXKaloT Kjaacca BapbHpyeMHX (GYHKuHA. PyHKIHOHA
(HY,¥) nMeer BH]
(B, W)= { i b axO ([, ax +
R? R?

+ (bt ax® (1o paxw 4 [ LUELRE gy geo (3)
1
RS R R
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Bapbupys 3ToT GyHKIHOHAJ MO (QYHKUMAM P; U Pz OPH YCJAO-
pUAX (2) M HCONOMB3Ys METOM .HeompefeseHHLIX MHOXHTesnel Jla-
TpaH¥ka, HMeeM

Hyp, + ( S I—ll:f;lidx(m) b =e1y,

R3

(4)
Hata o ({155 dx0) v = et
vR?

Mbl NOJAYUHJH CHCTEMY HeJHHEeHHBIX HHTerpoauddepeHnnab-
HHX ypaBHeHHH A OYHKUHH $;(X) H P2(x). ¥YpaBHerus (4) mo-
MyCKalOT OueHb MpocToe (u3HuecKoe TosakoBaHue. Hampumep, mep-
BOE€ ypaBHEHHe MOXHO paccMaTpHBaThb KaK ypaBHeHHe Illpenun-
repa AJsi NepBOTO 3JEKTpPOHA, KOTOPHIA HAXOAHTCS B MoJe sjpa
H B I0Je, CO3JaBAEMOM 3apsiioM BTOPOTO 3JEKTPOHA. DTOT 3apsig
KaK Obl pazMa3aH no ofGbeMy aToMa C MJIOTHOCTBIO |, (x®) |2 (Ha-
NOMHHM, UTO 3apsii 3JeKTpoHa ¢ = 1), U HHTerpaJ BO BTOPOM cJa-
raeMoM (4) ecTb NOTeHIHaJ TaKOro oOBbeMHOTO paclpejeseHHs
sapaga. OTMeTHM, 4TO 3TOT MOTeHIHaJ HEH3BeCTeH H HaXOAHTCS
NpH pelleHHH cUcTeMbl (4), KpOMe TOro, B OTJIHUHE OT MOJEJH Ipe-
JHAyIero naparpada KaXIblfi 3JeKTPOH OKAa3bIBAETCS B CBOEM
IIOTEHIHANBHOM I0Jle, 3aBHCAILEM OT COCTOSIHHS APYroro 3JeKTPoHA.

YpaBHeHHs1 (4) Oblid BrnepBble NMpenJokKeHb XapTpH, KOTOPHH
HamHcaJ HX HCXOAS H3 MPHBEAEHHBIX BhIEe (QH3HUeCKHX coolpa-
keHnfl. PoOK YCTAHOBHJ CBSI3b 3THX YPaBHEHHH C BapHALlHOHHHIM
NPHHIAIOM, U HM 3Ke ObLIO NMpeAsioXKeHo yTouHeHHe MeTofa XapTpH,
VUATHIBAIOIEe NPHHIMN TOXKAECTBEHHOCTH. ¥YpaBHeHHs PoKa oka-
3HBAIOTCS HECKOJIBKO CJIOXKHee, YaCTb H3 BXOJSILHX B HHX «IOTEH-
nHajoB» (oOMeHHble TOTEHLHAJbI) YyKe He AOIYCKAeT CTOJb MpO-
cToro (U3HYECKOTO TOJKOBAHHS. OITH IIOTEHIHAJNbl BO3HHKAIOT
BCJIEACTBHE CBOHCTB CHMMETPHH BOJIHOBOH (PYHKLHH.

IIpn npakruueckux pacuerax mno Meroay ®oka o6bITHO C CaMOro
HayaJa HILYT OAHO3JeKTpOHHble (OYHKUHH ' (E) B BHIe bYHKLHH
IIEHTPAJIbHOTO TO0JIS1 ‘I’nzmms (§)=£i£—(—'—)—Y,m (n) UmS (55)-

OcHOBHBIE 3Tambl pacuera COCTOAT B cjaenyrouieM. CHauaJga Ha-
XOAAT BblpaXeHHe [JIs BOJIHOBOH (GYHKIHH ONpejeeHHOrO Tepma
B BHAe JHHeHHOH KomOWHauuu omnpefenautesnei. Jlanee cocras-
JasieTcsl Bhipaxkenne nJs ¢yHkuuonasa (HW,¥). Hakowmen, sror
(OYHKIHOHAJ BapbHPyeTCsl Mo pafHajbHbIM (QYHKUHAM Rp(r) (Tex-
HHMKa BCeX 3THX ofNepaunuii aeranbHo paspaboraHa). B pesysabrare
noJqyyaeTcsl CHCTeMa HHTerpogud@epeHLHaJbHbIX YpaBHEHHHA maJs
GbyHKUHA ofHO# mNepeMeHHOH. UHCJO HEH3BeCTHHX (YHKIHH 3TOH
CHCTEMBI paBHO 4dHcay oboJsioueK H3yuaeModl KOH(QHUIypauHH aToMma.

CpaBHeHHe pe3yJ/bTaTOB pPacueTOB C 3KCHepPHMEHTa/JbHLIMH JaH-
HBIMH TIOKa3blBaeT, 4YTO TOYHOCTb BLIYHCJEHHSI 3HEPreTHUeCKHX
YpOBHeH JIeTKHX aTOMOB IO MeTOAY CaMOCOTJIaCOBaHHOIO MOJs CO-
CTaBJIsIeT OKOJIO 5Y%.
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§ 52. Mepuonuueckas cucrema anementos JI. U. Menneneesa

[Tepuonuuecknii 3akoH Obl1 OTKpHT MeHaeneeBuM B 1869 r.
H fIBJAETCA OJHHM H3 BaXKHeflIMX 3aKOHOB NpPHPOAH. B ocHomy
cBoell cucTeMu MeHpe/eeB MOJOXKHI TOT (PAKT, UTO €CJH PACIOJ0-
JKHThb 3JIeMeHTHl B MODAJKe BO3pacTaHHS aTOMHBIX BeCOB, TO 3Jje-
MeHTHl ¢ OJH3KHMH XHMHUYECKHMH H (H3HUECKHMH CBOHCTBAMH Ile-
PHOMHUYECKH MOBTOPSIOTCH.

K MOMEHTY OTKDHITHS NepHOAHYECKOTO 3aKOHA OHJIO H3BECTHO
JHIIb 63 37eMeHTa, aTOMHHe Beca MHOTHX 3JeMeHTOB OBIH ompe-
JesleHbl HeNpaBHJIAbHO W MeHfesneeBy NPHIIJIOCH HX H3MEHHTH *.
Pan k1eTok Tabauiu MeHJeseeB OCTAaBHJ He3aMOJHEeHHBIMH, CUH-
Tafd, 4TO HM COOTBETCTBYIOT elle HeOTKpHIThle 3jeMeHTh. CBoiicTBa
TpeX TaKHX 3JeMeHTOB OHJIH TpeacKa3aHe MeHpeseeBHM C ynu-
BHTEJNbHOH TOYHOCTBIO. HaKoHel, B HeCKOJbKHX caydasx MeHge-
JleeB OTKa3aJiC OT CTPOrOTO PaCMOJIOKEHHS 3JEeMEeHTOB B MOpSJKe
BO3pPACTaHUA AaTOMHBIX BECOB W BBeJ MNOHATHE 06 aTOMHOM HO-
Mmepe Z.

OTKphHITHIT MeHeneeBbIM 3aKOH MNEPBOHAYAJBHO OB UHCTO
sMnupuueckHM. Hukagoro oO6bACHeHHS NEPHOAHYHOCTH CBOHCTB
3JeMeHTOB BO BpeMeHa MeHgesneeBa He OBIJIO, Ja M He MOIJIO
OHTh, Beb 3JeKTpoH Obl OoTKpHT ToMconoMm B 1897 1., a aToMHOe
anpo — Pesepdopaom B 1910 r.

OO01bsicHeHHEe TMepPHOAHYECKOTO 3aKOHAa BO BCeM oObeMe fBJdgeTcH
CJIOKHOH 3ajauefi KBaHTOBOH XHMHH, OJHAKO NMOHATh NPHPOAY Tie-
DPHOIHYHOCTH CBOHCTB 3JEMEHTOB MOXHO YyXe B paMKax VIDOIIeH-
HOli MomesHn atoMa, onucanHoil B § 50. Hanomuum, uto sddexrns-
HHH NOTeHUHAJ AJA 3JeKTPoHa B aTtoMe V(r) He sABiasieTcs KyJo-
HOBCKHM H COGCTBeHHHE 3HAuUeHHS ONHO3JEKTPOHHOIO OmepaTopa
[lIpenunrepa 3aBHCAT OT KBAaHTOBHIX uucen n H [. PacueTnl mnoka-
3EBAIOT, UTO [Js1 THNHYHOTO 3()(EKTHBHOrO NOTEHIHAJa aToMma
coOcTBeHHble 3HaueHHs L, BO3pacTalwT B CJEYIOLUEM IOPSAKe:
ls, 2s, 2p, 3s, 3p, 4s, 3d, 4p, bs, 4d, bp, ... VIMeHHO B TakoMm mno-
pAlKe TNPOHCXONHT 3alOJHEHHe 3JeKTPOHHBIX 0060J0uek aToMa
(B 3TOM Naparpade MH pacCMaTpHBaeM TOJbKO OCHOBHBIE COCTOS-
HHA aTOMOB). JTOT NOPANOK, ONHAKO, He SIBJSETCH CTPOTHM, TaK
KaK y KaXJIoro 3JeMeHTa CBOH 3(Q(eKTHBHBIH NOTeHUHAJ H AJd
HEKOTOPHIX 3JE€MEHTOB BO3MOXHEI HeGoJplllMe OTKJIOHEHHA B IO-
pAAKe 3anoJgHeHHA 000J0UeK.

UTo6rl MOHATH NPHHIHIM, 0 KOTOPOMY NPOHCXOAHT JeJeHHe sJe-
MEHTOB MO NepHojaM, YKaxKeM Ha CJelylollylo oCoOeHHOCTh d- H
f-37€KTPOHOB, OTJHYAIOIYIO HX OT S$- M p-3JeKTPOHOB. PacuerH
[OKa3bIBAIOT, UTO MJIOTHOCTh (YHKUHH pacnpefeseHus KOODAHHAT
|9 (x)|? mas d- u f-371eKTPOHOB COCPeNOTOUEHA B O6JACTH MeHb-
IIHX Pa3MepoB, 4eM AJs S- H p-3JeKTPOHOB € GJAH3KUMH 3HEPTHSIMH.

* Hanmpumep, aToMubt Bec mesus cyurascs paBEoiM 92, Mengeneep mpumu-
can emy sHavenne 138 (coBpemenHoe 3Hauenue 140),
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ATo 3HAUHT, UTO d- U f-3J€KTPOHBl B CpeHEM HAXOAATCA 3HAuH-
TelbHO GJHXKe K S1pY, UeM $- H p-3JeKTPoHEL I103TOMY 3/7eMeHTH,
B KOTODHX NPOHCXOAHT 3anojHeHHe d- U ocobeHHO f-o6o/04eK 00-
NajaloT CXOAHBIMH XHMHYECKHMH CBOHCTBaMH. (XHMHUECKHe CBOIi-
CTBA B OCHOBHOM 3aBHCAT OT COCTOSIHM{l nmepudepHUecKHX 3JeKTpo-
HoB atoma. OOGBbACHEHHE 3TOrO YTBEPKAEHHUS NaeT KBAHTOBAs TEO-
pHs BaJEHTHOCTH.)

IlepBBIM 3JM€MEHTOM KaXJA0ro nepuoma Tabauunl MeHaesneeBa
SABASIETCS 3JEMEHT, Y KOTOPOro HauHHAaeT 3aNOJHSTbCS S-000J0uKa.
Bce 3TH 3/7e€MEHTH, 3a HCKJIOUEHHEM BOJIOPOJA, — IIEJOUHBIE Me-
Tannbel. IlocnelHUM 3eMEHTOM KaXKAOro NepHoAa SIBJSETCS 3Je-
MEHT, Y KOTOPOTO 3aBepIldeTcs 3aNoJHEeHHe p-060JOUKH (HCKJIIO-
ueHHe NPEJCTaBJASET NEPBHIH NEPHOJ, 3JEeMEHThl KOTOPOro, BOAOPOA
U renufi, He coxepKar p-3neKkTpoHoB). IToc/enHue 37eMeHTH NepHO-
JIOB siBAsAIOTCS OnaropoansiMu rasamu. Kondurypauuu atromos 6aa-
I'OPOJHBLIX Ta30B COCTOAT M3 3aNOJIHEHHBIX obosouek. MoKHO moka-
3aTh, UTO COOTBETCTBYIOIIME COCTOSIHHSI NpeobpasyloTrcs NpH Bpa-
IeHHSIX [0 HENPHBOAUMOMY NpEACTaBJIeHHIO Dj, T. €. SBISAIOTCH
cthepHUeCKH-CHMMETPHUHBIMH. TaKUM ke CBOHCTBOM 06GJafaloT Mo-
JIOXKHUTEJbHEIE OMHO3apsiAHblE HOHBl IIEJOUHBIX MEeTaJlJoB, KOH(pH-
rypauisi KOTOPBHIX COBNajaer ¢ KOHOQUTypallHsIMH IIPEJIIECTBYIO-
mero GnaropogHoro rasa. MIMeHHO No3TOMy ONTHYECKHE CBOHCTBA
IMIEJIOUHBIX METaJJIOB XOPOLIO ONHCHIBAET MOJENb BaJEHTHOTO 3J€K-
TPOHA B LIEHTPAJBLHOM MNOJIE.

ITocnenoBaTeNbHOCTL 37€KTPOHHBIX 060J0YeK pas3GuBaercs No
nepuoaaM ciexyiomum obpasom:

I Is, 2 sjgeMeHTAa
I 2s 2p 8 3/1eMeHTOB
III  3s, 3p, 8 — o
IV 4s, 3d, 4p, 18 —»—
V  Bs, 4d, 5p, 18 —»—
VI 6s, 4f, 5d, 6p, 32 3nemenra
VII 7s, 6d, 5f, . . .

Homepa nepuojoB o6o3HadyeHnl PUMCKUMH LHppamu. CnpaBa yka-
3aHO YHCJO 3JE€MEHTOB NepHOoJAA. DTO UHCJIO JIETKO HAXOMHUTCS, €CIH
BCIIOMHHTb, YTO UHCJIO OJZHOZJNEKTPOHHBIX COCTOSTHHH C KBAHTOBHIMH
uncaamMud n U [ paBHo 2(2/+4 1). Hanpumep, uucio snemeHTOB
mectoro népuoga pasHo 2144 104 6 = 32. Homep mnepuoga
COBNafiaeT C IJIaBHBLIM KBAaHTOBBLIM UYHCJIOM 3aNOJHSIOIIHXCA §- U
p-060JI0UEK,

DneMeHTH, cojepiXaliHe 3aNnoJHeHHHE d- H f-06040uKkH (uiH
He copep:Kallle TaKHX o0oJiouek), Ha3LIBAIOTCS 3JEMEHTAMH TJaB-
HBIX TPYNN. JEeMeKTh, B KOTOPBIX TNPOHCXOAHT 3anoJiHeHHe d-
H f-000/04eK, HA3BLIBAIOTCA 3JEMEHTAMH NPOMEXYTOUHBIX TPyMH,
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DyaeMeHTbl MNPOMEXYTOYHHIX Tpynn HMelT OJH3KHE XHMHUecKHe
CBOHCTBa, B 0COOEHHOCTH 3TO CNPaBeAJHBO AJS [Pynn, B KOTOPHIX
NPOHCXOAUT 3anoJiHeHHe f-obosouek (o6osouka 4f 3sanoaunsercs
B rpynne peIKo3eMeJbHBIX 3JEMEHTOB).

OTMeTHM, YTO NpPH 3aNONHEHHH d- U f-000/0UeK HHOTAA HabJio-
NaloTCsA OTKJAOHEHHs OT yKasaHHOTO Bhlle nopsaka. Hanpumep,
KOH(UTypalHAMH OCHOBHBIX cocTosHu#i atomoB V, Cr, Mn sB-
astorcss (3d)3(4s)?% (3d)54s, (3d)%(4s)? cooTBEeTCTBEHHO (MH He
BbINKHCaJAH KOHGULYpalMio 3amoJHeHHBX o0oJouek, o6UIyi0 A5
Bcex 3Tux aToMoB (1s)%(2s)2(2p)¢(3s)2(3p)¢). OrasmiBaercs, 4TO

£,98
25 He
20
Ar
15 H “ Kr
B v Xe
5 P Rn
10 B S /"\
i Mg St g ‘l AC
(T2 \
sE Al v R{ \
3 K Rt Cs l‘)
L 1 1 1 I | { i { 1

H . 1 1 : 1 ] | 1
S5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 902
Puc. 15,

-

Kouopurypauuss (3d)®4s ans atoma Cr sHepretHuecku OoJjiee BH-
rogHa, ueM (3d)*(4s)?, KoTopylo MH npunHcaa# Ow XpoOMY, PyKo-
BOACTBYSICb HaMIeH MOAe/bl0. $ICHO, UTO 3TO OTKJOHEHHE HE MOXET
6piTh 0OBSICHEHO B paMKaX MojenaH, B KoTopoH 3ddekTuBHBIE no-
TeHLHAJ OJHHAKOB [ BCEX JEKTPOHOB.

B sak/ioueHHe MNpOCJAENHM 3a H3MEHEHHEM SHEPTHH CBA3HM *
9JIEKTpPOHA B aToMax. DTOT NapaMeTp TeCHO CBA3aH C XHMHUYECKHMH
CBOICTBAMHU 3JIEMEHTOB M XapPaKTepH3YyeT CHOCOGHOCTb aTOMOB «OT-
1aBaTh» 3JEKTPOH, BCTynash B XHMHUYECKHe COeJHHEHHS.

BenoMuuM, uto 3ddbeKTHBHBIH noTeHuuan aroma U(r)== —1/r
npu r—> oo u U(r)= —Z/r npu r - 0. [To3TOMy eCTeCTBEHHO OXKH-
aath (¥ 3TO MOATBEPXKAAETCH pacueTaMu), YTO C yBeJdHUeHHeM Z
b eKTHBHBIE NOTEHLIHAN CTAHOBHTCA Oojee CHJBHHIM, T. e,

. * DHeprueli cBSI3H HasblBaeTCs abCOJIOTHAS BeJHYHHA DASHOCTH MeXAy 3Hep-
IHAMH OCHOBHHIX COCTOSIHHH aToMa H COOTBETCTBYIOLIErO MOJIOKHTENLHOrO OAHO-
3apsiAHOrO HOHA, HHade TrOBOPS, SHeprHs CBSI3H paBHa MHHHMAJIBHOH paboTe,
KOTOPYIO HYXXHO 3aTPATHTh, 4TOOLI BHIDBATH /IEKTPOH H3 aTOMA.
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COOTBETCTBYIOLIME OJHO3JEKTPOHHblE YPOBHM 3SHEPLHHM AJA I0C]e-
JYIOIIEro aToMa Jexart ray6ixKe, ueM aasi npeiplayiero. [lostomy
3HEpPrusl CBA3H [OJXKHA BO3PacTaTb B pPAAY 3JEMEHTOB, COOTBET-
CTBYIOHIEM 3aNOJHEHHIO HeKoTopoH o06osoukd. OHAKO IIpH Iepe-
X0[€ K 3aMOJHEHUIO CJAeAYIoIlel 06GOJOYKH SHEPrHsl CBS3H MOXKET
nagatb. OcoGEHHO CHJbHOE MajJEHHE 3HEPrHH CBA3H HabJiomaercs
B HauaJjle KaXKAOro Mepuojaa, KOrja HauulaeT 3aloJHATLCS HOBas
s-o6osnouka. Ha puc. 15 HaHeceHbl 3KCIepHMEHTAJbHbIE 3HAUECHHS
HePHH CBSI3H [IJs PasJudUHBIX 3JeMeHTOB. [Io ropH3oHTaJ bHOH
OCH OTJIOXKEH aTOMHBIH HOMep 3JeMeHTa Z. W3 pucyHKa BHAHO, YTO
JUIg KaXXKAOro IepHoAa MHUHHUMAaJbHOE 3HAUEeHHE 3HEPrHH CBS3H
UMEIT MHIEJOUYHBIE METajsbl, a MaKCHMaJbHOE — aTOMbl 6Jaropom-
HBIX Ta30B. XUMHUYECKAs MHEPTHOCTb 6J1aropoAHBIX ra3oB B 3HAYH-
TeJbHOH cTeneHH oObscHAEeTCA GOabLIOH BeJTHYHHOH 3HEPrHH CBS3H.
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