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INPEINMCJIOBUE K TPETBEMY N3OAHWIO

Kuura «Iuddepennmasbible ypaBHEHU», SABJISIOMALCA IECTHIM
BBIIIYCKOM cepun «Kypc BbICIIEit MATEMATHKY U MATEMATHIECKON dusn-
KUy, IpeTepriesia IBa N3NAHUA: ITepBoe oaBusiock B 1980 r., a BTopoe —
B 1985 r. Beln caesian mepeBOl HA AHTVIMACKUiT sI3BIK M3/IATETHCTBOM
«IImpunrep Pepsiar» B 1985 1.

Ceiiuac npomuwio yxke 60siee OecsTH JieT CO BpEMEHH BbIXOIAa B CBET
BTOPOI'O U3NAHUA, U CTYIEHTHI By30B I YHUBEPCUTETOB, JIJ1s KOTOPBIX 3Ta
KHUTA ABJIAETCSA OJHUM U3 OCHOBHBIX y4eOHUKOB, UCIIBITHIBAIOT TPY/IHO-
CTH B JIOCTyIle K KHHIe, TOCKOJIbKY KOJITYEeCTBO K3eMILIAPDOB KHHUTU
B OMOJIMOTEKAX B CHJIYy €CTECTBEHHBIX MPUYUH 3HAYUTETHLHO COKDATH-
J10ck. [TosTOMYy MBI IPUBETCTBYEM MHUIUATUBY HOBOTO IMEPEM3IAHUS Ce-
pun «Kypc BbIcIell MaTeMaTuKu U MaTeMaTUIeCKON (hPU3UKI».

Hacrosimee nsnanue crepeorunnoe. VcnpaBsieHbl Jaib HEKOTOPHIE
ONIeYaTKM, HA KOTOPhIE B PA3HOE BpeMs OOpATU/IN BHUMAHUE YUTATEIIN,
3a 9TO aBTOPBI BHIPAXKAIOT UM BCEM OJIATOIAPHOCTD.

Koneuno, B Oynymewm, ecsu €10 JORIET 10 €lle OJHOrO Iepens3ia-
HUsA, TIPUIETCA BHECTHU PsIJ] M3MEHEHMIl, TAK KaK CO BPEMEHU IOJrOTOB-
KU BTOPOrO, IiepepaboTaHHOro, n3aanus B Teopun auddepeHuabHbIX
ypaBHEHU MosiBUIUCH HOBbIe (pakThl. C Npyroif CTOPOHBI, TEKCT B €ro
HACTOSIIEM BUIE HAM IPUATHO COXPAHUTH KAK MAMSATh O HAIMEM y4M-

tesie u coasrope Anupee Hukosnaesme TuxoHOBE, KOTOPOrO HE CTAJIO
B 1993 .

Mions 1998 1. A. B. Bacuavesa, A. I'. Ceewnuros



ITPEOIVCJIOBHUE KO BTOPOMY U3ITAHNUIO

Bropoe nznanue kypca «Iunddepenimaibabie ypaBHeHUsT» [IPEICTa-
BJIfIeT CO0OIi CYIIECTBEHHO IepepabOTAHHBI TEKCT TEPBOTO W3IAHUA.
He mensist o0CHOBHOTO cofiep:KaHust KypCa, Mbl BHECJIN 3HAYUTEJIbHbIE 13-
MEHEeHWsI B XapaKTep ero M3JI0kKeHNus.

B HoBOM m3nanuu mM3JI0KEHUWE Y3JI0OBBIX MOJIOKEHUI Kypca CTPOUTCS
HA OCHOBe 0bmmx uaeit merona mauddepeHnnaabHbIX HEPABEHCTB, Oa-
3UPYIOLIEr0CsT HA TeopeMe HarabirnHa. ITOT METO/I HAIJISIIHO BbIIEJIs-
er uIefiHy0 CTOPOHY JIOKA3bIBAEMBIX B KYPCE OCHOBHBIX TEODEM CYIIe-
CTBOBAHUS M 3aBUCUMOCTH OT [IAPAMETPOB PeIleHns] HA9aJIbHON 3a/1a491
KaK JJIsl OJIHOTO YPaBHEHUsI, TaK U JJis1 cucteMbl ypaBuenuii. [Ipu aTom
BO MHOTHX CJIy4YasiX 3HAYUTEbHO CHIDKAIOTCS TEXHUYIECKUE TPYITHOCTH
MpY JOKA3aTeIbCTBE COOTBETCTBYIOIINX TEOPEM, 8 CAMU [IOKA3ATETbCTBA,
CTaHOBATCSA HO0JI€E AJTOPUTMUIHBIMH.

Ha wupneiinoit ocuoBe meroma muddpepeHnuaibHbIX HEPABEHCTB I0-
CTPOEHO TaKXkKe M3JIOKEHNE PACCMATPUBAEMBIX B KHUTE BOIIPOCOB YHC-
JIEHHBIX U ACHMITOTUYECKUX METOMOB perienus auddepeHnaTbHbIX
ypaBHeHuii. B riaBy 0 9uC/JI€HHBIX METOIAX BHECEHBI, KDOME TOTO, 3Ha-
quTesIbHbIE PETAKITNOHHBIE N3MEHEHNUI B [EJIAX YIIYIII€HUs N3JI0KEHU ST
C METOIMIECKON TOUKN 3PEHUSI.

ITonseprcst nepepaboTke u TEKCT TJ1. 4, MOCBAMIEHHOW KPAEBbIM 331~
gam. [1aHo MOKa3aTesIbCTBO TEOPEMBI CYIIECTBOBAHUS PEIIEHUsT HEOIHO-
pommoii kpaesoit 3agaqn. Bosiee mompobHo pasbupaercs: moHsTHE 0000~
mennolt dpyukuun ['puna. BueceHbl HEKOTOPHIE M3MEHEHUS U B XapaKTep
W3JI0XKEHUS 33/1a9 HA COOCTBEHHbIE 3HAYCHUSI.

IToMrMO 2TMX OCHOBHBIX M3MEHEHUII B TEKCT KHUTU BHECEHO OO0JIb-
oe KOJIMYECTBO O0Jiee JIOKAJIbHBIX W3MEHEHU [IJ1s1 YTy dIeHnsT CTUIIA
n3sioxkenus. VIsmenen u psan 0603HAUEHUTIA.

ABTOpBI BRIpaXKaIOT CBOIO UCKpeHH00 biarogapuocts J1. 1. Kymapsas-
[IeBY, BHUMATEJIbHO [IPOCMOTPEBIIEMY PYKOINCh HACTOAIIETO W3IAHUA,
a TakXkKe BCEeM JIMIAM, IIPUCJIABIINM CBOM 3aMEYaHuUsl 10 EPBOMY W3-
HUIO KHUTH.

1985 1. Aemopni



IIMPEINMCJIOBUE K IIEPBOMY U3I1AHUNIO

IIpensiaraemas KHUTa MPEACTABIIAET COOON OYEPEIHOI BBITYCK CEpUN
«Kypc BoIcmeit maTemaruku u MaTeMaTuIeCKOl (pU3UKI» [OJT PeIaKIu-
eit A. H. Tuxonosa, B. A. Unbuna, A.T. CBemnukosa.

B ocHOBY KHHMIY TIOJIOKEH KyPC JIEKINil, KOTOPBIil B T€4eHNe MHOTUX
JeT untaercs Ha dusndeckom daxysabrere MOCKOBCKOTO rocy/1apcTBeH-
Horo ynmsepcutera uM. M. B. JlomonocoBa. N3sioxenne orBedaer Co-
BPEMEHHOMY COCTOSIHHIO Teopuu auddepeHnnaabHbIX ypaBHeHU B TOI
Mepe, Kak 3TO Tpebyercst OyIyIuM CIeNuaJncTaM 1o (pusnke u IMpu-
KJIQJIHOIl MaTeMaTuKe, U B TO XK€ BPeMdA JOCTATOYHO 3JIEMEHTAPHO.

Bostbiioe BHUMaHMe yaesifgeTCs B KHUTe TPUOJINKEHHBIM MeTOIAM pe-
MIeHUsT ¥ UCCTIenoBaHus TudDepeHnnaaIbHbIX yPABHEHU! — YHCJIEHHBIM
71 ACUMIOTOTHYIECKNM, KOTOPbIE B HACTOSIIEE BPEMsI JIeXKAT B OCHOBE U3Y-
YEHHUs MATEMATUIEeCKUX Mojesieil (pusudeckux siBjenuit. Yurare b mo-
JIYYUT MPEICTaBJICHNE O PA3JINTHBIX METOIAX YNCJIEHHOTO PENIeHNsI KaK
HAYAJIbHBIX, TaK W KPAEBbIX 33/1a4, O TaKUX (PyHIAMEHTAJIbHBIX [TOHSI-
TUAX TEOPUHN IUCJEHHBIX METONO0B, KaK CXOANMOCTh PA3HOCTHOI CXeMbl,
alIPOKCUMAIUsI U yCTONYIMBOCTh. B rytaBe, MOCBSIIEHHON ACHMIITOTH-
YEeCKUM METOHAM, COIEPKATCs, B YACTHOCTH, CBEJICHNSI U3 TaK Ha3bIBae-
MOI TEOpUU CUHIYJISIPHBIX BO3MYILEHU{T (MeTO OrpaHUYHBIX (DYHKIHUI,
meron BBK, Meron ycpenuenust), Koropasi 6ypHO pa3BUBaeTCs B IOCIIEI-
HUE [IeCSTUJIETUS B CBS3U C MOTPEOHOCTAME TAaKUX PA3IeSIOB (DU3UKU
W TEXHUKHU, KaK TEOPHUs aBTOMATHMIECKOTO PETYJINPOBAHNSA, THIPOINHA-
MUKa, KBAHTOBAS MEXAHNKA, KHHETUKA, TEOPUs HEJIMHEHHBIX KOJIeDaHuit
u ap.

Pyxkomuce kunru 6pi1a mpocmorpena E.A .T'peberukosbiv u JI. . Kyn-
PABIEBBIM, CIIEJIABIINMHY P IEHHBIX 3aMedanuii. Heonennmyto momors
B IIOATOTOBKe pyKomnucu K nedaru okasas B. 1. Bosikos. Bcem um aBro-
PBI BEIDAXKAIOT CBOIO UCKPEHHIOK OJIAr0IapHOCTh.

1980 r. Aemopni



N IABA 1
BBEJIEHUE

§ 1. Mousarue muddepeHTHaAIBLHOTO ypaBHEeHUS

B macrosmeit kanre paccmarpuBaiorcsa qud dpepennnasibHble ypaBHe-
HUsI, T. €. COOTHOIIEHUS MEXK Iy HEN3BECTHOU (DyHKIMEH, ee TPOu3BOIHbI-
MU ¥ HE3aBUCHUMBIME [€PEMEHHBIMU. Y DABHEHWsI, COAEepKAIIe POH3-
BOJIHBIE [0 MHOTUM HE3aBUCUMBIM II€PEMEHHBIM, HA3BIBAIOTCS YPAGHEHU-
AMU 8 YACTHHT NPOU3B0JHHIT. Y PDABHEHN:A, COIEPKAlINe IPON3BOIHbIE
JIUIIB TI0 OJTHO M3 HEe3ABUCUMBIX ITIEPEMEHHBIX, HA3BIBAIOTC 00bIKHOGEH-
HoMU Jupdepenyuarvromu ypasrerusmu. VI3yaeHne cBOHCTB 1 MeTo-
JIOB peliennsi OOBIKHOBEHHBIX TudepeHnmaabHbIX ypaBHEeHU u cocTa-
BJISIET OCHOBHOE COJIepKAaHUe JTAHHON KHUTHU, JIWIIb [OCJIEIHsIsS TJIaBa
ITOCBSIIIIEHA HEKOTOPBIM CIIEIUAIBLHBIM KJIACCAM YPABHEHUI B 4aCTHBIX
MIPOU3BOJIHBIX.

HeszaBucumyioo mepeMeHHY[0, TPOU3BOIHAS [0 KOTOPOW BXOIUT
B OOBIKHOBeHHOE HudepeHnabHOe YpaBHEHNE, OOBIYHO 0003HAYAOT
6ykBoit  (nu 6yKBOIi ¢, MOCKOBKY BO MHOIMX CJIy4YasiX POJIb HE3aBU-
cumoii mepeMenHof urpaer Bpemsi). HemsBectHyto dpyHKIU0 0603HAYA~
T y(x).

O6bikHOBenHOE M dEepeHInaIbHOe YPpaBHEHNE MOXKHO 3allicaTh
B BIUJIE COOTHOIIEHWS

mn
F(x,y,%,...,%) =0. (1.1)

B ypasuenue (1.1) momumo HeusBecTHOI pyHKIUM, ee TPOU3BOIHBIX

10 HE3ABUCUMOMY IIEPEMEHHOMY & M CAMOI'0 HE3aBHCHUMOTO MePEeMEeHHO-

r0 T MOTYT BXOIWUTD U JIOTIOJTHUTETHHBIE TIEPEMEHHbBIE U1, . . . , fii. B 9TOM
cJIydae TOBOPAT, YTO HEM3BECTHAsi (DYHKIIUsI 3aBUCUT OT MEPEMEHHBIX
Wi, .., Uk KAK OT IIAPaMETPOB.

IMopsimok crapieii Ipou3BoAHOM, BxoasIeli B ypasaenue (1.1), Hasbl-
BAeTCHA NOPAIKOM YpasHeHUs. Y PABHEHUE TIEPBOTO MOPSIKA MMEET BUIL

dy
F(:L',y, %) =0 (1.2)
U CBSA3BIBAET TPU [EPEMEHHBbIE BEJIMYUHBI — HEU3BECTHYIO (DYHKIIUIO,

ee NIPOM3BOJIHYIO U HE3ABUCUMYIO ITepEMEHHY0. JacTo 3T0 COOTHOIIeHNEe
yaaeTcs 3alcarh B BUOE

W= f(a.y). (1.3)



§ 1. Ilonamue dudPepenyuanvhozo YypasHeHUS 11

VYpasuenue (1.3) HasbIBa€TCA ypaBHEHUEM IIEPBOIO HOPAIKA, Pa3pe-
MIEHHBIM OTHOCHTEIHHO IPOU3BOIHOM. II3ydenue Teopun 0ObIKHOBEHHbBIX
nuddepeHua bHbIX ypaBHeHUHA MbI HauYHeM ¢ ypasHenus (1.3).

Hapsany ¢ muddepennuanbubivu ypasuenusvu (1.1)—(1.3) mis on-
HOW HeM3BEeCTHOH (hYHKIMEU B TeOpur OOBIKHOBEHHBIX TuddepeHmaib-
HBIX YPABHEHUIT PACCMATPUBAIOTCS CUCTEMbBI ypaBHenuii. Cucrema ypas-
HEHWHU [I€PBOTO MOPIKA, PA3PENIEHHBIX OTHOCUTEILHO TPOU3BOIHbBIX

du: .
%zfi(w7y17"'7yn)7 ’L=]_,...,'Il, (14)

T

HA3BIBAETCS HOPMAAbHOT cucmemoli. BBons BekTopHbIE (DYHKIUT

y:(yla"'ayn)a f:(fla---afn)a
MoxeM 3anucarb cucremy (1.4) B BekropHOit hopme
d
== f(zy). (1.5)

Jlerko BumeTh, 410 ypasHenue n-ro nopsanka (1.1), paspemennoe o1-
HOCHUTEJIbHO CTaplieil Ipon3BOOHON

dny dy dn—ly
dw_nzf(x7y7%7"'7dzn_1)7 (16)

MOXKeT OBITh CBEIEHO K HOpMaJIbHOM cucreme. [leficTBUTELHO, BBEIEM
0003HaYCHUST

d d dvt dyn_1
y=u1(2), ﬁ = % =y(z), ..., dg:”—_:t{ = # =yn(z). (1.7)
d"y dyn
Torma, BcJiencTBUE OYEBUIHOTO PABEHCTBA Tt = dp o Ypasue-

uuto (1.6) MOXKHO COTTOCTABUTH HOPMAJIBHYIO CUCTEMY

dyy _
dl‘ y27
dyn—1 _ (1.8)
di’ - yn7
dyn

dr = (xayla'--ayn)'

B ypasrenusx (1.1)—(1.5) HesaBucumyto mepemMeHHywo Oymem MHOsa-
rarb meiicrBuresbHOll. HensBecTHble GyHKIMKM MOTYT OBITH KaK IIeii-
CTBUTEJIbHBIMY, TAK U KOMILJIEKCHBIMU (DYHKIUSIMU JeACTBUTEIBHOI TIe-
PEMEHHOI.



12 I'a. 1. Bsedenue

Ouesunno, ecom y(x) = §(z) + ig(x), tme g(z) u §(xr) — coor-
BETCTBEHHO JelicTBuTeIbHAasA U MHUMasg dactu yuxiuu y(zr), ypas-
uenue (1.3) sKBUBaAJIEHTHO cucTeMe OOBIKHOBEHHBIX HuddepeHnnalib-
HBIX YPaBHEHUI [J1s1 HeHCTBUTEIbHBIX (DYHKINI:

dj I o
Z =Ref(z,7.9), T =Tmf(z,7,9).

Pewenuem cucrembr muddepennuanbubix ypasuenuii (1.4) nasbiBa-
eTCsl BCsAKas COBOKYITHOCTH byHkuwmii y;(x) (i = 1,...,n), KoTopble Tipu
MOJICTAHOBKE B ypaBHEHUsI 0OpALIAlOT UX B TOXKIecTBa. Kak mpasuio,
U Kak 9T0 Oy/Jer BUIHO U3 MOCJEIylomux npumepoB (cM. § 2), eciu
nuddepeHmaabHoe ypaBHEHNE PAa3pernmMo, T0 OHO obJiagaer Gecuu-
CJIGHHBIM MHOXECTBOM petneruii. [Iporecc Haxox qeHns: pemeHunii Ha3bl-
BAaETCA UHME2PUPOSarueM JuPPeperyuasvHozo YpasHeHUus.

O6bruno paccmarpuBatorcs cuctembl (1.4) ¢ mpaBbIMU YacTAMU, He-
MIPEPBIBHBIMU B HEKOTOPO# obsiactu D u3MeHeHUsT HEM3BECTHBIX (DYHK-
it y;, 1 He3aBuCUMOU nepemenHoit . O4YeBUIHO, YTO IPU ITOM pe-
menus y;(2) TpencTaBisT coboil HempepbiBHO muddepeHupyeMbe
dyuruun. OmNHAKO B MPUJIOKEHUAX WHOTIA TPUXOMUTCS UMETh IeJI0
C ypaBHEHUsIMU, TIPABBIE YACTU KOTOPBIX UMEIT Pa3pbIBbI (HATIpUMED,
IIPY OTMTUCAHUH yIAPHBIX HAIPY30K, MTHOBEHHO MTPUJIOKEHHBIX CUJI U T. I1.),
MTOTOMY UM CAMU PellleHus OYIyT UMeTh Pa3phIBbI MPOU3BOIHBIX. Torma
eCTeCTBEHHO B KadecTBe pemenus (1.4) paccMarpuBarTh HepEPHIBHBIE
dbyukuun y; () ¢ KycouHo HenpepbIBHbIMU MTpou3BoaHbIMEU. [Tpu mofcra-
HOBKE B ypaBHeHUsA OHU IudGEpeHIpPYIOTCA BCIOY, 38 UCKJIIOYEHNEM
TOUYEK paspbiBa (MM OTCYTCTBUs) MPOM3BOIHBIX. Takoe pemieHne ecre-
CTBEHHO HA3BaTh 0000U,EHHBIM PEULCHUEM.

Beskoe pemenne y;(x) (i = 1,...,n) cucremsr (1.4) MOKHO HHTEpIIPE-
TUPOBATH NEOMETPUYECKH KaK KPUBYIO B (n + 1)-MepHOM pOCTpaHCTBE
[IEPEMEHHBIX X, Y1, - - - , Y, KOTOPAS HABBIBAECTCS UHME2PAAbHOT KPUBOT.
IToampocTpaHcTBO MEPEMEHHBIX Uy, - . ., Y, HA3BIBACTCA (Ha308bLM NPO-
CMPAHCMEOM,  TIPOEKIIN HHTErPAJILHON KPUBOI Ha (Da30BOE MPOCTPaH-
cTBO — (pazosoli mpaexmopuet.

Vpasuenus (1.4) onpenesisior B KaxK 10 Touke obstactu D HEKOTOPOE
HaIpaBJieHne, 3aaasaemMoe Bekropom 7 = (1, f1,..., fn). Takas obsacts
MTPOCTPAHCTBA C 3aJAHHBIM B KaXKJIO# TOUKe HAIIPABJ/IEHNEM HA3BIBAETCS
noaem nanpasaeruii. Inrerpupobanue cucremb! ypapuenuii (1.4) reome-
TPUYECKU WHTEPIIPETUPYETCA KaK HAXOXKIEHNe KPUBBIX, Y KOTOPBIX Ha-
paBJIeHne KACATE/IbHOM B KazK I0# TOUKe COBIAIaeT C HATIPABJIEHUEM T,
3aJaHHBIM B JAHHOM IT0JI€ HATPABJIEHWI.

Kax ormevasioch Bbilie, mudepeHnuaabHoe ypaBHEHHE UMeeT, BO-
o01e TOBOPsA, OECYNCIeHHOe MHOXKECTBO pemenuit. [loaromy, unTerpu-



§ 1. Ilonamue dudPepenyuanvhozo YypasHeHUS 13

pya cucremy (1.4), MbI Hailmem GeCYMCIIEHHOE MHOXKECTBO MHTETrPAJIb-
HBIX KPUBBIX, JIEZKAIIAX B 00JIACTU OLIpelesieHNns IPABbIX dYacTell cucre-
mbl (1.4). Yro6Gbl U3 BCeil COBOKYITHOCTH DEIIeHUil BBIIEUTh OTIEb-
HYIO HHTEI'PaJIbHYIO0 KPUBYIO, IIPEJICTABJIAIONIYIO COOOIl Tak Ha3bIBaeMoe
wacmuoe pewenue cucrembl (1.4), HATO 331aTh TOMOJIHUTEJIbHBIE YCJI0-
BusA. Bo MHOTHX CjIy4asx TaKUMU JOIOJIHUTE/IbHBIME YCJIOBUAMHY ABJIS-
I0TCs HAaYaJIbHBIE YCJIOBUA
yi(zo) = 42, i=1,...,n, (1.9)

ompefiesiAONe Ty TOYKY (n + 1)-MepHOro mpocTpaHCTBA ITepPEeMEeHHBIX
T,Y1,- - Yn, I€PE3 KOTOPYIO IPOXOIUT JTAHHAS UHTErPAJIbHAA KPUBAsl.

Banava uarerpupoBanust cucreMbl (1.4) ¢ HAYAJIBHBIMEU YCJIOBUSIMA
(1.9) naseiBaercst Hawaavhoti 3adaueti umu 3adaveti Kowu.

B npocreitimem ciiyyae 0JHOTO ypas-
HEHUA

YA

W= Py (110

dbyuxuus f(z,y) onpemesnser mose Ha-
npasJjenuii B Toii obsactu D 110CKO-
cru (z,y), roe 3ajaHa IpaBas 4acTb
(1.10). 910 mosie HampaBjeHWl B Ka- 4
K 10# Touke obsnactu D 3amaercsa Bek- 7 o
TopoMm T(x,y) ¢ yrjoBbiM K03 dunu-
enrom f(z,y) (tga = f(z,y)) (puc. 1).
Pemenve navasbHOl 3amadu ¢ 3a- Puc. 1
MAHHBIM HAYAJIBHBIM yCJIOBUEM ¥ (Zo) = Yo B 3TOM CJIydae 3aKJI0IAETCS
B TIOCTpOeHnH B 0b0s1actu D MHTErpasibHOM KpuBoil y = y(x), BRIXOHAIEH
U3 HaYaJIbHOM Touky (X, Yo) U B KazKIOl cBoeli Touke (,y) Kacawomei-
cs BEKTOpA T € yIJioBbiM Koadduuumenrom f(z,y).
[TpuBenenHas BhIle reOMETPUIECKAT MHTEPIIPETAIS TOBEICHNS WH-
TErpasibHbIX KPUBBIX IE/IA€T HATVISIHBIM JOKA3aTETbCTBO CJIEIYTOIei
TEOPEMBI.

8Y

Teopema 1.1 (teopema Hambiruna o muddepeHIua bHbIX HEpa-
BeHcTBax). Ecsm npu x € [xg, X cymecTByer perenne Hada IbHOH 3a-
Jadn

;’—z = f(z,y), y(xo) = vo, (1.11)

ABJIAIONICECA OJHO3HAYHOH (pyHKImeH ©, u ecou z(r) — HeIpepbIBHAS
u HenmpepbIBHO Jucbgepenuupyemast Ha [To, X| yHKIMA Takast, 910

g—; < f(z,2), z€[zo,X], z(x0) < Yo, (1.12)
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TO UMeeT MeCTO HEPpaBEHCTBO

z(z) <y(z), =€ (xo,X]. (1.13)

Hoxasareabcrso. Ilo ycuoBuio reopembr HepaBencTso (1.13) Bbi-
HOJIHAETCS B TOYKe To. CulemoBaresibHO, B CUJLy HEnpepbiBHOCTH Y ()
u z(Z) OHO BBINOJIHAETCS TaKXKe B HEKOTOPOH OKPECTHOCTH NpaBee TOu-
K Zg.

Ipennosnoxum, 9to 21 € [zg, X| — Gumkaiimas K £y TOYKa, B KOTO-
poii Hepasencrso (1.13) mapymaercs, T.e. z(z1) = y(z1). Feomerpuue-

CKHI 5TO O3HAYaer, 410 Kpusble z(z) u y(z) npn & = z; mepeceKarTcsa

i kacaorcsa. Ho rorma momkHO 6bITh gll"’ (z1) = f(x1,y(x1)), uTo mpo-

tuopeunt (1.12). Teopema mokasana.

Crestaem cyliecTBeHHbBIE [IJ1sI JATbHEHITero 3aMedanns K JIOKa3aHHOM
TeopeMe 0 nuddepeHnnaIbHbBIX HEPABEHCTBAX.

SaMedaHus.

1. Mb1 npeanonarasu z(zg) < Yo, HO TeOpeMa OCTAETCs CIIPABEIJIU-
BOii, ecotnt z(Zo) = yo. B 9TOM Cityuae cymecTBoBaHNe HEKOTOPOIT OKpecT-
HOCTH MpaBee TOYKY Lo, B KOTOPOil BBITOIHEHO HepaBeHCTBO (1.13), coe-
IyeT U3 TOro, 4TO

gozc (z0) < f(xo,2(w0)) = f(x0,y0) = gz (o).

Hasbuelinmme pacCcyXIeHNsI COBEPIIEHHO TAKUe XK€, KAK /IS CJIy4ast

z(w0) < Yo-
2. Ecoin dysxnma z(x) yooBiaeTBopsieT HepaBeHCTBAM

4 > f(w,2), @€ [vo,X], 2(z0) > o,

1O 3HaK HepaBeHcTBa B (1.13) TakKe M3MEHUTCS HA IPOTUBOIOJIOKHBIN.
3. Teopema ocraercs crpaBenyiMBOi U B TOM CJIy4dae, KOrga z(z) Ky-
couno auddepennnpyema Ha [zg, X | u HepaBeHCTBo (1.12) BeImoJIHSIETCS

714 TIPeIeJIbHBIX 3HAYEeHUI TPOU3BOIHOM d B TOYKaX ee Pa3phIBa.

IIpu pemeruu psima BOmpocoB ObIBaeT ymOOHO CBOIUTH 3a0AYU 1JIs1
nuddepeHInaIbHbIX YPABHEHNH K HEKOTOPBIM HHTErPAJIbHBIM ypaBHE-
HUSIM.

Jlemma 1.1. ITycrs f(x,y) HEIpepbIBHA 110 COBOKYIHOCTH apI'yMEH-
TOB B HEKOTOPOM IIPsIMOYTOJIbHUKE

D ={lz —zo| <a, |y—yol <b}.
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Torna HavYa/IbHAS 3381398

d
Z=f@y), yl@o) = o, (1.14)
9KBHBAJICHTHA HHTEIPAJIbHOMY YPDaBHEHHIO
T
y(@) =yo+ [ F(&y(8))dE (1.15)
Zo

Hoxaszareabcro. Ilycrs Ha cermente |z — xo| < a cymecrByer
peleHne HavYaIbHOM 3ana4un — dyukums y(z), npudem yo — b < y(z) <
< Yo+b (3T1 HEpaBeHCTBA 03HAYAIOT, YTO IIPH [T —Zo| < @ MHTErpaJbHAA
KpuBas Haxogurcsa B obsiactu D, rue f(z,y) venpepsiBua). [loncrasus
y(x) B ypaBuenue (1.14), mosryanm ToxaectsBo. HTerpupys 910 TOX1e-
CTBO OT g OO T € [a:o — a,T9 + a] 1 UCHOJIb3yd HavYaJIbHOE YCJIOBUE
y(x0) = yo, mosyunm (1.15). CrrenoBaresibHO, pelneHne HadaJIbHO 3a-
nmaun (1.14) ynossierBopsier uHTerpasbaomy ypasuenuto (1.15). C apy-
roff CTOPOHBI, €CJIN CYIIECTBYET HENPEPHIBHOE PEIIeHNe UHTErPAJIBHOTO
ypasuenus (1.15) — dbyunxuusa y(z), npuuem yo — b < y(z) < yo + b,
TO B CWJIy HempepbiBHOCTH f(Z,y) U ciemyromeii 0Tcroaa HempepbiBHO-
cru byuxkuun f(€,y(€)) kak cuoxuoi dyHkuuu £ uHTErpas B NpaBoii
gactu (1.15) aBaserca uenpepbisao nuddepenuupyemoii Gynkuueii .
CutenoBaresibHo, u JieBast 4acthb (1.15), T.e. dynxkuus y(z), umeer ne-
OPEPBIBHYIO IPOM3BOIHYIO, IIPUYEM 3Ta npousBonHasa pasua f(x,y(z)),
a 3HauWT, y(x) ecTh pemenne ypapuenus (1.14). BeimosiHeHne HaYab-
HOTO yCJIOBUsI IPOBEPSAETCs HEMIOCPEICTBEHHO. JleMMa moKa3aHa.

BamevyaHnue. AHasiornyHass TeopeMa 06 SKBUBAJEHTHOCTH WMEET
MECTO U J1jis1 cucTeMbl nuddepeHIabHbIX YPABHEHUH, T. €. I 330a91

(1.4), (1.9).

Jlemma 1.1 ocraercsa B cuse, korna GyHruus f(z,y) ABIAETCA Ky-
COYHO HENPEPBIBHOM dyHKIMeH nepementoit . [Ipu 9ToM nHTErpabHOE
ypasuenue (1.15) umeer HenmpepbIBHOE pelneHne y(x), ABJIIOmeecs Ky-
couno auddepennupyemoit byHkuueii . ITo penieHne yIoBIeTBOPIET
ypasaenuio (1.14) na yuacrkax nenpepbiBaoctu dyukuuu f(x,y).

BosMoxHBI U gpyrue cnocoObl 3aJaHUsT JOMOJIHUTEIbHBIX YCJIOBUI,
BBIJIEJIAIONINX ONpefesieHHoe YacTHoe pernenne cucreMsbr (1.4). K ux qun-
CJIy OTHOCATCHA: TaK HA3bIBAEMbIC KPAE€BbIC 3a/1a91, B KOTOPBIX ONpene-
JIEHHOE JYaCTHOE pEIlleHNe BbIIeJIsAeTCs TPeOOBAHNEM, YTOOBI YIOBIETBO-
PAMNCh OOMOJIHUTEJIbHBIE YCJIOBUA B HECKOJIBKUX PA3JIMYHBIX TOYKAX
00J1aCTH ONpeNesIeHns] PelleHnsT; 3/1a91 Ha COOCTBEHHbIE 3HAUEHNS, CO-
CTOSAIINE B ONMPEINESIEHUN HEKOTOPBIX TTAPAMETPOB B YPABHEHUHU, TP KO-
TOPBIX CYHIECTBYIOT YaCTHBIE pEIeHnd, YIOBJIECTBOPAIOIINE ITOCTABJICH-
HBIM JIOMOJIHUTEJIbHBIM TPEOOBAHUAM; 3a/Ia9M MOUCKA MEPUOINIECKUX



16 I'a. 1. Bsedenue

pelennit m pan APYTUX MOCTAHOBOK, MO3BOJIAIONINX OTHO3HAYHO BBIIE-
JuTh TpebyeMoe YaCTHOE PEIIeHrne yPABHEHUS.

§ 2. Pusuyeckue 3a0a4H,
npuBonsainue K mudpepeHnuaIbHbIM yPaBHEHUAM

B nacrosmem naparpade Oyer npuBeaeH psij TUIHIHBIX 33149 (Hu-
BUKM U MEXaHUKW, U3YIEHHE KOTOPHIX METOIOM MAaTEeMATUIECKUX MOJIE-
Jielt TPUBOOUT K UCCem0BaHmio nuddepeHnuabHbIX YPaBHEHHH.

1. PaguoakTuBHbI pacnan, Ousnveckuii 3aKOH, ONMMUCHIBAIOIIMIL
MPOIIECC PATUOAKTUBHOTO PACHAIA, 3aKJII0YAETCS B TOM, YTO CKOPOCTH
pacnaga oTpuUiaTe/IbHA U IPONOPIMOHAIbHA KOJIMYECTBY HEpACIaBIIe-
rocs K JAaHHOMY MOMEHTY BpeMeHu BemiecTBa. Koaddumment npomop-
UOHAJIBHOCTH A, SABJISIOIIUICS XapaKTepHOU IJis JAHHOTO BEleCTBa
MOCTOSIHHOM, HE 3aBUCSIIEH OT BPEMEHHU, HOCUT HAa3BAHUE NOCMOAHHOU
pacnada. MaremaTrraeckoe BhIpaXKeHUE 3aKOHA, PAINOAKTUBHOTO PACIIa-
[a uMeeT CJIeyIoNuii BUuI:

dm — _xm(1), (1.16)
rae m(t) — KOJIMYeCTBO HEPACIIABUIETOCS K MOMEHTY BPEMEHU ¢ Bele-
CTBa. ITO COOTHOIIIEHHE PeIcTaB IszeT coboii muddepennmaibHoe ypas-
HEHHUE MEePBOro TOPSIKA, PA3PEINIEHHOE OTHOCUTELHO POU3BOIHOIA.

HenocpencrsenHoit npoBepkoii jierko yoenurbest, 1o pemenue (1.16)
nMeeT BUI,

m(t) = Ce ™, (1.17)
rae C — mpomsBoOJIbHASA MOCTOsTHHASL, KOTOPasi MOXKeT ObITh OIpenesie-
Ha U3 JOMOJIHUTEIBLHOIO YCJIOBHS, HAPUMED, U3 HAYAIBHOIO YCJIOBUS
m(ty) = mg, 3aJaK0UEro KOJUIECTBO UCXOMHOTO BEIIECTBA B HAYA b~
HBIIF MOMEHT ty. JacTHOe pelnerne COOTBETCTBYIOMEN HAYaIbHON 331~
9 UMeeT BUL,

m(t) = moe M~t0), (1.18)
OnHoit u3 BaxXHBIX (PUBUIECKUX XaPAKTEPUCTUK MPOLECCA PATUOAK THB-
HOTO Pacrafa siBJIAETCs TEePUOJ, TOJIyPaClaia — MPOMEXKYTOK BpEMe-
HEu T, 32 KOTOPBII KOJIMYECTBO PACIAIAIOMIEroCs BEMeCTBa, Y MEHbIIAET-
ca sagoe. 13 (1.18) naiinem

m —
0 = moe AT

OTKYyIa
T=3m2. (1.19)
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OrmvernM, uro ypasHenue (1.16) sABisierca MareMaTwdecKoi Moje-
JIbIO HE TOJIBKO IPoIlecca paJuoaKTUBHOTO paclajgad, HO M MHOTUX IPY-
TUX IPOIECCOB AEJICHUA UJIA PA3MHOXKEHUA, XaPaKTEePU3yeMbIX TEM, 9TO
CKOPOCTb JiesieHns (Pa3MHOKEHUsI) MPONOPIMOHAIBHA KOJIMIECTBY Be-
IIIECTBA B [IAHHBII MOMEHT BpeMeHH, pudeM KO3(pUIUEHT TPOIIOPIINO-
HAJIbHOCTU €CTh HEKOTOpad MOCTOAHHAs, XapaKTepU3yHoIlad paccMa-
TpuBaeMbIil mporiecc. Kak Mbl yOeInInuch, TAMUYHON TOCTAHOBKO 3a1a4
IIJISI 9TOTO KJIACCA YPABHEHUI sIBJIsIETCA HAYa/IbHAsA 3a0a4a (3amada Ko-
wu).

2. JlIBuKeHUWe cHUCTEMBI MaTepHUAJIbHBIX dYacTull,. Maremaru-
YeCKON MOJIeJIbIO JIBIZKEHWsI CUCTeMbl N MaTepuaJibHbIX YacTHll 1M,
1 = 1,..., N, IpuHATON B TEOPETUIECKON MEXaHUKE, SBJSIIOTCS yPaB-
HEHUs JIBUKEHNUsI, CJIeIyolne n3 BToporo 3akona HpioToHa:

2 dr;

m;

31ech m; — MaCChl 9aCTHII, TOCTOSHHBIE BO BPEMEHMU, T; — PATILYC-
BeKTOpbI dactuil, F' — BeKTOp cmiibl, meiicTByOmEeill Ha -0 J9aCTUILY
¥ 3aBUCANMI, BOOOIIE TOBOPs, OT BPEMEHU, KOODIUHAT 4-ii IaCTUIIHI,
B3aNMHOT'O PACIIOJIOKEHNA 9IaCTHUL, CUCTEMblI U UX CKOpOCTeﬁ. CI/ICTeMa
(1.20) mpencrasasier coboit cucremy N BEKTOPHBIX ypaBHEHUil BTOPOTO
nopsaka. Ecim Macchl 9acTull He MEHSIIOTCS B IIPOIIECCe JIBUKEHUsI, TO,
0003HAYUB [IEKAPTOBBI KOOPAMHATHI PAINYC-BEKTOPA T; Uepe3 T;,Y;, 2
U BBels HOBbIE [IEPEMEHHbIE U;, = dz; vy = iy, = dz; (xommo-

dt > "W dt’ dt

HEeHTBbI BEKTOpa CKOPOCTH i-ii dacTuipl), MoxeM 3anucars (1.20) B Buge
HOpMaJIbHO# cucTembl 6N ypaBHEHUI IEPBOTO MOPSIIKA:

dz; _ dy; _ dzi _

dt = Viz, dt Viy, at = Viz, (1 21)

dz; _ dyi _ 1 dzi _ 1 p ’
iz-

1
@ =il g = wle g T

CrioxHOCTh MHTErpupoBanus cucreMbl (1.21) B mepByro oYepens onpe-
JIeJISIeTCST BUIOM MPABBIX dacTeil, T. . PyHKIIMOHATHHON 3aBUCUMOCTBIO
KOMIIOHEHT BEKTOPa CUJIbl OT II€PEMEHHBIX &, Tj, Yi, Zi, Vi, Viy, Viz-
BO MHOTUX CJIyYadX TOJIYYIUTH 3HAYEHUA JaCTHOTO PEHIEHUsI CUCTEMbI
C 3aﬂaHHOﬁ CTEIIEHBIO TOYHOCTU yOa€TCdA JIMIIHb YUCJIEHHBIMU METOIa-
MU, UCTOJIb3ys coBpemenubie IBM. Tunuunoit 3amadeir njist cucrembl
(1.21) siBAsteTca HAYAJIbHAS 33/1a49a, 3aKJIIOYAOMAICA B ONPEIeJICHIN
TPAEeKTOPUl YacTull M0 33JaHHBIM B HA4YaJIbHbIII MOMEHT BpeMeHHU tg
MTOJIOXKEHUSIM U CKOPOCTSIM BCEX YACTHIL CHCTEMbI

ri(to) =77, vi(to) = v} (1.22)
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IIPU U3BECTHBIX IIPABBIX 9aCTAX (3a,D;aHHbIX BHEIIHUX CUJIAX, I[eﬁCTByIO—
[IUX Ha CUCTEMY, U CUJIAX B3auMmoelictBus Mex iy dacrunamu). Ipyroit
TunuyHOl 3amaveii gy cucremb (1.21) sBJisieTcsa KpaeBas 3a1a4a onpe-
JIeJIEHUsT TPAEKTOPUH, TIPOXOMAIIEH Yepes 3a/laHHble HAYAIbHYI0 U KO-
HEYHYI0 TOYKM B (pa3oBOM npocrpancTse. K 9Toil 3a1a9e Mbl, B 9aCTHO-
CTHU, TIPUXOIUM TIPU Pacdere TPAEKTOPUU KOCMUYIECKOrO armapara, Ha-
npaBJIAeMoro ¢ 3emuin Ha JIyHY wim Kakyo-u00 MJIaHeTy.

B psame ciygyaeB paccMarpmBalOTCSA W IPYTHE TMOCTAHOBKU 3aTAYH
OTIpeJIeJIeHNs YaCTHOTO pernenus cucrembr (1.21).

Bax#biM yacTHbIM ciiydaeMm cuctembl (1.20) siBiisi-
ercs ypaBHeHue KoJsiebaHuil Gpu3anIecKoro MasTHUKA.
OOGBbIYHO Pu3UNECKUM MAAMHUKOM HA3BIBAIOT a0CO-

0 JIFOTHO TBEPIOE TeJI0, KOTOPOe MOKET BPAIIATHCS O]
JIefiCTBUEM CHJIBI TsKECTH BOKPYT HEMOABIKHOM ropu-
C 30HTAJILHOM OCH, HE TIPOXOIAIIEH Yepes HEHTP TAKECTH

0ol C (puc. 2).

PaccmoTpuM cedenne TaHHOTO TeJsia TIJIOCKOCTHIO,
MEPIEHONKYJIAPHON OCH BpAIlleHUA U IPOXOIdAIeil de-
pes 1eHTp TskecTn. TOoUKy mepecedeHmnst OCH Bpalie-
HHUSI C JAHHOU MIOCKOCTHIO obo3HaunM O. OdueBuIHO,

Puc. 2 noJiokenne (pU3NIecKoro MasgTHUKA B JIIOOOIH MOMEHT

BPEMEHHN MOXKHO XapaKTepu3oBaTh YIJIOM ¢, KOTODBIii

cocrapysier npsaMasag OC ¢ BEPTUKAJIbHOW OCBIO z, MPOXOMAIIEH depes

touky O. [I71s BBIBO#A ypaBHEHUs ABIKEHUsT BOCIOJIb3YEMCS BTOPBIM

3aKOHOM HbIOTOHA B IPUMEHEHUN K BPAIIATEIbHOMY JABUKEHUIO (yryio-

BOE YCKODPEHME MPOIOPIUOHAIHHO [JIABHOMY MOMEHTY BHEIIHHUX CHJI).
Torma, npenebperasi cujiamMu COMPOTUBJICHUS, TIOJTY IUM

z

2
Ifle = —mgdsing, (1.23)

rme I — MOMEHT MHepIuHU Tejla OTHOCUTEJIbHO OCH BpalleHusi, a d —
paccrosiaue ot Toukn O 10 nenrpa tsxkectu C.

Obmee ypasuenue (1.23) kosiebannit pusndecKOro MasiTHUKA, siBJISAET-
cs1 HeJInHEHHBIM. B ciydae maJsibix KostebaHuii, OrpaHuIMBasICh TEPBBIM
JIEHOM PA3JIOKEeHUs (DYHKIINU Sin , TOJIYIuM

2
d—;‘o +wp =0, (1.24)
dt
rie gepes w? obozHadeno orHomenue mgd/I. OueBnaHO, pa3sMepHOCTD
[w] = 1/¢, aro u ompaBIbIBaeT BBEeOEHHOE 000O3HAYEHHE. 3aMETUM, YTO
B caydae ypapHenus (1.24) BO3Bpamaromas CUJIa MPOMOPIMOHATBHA
CMEIIEHUIO OT MOJIOKEHNsT PABHOBECHSI.
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Kak sierko ybemmThCs HEOCPENCTBEHHOW TPOBEPKOI, ypaBHEHUE
(1.24) umeer mepuoaUIECKUE PEIIEHUA IACTOTHI W:

o(t) = Acoswt + Bsinwt, (1.25)

rme A u B — npousBOJIbHBIE TIOCTOSIHHBIE, ONPENESISIONINe AMILIUTYLY
MIEPUOONIECKUX KOJIeOAHMIA.

IIpu yuere cuit COMPOTUBIIEHNS, TTPOTIOPIUOHAJIBHBIX YTJIOBOI CKOPO-
cru, ypasuenue (1.24) nepeiiner B ypaBHeHue BUIa

d? d
Kf +aF + 0w =0. (1.26)

Kak 6yzner nokasano Hmke (cm. 1. 3), ypasuenue (1.26) onpenesnser
3aTyXakoIme KoaebaHusl.

3. YpaBHenusa nepenoca. Ilyctb mo Tpyde MOCTOSHHOTO MOeped-
HOTO C€9EHUsI, OCh KOTOPOil COBITAIAET C OChIO ', ABMKETCS TIOTOK BO3ILY-
Xa, CKOPOCTb KOTOPOTO BIOJIb OCH TPYObI B TOYKE I B MOMEHT BPEMEHNU
t ectb 3anannasn Gyskuua v(z,t). Ilycts BO3myx mepeHOCUT HEKOTOPOE
BEIIECTBO, JTUHEHHYIO IJIOTHOCTH KOTOPOTO B CEYEHUU TPYOBI ¢ KOOPIHU-
HATOl & B MOMeHT Bpemenu t obosuauum u(z,t). B npouecce nepenoca
BEIIECTBO OCAXKIAETCS HA CTEHKaxX TPyObl. Bymem cumrarb, 910 MIIOT-
HOCTb PaCIpeNeIeHIs OCAXK IAOIIET0Cs BEIIECTBA 3a/1a€TCs BhIPAYKEHU-
em f(xz,t)u(x,t) (f(x,t) — 3amannas dbyHKUIUA), T. €. TPOMOPIUOHAIIb-
HA KOHIIEHTPAIMK BEIIeCTBa (9TO MOXKHO PACCMATPUBATH KAK JIMHEHHOe
npubIMEKEeHne K 00JIee CJIOKHOMY 3aKOHY, CIIPABEIIUBOE TIPU JOCTATOY-
HO MaJIbIX ). 9TO 3HAYWUT, YTO KOJMIECTBO BEIIECTBA, KOTOPOE OCAXK-
[IaeTCsl Ha yIACTKE CTEHKH TPYObI MEXKIY CedYeHusAMu T u T + Az 3a
NPOMEXRYTOK BpeMeHnu [t, ¢t + At], naercs 3aK0HOM

z+Ax t+AL
[ & ulE ) dg dr.
z t

s nmonyuenus nuddepeHnnaaIbHOr0 ypaBHEHWsT OTHOCUTEBHO U
paccMoTpuM OaJTaHC BEMECTBA B 00JIACTU MEXK/Ly CEYeHUAME T U &+ Ax.
Iponecc nudpdysun He GymemM yIUTHIBATH, YTO €CTECTBEHHO, €CJIM CKO-
POCTD ¥ IOCTATOYHO BEJIUKA.

3a Bpems At u3MeHeHNe KOJMYECTBA BEIIECTBA B PACCMATPUBAEMOIL

obJ1acTu paBHO
z+Az

[ [u(@t+ At) —u(g,t)] dE.
T
DT0 U3MeHeHUe ONpeesAeTcs, BO-IEPBBIX, PA3HOCTBIO OTOKOB Belle-
CTBA: BTEKAIOWIETO YepPe3 CedeHne T U PABHOIO
t+At
[ @ nu(z,7)dr
¢
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7 BBITEKAIOMIETO Yepes3 cedeHune & + Ax u paBHOTO

t+At

/ v(z + Az, 7)u(z + Az, 1) dr,

i
a BO-BTOPBIX, YObLIbIO KOJIMYECTBA BEIIECTBA (32 CYET OCAKIECHU HA
CTEHKE), PABHOMH

z+Az t+At
- / / f(€7 T)U(.’B, T) d& dr.
T t

Takum 0O6pas3oM, 3aKOH COXpAHEHUs BEIIECTBA 1aeT

z+Azx

/ [U(f, t+ At) - ’U,(f, t)] df =

‘ tHAt
= / [v(&, T)u(z,7) —v(€ + Az, T)u(z + Az, 7)] dr—

t

z+Azx t+At
- [ [ f&nuEr)dsdr. (1.27)
z t

[Tosb3ysick Teopemoii 0 KOHEYHOM TTPUPAIIEHUN U TOIBIHTErPAJIHBHBIX
B])IpaJKeHI/Iﬁ B IIPEOIIOJIOKEHUN HAJIMYUA HEIIPEPBIBHBIX YaCTHBIX IIPO-
U3BOIHBIX Y PACCMATPUBAEMBIX (DYHKIMIT ¥ BBIYMC/IAS UHTETPAJIBI O
TEOPEME O CPEIHEM, MOJTY IUM
8“( AzAt = —i(v(:r " u(zx t**))| AzAt—
ot Oz ’ ’ T=x**

— f@™ 7 u (™ ) Az A, (1.28)

|t t*

rae o, o 2 N 4 % — HeKoTopbIe TOYKHU U3 OTPE3KOB [z, £+ Ax],
[t,t + At] coorBercrBenno. [dens 3arem pasernctBo (1.28) ma AzAt
u ycrpemssa Azx m At K HyJII0, B CHJIy HEIPEPBIBHOCTH BCEX UJIEHOB

coorHomerus (1.28) nosyYrM OKOHYATESbHOE yPABHEHNE

9+ D (up) + fu =0, (1.29)

o ?91; + v(z, t) 8u + c(z,t)u =0, (1.30)
rae

ow,t) = QL(x,1) + f(z,1). (1.31)

VYpasuenue (1.30) sAB/feTCs ypaBHEHWEM B YACTHBIX IPOU3BOIHBIX
epPBOro MOPAAKa. 51 HEr0 MOXKHO TIOCTABUTD, HATIPUMED, CJIEIY OILY IO
3amagy. [lycTh u3BeCcTHA KOHIIEHTPAIIN BEIIECTBA MU & = Tg:

u(zo,t) = uo(t), (1.32)
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rie ug(t) — samannas dynkuua. Tpebyercsa onpemenurs u(x,t) s
x > xo. Huxe (B 1. 8) mbl yBugum, uro ycsosue (1.32) onHO3HAYHBIM
obpaszom onpenesisier pemenue ypasaenus (1.30).

4. 3agadya 0 MpocayMBaHUM BOIBI CKBO3b IMecok. Ilycrs Bona
MPOCAYNBAETCA Yepe3 Mecok cBepxy BHu3. Hampasum ock x BHu3. Ue-
pes u(x,t) 0603HAYNM MIIOTHOCTH BOIBI B mecke (t — Bpemsi). CKoOpocTh
[IBUZKEHUST BOABI U, OYEBUIHO, 3aBUCUT OT €e IJIOTHOCTH, T.e. v = v(u),
rae v(u) ecTh 3anaHHAs DYHKIMA, IPUYEM U BO3PACTAET BMECTE C U.

PaccmorpuM Gastasc Boapl B cioe [z, £+ Ax]. 3a Bpems At nsmeHenune
r+Azx

KOJITIECTBA BOIBI PABHO / [u(€,t+ At) —u(,t)] d€. D10 usmenenune
MPOHCXOINT 3a CYET PASHOCTH BXOMAMIErO TOTOKA
t+At
v(u(z, 7))u(z, 7)dr

U BBIXOJSIIIETO ITOTOKA

t+AL
/ v(u(z + Az, 7))u(z + Az, 7) dr.
i

Taxum obpazom,

z+Az

/ [u(f,t—i— At) — u(f,t)] d¢ =

‘ t+AL
= / [v(u(az, Nu(z,7) —v(u(z + Az, 7))u(z + Az, T)] dr

[Mpennosiarasi HaJIMYMe HENPEPBIBHBIX YACTHBIX ITPOU3BOMHBIX Y U
u nuddepeHupyemMocTsb v(u), IPUMEHUM TEOPEMY O KOHEYHOM HpUpa-
meHun U (POPMYJIy CPEIHEro 3HAYEHWs JJIsl BBIYUC/IEHUsI WHTEIPAJIOB.
ITonenus 3arem Ha AzAt, ycrpemum Az u At K HYJIIO; IOJIy9UM yPaB-

HEeHue
Qu 4 Jud ((y)y) = 0,

ot " Oz du
nJjm
9u 4 p(u)ge =0, (1.33)
riue
p(u) = v(u) + udL (1.34)

ecTb 3aJaHHass (PYHKIUA U.
VYpasuenue (1.33), Tak xe kak u (1.30), siBJIg€TCA ypABHEHUEM B 9aCT-
HBIX MTPOU3BOMIHBIX MEPBOTO MOPSIKA. TUMMIHBIMU 33Ja9aMU [IJIS HETO
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SABJISIIOTCS KaK 3aanue GyHKimu u(x, t) npu GUKCUPOBAHHOM 3HAYEHUY
T = xo:

u(wo, t) = uo(t)
(T.e. 3a1aHa NJIOTHOCTH BOMBI HA TPAHMIIE CJIOST [IECKA BO BCE MOMEHTBI
BpeMeHHu), Tak u 3aganue GyHkuun u(x,t) nist GUKCUPOBAHHOIO MOMEH-
Ta t = ty:

u(z, to) = ua(x)
(1.e. 3amano pacnpenesieHre IJIOTHOCTH BOIBI [0 Pa3pe3y CJIosl IeCKa
B OIpEIe/IeHHBI MOMEHT BpeMeHHU tg).

Otrmerum, aro ypasuerne (1.33), B KOTOpOM MHOXHUTENTb p(u) TpH
MIPOUBBOMIHON 3aBUCUT OT HEU3BECTHOW (DYHKIINU, CJIOKHEE ypPaBHEHUsI
(1.30), B KOTOpOE KaK NPOU3BOIHBIE HEM3BECTHON (DYHKIUM, TAK U CaMa,
HenmsBecTHas1 DYHKIMs BXONAT JinHeiino. Ypasuerue (1.33) HocuT Ha-
3BaHUE K6a3UuAUHETH020 YpasHeHus. VI3ydeHnIo KBa3uIMHEHBIX ypaB-
HeHuil OyIer nocsseHa 1. 8.

5. Kosiebanus ynpyroro crepxkHsa. PaccMoTpum 3amady o ma-
JIBIX TIPOJIOJIBHBIX KOJIE0AHUSIX yNpyroro crepxus. Ilycts B Hemedop-
MUPOBAHHOM COCTOSIHUW CTEPXKEHb MMeeT IJINHY [, OCh €ro COBIaIaeT
C OCBIO T ¥ B IIpPOIIeCCe ero KoJiebaHuil mom JeficTBueM BHENIHUX CHUJI,
HAIIpABJIEHHBIX 110 OCU I, IIOIEpeYHble CeYeHU:A CTEPXKHA CMeLIaloTCa
KaK IeJ10e, He 1edOopMUpyACh B CBOEl TTocKoCTH. Torma mporecce KoJte-
GaHuil cTepKHA MOXKHO XapaKTEePU30BAThH OIHOW CKAJIAPHON (hyHKIMeH
u(z,t) — cMelmeHueM B MOMEHT BPEMeHU © CEYeHUs CTEepIKHs, NMEB-
rero B HesiehOpMUPOBAHHOM COCTOSTHUU KoopauHaty x. Bynem paccma-
TPUBATH CTEPKEHb NEPEMEHHOMN IIOTHOCTHU P(X ), HOAYNHAIOMUACS 3aK0-
uny I'yka: ynpyras cuta, nedopmupymomas 66CKOHETHO MAJIbIi 3JIeMeHT
CTEpKHs, 3aKJIIOUYEHHBI MEX/y CedYeHUsAMU T U T + Az, MPOIOPIHO-
HaJIbHA, OTHOCUTEILHOMY VIJIMHEHWIO 3TOr0 3jementa. Koadduinmenr
PONOPUUOHAIBHOCTU (MOMYJIb YIPYIOCTH) TaKkKe OyaeM CYUTATh Iie-
PEMEHHBIM BJIOJIb CTEPXKHA U 0603Ha4YUM ero uepes k(x). [lomcuuraem
OTHOCHUTEJIbHOE YIIJINHEHNE € BBIIEJIEHHOIO 9JIeMeHTa. InHa 3Toro aJ1e-
MEHTa B MOMEHT BpeMeHU ¢ paBHA

Al = (x+ Az) +u(z+ Az, t) —z —u(z,t) = Az +u(x+ Az, t) —u(z, t),
OTKy[I4 OTHOCUTEJIBHOE Y INHEHUE

_ Al— Az _ u(z+ Az, t) —u(z,t)
- Az Az )
IMepexons B Bhipaxkenuu (1.35) k mpemeny npu Az — 0, mpemamnosia-
ras GyHruuo u(x, t) HenpepbBHO quddepeHuupyemMoii 1 BOCIOJIb30BaB-
UCh 3aKOHOM ['yKa, TOJIydnuM, 9TO CHUJIa YIPYLOro HAMPSIKEHUs B Ce-
YeHUM I, IeHCTBYIOMAsl CO CTOPOHBI MPABOl YacTW HA JIEBYIO, PaBHA

€ (1.35)
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k(x)uy(x,t). 3amMerum, 4TO NOJIyIEHHOE BbIPAZKEHUE [JIsl CUJIbI YIIPYIO-
r'o HANPAXKEHUs CIIPABENJINBO JIMIIb B CJIydae MaJibIX KoJieOaHwmii, Ko-
IIa MOXKHO IPUMEHATH 3aKOH ['yKa K OECKOHEYHO MaJIOMy 3JIEMEHTY
CTepXKHH.

YT0o06b! TOJIyInTh ypaBHEHHE KOJIEOAHUI CTEp:KHSI, MIPUMEHUM BTO-
poit 3akon HpioTOHa K BbIIEJIEHHOMY 2JieMeHTy. Dynem cumrarh, 4TO
BHEIIHNE CUJIBI, IPUJIOKEHHBbIE K CTEPXKHIO, PACHpeneseHbl C IJIOTHO-
cthio f(x,t), TAK YTO UMIYJILC CUJIBI, AelicTByOei Ha seMeHT Ax 3a
MpOMeXyTOK Bpemenu At, paBeH

t+At z+Az
Al = / / f& 1) dE dr. (1.36)
t T

Kpome Toro, Ha rpaHuvHbIE CEYEHUs BBIIEJIEHHOIO 3JIeMeHTa Ieii-
CTBYIOT OIIpeNleJIeHHbBIE BBIIIE CUJIbI YIIPYTOro HaNpseKkeHud. Torma ypas-
HeHHe BTOporo 3axkoHa HpioToHa 3anumercs B Buie

z+Az
T o@un(e,t+ A1) — ple)ui(, 1) dé =
- t7At [k(z + Az)u,(z + Az, 7) — k(2)u, (2, 7)] dr+

t
t+At z+Az

+ [ [ fr)dedr. (1.37)
t T
910 — uHTErpo-nuddepeHnaIbHOe ypaBHeHHe KoJebaHuil yrpyroro
crepxkusa. [Ipemnmostaras menpepbiBHYO nuddepeHnupyeMocts (HyHK-
Uuii, CTOAMNX B KBAJAPATHBIX CKOOKAX MO/ MHTErPAJIAMU BbIPAXKEHUS
(1.37), u HenpepbIBHOCTD f(,t), UCIOJIb3YsT TEOPEMY O KOHEUHBIX MPU-
PAIIEHUSAX U BBIYUCIASA UHTErPAJIbI 10 TEOPEME O CPEIIHEM, MOJLYIUM
p(x™)up (¥, t) 1= AzAt =

= %(k(m)uz(x, ) |, ATAL + f(2*,87) Az At,
rae o, o™ & ) £, t*** — HeKoTOpbIe TOYKM U3 OTPE3KOB [z,  + Az],
[t, t+ At] coorBeTcTBenHo. Ilonesus Ha Az At U epexols K npenesty Ipu
Az — 0, At — 0, B cu/Iy BBEIEHHOTO BBIMIE YCJIOBUS TJIAIKOCTH (DYyHK-
wmit u(z,t), p(z), k(z), f(z,t) nonyunm okonuyaresbHo muddeperun-
aJbHOE yPaBHEHUE MPOIOJIbHBIX KOJIEOAHUI yIIPYTrOTo CTepXKHs

p@)u (e, t) = [k(@)ue(2,1)], + f(@,t). (1.38)

9DTO — ypaBHEHMe B YaCTHBIX IIPOU3BOMIHBIX BTOPOI'O IMOPSIKA, SIBJISHO-
meecs MAaTeMaTUIeCKOl MOJIesIbIo KOJIebaHnii B MPOCTPAHCTBE U BO Bpe-
MEHU HeNpepbIBHOW ynpyroi cpenpl. B crarudyeckom ciydae (u; = 0)
CTepKeHb o[, IefiCTBUEM ITOCTOAHHOI BO BpeMeH!U BHEIIHe CUJIbl U CUJI
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YOPYTOro B3auMOIEHCTBUST MPUHUMAET HEKOTOPOE COCTOSTHUE CTaTHYe-
CKOTO PABHOBECHsI, KOTOPOE OMUCHIBAETCSA OOBIKHOBEHHBIM uddepen-
MHAJILHBIM YPABHEHUEM

[E(z)u.(x)], + f(x) = 0. (1.39)

Tunuunoii 3anageit nysa ypasuenus (1.39) sBisercsa xkpaesas 3ajada,
KOIr'oa 3aJal0TCA CMEIICHUA I'PAHUYIHBIX TOYEK CTEPXKHA

u(0) = ugp, u(l) =wuq, (1.40)
MM HANPSKEHUs, TPUJIOKEHHBIE K TPAHIYHBIM CeYCHIAM

E(0)uz(0) = —f1,  k()ug(l) = fo. (1.41)

B psme ciydaeB mpuUXOIMTCS PacCMATPUBATH U APYIHE MOCTAHOBKU
KPaeBbIX 331a4.

Obuiee ypasuenue kosiebanuii pacinpenesientoii cucremor (1.38) nepe-
XOIuT B OOBIKHOBeHHOE Mu(DepeHinaJbHoe YPABHEHNE U B TeX CJIy-
4yasx, KOrJa PacCMaTPUBAIOTCI MEPUONMYECKUE KOJIeOAHU, NPOUCXO-
Jsiime nog, aeficrBuem nepuoauydeckoil Buemneii cuset. Iycrs f(x,t) =
= f(z)coswt. Bynem nckars pemenne (1.38) taxxe B Bume u(z,t) =
= 4(x) coswt. Torna nys U(r) — aMOJIATYIBI MIEPHOIMYECKUX KOseba-
HUll, yCTAHOBUBIINXCA B CUCTEMeE MO IeiCTBUEM IEePUOINYIECKOl BHeII-
Hell CuJIbl, — MOJTyuuM OBbIKHOBeHHOE auddepeHiaaibHoe ypaBHEHUE

[k(2)t, (:c)]z +w?p(x)i(z) = —f(a:) (1.42)

TunuanHolt KpaeBoil 3aadeil onpeneeHns YaCTHOTO PeIleHns ypaBHe-
Hust (1.42) onsATh ABJIAETCA KPAaeBas 337a4a ¢ TPAHUYHBIMU YCJIOBUSAMU
tuna (1.40), (1.41) nau GoJiee CJI0KHOTO BUIA.

B psme caydaeB mHTEpeC UpeaCTaBIIs€T OMPEIeSIeHHe YacTOT CO0-
CTBE€HHBIX KOJIe6aHI/Iﬁ CUCTEMbI — YaCTOT T€X YyCTAaHOBUBMIINXCH MEPUO-
OMYIECKUX KOJIe6a,HI/Iﬁ, KOTOpPBIE BO3MOXKHBI B CUCTEME TIPpU OTCYTCTBUN
BHEINHUX CHUJI KaK PaClpenesjieHHbIX, TaK 1 COCPEOAOTOYCHHBIX B I'PaHUY-
HBIX CEYEHUAX. DTA 331398 CBOIUTCI K KPAEBOU 3a/1ade IJisi OMHOPOI-
HOTO ypaBHenus (1.42):

[k(z)us(z)] + w?p(z)u(z) = 0. (1.43)

TpebyeTcsa ONpemnesuTs Te 3HAYCHHsA IapaMeTpa w?, IpHu KOTOPBIX
ypastaenue (1.43) umeer HeTpuBHAJILHOE PEIIEHUE, yIOBJIETBOPIIOUIEE
3a[JaHHBIM OJIHOPOIHBIM TI'DAHUYHBIM ycJjioBusM, Hamnpumep, u(0) =
= u(l) = 0. Takas 3ama4ya HOCUT HA3BaHUE kKPae6ow 3ada4u 0 cobcmeen-
HOLT 3HAUEHUAL.
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6. YpaBHeHnue temsiompoBogHocTH. OmHUM U3 TUMUYHBIX yPaB-
HEHUH MaTeMaTndecKoit (DUBNKU SABJIAETCSA YPasHeHUue MeENAONPo8odHo-
cmu, K BBIBOJIYy KOTOPOrO MbI cefiac mepefimem. TemioBoe cocrosiaue
resia D MOXKHO OOUCATH C IIOMOLIbIO CKaJisipHoi dyukumu u(M,t) —
TeMneparypbl B Touke M Tena B MoMmeHT Bpemenu t. Temnodusuye-
CKM€e XapaKTePUCTUKHU TeJIa ONUCHIBAIOTCA hyHKIMsiMu 1toTHOCTH p( M)
u tensioemMkoctu ¢(M), KOTOpbIE B IUPOKOM MHTEPBAJIE TEMIEPATYDBI
MOXKHO CUMTATh HE 3aBUCAINIMMU OT TEMIEPATYPHI, & TAKXKE TeIJIONpo-
BonHOCTBIO k(M ), aBsiomeiicsa KoabdUIMeHTOM IPONOPIMOHAIBLHOCTI
MEXy TJIOTHOCTHIO MOTOKA TEIJIOTHI Yepe3 3JeMEHTapPHYIO MIOMAIKY
AS u rpasiieHTOM TEMIIEPATyPhl B HAIIPABJIEHUN HOPMAJIU K 3TOH 110~
majKe:
Ag=—k(M)3LAS. (1.44)

n
MbI cunTaeM MOTOK TEIJIOThI HAPABJIEHHBIM OT 0OJIee HArPETOl CTO-
POHBI IJIOMAJAKU K MeHee Harperoil (rpajueHT TeMneparypbl B 3TOM
HANPABJIEHUM OTPULATESIEH), YTO OIPEIesisdeT 3HAaK «MUHYC» B (hopmy-
se (1.44).

qTO6I)I TOCTPOUTH MAaTEMATUYIECCKYI0 MOJEJ/Ib USMEHEHUA TeMIlepaTy-
pPBI B pacCMaTPUBAEMOM TeJjie, COCTABUM ypaBHeHue Oasanca. 3mene-
HUe KoJimaecTBa TenioThl A(Q) B ajemenTe obbema AV 3a mpomexkyTok
BPEMEHU OT MOMeHTa ¢ N0 MoMeHTa t + At

AQ, = / o(M)p(M) [u(M,t + At) —u(M,t)] dV (1.45)
AV

OTIpENesIsieTCs IIOTOKOM TerIOThl A(Q)s depe3 GOKOBYIO MOBEPXHOCTH AY
paccMarpuBaeMoro odobemMa:

t+At
AQ= [ [ k(M)$dodr (1.46)
t AX

(mponsBoaHas GEPeTCs M0 HANPABJIEHUIO BHEIIHE( HOPpMAaJIH, 9TO Olpe-
JiesIsfeT 3HAK «IUTIOC» Teper nHTerpasoM B (1.46)), u KosimdaecTBOM Ten-
J10Tbl AQ3, BBLIEIAEMOl BHEUIHUMY UCTOYHUKAME, PACIPEIEICHHBIMY
B IIPOCTPAHCTBE U BO BpeMeHu C MI0THOCTHIO f (M, 1),

t+At
AQs= [ [ f(M,7)dVdr. (1.47)
t AV
Nmeem
AQ = AQ2 + AQs. (1.48)

IIpeobpaszoBaB MOBEpXHOCTHBIN MHTErpas B BbipaxkeHun it AQ)s 10
dopmysie Octporpaackoro (Ipu 9TOM Mbl TPEANOIaraeM HeoOXOIuMY 0
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ragkocts dyuxuuit k(M) u u(M,t)), HOAyIUM MHTErPAJIBHOE COOTHO-
menre 6aJIaHCa TEIJIOTHI B BUIE

[ )M u(M, t + At) — u(M, 8)] dV =

AV
t+AL
= [ /div[k(M)gradu(M,r)] dV dr+
N
t+AL
+ / /f(M,T)dVdT. (1.49)
t AV

3aMeHuB BbIpaXkKeHUE B KBaJIPATHBIX CKOOKax B jieBoii yactu (1.49) no
dopMmyJsie KOHEYHBIX MPUPAIIEHNN, BBIYUCIIsIS WHTETPAJIbI 110 TeopeMe
O CpelHeM 3HAYeHWM W NePeXOis B MOJIy9YeHHOM BBIPDAXKEHWU K TIpeie-
ay mpu AV — 0, At — 0, nosyunm nuddepeHna bHOe ypaBHEHME,
KOTOPOMY YIOBJIETBOPSIET TeMIleparypa BHyTpu Tesa D:
o(M)p(M) L = div [k(M) gradu(M, )] + f(M,1). (1.50)

IIpu »TOM, Tak Ke Kaxk M IOPHU BBIBOJE YPABHEHUsS YIPYTUX KoJsieOaHumit
(1.38), mpennosnaraem, uro HemssectHasa dbyukuus u(M, t) u koaddbuun-
enrhl ypasHerus (1.50) 061a1a0T JOCTATOYHON TIIAAKOCTHIO.

VYpasuenue (1.50) sBJsiercs ypaBHEHUEM B YACTHBIX MPOU3BOIHBIX —
MBI TOCTPOUJIM MATEMATUYECKYI0 MOEJIb U3MEHEHUsl TeMIIepaTypbl
U B IIPOCTPAHCTBE, 1 BO BpeMmeHnu. CrannoHapHOe PACHpeIesieHne TeM-
nepaTypsl MOM IefCTBIHEM He 3aBUCSAIINX OT BPEMEeHU UCTOYHUKOB OIIH-
CBIBAETCSI YypaBHEHUEM

div [k(M) gradu(M)] + f(M) = 0. (1.51)

9710, BOODIE TOBOpsi, TAKXKE ypPaBHEHHE B YACTHBIX MPOU3BOMHBIX —
TeMIIepaTypa 3aBUCUT OT HECKOJIBKUX MPOCTPAHCTBEHHBIX KOOPIUHAT.
B gacrHOM citydae, KOTOa CTAMOHAPHOE DACIPENESIEHIE TeMIepaTy-
PBI 3aBUCUT TOJIBKO OT OHOW MPOCTPAHCTBEHHOW KOODIUHATHI, HAPU-
Mep, B CJIydae PachpeneseHnsl TeMIEepaTyphl B CTEPXKHE C MPOIOJIHHOM
OCBIO X, TIOJTyIUM OOBIKHOBEHHOE aud depeHIraibHoe ypaBHEHNE

[k(a:)ux(:c)]w + f(z) =0. (1.52)

TunuasbIME 330a9aMU OIPEIEJICHUsT YACTHBIX DEIleHuil ypaBHeHUs
(1.52) Tax xe, kak u B ciaydae ypaBaenus (1.39), sBJsOTCH KpaeBble
3a/1a49U C 33/IaHHBIMU IPAHUYHBIMU YCJIOBUIMU.



I''TABA 2
OBIITAA TEOPUA

§ 1. DreMeHTapHbIE METOIbI HHTETPUPOBAHUSI

Pemenne nuddepeHnna bHOro ypaBHeHNs, KAK MPABUJIO, HE YIaeT-
Cs1 BBIDA3UTHh B BUIE 3JIEMEHTAPHBIX (DYHKIMN MM KBAJAPATYP OT HUX
U 71 TOJIy9eHUsl YACTHBIX PelleHuii MPUXOINTCs npuderarb K pas-
JIMYHBIM YUCJIEHHBIM MeTomaM, 3¢hdeKTUBHOCTh KOTOPBIX HEM3MEPUMO
BO3POCJIA C MOSIBJIEHUEM U pasButueM coBpemenHbix 9BM. Onnako mo
nosijieans 9BM crpemienne «npouHTErpupoBarh guddepeHnnabHoe
ypaBHEHUE B KBAIPATyPaX» OMPEHEsIsAI0 OIHO W3 OCHOBHBIX HAIPABJIE-
HUIl B UCCJIEIOBAHUN OOBIKHOBEHHBIX NU(epeHnnaibHbIX ypaBHEHUH
1 IIPpUBEJIO K IOABJICHNIO MHOTOYUCJIEHHBIX CIIPDABOYHUKOB (CM., HaIlpu-
mep, [18]) o pemenuto muddepennuanbabx ypaBHenuii. B Hacrosiem
naparpade Mbl KpaTKO OCTAHOBUMCSI Ha, HEKOTOPBIX MPOCTEHIINX U HaW-
6oJtee pacIpoCTPAHEHHBIX B IIPUJIOKEHUSIX CIIydasiX, KOTIA YIAeTCs M0-
JIYy9UTH PEIIeHne yPABHEHUsI IEPBOTO MOPSIIKA

W = f(ay) (2.1)

B KBajparypax. Bo MHOruX cjiydaax nepemenssie £ u y B (2.1) pasno-
opaBHbI. DTO IaeT OCHOBaHWe Hapsdy ¢ ypasHenueMm (2.1) paccmarpu-
BaTh U ypaBHEHUE

de _ __1
dy — f(z,y)’ 22)

a TaKxXKe ypaBHeHI/Ie HepBOI‘O HOpﬂ,ILKa, 3aIllUCaHHOE B BUIIE
fi(z,y) dx + fo(z,y)dy = 0.

1. ypaBHeHI/Ie C pasge/idioniuMHuCHd IepeMeHHbIMHA. Tak Ha3bI-
Ba€TCs ypaBHEHUE BUIA

dy _ _fi(x)
&= h@ (2.3)
nJjim
fi(z)dz + f2(y) dy = 0. (2.4)

Ipennonoxum, aro ypasuenue (2.4) umeer pemenue B HEKOTOPO# 06J1a-
ctu D = {|z — x0| < a, |y — yo| < b} mnockoctu (x,y). @yuxuun fi(z)
u fo(y) ompenesieHbl U HENPEPBIBHBI COOTBETCTBEHHO HA |x — Zp| < a
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n |y — yo| < b. IloncraBus 310 pemmenne B (2.4), moydnM TOXKIECTBO,
MHTETPUPYs KOTOpOe, OyaeM MMeTh

[ fi(@)dz + [ f2(y) dy = const. (2.5)

Heonpenesnennbie uarerpansl B (2.5) HocAT HasBaHue keadpamyp, OT-
KyZa U BOBHUK TEPMUH «AHTETPUPOBAHUE YPABHEHU B KBAIPATYPAX>.
Beipazkenne (2.5) MOXKHO Tepenucarb B BHIE

O(z,y) =C. (2.6)

9o ozHavaet, 4To Gyukimsa P(x,y) coxpaHAeT MOCTOSHHbIE 3HAYEHUS
Ha perieHusx ypaBuenus (2.4) (pa3jMuHBbIM PELIEHUIM OTBEYAIOT Pa3-
JINYHbIE HOCTOHHHI)IG).

Ipu kax oM ukcupoBannom 3Hauenuu C Boipakenue (2.6) onpene-
JIsieT HeKOTOpOe JacTHoe pelnenue y = y(x) ypasHeHus (2.4) Kak Hesas-
uHyio ¢yuruuo nepementoro x. Ecsm ke C' paccMarpuBarh Kak napa-
MeTp, To Bhipazkenue (2.6) onpenesnser cemeitcto pemenuit y = y(z, C).
Boipakenne (2.6) Ha3bIBACTCA UHMELPAAOM COOTBETCTBYOIIETO audde-
PEeHIMATBHOTrO ypaBHenus. Eciu Beipakenue (2.6) wau, B 60s1€e 061meM
cityvae, Beipakenue suna ®(z,y,C) = 0, B koropom C' paccMaTpuBaeT-
Cs1 KaK MapaMeTp, OMpeIesisieT BCe MHOXKECTBO PellleHnii COOTBETCTBY -
mero audepeHuaIbHON0 YPABHEHUsI, TO 3TO BHIPAKEHNE HA3hIBAETCSI
obwum urmezpasom naaHoro nudepeHuaIbHOr0 YPaBHEHUsT, a 10~
JiydeHHOe u3 Hero Bbipaxkenue y = y(z,C), comepxaliee BCe PEIICHUS
AHHOTO YPaBHEHWS, HA3BIBACTCS 00w UM peweruem TaHHOTO maudde-
PEHIINAJIBHOTO YPDABHEHNA.

Beipakenue (2.5), 09€BUIHO, ABJISIETCS OOIMM WHTETPAJIOM yDaBHE-
Hus (2.4).

Yro6bl BBIIEINTH YaCTHOE pellieHre ypaBHenus (2.4), onpenesisieMmoe
HAYAJIBHBIM yCJIOBUEM

y(@o) = yo, (2.7)

JIOCTATOYHO B BhIPAXKEHUHU 001Iero uaTerpasa (2.5), 3anucaiHoro B BUIE

| h@da+ [ fay)dy =0y,

xo Yo
onpenenuth nocrosuuyio C. TpeboBanue yIoBI€TBOPEHUS HAYAIHHO-

My yeqosuio gaetr C; = 0, 0TKy/1a HICKOMOe YaCTHOE pellleHre B HesIBHOI
dopme ornpenessieTcs HHTErpagIoM

[ i@ dz+ [ fay)dy =0, (2.8
Yo

Zo
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Jlerko BumeTh, 9TO AL ypaBHEHMA MOKET OBITH MPUBEIEH K yPABHE-
HUIO C pasuessomumucs nepemennbivu (2.4). Tax, ypaBHenue

fi(@)g1(y) de + fo(x)g2(y) dy =0 (2.9)

nocsie nenenus Ha g1 (y)fo(x) npusomurcs ¥ Tpebyemomy Bumy. Hamo
UMETb B BUJLY, YTO [IPU STOM MOIYT OBITH MOTEPSIHBI YACTHBIE PEIIEHU,
obpamaomue B Hy b npoussenerue g (y) fo(x).

IMpumep 2.1. IIpocreiimum ypaBHEHUEM C PA3IEJISIOMIUMUCS TTEPe-

MEHHbIMU ABJIACTCA ypaBHEHUE

W = f(a). (2.10)

Ero obmuit naTerpasr numeer Bu
y—/f(a:) dz = C, (2.11)

a JacTHOE pellieHne, YI0BIETBOPSIoNee HaYaIbHOMY YCJI0BHIO (2.7), —

y = /zf(:r)d:r+y0. (2.12)

Zo

B ciiyuae ypasuenus (2.10) ¢ mocTosiHHON NpaBoil YacThio

dy _
I, =a (2.13)

NOJIy9MM YaCTHOE pENIeHUe, YIOBJIETBOPSAIIIEE HAYAJIBHOMY yCJIOBUIO
(2.7), B Buze

y = a(z — 2o) + Yo. (2.14)
Ilpumep 2.2. p

= f(%) (2.15)
Cruenaem 3aMeHy MCKOMOi EPEMEHHOIH, N0JI0KUB z = y /. Tak Kak npu

sromy = xz, W = 42 2.15
y =z, 72 = x> +z, 10 ypasnenue (2.15) nepexoauT B ypaBHeHue
xdz+[z— f(z)]de =0 (2.16)

Buga (2.9).

K Buny (2.9) npuBoagurcs n ypaBHeHHe

W = flaz +by), (2.17)
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roe a u b — mocrosHHbIe. BBEmeM HOBYIO MCKOMYIO TIEPEMEHHYIO 2 =
= ax + by. Torma p

dz _ @y

dr = ¢ + bdx

u ypasHenue (2.17) mepexonuT B ypaBHeHHe

dz —[a+bf(z)]dz = 0. (2.18)

Paccmorpum Teneps ypaBHeHHE
M(z,y)dz + N(z,y) dy = 0, (2.19)

e M(z,y) u N(z,y) — onHopomublie (DyHKIUYU IEPEMEHHBIX X, Y OIHOMI
crenenu. @ynkuus f(z,y) HasbBaerca 0dropodHot Pynryuet nepemen-
HOX T, Yy cmenenu k, eCJIM IMeeT MeCTO COOTHOIIEHNE

ftz, ty) =t f(z,y). (2.20)

Bamernwm, gro f (%) SABJISETCSI OMHOPOIHO (DyHKITHeH Hy I€BOI CTEeH .
Banucas ypasuenue (2.19) B Buge

dy _  M(z,y)

= TNGL (2.21)

MBI BUIAM, 9TO IPH CACJTAHHBIX MTPEINOJIOKEHNIX OTHOCUTETHHO (DyHK-
it M(x,y) u N(z,y) npasas uactb (2.21) sABIsAETCA OIHOPOIHON
dyHKIMEH HyJI€BOI CTEneHu U, CJIEIOBATEJIBHO, C MOMOIIHI0 3aMEHbI
z = y/xz, Tak Ke Kak B mpumepe 2.2, ypasHerue (2.19) mpusomurcs
K ypaBHeHmIo Tuna (2.9).

2. JluneliHoe ypaBHEeHHEe MEpPBOr0 MOPsIKa. YpPaBHEHHE Ha-
3BIBACTCA AUHETUHDIM, €CITN OHO JIMHEWHO OTHOCHUTETHbHO HEeW3BECTHOI
GbyHKIME U ee TPOU3BOMHBIX. JIuHElHOE ypaBHEHHE MEPBOTO MOPSIKA
MMeeT BUI

W1 pla)y(e) = f(a). (2:22)

Ecau f(x) = 0, To ypaBHenue HasbiBaeTcs odnopodubvim. Kax Jjierko
BUIETH, JINHEHHOE OIHOPOIHOE YypaBHEHNUE

d
2+ po)y(x) =0 (2.23)
MIPUBOOUTCA K YPABHEHUIO C PA3ACIAIONIMMUCA ITEePEMEHHBIMUN

% + p(z) dz =0,
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o0IIIii MHTErpaJj KOTOPOrO MMEET BHI

Inly| + [ p(z)de = C1, (2.24)

a obiee pemieHne —

y=Ce Jr@)dz (2.25)
raoe C' # 0. OgeBuano, 9ro yactHoe pernenne y(x) = 0 ypaBrenus (2.23),
KOTOPOE Mbl NOTepsiiu, pasaenus (2.22) Ha y, conepxurcs B GpopmyJie
(2.25) mpu C = 0. ITostomy (2.25), tne C — tenepsb yxe joboe Bele-
CTBEHHOE YHCJIO, ABJISETCA OOMMM peleHneM ypaBHeHns (2.23).

N3 (2.25), sanuceiBas nepBoOOPA3HY IO / p(x) dx B BUIE onpenesieHHO-
T

rO MHTErpaJa / p(x) dz, nosmydum gactHoe pemenue ypaBuenus (2.23),
o
YIOBJIETBOPSIOIIEE HAYaILHOMY YCJI0BHIO Y(To) = Yo B BUAEC

— f p(z) dz
y =yoe : (2.26)

BamMerum, 9T0 1o camomy crocoby nocrpoerus ¢popmya (2.26) sasis-
ercsl JI0KA3aTeIhbCTBOM EeIMHCTBEHHOCTU PeIIeHusl HAYaJIbHON 3amadn
st ypaBuerusi (2.23) B NPENIONIOKEHUM, YTO ITO PElIeHHe Cylle-
crByer. [leiicTBuTe/IbHO, TOACTaBIIsIsI JIIOOOE peleHrne HAYAJbHON 3a-
Jaun B ypasHeHue (2.23) u mpoBOIs TOCEI0BATETHLHO TIPE0OPA30BAHNS
(2.24)—(2.26), MBI Bcerma npumeM K OIHOMY U TOMY K€ PE3yJbTary —
dopmye (2.26). Urobbl goKa3aTh CyMIECTBOBAHUE PELICHUs JTAHHON 3a-
19U, JOCTATOYHO MyTEeM HEIOCPEICTBEHHON MPOBEPKU yOEMUTHCS, ITO
U1 HenpepbiBHOH dyukuum p(x) dyukums y(z), onpenesennas (op-
MyJ0#i (2.26), yIOBJIETBOPAET BCEM YCJIOBHAM HAYAJIBHON 3a1aud [1Jisi
ypasuenusi (2.23). OueBumHO, MONOOHBIE PACCYKIEHUA MOXKHO TPOBE-
CTU ¥ B CJIy4yae Ha4aJIbHOI 3a/1a9M 1714 YPaBHEHUI C Pa3IesIAoMnMUCT
MepeMEeHHBIMHI, PACCMOTPEHHBIX B 1. 1 HacTosmero naparpada.

Pemtenne mHeiiHOro HEOMHOPOIHOrO ypaBHenus (2.22) Haiimem MeTo-
JIOM BapHaliy MOCTOSHHOW, KOTOPBI COCTOUT B TOM, 9TO MBI UCIIOJIb-
3yeM CHeluaJIbHy0 3aMeHy HeM3BeCTHOH (hyHKIIH

y(z) = C(x)e” S P@ dz, (2.27)

roe C(x) — dbyukums, noaexamas onpeneaennto. [loncrasisas pemre-
HUSI TAKOTO BUA B YPABHEHUE, MOJIYIUM

AL eI de — Clapplaye [0 4 pla)Cla)e 7 & = f(a),

OTKYIIa
% = f(z)el P(@) dz
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Wurerpupys 310 paBeHCTBO, HaliIEM
Cla) = [ fa)el P@ ¥dy + 1,
U, OKOHYATEJIbHO,

y(w) = Cre” P de o= [rl@)dn [ f(g)el pie)de gy, (2.28)

113 nosty4eHHOrO BBIpaXKEHUA CJIeMyeT, YTO O0Iee pelleHne JInHeRHO-
IO HEOITHOPOIHOTO ypaBHeHus (2.22) NpencTaBiisieTCs B BULE CyMMbI 00-
miero pernerns (2.25) JuHEAHOrO OMHOPOIHOTO ypaBHenus (2.23) u yacr-
HOI'O PEIIeHUsT HEOJIHOPOMHOIrO ypaBHenus (2.22), B 4eM JIerko yoemauThb-
s, IOACTAaBUB BTOPOe cyiaraemoe hpopMyJib (2.28) B HEOIHOPOIHOE YpaB-
Henve (2.22).

Pemenne nauanbHoil 3ana4u y(xg) = yo A/1s ypaBHeHus (2.22) Haii-
JIeM, Ompenesiss W3 HAYaJIbHOrO ycJioBusi moctosiuayio C B dopmy-
Jsie (2.28). IIpu 310M B KadecTBe NepBOOOPa3HbIX (QYHKIMA, 3aIUCAHHBIX
B (2.28) B BuIe HEONPEIEIEHHBIX HHTEIPAJIOB, YI0OHO B3ATh OIPEIEJIeH-

T

HBEIe THTErPaJIbl / . Torna C; = yo u

Zo

~Jreae - Jaede o J o) a
y(z) = yoe *° +e ®o e dé,
zo
TO €CTh, . .
- Jpeae oz —Jpe)a
y(z) = yoe *° + [e¢ f(§) dé. (2:29)
o
Taxum 06pasoM, UCKOMOE PpeIleHHe ONPEeNesAeTCsi KaK CyMMa pelne-
HUs OHOPOIHOIO ypaBHeHus (2.23), yIOBJIETBOPSIIONIETO 33JAHHOMY Ha-
YAJIbHOMY YCJI0BUIO Y (o) = Yo, U PElICHUs] HEOTHOPOIHOIO YPABHEHHUS,
VIIOBJIETBOPSAIOMIETO HYJIEBOMY HAYAILHOMY YCJIOBHIO.

Ipencrasienue (2.29) MOIyYEHO B NPEINOJIOKEHUN CyIIECTBOBAHUS
pemennsi. OHO TOKa3BIBAET €IMHCTBEHHOCTD DEIEHNsT HAYaJIbHOM 3a1a-
YU 77151 HEOJHOPOIHOTO ypaBHeHus (2.22).

CyIecTBOBaHMe PelleHs HAYAJIbHOM 3a0a4u 1J1s1 ypaBHeHus (2.22)
npu HenpepbiBHbIX GyHKIUAX p(x) u f(x) ycranaBauBaercs HENOCPE-
CTBEHHO MOACTAHOBKO hopmyJibl (2.29) B ypaBHeHUE U HAYAJILHOE YCJIO-
BUIE.

Bavmeuvanue. ENUHCTBEHHOCTH pelieHns: 3TOH 3a0a491 MOXKHO yCTa-
HOBUTB, TOJIb3YACH TAKKe CJICHYIOMNMHI PACCYKAECHUAMI, XapaKTePHbI-
MU BOOOIIE IJ1sT TUHEHHBIX 3a0a4. [Ipeamnoiokum, 9To CymecTBYIOT IBa
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Pa3JIMYHBIX PelleHns HadaJIbHOl 3ama4n y1 (¢) u y2(x). Paccmorpnm nx
pasHocTb z(x) = y1(x) — y2(z). OueBunno, hyHKIWMA 2(x) ABIsIETCS PE-
MIEHUEM HAYAJIBLHON 331091 [/ COOTBETCTBYIONIErO OJHOPOIHOTO YPaB-

HeHVA C HYJIEBBIM HaYaJIbHBIM YCJIOBUEM

3—; +p(x)z(z) =0, z(xg)=0.
Orcroma B CUJLy €IUHCTBEHHOCTH PENICHHs HAYAJIBHON 3a0a9M [ JIN-

HEeHOrO OIHOPOIHOTO ypaBHeHusA cjemnyet, 4To z(x) = 0.

[Mostydaum BakHYIO OIEHKY POCTA PEIICHWs HAYAJIHHOW 33189 1151
nHeltHOTO ypasHeHnusi. [lycts B ypasuerun (2.22) dyuxuuu p(z) u f(z)
Ha PacCMATPUBAEMOM IPOMEXYTKE W3MEHEHUsI He3aBUCUMOM IepeMeH-
HO# yIOBJIETBOPSIIOT YCJIOBUSAM

Ip(z)| < K, |f(z)| < M. (2.30)
Torna ms pelmerus HAYAJIBHON 3a0a49u U3 npencrasaenus (2.29) mis
T 2 X CJELyeT OIEHKA

[y(@)] < lyole™ == 4 L (eKlema0) _ 1), (2.31)

B sakJtiouenre 3TOro myHKTa yKa)KeM HEKOTOpbIe YaCcTO BCTPedaro-
muecd B IPUJIOKEHNAX YPAaBHEHUA, KOTOPbIE COOTBETCTBYIOIUMU MO~
CTAHOBKAMM MOTYT ObITh CBEIEHbI K JIMHEHHOMY yDPAaBHEHMIO.

Paccvmorpum Tak HasbiBaemoe ypasuenune bepuysiin

d
2+ pla)y = fo)y",

roe n # 1, uHave ypaBHeHue yKe JiMHeliHoe. BBemem HOBYIO HEM3BECT-

Hyto dyaknmo z = y'~". Torna ypasHeHne nepeiiner B JuHeiiHOe ypaB-

HEeHue

1 d
A p(0)2(a) = f(@),
obrmee perrenne KOToporo gaercs dhopmyaoit (2.29).
Bonee crnoxnoe ypaBuenune PukkaTtu

W1 plo)y(a) + q(0)y? (@) = f(2)
B 00IIeM cjiyvae B KBajpaTypax He mHTerpupyercsa. OnHaxo oHO obia-
JAET CIIEYIOMIUM BAXKHBIM CBOHCTBOM: €CJIM U3BECTHO KAKOE-JIM0O0 9acT-
Hoe pernenue y = y; () ypaBHenus Pukkaru, To HaX0XK IeHUE ero o01Iero
pEINeHns CBOIUTCA K PENICHUIO JIMHEHHOTO ypaBHeHus. [leficTBuTesibHO,
BBEllsl HOBYIO HEU3BECTHYIO (DYHKIIMIO
z(z) = y(@) — v (2),
NOJIy9IMM [1J1s Hee ypaBHeHue Bepuysum

9z 1 [p(a) + 2q(@)ys (@)] (x) + a(2)2(2) = 0,

YTO U JOKA3bIBaCT BbICKA3aHHOE YTBEPXKICHUEC.

3. Jlemma o muddepeHImaIbHBIX HepaBeHCTBaX. B najibHeli-
meM OyIIeT UCIOJIb30BAHO CJIEIYIONIee yTBEPKICHUE.
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JTemma 2.1 (memma o nuddepenuuanbubix HepaBeHcTBax). Ilycrpb
¢yurnua z(x) HempepblBHA W HMeeT IIpH & € [xg, X | KycodHO Hempe-
PBIBHYIO IPOU3BOIHYIO, YAOBJICTBOPAIONLYIO HEPABEHCTBY

42| < Nlz| +a, (2.32)
me N > 0, a > 0 — moJsioxkurespHbie mocTosgabie. (B Toukax pas-

DPBIBa IPOU3BOIHON HepaBeHCTBY (2.32) yI0BJIETBOPAIOT €€ NpenebHbIe
snadenns.) Torna umeer MecTo OLEHKA

|z(z)| < s(x), 2z € (x0,X], (2.33)

rae s(x) — pemenne HaYaJIbHON 3aa4u /IS JIHHEHHOTO muchcheperiu-
aJIbHOTO yPABHEHHST

L = Ns+a, (o) =b> |s(x0)| > 0. (2.34)

,D; 0Ka3aTeJbCTBO BTOU JIEMMBI OIPOBOOUTCA aHAJIOTUYIHO IOOKa-

3aresibCTBy Teopembl Harbiruna. Pacemorpum dbysknmio s(x), aBisdio-
IIyIOCA pellleHreM Ha4yaJIbHOH 3a1a4u

45 — N5+4a, 3(z0)=0,

dx
roe N > N, a > a, b> b, a B ocrasibHOM Z\7, a, b— POU3BOJIbHBIE Y-
caa. 3ameruyM, uro s(z) > 0. Tak xax g—;(azo) < g—;(xo), TO B HEKOTOPOI

OKPECTHOCTH MPABEe TOYKMU Ly UMEeT MeCTO HepaBeHCTBO z(z) < $(x).
Ilycrs © = x1 > ©p — HauMeHblIee 3HAYEHHE T, IIPU KOTOPOM 3TO He-
paBeHCTBO HapyIaercs, T.e. z(r1) = $(x1). Ho Torma
dz > ds = N3l i=N a
(z1) 2 2 (21) = Ns(21) + a = Nz(z1) +a,
dx dx
410 nporusopednt (2.32). (Ecou 21 — TOUKa paspbiBa NPOU3BOIHOI, TO

@ B HEPaBEHCTBO BXOOUT JIe€Basd IIPOU3BOAHAA OT Z B TOYKE T'1 )

dx
AHaIOru4YHO U3 HEPABEHCTBA %(azo) > —g—;(azo) CJIeflyer, 9YTO B OKPecT-

BMECTO

HOCTH T( UMeeT MeCTO HepaBeHCTBO z(z) > —s(z), u nepBoe HapyeHue

9TOrO HEPABEHCTBA IPU T = To > Tp, T.€. PABEHCTBO 2(z2) = S(z2),
dz ds

MPUBOAUT K TOMY, 9TO %(.1:2) < —%(xQ), a OTCIOJA ONATH CJIeIyeT

nporusopeyne ¢ (2.32).
Takum 06pasoM, CIpaBeNJINBa OLEHKA

[o(@)] < 8(@) = bV 4 L (Ne=w0) 1)
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(st () 3mech BBIMUCAHO sIBHOE BBIPAXKEHUE, HaliIlennoe, Hanpumep,
10 dopmyie (2.29)). Tak kak N = N +¢1,d = a+&s, b=b+es (e; >0,
i = 1,2,3), T0, mepexofisA B TOCJIEIHEM HEPABEHCTBE K mpeneny &; — 0,
[OJIYYUM OIEHKY

|2(z)] < beNE7e0) 4 L (N0l — 1) = 5(x),

rae s(z) — peureHue HadasbHONU 3amaqn (2.34). Jlemma nokaszaHa.

Dyuxuuio s(x) 3anumem Takxke B yI0OHOM IJis JaJIbHEHIIEro Buie

s(x) = bs1(z) + asa2(z), (2.35)
e s1(x) = V@20 (2.36)
! so(x) = %(eN(z_ZO) -1). (2.37)

Bameuanue. Ouenky (2.31) Jierko mONy4YuTh U3 JOKA3AHHON
JIEMMBI.

§ 2. TeopeMbI CyIIeCTBOBaHUSA M €IUHCTBEHHOCTHU PEIICHUSI
HAYaJIbHOM 3a1a4M [JIs1 OIHOTO YPaBHEHUS MIE€PBOTO
MOPANIKA, Pa3pelieHHOTr0 OTHOCUTEJILHO ITPOU3BOIHOM.
Auropurm JiIoMaHBIX DHiiepa

B npempinymem naparpade ¢ momomnipio sBHbIX (HOpMyJ ObLIO J10-
Ka3aHO CyIIEeCTBOBAHNE W €IMHCTBEHHOCTD PEIIeHUs] HA9aIbHOM 3a1a4un
IJ1s JinHeliHoro ypasaenus (2.22). Iepeiinem Tenepb K pacCMOTPEHUIO
COOTBETCTBYONIMX TEOPEM /I HAadaIbHOU 3amaqun (3anaqun Komm)

;’—i =f(z,y), y(xo) = o, (2.38)

Opu JOCTATOYHO OOIIUX yCJIOBUSAX, HAJIOKEHHbIX Ha (yHkuuio f(z,y).
Ilpu sTOM MOKA3ATEHLCTBO ONATH OYAET MPOBEIEHO KOHCTPYKTUBHBIM
myTeM — OTHOBPEMEHHO C JOKA3aTeJIbCTBOM TEOPEMBI CyIIECTBOBAHUS
peutenus 3ama4u (2.38) Gymer nan ajaroputm nocrpoenus GyHxuyu J(z),
CKOJIb YTOMHO TOYHO AlPOKCUMUPYIOIEH pelreHne uCXomaHol 3anaqu.
Wnest sToro meroma mpuHALIEKUT Dilyiepy. Merom cocTouT B TOM, 9TO
UHTErpaJIbHas KPUBAs, ABJIAIONIAACS peneHneM 3aaaaun (2.38), mocsiemno-
BaTEJIbHBIMI [IAraMu MPUOJIMZKEHHO 3aMEHsIeTCsI HEKOTOPO JIOMaHO —
JIoMaHo Ditepa.
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Mycrs dyukuua f(z,y) 3anana B obiactu G niockocru (z,y). Tlo-
cTpouM B 3TOI 06s1aCTH 3aMKHY ThII psAMoyrosbHuK D = {|z — z¢| < a,
ly — yo| < b} ¢ nenTpOM B HauasbHOI TOUKe (I, YY) U MOCTABUM CBOEii
1eJIBIO OIIPEeNIeJIeHIe NHTErPAJIbHON KpuBOii y (), BBIXOAAIIEH 13 JaHHOM
HAYAJIbHOM TOUKHN (Zg,Yo) U UOyHmIEl B CTOPOHY BO3PACTAIONINX & > T.

Ipennonoxum, yro B G dbyukuusa f(z,y) HENPEPbIBHA U YIOBJIETBO-
psieT ycaoBuio JIummmia mo mepeMeHHoi y:

|f(@,y1) = f(@,92)] < Nlyr — 92l (2.39)

rae N — MOCTOSAHHAsI, HE 3aBUCANIAA HU OT I, HA OT Y. 3aMETHM, UTO
u3 HenpepbiBuocTu dbyuxkuuu f(z,y) B 3amrHyTOl 06sactu D ciemyer
€e OrPAHUYEHHOCTD B JAHHOH 00/1aCTH:

If(z,y)| < M, (x,y) € D. (2.40)

Uckomas mHTErpasibHAsA KPUBAasl, €CJN OHA CYIMIECTBYET, Mepecevder
JIM0O BEPTHUKAJIBHYIO NPAMYIO T = T + @, JIMOO OHY U3 TOPU30HTAJIb-
HBIX HPSAMBIX Y = Yo + b nsm y = yo — b — rpaunuust obsactu D. B no-
CJIeTHEM CJIy4ae abCIcca TOYKY epecevueHns MeHbIIe T+ a U HICKOMAast
MHTErpaJibHasi KpUBas OMpeesieHa He HA BCeM OTpeske o < T < Zo+a.
OmHaKO W3 TPOCTBIX TEOMETPHIECKUX COOOPAKEHNIT SICHO, 9TO 10 TOUKH
To + % OHA HE IlepecevyeT FOPU30HTAJIBHON rpanunbl: ciaydait b/M < a
npezcraBjeH Ha puc. 3; caydvait b/M > a — ua puc. 4; I — unrerpasib-
Has KPUBas, NPOXOIIias yepe3 To49Ky (Zo,Yo); [ — nupsambie ¢ Tan-
FeHCOM yTJia HakJioHA, paBHbiM M. Ilosromy B masibHefimem BmecTo
obustactu D Gymem paccmMarpuBarh npamMoyrosbHuk Dy = {|z —xo| < H,
ly — yo| < b}, tne H = min{a,b/M}.

/1 7 |
I
! Tota Totha :
e o)
i) 0'!'% i) 1150""%
I |
I I
Puc. 3 Puc. 4

Ilepeitnem Teneph K MOCTpOEHMIO JIOMAHBIX Jiiepa. Pazobbem ot-
pesok [zg,X|, X = xo + H, Ha n vacreil Toukamu x = Tg, T, T2, ..
..yxy = X. O603HauMM ; — 2;—1 = h; u h = max{h;}. Ha nepsom ma-
re «3amoposum» f(z,y) B Touke (Xg,¥yo), T.€. 3AMEHUM MPABYIO YaCTh
(2.38) snavenmem f(zo,yo). Torna mosryanm ypaBHEHHE C HOCTOSHHOI
IpaBoiif 4acCThIO

9 = Flwo.w0), (2.41)



§ 2. Teopembl cyu,ecmeo8arus U eOUHCMEEHHOCTU 37

WHTErpaJIibHON KPUBOU KOTOPOTO CJIYKHUT OTPE30K MPAMOit

7(x) = yo + f(z0,y0) (T — o), = € [z0,71]- (2.42)

B Touke x1 970 peuienue npuHuMaer 3uadenue y1=yo+ f (o, yo)(r1—xo)-
Ha Bropowm 1mare mpuMem 3a HOBYIO HAYaJIbHYIO TOYKY (Z1,¥1) U ONATH,
«3aMoposuB» f(x,y) B 970l TOUYKE, MOCTPOUM CJIELYONIee TIPAMOJIUHEN-
HOE 3BEHO ! T. I.

[MonyueHHass TaKuM IIyTeM JIOMAHAsT HA3BIBAETCA A0MaHOT IDisepa.
Herpynno Bumers, 910 Ha OTpe3Ke [z, X | oManas Jiiiepa He BbIimer
u3 npamoyrosibiuka Dy. HefictBurenbho, uz (2.42) nosydum, 910 1Ipn
x € [To,x1] bynkunsa §(z) ymnoBIeTBOPAET HEPABEHCTBY

[7(x) — yo| < M(z —x0) < MH < b,

T. €. IepBOe 3BeHO JIOMaHO# He Bbixonut u3 Dy. [losromy | f(z1,y1)|<M.
Torna Ha ciemyomeM mare € [x1, Z2] nMeem

[7(x) —yol < |9(x) —y1| + ly1 —yo| =
= |f(z1,y1)|(® —21) + |y1 — yo| <
< M(x—z1)+ M(xy —xo) = M(z — o) < MH < b,

T.€. U BTOPOE 3BEeHO JIoMaHOol Jitstepa ne Bbixomut u3 Dy. [Iponosmkas
AHAJIOTMYHO, TOJIyYUM, YTO U BCsI JIOMaHas Jilyiepa He Bbixoaut u3 Dy.

HpI/I OJOCTAaTOYHO MEJIKOM IIare pa36I/IeHI/IH €CTeCTBEHHO CHUTATh JIO-
MaHy0 Diijiepa npub/IMKeHHOi nHTerpaJsbHoil Kpusoii. Takum obpasom,
MBI IIOJIYy49aeM aJIrOPUTM ITOCTPOEHUS MPUOJINKEHHOTO PEelIeHN HAYa Ib-
HOII 3a0a41.

Il1s 060CHOBAHUA ONMMCAHHOTO AJITOPUTMA JOCTATOYHO JOKA3ATh, YTO
II0C/IeIOBATEILHOCTD JIOMaHbIX Ditsiepa {J(,)(x)} npu h — 0 cxomurcs
u npenebHas GyHKIus y(r) ABIsAETCA peIlleHreM HA4YaJIbHON 3a/1aun
(2.38). DT0 OOTHOBPEMEHHO ABJISIETCA U [IOKA3ATEJIHCTBOM TEOPEMBI CY-
IMECTBOBaHMA PEIICHU A Ha4YaJIbHOI 3a1a491.

Onpenesnenune. HenpepoiBHast Ha orpeske [zg, X| dynkuusa y(z)

. . dy .
C KyCOYHO HENPEepPbIBHON MPOU3BOIHOM d—z, rpaduk KOTOPOi HEJTMKOM
JEeXUT B Dy, HABBIBAETCSA €-NPUBAUHCEHHBIM N0 HEBA3KE PEUWEHUEM HA-
waavnoli 3adavwy (2.38), ecom |y(xo) — yo| < € u npu noncraHoBKe DYHK-

uun §(x) B ypaBHenue (2.38) nocsienHee IPUHIMAET BUIL

dy _

rie HeBs3Ka () yIOBJIETBOPSET HEPABEHCTBY
sup [(o)] < <. (2.44)

z€[20,X]
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OueBUIHO, TOYHOE PellleHre HaYaIbHON 3a0a49u, €CJIU OHO CYIIECTBY-
€T, MOXKHO CUNTATh E-MPUOJIMKEHHBIM 10 HeBsi3Ke pernerneM mpu € = .

IIycrs mist o6oro € > 0 CymecTBYIOT e-PUOJINKEHHbBIE 110 HEBSI3-
Ke pellleHns Hada ibHOM 3amaun (2.38). Torma uMeer MecTo ciiemymomast
JIeMMa.

Jlemma 2.2. [ljs 106010 CKOJIb yrogHo MaJjioro € > 0 MOXHO yKa-
3arp Takoe €1 > 0, 4TO Bce €1-NPHOJIMKEHHDIE 110 HEBI3KE PELICHH:
sagaqn (2.38) orimyarorcs MexIy coboii Ha oTpeske [zg, X| He Goree,
9eM Ha €.

HoxazaresbcTBo. BosbMeMm 1Ba MPOM3BOJILHBIX €1-IIPUOJINKEH-
HBIX TI0 HeBaA3Ke pemenud sanaun (2.38): y(1)(z) u y(2)(z). Ouennmno,
4T0

%17(1)(17) = f(z, ¥ (®)) + 1 (), (2.45)
Lo (@) = £(2,T2) (@) + o (2), (2.46)
e
(1) (o) — Y(2) (wo)| <2e1, (2.47)
sup |1 (z) — a2 (x)| <261. (2.48)
z€[z0,X
Ob6o3HaIM
Y2)(@) —y)(z) = 2(), (2.49)
Pa(x) — th1(z) = p(2). (2.50)
Beranras (2.45) u3 (2.46), nomyanm
L = (2,52 (@) — (&, 1) (@) + o(2). (2.51)

Tak xax y(1)(z) u Y(2)(T) He BBIXOAAT U3 MPAMOYTObHUKA Dy, T/Ie
dyukuua f(x,y) ynoBaersopser ycaosuio Jlnnmmua (2.39), To u3 (2.51)
nostyuuM maudpdepeHnnabHOe HePaBEHCTBO

dz

dz| < N|z| + 261 (2.52)

B cuny siemmbr 2.1 nveem
|z(z)| < s(z), (2.53)
rie s(x) — peleHne HAYAIBHON 331291

98 = Ns+2e, s(xo) = |2(w0)]- (2.54)
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Bocriosib3oBaBiuch ABHbIM BbipaxkenueMm dyukuuu s(z) (2.35), mosry-

qUuM 9
|2(2)] < |2(o) [N #0) 4 2L (Na—w0) _ 1)

Tax xax Ha ocuoBanuu oueHku (2.47) umeem |z(zo)| < 2e1, TO 910 HE-
PABEHCTBO MPUHUMAET BU]Y

|z(z)] = |J(1)(x) = Y2y (7)] < 21 [eN(z_ZO) + %(eN(z_“) - 1)] (2.55)
Orcrona

sup |ya(z) — y1(z)| < 261 [GNH + l(eNH - 1)] =260, (2.56)
z€[z0,X] N

roe 2 > 0 — ne 3aBucAmAsT OT €1 NOCTOsiHHAA. Broibupas €1 < £/(2Q),
MBI U TIOJIy9UM yTBEpKIEHUe JIeMMbI.

[Iycts {y(n) ()} — HeKoTOpas MOCTETOBATETHHOCTD €, -IPHUOTIKEH-
HbIX 110 HEBA3KE pemeHHﬁ, T. €.

sup  [¢n (@) < €ns |Y(n)(To) — Yo| < €n- (2.57)
x€[z0,X]
Ounpenesenue. Ecau lim, ., = 0, TO mOC/IEO00BATE/IBHOCTD

{U(n) ()} mazOBEM crodAwetica no neeasxe.

Tak kak B ouenke (2.56) nocrosiHHas () He 3aBUCUT OT T, TO U3 JIEM-
MBI 2.2 CjIeIyerT, 9TO CXOAANIAACA 0 HeBA3Ke IOCJIeI0BATEIbHOCTD CXO-
IIUTCsI PABHOMEPHO Ha [Xg, X|.

Nmeer mecTo ciemyionias OCHOBHASA TEOPEMA.

Teopewma 2.1. Ilycts B Ha9aIbHOMN 3aa19€e

W= f(z,y), y(xo) = o,

¢yuxuus f(x,y) B obnacru D HenpepblBHA U yI0BJIETBOPSIET YCJIOBHIO
JIummmia o nepemenwoii y. Torma mocaen0BaTeIbHOCTD () (T), cx0-
JSAIMAACS 0 HEBA3KE HA OTPE3Ke [Tg, X |, CXOMUTCsT pABHOMEPHO HA 9TOM
orpeske K ¢yuxnun y(r), ABIAIOMEHC pDeIIeHHEeM HAYAIbHOL 3aa9H.

Hoxkazarenbctso. [locmenosarembHOCT {Y(n)(7)} B cumy em-
MBI 2.2 ynoBJieTBOpsieT Kpurepuio Ko paBHOMEpPHO# CXOAMMOCTH HA
orpeske [zg, X|. Tem cambiv cymecrsyer dbyakuus y(z), K KOTOPOii mo-
CJIeIOBATEIIbHOCTD { () (T)} cxommuTCs paBHOMEpPHO, 1 312 GyHKIus OY-
JeT HENPEPBIBHOM, MOCKOJIBKY ¥(y)(T) HenmpepbIBHbI.
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[oncraBum &,-MpuO/IIKEHHOEe pemenne (,)(z) B ypapHenue (2.38)
U 3aMEHUM IIOJIY YaIOIIeecs [IPU HTOM TOXKIECTBO S9KBUBAJICHTHBIM HHTE-
IpaJIbHBIM COOTHOIEHUEM (cM. jiemmy 1.1)
T
Iin) (@) = Pny (20) + [ [F(€Tn)(€)) +1n(E)] dE. (2.58)
Zo
Tak xak |¢,| < en 1 |Y(n)(T0) — yo| < €n, TO, nepexons B (2.58) x mpe-
nesy npu €, — 0, HoayIum

y@) =po+ | FE(O) de. (2.59)

U3 nocsiennero Toxmectsa ciienyer, 4To npepesibHas (ynkuus y(x)
nuddepentmpyema. duddepenupysi, Haxoaum

W = f(z,y). (2.60)

Kpome toro, y(zg) = yo. Takum obpasom, npenenbras QyHKIUS 0O~
CJIeIOBATETLHOCTH {Y () (T)} ABIACTCA TOYHBIM peleHreM HadasTbHOf
sapadn (2.38). Teopema mokaszaHa.

s moxaszarebCTBA TEOPEMbI CYIIECTBOBAHUS PEIIeHNs HAYATLHOR
sagaun (2.38) HAM Temnepb OCTAETCs MOKA3aTh, YTO CYMIECTBYET CXOIs-
IASCST TI0 HEBA3KE MOCJIEIOBATEIbHOCTD £,~TIPUOJIMKEHHBIX 110 HEBSI3KE
perrennii aroit 3amauu. Ceifyac Mbl MOKaXkKeM, 9TO MOCTPOEHHbIE BBIIIIE
JIOMaHble Diijiepa 06pas3yoT TAKYI0 MOCJIeI0BATEIbHOCTD.

Teopewma 2.2. Ecu BBIIOJHEHBI yCJIOBH TeopeMsbI 2.1, To mocJie-
JIOBATEILHOCTH JIOMAHbIX Otiyiepa npu h — 0 cXoquTCst paBHOMEPHO Ha
orpeske [zg, X| k ¢Gyarmun y(x), ABAAOMENCS peleHneM HadaIbHOL
3a1a4H.

HokaszarenbcTBo. Tak Kak HaYAIbHbIC 3HAYEHUS JIOMAHBIX Jii-
JIepa () () TIO MOCTPOEHHIO COBMAIAIOT C Yo, TO JOCTATOYHO yOeIMThCA
B TOM, 4T0 1ipu h — 0 HEBA3KH 1, () paBHOMEPHO HA [Zg, X | cTpemaATca
K HYJIIO.

TloncraBsisiss Ha TPOWM3BOJILHOM IMare Ts < T < Tsy] B ypaBHEHUE
(2.38) somanyio Diisiepa ¥, (), misa HeBasku ¥, () noaydum

Yn(@) = i (@) = F(2,5(n) (2)) =
= f(xsay_(n) (xs)) - f(l',ﬂ(n)(x))a T € [173,133—',-1]- (2'61)

Hockombry |z — 25| < h 1 §(n)(2) = Jn) (s) + (2 = 25) f (25, T(n) (T5))
Z € [T, Xs41], TO UMEET MECTO OIEHKA

[F(n) (%) = F(n) (w5)| < Mh. (2.62)
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B cuity paBrOoMepHOit HenpepbiBHOoCcTH dyHKmu f(z,y) orciona u cJe-
JIyeT, 9TO IJIsA JI0OOro CKOJIb YrogHo maJsioro € > (0 Haifimercsi Takoe
ho(g), aro npu h < ho(e)

sup |vYn(z)] <&, (2.63)

z€[z0,X]

YTO M IOKA3bIBACT B CUJIy TeopeMbl 2.1 PaBHOMEPHYIO CXOOUMOCTH Ha,
orpeske [zg, X| mocsenoBaTesibHOCTH JIOMaHBIX iepa mpu h — 0
K dyHrmn y(x), ABIAIOmEca peleHreM HaYaIbHOI 3amadn. Teope-
Ma JIOKa3aHa.

3 noxkazaHHBIX TEOPEM CJIEIyeT

Teopema 2.3 (reopema cymecrBoBauus). Ecin ¢pynxnusa f(z,y)
B obstactu D HenmpepblBHA W y[IOBJICTBOpACT yc/a0Bu0 Jlunmuna no me-
DEeMeHHOH Yy, TO Ha oTpeske [Zg, X| CymecTByeT penleHHe HadaJibHOH
38441,

IIpu choestaHHBIX NPEINOJIOKEHUAX OTHOCUTESLHO dyHKuuu f(x,y)
pelnenne HavasbHON 3anaun (2.38) enquHcTBeHHO. MMeer mecTo

Teopewma 2.4 (reopema enuncTBeHHOCTH). IIpH BBIIOJIHEHUH YCJIO-
Buii Teopembl 2.3 HavasIbHAA 3a1a4a (2.38) nmeer Ha [ g, X | enuHCTBEH-
HOEe pelrieHne.

DTy TeopeMy MOXKHO pacCMATPUBATh KaK CJiefcTBre jjeMMbl 2.2. Ecou
JIOIYCTHUM, YTO MMEIOTCA IBA TOYHBIX pelneHus 3ama4dn Komm, To mx
Ha9aJIbHbIE 3HAYECHUA COBIIQIAIOT, & UX HEBA3KU PABHBI HYJIIO. H03TOMy
no JieMMe 2.2 9Tu PelleHns MOJTHOCTHIO COBIAIAIT HA OTpeske [ Zg, X |.

KpOMe BBEIICHHOI'O BbIIIE ITOHATUA €-HpI/I6JII/I}KeHHOFO II0 HEBA3KE pe-
IIeHNs YaCTO HUCIIOJIb3YeTCs IMOHATHE PEelIeHNs, TPUOJINKEHHOrO 10 OT-
KJIOHeHUI0. [aamM ero ompemnesieHue.

Onpenesenne. Orpannvennas Ha [zo, X| dyHruua y(x) Ha3H-
BAETCA E-NPUOAUNCERHBIM N0 OMEAOHEHUN peweHnuem 3adauyu Kowu
(2.38), ecoiu Tounoe pemenue y(x) 3amauu Komu cymecrsyer u

sup [y(z) —y(z)| <e. (2.64)
z€[x0,X]

W3 npenpiaymux pacCyKIeHUU BBITEKAET, YTO U3 CXOIUMOCTH ITOCIIe-
JIOBATEJIbHOCTU PelIeHnii, TPUOJIIKEHHBIX 10 HeBA3Ke, CJeNyeT U WX
CXOOUMOCTD IO OTKJIOHEHUIO.

Samerum, 4T0 OOparHOE yTBEPXKIEHHE HEBEPHO: €CJIM OTKJIOHEHUsI
MPUOJIMKEHHBIX PEIIEHUT OT TOYHOrO CTPEMATCHA K HYJII0, TO CAMU Pe-
IIeHNs MOT'YT IIPU 9TOM HMMeThb CKOJIb YIOJIHO OOJIbIINe HEBA3KH, Oosiee
TOrO, peliennsi, TpUOJIMKEHHbIE TI0 OTKJIOHEHUIO, MOTYT ObITH He Iud-
depeHIpYeMbI U 1aXkKe He HelpepbIBHBI.
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SamMeuaHU .

1. Metoz sioManbix Diljiepa HE TOJIBKO MO3BOJIAET JIO0KA3aTh CYyIIe-
CTBOBAHNE PEIIEHNs PACCMOTPEHHOI HAYAIBLHON 330891, HO U JAET HETIO-
CPEICTBEHHBII AJITOPUTM MOCTPOEHUS MTPUOJIMKEHHOTO PEIEeHNsT, CKOJIb
YTOIHO OJIM3KO ANMPOKCUMUPYIONEr0 TOYHOE. DTOT METOI JIETKO pea-
au3oBarh Ha IBM. [ToaTomy oH sBjsieTcs ogHuM u3 3(hHEeKTUBHBIX Me-
TOOOB YHCJIEHHOTO pelIeHnsdA Ha4YaJIbHBbIX 3ada4. HpI/I €ero KOHerTHOﬁ
peasin3ali eCTECTBEHHO BO3HUKAIOT BONPOCHI TOYHOCTH TIOJTY YEHHOTO
OpUOJIVKEHUsT U Psl CHenupUIECKUX BbIYUCIUTEIbHBIX aCIIEKTOB 00-
meit TpobJIeMbl YMCJIEHHBIX METOIOB. DTH BOMPOCHI MOIpOoOHEee OymyT
paccMOTpeHsI B TJI. 6.

2. Mbl mokasaju CyIIECTBOBAHUE U €IUHCTBEHHOCTH pemeHus y(x)
HauaJIbHOM 3amaun (2.38) smmb HA oTpeske [Zg, X|. Ilycts dyHKIMA
f(z,y) nHenpepsiBHA U ynoBjerBopsier ycyosuio Jlnnmuua (2.39) B nc-
xomuoit obstactu G. Tak kak npu ¢ = X WHTErpaJibHas KpUBas He BbI-
nwia u3 obsacru G, 1o, B3aB Touky ¢ = X, y = y(X) 3a HauasbHYIO,
MOKHO, MTOBTOPUB MPOBEIEHHBIE BBIIIE PACCYKIEHU, TTPOIOKUTH Pe-
menne Ha HOBbIA oTpe3ok [X, X;]. MoxkHO mOKa3aTh, 910, IPOJOJIKAS
3TOT MPOIIECC, YAAETCS TIOCTPOUTH HHTErPAJIbHY IO KPUBYO, CKOJIb YTOII-
HO OJIM3KO MOIXOMANIYI0 K rpanuie obactu G.

MbI paccMOTPESH aJITOPUTM MOCTPOEHNS MHTErPAIBHON KpuBoil y ()
B CTOPOHY BO3PACTAIONMINX T > To. O9EBUIHO, aHAJIOTUIHBIE PACCYZKIEe-
HUS MOT'YT OBITH MPOBEIEHbI U JJIsi TIOCTPOEHUsI MHTErPAIBHON KPUBOi
B CTOPOHY ybbIBajomux < Zg. [Ipym 3TOM COOTBETCTBYIOMIMIA IIPOLECC
HNOCTPOEHNsT UHTETPATBHON KPUBOI MOXKHO ONSITh MPOIOJIKATH 10 TEX
op, MOKA MHTErpaJibHAsS KPUBasi HE MOoiAeT K rpaaune obiactn G.

3. MoxHO [OKa3aTh CyIIECTBOBAHUE pPelleHUs HAYAJIbHOU 3amadu
u npu omgHOM TpeboBanuu HenpepbiBHocTH (yHKuuu f(x,y) (reopema
[Meano). Omgrako omwoit HenpepbiBHOCTH ByHKIMKU f(%,y) HETOCTATOY-
HO IJIsl €IMHCTBEHHOCTH peIleHnsl HadaJsbHo# 3amaun. Tak, Hampumep,

3818498 dy
W= 5. y(0)=0, (2.65)
OMUMO TPUBHAJILHOTO pemenns y = () UMeeT ere penenne
y=x2/4, (2.66)

YIIOBJIETBODSIIOIIEE HyJIeBOMY HadasibHoMmy ycsosuio. (Kak Jsierko Bu-
[IeTh, IpaBas YacTb ypasHenus (2.65) B okpecraoctu touku (0, 0) umeer
HEOTPAHNYCHHYIO TPOU3BOAHYIO U HE YIOBJIETBOPAET YyCJIOBUIO HI/IHIHI/I-
1a.)

4. Ecsin uepes 104Ky (Zo,Yo) NPOXOINUT €IMHCTBEHHAS HHTETPAJIbHAS
KpUBasd, sABJIAIOMAACH pelnenueM 3agadn (2.38) mis nansoro mudde-
PEHIUAILHOTO YPABHEHNUS, TO TOUKA (Zq, Yo) HABBIBAETCA 00bIKHO8EHHOT
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mowkoli nanHoro ypasuenus. Touka (x,y) obsactu G, He ABJIAIOMIAACT
OOBIKHOBEHHOI, Ha3bIBAETCA 0c000T moukoti nanuoro nuddepeHnuaib-
HOTO ypaBHeHusi. depes 0cobyio TOUKY JubO HE MPOXOMUT HUA OTHON WH-
TerpaJbHOM KpuBOil, TuOO MTPOXOAAT MO KpaifHeit Mepe MBe MHTErpaJib-
Hble KpUBbIE (4Yepe3 0COOYI0 TOYKY MOXKET MPOXOIUTh U GECKOHEYHOe
YUCJIO UHTETrPAJIbHBIX KPUBbBIX).

Ecau B okpectHOoCTH TOYKHU (X0, Yo) BBHIIOJHEHBI YCJIOBUI TEOPEM CY-
[IECTBOBAHNUSA U €IUHCTBEHHOCTH, TO TOYKA (Zg,Yo) Oyaer oObIKHOBEH-
noii. I[Ipu aTOM ciieyer umeTsb B BUIy, 9TO HapyiieHne chopMyTUPOBaH-
HBIX BBIIIE YCJIOBUN TEOPEM CYIIECTBOBAHUS  €IUHCTBEHHOCTU PEIIeHNUsT
HAYAJIbHOM 3371841 CJTYKUT JIUIIb HEOOXOINMBIM, HO He 00s13aTeJIHHO J10-
CTATOYHBIM YCJIOBHEM TOTI0, YTO JAHHAA TOUKA sABJIsIeTCst 0coboii. IToaro-
MY 17151 OKOHYATEJIbHOTO PelleHrsI BOIIPOCA, sIBJISIETCS JIU [IAHHAST TOUYKa,
0c0o00it, HeOOXOANMO TOMOTHUTEIHHOE NCCAEHOBAHNIE.

5. B nagase § 1 mi. 2 yKaspIBaJIOCh, 9TO BO MHOTUX CJIYYasAX CJIEITY-
er Hapany ¢ ypasuenueM (2.1) paccmarpusarh ypashenue (2.2). Ecou
upu 9ToM B TOUKE (o, Yo) A1 (2.1) HapymamTcs ycaoBus reopeMbr 2.3
B pesyJsibrare obpamenust f(x,y) B 6eckoHedHocTh, TO 1/ f(x,y) B 210i
TOYKe 06pAIIAeTCss B HyJIb U A1 yPABHEHMsT 2.2 YCJIOBHUST TEOPEMBI Cy-
MIECTBOBAHUSA ¥ €IMHCTBEHHOCTH BBINOJIHEHbL. TakuM 00pasoM, B 3TOM
ciydae TouKa (T, Yo) ABJISETCs OOBIKHOBEHHOM, HO MPOXOMAIIA Yepes3
Hee MHTEerpasibHas KPUBAs UMEET BEPTUKAJIBHYIO KACATEILHYIO.

6. Ecoin dyukuusa f(z,y) asiasercsa paspsiBHoil B obiactu G, uMero-
el pa3pbIBbI IEPBOrO POJA HA IPAMbIX & = x = const (k =1,2,...,N),
TO [axke mpu ycJoBun, uto f(x,y) yIaoBaeTBOpsieT TpebOBaHUIM Teope-
MBI 2.3 Ha y9aCTKaX CBOell HempepbIBHOCTH, B ob6s1actu G He CYIIeCTBY-
eT OOBIYHOrO, TAK HA3BIBAEMOTO «KJIACCUYECKOIO» PElIeHNs HAYaIbHOM
sagauu (2.38). OnHAKO, KaK HETPYAHO BUIETh, B 9TOM CJIy4ae MOXKHO
peasin30BaTh aJrOpPUTM MOCJIEIOBATEIHLHOTO MOCTPOEHNUS JIOMAHBIX Dii-
sepa {§n(x)}. Toukn paspbiBa Tj MBI KaxkIblii pa3 OymeM BKJIIOYATH
B UUCJIO TOYEK pasOueHus OTpesKa [xg, X| 1 B KauecTBe 3aMOPOKEHHOTO
sHadennsa GyHKImK f(r,y) Ha mare, HAYKHAONIEMCS B TOYKe Pa3pbIBa,
OpaTh OmpemesieHHOe, HAPUMep, MpaBoe MpPeIebHOe 3HaYeHrne (DYHK-
wun f(z,y). IIpu arom npenesbhas GyHKms Y () NOCIEIOBATETHHOCTH
Jn(x) mpu h — 0, 04eBUIHO, OKAXKETCSA HENPEPHIBHOI C KYCOYHO He-
MIPEPBIBHOI MPOU3BOIHON, NUMeoIIell pa3pbIBbl IEPBOTO POIA B TOYKAX
x = xp. lpu nogcranoske dyukuuu y(z) B ucxomuoe muddepeniu-
aJbHOE YpaBHEHNe HEeBA3Ka HA yYaCTKaX HempepbiBHOCTH f(z,y) paBHA
HYJTI0. DTa TipenesibHas GyHKms y () ABasgeTcss 000OIMEHHBIM PEIeHN-
eM HadaJpbHOW 3amaqn (2.38) Ha oTpeske [xg, X |, MOHATHE O KOTOPOM
6b110 Haro B § 1 ot 1.
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§ 3. ¥YpaBHeHwue,
HepaspelleHHOe OTHOCHUTEJIbHO IIPOU3BOIHOM’

1. Teopema cylIecTBOBaHUSA W €IUHCTBEHHOCTH pPeIleHUs.
Iepeiinem rTemeps k paccmorpenuio auddepeHua bHOr0 ypaBHEHUsT
EepBOrO TOPAIKA OOIIEro BUIA

F(z,y,y') =0 (2.67)

" BBIACHUM JOCTATOYHDBIE yCJIOBULA CYyINECTBOBAHNA pemeHm‘/’I 9TOr0 ypaB-
nenust. Pynkuus F' B 0671aCTH CBOErO ONpPeNesieHusI 33/1aeT COOTHOIIIEHNE
MEXKIy HEM3BECTHOMH (byHKIMEl ¥, ee mponsBOgHOIM §' = g—z ¥ HE33BUCHU-
Moit mepemennoit x. Ecsiu 310 cooTHOIIEHNE y1aeTcs pa3pennTh OTHOCH-
TEJIbHO NPOU3BOAHON §', TO MOJIyYaeM OHO WM HECKOJIbKO nuddepen-

UAJIbHBIX YPABHEHUII MEPBOrO MOPAIKA, PA3PEleHHBIX OTHOCUTEJIBHO

NIPOU3BOOHON

IIycrs dbyuxkunum fr(z,y) B OKpecTHOCTH TOYKH (Zg,Yo) MIIOCKOCTHU
(2,y) yOOBIETBOPAIOT yCJIOBUAM TEOPEM CYIIECTBOBAHUA U €IUHCTBEH-
HOCTY PelleHus HaYaJbHOl 3amaun Komm mis ypaBHeHUs 0epBoro mo-
PAIKA, PA3pPEIIeHHOr0 OTHOCUTEILHO pousBonHoii. Torma yepes Touxy
(%0, Yo) MTPOXOIUT 1O OIHOH U TOJIBKO OAHOI MHTErPaIbHOI KPUBO Yy, ()
Kax10ro u3 3rux ypasuenuii (k = 1,2, ...). Bce a1u unrerpasibubie Kpu-
BbI€ SIBJIAIOTCS PENIEHUsIMEI UCXOTHOTO MU DEePEeHINATLHOIO yPABHEHN ST
(2.67) (mpu noncranoBke B ypasHenue (2.67) byukuun yi(z) obpamatot
ero B Tox1eCcTBO). Hanpas/ieHne BeKTOpa KacaTeIbHOI K HHTErpaJIbHOM
KkpuBoit Y () ypaBuenus (2.68) B Touke (Zg, Yo) ONpeneIseTcs 3HAYCHN-
em byuxuun fi (o, yo). Ecsn 51u 3HaYEHUS PA3IUYHbBI, TO Y€Pe3 TOUYKY
(20, yo) IPOXOAUT HECKOJIBKO UHTErPAJIbHBIX KPUBBIX ypaBHenus (2.67)
(cTOSIBKO, KAKOBO YnCJIO ypaBHeHnii (2.68), Moy YeHHBIX IPU paspenie-
HUM ypaBHeHus (2.67) OTHOCHUTEILHO NPOU3BOMHON), HO HAIPABJIEHWS
BEKTOPOB KacaTesbHBbIX K 3THM KPUBBIM B TOUYKE (Zg,Yo) DPABJIUIHBI.
ITosromy, 4TOObI BBIAEJUTH ONpPENE/IeHHOe pemenue ypasHenus (2.67),
HAJI0 He TOJIbKO 33/1aTh HAYAJIbHbIE JaHHbIE — 3Ha4YeHue pemenusd y ()
B TOYKE Zg, T. €.

y(xo) = Yo, (2.69)

HO ¥ 3HAYEHHe MPOW3BOJHON pemreHust B 9710i Touke y'(zg) = yi. Ode-
BUIIHO, 9TO 3HAUEHNE HE MOXKeT OBbITh 3aaHO0 MPOM3BOJIBHO: YY) TOJLKHO
OBITH KOPHEM yPABHEHMSI

F(‘T07 Yo, yl) =0. (270)
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Urak, cymecrBoBanue perienust ypaBuenus (2.67) cBsA3aHO C BO3MOXK-
HOCTBIO Pa3PEIIUTh €ro OTHOCUTEHHO y' M CYIIECTBOBAHUEM DelleHuil
ypasrenuit (2.68). Tem caMbIiM JOCTATOYHBbIE YCJIOBUS PA3PEIIUMOCTU
ypaBrenus (2.67) onpenesioTcsa U3BECTHBIMU U3 KyPCa aHAJIU3a yCJIo-
BUSIMU CYIIECTBOBAHNUSI HESIBHOW (DYHKIMK M ee HEIPEPBIBHOCTH BMECTe
C TPOU3BOIHOM.

Nwmeer mecTo crenymomas Teopema.

Teopema 2.5 (cymecrBoBanus u equHCTBeHHOCTH). Ecsim B HEKo-
TOPOM 3aAMKHYTOM TPEXMEDPHOM IIPAMOYTOJIbHHKE D ¢ HeHTPOM B TOYKe
(%0, Y0, Yg), TIe yy — AeficTBuTeIbHBIH KOpenb ypasaerus F(xg, yo,y')=
=0, BBIIIOJIHEHBI YCJIOBUST:

a) F(z,y,y') HempephrIBHA 110 COBOKYIHOCTH APTYMEHTOB BMECTE C Ya-

CTHBIMHU IIPOU3BOIHBIMHA % u a—F

a 1
6) 2_5(x07y07y6) 7£ 07

TO B OKPECTHOCTH TOYKH X = Lo CyniecTByer penienue y = y(x) ypaBhe-
uus (2.67), yaoBierBopsroniee yCJA0BUSIM

y(z0) = yo, ¥'(z0) = o, (2.71)

npudeM 3TO pelnieHue eJUHCTBEHHO.

HokasarenbcTBO. B cuty ycsosuit a) u 6) TeopeMbl B OKpeCT-
HOCTH TOYKH (Zo, Yo, Y(,) BHIIOJHEHBI YCJIOBUS CYIIECTBOBAHUS U €IUH-
CTBEHHOCTH HEABHOH (DyHKIMN

y' = f(z,y), (2.72)

YIIOBJIETBOPAIONIEN yCI0BUAIO

Yo = f(0,%0), (2.73)

IpuvyeM HaleTcsi Takoi 3aMKHYTHI NPAMOYTrOJIbHUK Di C HEHTPOM
B TOUKe (I, Yo), B KOTOpoM dyHKIMs f(2,y) HENPEPbIBHA BMECTE C TIPO-

WU3BOTHOM y’ BBIUKCJISIEMOI 110 TTpaBuJTy auddepeHnpoBaHus HEsIBHOI

byHKIMM

oOF
of __ay@y.f(z.y) 574
9 S (w,y, f(z,y) (2.74)

Ho 310 o3nagaer, 9410 HavasibHas 3ama4a y(ro) = Yo AJA yPABHEHUS
(2.72) umeer, ¥ IPUTOM EIUHCTBEHHOE, PELIEHUE HA OTPE3KE

z —zo| < H, (2.75)
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TaK KaK BBIIIOJTHEHbI BCE YCJIOBUA TE€OPEM CYHMIECTBOBAHUA N €AUHCTBEH-
woctu 2.3 u 2.4. Teopema 2.5 nokasana.

Ecou unrerpasibubie KpuBble ypasaenuil (2.68), nmepecekarouiuecs
B TOYKE (Z0,Yo), UMEIOT OOIIYIO0 KACATEJIBHYIO B 9TOI TOYKE, HAIIPABJIE-
HEE KOTOPOH OIpPEeNesIfeTcs 3HaYeHNEM Y, TO B 9TOI TOYKe, OYEBHIHO,
OyayT HapyIIeHbl ¢hOPMYJIMPOBAHHBIE BBIIIE yCJIOBUS €IUHCTBEHHOCTH
pemenusi ypasuerus (2.67) oTHOCUTEBHO Y.

IIpumep 2.3. Paccmorpum ypaBHeHue
(v')* = 2z +y)y' + 22y = 0. (2.76)

Pasperias ero 0THOCUTEIBHO IPOU3SBOIHOM ¥, TIOJTyYnM JBA YPABHEHUS
MEPBOTO MMOPAIOKA, PA3peNlIleHHble OTHOCUTEIBHO ITPOU3BOIHOM:

¥ =y, (2.77)
y = 2ux, (2.78)

IpaBble YaCTU KOTOPBIX YIOBJIETBOPAIOT YCJIOBUAM TeopeM 2.3 u 2.4
CYIIECTBOBAHUS U €IWHCTBEHHOCTU PelIeHNs] HAYaJIbHON 3a0a4uu B JIIO-
6oii Touke 1iockocTu (x, y). Obiue pemenus ypasaenuii (2.77) u (2.78)
UMEIOT BUI,

y=Che® (2.79)

y =>4 Co, (2.80)

rae mocrosiaabie Cy u Co ONPENessiioTcst U3 Hada IbHBIX yesioBuit. Kak
JIETKO BUZETh, Yepe3 JIIOOYI0 TOUKY TJIOCKOCTH (T, Yy) MPOXOAAT KAK WH-
TerpaJibHasg KpuBas cemeicTsa (2.79), Tak U MHTErpasibHAsA KPUBAsi Ce-
meficrBa (2.80), mpuueM B TOYKaX NPAMON y = 2x KPUBBIE HTHUX Ce-
MeHCTB UMeT 00myI0 KacareabHyo ' (xg) = 2Zg, 9TO IPEICTABJIEHO
Ha puc. 5: 1 — xpuBag y = v, 2 — kpuBag y = 22 + 1, 3 — kpu-
Bag y = (2/e)e®, 4 — xpusaa y = (2/e)%e®, 5 — npavaa y = 2.
Bamernm, uto B Touke (0,0) WHTerpajbHAA KpUBad y = T2 Kacaercs
npsAmMoii y = 0, ABJIsAONIENCA YaCTHBIM pelneHreM ypasuenusi (2.77), Ko-
TOpOe MOXKeT ObITh ToJTydeHo u3 (opmyJibl (2.79) mpu C; = 0. D1a xe
MHTerpaJbHasg KpuBasd y = T’ Hepecekaercsa B TOUKe T = 2, y = 4
¢ uHTerpasbHoOil KpuBoil y = (2/€)?e® cemeiictsa (2.79), npuuem B 3Toil
TOYKe 00e KpuBble MME0T 00mmyto Kacarenapuyio y' = 4. [Ipavasa y = 2z
NpeicTaBJisgeT co00i reoMeTprUYecKoe MeCTO TOUYeK, B KOTOPBIX Hapy-
[IEHbI YCJIOBUs €IMHCTBEHHOCTH pelleHust ypaBHeHus (2.76), Tak Kak

B 9THUX TOUKAX HE BBIIOJIHEHO yCJIOBHE 0), MOCKOIbKY %ly:u =0.
Y
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(7 3 4 5
2 2
1 1
3
4 "
5
Puc. 5

2. NurerpupoBanue ypaBHEHHUsI, Hepa3pPEIIEHHOTO OTHOCH-
TeJbHO MPOU3BOIHOM, IyTeM BBeIeHUA MapaMerpa. [lokaszanHas
B MpENBIIYIIEM IyHKTe TeopeMa 2.5 rapanTUpyeT MpPU BBITOJTHEHUN
OTIPEIeIEHHBIX YCJIOBUIT BOBMOXKHOCTDb CBEIEHUsI UCXOTHOTO YPABHEHUST
(2.67) k ypasuenuto (2.68) u paszpemmmMocts nocsienHero. OaHAKO Mpak-
TUYECKAs PEAJIU3AINSA STOW BO3MOKHOCTA U MOCJIELYIOIEee HHTETPUPO-
BaHWE MMOJIyYEHHOTO ypaBHeHNUs (2.72) 4acTO BBI3BIBAIOT 3HAYUTEIILHBIE
Tpynuoctu. [ToaTomy B psjie ciiydaeB IpeacTaBIAOTCsa 60siee yIOOHBIME
Ipyrue crocobbl uHTerpupoBanus ypasuenus (2.67). Haunewm co coyuas,
Korga ypapHenue (2.67) JIerko MOXKHO Pa3penTh OTHOCUTETEHO CaMOii
HEU3BECTHOU (DYHKIIUT

y(z) = f(z,9). (2.81)

st masibHelinero yao0HO BBeCTH 0003HAYEHNE §y' = p U NePenucarb
(2.81) B Bune

y(x) = f(z,p(x)). (2.82)

IIpennosnaras cymecTBoBaHWe pelleHust y(T) HCXOOHOIO yDaBHEHUs
(2.67), MbI MOXKeM TIpoauddepeHIpoBaTh cooTHOIeHne (2.82) no He-
3aBUCHMOi nepemennoit . Torma mosydnm

W=po)=FL+4 L (2.83)

TTostydyenHoe cooTHOIEHWE NpencTaBiisier coboii muddepeHnnasbHOE
dp

YPaBHEHHUE TEPBOTO MOPIKA, Pa3Pementoe OTHOCHTEIBHO —-. Obr1ee
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pemenue (2.83) MOXKHO 3aIKUCATH B BUIE OHONAPAMETPUIECKOTO CeMei-

CTBa
p(z) = ¢(z,C). (2.84)

Orcroma, ucnosibsys (2.82), mosiydum ceMeficTBO peleHnit UCXOMHOTO
ypaBaenus (2.67) B Buze

y = flz, 0z, C)) (2.85)

U 171 pENIeHUs HA4YaJIbHOI 3a1a91 OCTAeTCs ONpene/nTh 3HaUYeHue Io-
croauuoil C' n3 HAYAJIbHBIX yCJIOBHIA.

IIpumep 2.4. Paccmorpum ypaBHeHue
(y)? -2y +y=0. (2.86)
OueBnaHO, 9TO ypaBHEHHeE JIETKO Tepenucarh B Buie (2.82):
y=axp—p°, (2.87)

d
orkyma p=p+ (zr — 2p)£, T. €.

d
(z —2p)FE = 0. (2.88)
Ypasuenue (2.88) umeer cemeficTBO peleHuit
p(z) =C (2.89)

u, KPOME TOTO, PEICeHHE
p(z) = z/2. (2.90)

Orcrona, yuurbiBasg (2.87), MOJyYMM DEIIeHHUs] UCXOIHOTO yDABHEHUs
(2.86) B BUOE
y(z) = Cx — C? (2.91)

y(z) = 2%/4. (2.92)

Jlerko npoBepuTh, 4T0 Yepes TOUKy (Lo, Yo), IPUHAIJIEKAILY IO 0061aCTH
CylecTBOBaHUsA pemienus ypasHenus (2.86), npoxomar aBe pas/iudHble
uHTErpaJibibie Kpusbie (2.91), COOTBETCTBYIONINE ABYM 3HAUYEHUSAM I10-

crosinnofit C' (puc. 6):
[ 2

s BBIOEJIEHNA €OUHCTBEHHOI'O PelIeHNsd HAYaJIbHON 337a4M, IPOXO-
JIAMEro Yepes TOYKY (Zo,Yo), JAOJKHO OBITH elle 3aJaH0 3HAUYEHUe
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vl

Puc. 6

y'(z0) = Yy, onpenessomiee HAPABJICHIE KACATEILHON K MHTErpasib-
HOIl KpuBOit B 3T0#t Touke. HeTpynaHo Takke yCMOTPETb, YTO pelleHre
(2.92) ypasrenus (2.86) obazaer TemM CBOHCTBOM, 4TO Kpubas y = x° /4
B KX IO CBoefl ToUuke KacaeTcs Kakoil-ymbo kpusoii (2.91). Do o3Ha-
JaeT, 9To Kpubas y = 22 /4 mpeacrapisgeT coboii reoMeTpuYecKoe MecTo
TOYEK, Yepe3 KOTOPOe MPOXOIAT ABa pelieHus ypasuenus (2.86), umero-
mue obITyI0 KacaTesbHylo B 9TOit Touke. B Toukax xpusoit y = x2/4
Hapyliaercs ycsosue 6) reopembl 2.5:

2—5 =2 =gl =0, (2.94)
y=z2/4

TeMm caMbIM pelteHre y = 72 /4 0Ka3blBaeTCA B ONPEIeIeHHOM CMBIC/Ie
0coObIM pernerreM ypasherus (2.86).

[Ipex e yem mepexonauTh K pACCMOTPEHHIO OOIIEro cIydasi, OTMETHM,
YTO MOCKOJIbKY B MCXOJIHOM ypaBHeHuu (2.67) nepeMeHHbIe T U § PABHO-
IIPABHBI, TO IIPOBEICHHDIEC BbIIIE PACCMOTPEHUSI COXPAHIIOT CUJIY U B TOM
cJIyvae, KOr/ia UCXO/IHOE YPaBHEHHE JIETKO Pa3PelInTh OTHOCUTEIbHO He-
3aBuCcuMOii nepemennoit x. Hampumep, 970 nmeer MecTo B cirydae Tak
HA3bIBAEMOI'0 YPaBHEHU A ﬂarpaHxa

oY) +yv(y') = x), (2.95)

JINHEHOTO OTHOCHUTEJIHHO MEPEMEHHBIX T U Y. JaCTHBIM CJIydYaeM ypaB-
menusi Jlarpamxka ¥ sABJIsI€TCS ypaBHEHHME, PACCMOTPEHHOE B IIPUMe-
pe 2.4.

[Tepeiimem Temepp K W3JIOKEHUIO OOIIETO METO/A WHTErPUPOBAHMS
ypaBHeHMs1 TepBOro mnopsiaka (2.67), HepaspemeHHOr0 OTHOCUTEJIBHO
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[IPOM3BOIHOMN, myTeM BBeneHus napamerpa. Obosuauus y' = p, 3amnu-
mem ypasuenue (2.67) B Buze
F(z,y,p) = 0. (2.96)

Vpasuenue (2.96) onpenesisier HEKOTOPYIO TIOBEPXHOCTh B TPEXMEPHOM
npoctpancTse (z,y,p). Kak usBecTHo, myTeM BBEIEHUsI JIBYX MapaMer-
POB U, ¥ JAaHHAs MOBEPXHOCTb MOXKET ObITh 33[JaHA B MAPaMETPUIECKOM
BUIE

z=X(u,v), y=Y(u,v), p=Plu,v). (2.97)
B namewm cayuae dyukuum X,Y u P cBsasanbl cooTHOmenuem (2.96)
u cooTHomenuem dy = pdx. V13 moc/ieqHero COOTHOMEHUsT TIOJTY IUM

O 4 ¥ gy = P(u,v){%—fdu + %—fdv}. (2.98)

Orciona cireyer, 9T0 BEJIMYUHBL 4 ¥ Y HE MOTYT ObITh HE3aBUCHMBIMI.
IIycts v = v(u). Torna u3 (2.98) mosyunm, 9TO CBA3b MAPAMETPOB U
n v mpencTaBifeT coboi obpikHOBEHHOE MuddepeHIaIbHOe ypaBHEHe
OTHOCHUTEJIHHO (DYHKINA V:
X _ ay
dv _ P, v)Fy — 5y (2.99)
du Y _ P(u ’U) 29X .
0 V) Gy

IpuYeM 3TO ypaBHEHHE — DPa3pelieHHOe OTHOCUTEIBLHO MPOU3BOIHOM.
CewmeficTBo pemennit ypasuerusi (2.99) MOXKHO 3amucarh B BUE

v =p(u,C). (2.100)

Torpa B cuity (2.97) nosiydum ceMeiicTBO UHTErpPaJIbHbIX KPUBBIX yPaB-
uenus (2.67), sanucannoe B mapamerpuueckoit popme:

T = X(u,cp(u, C))a Y= Y(UaSO(UaC))a (2101)

YTO U PellaeT 33Ja4dy WHTerpupoBaHus ypasuerus (2.67).
OueBUIHO, YTO B TOM CJIy4ae, KOTIa UCXOMHOE yPABHEHNE JIETKO Pas3-
PEIUTh OTHOCUTETHHO TIepEMEHHON Y (IIepeMeHHON ):

y = f(z,p), (2.102)

B KQ4eCTBe 1apaMeTpoB U, v B IapaMeTpudecKom npeacrasiienuu (2.97)
cJieflyer BoIOUPATh OCTABIIUECS [epeMeHHbIe T, p (Win y, p):

r=z, y=f(z,p), p=p (2.103)

Kak J1erko npoBepuTh, MoJIy9aronieecst Ipu 3ToM ypasuenue (2.99) s
onpenesienus Gyukuuu p(z) Oymer coBnanarh ¢ ypasHenuem (2.83).
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3. Ocobbie pelieHHWsi ypaBHEHWsI ME€PBOrO MOPSAIKAa, Hepas-
PEelIeHHOTO OTHOCUTENIbHO MPOU3BOIHOU. B paccMoTpeHHOM BbINIe
npumepe 2.4 MbI OJTyYHIH 0co00e penenne y = 12 /4 ypaBHeHUs TepBO-
IO TIOPA/IKA, HEPA3PEIIEHHOIO OTHOCUTEILHO NPpou3BoaHOH (2.86), 0bJ1a-
[TAIOIee TeM CBOMCTBOM, YTO BO BCEX €r0 TOYKAX HAPYIIEHA, €IUHCTBEH-
HOCTB pelnennst HadasbHoi 3amagn Kommu. Paccmorpum Terneps B 06mem
CJIy4ae yCJIOBU:A CYIIECTBOBAHUsI OCOOOrO PEIIeHusI.

MHoxkecTBO ToUeK (,y), B KOTOPBIX HAPYIIAETCs eIUHCTBEHHOCTD Pe-
meHus ypasHenus (2.67), 6yaeM Ha3bIBATH 0COObIM MHOHCECTNEOM HTOTO
ypaBuenusi. SlcHO, 9TO B TOYKaX 0COOOr0 MHOXKECTBA HE BBIMOJITHEHO TI0
KpaiiHeil Mepe oHO U3 ycJI0BHiT Teopembl 2.5. Haime Bcero Hapymaerca
ycJioBue 0), T.e. g—fj, = 0. Torma mpu BBIMTOSIHEHWH B TOYKAX OCOOOrO
MHOXKECTBA YCJIOBUSA &) U HAPYIIEHUH YCJIOBUsA 6) B 9THX TOYKAX OJIHO-
BPEMEHHO MMEI0T MeCTO COOTHOIIEHUST

F(z,y,p) =0, 9E(@,y,p)=0. (2.104)

Ucktioaus p us cootHommenui (2.104), noyYnm HesiBHOE ypaBHEHUE Tak
HA3bIBAEMON p-duckpumunarmuot kpueoti

®(z,y) =0. (2.105)

Bynem HasbBaTh 0c00bIM peleHuem UHTETPAJIbHYI0 KPUBYIO, BO BCEX

Toukax (x,y) KOTopoi % = 0. Ecoin kakasi-mu6o u3 BerBeil p-nuckpu-
Yy

MWHAHTHOI KPUBOI mpencrassisgeT coO0ii HHTErpaibHYI0 KPUBYIO yYPaB-
HeHus (2.67), TO OHa ABJIAETCA €10 OCOOBIM pElIeHHeM. 3aMeTHM, 9TO
He 00s13aTe/IbHO BCAKAA P-IUCKPUMUHAHTAA KPUBAs IPEICTABIIAET CO-
6oii ocoboe penrerve ypasHenus (2.67), oHa MOXKET U He ABJIATHCS WH-
TerpaJibHOI KPUBOii 3TOro ypaBuenus. Tak, HapuMep, KaK JIETKO MPO-
BEpUTH, B CJIydae mpuMepa 2.3 p-IUCKPUMWHAHTHAA KpUBAsdg y = 2T
ypaBhenusi (2.76) He fABJIFETCA UHTErPAJIBHONW KPUBOIl, & T€M CaMbIM
1 0cobObIM pereruneM 3Toro ypasaenns. Haiinernuoe B mpumepe 2.4 ocoboe
pemenue y = x? /4 ypanenus (2.86) ABIAETCA €0 P-TUCKPAMUHAHTHOM
KPUBOii.

B Tex ciyuasix, ecim MHOXKECTBO pereHuii ypaBHenus (2.67) moxer
OBITH 3aMMCAHO B BHUIE OIHOMAPAMETPHUIECKOro ceMeiicTBa

®(z,y,0) =0, (2.106)

B KOTOPOM 3HA4YeHUsi NOCTOsHHOH C' OnpemesisioT pas3jindHble WHTE-
rpajibHble KpuBble, U cemeiicTBo ¢yukuuii (2.106) umeer orubarouryto
y = y(x), T0, 0OUEBUIHO, 3TA OrUOAIOIIASA TAKIKE SABJISIETCA WHTEPAJILHOM
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KpuBOii ypaBuenus (2.67) u yepes Kaxk1ylo TOUKY orubaromeii mpoxoaur
uHTerpasibHas Kpusas cemeiictsa (2.106), numeronas B 310if TOUKe 00-
IIyIo KacaresibHyio ¢ ormbaromeit. Tem cambiM ormbaromas cemeiicTBa
uHTErpaJibHbIX KpuBbix (2.106) mpemcrabisier coboit ocoboe pemenue
ypasrenus (2.67). Kak usBectHo, orubaromas onHOIapaMeTpudecKoro
cemetiicrBa (2.106) Mmoxer ObITh HaliIeHA ITyTEM UCKJIIOUYEHHsI IAPAMETPa
C u3 cooTHomIeHN )

®(z,y,0) =0, GE(z,y,C)=0. (2.107)

IMosiyuennas npu s1om kKpuBasg U(zx,y) = 0 massiBaerca C-duckpu-
Mmunanmnoti kpusot. Tak, maiimenroe B mpumepe 2.4 ocoboe pere-
une y = 2°/4 ypapuenus (2.86) sABjgeTCA, KaK JIETKO TPOBEpUTh, C-
JIMCKPUMUHAHTHOM KpuBoii cemeficrBa pemennit (2.91).

B sakJiiouenue 3ameruM, 94ro cucrema coornomenwuii (2.107) onpene-

JIsIeT He TOJIbKO orubaroryio cemeiicrsa (2.106), HO 1 MHOXKECTBO Kpar-

HBIX TOYEK 5TOro CeMeI/ICTBa B KOTOPBIX YaCTHbBIC IIPOU3BOIHBIE g_@ u %;{;

WU HE CYyUIECTBYIOT, UJIA OTHOBPEMEHHO 00paIaTcs B HyIb. [loaToMmy
YCJIOBHEM CYIIECTBOBaHU:A orudaroieii cemeiictsa (2.106), a Tem cambiM
u 0coboro pemenusi ypapHenust (2.67), sBJseTCs CYIIECTBOBAHUE Orpa-

HIYIEHHBIX YaCTHBIX ITPOU3BOOHBIX g—i nu gq), YIOOBJIETBOPAIOMINX yCJI0-

o (22)’+ (22" 2108

§ 4. Teopembl CynIeCTBOBAHUS U €OUHCTBEHHOCTH PeEIIEHUS
HOpMaJIbHOW cucTeMbI

OcHoBHBIE UAeM MeTOo[a JIOMAHBIX Jiepa MOryT ObITh HCIIOJIB30-
BaHBI [1J711 KOHCTPYKTUBHOT'O JOKA3aTeJIbCTBA CYyIIeCTBOBAHUS PEIIEHUA
He TOJIBKO B CJIy4ae OIHOIO YPaBHEHU:, Pa3pPelIeHHOI'O OTHOCHUTEJIbHO
[IPOUBBOIHON, HO ¥ B CJIy4ae HOPMAJIbHON CUCTEMBI. DTH BOIPOCHI U CO-
CTaBJIAIOT OCHOBHOE COEPIKaHMe HACTOAMIETO aparpada.

Wrax, paccMOTpUM HAYAJIBHYIO 337a4y [J1s HOPMAJIbHOIl CUCTEeMBbI
ypaBHEHUI IEPBOTO NOPAIKA

d
yl fl(t Y, - 7ym)7
yi(to) =y i=1,2,....,m

Mycrs dyukuun f;(¢,y1,- - ., Ym) Onpenesens B obsacru D, npencra-
BJIsAOIIEl coboit (m + 1)-MepHbIfi apaJuieenumnen

D ={]t -ty <aq, |y—y?| <b, (=1,2,...,m)}

(2.109)
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¢ nenrpom B Touke (to,y?,...,4% ). lpennonoxum, uro B obnactu D
bynxuun fi(t,yi, . .-, Ym) HENPepbIBHLI (U, CJIEI0BATE/ILHO, OTPaHIYe-
HbI) U YIOBJIETBOPAIOT yCIOBUIO JIMMIHUIA IO IEPEMEHHBIM Y1, - - - , Y,
TO €CTb,

|fz(t7y177ym)| < M7

m
j=1

npudeM mocTosinabie M u N He 3aBUCAT OT 4.

[ToBTOpssi paccyxmeHus1, MPOBEIEHHBIE B CJIy9ae OHOTO YPABHEHUSI,
JIErKO YCTAHOBUTH, YTO UCKOMasl MHTErpaJjbHasi KpuBas (eC/iu OHA Cy-
mecTByer) He Bhliiger u3 obsactu D Ha orpeske [tg,T'] usmeHeHus He-
3aBUCUMOIi Tepementoii t, tme T = to + H, a 3Havenne H ompenessiercst
KakK

H = min %%} (2.111)

s moctpoenus JomMaHoit Ditstepa Ha oTpeske [tg, T'] pasobbeM 3T0T
OTPE30K Ha N 4YacTeit Todkamu nesenusd tg,ti,...,t, = T u Tak xe,
Kak u B § 2, obosHauum t; — t;—1 = h;, h = max; h;. Ha nmepBom mare
«3amoposum» gyukimu f;(t,y1,...,ym) B Touke (to,yY,...,y9) u, un-
TErpupys II0JIyYeHHbIE YPABHEHUS C NOCTOAHHBIME MPABBIMU YaCTAMHU,
Halinem 3Hauenus Gyukumii 7;(t) HA oTpeske [to, t1]:

gz(t) :y?+fl(t7y?77ygz)(t_t0) (2112)

Haiinennsie dyuximu onpenesisior B (m + 1)-MepHOM IIPOCTPAHCTBE e~
PEMEHHBIX t, Y1, . . ., Ym HA YIACTKE [tg, 1] HEKOTODBIN MPAMOIMHERHBIIH
OTPE30K, KOTOPBI SBJISIETCSI TEPBBIM 3BEHOM JIOMAaHOH Dilsiepa.

Buauenus Gyukuuii §;(t) B Touke ¢t = t; IpUMEM 32 HOBbIE HAYAJILHBIE
3HAUYEeHUdA U, IOBTOPAA BBIIIEONNCAHHBIN aJITOPUTM, ITOJIyYUM JIOMAHYIO
itepa Ha orpeske [tg, T']. [Ipu nomomu OreHOK, aHATOTHYHBIX OIIEHKAM
B CJIydae OIHOIO YpaBHEHWs, MPOBEIEHHBIM B § 2, MOXHO NOKa3aTh,
YTO TIOCTPOEHHASI 110 JAHHOMY aJITOPUTMY JIOMaHast Jilsiepa Ha OTpesKe
[to,T'] He BoIfiner u3 obmactu D.

Benem nonsaTne e-npubIMKEHHOIO 110 HEBSA3Ke PelIeHns HavaJIbHON
samaqn (2.109), aHATIOTMYHOE COOTBETCTBYIOMIEMY TIOHATHIO JIJIsT CJTy 9ast
OIHOTO YPaBHEHUSI.

Onpenenenune. HenpepsiBras Ha orpeske [t, T'] BekTOp-byHKINA
gt) = (F1(t),...,Um(t)) ¢ KycOUHO HENpepBIBHBIMU TPOU3BOIHBIMU
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d~.
%, rpaduK KOTOpO# HEeJIMKOM JIeXKUT B obsiactu [, HA3BIBAETCS £-

NPUOAUNCEHHBIM TIO HEBA3KE PeweHueMm HadaIbHOM 3anaun (2.109), econ
max[y;(to) — vl <e,
u pu nogcranoske dpyHKumit i;(t) B ypasuenus (2.109) mosydum

dy; ~ ~
=T Tm) (), (2.113)
rIe HeBA3KY 1;(t) yIOBJIETBOPSIIOT HEPABEHCTBY

max sup |Y;(t)] <e. (2.114)
i t€[to,T]

Y1005 10Ka3aTh TEOPEMY CYIIECTBOBAHUA, TAK XK€ KaK U B CJIy4ae Ofl-
HOI'O ypaBHEHUs, JOKazKeM, 9TO II0CJIEI0BATE/IbHOCTD JJOMAHbIX Diiepa
{#(n)(t)} mpm h — 0 obpasyer paBHOMEPHO CXOIAMYIOCA Ha OTPE3Ke
[to, T] mOC/IENOBATETLHOCTS &, -MIPUOIMKEHHBIX 10 HEBsI3Ke PEIIeHMi Ha~
JaJIbHOM 3a/1a4n, a npenesibHas BeKTOP-(DyHKIUA 3TOi 110CIe10BaTe Th-
HOCTH §(t) YIOBJIETBOPAET BCEM YCJIOBUAM MCXOmHON 3amaunm (2.109).
D10 mestaeTcs MyTeM pacCyKICHUN, AHAJIOTUIHBIX TIPOBEIEHHBIM B § 2.

JTemma 2.3. s moboro € > 0 MoxkHO yKaszarh takoe €1 > 0, 9410
BCe €1-IPUOJIMKEHHbIE 110 HeBsI3Ke penleHHs1 HadasapHol 3agaqn (2.109)
PasIMYaTcsa Mex Ay coboii Ha oTpeske [to, T] He 6oJsee, 4eM Ha €.

HokazatenbcTBO. Bo3bMeM nBa €1-TTPUOIMKEHHBIX 10 HEBI3KE
pemmenns 3ana4an (2.109) 41 (¢) u g2(¢). 1o 3Ha4IMT, YTO

%g(l)i = filt, Y15+ Uaym) + ¥a)i(t), (2.115)
%Zj@)i = filt:¥@)1,- -5 Yym) + P(2)i(t), (2.116)
roe
max[y1)i(to) — ¥(2)i(to)| < 261, (2.117)
i t€[to,T]
Tlonaras
Y2)i(t) — yyi(t) = 2i(t), (2.119)

Y(2)i(t) = P1)i(t) = @i(t) (2.120)
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u Beraurasn (2.115) us (2.116), mosryanm

dz; ~ ~ ~ ~

% =ft, 9215 U2m) — F&Ya) 1, - Taym) H@i(t). (2.121)
Tax kax y(1);(t) u Y(2)i(t) me Boxonar ms obnactm D, rae yHkms
filt,y1, ..., Ym) ymoBaersopsier ycjosuto Jlummuma (2.110), To umeer

MECTO OIIEHKa
dzz

<N Z |2 ()] + 2e1. (2.122)

Beenem dbyukuuio p(t) = *(t) u paccMOTPUM ee IPOU3BOIHY IO

m
dp _ 1N, dzi
dt PZ tdt -

Torma, yauTbIBast, 91O |zz| < p, B cuty onesku (2.122) nostyuum

‘z—f < Nm?p + 2me;. (2.124)

dz’ < Nm?p + 2mey, (2.123)

TO €CTh,

B cuny stemmsbr 2.1 171 p cripaBenjiMBa OLIEHKA,

p(t) < s(t),

roe s(t) — pelleHre HavYaJIbHON 380341 OJ1d JIMHEITHOTO ypaBHEHUS C T10-
CTOSIHHBIMU KOSCbeI/IL[I/IeHTaMI/I

dt = Nm?s +2mey, s(to) = p(to). (2.125)
Corntacuo (2.117) magasibHOe 3HaueHne s(tp) yIOBJIETBOPSAET HEpa-
BeHCTBY S(to) = p(to) = /Doioy 22(to) < 2¢/mey. Tlosromy s p(t)

OKOHYATEeJIbHO OJIYY1UM
2 2
p(t) < 2v/mereN™ (=t 4 %(eNm (t=to) _ 1) <

2 2
< 261 [Vm N T 4 S (N )] = 2600, (2.126)
rae nocrosinuas §) ve 3aBucut ot £1. OueBuaHO, onenka, (2.126) cupase-
smBa u 11 |z;(t)| (i = 1,...,m). Buibupasi €1 = £/(2Q2), Mbl 1 HOJIy4UM
YTBEDXKICHUE JIEMMBIL.
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Ounpenenenue. IlocaenoBarebHOCTD €,-TIPUOJUKEHHBIX IO HE-
BA3KE pernenuii J(,) (t) HasoBeM crodswelics no nesasre, ecau €, — 0.

W3 moxkasaHHON JIEMMBI CJIEAYeT, YTO BCAKAA MOCEHOBATEILHOCTH
{U(n)(t)}, cxonamascsa no HepsAsKe, ABIACTCA PABHOMEPHO CXOJAMeiCs
Ha orpeske [to, T.

ITocnenymomue TeopeMbl JOKA3bIBAIOTCSA MOJHOCTHIO AHAJIOTUYIHO CO-
OTBeTCTByIOIIH/IM TeopeMaM B Cﬂy‘lae OOHOTO ypaBHeHI/Iﬂ.

Teopewma 2.6. Ilyctp B Ha9a/IbHOH 3ama4e

dy; 0 .
%zfi(tayla'-'aym)a yi(tO)zyia 1=1,...,m,
dyakman fi(t,y1,...,Ym) B 0baactu D HENPEPBIBHBI U YIOBJIETBOPSIIOT
ycsioBuro JIummmmia mo nepeMeHHbIM Y1, . . . , Y. 1O6a MOC/Ieq0BATE T~

HOCTB {Y(n)(t)}, cxomamascs mo mepsaske Ha orpeske [to,T], cxonnTcs
DPaBHOMEDHO Ha 9TOM oTpeske K pyukimu y(t), ABgOmelics peimeHueM
HadvaJIbHOI 3a/a4H.

Teopewma 2.7. Ecju BBIIOJHEHBI yCJIOBH TeopeMsbr 2.6, TO mocJie-
JIOBATEJILHOCTD JIOMAHBIX Diiiepa npu h — 0 cXOIUTCs pABHOMEPHO HA,
orpeske [to, T ¥ dynxmun y(t), ABaAomerics penreHneM Ha9aIbHOH 3a-
JIAYH.

Orciona caemyer

Teopema 2.8 (cymecrsoBanus). Eciu yuxmuu fi(t,y1,...,Yn)
(i =1,...,m) B obsactu D HenpepbIBHBI H YIOBJIETBOPSIIOT YCJIOBHIO
JIunmmiia mo nepeMeHHbIM Y1, . . . , Ym, TO Ha OTpe3Ke [to, T'] cymecTByer
pelieHne HadaJIbHOH 3aa4H.

Tak K€, KaK 1 B CJIy4Ja€ OOAHOTO YpPaBHEHUA, UMEEeT MECTO

Teopema 2.9 (enuncreennoctn). IIpu BbIIOJIHEHHN yCAO0BHIT TE€O-
pembl 2.8 HadasibHasA 3a7a4a (2.109) umeer ua [tg, T enuHCcTBEHHOE pe-
ImieHune.

Wrak, TeopeMbl CyIIEeCTBOBAHUS U €IMHCTBEHHOCTH PEIIEHUS HAYATh-
HOIi 330241 IJIsT HOPMAJILHOI CHCTEMBI ITOJTHOCTHIO MOKa3aHbl. [Ipn aToM
3aMevYaHus, CIeJIAHHbIE B § 2 IO MMOBOY TEOpeM CYIIECTBOBAHUS U €[INH-
CTBEHHOCTHU DEINCHMNA HaYaJIbHOI 3aJa91 [OJ1gd OAHOTO YPAaBHEHUA, OCTa~
IOTCSI CIIPABEIIUBBIME U B CJIyYIae HOPMAJIbHOW CUCTEMBI.

B ri1. 1 6110 mokasano, 4To ypapHenue n-ro nopsnka (1.6) sksusa-
JieHTHO HOpMautbHol cucreme (1.8). Orcrioma cienyer, 4To ecjiu npaBas

d dn—l
d—?tJ, ey dtn—_%’) — YyOoBJie-

TBOpAET YCJIOBUSM TEOPEMBI 2.8, TO pelleHrne HAYaJIbHON 3a1a9u IJTs
(1.6) cymecTByer u €IUHCTBEHHO.

yacTh ypashenus (1.6) — dbyunxuusa f (t, Y,



§ 4. Teopemb, CYw,ecmeo8aHUs IAA CUCTNEMDL 57

Ocofo cyienyer MOMYEpKHYTH, UTO PACCMOTPEHHBI METOH JOKAa3a-
TEJIbCTBA TEOPEMBI CYIIECTBOBAHUSA C TIOMOIIIHIO JIOMAHBIX Jiitepa mpe-
craBJisier co00l TEOPETUIECKYIO OCHOBY 9(D(hEKTUBHBIX aJITOPUTMOB YUC-
JIEHHOTO PeIIeHNsI HAYaJIbHOI 331291 [IJIs1 TOCTATOYHO CJIOKHBIX CUCTEM
nuddepeHIna bHbIX yPABHEHN], TPUBEIEHHBIX K HOPMAJIBLHOMY BHILY.
B namnpreiimem (B 1. 6) GyayT paccMOTPeHBI U apyTue, GoJiee coBep-
[IEHHbIE B TPAKTUYECKOM OTHOIIEHUU, AJITOPUTMbI YHCJIEHHOTO perre-
Hus nuddepenmanbHbIX ypaBHeHuil (yBeImInBaroIme, HapuMep, Obi-
cTpory cxomumocTu npubsmxkenunit). Cellyac OrpaHMYMMCS NPUMEPOM
YUCJIEHHOTO PeIleHusl 33024 [IJIs JOCTATOYHO CJIOKHON HOPMAJIBHOMN
CHCTEeMbI, KOTOPOE TPAKTUYECKHN OCYIIECTBUMO TOJIHKO MPU HUCIOJIB30-
BaHUU coBpeMeHnHbx IBM.

®Dororpaduposanye
00paTHOI1 CTOPOHBI JIYHBI

%

Ha TOYKY
BECCHHETO
DaBHOJIEHCTBHS

9-X

=
Hampasnenue 3

Puc. 7

PaCCMOTpI/IM 3aJa9y O IOBMKEHNU PAaKETbhl B MEXKIIJIAHETHOM IIPO-
CTPAHCTBE, WUCIBITHIBAIOMIEN TArOTEHWE CO CTOPOHBI Jemun, JIyHBI,
Couana. Takas 3amada BOSHIUKAET IPH pacdeTe moJieta pakeTs K Jlyne.
STO OBUKEHUE OMNUCHhIBAECTCA CHUCTEeMOIi ypaBHeHI/II!/JI JOBM2KEHUA YeThIpeX
rest tuna (1.20), toe F; (i = 1,2, 3,4) — paBHO#EHCTBYIOMAsI CUIT HBIO-
TOHOBCKOTO TPUTSIKEHNUs, TefiCTBYIOMNX HA i-€ TeJO CO CTOPOHBI BCEX
OCTAJIBHBIX, IPUYEM CUJIAMHE, TeHCTBYIOMMMA HA HEOECHbIE TeJIa CO CTO-
POHBI PaKeThl, MOXKHO, pa3yMeeTcs, mpeHeopedb. Takum obpa3om, mpu-
xoauM K cucreme 12 ypaBHEHHil BTOPOro MOpsIAKa WM K HOPMAJIbHON
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cucreme u3 24-X ypaBHEHU C MPABBIMU YACTAMU, UMEIOIINMU CJIOKHY O
AHAJIUTUYECKYIO CTPYKTYPY; (POPMYJIbI /i TPaBbiX dacTeil Mbl 310eCh
He BBIMUCHIBaeM. [Jjis mpuMeHeHusi ajropurMa Jijiepa u Ipyrux 4u-
CJIEHHBIX AJITOPUTMOB JJOCTATOYHO UMETh BO3MOXKHOCTH BBIYUCIIATH MTPa-
BBI€ YACTU NPHU PA3JIMYHBIX TMOJIOKEHUAX JBIKYIIUXCS TeJ; [IPU STOM
KOHKDETHBIN BUJl aHAJTUTUIECKUX (DOPMYJT [1JI TPABBIX YacTel He mMe-
€T 3Ha4YeHUA OJId METOda MHTEIPUPOBAHUA.

Ha npuBenentom 3mech puc. 7 m300pazkeHa OIHa U3 TPOEKINit TPaeK-
TOPUU [ABUXKEHUSI ABTOMATUYIECKOH MEKILJIAHeTHOH CTAHINK, 3aIlyIeH-
wvoti B CCCP 4 okrsibpsi 1959 1., ¢ mOMOIIBIO KOTOPOI BIEpBbIe ObLIA
cdororpadbupoBana obparHas cropona JIyHbL.

§ 5. 3aBHCUMOCTD pelleHuH
OT HAaYaJIbHBLIX 3HAYEHUU M MapamMeTpoB

B peasnbHbIX 3a1auax, CBA3aHHBIX C pemieHneM audepeHmaTbHbIX
ypaBHEHUI, HAYAJIbHbIE 3HAYEHUs OOBIYHO M3BECTHBI JIAIIL C HEKOTO-
PBIM MPUDIMKEHUEM, TaK KaK OHU OMPEIeJIIOTCS IKCIEPUMEHTATHLHO
WJTW BBIYUCJISIOTCS, & 9TO HEM30EXKHO CBA3AHO C MOSBJIEHUEM TTIOTPEITHO-
creit. Kpome Toro, B mpaBble 4acTu ypaBHEHUI MOTYT BXOIUTH KaKue-
OO0 MapaMeTpbl, XapakTePU3y FolHe (PU3UIECKYI0 TPUPOILY U3YIAeMOi
cucreMbl (MacChl, 3apAIbl, YIPYIHe XapaKTEPUCTUKU U T.1I.), U 3HAUE-
HUSA JAHHBIX TTAPAMETPOB TAKKE ONPENeIAI0TCs TpubImKeHHo. B cBsasu
C 9TUM BO3HHMKAET BONPOC O TOM, KAK U3MEHsIETCs PellleHne HAYaIbHOM
3312491 py HEOOJIBIINX U3MEHEHUIX HAYAJIbHBIX 3HAYEHWH U mapaMer-
POB U 3aBHUCHUT JIX OHO OT 3TUX BEJIMYUH HEMPEPBIBHO. ITOT BOMPOC MbI
U pacCMOTPHUM B JaHHOM naparpade. 3amerum, 410 aHAJIOTUIHBIR BO-
IPOC MOXKHO TIOCTABUTH U JJIsi HEOTPAHUYIEHHOIO TPOMEXRYTKa (tg, 00),
€CJIN pellleHre Ha HEM OMpPEeIesIeHO. DTOT BOMPOC COCTABJIAET COIEPKA-
HHUEe TaK Ha3bIBAEMOIl Teopuu yCTOWYMBOCTH, KOTOPOIl MOCBAINIEHA CIIe-
uaJibHas r1aBa (IJI. 5).

Bynewm paccmarpuBarh HAUAJIBHY O 33429y /151 HOPMAaJIHLHOM CHCTEMbI
nuddepeHIna bHbIX YPABHEHMIH

d
d_:ltI:f(y7t7"l')7 y=(y17"'7ym)7 f:(f17"'7fm)7 (2'127)
C Ha4aJIbHBIMU yCJIOBUAMU

y(to) =yo, Yo = (Y10,---Ymo)- (2.128)

Bmecs u = (p1, ..., fts) — BEKTOP, OMUCHIBAIOMIUI TAPAMETPBL [U], -..s [,
BXOJAIIKME B IPABYIO 9aCTh CUCTEMBI.
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Hac maTepecyer xapakTep 3aBHCHMOCTH DENICHUs 3TOH 3aJa9u OT
Y105+« > Ym0 W fh1, - - -, flg- SAMETHUM, UTO UCCTICTOBAHUE 3aBUCUMOCTH PE-
MeHnsA OT HAYAJbHBIX 3HAYEHUUA Y19, ..., Ymo MOKHO CBECTH K 3a7a49e
00 W3yYEeHWH 3aBUCHMOCTH OT MAPAMETPOB B MPABOIl 9ACTH CHCTEMBI.
B camom nene, caesaem B (2.127) 3ameny

y=yo+z, t=to+T, (2.129)
1 3aIUIIeM YpaBHEHME IJIsI HOBbIX HEM3BECTHBIX (DYHKIUN 2;:

Z_:: (zaTalJ'ay07t0)>

(2.130)
Lp(z77-7”’7y07t0) = f(yO + ZatO + 7, lJ')

IIpu t = ¢y noBas mepemennass 7 = 0 U HAYAJIbHBIE 3HAYEHUS [JII 2;
Ternepb OKa3bIBAIOTCS (PUKCHPOBAHHBIMU:

z(0) = y(to) — yo = 0. (2.131)
Buauenus y;o u to Bxonar B npasbie yactu (2.130) kak napamerpbl Ha-
POy C TapaMerpamMu [ig, ..., [ls. 3a1a9a CBOIUTCS, TAKUM 00Pa30M,

K HUCCJICNIOBAHUIO 3aBUCHMOCTHU Z; OT NApPaMeTpPOB Yo, to. VMeer me-
CTO U 00OpATHAS PEAYKIIU: U3YYEHUE 3aBUCUMOCTH OT IIapaMeTpa MOXK-
HO PacCMaTPUBATh KAK HEKOTOPBIA YaCTHBIH BUI 3aBUCHMMOCTHU pelie-
HUIl OT HAYAJLHBIX 3HaYeHuii. B camoMm mesie, MOCKOJIbKY HapamMerphbl
M1,y s B (2.127) dbukcupoBaHbl U NPUHUMAIOT, HAIIPUMED, 3HAYECHUS
uro (kK =1,...,s), To k ypaBuenusam (2.127) ¢ HAYAILHBIME yCJIOBUSI-

mu (2.128) MOXKHO 106aBUTH YpaBHEHUS BUIA dg—tk = 0 ¢ HaYaJILHBIMU

ycsoBuamu iy (to) = firo. TODIA MOTYIMM HOBYIO CUCTEMY

d d
d—"ltI = f(y.t,p), d—lj =0, yilto) =vio, Hr(to) = pko- (2.132)

Tenepb BOIPOC 0 3aBUCUMOCTH ¥f; OT [ij;, CBOIUTCS K NCCIIETOBAHIIO 3aBH-
cuMocTH pentenuii 3aga4an (2.132) 0T HAYAJIBHBIX 3HAYEHUH 10, - - -, fs0-
Hwmxke MBI ncciemyeM 3aBUCHMOCTD PENICHUT OT apaMeTpoB, a 3a-
KJTIOYEHNE O 3aBUCHMOCTH OT HAYAJIBHBIX 3HAYEHMI CIe/TaeM, UCXOIs U3
YCTAHOBJIEHHO! 5KBUBAaJICHTHOCTHU.
PaccmoTpum cHaUaIa CKaJIsIPHOE ypaBHEHUE

W=ty b (2.133)

CO CKaJIAPHBIM TIapaMeTpPOM [ 1 d)HKCI/IpOBaHHbIM Ha4YaJIbHBIM 3Ha4e-

HHUueM
y(to) = yo- (2.134)
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IMycrs npasasa yacts f(y,t, u) onpenesiena B napaJsuiesnenunene D =
= {lt —to] < a, [y —yo|l < b |t~ po| < ¢}, nenpeprisEa B D 1O
COBOKYITHOCTH IIeDEMEHHBIX U, KDOMe TOr'0, YIOBJIETBOPsAET B D yC/IOBHUIO
Jlunmuna 1o y:

[f(yr,t, ) — fy2,t, )| < Nlyw — 2], (2.135)

rae N — oflHA U Ta ¥Ke MOCTOSHHAS [IJIs1 BCEX [ U3 OTpe3Ka |u— po| < ¢

Ipu xaxmoM GUKCUPOBAHHOM [ COTJIACHO TEOPEME CyTIeCTBOBAHUS
Ha oTpeske [tg,to + H], tme H = min{a,b/M}, M = supp |f(y,t, 1),
onpenesieHa MHTErpaJibHad KPUBAd, ABJIAOINAACA PEHICHUEeM HavdaJlb-
HOit 3anaun (2.133), (2.134). Mensis p, OJIYIUM B CHILY HE3ABUCUMOCTH
koHcTaHT M u N ot p, 9ro Ha [to, tg + H] onpenesieHo cemeiicTBO nHTE-
IpaJjibHbIX KpUBbIX Yy (¢, 1t).

Bynewm uccienosars 3aBucuMoctsb y(t, 1) or p. Hokaxem cnpasemsiu-
BOCTbH CJIEOYIONIEil TeOpEMBI.

Teopema 2.10. IIycrs f(y,t,u) onpenesiena u HenpepbiBaa B D
u yiosJierBopser yciaoBuio Jlummmuna (2.135) no nepemennomy y. Tor-
aa penterne y(t, p) s3agaqu (2.133), (2.134), onpenesiennoe Ha oTpeske
[to, to + H|, HEpepbIBHO 1O  1IpH JIFOGOM 1 U3 OTpE3Ka | — fo| < c.

HokaszarennbcTBo. Teopema Oymer mokasana, ecam yOeIuMCs,
410 17151 Jiroboro € > 0 cymecrByer () Takoe, 4yro mpu |Ap| < § crpa-
BEIIJTUBO HEPABEHCTBO

ly(t, u+ Ap) —y(t,p)| <e (2.136)

IJIst JTIOOBIX f0 1 i+ Ap u3 orpeska |u — po| < ¢. Boconbsyemcs jiem-
moit 2.1 o nudpdepennmaabHbIX HepaBeHCTBaxX. Meem

Ly(t,p+ Ap) = Fy(t, p+ Ap),t,p+ Ap), y(to, o+ Ap) = yo,
Ly(t,p) = Fy(tp),t.m),  ylto,n) = o.
Boranrasi omHO COOTHOIIEHWE W3 APYrOro, MOJIyYdM [Jisi PA3HOCTU
Ay =y(t, p+ Ap) —y(t, p)
LAy = [fyt,p+ Ap)tp+ Ap) = fy(t ), ¢ p+ Ap)]+
+ [fly(t, )t + Ap) — f(y(t, 1), t, 1)), Aylimi, = 0. (2.137)

B cuny nenpepoisroctu f(y, t, (1) IO COBOKYIHOCTH API'YMEHTOB U B CUJLY
roro, uro |y(t,u) — yo| < b upu |t — to] < H, mia moboro g1 > 0
cymectByer 01 (€1) Takoe, uro ecyu |Ap| < d1, 0

|yt ), b+ Ap) — fy(t, ), t,p)| < e
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pPaBHOMEDPHO OTHOCHTEJBHO t € [to,to + H]. Ilosb3ysce stum dakrom
u ycaoBueM Jlunmuia, Oymem nmersb

‘thy‘ < N|Ay| + &1 (2.138)
IToaTomy cornacuo jiemme 2.1 u dopmysie (2.35) momydum
Ayl < Z (N —1) < F (M - 1) < (2.139)

npu £1 < 02(¢), T.e. npu |p — puo| < 61(82(€)) = 6(e).
Teopema noxazana.

BamedaHus.

1. I3 mpouecca noKa3aTebCTBa HETPYAHO BUIETh, YTO HEPABEHCTBO
(2.136) BbIMOSIHAETCA PABHOMEPHO OTHOCHUTEJBHO ¢ s |t — to| < H,
T.e. dyukuus y(t, ) HempepbIBHA IO {4 PABHOMEPHO OTHOCHTEJIBLHO t;
IPYTUMHI CJIOBaMH, TP JOCTATOYHO MAJIOM W3MEHEHUN apaMeTpa pas-
JIM4Yre IBYX MHTETPAJIbHBIX KPUBBIX 6y,H,eT PaBHOMEPHO MaJIbIM Ha BCEM
HCCTIeyeMoM oTpeske [to, to + H].

2. TTonb3ysch MOKa3aHHO TeopeMoil 1 TeopeMoil anausza*), HeTpyI-
HO TOJIYYUTh YTBEPKIEHUE O HENpPepbIBHOCTH Y(t, (1) IO COBOKYITHOCTH
nepeMeHHbIX t, i npu |t — to| < H, |p — po| < ¢ B camom meste, Henpe-
PBIBHOCTD Y IIO [, PABHOMEPHAA OTHOCUTEJIBHO ¢, TOJIBKO YTO JIOKA3aHA,
a HereprBHOCTb y 1o ¢, paBHOMepHaﬂ OTHOCUTEJIBHO [4, CPA3Y CJIEAyeT

U3 TOTO, 4TO ‘ =|fl <

3. Ecoiu p sBnsierca BeKTOPHOI Besmuuuoii, f(y,t, ) omnpenenena
U HEIpepbIBHA MO COBOKYITHOCTU TIEPEMEHHBIX B

D={t—to| <a, ly—yol <b, |ur—pyl <ci}

*

) Teopewma. Ilycts npu o € A, § € B 3agana ¢yakuusa y(a,) u mycrs
y(a, 3) menmpepsiBEA npm JF0GOoM o € A paBHOMEPHO OTHOCHTENBHO (3 € B m He-
npepbiBHa npu Jiiobom 3 € B paHOMepHO otHOcHTeqbHO o € A. Torma y(a,3)
HeIpEepBIBHA 110 COBOKYIIHOCTH apryMeHTOB «, 3 npu o € A, 3 € B.

HokaszaresnbcTBo. Paccmorpum pasuocts Ay = y(a+ Aa, B+ AB) —y(a, B).
Nnmeem

s sio6oro € > 0 mepBoe ciiaraemMoe cipaBa Mesble € /2 npu |[Aa| < §1(g) u ar060m
B+ AB € B, a Bropoe Menbuie €/2 npu |AS| < d2(¢) u so6oMm a € A, u, TakuM
obpasom, |Ay| < € npu |Aa| < §1(e), |AB] < d2(e).
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u ynosJjierBopsieT B D ycsioBuio Jlummmuia o y ¢ nocrosuuoi IV, He 3a-
BHCHIIEH OT (t, TO JOKA3AHHYIO TEOPEMY MOXKHO IPUMEHUTD, IOIpa3yMe-
Basi NOJ {4 OHY U3 KommoneHnt u. Hepasencrso (2.136) o3nauaer nenpe-
PBIBHOCTB Y II0 9TO} KOMIIOHEHTE, PABHOMEPHYIO OTHOCUTEJIBHO ¢ U IPY-
I'MX KOMIIOHEHT L, & Toraa y(t, () COrJIaCHO 3aMeYaHuIO 2 SBJISETCS He-
IpepBIBHOM DYyHKIMEN 10 COBOKYIIHOCTH apTyMEHTOB b, [i1, - . . , [hs.

OcraHoBUMCs TeNepb Ha UCCJICIOBAHUN 3aBUCUMOCTH PEIIEHUS OT T1a-
pametpa yo. IlycTh 2TOT mapameTp MeHseTcs Ha oTpeske |yo — yo| < A.
[ycts f(y,t) onpenenena u wenpepbisaa B D={|t—to|<a, [y —yJ| < b}.
Torma 3 reomMeTprYecKux COOOPAXKEHU OYEBUIHO, YTO CEMEWCTBO WH-
TerpasbHbIX KPUBLIX ¥(t,yo) CymecTByeT Ha oTpeske [to,to + H], rme
H=min{a, (b—A)/M}, M = supp | f|. Ceenem 3Ty 3a1a4y yKasaHHBIM
BBIIIE CIIOCOOOM K YK€ PACCMOTPEHHOM 3a1a4€ 0 3aBUCMMOCTY PEIIeHUsT
or u (BBOOA 2z = Yy — Yo u nojiaragd yo = p). [losryunm Torma Kak ciiel-
creue Teopemsbl 2.10, uto bynxmms y(t, yo ), onpenenennas na [to, to+ H],
HerpepbIBHA T10 Yo NPU JH06OM Yo U3 TPOMEKYTKA |yo — y9| < A.

TouHO Tak Ke MOXKHO PACCMOTPETh 3aBUCUMOCTb PEIIEHUsI OT Hapa-
MeTpa tg, KOTODbIi MeHsleTcst Ha OTpeske |ty — t8| < 6, ¥ TOJIyYnTh,
aro y(t,ty), onpenenennas ua orpeske [t9,t) + H|, tne H = min{a — 6,
% — &} menpepbiBHa 110 to nipu |tg — t9| < 4.

Ecnu y siBsisieTcst BEKTOPHOI BEJTMYNHON, TO CIIPABEI/INBBI AHAJIOT Y-
HBIE PE3YJIHTATHI, KOTOPBIE MOIYT OBbITH JOKA3AHBI, €CJIU BOCIIOIb30BATH-
cst Toit ke jemmoit 2.1 o mudbepeHnuaabHbIX HepaBeHCTBaX U COObpa-
JKEHUAME, UMEBIIMMHU MECTO IPH JI0KA3aTEIbCTBE TEOPEMbI CYIIECTBO-
BaHUA OJ1d CUCTEMBI ypaBHeHI/Iﬁ.

CunTesupys Bce CKA3aHHOE, MPUXOIUM K CJISAYIOIEMY yTBEPK ICHUIO
st obmiero coydas (2.127), (2.128).

Iycte to,y;0 ABIAIOTCSA MapaMeTrpamu, MEHSIONHMHCS B 00J1aCTH
[to—t3] < 6, |yio —y%| < Ay, a BXomsmuii B cucreMy BexTOp-iapamerp ju
mensgerca B obmacta |py — p| < cg. Ilycrs mpasble wactu cucTeMbr
(2.127) HempepbIBHBI O COBOKYTHOCTH APTYMEHTOB B MTAPAJIIICJICITHIIENe

D={lt—t5l <a, lyi—wiol <bi, |k — il <en} (2.140)
u yaosjerBoparoT B D yciosuro Jlummuia mo yi, ..., Ym-
Torna yuxmuu y;(t, to, Y10, - - - s Ym0s 1, - - - » fbs), OHPEIACJICHHBIE HA
orpeske [t3,t9 + H), rae
. min(b; — A;)
H= mm{a —4; W - 5}, M; = Slll)P|fz'|>

u sABJIsIompecs permenueM sagaqn (2.127), (2.128), menpepbIBHBI 110 CO-
BOKYIHOCTH apr'yMEHTOB IIPU

It — 3] < H, |to—1t3] <6, |yio —y%| < Aiy |k — p] < k.
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CBoiICTBO HEMTPEPBLIBHOCTH 0 MTAPAMETPAM UMEeT CYIIeCTBEHHOE 3HA-
YeHMe JJ1si BO3MOXKHOCTH WUCIIOJIb30BAHUs HadasbHON 3amaum (2.127),
(2.128) B KadecTBE MaTeMaTHYECKON MOIEJM MHOIMX €CTECTBEHHO-Ha-
YUHBIX 3a7a4. [leiicTBUTE/IbHO, KaK yKe OTMEYaJIOCh, Ha, MPAKTUKe Ha-
4JaJibHble JAHHbBIE U TapaMeTPhl, BXOJAIINE B IIpaBble YaCTU YPABHEHUI,
KaK IIPpaBUJIO, 3adaHbl HE TOYHO, a JIMIIb C HEKOTOPBIM HpI/I6JII/I}KeHI/IeM.
OmHako B CHMJIy TEOPEMbI O HEelPEPBIBHOW 3aBUCUMOCTH OT TapaMeTpOB
MaJIOo€ USMEHECHNE HavYaJIbHBIX JAaHHBIX W IIPABbIX vgacreit ypaBHeHI/Iﬁ cu-
CTE€MbI IIPUBOOUT COOTBETCTBEHHO K MAaJIBIM U3MEHEHUAM PEOICHUA. STO
U ONPAaBIBIBAET UCIIOJIb30BAHKE TIOJIyYeHHBIX perenuii 3anaqu (2.127),
(2.128) st MHTEpIPETAIIMU TOTO PEATILHOTO MPOIECCA, MATEMATHIECKOIT
MO/IEJIBIO KOTOPOI'O CJIYKHUT JaHHAs CUCTEMA.

[Tepeiinem x nccenoBaHUO BO3MOXKHOCTH ud depeHInpOBaHus pe-
MIeHuIi 110 ImapaMeTpaM 1 HaYaJIbHbBIM 3HAYECHUAM. Pa,CCMOTpI/IM 9TOT BO-
TIPOC OMATHL-TAKU IJId CKAJIAPHOTO YPAaBHEHUA U CKaJIAPHOTO MapaMeT-
pa p. HomosrHMTENBHO K yCa0BuUAM TeopeMbl 2.10 morpebyem, 4TOOBI
fly,t,u) B obsmactu D obsianasia HENPEPHIBHBIMU YACTHBIMU IPOU3BOI-
upivu fy (y, ¢, p) 1 fu(y,t, p).

Ecnu 661 pemenue y(t, u) 3amaun (2.133), (2.134) obnanaso npowus-
BOJIHOM 110 TapameTpy p, To, noactasus y(t, 1) B (2.133), (2.134) u qud-
depeHIuUpys Moy YeHHbIE TOXKIECTBA MO [1, MbI UMEJIH Obl

L3 = £, ) 5L+ Fuyp) b, (2141)

9
S (t0, 1) = 0. (2.142)

Y6enumcs, 9TO TpU HAJOKEHHBIX Ha f(y,t, ) IHOTOTHUTETHHBIX

YCJIOBUAX g—z IeCTBUTEJIBHO CYIIECTBYET U yIOBJIETBOPAET YPABHEHUIO

(2.141) n wagasmpHOMY ycsoBuio (2.142). s 9TOro paccMOTPUM Ha-
YaJIbHYIO 33124y

L = £, (y(t, 1)t )2 + Fu(y(t, 1), 1 10), (2.143)
z(to, ) =0, (2.144)

IJ1s HOBO# HemsBecTHOH dbyHkumu z(t, 1). Ypasuenne (2.143) smueitno
OTHOCHUTEJIBHO 2z U €10 KO3(MMUIMEHTHI sIBJIAIOTCS HEITPEPbIBHBIMU (DY HK-
uuamu t upu |t — to| < H, roe HenpepoiBHA y(t, p). Ilosromy pemenne
z(t, p) HagaspHOM 3amaun (2.143), (2.144) MoxeT GBITH BBIIUCAHO B 5B-
HOM BHJIe IO hopmy.ie (2.29) u sBJIsieTCs HenpepbIBHON dhyHKIME ¢ pn
|t —to| < H.

Obo3HaIIM

A b+ Ap) — y(t,
2 y(t, 1 A“ZL YOI it Ap). (2.145)
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Y6emumcs, aro lma, o w(t, p, Ap) = z(t,p). Orcioma ciemyer, 91O

[IPON3BOIHAL g—z cymecTByer u paBHa z(t, (), T. €. IefiCTBUTEJIHHO YHO0-

BJIETBODPsET ypaBHeHNo (2.141) n HadasbHOMY ycioBmio (2.142).
Mousbsysich (2.137), npu 0 < 6; < 1, 0 < 62 < 1 umeem

dw _ T p+Ap),t,u+ Ap) — f(y(t,p),t, p+ Ap) N

dt Ap
Fly(t,p)t,p+ Ap) — f(y(t,p),t,p)
+ A =
m
= fy(y(t, ) + 01 Ay, b, p+ Ap)w
QOueBuIHO,
wlt:to =0. (2147)

CocraBuM ypaBHEHHE OTHOCUTETHHO PASHOCTH W — Z. 3aMETUM MPeIBa-
PUTEJIBHO, UTO B CUJIy HENPEPLIBHOCTH fy u f,, 1 HempepbiBHOCTH Y(t, 1t)
UMeeT MECTO NPEICTABJICHHE

Fy(y(t ) + 618y, ¢, n+ Ap) = f (y(t, 1), t, 1) + p(t, p, Ap),

rie |p| < &1 mpu |Ap| < §1(e1) paBHOMEpHO OTHOCHUTENBHO t. VI TOYHO
TaK ke

Fu(y(t )t p+ 6280) = fu(y(t, ), t, 1) + qt, p, Ap),

rie |q| < e1 mpu |Ap| < d2(g1) paBHOMEPHO OTHOCHTEBHO t. Bhranras
(2.143), (2.144) us (2.146), (2.147), mosTyunM Tenepsb CIEAYIONEE YPaB-
HEHHMEe OTHOCUTEJILHO W — Z:

Lw—2) = fy(yt,m), t, 1) (w = 2) +p(w —2) +pz+q,  (2.148)

IpU 3TOM

(w = 2)|t=t, = 0. (2.149)

Tak Kak nepeMeHHas z OrpaHuyeHa, 1o |pz +q| < €2 npu |Ap| < d3(e2).
Kpowme Toro, Tak kax |fy| < @, o |fy + p| < Q + 1. [TosTomy

‘%(w—Z)‘ <(Q+e)|w— 2]+ e (2.150)

" IJ1s ONEHKU W — 2 MOYKHO OIISITh BOCITOJTH30BaThCsT iemMoit 2.1. B pe-
3yJIbTaTe Oy IAM

w—2| < 52 (e<Q+fl>H - 1) <e (2.151)

npu [Ap| < 6(g) ms Beex t € [to, to + H], 9r0o 1 TpebOBaIOCH.
Taxum 06pasoM, JOKa3aHa CJIEAYIOUAA TeOPeMa.
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Teopewma 2.11. IIycre f(y,t, ) onpenesiena u HenpepbIBHA MO CO-
BOKYIHOCTH apryMeHToB B obiactu D = {|t — to] < a, |y — yo| < b,
|t — po| < ¢} Bmecre ¢ wacrabIME nponsBogHbIME fy(y,t, 1) 1 fu(y,t, 1).
Torma pemenne y(t, 1) HavaapHOl 3ama4n (2.133), (2.134) npu xaxgom
[ 13 IPOMEXKYTKA |p— po| < ¢ mMeer Ipou3BORHYIO HO (1, KOTOPAs yI0B-
JierBopser ypasaernio (2.141) u HagasipHOMY ycsioBuio (2.142), nostyda-
embiM gucppeperniupoaruem ypapaernus (2.133) u HagaIbHOrO yCJI0BHSA
(2.134) o p.

VYpasuenue (2.141) 4acro HA3BIBAIOT YPABHEHUEM B BapUALMAX IO
napaMerpy p i ypasHenus (2.133).

Bameuanune. Koabdunuenrs ypasuenus B Bapuanusx (2.141) aB-
JISTIOTCSI HETNPEPBIBHBIMY 110 COBOKYITHOCTU apTyMEHTOB t, [t B CHJIy Tpe-
OoBaHMii, HAJIOXKEHHBIX Ha f, 1 3aMedanus 2 Kk Teopeme 2.10. IToaTomy,
npuMenssa K 3anade (2.141), (2.142) reopemy 2.10, nosiyuum yTBepxKie-

HU€e O HEIPEPBIBHOCTU g_ztl mo t u p.

CoBepIeHHo aHaJIOTTYHBIM 00Pa30M MOXKET OLITh UCCJIEI0BAH BOIIPOC
O CyIIECTBOBAHMY IPOU3BOIHOM O HAYAILHOMY 3HAYEHUIO Yo. B pe3yib-

TaTe MOJIyYUM, YTO ﬁ YIIOBJIETBOPAET YPABHEHUIO B BApUAIUAX

d Oy _ 9y
Dy fy(y(t,yo),t)a—ma (2.152)

nosyuennomy auddepennupoanuem (2.133) mo yo. CBobomublii wien
B 9TOM ypaBHEHUM OTCYTCTBYET, TAK KaK Yo B IpaByio 4acTtb (2.133)

0,
SBHBIM 00pa3oM He BXoauT. HadaJibHble 3HAYEHUS I % OyIyT, Ha-

IPOTUB, OTJINIHBIME OT HYJIsA, & UMeHHO, nuddepennupys (2.134) o yo,
MOJTY 9UM
9y

|, = 1. (2.153)

to
Mozxker ObITh HCCJIEOOBAH BONPOC O AuddepeHIpOBAHNN PelIeHUsT
0
10 HaYaJIbHOMY 3HauYeHuto to. IIpounsBomHas 8Ty VIOBJIETBOPSIET yPaB-
0
HEHUIO B BapualuaX

d Oy _ Jy
noJstygennoMmy nuddepennuposarnem ypashenus (2.133) no tg. Yro-
OBl TIOJTyYUTh HAYAJIbHBIE YCJIOBUsI, 3aMEHUM UCXOTHYIO 3a1ady (2.133),
(2.134) urTErpasbHBIM yPaBHEHHEM

y(t.to) =yo+ [ f(y(r,t0),7)dr.
to
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Huddepenuupys no ty, Oymaem umernb
3} ; Jy
%y(t tO) = _f(y(t7 t0)7 t) + t/ fy (y(T7 t0)7 T) 8_t0 dr.
0
Orciona, oJtaras t = tg, TOJIyIuM

g_g) o~ = —f(y(to, t0), to)- (2.155)

to
Bce ckazaHHOe COXpaHsieT CHITY U AJ1s obmiero ciydas (2.127), (2.128)
npu ycaosun, 9to B obsactu D (cum. (2.140)) f; obsiamaioT HempepbiB-
HBIMHM YaCTHBIMH IPOU3BOIHBIMU TI0 BCEM Y1, ..., Ym W [0 TOMY U3 Ha-
paMeTpoB, 110 KOTOpoMy mpousBoautca nuddepennuposanne. Tak, Ha-
IIPUMED, [IPOU3BOIHBIE 83; YIOBJIETBOPSAIOT CUCTEME YDABHEHHUI B Ba-
pHALUAK

d Oy _ Z ofi Oy, Ofi Oy —0. (2.156)

Oy Opr ~ Opr” O |,_,
=1 =to

Borpoc 0 cymecTBOBaHUN W HEMPEPHIBHOCTH MPOU3BOIHBIX BBICIIAX
MOPSAIKOB UCCJIEAYETCSA aHAJIOrMIHO. MOXKHO MOKa3arh, YTO CyIIECTBO-
BaHWE HENPEPBIBHBIX YACTHBIX TIPOM3BOIHBIX JI0 MOPsiaka k ot dyHKwmit
fi 0O Y1, s Ym, M1, .., s ODECHIEIMBAET CYIIECTBOBAHUE HEMPEPHIB-
HBIX YACTHBIX TPOU3BOMHBIX k-T0 MOPAIKA IO MapaMeTPaM Yio, - - - , Ymo,
U1, ..., bs OT pemenus 3agaqan (2.127), (2.128).

Sameuanue. lImeer mecto

Teopema Ilyankape. Ecan pyHkmun f; sIBJAAIOTCA aHAJTATHIEC-
KuMH (QYHKIHIMH CBOHX apryMEHTOB, TO U pemieHue 3agaqn (2.127),
(2.128) oxaspiBaeTcsa aHAJIHTHIECKH 3aBHCAIIAM OT IaPAMETDOB.

§ 6. MeTon, mocJjie1oBaTeJIbHBIX MMPUOJIMXKEeHUR
(merom, ITukapa)

PaccmarpuBas B § 2 magasipayo 3amady Komum njisi omHOro ypas-
HEHUs, MbI [JOKa3aJI1 CYyIIECTBOBAHUE U €IUHCTBEHHOCTh PEIIEHUs STON
3371291 METOJIOM JIOMaHbBIX Diljiepa, MPeaCcTaBIsomuM coboi 0IHOBpe-
MEeHHO ¥ 9D HEKTUBHBII AJITOPUTM YUCJIEHHOTO perienusi. B HacTosmem
naparpade Mbl BepHEMCs K MpobJieMe CyNIeCTBOBAHUS M €INHCTBEHHO-
CTH DeIleHns] HAJYAJIbHON 3a1a4d W HAIUM ee JI0KA3aTeJbCTBO METO-
IOM TIOCJIETOBATEIbHBIX MPUOJIMKEHUI, OCHOBHbBIE MIIEN KOTOPOIO BOC-
xomaT K uccyaenoBanusm [lukapa. He aBisisich ctosb xe addexkTuBHbIM
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B aJrOPUTMUYECKOM ILJIaHE, KAK METOI JIOMAHBIX Diijepa, MeTo. IOo-

CJIeI0BaTEIbHBIX TPUO/IIEKeHui 00/1a1aeT 00JIBIIONH OOIITHOCTHIO U HAXO-

JIMT MUPOKKE TPUMEHEHUsT IIPU MUCCJIEOBAHNN BOIIPOCOB CyIIECTBOBAHMUS

1 €eAUHCTBEHHOCTH PEHICHUA 3ada9 U3 PA3JINYHBIX Pa3deJIOB MaTeMaTu-

k. [ToaTOMY 3HAKOMCTBO C OCHOBHBIME MIIESME ITOrO METOA HA IIPU-

Mepe paccMaTpuBaeMoil B JaHHOM naparpade 3a1a4u 1es1ecoodpasHo.
Wrak, paccMOTprM HAYAJIBHYIO 33029y

W= fle). y(zo) = vo. (2.157)

rne bysxkmusa f(z,y) 3anaHa U HENPEpbIBHA B IMPAMOYToJibHUKe D =
= {|z — zo| < a, |y — yo| < b}. Torna naiinercsa nocrosnnas M rtakas,
4q9TO

|flz.y)| <M, (z,y)€D. (2.158)
Kpowme rToro, npemmnosioxum, 4to f(z,y) ynosaerBopsier B D ycioButo
Jlummuia o y

|f(xay1) - f(xay2)| < N|y1 - y2|7 (xayl) € D: (xva) €D. (2159)

MbI moKazKeM, 4TO TIPU BBIOJIHEHUN YCJIOBU, HAJIOXKEHHBbIX Ha f(x,Y),
CYMIECTBYET OJIHO U TOJIBKO OIHO permneHue 3aaaqn (2.157). Hame moka-
3aTeJIbCTBO OyIeT OCHOBBIBATHCS HA CBeneHun 3aa4n (2.157) xk skBuBa-
JIEHTHOMY MHTETPAJIHLHOMY YDABHEHUIO

y@) =yo+ [ FEY(E)de (2.160)

U TPUMEHEHUN K TOCJIETHEMY MeTOJa IOCEeI0BATETbHBIX MPUOIMKe-
Huii. YKaszaHHAs 9KBUBAJIEHTHOCTH 3amadu (2.157) unTerpasbHOMY
ypaBHEHMIO ObLiIa yCTaHOBJIEHA BbIle, B § 1 (jiemma 1.1).

[epeiinem Tenepb K MOCTPOEHUIO TIOCTIENOBATEILHBIX TPUOJIKEHNUIA.
B kadectBe Hy1€BOTO pUbOIMKEHNA BO3bMEM ITPOM3BOJIBHY IO HEIIPEPHIB-
HYI0 Ha oTpeske [zo, X| dbyHkimio y(g)(z), rpadux xoropoit Ha [, X],
X = x9 + H, uenukom Jie:kutT B odsractu D, u onpenesimM mocsieioBa-
TeJTbHble TPUOIIKEHIS ¥ () () COOTHONTCHHEM

Yoo (@) =0+ [ F(E Y 1)(€)) de. (2.161)

Kax u B § 2, sHavenne H onpenessercs us yeaosust H=min{a, b/M}.
Jlerxo nokasarh, 9TO IPU BHIOPAHHOM HAYAJILHOM TPUOJIMKeHnn rpadu-
ki GyHKImi Y, () Ha oTpeske [rg, X] Takxe mesmKoM Jiexar B 00J1a-
ctu D. JleiictBuTesibHO,

Y@ = o+ [ F(Eve)(©)ds (2.162)
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Tak Kak rpaduk y()(r) aexut B obnactu D, T0 B cumy omenkn (2.158)
HOJTY YUM

[Y(1) — Yol < M(z —z0) < MH < b. (2.163)
Orciona cienyer, uro rpadux dbyskmmn yp)(r) Ha orpeske [z, X]
ue BbixomuT u3 obstactu D. IloBropsisi mpoBemeHHbIE BBIIE PACCYKIE-
HUsI, METOJOM MaTeMaTHYECKO MHIyKINU yCTAHOBUM CIIPABEIJIUBOCTD
BBICKQ3aHHOTO YTBEPXKIEHUs JJIs1 JTFOOOTO TPUOJIMKEHN.

Jlemma 24. Ecam venpepwiBHas B obaactu D ¢yuakmmus f(x,y)
yaosjersopsier yciaosuio (2.159), To nocrpoernas mo ¢gopmyste (2.161)
OCIEN0BATEILHOCTD {Y () ()} cxXommrcst paBHOMEpHO Ha [To, X].

HoxkazareabcTBO. Paccmorpum psin

S(x) = yo) (@) + [y (@) —y0) (@)] + [Y(n) (@) = Y1) (@)] + ... (2.164)

OueBniHO, N-1 YacTUYHAA CyMMa Sy (Z) pALa COBIALAELT C N-M YJIEHOM
TOCIeIOBATETLHOCTH {Y(n) (%) }. Otennm wensr pana. OgeBmmHo,

Y1) () — Yoy ()| < |3/(1 () — yol| + |y(o) () — Yol <20

|y(2)() Z/(l /|f fa 1) ))—f(fay(o)(f)ﬂdf-
Torna, B cuity ycsobus (2. 159) HUMeeT MECTO OLEHKA
1Y2)(z) —y)(@)| <N / Y1) (&) = y(0)(€)] d€ < 2bN (z — x0). (2.165)
Awnanornyno

T
y(3) (@) =y (@) <N [ |ye)(€) =y (©)] d€ <
o
T _ 2
<2N? [ (- z0) de = N> EZ L
o
MeTonoM MHAYKIMH TIOJIY9UM [JIst 7-TO YJIeHa OLUEHKY
iy () — ey ()] < 26N EZZO (2.166)
N3 onenkn (2.166) ciemyer, 9To Ha OTpeske [Tg, X| 4ieHbl GYHKINO-
HAJIBHOTO PAIA MAXKOPUPYIOTCS YJIEHAMH CXOAAIIEr0CsA IUCI0BOIO PAIA

n—1
Y () = Y(n1) ()] < 26N"~ 1(H L (2.167)

YTO M ABJIACTCA OOCTATOYHBIM IIPU3HAKOM paBHOMepHOﬁ CXOOUMOCTH
pana (2.164). Jlemma noxasasa.

llokazaHHas JleMMa IO3BOJIAET JOKA3aTh CJIEAYIOILYI0 TEOPEMY.
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Teopema 2.12 (cymecrBoBauus). Ecau ¢yaknusa f(x,y) nenpe-
poiBHA B D u ynosaersopser ycaosuio Jlunmuua (2.159), o Ha orpeske
[0, X] cymecTByer pemenne HagapHOH 3a0a4m (2.157).

HoxazaTenbcTBO. B cuty slemmbl 1.1 10CTaTOYHO JI0KAa3aTh CY-
MIECTBOBAHNE HA OTpe3Ke [z, X | pelleHnss MHTEerpaJibHOrO yPaBHEHUS
(2.160). CorstacHo siemme 2.4 noc/IeI0BATEILHOCTD {Y(5)(2) }, mOCTpOEH-
Hasa 1o dopmysie (2.161), cxomurcs paBHOMEpHO Ha [Tg, X]. Tax xax
BCe 9JIeHbI MOCTIeNOBATETbHOCTH {Y(n)(7)} MO MOCTPOEHMIO ABJIATOTCA
HeNnpepbIBHBIMU (DYHKIMAME, TO U NpeaesibHas QyHKuusa y(x) Hempe-
pBIBHA Ha [Tg, X |. PaBHOMepHas Ha [To, X | CXOOMMOCTH MOCTIEI0BATE b
HOCTH {y(n)} ABJIACTCA JOCTATOYHBIM YCJIOBUEM BO3MOXKHOCTHU IIPpEIe/Ib-
Horo nepexona B dbopmyJie (2.161). Ilepexons x npemesy npu n — 00,
TOJTy MM, 9ITO TIpesiesTbHast (DYHKIHA TOCTeN0BATeTbHOCTH {Y(n) (2) }

y(e) = lim y, () (2.168)

yIIOBJIETBOPsIET MHTErpaJibHOMy ypaBHeHuio (2.160), skBuBasIeHTHOMY
ucxonnoit 3amade (2.157). Teopema mokaszana.

Ilepeiinem K pacCMOTPEHHMIO BOIIPOCA, €IUHCTBEHHOCTH PEIIeHNA.

Teopema 2.13  (emuncrBenHocTH). HHTErpajpHOE ypaBHEHHE
(2.160) umeer He 6oJ1e€ OMHOIO HENMPEPBIBHOTO HA [xo, X | penieHus.

HoxkaszaresnbcrBo. Ilpennosoxnm, uro ypasuenue (2.160) nme-
er Ha [Tg, X| OBa pasyimuHbIX pemreHns yi(z) u y2(z), u cocraBuM nx
PasHOCTD

z(z) = y1(x) — y2(2). (2.169)
OueBuHoO,

T

2(z) = [{f(&u(8) - F(&y2(8))} dE, = € [zo, X]. (2.170)

Zo

Bynem cmagana paccmarpusarh (2.170) Ha orpeske [zg, 2], 3HAUE-
HHe T1 BhIOEpEeM B HAJIbHERIeM.
BocnosibzoBasumics yesosueM Jlnnmmna, (2.159), mostyanm

|2(2)] < N(z —x0) sup |y1(§) —y2(8)] <

Z0o,T1

< N(z1 —x0) sup |2(§)|, = € [mo,x1].
[2o,21] (2.171)

Orcrona
sup |z(z)| < N(z1 — o) sup |z(z)|. (2.172)

[z0,21] [zo0,21]
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Bribepem renepsb z1 tak, 4robbt N (1 —x0) < 1. Torma (2.172) Bo3moxkHO
JINIOb IpU yCJIOBUU, 9TO

sup |z(z)] =0, mTe. z(z) =0 npu z € [xg, 1],

[z0,21]

n (2.170) MOXHO 3amucarh B BHIE

T

Z(.'I?) = / {f(é.ayl(f)) f,yQ }d€7 T e [xlaX]' (2173)

z1

IloBTOpsisi TPOBEIEHHBIE PACCYXKIEHUsT HEOOXOIMMOE YUCJIO pas, yoe-
knaemcs, 910 z(x) = 0 npu x € [zg, X|, 9TO U TOKA3BIBAET TEOPEMY.

C,IIGJIaeM HECKOJTbKO 3aMeYaHUil K JOKA3aHHBIM TEeOpEMaM.

SaMedaHus.

1. Mb1 nokazaJjim TeopeMy CyIeCTBOBAHUSA, TIOKA3aB, UTO IPHU JIIOOOM
HYJIEBOM TPUOIMKEHUU Yo (), TPEACTABJIAIOIMEM COOOM HEMPEPHIBHYIO
Ha [29, X] dyHKIMIO, rpaduk KoTopoil HE BhIXOAUT U3 obsactu D, mo-
CJIENIOBATETLHOCTD {Y (1) } CXOAMTCH K PEIIeHnIo NCXOIHOM 3a1aum. B xa-
YecTBe HyJIeBOTrO MPUO/IKeHNs Y (o) () B paze cilydaes yno6HO ObiBaer
BBIOpATh HaYA/IBHOE 3HAUEHHE Yo, TOJIOKMB Y(0)(T) = Yo.

2. Meron nocsiemoBaTeIbHBIX MPUOJIMKEHUT MOXKeT ObITh UCIIOJTH30-
BaH HE TOJILKO [IJ1sI [IOKA3ATEIHCTBA CYIECTBOBAHUSI, HO U JJIs1 HOCTPOEe-
HUsI peleHns KOHKPeTHRIX 3a1a4. [Ipu aTom addexTuBHOCTD ero mpume-
HEeHUsl ONpeesisieTCs Kak KiaaccoM yHkumii f(z,y), 118 KOTOPBIX pas-
paboranbl 3¢ HeKTUBHBIE aJITOPUTMbI BBIYUC/IEHUS MIPABOi YacTu (op-
myJibl (2.161), Tak u BEIGOPOM HAYAJILHOIO IPUOIIMIKEHUSI.

3. MBI paccMoTpesin mpuMeHEHHEe MeTOIa IOCJIeIOBATEbHBIX IIPU-
OsmrKeHuit 118 NOKa3aTeIbCTBA CYIIECTBOBAHNSA U €IMHCTBEHHOCTHU Pe-
IIeHUA HAYaJIbHOI 33/1a4u 1718 OJHOTO CKAJIAPHOTO YPABHEHU:A II€PBOTO
nopsAIKa. AHAJIOIMYHbBIE PACCMOTPEHUS MOTYT OBITH TPOBEIEHBI U B CJIy-
qae HAYaJIbHOU 3303491 JIJ1s1 HOPMAJIBHOI CHCTEMBI.

§ 7. IIpUHIMI CXXUMAIOIMIAX OTOOpaKeHUM.
Teopema 0 HEIOIBUXKHOH TOUYKe

PaccmoTpennbiii B mpenpiaymeM maparpade MeTom MOC/IeI0BATE b
HBIX IPUOJIMKEHNIT OCHOBBIBAETCA HA OOIIEM MATEeMATHYECKOM IPUHIIN-
e, U3BECTHOM IIOJ] HA3BAHUEM <«IIPUHIUI CKUMAIOMUX OTOOpaKEHUIT»,
OCHOBHBIE UJIer KOTOPOro OYAyT W3JI0KEHBbI B HACTOSAIEM naparpade.
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Bynem paccmarpuBaTh TPOM3BOJIBLHOE TIOJTHOE METPUIECKOE MPOCT-
pauctBo M. IIpoctpancTBo M HA3BIBAETCS MEMPUHECKUM, €CTTA KAXK IO
nape X, Y 3J1leMeHTOB 3TOr0 MPOCTPAHCTBA MOCTABJIEHO B COOTBETCTBHE
qucsio p (z,y), obaamgaionee CaeayOIUMU CBORCTBAMME:

1) p(z,y) = 0, npuyem p (z,y) = 0 TOJIBKO 1pU T = Y;

2) p(z,y) =p(y,2);

3) mast J0bbIX T,Y, 2 € M uMeeT MECTO HEpABEHCTBO TPEYTOJIbHUKA

p(z,y) <ple,2)+p(zy)
Yucsio p (,y) 0ObIYHO HABBIBAETCS PACCTOSHUEM MEXKIY JIEMEHTAMU T
uy.

IMocnenoBarebHOCTD {X;, } 9J1€MEHTOB MpoCTpaHcTBa M HA3BIBAET-
csa dyHmaMeHTasbHOM, ecoin muis sroboro € > 0 cymecrByer N(g) Ta-
Koe, uto npu m > N(e) u mwbom p > 0 copaBemiMBO HEPABEHCTBO
P (Tm,Tm4p) < €. Merpuueckoe IPOCTPAHCTBO HABLIBACTCI NOAHLLM,
ecsn BCAKAA (DYHIAMEHTATIBHAS MOCJIEIOBATEBHOCTD { Ty, } 9JIEMEHTOB
DTOr0 MPOCTPAHCTBA CXOOUTCA K HEKOTOPOMY 3JIeMeHTy T € M, T.e.
cymectByer £ € M takoe, uro lim,, o p (¢, ;) = 0 (0bo3Hauaercs
= limy,— 00 T )-

ITpuMepoM IIOJTHOTO METPUYECKOrO MPOCTPAHCTBA SIBJISIETCST IIPOCT-
PaHCTBO HENIPEPBIBHBIX HA cerMenTe & € [a, b] dbyukuuii y(z), B KoToOpom
paccrosinue p (y, z) Mexay ajaementamu y(x) u z(r) 3amaercs B Buie

p(y,z) =sup |y(z) — z(z)]. (2.174)
[a,b
Bernosaenne cgoticts 1) u 2) ogeBunHo. IIpoBepum, 9T0 BBIIOTIHEHO 3).
Iz moboro ¢ € [a, b] umeem

ly(z) — 2(2)] < |y(2) — w(@)| + |u(z) - 2(z)] <

sup [y(z) —u(@)[+ sup |u(z) — z(z)].
z€[a,b] z€[a,b]

NN

Ho rak kak, B CHJly HENIPEPBIBHOCTH, SUP,¢|q. 4] ly(z) — z(z)| mocTuraercs
[p¥ HEKOTOpOM Z* € [a, b], TO
sup |y(z) — z(z)| = |y(z7) — 2(z7)|
z€[a,b]
U HO3TOMY

sup |y(z) —2(z)| < sup |y(z) —u(@)[+ sup [u(z)— 2(z)|.
z€[a,b] z€[a,b] z€[a,b]

[Mpuanyn cxxuMaOUIX 0TOOPAKEHUN SABJISETCS MOIIHBIM METOIOM
MCCJIEIOBAHUs TPOOJIEM CYIIECTBOBAHUSA W EIUHCTBEHHOCTU PEIIeHUsT
GYHKIIMOHAIBHBIX YPABHEHWH B METPUIECKUX ITPOCTPAHCTBAX.
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Ilycrs B mostHOM MeTpudeckoM mpoctpanctse M 3aman oneparop A,
0061 TA0IIHI CITEIYIOIMUME CBORCTBAMMU:

a) oneparop A orobpaxkaer mpocTpancTBo M B cebsi, T. €. TIepEeBOIUT
TOYKM MpOCTpaHcTBa M B TOYKHU TOTO Ke MPOCTPAHCTBA:

Az =y (z,y € M); (2.175)

6) oneparop A cOmzKaer seMeHTbl IpocTpaucTBa M, T.e. nJis Jio-
60if mapseI 1, Lo DJIEMEHTOB IPOCTPAHCTBA M mMeeT MeCTO HepaBEHCTBO

p(Azxq, Axs) < ap (z1,22), (2.176)

roe a < 1.
Hmeer mecTo

Teopewma 2.14 (npurumn cxuMarmux orobpaxenwuit). Ecsu B moJi-
HOM MeTpHYecKOM mpoctparncTBe M 3aman omeparop A, yaoBjeTBopsi-
romuii ycsioBusim a) u 6), T0 PYHKIHOHAJIBHOE YPABHEHHE

Az == (2.177)
B npocTpaHcTBe M HMeeT eIMHCTBEeHHOe pelleHHe.

HokazatenbcTBO. Boibepem mpoW3BOJIbHBIN 2JieMEeHT xg € M
U TIOCTPOUM TIOCIIENOBATEJILHOCTD { Xy, }:

Ty = ATp_1. (2.178)

JoxkaxeM, 9T0 Tak MOCTPOEHHAs MOCJIEIOBATEBHOCTD {Zy} fABJISAETCA
dyunamenranbuoii. lefictBurensho,

P (Tnt1,2n) = p(Axp, Azp_1) < ap (Tn,Tn-1) =
=ap(Axp_1,Ax,_2) <--- < a"p(x1,20). (2.179)

[Tosb3ysick 310l OIEHKO U HEPABEHCTBOM TPEYTOJIbHUKA, MTOJTY IUM

14 (xn—i-ma xn)

< p(xn—i-maxn—i-m—l) + p($n+m—17xn+m—2) +---+p (:L'n—l-l:xn) <
<ap(z,mo) (@™ -4 1) =

=anlzar <12 2.180
=« 1—a p(xlaxO)\l_ap(xlaxO)a ( . )

9TO NpH yCJIoBUU ¢ < 1 U OKa3bIBaeT yTBEPKICHUE O (DYHIAMEHTA b
HOCTH IOCJIEIOBATEIBHOCTH {Zy}. B cuiy mosHOTHI mpocrpanctsa M
OTCIONA CJIELYeT CXOOUMOCTD IOCTIEIOBATEILHOCTH { Xy, }, T. €. CYIIECTBY-

et © € M Ttakoit, 9T0
z = lim z,. (2.181)

n—oo
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Paccmorpum Teneph asemenT y = Ax u mokaxkeMm, 9TO OH COBIAIAET
¢ ssieMenToM x. eiicTBUTEIIBHO,

p(x,y) < p(@,2ng1) + p(Tni1,Y), (2.182)

[Oe Zp41 — MPOM3BOJIBHBINR DJIEMEHT MOCENOBATEBHOCTH {Zy }. Ome-
HUM IOCJIEIHEE CJIAraeMoe:

B cuty moxasaHHOMR BbIIlle CXOQUMOCTH HOCJIENOBATEIBHOCTH { Ty } AJIA
goboro € > 0 moxHO ykKaszarb Takoe N, uro mjst Bcex n > N
p(zn,x) < e/2.

Torna us (2.182) caenyer, aro

p(z,y) <e, (2.184)

OTKyJa B CUJIy IIPOU3BOJIBHOCTH € nosydaeM p (z,y) = 0, n.e. © = y,

CJIeI0BATEJIbHO, pemenue ypasuenus (2.177) cymecryer.
IlokaszarebCTBO €IMHCTBEHHOCTH pelneHusi ypasuenus (2.177) mpo-

BeZleM OT MPOTUBHOrO. IlycTh 2 U & — JaBa PA3JINIHBIX PElIeHUs ITOTO

YDABHEHUS:
Ar ==z, AT =1. (2.185)

Paccmorpum
p(z,T) = p(Az, AT) < ap (z, 7). (2.186)

Ho mpu a < 1 #epabenctso (2.186) BosMoxHO numib 1ipu p (z,E) = 0,
T.e. mpu & = &. Utak, Teopema I0Ka3aHa MOJHOCTHIO.

IokazanHas TeopemMa UMeeT IPOCTYI0 TeOMETPUIECKYI0 HMHTEPIpeTa-
IIUIO. ECJTI/I paCcCMaTpUBATDb 3JIEMEHTHI METPUYIECKOr'O IIPOCTPaHCTBA KaK
TOYKM HEKOTOPOTO MHOXKECTBA, TO CKUMAIOMEEe CBOHCTBO 6) Omeparo-
pa A osmauaer, 4yro paccrosuue p (yi,y2) Mexay obpasamu y; = Azq,
ys = ATy TOYEK T1 U To MEHbIIE PACCTOIHUA P (Z1,%2) MEKILY HCXOM-
HBIMU TOYKAMU L1 M T2. [109TOMY, KOTIa CTPOUM IMOCJIEIOBATEILHOCTD
{zy} mo dbopwmye (2.178), paccTosHNA MEXK LY COCEIHUMU TOUKAMHU TIPH
BO3paCTaHUU HOMEPA, 1 HEOIPAHUYICHHO yMEHBIIAIOTCA U B IPEIEJIe MbI
MOJTy9aeM HEMOJIBUKHY IO TOUKY T, KOTOPAs OMeparopoM A mepeBoauTcst
cama B cebs, Ax = x.

[Tpumerum TeOpeMy O HEMOOBUKHON TOYKE I TOKA3ATESIHCTBA CY-
IIECTBOBAHNUSA U €IMHCTBEHHOCTH PellleHns HA4YaJIbHOI 33a7a4n

W= fa.y). o) = v, (2.187)
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KOTOpasi, KAaK Mbl YCTAHOBUJIM B IPEIBIAYIIEeM maparpade, SKBUBAJIEHT-
Ha MHTErpaJIbHOMY yPABHEHUIO

y@) =yo+ [ FEu(E)de. (2.188)
Paccmorpum onmeparop '

T
Ay=yo+ [ F(&y(&)d¢ (2.189)

o
B IOJTHOM METPHYECKOM MPOCTPAHCTBe M HENpEpBhIBHBIX HA OTPE3Ke
[0, X] dyuxnuit y(z). IokaxkeM, 410 oneparop A yIOBIETBOPET yCJIO-
BusAM a) u 6). B npempiaymem nmaparpade ObLIIO MOKA3aHO, 9TO €CJIn
dyukuua f(z,y) HenpepbiBHa B npamoyrosibHuke D = {|z — zo| < a,
|y — yo| < b} u ynosnersopsier B D yciosuto Jlummuna mno y, To npuMe-
HeHme oneparopa A K HenpepwBHOI Ha [Tg, X| dbynknmn y(x), rpadux
KOTOPOii He BeIXoauT u3 D, maeT Takxke HenpepbiBHY GyHKmo Ay(x),
rpaduk koropoi we Berxomut w3 D. Tem cambim omeparop A ynosiie-
TBOpseT ycsaoBuio a). OCTaeTcsa MpOBEPUTh CKUMAOIIEE CBOICTBO Ore-

paropa A. Huis aT0r0 paccMoTpum

p(Ay, Ay = swp | [ F(Ewi(©)de— f J(E.2(6)) de| <

ZG[ZO’X] xo

< Jup oy / |£(&1(8) = f(&92(8))| d€. (2.190)
z€[To,

Bocnosb3oBasiuics yciioBuem .Hnnmnua s dyakuun f(x,y), nosy-
YUM

p(Ay1, Ay2) <N sup /|y1(£ —y2()]d€ <

z€[z0,X
< Nlz — ol Sup lyi(z) —y2(2)| < NHp (y1,92). (2.191)
z€[z0,X
Boibepem temeps H Takum, 9T00BI yI0OBJIETBOPSIIOCH yCIJIOBHE
NH =a< 1. (2.192)

Torna omeparop A Gymer CKUMAIONUM U B CUJTy TeopeMmbl 2.14 MBI MO-
JKEM YTBEPKIATh CYIIECTBOBAHUE U €IUHCTBEHHOCTDH PEIICHUS HAYAJIb-
HOII 3amaqm (2.187) ma orpeske [rg, X]. PacnpocTpanenne pemenuns na
GOJIBIIKI OTPE30K MPOU3BOAUTCA PACCMOTPEHHBIMHU BBIIIE METOIAMHE.

Samevanune. [Ipunnun cxumaommx orodbpaxKennit ObLT TPUMEHEH
IIJIsl TOKA3aTeJIbCTBA CYIIECTBOBAHNUS U €IMHCTBEHHOCTU PEIIeHUs Ha-
JasibHOM 3anaun (2.187) mya omHoro ckasjspHoro ypasuenns. C momo-
MIBIO MPUHITUIA, CXKUMAIOMINX OTOOPAKEHWI JIEFKO [0KA3aTh AHAJIOTHY-
HYIO T€OPEMY U B CJIydae HOPMAJIbHON CUCTEMBI.



I''TABA 3
JINMHEMHBLIE [INOPEPEHIINAJIBHBIE YPABHEHU S

¢ 1. YpaBHeHUMe OBMXEHUS MasTHUKA
KaK MpuMep JUHEWHOro ypaBHEHUS.
OcHoOBHBIE CBOUCTBa JIMHEWHOTO ypaBHEHUS
C MOCTOSHHBIMHU K03(dPUuImeHTaMmu

Jlunetinom duddepenyuarvhoim ypasreruem n-20 nopsdka Ha3HIBA-
eTcsl ypaBHEHUE BUIA

ao(x)y(") +ap (a:)y(n_l) + -t an(x)y = f(z). (3.1)

910 ypaBHeHHe 00JIAJAET PAIOM 3aMeYaTesIbHbIX CBOHCTB, 00serdaro-
IUX ero UCCJIeNOBAHUE, a B Psfe CIy4aeB U peureHue. VI3yuenne stux
CBOMCTB U COCTaBJISET CONEPKAHNE HACTOAIIEH IJIaBbl.
B npuioxkenusix JsmHeiiHbIE ypPABHEHUS €CTECTBEHHO IMOJIYYAIOTCSI,
ecJsin TipeHebpedp dsieHaMu 6oJiee BBICOKOTrO mopsaaka (cm. § 2 rr. 1).
OBHaKOMHMCH C OCHOBHBIMHU CBOMCTBaMH JIMHEITHOTO YpaBHEHUs Ha
npumepe ypaBHeHusi MaaTHUKa (cM. m. 2 § 2 . 1)

y'+ay +ky=f(t), a>0, k>0, (3.2)

KOTOpO€ fABJIAECTCA JIMHEITHBIM YpaBHEHUEM BTOPOTrO MOpPAOKa C IMOCTO-
SHHBIMEU KO3 DUIMEHTAMI.

Paccmorpum cragasia ciryqait f = 0. B aTom ciydae ypaBHeHne Ha3bI-
BaeTCst 00H0Podrbim. PU3MIeCcKN 3TO 03HAYALT, YTO MAATHUK IBUKETCS
cBODOJIHO, HA HEro He JIEHCTBYIOT BHENTHNE (BBIHYKIAIONIME) CUJIBI,

y' +ay +ky=0. (3.3)

ByneMm HCKaTh pemreHme 3TOro ypaBHEeHHA B Buue y = e, rme A — He-
KOTOpas HEU3BECTHAA 3apaHee MOCTOAHHAsA. IIomcTaBiidsa peleHne mc-
komoro Buza B (3.3) u cokpamas Ha e, mosryunm

N tral+k=0. (3.4)

9TO ypaBHEHHME HA3BIBACTCS TAPAKMEPUCTNUNECKUM YPasHeHuem Tud-
depennmasibaoro ypasuenus (3.3). EMy no/mKHO yaoBIeTBOPATH A 1ist
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Toro, 410661 eM 6b110 pemennem (3.3). Pemas ypasuenue (3.4), mosry-
UM
Ao = —a+Va? — 4k
e T 2 N

Wccrenyem pasubie ciydan.

a) a® — 4k > 0. ®u3M4ecKn 3T0 COOTBETCTBYET JOCTATOYHO CHILHOMY
Tpenuio (conmpoTuBseHnto) cpenbl. O6a KOpHA A1 U Ao B 9TOM CJIydae
IeACTBUTEIIbHBI, PA3JIMYHBI U OTPUIATEJHbHBI, I UM OTBEYAIOT JABA pe-
menns y() = eMt myo) = et

PaccmoTrpum HavabHYO 33129y

y(0) =50, ¥'(0) =1 (3.5)

s nobeix aByx n pas muddepennupyembix dbyurumit y1 (), y2(x)
cnpasenuBo Toxk1ecTBO (C1 u Co — KOHCTAHTHI)

(Clyl (:L') + CQyQ(:I,'))(n) = Cly§") + CQyén) (36)

OCHOBBIBasICh Ha 9TOM TOXKJIECTBE, HETPYIHO yOEOUTHCsI, YTO BbIpazKe-
Hue

Yy = C’ly(l) + CQy(Q) = CreMt + CQeAQt, (3.7)
rae C1 u Cy — npousBoJIbHBIE IIOCTOSAHHBIE (JTMHEiHAS KOMOUHAIMS Y1)
T Y(2)), ABJIACTCSA PEMIeHNeM ypaBHeHuA (3.3). DTH TOCTOAHHbIE MOXKHO
OJTHO3HAYHO ONPEIEJIUTh U3 HAYAJIbHBIX ycsoBuii (3.5). HeficrBuresbHo,
noncrasias (3.7) B (3.5), nmeem

y8=01+02, y?=01)\1+02/\2.

B cuny Ay # Ay omnpenmesuresib 3TOR JiMHEHHON ajrebpandeckoit cu-
crembl orHocuTeibHO C u Cy oryimdeH oT HyJis. [losrydeHHoe Takum
006pasoM peleHne HAaYaIbHON 3a1a49u

_ )\2y8 - y? At

Ayd — o) ot
Y= /\2 — /\1 € + e

AL — A2 ’

(3.8)

HE OCHUJLIMPYs, NPUOJIMKAETCA C POCTOM K TIOJIOKEHUI0 PABHOBECUS
y=0.

Tax kak J1r000€ Halepe 3aJaHHOe pelieHne ypasuenus (3.3) yaosJie-
TBOPSIET HEKOTOPOMY HAYAIBLHOMY yCJI0BHIO (3.5), & 110 33JaHHOMY Ha-
YaJIbHOMY yCJi0BuIO (3.5) onHO3HAYHO onpenesisercs pemenue (3.8), o
MOXKHO CKa3aTh, 9410 B hopmyuie (3.7) comepxKurcs a000e pereHue ypas-
uenus (3.3). C mpyrofi cTOpOHBI, IPU JIOOBIX 3HAYEHUAX MOCTOSHHBIX
dopmyaa (3.7) naer Hekoropoe pemienue ypasuenus (3.3). Takum obpa-
30M, opmysia (3.7) comepxkuT BCe perenns ypasHeHus (3.3) u TOJIBKO
pelenus 3Toro ypasaenus. @opmMyJty, 061810y 0 TAKUM CBOWCTBOM,
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Mbl OyneM HasbiBaTh obuwum pewenuem. PDopmyna (3.7) npedecmasasem
coboti obwee pewenue ypasrenus (3.3).

6) a® — 4k < 0. PU3MYECKT 5TO COOTBETCTBYET JOCTATOYHO CJIAa00MY
TPeHUIO (CONPOTHUBJIEHUIO) Cpelbl. B aToM ciaydae Ay u Ay ABJIAIOTCA
KOMILJIEKCHO CONPSZKEHHBIMH: Ag = A} H

Yy = Mt = e—at/2( B B

cos 5t +isin ft), Ye) = yZ‘l),

rae 8 = V4k — a2.
Honwsysack Toxnectsom (3.6), nerpyano Bunetsb, uto y1 = Rey(y,

y2 = Imy(y) Takxe ABIAOTCA pemenuamMu ypapHenusa (3.3). [eficteu-
TEJILHO,

(1 +iy2)" + a(yr +iy2) + k(yr +iys) =
= (yi +ay) +ky1) +i(yy + ayy + ky2) =0,

OTKY[a, IPUPABHUBAs HYJIIO OTIEJIHHO BEIIECTBEHHYIO 1 MHUMYIO YaCTH,
nostyanM Tpebyemoe. Bozbmem snHeliHy10 KOMOMHAILIMIO Y1 U Ya:

y = Chyy + Coyo = Cre /2 cos gt + Coe™ /2 gin gt. (3.9)

Herpynuo y6enurbesi, uro, kak u npexie, C1 u Cy OJHO3HAYHO OIpe-
nessorcs ycaosuamu (3.5) u, Takum obpasom, (3.9) aBigerca obumm
pemienuem ypasrenus (3.3). 3aMeTuM, 94TO B pACCMATPUBAEMOM CJLydae
B KauecTBe OOIIEro PeIeHnst MOKHO MO-NPeKHeMY B3aThb (3.7), HO mpu
srom ocTossaubIe C, Cy GYIyT KOMILIEKCHBIMH.

Pemenve 3anaun (3.5):

y =ySe % cos gt + %(y? + %yg)e_"‘t/2 sin gt (3.10)
OMICHIBaeT KoJiebareabHblii mponecc. Koebanus 3aTyxamT M0 3aKOHY
exp[—at/2]. C poctom ¢ 3TO pemeHne TaKKe CTPEMHUTCA K MOJIOKEHUIO
paBrOBecusn y = 0.

Ecsiu a = 0 (conpoTub/ienue oTCyTCTBYeT), TO T0JIydaeM Mephojiu-
qeckne Kos1e6aHus ¢ 9acToToit wy = V',

y = yJ coswot + wl—Oy? sin wyt. (3.11)

B) a? — 4k = 0. B aT0OM ciiydae omucaHHbIH Crocob IaeT TOJbKO
OITHO DEINICHUE Y (1) = e toe A = —a/2. Herpyamo, omHako, HEmocpe-
CTBEHHO TIPOBEPUTH, YTO B TOM CJIydae pelleHHeM SIBJISeTCS TaKKe
Yi) = tert. Bepst mHeiiny0 KOMOMHAIINIO 9TUX IBYX PEIIeHUil, MOXK-
HO yJIOBJIETBOPUTH ycsoBusiM (3.5). Tlpaktuuecku A\ u Ay He GbIBAIOT
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B TOYHOCTHU PABHBI, HO TAKOE PEIIEHNE OMUCHIBAET MATEMATHIECKYIO a0-
CTPAKIINIO, COOTBETCTBYIOMIYIO CJIyYIat0 OJTU3KUX A1 U As.

PaccmoTrpum Terepb BbIHYXKIEHHBIE KOJIeOaHUsI TOM, IeficTBUeM Ie-
puoautueckoil BbiHyKHaomeh cuiibl. OHM ONMUCHIBAIOTCS ypPAaBHEHUEM
(3.2), rme f = Acoswt (A,w = const). ComocTaBum 3TOMY yPaBHEHUIO
cJjenymlee ypaBHEHNE C KOMILJIEKCHOM Hen3BeCcTHOU (byHKIuel 2:

2" a2 +kz = At (3.12)

[MoncraBssas B 3T0 ypaBHeHUE z = ¥ + iy W TPUPABHUBAS OTIEJb-
HO JefCTBUTE/IbHBIE U MHUMBIE YACTH, [IOJTyIUM, 9TO §J1 YIOBJETBOPIET
ypasueruto (3.2), B koropoMm f = Acoswt, a y» — ypasuenuwo (3.2),
B koTopoM f = Asinwt. Takum obpasom, i MOJIy4YeHHsT TPedyeMo-
ro pelneHnsi ypaBHenus (3.2) HYKHO HaliTu pemienue ypasHenus (3.12)
U B3ATb €ro IefiCTBUTEIbHYIO 9aCTh.

Pemenne ypasuernus (3.12) ecrecTBEHHO HCKaTh B BUIE

z = ae™?, (3.13)

rie a — Hem3BeCTHasA 3apaHee mocrosHHasA. Iloncrasas (3.13) B (3.12)
u cokpamas Ha e“! maiinem a = A/(—w? +iaw + k) u, crenosaressHo,

~ k— w?

=4 — oy Coswi + 4

—_— in wt. 3.14
o 1 = sinw ( )

aw
(k —w?)? +
(3.14) npencrassser coboii yacTHoe pemienue ypasuenus (3.2), B KO-
TopoM f = Acoswt, nmerolee mepuoanvdecKuil xapakrep ¢ 4acTOTOMH,
pPaBHOI YaCTOTE W BBIHYKIAOMIEH CUJIbI. DTO PElleHne, OTHAKO, HE Y10~
BsierBopser (3.5). IlobaBum K HeMy JIMHEHHY0 KOMOMHAIMIO PelleHusi
onHOpOIHOTO ypasHenns (3.3) (mi1a onpenenennoctn a? — 4k < 0):

y=y1 + Cry1 + Coya. (3.15)

IMombsysacek (3.6), ybexmaeMcs, 9TO 9TO BbIPAXKEHUE SABJIAETCS PEIIeHN-
€M TOr0 XK€ HEOIHOPOIHOro ypaBHeHus (3.2), a MoJIb3ysCh MPOU3BOJIOM
BbiGopa C1 u Cy, MOKHO IOIOOPATH UX TaK, YTOOBI yIOBJIETBOPUTH (3.5).
HetictBuresbro, C; u Co HAXOIATCS U3 AJTeOPANIECKOil CUCTEMBI yDaB-
HeHuil, orsimuaroreiicss oT Toii, Koropasi 6bL1a npu nostydernu (3.10),
TOJIBKO HEOIHOPOIHBIMU UjieHaMu. Perenue, ymosserBopsmworiee (3.5),
nMeeT BUJL

y=91+ [v) - ((J)]e_o‘t/2 cos §t+
+ %[y? —71(0) + $(yg — 71(0)]e=**/? sin gt, (3.16)
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a (3.15), Takum 06pa3oM, ABJIAETCSA OOLIUM PEMIEHUEM HEOIHOPOIHOIO
ypasuenus (3.2), rue f = Acoswt. U3z (3.15) BunHO, uT0 0busee pewe-
Hue HeodHOPodHo20 Ypaskenus npedcmaesasem coboti cymmy “acmmozo
DEWEHUSA 020 HCe HEOTHOPOTHO20 YDASHEHUA U 00ULE20 PEULEHUS COOM-
semcemeyw,e2o0 00HOPodHO20 YpPasHeHUs.

C pocrowm t B popmyaie (3.16) Bce 4ieHbl, KpOME IIEPBOIO, 3aTyXar0T
U OCTAIOTCS TOJIBKO BBIHYZKIEHHBIE KOJIE0aHUs {1 -

O6paTvM BHUMaHUE Ha BAaXKHOE ABJIEHUE — TAK HA3bIBAEMOE sIBJIE-
HUE pe3onanca. Penienne ] TepSeT CMBIC, €CJIM B UCXOMHOM cucreme
Her TpeHus (o = 0) ¥ 9aCTOTA W BBHIHYKIANONIEH CHUJIbI PaBHA 9aCTOTe
wo = Vk, ¢ KoTOpOii KO/1e6/1eTCs MAaATHHK Ge3 BO3IeACTBIS BEIHYK JAI0-
weit cuitet (eum. (3.11)), Tak Kax B 3HAMEHATEJIE MOABJISLETCS HYJIb.

Yr00bI HAMTE YACTHOE PEIIEHUE B 3TOM CJIydae, T. €. JACTHOE PElIeHHe
ypaBHEHUS

y" + ky = Acoswot, (3.17)
nepeiieM CHOBa K KOMILJIEKCHOI (popme
2" 4 kz = Aetwot, (3.18)

Ob6paTuM BHUMaHNE HA TO, YTO KOPHU XapPaKTEPUCTUIECKOTO Y PABHEHMSI
b
paBHBL A1 2 = +iwy. [lonbiTaemca uckarb z B Buze

z = ate'o!, (3.19)

Moncrasnas (3.19) B (3.18), oupenesuM a u noJLyYuM z = A2ifuo elwot,
Re z maer yacrHoe perenue ypauenus (3.17):

71 = AsL—sinwot. (3.20)

2wq

TaK KaK MPAKTUYIECKN IIOJTHOE OTCYTCTBUE TPEHUA U TOYHOE pPa-
BEHCTBO HE OCYLIECTBJIAIOTCS, TO PEIIeHHEe TAKOIO TUIA MPAKTUIECKU
He peasimsyercsi. Peanusyercs (3.14), Ho ecsin yacTora w 6yIM3Ka K Wy,
a a MaJid, To 3HaMeHaTe b B (3.14) Mas U aMITUTYIA PElleHns BeJIu-
ka. Takum o6pazom, GU3NIECKN SABJIEHNE PE3OHAHCA COCTOUT B TOM, ITO
IIPU W ~ Wo U MAJIOM (¢ HAOJTIOJIAeTCS 3aMETHOE yBeJInUeHIe aMILIUTY Ibl
BbIHYKIEHHbIX KoJiebanmii (3.14).

MaremaTn4ecku ¥xe CJyvdaeM pe3oHaHca OyaeM Ha3bIBATh TAKON CJTy-
qail, korna B (3.2) f(t) = S(t)e!, rne S(t) — muorousien, a s cobnajia-
€T C KOPHEM XapPaKTEePUCTUNICeCKOTO YPaBHEHU . B PaCCMOTPEHHOM BBIIIE
ypasuennu (3.18) s = iwg, T. €. COBIAIAET C OJHUM U3 KOPHE XapakTe-
PUCTUYIECKOTO yPABHEHUSI.

Urak, Ha mpumepe ypaBHEHUSI BTOPOTO MOPSIKA BBIABJIEH P Xa-
PAKTEPHBIX CBOUCTB JIMHEHHOTO YPABHEHUS C MOCTOSTHHBIME KO3 DUTIH-
enramu. OKa3bIBaeTCs, 9TU 3aKOHOMEPHOCTH MMEIOT OOmIuii Xxapakrep.
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Cdopmynupyem ux 1Jjisi ypaBHEHUsT MOPAIKA 7N KAK eCTeCTBEHHOe 0000-
[IEHUE TOrO, YTO HAOIIOAAJIOCH [Jis yPABHEHUs BTOPOro mopsaaka. Io-
Ka3aTesIbCTBA OOy T HaHBI HUXKE B § 5.

PaccmoTpuM cHavaJ1a OIHOPOIHOE YpaBHEHHE

aoy™ + a1y + - +a,y =0 (a; = const). (3.21)
Conocrasum (3.21) ero xapakTepuctuaeckoe ypasuenue (cp. (3.4))
aA" +a N+ -+ a, =0. (3.22)

910 — asirebpandeckoe ypaBHEHHE TIOPSIKA 1, OHO UMeeT KOPHU A =
=pr+ige (k=1,...,n).

1. Ecoin Bce A melficTBUTEIbHBI U PA3JIMYHBI, TO, Oepsi JIMHEHHYIO
KOMOUHAIINIO

n
y=Y Ciry), rtae yu = e, (3.23)
k=1
MOXKHO TI0J1y9UTh Jito0oe pemenue ypasuenus (3.21), onpenensas Cy, .. .
..., Cy, M3 HAYAJIBHBIX YCJIOBUIA

y(to) =97, o'(to) =93, -,y" (ko) = yp, (3.24)
(cp. (3.7), (3.5)), 1. e. bopmyia (3.23) saBIsteTCA OOMUM PEIIEHUEM YDaB-
Henus (3.21).

2. Eciiu HEKOTOpPBIE \j, KOMILJIEKCHBIE, TO yTBEpXKIeHne 1 ocraercs
B cuJie, HO onpenesisiemble u3 (3.24) koucranTsl C, OyLyT KOMILIEKCHbBI-
MU U pelieHue OyJIeT MpeiacTaB/IeH0 B KOMILIEKCHOI dpopme. UToObI 1mo-
JIYYUTH pelleHne B neficTBureibHON hopMe, B HADOpe perreHuii BMecTo
mapsr pemennii y = ePHi0t g y* = e(P=it orpevaomUX KOMIIEKCHO
COTIPSZKEHHBIM KOPHAM A = p % i¢ (Tak KaK XapakKTepUCTUIECKOe ypaB-
HeHue nMeeT neficTBuTe bHbIe KO3(hMUIMEHTHI, TO BMECTe ¢ A = P + iq
KOpHEM OyleT Takke A = P — iq), MOXKHO B3ATh Hapy AefHCTBUTEIbHBIX
pemennuiit Rey = eP? cosqt u Imy = ePsin gt (cp. (3.9)).

3. Ecotm A — kparHbIili KOpeHb XapakTEePUCTUIECKOTO YDPaBHEHU
(3.22) xkparHoCTH M, TO eMy OoTBedaeT m pemrenmii eM, teM .. M TleM
(06obienue coyvas B), rae m = 2).

O6benuHss Bce caydan, MOXKHO ChHOPMYJIMPOBATH CJIEYIOIee Mpa-
BUJIO.

ITycrs xapakrepucrudeckoe ypapuerue (3.22) umeer r geficTBUTE b~
HBIX KODHell \j, KDATHOCTH My, & IPOIHe ABJIAIOTCA KOMIJIEKCHO COIIP:-
JKEHHBIMH BHZa A\; = p; + iq; u KparHocta my. Torma obimiee pereHme
ypasaennst (3.21) Moxer 6bITh 3aIHCAHO B BHIE

n—r

T 2
Y= ZRk (t)e ! + Z (P(t)e” cosqit + Qi (t)e’ singit),  (3.25)
k=1 =1
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e Ry(t), P(t), Q;(t) — muOrownensr cremeru my — 1, my — 1, my — 1
COOTBETCTBEHHO, KO3 PUIIHEHTH KOTOPBIX IPOU3BOJIBHBL. ITH K03 PH-
IHEHTHI OAHO3HAYHO OMPENE/IIOTCS HadaIbHbIMU yCaoBusamu (3.24).

Touro Tak )e MOXKHO, 00001as haKThI, MOJTYIEHHBIE JIsT YpaBHE-
HUsI BTOPOTO NOPsIAKA, ChOPMYTHPOBATH IPABUJIIO IIOCTPOEHUS YaCTHOTO
1 0DIIIero perreHnii HeOIHOPOIHOTO YPAaBHEHUS

aoy(") + aly("_l) + - Fany = S(t)e™, (3.26)

rae S(t) — MHOrOYJIeH CTENeHH §, ¥ — NOCTOSHHAs, BOODIIE roBOps,
KOMIIJICKCHAS.

ITycre B ypaBrennn (3.26) » He coBmajaer HH C OQHHM KODHEM Aj
XapakTepucTHIecKoro ypapaenus (3.22) (Tax Ha3pIBaeMbIii HEPE3OHAHC-
Hblit ciay4vaif). Torma dactHoe penienue ypaBHeHHs (3.26) MOXKHO 3a1u-
carb B BHIE

y=T(t)e™, (3.27)

rme T(t) — mHOorownen rtoii xe cremenu, yro u S(t). Koagpdunmenrno
muorowiena T (t) onpenesistrorcst u3 ajarebpaudeckux ypaBHEHUI, HOJIy-
YeHHBIX HOJACTaHOBKOI (3.27) B (3.26) n npupaBHHBAHHEM YJIEHOB C OJIH-
maxoBbivu crenerssvu t (cp. (3.12), (3.13) — B sToM mpocreiiem ciry-
qae S(t) ABJIsAETCA KOHCTAHTON A, T.€. MHOTOUJIEHOM HYyJIEBOU CTEleHH,
a muorowien T'(t) rakxe aBisgercsa koucrauroii: T = a).

Ecan 3 coBnamaer ¢ KOpHeM XapakTEPUCTHIECKOTO YDABHEHHS A,
HMEOHUM KPAaTHOCTh M (TaK Ha3bIBAEMBbIH PE30HAHCHBIH CJIy4Yaii), TO
gacrHoe penienne (3.26) cienyer HCKaTh B BUie

y=T(t)tme™, (3.28)

e T(t) — muorownen roii xe cremenu, 410 u S(t). Koauimenrpr
T(t) mo-mpezkHEMY ONpEneJIAIOTCA MOACTaHOBKOI (3.28) B ypaBHeHHe
(3.26) (cp. (3.19), rue NOABIAETCA MHOKUTESD ¢ B COOTBETCTBUM C KPAT-
HOCTBIO T = 1 KODHS iwp).

Ecan » = o+ i3 xommiexcHo, 1o geticrBuresbHast (COOTBETCTBEHHO:
MHHMas1) 9acTh pemenns (3.28) ABJIsAeTCA pelieHneM yPaBHEHH: C IIpa-
Boit wactbio S(t)e*t cos Bt (coorsercrenno S(t)e®! sin [Gt).

Ob6iee penienne HeomHOpPOAHOrO ypaBHenus (3.26) npencrabisercs
B BHze cyMMbI obmero pemreHus (3.25) ogHopoaHoro ypasaeru: (3.21)
u gacrHoro pemmenns (3.27) wmn (3.28) HeonHopomHOTrO ypasHenus (3.26)
(cp. (3.15)).

Bce 91u yrBepKIeHUS B HaJsibHeinieM OymayT CTPOToO IOKa3aHbl (CM.
teopembr 3.11, 3.12, 3.14, 3.15).
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§ 2. O6mme cBolicTBa JIMHEWHOTO ypaBHEHHS N-TO MOPSIKa

O6parumcsa k ypasuenuio (3.1). Eciu B paccmarpusaemoii obiactu
U3MEHEHUsT He3aBUCUMOro HepeMeHHOro ao(x) # 0, 1o, nomesus Ha ag ()
7 0003HAYAs TIOJTY YeHHbIE KO3(hMUIIMEHTHI 1 TPABYIO 9aCTh BHOBb Yepe3
ay(z),...,an(z), f(x), 6ynem numers

y(n) +a (x)y("—l) 4+t an(x)y = f(;L') (329)

Onpenenenue. Ypapraenue (3.29) Ha3bIBACTC 00HOPOIHIM, €CITH
f(z) =0, B nporuBaOM City1ae — HeodHOpodHbIM.

Iycrs a;(z) (i = 1,...,n) HENpPEPHIBHBI HA HEKOTOPOM UHTEpBaJse X
(X moxer ObITh KAK KOHEUHBIM HHTEPBAJIOM, TAK U OECKOHEYHBIM, Ha-
npumep, (—o00,00)). Obimas Teopema CyIeCTBOBAHNS U €IUHCTBEHHOCTU
(cM. Teopembl 2.8 u 2.9 § 4 1. 2) rapaHTUpPYyeT, YTO HA HEKOTOPOM Cer-
MeHTe | — xo| < H, npuHagymexamem X, CyMIECTBYyeT €INHCTBEHHOE
pemenne y(z) ypasuenus (3.29), yaoBeTBopsoliee HAYAILHOMY yCJI0-
BUIO

y(wo) = v, ¥'(xo) =13,...,y"" V(z0) = ¥ (3.30)

Ina ypasaenus (3.29) MOxKHO 10Ka3aTh 60OJiee CUIBLHOE YTBEPKICHUE.

Teopewma 3.1. Ecam a;(z) (i =1,...,n), f(x) menpeppiBabI HA X,
TO perenune Hada IbHOH 330341 (3.29), (3.30) cymecrByer u eIMHCTBEHHO
Bcrogy Ha X.

Tak Kak HAYAJIbHAS 33/1a4a /1 yPABHEHUs N-TO MOPAIKA SABJIAETCA
YACTHBIM CJIy4aeM HAYaJIbHOM 3a/1a49u [J1s CUCTEMBI 1l ypaBHEHuUll nep-
Boro mopsuka (cM. § 4 . 2), 1o Teopemy 3.1 MOXKHO MOJIyYUTH KaK
YaCTHBIH Ciiydall aHAJIOMMYHOTO YTBEPKACHUST JIJ11 CUCTEMbI JIMHEHHBIX
yPaBHEHUii, KOTOpasi UMeeT BUJL

n
dy; .
% = Zaik(ﬂf)yk + fi(z), i=1,...,n, (3.31)
k=1
a COOTBETCTBYIOMINE HAIAILHBIE YCJIOBUT —
yi(wo) =97, i=1,...,n. (3.32)
Teopema 3.2. Eciu ay(z), fi(x) (i,k = 1,...,n) HenpepbiBHbBI

ma X, to pemenne 3amadn (3.31), (3.32) cymecrByer u eaHHCTBEHHO
Ha X.

OCTATOMHO TOKA3aTh, 9TO PEIIeHne CYIECTBYeT W eIUHCTBEHHO Ha
Jo6oM oTpeske [To, o + A] C X. Teopema CymecTBOBAHUA W €IWH-
CTBEHHOCTHU rapaHTUPYeT PelleHne Ha HEKOTOPOM OTpeske [z, zo + H],
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KaK yXe yKasblBasioch Bbime. Touky (zo + H, y;(zo + H)) MOxHO npu-
HATH 32 HOBYIO HAYAJIBHYIO TOYKY (CM. 3aMedyaHue 2 K TeopeMam § 2
[JI. 2) ¥ IOJTy9UTh Penenne Ha 6osbmeM oTpeske [xg, xo + Hi], Hy > H,
u 7. 1. [lycts [:L'O, To +H ), e " < A — MakCUMAaJIBHBIN TIOJTYUHTEPBAJT,
Ha KOTOPOM CYIIECTBYeT eIuHCTBeHHOe perenue 3anadn (3.31), (3.32).
BosbMem nmponsBoJIbHYIO TIOCTI€I0BaTE IbHOCTD H,)y — a. Yo6enumcs, 9To
cymectByer lim,,« y;(xo + Hy). Iycrs

N=max swp |aw(@), y=max swp |f()).
ik [ro,x0+A] i [zo,mo+A]

Torma Ha J1r060M OTpesKe [Tg, To + H,| CupaBeminBo HEpaBEHCTBO
dy;
AR Z Jyi ()] +7-

Beens p(z) = /Y., y2(x) 1 NOBTOPsAA B TOYHOCTU PACCYIKIEHNA,
[IPOBEIEHHbBIE TIPU JI0KA3ATEIbCTBE JieMMbl 2.3 § 4 1. 2, mo/IyYum

Nn?H Nn?H
p(x) < plag)e™™ 4 (N H —1) = B,
U, CJIEI0BATENBHO, 1A JII060ro T € [Tg, .1:0 + H] cnpasenmso
Y -
lyi(@)] < plwo)eN™ T 4+ <L (N — 1),
a TOTZIA CHPABEIJINBO TaK¥kKe HePABEHCTBO

d.
‘% <nNB+~=C.

ITosb3ysCh 3TUM 1 yuuThiBas, 4ro H,, — H, moayaum
|yi(x0 + Hn+m) - yi($0 + Hn)l S C|Hn+m - Hnl <e

npu n > N(g) u smo6om m. Orciona nmo kpureputo Komu gestaem BB
0 CXOMMMOCTH MOcJenoBarebuoctu y; (xo + H,) K HEKOTOPOMY npeje-
51y ;. Bymem camrars 3TOT mpemest 3HaYEeHmeM y; B TOUKe To 4+ H, T.e.
nostoxuM y;(xo + H) = ;. Taxum o6pazoM, mHTErpabHas KpuBast OKa-
3BIBAETCS HEIPEPBIBHO IPOIOJIKEHHOM BILJIOTH 10 TOYKH To + H. B cuty
camoii cucrembl ypasuenuit (3.31) Tem ke cBoiicTBOM 06J1a/1a10T MIPOU3-

dy;
BOJHbIC . Torma B ciy4ae H=A TeopeMa JI0Ka3aHa.

Paccmorpum cayuait H < A. Herpymmo y0enuThCs, 9TO 3TOT CJIy-
gafi me peaymsyerca. eficrBuresibro, npunsas o + H, yi(zo + H) 3a
HOBYTIO Ha‘IaHbHyIO TOYKY, MOXKHO TPOOOJIKUTH peHIeHI/Ie Ha y4YaCTOK
[z0, 0 + H + 6], § > 0, uto nporusopeunt onpenesienuio H.

Nrak, H = A, T.e. pelenne CymecTByeT i eJUHCTBEHHO HA OTPE3Ke
[0, zo + A], 910 M TPeGOBATIOCH.

Hanbueiiimee paccmorpenue cucrembl (3.31) owsioxum mo § 6 u Bep-
HeMcs cuoBa K (3.29). Huis ypasaenus (3.29) cnpaBenjivba CJIeayomast
TeOpeMa, HA3bIBAEMAsT NPUHYUNOM CYNEPTIOZULUY.
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Teopewma 3.3. Ilycrp B ypaBuenuu (3.29) npasas 4acrp f(x) abiis-
ercs jimHeHHO koMbuHanueit Gpyukmuii f;(x), r.e. f(z) = Zle a; fi(z),
1€ (v — HOCTOSIHHBIE YHCJIA, U IYCTh Y;(X) ABJAIOTCS PEIIEHUIME YPaB-
HeHul

u" (@ o an(@)ys = fi@). (3.33)
Tornma aunelinas KOMOUHAIHA Y; (L) C TEMH Ke KOI(DDUITHEHTAMHE Ci;, T. €.
dyurmus y(zx) :Zle a,;y; (), ABsgercsa pemennem ypapaenns (3.29).

3HavYeHWe 3TOrO MPUHIMNIA B TOM, YTO TPABYI YaCTh ypPABHEHUs
(3.29) MOXKHO TIpECTaBUTH KAK JIMHEHHYI0 KOMOUHAIMIO 60JIee POCThIX
3JIEMEHTOB U CBECTHU PElIeHNe YPABHEHUs K PEIIeHUI0 HECKOJIbKUX 00-
Jiee pocThiX ypasHenuii (3.33). C Touku 3penus GusuKu 310 O3HAYAET,
YTO PE3yJIbTAT CJIOXKHOTO BHEITHETO BO3MEHCTBIS HA HEKOTOPHII 00LEKT,
BbIpazkaeMoro dpyukumeit f(x), MOXKHO IPEICTaBUTh KaK CYIEPIO3UIIAI0
Pe3yJIbTaTOB OTHEJIbHBIX 9JIEMEHTAPHBIX BO3IEHCTBAI.

HdokaszaTreabCcTBO TeOpeMbl 3.3 OCHOBAHO HA TOXK/IECTBE, CIIPa-
BE[IJIMBOM [IJIs1 k MPOM3BOJIBHBIX N pa3 auddepeHiupyeMbrx (yHKmi
Up, ..., U U CTAEIYIONIEM HEMIOCPEICTBEHHO U3 CBOMCTB muddepeHiupo-
BaHUS

(zfj aiui(x))(n)m(x) (ij @) )
k

= Z a; [uﬁ’“ () + ar ()ul" V(@) + - + an(z)u;(z)]. (3.34)

i=1

(n—1) k
+otan () Y aiui(r) =
=1

TMonaras u;(x) = y;(x), roe y;(x) — pemenus ypasaenuit (3.33), moJty-
qun ot y(z) = Yop, aiyi(x)

k
y" (@) + ary " (@) + -+ an(@)y(z) = Y aifi(z) = f(x),

i=1
9TO0 1 TPeOOBAJIOCH.

SBameuanue. JleByto yacth ypasHenus (3.29) MOXKHO paccMaTpu-
BaTh KakK oneparop Ly, onpenesieHublii Ha MHOKecCTBE 1 pa3 nuddepen-
mupyembix dyukuuit y. Torma (3.34) o3nadaer, 9T0 3TOT ONEPATOP —
JIMHEHHDBINA.

OrMernM BaKHbBIE YaCTHBIE CJIydan TeopeMmbl 3.3, POpMyJUpyst UX
KaK OTIeJIbHbIe YTBEPKICHNA.
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Teopema 3.4. Jluneiinas KOMOWHAIUST PEIIEHU OTHOPOIHOIO
VPaBHEHHsI €CTh PEINeHHe OAHOPOIHOTO YPABHEHHSI.

(910 yacrublil ciaydait npunnuna cynepnosuiuu, Korga f; = f = 0.)

Bameuanue. Ha a3bike JuHeliHOl ajireOpbl 3T0 MOXKHO BBIPA3UTH
citenyronmM 06pa3oM: MHOMKECTBO PEIIeHUil OIHOPOMIHOTO ypaBHEHUsT
SABJISETCS JIUHEIHBIM TPOCTPAHCTBOM.

IMycre Teneps k = 2, fi = fo, a1 = 1, ay = —1 u, caenoBaresbHO,
f = 0. Takum obpazom, mmeer MecTo

Teopewma 3.5. Paszuocrs AByx pernieHmii HEOTHOPOIHOIO JIMHEHHOTO
YPaBHEHH:A YAOBJIETBOPAET OOHOPOIHOMY yPABHEHHIO.

B Teopewme 3.3 a; MoryT ObITH M KOMIIJIEKCHBIMHU.

Teopema 3.6. ITycrp y1(x), y2(x) yaoBI€TBOPSAIOT ypaBHEHHIM
(3.33) (: = 1,2). Torma z(z) = yi(x) + iy=2(x) yaoaerBopser ypas-
HEHHIO

2 Ly ()2 4 an(x)z = fi +ife. (3.35)

O6parno: mycrb z(x) = y1 (x)+iy2(x) yaopierBopser ypasaeruro (3.35).
Torma y1(x), y2(x) yaosaersopsior ypaBHerusm (3.33).

[Ipsimasi Teopema ABJIsIETCA YaCTHBIM CJTydaeM Teopemsbl 3.3 (a1 = 1,
ay = i). s nosydenus: oGpaTHOrO yTBEPXKICHNS HAJO K JIEBOI JacTu
(3.35) npumenurs ToxaecTBO (3.34), noJsiaras uy = Y1, Uz = Y2, o = 1,
Qo = i, TIOCJIe Yero MPUPABHATH JIEMCTBUTEJIPHYIO YaCTh MOJIyYE€HHOTO
BBIDAKEHWS BeJINIUHE f1, & MHUMYIO YaCTh — BeJIMYUHE fo COTJIACHO
MPaBUJIY CPABHEHUsI KOMILJIEKCHBIX YUCEJT.

Bce nepeunciienubie cBoiicTBa XapaKTepPHbl MMEHHO [IJIsT JIMHEHHBIX
yYPaBHEHU U CyIMIECTBEHHO OOJIErdaoT UX MCCJICIOBAHUE U PEIleHue.

¢ 3. OmHopomHOe JuHeHOEe ypaBHEHHE N-TO MOPsiIKa

ObparnMcs K U3y9IeHUI0 yPaABHEHMS
y(") +ay (az)y(”_l) + -+ ap(x)y =0, (3.36)

koaddurmentsr Kotoporo a;(z) (i = 1,...,n) HENPEpPLIBHBI HA UHTEP-
Basie X. Kax ObL/10 moKaszaHo B TpeablIyineM naparpade, peieHne Ha-
YaJIbHOR 3a/Ia4M CYIIECTBYET U €IUHCTBEHHO Ha X, 4eM OyieMm cyIie-
CTBEHHO I0JIb30BATHCST HUXKE.
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Onpepenenne. Bynem rosoputs, 910 dymryuu uq(z),.. ., up(z)
Aunetino 3a6ucumv. Ha unmepease X, eCJii CyIEeCTBYIOT IIOCTOSTHHbIE
Ci,...,Cp, HE BCce paBHBIE HYJIIO, TAKHE, YTO UMEET MECTO TOXKIECTBO

P

E Ciui(x) =0, ze€X. (3.37)

i=1
B nporuBaoM ciy4ae (r.e. ecom (3.37) BBIIOHSIETCA TOJIBKO DU
Ci = --- = Cp = 0) bymeMm roBopurb, 410 u1(T),...,up(T) Aurelno
HE3A6UCUMDL.

Iycts y1(x), ..., yn(x) — pemenus ypasuerus (3.36).

Onpenesnenue. HasoBem merepMuHaHT

y}(x) y;z(:r)
Aw)=| WD el (3.39)
y V@) oy (@)

onpedeaumenem Bponckozo™).

Teopema 3.7. Ecim pemenus yi(x),...,yn(x) ypaBaerns (3.36)
smHelino 3aBucumbl Ha X, 1o A(z) =0 Ha X.

B camom neste, cornacuo (3.37) mmeem y_., Ciy;(z) = 0. IIpoaud-
bepermmpoBas 310 TOKIECTBO N — 1 pas, mosyInM

S Ciyilz) =0, ..., Y " V(@) =0. (3.39)
i=1 i=1

IIpu s000M © € X 9TH COOTHOIIEHUsT MOXKHO PAacCMaTPUBATh KaK CH-
CTeMy JIMHEHHBIX OJTHOPOJIHBIX aJIreOpandecKuxX ypaBHEHUI OTHOCUTE Th-
o C,...,C), IMEIOILYI0 HETPUBUAJILHOE PEIICHUE M0 YCJIOBHIO JIMHEH-
HOIt 3aBucuMocTu pyuKImii y;. CliemoBaresbHO, ONPEIEINTE/ b CUCTEMbI
A(z) = 0 upu smobom z € X, re. A(z) =0 na X.

Bameuanue. 13 mokasare/bCTBa TEOPEMbI BUIHO, YTO OHA CIIPa-
BEIIJTUBA HE TOJILKO JI71s pemtenuii ypasuenust (3.36), Ho m1s Jio0bIx n— 1
pa3 muddepernupyembix GyHKIHII.

Teopema 3.8. Eciu A(x) = 0 xors 6b1 gy oquoro © € X, 1O
pemennst Y1 (), ..., yn(x) ypaBrenus (3.36) smHelino 3aBucumbl Ha X .

*)Nuorga 6eiBaeT ynobuo obosuadenne A(yi(z),...,yn(z)).
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HokazareanbcTBo. HeilcTBUTEIBHO, BO3bMEM TOUYKY T = X, B KO-

Topoit A(xg) = 0, u cocraBuM CHCTEMY JIMHEHHBIX AJIreOpanmdecKux
ypasuennit orHocuresbHo C1, . .., Cy ¢ onpeneurenem A(zg):
n n
Z Ciyi(zo) =0,..., Z Ciygn_l)(xo) =0. (3.40)

i=1 =1

Tak kak A(zg) = 0, TO 9Ta cuCTeMa UMEET HETPUBUAJILHOE DEIlleHNne
Ci,...,C,. Paccmorpum smneitnyto kombunanuo y(z) = > i Ciyi(w).
Cornacuo rteopeme 3.4 y(x) saBisercsa pemenuem ypasuenus (3.36),
a (3.40) o3Hauaer, 4TO HTO PElIeHKE yIOBIETBOPIET B TOUKE Ty HYJIEBbIM
HagaabHeIM yeaosuaM y(zg) = 0, ..., y(» Y (x) = 0. Tak kak Tpusn-
aspHOe pemienue ypashenusi (3.36) y(xz) = 0 ymoBseTBopsieT, OUeBUII-
HO, T€eM 2K€ HaYaJIbHbIM yCJ/IOBUAM, TO B CHJIYy T€OPEMbl €ITUHCTBEHHOCTHN
y(z) = gy(x) =0, ne. Y1, Ciyi(x) = 0, rae no nocrpoennio ue see C;
PaBHBI HYJIIO, & 9TO U O3HAYAET JIMHEHHY IO 3aBUCUMOCTD Y1 (Z), . . . , Yn ().

W3 nokazaHHBIX TEOPEM HEIOCPEICTBEHHO BHITEKAET CJIEAYONIAs aJlb-
TepHATUBA.

Teopema 3.9. Onpenesnresis Bporckoro A(x) 6o 10X aecTBeH-

HO paBeH HyJII0, U 9TO O3HAYAET, 9TO peleHus Y1 (), . . . , yn () mHeiino
3aBHCHMBI, JIHOO HE 00palaeTrcss B HyJIb HH B OJHOH Touke X, H 3TO
o3Ha4aeT, 910 Y1(x), . .., Yo (T) JIHHEHHO HE3ABHCHUMBI.

Curyanuio MOXHO BBIPA3UTh CJIEAYIOMEH cXxeMoii:

6o

—A(z) =05 yi(x),. .., yn(z) Juneiino 3aBucuMbI
Ax)
'—6A(az) # 05 y1(z),. .., yn(z) muneiino HE3ABUCUMBI
JIn0Oo

npu Jirobom x € X.

Onpenesenune. Pyndamenmanvroli cucmemoli pewenul ypasre-
nust (3.36) OyaeM HasbIBaTh JIHOObIE 71 JIMHEHO HE3ABUCUMBIX PelIeHHH
ypasuenus (3.36).

Teopewma 3.10. Jlunetinoe omHOpOAHOE ypaBHEHHE HMeeT (pyHIa-
MEHTAaJIbHYI0 CHCTEeMY DeIIeHHI].

HokazareabcTBO. HellcTBUTESIBHO, BO3bMEM IIPOU3BOJIHHBIN OT-
sanblil o1 Hysis onpenesmuress A ¢ asementamu a;j. Onpenenum pe-
wenus y1(x),...,yn(x) ypasHenus (3.36) cieqyrommmMu HAYATLHBIMU
YCJIOBUSIMHU:

yi(xo) = aus, - - . ,?Jz(n_l)(v’”o) = Qpj- (3.41)
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Cocrasum onpenenurenb Bpouckoro A(z). B cuy (3.41) A(xg) = A? #
# 0. A Torga B custy Teopemst 3.9 y1 (), . . ., Yn () JIUHEHHO HE3ABUCHUMBI.

SBameuanne. Tak Kax cymecTByer OECKOHETHO MHOTO OTIpEIeInTe-
Jiefl, OTJIMYHBIX OT HyJIsl, [JIs1 KasK/IOrO YPABHEHUsI CylIeCTByeT OecKo-
HeYHO MHOrO byHIAMEeHTAIbHBIX cucTeM penreHuit. Kpome Toro, suneii-

— n
HOE HEBBIPOXKIEHHOe peo0pasoBaHue J; = ) . C;jy; IePEBOLUT OIHY
dyHIaAMEHTAIBHYIO0 CUCTEMY DEIIeHUit B IPYTYIO.

Hokaxem Tenepb OCHOBHYIO TeOpeMy JAHHOTO maparpada.

Teopewma 3.11. Ecinyi(x),...,yn(x) — dyHmamenraapaas cucre-
Ma perenuii, To Jjiroboe pemernue y(x) ypasaenus (3.36) mpemcraBumMo
B BHIIE

= Z Ciyi(z), (3.42)

e C1, . ..,Cy — HEKOTOpBIE TIOCTOSHHBIE.
HoxasarenabcTso. Mycrs y(zo) = 4Y, ...,y V(o) = y°. Onpe-
nesum noctosiaabie C1, . .., C), JinHeiiHO# cucTeMoit ypaBHeHwuit ¢ gerep-

MWHAHTOM, paBHbIM A(zg) # 0:

ZC’iyi(ﬂfo) =y, .. Zczy,(n V(o) = 40 (3.43)

i=1

u nocrponm y(z) = Y., Ciy;(z). Cormacuo Teopeme 3.4 y(z) apizer-
cs1 pemtenueM ypasaenust (3.36), a (3.43) osHadaer, 9TO 3TO peleHHe
YIOBJIETBOPsieT TeM K€ HadaJbHBIM ycjioBusM, 9to u y(z). Torma B cu-
JIy eMHCTBEHHOCTH (Cp. JOKa3aresibcTBO Teopembl 3.8) y(x) = y(z) =
=Y, Ciyi(z), 910 U TPEGOBAIIOCH.

BamMedanus.

1. ®opmyma (3.42), rme C4,...,Cp — NPousosbHbIE NOCTOAHHDIE,
asasemcs obuum pewernuem ypapuenus (3.36) B ToM e CMbICTIE, KaK
B §1, . e. (3.42) aBasercsa GopMyIoit, comepKalieil Bce pelieHuns ypas-
Henus (3.36) u He comepxkaieit HuUero, Kpome pemeruii. B camom me-
Jie, o teopeme 3.4 npu Jiobbix C,...,Cy (3.42) aBjgerca pereHuem
ypasaeHus (3.36), a COrJIaCHO TOJIBKO 4TO TOKa3aHHON Teopeme B (3.42)
cozepxKuTCs J0b0e pemenne ypasHeHus (3.36).

2. Ha s3pike jimneitHoit areOpsl Teopemsl 3.10 u 3.11 o3nagaior, 9T0
B NPOCTPAHCTBE pelleHuii JIMHeHOro omHOpomHoro ypasHenus (3.36)
nMeeTcs 6A3UC U3 N BJIEMEHTOB, T. €. HTO MPOCTPAHCTBO N-MEPHO.
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¢ 4. HeomupopomHoe JIMHEeWHOe ypaBHEHHUE N-TO MOopsaKa

Paccmorpum teneps ypaBaenue

g™ +ar(@)y™ Y+ a(@)y = f(2), (3.44)
rie a;(z) (i =1,...,n) HenpepbIBHBI HA UHTEpBaJe X .
Teopewma 3.12. Ecimnyi(x),...,yn(z) — dyrgamenransbpaas cucre-

wma pemrenuii ogaopoaHoro ypasaenus (3.36), a §(x) — yacTHoe pemenue
HeopHOpOoAHOrO ypasuenus (3.44), To so6oe pemernue y(x) HEOLHOPOI-
HOro ypasrenus (3.44) npemcraBumMo B BUze

n
y(z) = glx) + Y Cayi(x), (3.45)
i=1
rae Cq,...,C, — HEKOTOpbIE IIOCTOSIHHBIE.

SaMedaHU .

1. Teopema cmpaBeniuBa mpu JirOOOM BBIOOPE YACTHOTO PEIIEHUS
().

2. Teopemy 3.12 MOXKHO ¢HOPMYJIUPOBATH U TaK: obuLee peuleHue He-
00HOPOTHO20 YPABHEHUS ECTND CYMMA LACTNHOZ0 PEULEHUS, HEOTHOPOTHO20
YpasHeHUs U 0buLe20 peuterus, 00HOPOdH020 YPABHEHUS.

HokasareabcrBo. Paccmorpum pasuocts y(x) — g(x). Cormac-
HO TeopeMe 3.5 3Ta pa3HOCTH Y/IOBJIETBOPAET OJHOPOIHOMY YPAaBHEHUIO
(3.36), u, sHauut, mo Teopeme 3.11

y(@) —5@) = 3 Cugi().
i=1

Orcioma u nocaenyer (3.45).

Takum obpaszom, [IJis MOCTPOEHUsT ODIIEro pPelieHnst HeOIHOPOIHOTO
YPaBHEHUsT HYKHO TTOMUMO (hyHIAMEHTAJBLHOW CHUCTEMbl pPeIeHuil ofi-
HOPOJIHOTO YPaBHEHM: 3HATH XOTsA ObI OJHO YACTHOE PelleHNe HEOJIHO-
pomuoro ypasuenust. [lokazxkem ceiiuac, 910, 3Has GyHIAMEHTAJIHLHYTO
CUCTEMY pelleHnii, MOKHO HallTu KBagpaTypoil HEKOTOpOe YacTHOe pe-
menne §() HEOTHOPOIHOTO yPABHEHHS.

3agaauMcs HeJIbIo IIOCTPOUTD YaCTHOE pelnerue J(x), yIOBIeTBOPIIO-
ee HaYaJIbHBIM YCJI0BUAM

y(zo) =0, ..., y" V(z) = 0. (3.46)

C 970l 1e/IbI0 BOCIOJIBL3YEMCsl CIIEYIOIUM SBPUCTUIECKUM PACCYZKIe-
uueM. [IpencraBum f(x) mpubImKeHHO Kak CyMMy (DYHKIWMA (d/1eMeH-
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TapHbIX BoselicTBuii), paBubix f(£) B npomexyrke (£ — A& €) u ny-
JII0 B OCTAJIBHBIX TOYKax. PeleHue y, oTBedamoliee KaxkIOMy TaKOMY
9JIEMEHTAPHOMY BO3IECTBUIO U UMEIOIee NIPU T = To PaBHbIE HYJIIO
npou3BoOAHbIE J0 (1 — 1)-ro nopsaaKa BKIIIOYUTEIBHO, SBJIAETCS TOXKIe-
CTBEHHBIM HyJIeM BIUIOTH 110 £ — A&, HO

y" V(&) =y (€ - AHAE =
= [y (€ — AOAE+ ary™ V(€ — AOAE + -+ + any (€ — AAE] =
= f(£ — A9AE,

r.e. y» 1 (€) pasuo yxe me mymo, a f(€)A¢ u, Takum obpasom, Ia-
Jlee pellleHue Takxke OyZer He HyJeM. B Cujly NpUHIMIEA CyEepHo3u-
LUK JIOCTATOYHO OCTPOUTD PEIIEHUE OIHOPOIHOIO ypaBHEHUs (BeIb BHE
(- A&, €) mpaBas 4acTh paBHA HYJIIO), IPUHUMAIOIIEE B TOUKe & HYJIEBOE
3HAYEHUE BMECTE C NPOU3BOMHBIMU 10 (1n—2)-r0 NOpsAIKa BKIIOYUTEIHHO
U ¢ Ipou3BOmHOM (n — 1)-ro mopsinka, paBHoil equuuie (06O3HAIUM HTO
pemenne K(x, &), yKaspiBas 3aBUCUMOCTb OT HAYAJIbHON TOYKH, U Ha-
30BEM €ro uMnyavcHoli gynryued), a 3areM yMHOKUTH ero Ha f(&)AL.
Urak, K(z, ) crpourcs Kak peleHue oHOPOIHOTO YPABHEHNUS, YIOBJIE-
TBOPSIIONIEE YCJIOBUAM

K& =0, ..., KD =0, KM VEH=1,  (347)
a pemeHme, OTBEYAIOIEE 3JIEMEHTAPHOMY BO3IEHCTBUIO, MMeeT BH]L
K(z, &) f(€)AE. Cymmupys Ternepb sJIeMeHTapHBIE BO3IEHCTBI HA OCHO-
BaHUU TOTO K€ IMIPUHIUTIA CYTIEPIO3UIINN 1 TePeXOodd OT CyMMbI K MHTE-
rpaJiy, oJiyduM peinerne §(x), yIoBIeTBoOpsInee yCiouo (3.46):

J@) = | K(x,&)F()de. (3.48)

Dopuysta (3.48) moJiyueHa HA OCHOBAHUU 9BPUCTUIECKUX COOOpazKe-
HUli, HO HETPYIHO HEMOCPEICTBEHHOI NPOBEepKOii ybenurnhes, uro (3.48)
eCTh YacTHOe pelnenue ypasaenus (3.44). B a1oit nmposepke u Oymer co-
CTOATH JOKA3aTeJIbCTBO CJIELYIOIEl TeOpeMbl.

Teopewma 3.13. Boipaxkenue (3.48), rne ¢pyukmnusa K(z,&), HA3BI-
BaeMas HMITYJIbCHOH (DyHKIHeri, yI0BAeTBOPAET OTHOPOLHOMY YPABHE-
aufo (3.36) u HavabHBIM ycsousaM (3.47), sABJIAETCA YACTHBIM perle-
HHEeM HEOJHOPOTHOro ypaBHEeHHu:A (3.44), y/10BJIETBODIONUAM HYJIEBHIM
HavYaJIbHBIM ycsioBusaM (3.46).

Hoxasarensbcrso. Haiimem us (3.48) 7, ..., 7™ [Ipensapure/is-
HO 3aMeTHM, YTO TaK KakK & SIBJISIETCS MMapaMeTpoM, MPUHAIJIEKAINM
TOMY K€ MHOXKECTBY, YTO U , TO (3.47) paBHOCUILHO 3AIUCH

K(z,z) =0, ..., KD (z,2) =0, KV (z,2)=1. (3.47)
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,Z[I/chcbepeﬁuupyﬂ (3.48), umeem
/K’w£ﬂ®%+K@wﬁ /K’waﬂ)%,

7"V (@) /Km”w@ﬂ@%

FP@) = | K (@€ £ de + KD () f(z) =

J KU @,0)£(6) de + f(a).

Bosmoxnocts muddepeHinpoBaHus Mo/ 3HAKOM WHTErpaJia CJeayer u3
TEOpPEeMbl O HEMPEPHIBHON 3aBUCUMOCTH PEIeHUsT CUCTeMbI auddepen-
IUAJIbHBIX YPABHEHMI OT & M HAYAJIbHOIO 3HAYEHUsI IEPEMEHHOl T, T. €.
B 1aHHOM ciiydae oT & (em. § 5 . 2). IloncraBnasa g, 7, . .., 7" B (3.44),
HIOJIy YUM

7" +a (@)Y 4+ ang =
—/ (K (2,€) + a1 (@)K (2, €) +
c o+ an(@)K(x, €)] £(€) d§ + f(2) = f(2),

TaK Kak [-] 10 MHTEerpajioM o0palaeTcs B HyJb B CHJIy OIpeieJie-
Husa K(x, §). Takum obpasom, §(x) AeficTBUTENIBHO ABJISAETCS pelleHneM
ypasHenus (3.44) u, KpoMe TOro, O4eBUIHO, yOOBJIeTBOpsieT (3.46).

Bameuanue. ByacraocTu, s ypaBHEHUs TIEPBOTO HOPsiaKa (Gop-
mysta (3.48) cosmamaer ¢ dopmysoit (2.29) npu yo = 0. B (2.29) uwm-
= ['p(€) d¢
myJbCHOW (DyHKIIMEH sBJISIeTCS MHOXKUTEb € & , KOTOpB®Iii, CO-
racHo (2.26), yIoBIeTBOPseT OMHOPOIHOMY YPABHEHUIO M OOPAIIAETCS
B enuHULy 1pu x = &.
[MIpumep 3.1. [IpuBenem mpumep MOCTPOEHUsT UMILYJIHLCHON (hyHK-

uun. PaccMoTpuM ypaBHEHEE, TPEICTABJIAIONEee co00il HEOIHOPOIHOE
ypaBHEHUE TUIA, YPABHEHUsT Sﬁﬂepa

2y + 3 sy =f(x), x>0.
DyHIAMEHTATIbHAS CUCTEMA PEIIEHN T COOTBETCTBYIOMErO OTHOPOIHOTO
YDABHEHUS UMEeT BUI i; = /T CoS lnTx’ y2 = \/Tsin IT (Moxmo HETO-
CPEIICTBEHHOI TPOBEPKOil yOEIUTHCS, UTO Y1 U Y2 YIOBJIETBOPSIOT YPaB-
HEHUIO; HETPYIHO MOJCYUTATH TaKXKe onpeesure/ib Bpouckoro = A(x)
u ybenuThes, 9T0 OH paBeH 1/2.)
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Dyukmio K(z, ) 6ynem uckars B Buze K(z,£) = Cry; + Cays. Yeio-
Bus K(€,€) =0, KL (£,£) = 1 npusonsar K cucreMe ypaBHEHHI OTHOCH-
Teabuo C1 u Csy:

C’l\/_cos— +CQ\/ESIH ng _ =0,

2\/_<cosﬁ—smﬁ> +Cg2\/_<sinT§+cos—> =1.

Onpenesus Cy u Cs, NPpUXOOMM IIOCJI€ HECJIOKHBIX IIPEOOPa30BAHMIA
K cJlefyoomeMy Bbipaxkenuto miis K(z, £):

K(z,€) = 2¢/x€ - sin(ln /z/¢€).

Ch

§ 5. JIuHeliHOe ypaBHeHHEe Nn-TO MOPsIKa
C MOCTOSIHHBIMHU K03dpurmmeHTaMu

Suanne dyHIAMEHTAJIHHON CHCTEMBbI pelneHuii obecrednBaeT BO3-
MOXKHOCTb HaliTh J1I000€e pelieHne OqHOPOIHOrO yPaBHEHUs, & C IPUMe-
HEHUEM KBAJIPATyPbl — TaKXkKe U PeIleHne HEO[HOPOIHOTO YPABHEHMUSI.
CymecrBoBanue (dyHIAMEHTAJILHONR CHUCTEMBI pelieHnii ObLIo JI0Ka3a-
HO (cM. Teopemy 3.10), omHako Bompoc 0 ee 9bdEKTUBHOM MOCTPOSHUN
OCTAJICSI OTKPBITHIM.

Iycrs B (3.36) a; = const:

v +ary™ ) 4o gany = 0. (3.49)

ITOT KJIACC yPABHEHWI 3aMeYaTesieH Te€M, 9TO JJisl HEero HAXOXKICH!e
dyHIaMeHTaIBbHOI CHCTEMBI PellleHnit CBOIUTCS K a,nre6pa1/1quK1/1M orre-
panmaM, a UMEHHO, K PeIIeHHI0 ajireOpamdecKoro ypaBHeHUA n-ii cre-
IICHU.

ComocraBum ypashenuto (3.49) MHOrOYJIEH OTHOCHTEJIBHO A, HA3bI-
Bae-Mblil Tapakmepucmuseckum MHozouseHom ypasaenus (3.49):

M) =" +a X"+ +a,.
JJemma 3.1. CHpaBeﬂﬂI/IBO TOXK IJECTBO
n —1
C;i_n [eAxf(iB)] + al [ Axf(x)] 4+ -+ ane)\acf(x) —

dx n—1
n (o (n) (") (g
_ e)‘z{M(/\)f(x) +M’()\)fl($) + M (/\2)'f ( ) 4 M (/\TZ'f ( )}

(3.50)
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Hoka3zaTeabCTBO. ITO TOKIECTBO TOKA3BIBAETCS HEMOCPEICT-
BEHHBIM BBIYHCJIEHHEM C HUCIOJIb30BaHueM dopmyJibl JleliOuuma st
nuddepennupoBanusa mpoussenenus. Vveem

e)\:cfze)\;cf’
L (A =T+ )= Of+Nf),
2 2\11 11
CZC—Z(e)"”‘f):eM(A2f+2/\f’+f“) Mj</\2f_,_ (A )f +(>\ %!f )’

e O AR L) B

ny (k) ¢(k) ny(n) £(n)
:ekz<)\”f+(,\")’f’+...+()‘)Tf+...+(’\)Tf)'

CkJtafipiBasi TIOJTyYeHHBbIE PABEHCTBA, YMHOXKUB UX MPEIBAPUTETHHO HA
COOTBETCTBYIOIIEE a;, npuxomum K (3.50).

Sameuanns.
1. Ecnu f(z) = 2P, 1o (3.50) npunuMaer BuL

1
ng—nn(e”xp) + ay dd" (e”xp) + o+ ape™aP =

wn—l

= e”{M(A)azp +pM'(A)zP~! +

- p"'(P];k'i‘l)M(k)()\)xp—k +~.+M(p)(/\)}- (3.51)

B uwacthocTn, npu p = 0 umeem

k k—1
CZU—ke)‘z +a; dci:k_l e 4t ane = MM(N). (3.52)

2. Toxmecrsa (3.50)—(3.52) MOXHO 3anucaTh KOMIAKTHee, ecyu 000~

d
3HaYUTh 4yepe3 D omeparop auddepeHnupoBanms: % = Dy. Ecom
BOCIIOJIb30BATHCSA MPABUJIAMH CJIOKEHUSA U YMHOKEHUS Oeparopos [15;

o 5, § 1], To sieByto yactb ypaBHeHus (3.49) MOXKHO 3aNMKMCaTh B BUIE
(D™ +a; D" ' + -+ a,)y = M(D)y.

Oneparop M (D) nasbiBaercs onepamoprvim mHozousenom. OH nmeer
Ty e CTPYKTYPY, 4TO U Xapakrepuctudeckuii maorodsien M (A).
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Beenst M (D), moxuo Toxaecrsa (3.50)—(3.52) sanucars B Buie

M(D)e*zf(x)ZeM{M(/\)f(x)+M’()\)f’(x)+---+%},
(3.53)
M(D)emiﬂpzem{M(/\)x”+' Lk ',;!(p_kH)M(k)xp—k_,_. .

.. .+M(p)(/\)’ } (3.54)
M(D)er =e* M (N). (3.55)

OrMernM TakKe CJIeIyolee CBONCTBO OMEpATOPHBIX MHOTOYJIEHOB,
KOTOpOe MoHaI00uTca B nasbHeimem. Paccmorpum Hapsiny ¢ M (D) ne-
KOTOpBIi npyroii oneparopubiit Muorousien N (D). Ilosb3ysack npasuiom
CJIOXKEHNsI M YMHOXKEHHUS ONepaTopoB, HETPYIHO YOETUTHCS, 9TO Omepa-
TOPHBIE MHOTOYJIEHBI MEPEMHOKAIOTCS MO TPABUITY OOBITHBIX MHOTOUITE-
HOB:

M(D)N (D) = N(D)M(D) = D™ + (a; + b)) D" + -+ + anb,.

IMpupasausas M (\) HyJ1H0, Oy IUM aarebpanveckoe ypaBHeHue n-i

CTEIIeHN OTHOCHUTEJbHO A — TakK Ha3bIBAEMOE rapaxmepucmuvecrKoe
YypasHeHUuEe

N+ a A"+ a, = 0. (3.56)
[IpenmosioxkumM, 9TO 9TO ypaBHEHUE UMEET KOPHU A1, . .., \; KPATHOCTEMH
my,...,m; (my +---+m; =n).

Teopewma 3.14. 1. KopHio \;, XapaKTepHCTHIECKOTO YPABHEHHS
(3.56) KpaTHOCTH M}, OTBEYAIOT My, YACTHBIX DELICHUI BUIA

)\kz )\kz
Y

e xe o, xRl (3.57)

2. Pemenns (3.57), k = 1,...,1, 06pasyrr ¢pyHIaMEHTAIBHYIO CHCTE-
My pemrennii ypapaenus (3.49).

HoxkasarensbctBo. 1. Bocmosbsyemcs (3.51) nm (3.54). Ecom Ay,
SIBJIIETCST KOPHEM XapaKTEPUCTUIECKOTO YPABHEHHsI KDATHOCTU My, TO
(cm. [16; 1. 7, § 3])

M) =M'(\) =--- =M™ D(\) =0.
IMosromy npasas ugactb (3.51) obpamaercsa B Hysb mis p = 0,1,...

...,my — 1, a 310 03mAMAeT, uTO TP M (p = 0,1,...,my — 1) ynosie-
TBOpsieT ypasHeHuio (3.49), uro u Tpebyercs.
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2. Ilpennosioxum npoTUBHOE, T. €. 4To pemenus (3.57) (k= 1,...,1)
JIMHEHHO 3aBUCUMbBI. DTO O3HAYAET, YTO CIPABEIJIUBO TOXKIECTBO

Ry(x)eM® + - + Ry(z)eM® =0, (3.58)

roe depe3 R;(r) 0603HaUEHBI MHOTOYIEHBI CTEIeHN M — 1, He BCe paB-
Hble Hysr0. [{omycrum, 9T0 OTJIMYHBIM OT HyJsd sBjisiercss Ry (sToro
MOXKHO NOBUTHCSA COOTBETCTBYIOWmEH Hymeparueil A), a B Ry crapumit
OTJINYHBIN OT HyJIsl YJIeH uMmeer crenenb py (pp < my — 1), T.e.

Rl(.'li) =Cio+Ciiz+--- +C'1p1xp1,

npudeM Chp,, # 0.
Vuroxum (3.58) ma e =M. Tlomyanm

Ry(z)eM =27 4o 4 Ry (2)eM=17M7 4 Ry(z) = 0. (3.59)

Iponuddepenimpyem 310 TOXKIECTBO HA €IUHUILY OOJIbIIEE YUCIO Pas,
Hexesu crenedb p; < my — 1 muorousnena Ry (x). [Ipensapuresibuo 3ame-
TuM, 9T0 A1 Beipaxenus A(z)e*®, rne a = const, A(x) — MHOrousIeH,
[PY TPOM3BOJILHOM Ak MMEET MECTO TOKIECTBO

1o z)e*” = B(xz)e*",

rne B(x) — mHorowsien Toit xe cremenu, 4yto u A(x), mpudem ero crap-
it koaddunuenT paser crapiemy KoaddunueHty A(zr), TOMHOXKEH-
HoMy Ha af. DTo ToxmecTBO Jlerko mosy«nTh 60 u3 (3.53), momaras
M(D) = D¥, X\ = a, f(x) = A(x), 6o nipocTo u3 dbopmy.ibt JleiiGHuTA.
Urak, nuddepenuupys (3.59), monyuum

Q1(z)eM =A% 4 Qg (z)eMi—1 AT =

nJjim

Q1(z)eM” + -+ Qi (x)eM " =0, (3.60)
roe Q1(x),...,Q;—1(x) — MHOrOUYJIEHBI TOIl XKe CTENeHH, YTO U MHO-
rowtensl Ri(z),...,Rj_1(x), npuuem kosbduimenT crapero 4ieHa

Ql(ﬂf) €CThb Clp1 ()\1 — )\l)PH‘l‘
ITponesbiBas ¢ (3.60) Ty xe onepanuto, uro u ¢ (3.58), u npomosKasa
3TOT MPOIIECC, TPUXOAUM K TOXKIECTBY BUIA

Si(z)eM® =0 wm Si(z) =0, (3.61)

npuiem xKoaddunment crapurero wiena Sy (x) ectb Cpp, (A — A)PIH -+
<+ (A = X9)P2t! u B cuty (3.61) OH MO/DKEH PABHATHCA HYJIIO, & 9TO
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nporuBopedut ToMy, 9to Cip, # 0, A1 — A #0,..., A1 — A2 # 0. [Iporu-
BOpEYNE TIPUBOIUT K BBIBOILY, YTO pertenus (3.57) TMHeHO HE3aBUCHMBI,
T. €. 00pasyoT GYHIAMEHTAIBHYIO CHCTEMY PEIIeHni, U yTBepK IeHre 2,
TaKUM 00Pa30M, JTOKA3aHO.

B cuy reopemsl 3.14 obmiee pemeHune ypasHenus (3.49) sBiserca
JmHeliHo# KoMOuHanweil pewennit (3.57) (k= 1,...,1). Oguaxo B ciy-
4Jae KOMILIEKCHBIX A; TaKOe Ipe/iCcTaBJ/IeHne He Bceraa ynobHo. MoxHo,
OIIHAKO, BMeCTO (byHIAMEHTAJIbHOI cuctembl perrenuii (3.57) moab3o-
BaTbCs JAPYroil (pyHIAMEHTaJJIbHOI CHCTEMO pelleHuii, cocrosmei us
eACTBUTEIbHBIX (DyHKIMN.

IIycts A\, = pr + iqx. Torma nByM KOMILJIEKCHBIM DPEIIEHUSM BU-
na z"eME | e (1epes A} 0003HAUEH KOPEHb XapaKTEPUCTUYECKOTO
YPaBHEHU:, KOMILJIEKCHO COMPSZKEHHBIR Ag; TaKOil KOPEHb CyIIeCTBY-
er B cuily AeficTBUTeSIbHOCTH K03(hDMUIMEHTOB XapaKTePUCTUIECKOTO
ypaBHEHUsI) COOTBETCTBYIOT, B CUJLy TeopeMbl 3.6, 1Ba 1eficTBUTEIbHBIX
peleHus:

Re(z"eM?) = z7eP*® cos g, Im(z"e ™) = 2"eP*? sin g

Takum 00pazoM, BMECTO KOMILJIEKCHBIX DelIeHWuii MOXKHO MOCTPOHUTH
CTOJIBKO XK€ JIeACTBUTEIHHBIX PelleHnii; OHn 00pa3yioT apyryo dyHIa-
MEHTAJIPHYIO CUCTEMY pelleHuil, Oyay4n JIMHETHO He3aBUCUMBIMU B CH-
JIy TOTO, YTO MAaTPUIA TEPEXOIa OT MaPhl KOMIIJIEKCHO COMPSIKEHHBIX

. o . . 1 4
pemennn K X OEeUCTBUTEJIbHOUM U MHHUMOU YaCTAM HMMEET BUI (1 _:)

U UMEeeT OTJIMYHBIN OT HYJIsT ONPEIeSINTe b, DABHBIH —2i.

Beps smneiinyto KOMOMHANNAIO TIOJTYyY€HHBIX [IEACTBATEJIBHBIX DeIe-
HUIi, TPUXOIUM K TpefcTaBieHuio (3.25), KOTopoe Teneph, TakKuM 00pa-
30M, JIOKa3aHO.

PaccmoTpum Teneph HEOIHOPOIHOE ypaBHEHHE

3uasa pyHIaAMEHTAIbHYIO cucTeMy pemienuii (3.57), MOXKHO MOCTPO-
UTh €ro 4acTHOe pemenue 1o teopeme 3.13. IIpakTuyecku 310, OJHAKO,
Tpe6yeT JOBOJIBHO I'POMO3IOKHNX BBIKJIQOOK, B CBA3U C Y€M IIPpEOCTaBJIACT
uHTepec Kaace f(x), 171 KOTOPOro MOKHO MOCTPOUTH YACTHOE PEIIeHNE,
He obpamaschk K dpopmydie (3.48), a MOJIB3YACH YUCTO AJIreOPANIECKUMU
ONEPAIUAMH.

Teopema 3.15. Iycrs f(z) = S(z)e?®, rme A = const, S(z) —
muOrodsaeH cremnean s. Ilycte A He coBmamaer HH C OMHUM KODHEM Ap
XapakTepucTHIeckoro ypapuerus (3.56) (Tax HaspIBaeMblii Hepe3oHaHc-
nwouli cayuati). Torma cymecrByer dacrHoe perienue ypaBHenus (3.62),

HMerolee BHIL
j(z) = P(z)e, (3.63)



§ 5. YpasHenue ¢ nocmosaHHvMu KodPPuyuenmamu 97

re P(x) — mHOrodsten roii xe crenenn, yro u S(z). Ecomm A coBnaga-
€T ¢ KOPHEM XapaKTEePUCTHIECKOTO YDABHEHHS \j, KPATHOCTH My (Tak
Ha3bIBAEMBIIi PE30OHAHCHBIH CJIydali), TO CYyHIeCTBYeT YaCTHOE DEIICHUE
ypasuenus (3.62), umeroniee Bu

g(x) = T(z)z™ e, (3.64)
e T'(x) — MHOro4sten Toi ke crenenu, 9410 u S(z).

Ha OCHOBAHUU 2TOIt TEOPEMbI 9HaCTHOE PeIIeHne UMIETCA B YKa3aHHOM
Buge, rue MHOorousneH P(x) wam T(z) 3anmuchiBaeTcss ¢ HEM3BECTHBIMU
kosdurmentamu. [loncrapnsaa B ypasaenne (3.62), cokpamas Ha e*?
" IpUpaBHUBAA 9JI€HbI C OMNHAKOBBIMU CTEIICHAMU T, TOJIYIUM CUCTEMY
HEOOTHOPOOHBIX aﬂre6paI/I‘IeCKI/IX ypaBHeHI/Iﬁ OTHOCHUTEJIbHO HEU3BECTHbBIX
koaddurmento muorousiena P(x) wiu T'(x). Dr1a cucrema Gymer pas-
pemuMoii, TIOCKOJIbKY CyIIECTBOBAHUE PEIIEHUSI TAKOIO BUIa 00eCIedeHo
TeopeMoii 3.15.

IlokazaTeabrCcTBO TeopeMbl 3.15 mpuBeneM [Ji PE30HAHCHOTO
cayyas (3.64), rak xax (3.63) nosyuaercs us (3.64) npu my, = 0. Ion-
craBuM (3.64) B (3.62):

M (D)T (z)z™ e = e S(x) (3.65)

u y6eauMcs, 94TO OTCIONA MOXKHO OIPENesIUTh [IOCJIeOBATESIBHO KO-
dunmentor Maorowtena T'(z), Hauunas ¢ kosdduimenTa npu crapuieit
crenenn z°. Boinesinm B Mmuorowsienax 1'(xz) u S(x) crapume 4jieHbL:

S(z) = apx® + S1(x), T(x)=box® + T1(x).
IMmeem Torma
M (D)boz* ™ e + M(D)x™ T (z)e* = eMagz® + e S (z).

Pacnuuiem nepsoe ciiaraemMoe CJieBa, moJib3ysch hopmysioii (3.54) u yuu-

toiBasg, 910 M(A) = M'(A) = --- = M= () = 0, a M™) () # 0.
ITostyuum
(mx)
boem{ M (A) (s :177;%) (s+ 1)xs+
k‘

(my+1)
+ M (glj(jf):nk) st +} + M(D)z™ Ty (z)e =
= eMagz® + e S (). (3.66)

Bamernm, 410 B {-} mepBoe cjiaraeMoe UMeeT CTEeNeHb §, & IPOIne —
6ostee Hu3Kyio. IlpupaBHIBAsA CTapIIne UJI€HB U COKpamas Ha e z®
OylleM uMeTh

s+mp)---(s+1
rm)6tD

bOM(mk)()\)
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Orciona onpenesutes by wepes ag B cumy M (™) (X) # 0. Tocsie sToro
(3.66) mMoxkHO 3amucaTh B BUIE

M (D)z™ Ty (z)eM = M S (z), (3.67)

re Sp () MHOTOU/IEH CTENeHH He BBIle S — 1, 0/TyYeHHbIH B pesyIbTaTe
TIepeHeCeHns BIIPABO BCEX WIeHOB Bhipaskenus bpe?{-} (kpome mepso-
r'0), KOTOPbIE TENEPh U3BECTHBL.

Cootrnomenue (3.67) npencrassiser coboil ypaBHEHNE, AHAJIOTTYHOE
(3.65), HO cTenenu MHOrO4seHOB T (%) U S (z) na equuuiy mmxe T (z)
u S(z). U3 (3.67) aHaorMYHO NPENBIAYIIEMY ONPEIEJIUTCA CTAPIINi
koaddurment muorousnena Ty (z) = a;x®~! + Ty(z), T.e. onpenenarcs
yKe n1Ba crapmux uiena Muorousena T (z). Ilponosmkas npouece, onpe-
JIEJIUM TIOCJIE[IOBATEJIHHO BCe denbl T ().

MeTon OTBICKAHUSI 9aCTHOTO PEIeHNsI, OCHOBAHHbBIA Ha TOKA3AHHON
Teopeme, OyIeM Ha3bIBATH Memodom Heonpedesennux Koadduyuenmos.

Wrak, nyis ypaBHEHUs C MOCTOSTHHBIME Koad dunmenTamu ¢y HIaMeH-
TaJIbHAS CUCTEMa pelllennii, a B cyIydae mpasoil yactu Bua e S(x) Tak-
JKe U YaCTHOE PellleHre HEOIHOPOIHOTO YPABHEHUS MOTYT ObITH TOCTPOE-
HbI B 9¢dexTuBHOI popMe myTeMm asredbpandeckux onepamuii. B 3axJio-
YeHUEe YKaXKeM OJIMH CIIeIUAJIbHBIA KJIaCC ypaBHEHUl ¢ mepeMeHHbIMU
k03 puIrenTaMu, 1151 KOTOPOro pyHIAMEHTAIBHY 0 CUCTEMY PerieHni
TaK¥XKe MOXKHO TIOCTPOUTH 3 (DEKTUBHO. ITO TaK HAZBIBAEMOE yPABHEHUE
Diinepa

x”aoy(”) + x”_laly("_l) +---4+ay =0, a; =-const. (3.68)

HermocpencTBenHo#t BBIKJTQAKON HETPYIHO yOEIUTHCS, UTO 3aMEHOM
HE3aBUCIMOTO TIepeMeHHOro & = e ypasnenue (3.68) cBomurcs K ypas-
HEHUIO C IOCTOsIHHBIMU K03 PULIMeHTaMU, YTO U PemaeT Boupoc 06 3¢-
dEKTUBHOM MOCTPOEHUY (DYHIAMEHTATHLHON CUCTEMBI PEIIeHN{i.

Il71st OThICKAHWST YACTHOTO PEIIeHrs] HEOTHOPOIHOrO ypaBHEHUs Dif-
Jlepa B Caydae, eCd TpaBad dacTh mMeeT Bua zS(Inx), mpumenwmm
MeTOJI, HEOIPeIeJIeHHbIX K03 UIIneHToB.

§ 6. CucreMbl JJUHEHHBIX ypaBHeHui. Ob1asa Teopusa

ObparuMcsi K U3YYEHUIO CUCTEMbI JIMHEHHBIX HuddepeHnnaaTbHbIX
YpaBHeHUit

vi =Y an(@ye + filz), i=1,...,n. (3.69)
k=1
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Cucrema (3.69) masbiBaerca odnopodnot, ecmu f;(x) = 0 mia Bcex
i =1,...,n, B IPDOTUBHOM CJiydae — HeodHopodnotl. Bynem npemmosia-
ratb a;, () u f;(z) HenpepbiBEBIME Ha nHTepBaJse X . Kak 6bu10 moKa3a-
HO BbIe (CM. § 2), npu 3TUX yCjI0BuAX Ha X CYIIECTBYET €IUHCTBEHHOE
pemienue cucteMbl (3.69), yIOBIETBOPSIONIEE HAYATLHOMY YCJIOBHIO

— .90 R
yilzo) =P, i=1,...,n. (3.70)
Il cucTeMbl ypaBHEHMII CIIPABEIJIMBBI TEOPEMbBI, AHAJIOTUYHbBIE TEM,
KOTOPbBIE OBLITN JOKA3AHBI IJIS OJJHOIO YPABHEHU 7-T'O MOPSIIKA.

1. Marpu4yHas 3anuch. B 1e/1gx MaKCHMaJILHOTO ynpouieHns $hop-
MBI U3JIOXKEHUA HaM OyleT yZOOHO MOJIb30BATHCA MATPUYIHON 3aIUCHIO.
HanomuuM ocHOBHBIE (hAKTHI MATPUYHOTO UCYHUCIIEHUA, KOTOPbIE MIOHA-
no0sATCA IJIsT DTOrO.

1°. Marpuueii pasmeproctu n X m (wm (n X m)-marpureii) HasbBa-
eTcst TabJINI 9UCesT A, BUOA

YHucsia a;, Ha3BIBAIOTCI IAEMEHMAMY MAMPUYDL.

B nacrosimem naparpade Mbr 6y1eM HCIOIb30BATH KBAAPATHBIE MaT-
putibl (nHAYe (1 XN )-MATPUIIBI) U TAK Ha3bIBaeMble CTOIONbI (vau (nX 1)-
MaTPHUIIbI)

ail ay
UJTA TIPOCTO

Gn1 Q.
Bynem obosnadars marpunst a,b,c u T. 1., a UX 3JEMEHTHI COOTBET-
CTBEHHO Q;j, bij, ¢;j ¥ T. 1.

2°. Matpunpl @ n b CUNTAIOTCA Pa6HBLMU, €CTH a;; = b;;. Matpn-
Ia @ CUUTAeTCA pashol nyaw, ecmu a;; = 0 gng Becex ¢ = 1,...,n,
j=1,...,m.

3°. Hax (n X m)-MaTpuiaMu ONpeIesieHbl OMEePAINH CAOHCEHUS T YM-
HOHCEHUSA HA YUUCAO.

Cymmoti mampuy, a 1 b HasbiBaeTCa Marpuna ¢ (0603HAYAETCA ¢ =
= a + b) Takas, 4TO ¢;; = a;; + byj.

ITpouseederuem Mampuyss G Ha “UCAO ( HA3bIBAETC MATPHUIA ¢ (000-
3HAUAETCH € = Q@) TAKAsA, 9TO Cjj = Ol

4° Ecsm a asaserca (n X m)-marpuneii, a b asiaserca (m X p)-
MaTpuIeii, TO npoussedenuem mampuy, a U b HA3BLIBACTCS MATPHUIA C
pasmepuoctu 1 X p (ob6o3Hauaercs ¢ = ab) Takasi, 4To

m
Cij = E ailblj, i:1,...,n, jZl,...,p.
=1



100 Ia. 3. Jlunetinovie duddepenyuarvroie YypasHeHU

VYmvuOxkeHre Marpui; 00J131aeT CO9eTaTeTbHBIM U PACIPEIeTUTETbHBIM
CBOICTBaMU.

L71st KBaIpaTHBIX MaTPHIL OJMHAKOBOW PAa3MEPHOCTH OIPEHesIeHO W
npousBenenre ab m nmpousseneHue ba, HO KOMMYTATUBHBIM CBOWCTBOM
YMHOXKEHIE MaTpull, BoOOIIe roBopsi He obJianaer, T.e. ab # ba.

5° Marpuieii, obpamnotli K n X n-MaTpule @, HA3bIBAETCA MaTpPU-

na ¢ (obosHawaerca ¢ = a~!) Takas, uto aa”! = a"la = E, rme
1..0

E = < “““““ > — TaK Ha3bIBa€Masad €IUHUYIHAIA MaTPUIla, y KOTO-
0.1

pOil 3/IeMEHTBI, HAXOMAINIMECS HA TJIABHOM IMArOHAIN, PABHBI EIUHUIIE,
BCE OCTaJIbHBbIE HJIEMEHTHI PaBHBI HYJIIO. DJIEMEHTHI OODATHOU MaTpu-
bl MOTYT OBITH HaiilleHbl, HaIpUMep, 10 GopMyJaM c;; = %Aji, rie
A =Deta, a Aj; = (—1)7T'M;; — anrebpanueckoe nonosHeHne K 3J1€-
MEHTY aj;, M;; — MunOp (n — 1)-ro mopsnKa, MoJIyYalomuiicsa u3 ompe-
[EeJINTEIsT @ BhIYEPKUBAHUEM j-fi CTPOKHU U ¢-TO CTOJIONA; 7,1 = 1,...,n.

Bynem paccmarpuBaTh TakKe MATPUILHI, Y KOTOPBIX 3JIEMEHTHI SBJIS-
I0OTCA d)yHKHI/IHMI/I xX. ﬂﬂﬂ TAaKUX MaTPUIL TOMUMO BBIIIECYKA3aHHBIX OIle-
panuii onpenesieHbl TAKXKe ONeparyu aHamsa — auddepeHnmpoBanne
U UHTETPUPOBAHUE.

6°. IIpoussodnoti a'(x) om mampuyvt a(x) ¢ 31eMeHTaMH a;;(x) Ha-
3BIBAETCA MaTpHIa ¢ emMentamu a;;. Ilpapnia nuddepennmuposanns
CYMMBI U TTPOU3BEICHUST COXPAHSIOTCS U JIJIsi MATPHUIL, TOJIBKO TpH Juch-
depeHImpPOBAHNT TPOM3BEIEHUST MATPUI] HEOOXOIUMO COXPAHATH MOPsi-

JIOK COMHOXKHTEJIe:
(ab)' = a'b+ ab'.

x
7°. / a(r) dr onpenesisieTcs KaK MaTPUIA C 3JIeMEHTAMU
xo

T

f a;j(z) dz.

2. O6mme cBoMcTBa cucTeMbl JuHEWHBIX ypaBHeHul. Obpa-
tuMes x cucreme (3.69). O6osaaunm gepes y, f 1 y° cToa6IL!

Y1 fi y?
y=| . f={:] =|:]
Yn In y?z
a 1gepes A(z) obosHaUNM (N X N)-MATPUILY C JIEMEHTAME G;;(X):
ain(z) ... ap(x)
Az) =

anl(:c) a,m(a:)
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Torua cucremy (3.69) MOXKHO 3anKMCATL B BUIE OJHOTO yPABHEHUS

y' = Az)y + f(2) (3.71)
TOYHO TaK K€, KaK U Ha4YaJIbHbIE yCJIOBUA
y(zo) = o°. (3.72)

ITosp3ysck npaBuIoM yMHOXKeHUA 4°, TPaBUJIOM CJIOXKeHUA 3° U mpa-
BUJIOM DABEHCTBa Marpuil 2°, HETPYAHO yOemuTbcs B ToM, 410 (3.71)
u (3.72) e xe camble, uto u (3.69) u (3.70).

B cuny cBoitictB ymHOXKeHuss n auddepeHInpOBaHNsT MATPHUIL 115
nuddepeHupyemMbix CToI0IOB UMeer MecTo ToxaectBo (cp. (3.34)),
B KOTOPOM (¢; — IIOCTOsIHHbIE YHCJIA,

(i aiu(i))l - A(i aiu(i)) = i a;(ufyy — Aug)), (3.73)
i=1 i=1 i=1

BBhIpaxkaloliee CBoiicTBo smHelHoCTH oneparopa y' — Ay = L[y] va MHO-
xkectBe nudHepeHimpyeMbx CTOJIOIOB.
3mech u B HasibHeimemM 11 HyMepaluu CTOJIOIOB OyaeM ynorped-
JIATh MHIEKC, 3aKJII0YEHHBI B KPYIJIble CKOOKM, OCTaBJIsisA UHIEKC 6e3
CKOBOK 1151 0603HAYEHUST 9JIEMEHTOB (KOMIIOHEHT).
HenocpencTBeHHbIM CJIEICTBHEM STOrO TOXKIECTBA ABJISIETCSA MPUH-
AT CYTIEPIIO3UIIHH.

Teopewma 3.16. Ilycrp B ypaBuenun (3.71) f(x) aBisgercs smHeti-
HOIt KoMbuHareit f(;) (), T.e.

k
flz) = Z @i f (),

rae o — MOCTOSHHBIE YHC/Ia, U IYCTh Y(;) () ABJIAETCSA peneHneM ypas-
HEHHu:A

Yy = A@)ya) + fa-
Torna yweiinas KoMbuHATAA Y(;)(T) € TeMH xe KoapdunuenTamn a;,
T.e. crosbern y(x) = Zle a;y(;) (), ABAAETCA pemenmeM ypaBHEHH:
(3.71).

VmeroT Takke MECTO TeOpeMbI, aHAJIOTUYHBbIE TeopeMaM 3.4-3.6.

3. OmHopomHoe ypaBHeHue. Paccmorpum 6oJiee meTasibHO OIHO-

POIHOE yPaBHEHHE )
y' = A(z)y. (3.74)
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IIycrs umeercs n crosbuoB
Yein
Yo = :
CocraBuM u3 91X CTOJIOUOB Marpuiy W (zx):
yan(@) - Yy (e)
W(z) = (3.75)

Comnocrasum ypasHenuto (3.74), mpaBas u JieBasi 9acTh KOTOPOTO CTOJIO-
Obl, aHAJIOTUIHOE YpaBHEHUE

W' = A(z)W, (3.76)

npaBasi ¥ JieBas 4acTu KOTOPOrO — MaTpUIlbl pasMepHocTu (n X n)
U B KOTOPOM HEM3BECTHON siBjisieTcst Mmarpuna W (z).

Teopema 3.17. IlycTb y(1),---,Y(n) €CTb N DEIICHHI yDPABHEHH
(3.74). Torma (n x n)-marpuna W (z), obpasoBaHHasa U3 HUX 110 OPMY-
Je (3.75), aBiaserca pemenueM marpudHoro ypasenus (3.76).

O6parno: eciin W (x) siBiisiercs pemiennem ypapaenns (3.76), 10 Kaxk-
abrii crosiber; marpuipl W (x) sBiisercs: pemennem ypasaenus (3.74).

HoxaszarenbcrBo. Jocrarouno pacmucars (3.76) u (3.74) nosse-
menTtHO. [eficrBuresnbHo, (3.76) o3nagaer

n
Wi, = Zaikaj (3.77)
k=1
nJjim n
Yy = D GikY()ks (3.78)
k=1
a (3.74) osnauaer .,
vi= airys. (3.79)
k=1

[oatomy ecyu y(;) ABAAIOTCA pemeruamu (3.74), To KaxI0€ y(j) YI0-
ByierBopsier (3.79), r.e. cupasenyuso (3.78) wim, uro to Xke, (3.77),
a sHauut, u (3.76), u Haobopor, ecsu cupasemuso (3.76), To u (3.78),
a 310 B comocTayenn ¢ (3.79) osHadaert, 910 y(j) (j = 1,...,n) aBa-
eTcsa pelneHneM ypasHeHu: (3.74).

Ormerum eme cienyiomue GpakThbl, IPOBEpsieMbIe CTOJIb JKe MPOCTO.
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Teopewma 3.18. Ecau W(x) — pemenue ypapuenus (3.76), 10 BbI-
paxenne W B apjsercs: pemieaneM ypasHenus (3.74), ecoiu B — mpo-
MU3BOJIbHBIH HOCTOSHHBIH croJiber, u pemenueM ypaBHenus (3.76), ecou
B — npousBoJibHA TOCTOAHHA (N X N)-MaTpHIIA.

Onpenenenue. Bygem roBOpuTh, 9TO CTOJIOUBI U (1), - - -, U(p) AU-
HeliHo 3a6uUcCuUMbL HA unmepsase X, €CJM CYHIECTBYIOT MOCTOSIHHBIE
C1,...,C, He Bce paBHbIE HYJIIO, TAKUE, YTO UMEET MECTO TOXKIECTBO

P
> Ciug(z) =0, zeX. (3.80)
i=1
Ecuu xe (3.80) Boimosasercs Tobko mpu Cp = --- = Cp = 0, 10 Gynem
TOBOPUTD, UTO U(1), - - - , U(p) AUHETHO HE3ABUCUMDL.
Paccmorpum n muddbepeHmmpyemMbix CTOIONOB Y(1); - - -, Y(n)- SAIH-
meM i HuxX paseHcTBo (3.80):
n
Z Ciy(i) (:L') =0. (3.81)
i=1
Ch
Bsenem B paccmorpenue nocrogunbiit cronben C = | 1 |. [loabsysacs
Cr

sTUM cTosibniom n marpuueit W (z), cocraBienHoi u3 y(;) 1O MpaBIIy
(3.75), moxHo (3.81) 3anmucars B Buie

W =0. (3.82)

Tak kax corsiacHo 1. 2° mpaBuJI MarpudHOro ucuucsenus C cInuTaercst
paBHbIM HYJIH0, ecyin Bce C; (i = 1,...,n) paBHbI HYJIIO, TO OIPEIEJICHUE
JIMHeHOM 3aBUCUMOCTH U HE3ABUCUMOCTH Y(1), - - - , Y(n) MOKHO cHOpMY-
JINPOBATH CJIEIYIONIUM O00PA3OM.

Onpenenenune. Bygem roBoputh, 9TO CTOIOUBL Y(1), ... ,Y(n) AU-
Hetino 3a6uUcCuMbL HA UHMEPEaae X, €CITU CYMECTBYET MOCTOSTHHBINA CTOJI-
6err C # 0 Takoii, 4To TOXKIeCTBEHHO HA X mMmeeT mecto (3.82).

B mporusHOM ciiydae, T.e. ecau (3.82) cnpaBemsiuBO TOJILKO OpU

C = 0, Gyziem rOBOPHUTD, YTO Y(1), - - -, Y(n) AUHETHO HE3AGUCUMDL.
Onpenenenune. Hazsosem A(z) = DetW(z) onpedesumenem
Bporckozo nst y(1y, - - Yn)-

Tenepb MOXKHO cHOPMYJIMPOBATH U JTOKA3ATH TEOPEMbI, AHAJIOTUIHBIE
Teopemam 3.7-3.9 u3 Teopun ypaBHeHuit n-ro mopsaka. Bee atu mokasa-
TEJILCTBA 3AMUCHIBAIOTCS BECbMa, KOMIIAKTHO, €CJIH T0JIb30BAThCSI BBE-
JIEHHOIl MaTPUYHOIl 3alUChHI0O, KOTOPAs O4YeHb y/I00HA U TpebyeT JIHiIb
HEKOTOPOT'O HABBIKA.
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Teopewma 3.19. Ecom pemenns y(yy, - . ., Y(n) ypaBaenns (3.74) -
Hefitno 3aBucumbl Ha X, 10 A(z) = 0 Ha X.

HoxkazarenbctBo. Umeem WC =0, C # 0. 9ra 3anuch sABJIsgeT-
¢l KpaTKuM 0603HadeHneM TOro pakTa, 9TO IPU KAaxkKIOM T BEeJMYUHbBI
C1,...,C, yHOOBJETBOPAIOT CUCTEME JIMHEHHBIX aJire0pandecKux ypas-
HeHuii ¢ onpenesmresieM A(x), 1 TaK KaK pelIeHre HETPUBUAJIBHOE, TO
A(z) = 0 upu yobom z € X, r.e. A(z) =0.

Teopema 3.20. Eciim A(x) = 0 xorst 6b1 a1 ogHOro € X, TO
PEIIenns y(1y, - - -, Y(n) YpaBHeHus (3.74) smneiitno sapucumpl Ha X.

HoxaszaresbcrBo. 3anuiuemM Kparko I0Ka3aTesIbCTBO 3TOI Teo-
PpeMbl, yXKe€ He OaBad MOIMOJTHUTE/IbHBIX paB’])ﬂCHeHI/H!?’I7 KaK B IpeObI-
nymeit. Bosemem g € X, u nycrs A(zg) = 0. CocraBuM ypaBHeHUe
W (xo)C = 0 orrocuresbro C. B cuny A(xg) = 0 cymecrByer pemienue
C # 0. Honoxum y(x) = W(z)C. Cornacuo reopeme 3.18 310 — pere-
Hue ypasrenus (3.74), npudem y(zg) = W(zo)C = 0, a Torma, B cuiy
TeopeMbl enuHCTBeHHOCTH, Y () = 0 1, TakuM obpaszom, W (z)C = 0, uro
O3HAYACT JIMHEHHYIO 3ABUCHMOCTD Y(1), - - -, Y(n)-

Teopema 3.21 (anbrepuarusa). Oupenesmresbr Bporckoro 6o
TOKICCTBEHHO DABEH HYJIIO, H 9TO O3HAYACT, YTO PEIICHH Y(1), - - - , Y(n)
JIMHEHHO 3aBHCHMBI, JTMOO He 00pamaercs B HyJIb HH B OQHOI Touke X,
M 9TO O3HAYAET, YTO PEHIEHU Y(1), - - - ; Y(n) JIMHEHHO HE3ABHCHMBI.

Onpenenenne. @yudamenmanvroli cucmemoti pewerut ypasHe-
nus (3.74) Gynem Ha3bIBATH 7 JIMHEHHO HE3ABUCHMBIX DENICHMH Y(1), . . .

-»Y(n) YPaBHeru# (3.74), a cooTBeTcTByIONIYI0 UM 110 dopmyte (3.75)
marputty W (z) 6ymeM HasbBarh pyHIAMEHTAJIBHON MaTpUieii.

Ha ocnoBanuu teopembl 3.20 MOXKHO HaTh APYroe (SKBUBAJIEHTHOE)
onpenesieHne GyHIAMEHTAIBHONR MATPUIBL.

Onpenenenue. Pemenne W(x) ypaBuenus (3.76), misg KoToporo
A(z) oruyuHO OT HyJA BCIOAy Ha X, Ha3biBaerca @yrndamermanrvhoti
mampuyed.

Teopewma 3.22. Jlunefinas ogHOpPOIHAS CACTEMA yPABHEHUI HMeeT
dyHIaAMEHTAIBHYIO MATDHILY.

B cuny teopembr 3.21 mOCTATOYHO B3ATH MPOU3BOJIBHYIO MATPHUILY
a = const C OTJIMYHBIM OT HYJIA OIpelesuTeseM u 3a0arh A W Ha-
vasibHOe yciosue W(zg) = a.
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Teopewma 3.23. Eciu W (z) — pyHnamenraibHass MATPUIIA, TO JIIO-
6oe pemtenne y(x) ypasaenus (3.74) npencraBumMo B BUze

y(z) = W(z)C, (3.83)
rae C — HEKOTOpbIi MOCTOsIHHBIH CTOJIOEL.

HoxasatenbctBo. lycts y(zg) = y°. Onpenesum C' ypapneHn-
em W(xo)C = y°, xoropoe paspemmmo B cuiy A(zg) # 0. Ioctponm
y(z) = W(2)C. Tax xak §(zg) = W(zo)C = 3°, T0 B cuy Teopembl
ennacTBeHHOCTH Y () = y(2) = W (2)C, 9T0 n TpeboBaIOCh.

Bameuanue. Ha sspike suHeitnoit amrebper Teopembr 3.22 u 3.23
03HAYAIOT, YTO MPOCTPAHCTBO pemnieHnii ypasuenus (3.74) n-mepHo.

[Mocrpoum pemenne ypasuenusi (3.74), yI0OBIETBOPSIIONIEE yCIOBUIM
(3.72), Buipasus ¢ nomombio W (z) sesmauny C uepes y°. Umeem

y(zo) = W(z0)C =y’
orxyna C = W~t(xg)y° u, crenosarenno,
y(a) = W(z)W (z0)y".

Marpuny K(z,z0) = W (z)W =1 (z0), apasomytocsa dbyHKIue 18yX me-
PEMEHHBIX T U Tg, Ha30BeM (Cp. § 4) umnyabcroli mampuyed, unu ma-
mpuyarmom. B cuity reopembr 3.18 K(z, z¢) xax dyukuusa x ymoBier-
Bopsier ypasuenuto (3.76). Kpome roro, oueBunHo, 910

K(xo, .’)30) =F.
Taxum 06paszom, CipaBeITUBA
Teopewma 3.24. Pemenne 3anaqn (3.74), (3.72) umeer Buz
y(z) = K(z,20)y°, (3.84)

e marpuna K(x,To) yIOBJIETBOpPsET MO ApPryMEHTY T MATDPUIHOMY
ypasuenuto (3.76) u ycaosuio K(zg,z9) = E.

4. HeomHoponHoe ypaBHeHHe. PacCMOTPHUM Tenepb HEOTHOPOIHOE
ypasHenwue (3.71).

Teopewma 3.25. Ecoim W(x) — cyHIaMeHTa/IbHASA MATpHIA, A
g(x) — wacrHOE pemenne HeomHOpOmHOro ypasHenus (3.71), To sroboe
penrenune y(x) ypaBuenus (3.71) npencraBumo B Buie

y(x) = W(z)C + i), (3.85)

rae C — HEKOTOpbIi MOCTOsIHHBIH CTOJIOEL.
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,D; OKa3aTeJbCTBO TOYHO TaKOE K€, KaK B CJIy1ae YPAaBHEHUA N-TO
nopAIKa, U MBI €0 OITyCKa€M.

IMocrpoum yacTHOe pemienue §(), YIAOBIETBOPSAIONIEE HYJIEBbIM Ha-
yaJibHBIM ycsioBuaM (o) = 0. Bynem uckarb ero B Buie

glz) = W(x)C(=),

rne C(z) — newsBecTHbIH crosben. D10 (haKTHIECKN MPOCTO 3aMeHa
nepemennbix. [loncrasiss y(z) B (3.71), nosmyunm

W'C+ W' = AWC + f.

Tak kax W ynosnersopser (3.76), o W' — AW = 0 u, cienoBaresbHO,
WC' = f. Orciona C' = W=1f. A rax xax §(zg) = W(w)C(xo) = 0,
1o C(x9) = 0 1, CIIEI0BATENIBHO,

Taxkum obpaszom,

j@) = [ W@W OO dE= [ Kz, O)f(€)de

Zo

" ClpaBeajinBa

Teopewma 3.26. Yacruoe pemenue j(x) ypaBaenus (3.71), ynose-
TBOpsomiee ycaoButo J(xo) = 0, umeer Bu

§@) = | K(@,&)F(©)de, (3.86)

rae K(x, &) — uMILyJsIbCHAsT MATPUIIA, UJIH MATPUIIAHT, — DEIIeHHe Ma-
rpuyHOro ypasaenus (3.76), yaosiersopsmomee yeiaosuro K(€,&) = E.

SaMedaHus.

1. 310K eHHbBIi METO/ MOCTPOEHUST YACTHOTO PEIIEHUS CUCTEMBbI JI-
HEHHBIX ypaBHeHUll (PaKTUIECKH sIBJISIETCs] BADUAHTOM METOIA Bapua-
UM [OCTOSIHHBIX, KOTOPBIA IS OJHOrO YPABHEHUS HCIOJIb30BAJICI
B 1. 2 (c. 31-33).

2. B cuny npunnmna cynepnosunuu pemenue y(z) samaqdu (3.71),
(3.72) umeer Bun

y(@) = K(@,aoly® + | Kla,€)F(€) de. (3.87)
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¢ 7. Cucremsbl quHelHBbIX muddepeHIaTIbLHBIX yYpaBHEHUR
C MOCTOSIHHBIMHU K03(dPUImeHTaMmu

ITycts B (3.74) A — nocrosHHAs MaTPHIA,
y' = Ay, A= const. (3.88)

B stom cayuae moctpoenne dbyHIAMEHTAIBHON CUCTEMBI PENIeHni N
dyHIaMEHTATIBHOM MATPUIIBI CBOANTCS K AJITeOPANIECKUM OTePAIMIM.
Bynem uckarb yactHoe pemernue cucrembl (3.88) B Bume ae’\’“‘, rIe
A — HEeU3BECTHbIH mapaMerp, o — HEM3BECTHBIN MOCTOsIHHBIA CTOJI0eI.
[Moncrapyisa 310 Bpaxkenne B (3.88), momyanm Aaer = Aae*. Or-
CIOZa [1eJ1aeM BBIBOJI, UYTO (¢ JOJIKHO ObITH pelieHneM asirebpandeckoit
CUCTEMbl ypaBHEHU
(A= AE)a =0. (3.89)
sz Toro 9T06bl (v OBLIIO HETPUBHUAJIBHBIM PEIIEHNEeM, HYKHO MOTPebOo-
BaTh, YTOOBI
Det(A — AE) = 0. (3.90)
ITO ypaBHEHUE SBJISIETCsT aJire0pandecKuM ypaBHEHNEM CTENeHNu N U Ha-
3BIBAETCA LAPAKMEPUCTIUNECKUM YpasheHuem ypasuerus (3.88).
IIycts A1,..., A\, — TPOCTBIE KOPHU XaPAKTEPUCTUIECKOTO ypPaBHE-
ru (3.90). Kazxmomy A; orBedaet a(;) # 0 (coGCTBeHHBI BEKTOP MaTpu-
upsl A), KoTopsiit HaxoguTes us (3.89), rae mostoxerno A = ;. B kauectBe
KOMIIOHEHT () MOXKHO B35Th, HATIPUMED, ajrebpandecKue MOM0THeHns
K OmHO# u3 cTpok onpenesuresns Det(A — \E).

Teopema 3.27. Ilyctp A1,...,\, — HIPOCTBIE KOPHU XapakKTepU-
crideckoro ypasrenns (3.90) m mycTh ;) — pemenue (HeTpHBHATb-

noe) ypasaenus (A — \;E)a = 0. Torma crosbupt a(i)ekiz (t=1,...,n)
obpasyior ¢pyHIaMeHTaabHyI0 cucreMy pemienuii ypapaenus (3.88).

Iloka3aTeabCTBO MPOBOOUTCH MO CXEME, KOTOPAsI ObLIa UCIIOIb-
30BaHa B § 5. [Ipeanosioxum, 9To perreHnst a(i)ekiz JINHEITHO 3aBUCHAMBI:

> Ciaper® =0, Ci #0. (3.91)
i=1

Orcrona numeem
0104(1)6()‘1_)\")36 + -+ Cn_la(n_l)e(A"_l_A")m + C’na(n) =0.

Hubddepennupyss 3170 paBEHCTBO, MPUXOAUM K COOTHOIIECHWIO THUIIA
(3.91), conepxkammemy yxe n— 1 ciaraembix. [IoBTOpsisi onepanuio, npu-
XOIIMM B KOHIIE KOHIIOB K paBeHCTBY (1 o) = 0. Tax kak xoTs ObI OITHA
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13 KOMIIOHEHT (1) OTJIMYHA OT HyJIdA, TO nostydaem orciona Cp = 0, uto
nporusopednt (3.91).

O6parumcss kK obmeMy ciydaro. IlycTh XapakTepUCTUIECKOe ypaB-
Henue (3.90) umeer KOpHU A1, ..., \; KparHocreid my,...,m; (my + ---
<o+ m; = n). U3 npepiaymero scHO, 9TO a(i)eAi’”, rae oy — cob-
CTBEHHbII BEKTOD, OTBevaomuit \;, 6yner pemennem ypapaenus (3.88).
Kaxmomy \; B paccmMarpuBaeMoM CJIydae MOXKET OTBedaTh HECKOJIBKO
COOCTBEHHBIX BEKTOPOB, HO, BOODOIIE TOBOPsI, UX UNCIO0 p; < m;. Takum
obpaszomM, pereHnii Buia oz(i)eAimj MOXKeT OBbITh MEHbINIE 1 U OHH, CJIEJIO-
BaTeJIbHO, He 00pa3yioT (PYHIAMEHTAIHBHON CHCTEMBI PEIeHN.

L7151 TOro 9TOOBI BBIICHUTD, OTKY/IA B3ATh «HEIOCTAOIINE» PEIleHNsI,
moTpebYIOTCsT HEKOTOPBIE MMOCTPOECHMSI, K KOTOpbIM 1 nepeiinem. [lycTs
y — pemenue ypasHenus (3.88). Torna KOMIIOHEHTBI ¥; 9TOrO PEIIEHUST
VIOBJIETBOPSIOT CUCTEME YPaBHEHU

a’ily1+"'+ainyn_Dyi=07 i=]~7"‘7n7 (392)

rne D — oneparop muddepeniupoBanus (cM. 3amedanue 2 K JieM-
me 3.1). Onpenesmmress Det(A — ED) = M (D) npencrasiser coboit He-
KOTOPBIii OTIepaTopHbIii MHOTOUJIEH N-it cTenieru. Ecyiu BMmecto D noacta-
BUTBH A, TO IOJIYYUTCSI JIeBasi 9aCTh XapaKTEePUCTUIECKOrO YPABHEHUSI
(3.90) nnm xapaxrepucTudeckuil Morounex cucrems! (3.88). Tak kax
YMHOXKEHNE OTePATOPHBIX MHOTOYJICHOB MO2KHO TPOU3BOAUTD T1I0 IPABU-
JIy YMHOXKEHUsI OObIYHBIX MHOTOYJIEHOB, TO, yMHOXKas (3.92) Ha asre6-
pandeckue nonosHenns A;j(D) onpenenuresns Det(A — ED) (ymHOxe-
HUE [IOHMMAETCS KaK YMHOXKEHHEe OllepATOPOB) U CYyMMUPYS 110 4, IOJIY-
Jaem
M(D)y; =0, j=1,...,n,

a 10 — auddepeHnnaIbHOEe ypaBHEHNe IOPAIKA 7 OTHOCHTEBHO Yj,
XapaKTEePUCTUIECKUI MHOIOYJIEH KOTOPOrO COBIIAIAET C XaPAKTePUCTH-
yeckuM MHOrousaenom cucrembl (3.88). Taxum obpasom, crpaBeniuBa
CJIeyI0Mmast

Teopewma 3.28. Kaxxnas KOMIIOHEHTa y; pelreHus y cucteMsr (3.88)
VIOBJIETBOPSAET YPABHEHHUIO N-TO MOPAIKA, XapaKTEPHUCTHICCKHH MHO-
rO4JIeH KOTOPOIO DABEH XapaKTePHCTHIECKOMY MHOIOYJIEHY CHCTEMBI
(3.88).

Paccmorpum kopenb A\ kparHoctu my. anekc k Oymem B HuzKec ie-
IYIOMIAX PACCYXKIEHUAX OIyCKATh, TAK KAK OyIeM UMeTh JIeJI0 TOJBKO
C OJTHUM KOPHEM. DTOMY KOPHIO A OTBedyaer peineHue y cucremsl (3.88),
Jj-f1 KOMIIOHEHTa KOTOPOTO y; B CUJIy TeopeMbl 3.28 umeer Buz (CM. Teo-
pemy 3.14)

Yj = (Olj + ng.l“ + -+ ijxm—l)e)\17
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rae Cy; = const, u, TakuM 06pasoMm,

Ci1+Coz+---+ lelfm_l
Y= e, (3.93)
Cin+ Copz + -+ + Cpppz™ ™t

B »roM BbIpazkeHUH, OIHAKO, IOCKOJIbKY KOMIIOHEHTBI §; HE HE3aBUCHU-
MBI, & CBA3aHbI cucTeMoit (3.92), nocrosuuele Cij He ABAANOMCA HE3A-
BUCUMbBLMUY.

OxasbiBaercsi, 8 supadtcenut (3.93) “ucao He3a6UCUMBIT KOHCMAHM
C'vj pasro kpamuocmu m xopus A. ObocHOBaHuEM 3TOr0 (bakTa MbI 3aii-
MeMCs HIDKe, & [OKAQ BBIACHUM, 4TO 3TO IaeT [JIA HOCTPOoeHus dyHIa-
MEHTAJIbHON cucTeMbl penieHuil ypastenus (3.88).

Ob6o3Haunm cBOOOmHBIE MOcTOstHHBIE Yepe3 (1, ..., Ch,. IlomcraBum
(3.93) B (3.88), cokparuM Ha e’ W IpUpaBHAEM UJIEHLI C OMUHAKOBBI-
MU cTeneHaMH 2. Torma mosyuuTcsa inHeliHaA aredpandeckas CUCTEMA,
m X N OZHOPOOHBLIX ypaBHeHuil ¢ m X n nHeussecTHbIMH C}j, KOTOpPbIE
MOXKHO BBIPA3UTh JIMHEIHO dYepe3 cBoOomuble nocroguuble Cf,. .., Chy.
Iocaie sToro (3.93) MOXKHO 3amucarh B BUIE

y = [C1p1(x) + - - + Crupm (2)]e™?, (3.94)

rae p;(x) — cTosbIpl, KOMOOHEHTbI KOTOPBIX SIBJISIIOTCS BIIOJIHE ONpe-
JIeJIEHHBIMU MHOTOYJIeHAMHU OTHOCUTEJIbHO T CTEIleHH He Bbiire m — 1.

U3z (3.94) ciiemyer, 94T0 KOPHIO XapaKTEPUCTUYECKOIO YPABHEHUS A
KPaTHOCTH M OTBeYaioT m pemennit uma p;(x)e’ (i = 1,...,m). Takoe
[IOCTPOEHNE MOXKHO IIPOAEJIaTh IJIf KaXKIOro Ap KPAaTHOCTH my. B pe-
3yJIbTaTe IOJIyYUM 1My + - -+ + My = N peleHunii.

Hwxe Oyner nokasaHo, YTO NOAYUEeHHbIE ONUCAHHBIM CNOCODOM 1L pe-
wenul obpasyrom Gyrdamenmansvryo cucmemy pewenuti YpasHerUus
(3.88).

[IpaxkTuyeckn nyist HAXOXKIEHNWs (PYHIAMEHTATBHON CHCTEMBI pere-
HUl PEeKOMEH/IyeTCs I KaXkKIOro A Hamucarb Bbipaxkenue (3.93), za-
TeM MOACTABUTH B (3.88) 1 M3 MOJTyYeHHON yKa3aHHBIM BBIIIE CIIOCOOOM
aJiredOpanvecKoil CUCTEMBI BBIPA3UTH BCe IIOCTOAHHBIE Yepe3 CBOOOIHbIE
nocrosiHable. To, 9TO 4nCIJI0 CBOOOJHBIX MOCTOSIHHBIX 3apaHee U3BECTHO
1 PABHO KPATHOCTH M KOPHA A, IIOMOTaeT PelIeHuto 3Toil ajrebpande-
CKOIl CHCTeMBbl, TaK KaK 9TO O3HAYAET, UTO 3apaHee U3BECTEH ee PAHT.

IMIpumep 3.2.

Y =4y1 — Y2, yb=3y1+y>—ys, Y3 =1y1+ys. (3.95)
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XapakTepucTuieckoe ypaBHeHUe, OTBevalollee 3TOi cucreme, mMeeT Ko-
peHb A; = 2 kparnoctu my; = n = 3. CoriacHO U3JI0KEHHOMY BBbIIIIE
[IPABUJIY IUIIEM BBIPAXKEHHE

1 ap + a1z + axz?
yo | = | bo +biz+ baz® | €. (3.96)
Y3 co + 1z + caz®

1ICTaBJIAA €TI0 B . Kpalllasd Ha € U IpupaBHUBAA 9JICHBI C OOU-
IMoxcTa ero s (3.95), co 2z

HAKOBBIMU CTEMEHAME I, TIOJIYIUM CJIeaytomue 9 ypaBaeHuit njist onpe-
nesiennsi 9-1u K03 HUIMEHTOB:

(11:2(10—bo, 2a2:2a1—b1, 0:2a2—62,
b1:3a0—b0—60, 2b2:3a1—b1—61, 0:3a2—b2—62, (397)
c1= ap —co, 2c2= ap —c1, 0= as —Co.

Bapatee W3BECTHO, YTO PAHT 3TOH CUCTEMbl paBeH 6 U CBOGOMHBIX
HEM3BECTHBIX 3.

3amnuceiBas ONPENETUTEb 3TOU CUCTEMBI, PACIIOJIOKUB HEM3BECTHHIE
B IIOPsiIKe ag, by, Co, a1, b1, C1, G2, b, C2 JIETKO BUIIETH, YTO MIPABBII BEpX-
Huil onpenesnresib 6-ro MOpsIKa OTJIUYEH OT HYJIs U PABEH, OYEBUIHO,
MPOU3BENEHUIO NUATOHAJIBHBIX 3JIEMEHTOB, T.€. 8, TaK KaK CIOpaBa OT
rjaBHOR nuaronasm — uyJa. CJienoBaTesIbHO, B KAYeCTBE CBOOOIHBIX
HEM3BECTHBIX MOXKHO B3STH dg, by, Co.

ITepsas rpynna ypasaenuii (3.97) yke qaet BoIpaxKeHus 115 G, by, ¢1
4yepes ag, by, ¢, & TOICTABsAA UX BO BTOPYIO TpyTiy ypasueruit (3.97),
TIOJTY 9UM

(ap — bo + co)-

D=

az=%(ao—b0+co)7 by =ap —bo +co, c2 =

Tperbsa rpynna ypasHenuii (3.97) obpaiaercs aBTOMaTUIECKH B TOXK 16
CTBO.

IMoncraBnss noJtydeHnbie Boipazkenus B (3.96) u npuBomsa ero K Buiy
(3.94), 6ymem umern

1 1
U1 1+2x+§az2 - —5332
y2 | = |ao 3z4+ 22 | +bo|1—2z— 22|+
Y3 T+ %xQ - %:L'2
+co —z+ 22 e, (3.98)
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3nech ag, by, o — NPOU3BOJIbHBIE OCTOAHHBIE (MOXKHO UX 0003HAUUTH
Cy, Cs2, Cs, kak B (3.94)), BexTopsl p1(z), p2(z), ps(x) ycmarpuBaor-
ca B paBoii uactu (3.98). Takum 06pazoM, NOJIyYE€HO PELUIEHUE CUCTEMBI
(3.95) B Bume JiMHEHOW KOMOMHAIIMYN TPEX JINHEHHO HE3aBUCUMBIX pe-
wenuit p;(z)e?® (i =1,2,3).

Yr0661 060CHOBATH YKA3AHHBIM TpreM, HyXKHO (DaKTUIECKH 0DOCHO-
BaTh JBA MOMEHTA: BO-IIEPBBIX, TO, 9TO B BhIpaxenuu (3.93) wucsio Hesa-
BUCHMBIX KOHCTAHT Cj; PABHO KPATHOCTH 1M KOPHSA A, U, BO-BTOPBIX, TO,
4o permenns Buna pi;(z)eM® (i =1,...,my; k=1,...,1) neiicrBuresn-
HO 00pasytoT dpyHIAMEHTAJIbHYI0 CHCTeMy pemrennii ypasHenus (3.88).
s aTOro morpebyercst boJiee TOYHOE MPENCTABIEHNE O CTPYKTYPe pe-
[IeHUH, OTBEYAOMINX KaXkKIOMY KODHIO XapaKTEPUCTUYIECKOrO ypaBHe-
HU, YeM TO, KoTopoe naercsa dbopmyJioii (3.93). Ilepeiinem x mosyyenuto
TaKOrOo TIPeICcTaBseHust. Byaem nHade BeCTH HyMepaluio KOpHel Xapak-
TEPUCTUYECKOr0 yPaBHEHUA WJIA, YTO TO XK€ caMoe, XapaKTepUuCTude-
CKUX YUCes MATpuIlbl A, a MMeHHO Oy1eM HyMepoBaTh COOCTBEHHbIE BEK-
Topbl. TeM caMbIM Kaxk10€ 3HAUEHNE A HYyMepyeTcs CTOJIBKO Pas3, CKOJIb-
KO JINHEHHO He3aBUCUMBIX COOCTBEHHBIX BEKTOPOB eMy oTBeuaeT. Hampu-
Mep, €CJTH A; OTBEYAIOT COOCTBEHHDBIE BEKTOPBI (/(11); (12);- - - A(1p;)>
a Az — COOCTBEHHbBIC BEKTOPbI (/(21),((22);--->Q(2p,) U T.JI., TO Oy-
ZleM TOBOPHUTD, YTO NMEIOTCS XaPAKTEPUCTHIECKIe THCTA A1, A2, - . -, Ap, ,
Apit1s-- s Apidps B T.O. (mpH 3TOM A1 =---=Xp, Apip1=""=Ap,4ps)-
Takum 00pasoM, UMEHTCS Af, ..., As, KAXKIOMY U3 KOTOPBIX OTBEYAET
COOCTBEHHBII BEKTOD.

HastbHelimme TOCTPOEHNsT OCHOBAHbBI HA CJEMyIomeit aredpanieckoit
Teopeme.

Teopema 3.29 (cm. [15]). CymectByer n JHHENHHO HE3aBUCHMBIX
1ocTossHHbIX BeKTOpoB (crostbnoB) (k = 1,...,8; jr = 1,...,qx), yiao-
BJIETBOPAIOIHAX COOTHOIICHHAM

Ae(r1) = Ak€(r1)s
Aeray = Akero) T ey, k=1,...,8 q+---+gs=n,

A€(kgy) = Me€(kgy) + €(kar_1)>
npudeM CyMMma, y, OTBEYAIOIUX OJHHAKOBBIM \j, PABHA M, LIe M —
KPATHOCTH KOPHS Ay, xapakrepuctudeckoro ypasuerus (3.90).

B (3.99) wepes e(j;) 0603HATEH COOCTBEHHBIH BEKTOP, OTBEYATOMIHIT Ay, .
BexTopbr €(k2), - - -, €(kq,) HABBIBAIOTCA NPUCOCIUHEHHDLMU BEKTNOPAMU,
NIOPOXK I€HHBIME COOCTBEHHBIM BEKTOPOM €(j1). TakuM o6pasom, KaxKio-
My Ap OTBEYAIOT () JIMHEITHO HEe3aBUCHMbBIX BEKTOPOB, CPEOU KOTO-
PBIX OIMH COOCTBEHHBI BEKTOP U OCTajIbHbIE TIPUCOCIUHEHHbIE, & BCeM
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Al,...,As OTBEYAIOT 7 JIMHEITHO HE3aBUCHMBIX BEKTOPOB. Hamomuuwm,
9TO Ap, IJIsT PA3HBIX kK MOTYT OBITh OJIMHAKOBBIMU.

Paccmorpum Ag. Emy 3aBeniomo oTeuaer pemenue y(y) = e(kl)e“m
OxasbiBaeTcs, eMy oTBedaer eme g — 1 (1 Bcero, Takum o6pasom, qx)
penienuii, Kax yTBepKIAeTCA CJIeayomeil TeopeMoii.

Teopema 3.30. Kaxmomy A\, orBedaer qy, permeHuii BUIa
Y(k1) = €(k1) €XP AL,
Yk2) = (e(k2) + Te(rr)) exp(Ar),

(3.100)

qr—1
Ykar) = (e<qu> e g1 o 1),%1)) exp(Ar2)-

HdokxaszaresbCcTBO. DTO HETPYIHO IOKA3aTh HENOCPEICTBEHHOM
IPOBEPKOI, mob3ysach (3.99). IeficTrBuTe1bHO,

Jj—

(A — ED){C(k]) + xe(k’j_l) + -+ ﬁ (k1) } exp(/\ka:) =
:(A—/\kE){u'}exp(/\kl?)—{e(kj nt-. +( 2)| kl)}exp()\kx) =

i—1
= exp()\kx){(A — )\kE)ekj + -+ ﬁ(z‘l — )\kE)e(kl) }—

i 2
— e(k,j_l) + -+ me(kl) exp()\kx) =
32

=exp()\kx){e(k’j_1) + -4+ Me(kl) }—

j—2
- {e(k,j—l) +-+ ﬁe(,ﬂ)} exp(A\gz) = 0.
Urak, kaxnomy A; (k= 1,...,s) orBeuaer g pemenwuii suna (3.100),
1, TaKUM 00Pa30M, BCETO UMEETCH ¢y + - -+ + ¢s = N PEeIleHnit:
Yty Y(1gr)r s Y(s1)s -+ -1 Y(sqs)- (3.101)
Teopewma 3.31. Pemenns (3.101) o6pasyror ¢pyHIAMEHTAIBHYIO CH-
creMy perieHuii.

HoxkasaTtenabcTBO. leiictBuresnHO,

Y1) (0) = e1), -+ Yka)(0) = €rgr), k=1,...,5,
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a cormacHo Teopeme 3.29 CTONOUBI €(k1), - - - ,€(kq,) (K = 1,...,5) B Ko-
JIMYeCTBe q + - -+ + ¢s = N ABJIAITCA JIMHEHHO He3aBUCUMBIMHU U, CJIe-
nmosaresibao, Det W(0) # 0. B custy Teopemsbr 3.19 orcroma ciemyer, 94To
pemnenns (3.101) suHEHHO HE3aBUCUMBIL, T. €. 06Pa3YIOT DYHIAMEHTAIb-
HYIO CUCTEMY pelleHuii.

Beprewmcst Temepb K TpexHel HyMepanuu KOpHeH XapakTepucTude-
CKOTO yPaBHEHMA, KOTIa HYMEPYIOTCsI pa3ndHble o Besmanae \. Kaxk-
JIOMY A MOXKET OTBeYaTh HECKOJILKO Ipyun pemenuii Buga (3.101) mo
YUCJIy OTBEYAIOUIMX 3TOMY A COOCTBEHHBIX BEKTOPOB, HO 0ODIEe YHCJIO0
pereHnil B 9TUX rpyIax paBHO KpaTHOCTH m KOpH: A. Takum obpasom,
NeficTBUTETLHO, JIUHEHAsT KOMOWHAIINS PelleHnil, OTBEYaIOMNUX JaHHO-
My A, umeet Buz (3.93), e HE3aBUCHMBIX KOHCTAHT OyIer m, Tak Kak
qucsio pemenuii tumna (3.101), orBedaromux sTOMy A, ecrb m. 3ame-
THM, 9T0, KaK BuaHO u3 (3.100), (3.101), crapimas creneHh MHOTOYJIEHOB
B (3.93), BOOOLIE rOBOPS, MeHbIIE, YeM m — 1.

[Ipu mpakTUdeckoM BbAuCTeHNN (HYHIAMEHTAJILHONR CHCTEMBI Perre-
HUIl MOX)HO ToJsib30Barhesa (3.100), mpenBapuresbHO HalmsA Bce COO-
CTBEHHBIE U TIPUCOEINHEHHbIE BEKTOPBI, HO TIPOIIE MOCTYIaTh, KAK YKa-
3aHO Bblle, oncTansiss (3.93) B ucxoguoe ypasuenue (3.88) u BblueJisis
M CBOOOIHBIX HeU3BECTHBIX Cjj.

§ 8. IlocTpoeHue pereHns: TUHEHHOTO yPaBHEHUS
B BHIOE CTENEHHOTO psana

Jluneiinoe ypaBHEHUE C MOCTOAHHBIMU KO3(MUIMeHTaMu mpeacra-
BJIsieT cOGOM HEKOTOPBI KJIacC ypaBHEHWA, IJisi KOTOPBIX (DYyHIAMEH-
TaJibHAas CUCTEMa, PelleHuii MOXeT ObITh BhIMUCaHa 3(DOEKTUBHBIM 00-
pasom.

Kaxk xe crponrcs dpyHmaMeHTaIbHAS CHCTEMa, PEIIeHNTT B 00IIEeM CJTy-
Jae ypaBHeHUs C nepeMeHHbIMU Koadduimentamu?! Llesp HacTOsmero
naparpaga — Jarh NpeacTaBeHue O CIocobe ToCTpoeHust hyHIAMEH-
TaJBHOI CUCTEMBI PellleHnil, NCTIOIb3YIOMEM TEOPUI0 CTEIIEHHBIX PsIIOB
U TPUMEHMMOM, KOrIa KO3(M(MUINEHTHl YpaBHEHUs ABJISIOTCA AHAJIM-
TUYEeCKUMU (PYHKIUAMA, T.€. MPEICTABUMBI B BUIE CTEIMEHHBIX PSIOB.
Wnest meroma takoBa. Pelnenue umercss B TpocTeiiieM Cjiydae B BHUIE
pana Y e, @xx, 3aTeM TOT PAL MOACTABIAETCA B ypaBHEHUE, B KO-
TOpPOM K03 DUIUEHTHI 3AMUCHIBAIOTCS TAKXKE B BUIE CTENEHHBIX PAIOB,
[OCJIE YEero BCsl JIeBasg YaCTh 3alUCHIBAETCA B BUIE CTEINEHHOTO psifia.
[IpupaBHUBAas B IOy YEHHOM CTEIIEHHOM PsIe KOA(DMUIMEHTHI TIPU KAZK-
[0V CTENeHu T HYJIIO, TIOJIYYUM yPABHEHUE IS ONPEIEJICHUS Q.
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OrMeruMm, 9T0, CTPOS PEIIeHre B BUIE CTEIIEHHOTO PIa, Mbl BO MHO-
TUX CJIYYIasAX MOJIYIaeM TaK HA3BIBAEMBIE CNeyuaAbhvle GyHKYUL, TIHPO-
KO UCTIOJIb3YyEeMbI€ KaK B TECOPETUIECCKUX, TaK U B IPUKJIQJHBIX BOITPOCAX
(HaHpI/IMep, dyukun Beccens, runepreomerpudeckue pyHKIUN U ILp.).

He 3anmaBasce 1esipio M3/10KUTh METOH B OOIIEM BHIIE — 3TO ABJIA-
eTCsl MPeIMeTOM CIeNuaJbHOTO paszesa Teopuu anddepeHnaTbHbIX
YPpaBHEHUI, TaK HA3BIBAEMOW aHAJIMTUIECKON Teopun nuddepeHnuaib-
HBIX ypaBHeHuil [27; ru1.5], NpOIEMOHCTPUPYEM €ro Ha IMpUMepe OIHOTO
ypaBHEHUsI, HEPEOKO BCTPEYAIOMIETOCA B IIPUJIOKEHUIX.

Paccmorpum ypasuenue

y" +zy =0, (3.102)

Ha3bIBaeMoe ypaBHeHueM Jfipu. OHO BCTpeYaercs B PA3INIHBIX MTPU-
JIOXKEHUSIX, HATIPUMED, B KBAHTOBOW MEXaHWKE. ITO MpOCTeiinee ypas-
HEHWME BTOPOTO TOPSAIKA C MEPEMEHHBIM KO03(hD(MUINEHTOM, OTHAKO OHO
He TIONIAETCA PEIIeHNIO 3JIEMEeHTAPHBIMI METOIAMM.

Bynem nckarp pemterre ypasaenus (3.102) B Buie Tak Ha3bIBAEMOTO
GOpMaJILHOIO Psna

y = Z apz”. (3.103)
k=0

BapaHee HUYEro He U3BECTHO O CXOAMMOCTH 3TOTO PAIA, U IO3TOMY BCE
oInepanum, KOTOpPbIE MBI ceifuac OyaeM IpoaesbIBaTh ¢ 3TUM PsIoM, Oy-
IyT HOCUTHL (pOPMAJIBHBIIA XapakTep; Ha TU ONEPaIlHd HAI0 CMOTDPETh
KaK Ha aJICOPUTM olpeaesienusa Koadgdunuentos paga ai. Korma xe xKo-
a3 PuIIenHTL OyAyT ONpeneseHsl, Iepeiizem K aramy 060CHOBAHUS TOTO,
qro psaz (3.103) B camoM fesie CXOOUTCs U onpenesisieMast UM (pyHKIHs
y(z) meficrBuresnibHO sBJsercs pemenueM ypasuenus (3.102).

Urax, nuddepenuupyem dopmanbao pan (3.103) u nomcrassisem
B (3.102). ITomyunm

Z ark(k — 1)zF=2 4 Z apz*tt = 0. (3.104)
k=2 k=0

IIpupaBauBaem tenepb KO3(MUIUEHTH IPY ONMHAKOBLIX CTEIICHAX .
Nmeem

%) ay-2-1=0; orciona as =0,
') az-3-24a9=0; oTCI0IA 03:—%,
(3.105)
z*72) ap-k-(k—1)+ar_3=0; orcioma ap=— k3

k(k—1)
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N3 (3.105) Bugso, 4TO
1) xoadbbunnenTs! Buna as, BHIPAKAIOTCA Ye€Pe3 ag:

S E O
3q(3¢ —1) ™1 3¢-(3q—1)---3-2
MPUYIEM CAMO g OCTAETCS HEOTPEIeSICHHbBIM,
2) k03 UIMEHTHI BUIA G34+1 BBIPAKAOTCA YEPE3 A1 :

(=1*
@34+1 = Bg+1) 3¢ 4370
IpUYEM CAMO 4] OCTAETCs HEONPEIEeJIEHHBIM, 1, HAKOHEII,
3) k03bdUINEHTHI BUIA ¢34+2 BBIPAKAIOTCA Y€PE3 A:

_ (=17
W2 = Bg+2) B¢ +1) 54

ao,

(12:0,

TakK Kaxk as = 0.
[Tosnoxum ag = 1, a; = 0. osyunm pan

— 3q — 3q
yi(z) = angq.'lf =1+ El3q-(3q—1)--~3-2x . (3.106)
0= =

Tlosaras, wanporus, ag = 0, a; = 1, mosyuum psi

_ = 3g+1 _ = (_1)q 3g+1
yg(az)—zoagqﬂaz —33+21(3q+1).3q..'4.3:13 . (3.107)
4= 4=

Teopewma 3.32. Pazpr (3.106) u (3.107) cxousarcs, u onpenessempie
umu pyurnun y1(x) u y2(x) 06pasyrT GyHIAMEHTATBHYO CHCTEMY De-
mennii ypasaenns (3.102).

HokasarenbcrBo. HelictBurenbro, cxomumocth psamos (3.106)
u (3.107) a/1eMEHTAPHO YyCTAHABJIUBAETCS [JIsl JIIOOOrO T, HAIIPUMED, 110
npusHaky [anmambepa [16], u, Takum obpasom, y; (z) u y2(z) onpeneste-
HBI BCoAy Ha (—00,00). Tak Kak CTENeHHON psj HA MHTEPBAJE CXOIU-
MOCTH MOYKHO MOYJIEHHO IIPOM3BOJIBLHOE YNCIIO pas3 auddepeHupoBaTh,
TO, TPOIEJIbIBAsA 3TO AU DEepEeHIInPOBAHNE, IOACTABJIsIA B JIEBYIO 9aCTh
(3.102) (cMm. (3.104)) u ckaagpBasg 3aTeM 00a PsAma, MOJIYYUM B CHILY
€aMoro onpeneseHns Kodp@UIUEHTOB ay PAL, COCTOANIMIA 13 HyJIeBbIX
wieHoB. Tem cambiM ypaBHEHUE 00PAIIAETCS B TOXKIECTBO.

JIuneliHyo He3aBUCUMOCTH Y1(Z) U Y2(Z) MOKHO JOKa3aTh OT MPO-
tusHoro. Ilycts Cry; (z) + Coya(z) = 0, npuuem CF +C32 # 0. IMosoxum
x = 0. Torma y2(0) = 0, y1(0) = 1, cnemoBarensro, C; = 0. Nmeem
roraa Caya(x) = 0, o Torma yo(x) = 0, 9T0 HPOTUBOPEUUT, HAPUMED,
Tomy, uro y5(0) = 1. Takum o6pazom, Teopema JOKa3aHA.



IIABA 4
KPAEBBIE 3AIAYNA

§ 1. ITocTaHoBKa KpaeBbIX 3aIav
U uXx (pU3HIECKoe coaepKaHue

B nmpenpimymux rnaBax usydenue audDepeHrnaaIbHbIX YPABHEHMH
OBLIIO B OCHOBHOM TIOCBSIIIIEHO PEIIEHWIO HAYAJIBHOI 33a4i, B KOTO-
poiil B KauecTBe NOTIOJTHUTEJIbHBIX YCJIOBUIT 33JaI0TCA HAYAJIbHBIE YCJIO-
BUsI, ONPEIeJIAONe 3HAYCHUsT HEN3BECTHOW (DYHKIINU U ee TPOU3BOI-
HBIX Tpy (PUKCUPOBAHHOM 3HAYEHUN HE3aBUCUMON mepemennoit. OmHa-
KO, KaK YKa3bIBAJIOCh B IVI. 1, HAYaJIbHBIE YCJIOBUS HE SBJISIIOTCS €IUH-
CTBEHHO BO3MOXKHOI (DOPMOIi OO THUTE/IbHBIX YCJIOBUI, BBIIEJISIIOIIIX
ompenesieHHOe YacTHOe pemrenne. Bo MHOrWX cCiiydasix B Ka4ecTBe I0-
IIOJTHUTEJIbHBIX yCJIOBI/IfI 3a0aI0TCA I'PaHUYIHBIE YCHOBI/IH, onpenesIdaro-
[ye 3HAYEHNs HEM3BECTHON (DYHKINU U ee TIPOU3BOIHBIX (UJIM HEKOTO-
PBIX BBIPAXKEHWUH OT HUX) IIPU HECKOJIbKUX (DUKCUPOBAHHBIX 3HAYEHUAX
HE3aBUCHMOTO MEPEMEHHOTO. 3aJa4dy OIMPEIeSIeHUsT 9aCTHOIO PEelleHnst
uddepeHnnaibHONO ypaBHEHNUsI, YIOBJIETBOPAIOMIErO 3aJaHHBIM T'Da-
HUYHBIM YCJIOBUAM, Oy/IeM Ha3bIBaTh KpaeBoil 3amadeil. VccienoBanue
ODOIIMX CBOMCTB M METOIOB PEIIEHNsI KPAEBBIX 380a19 U COCTABJISET COIEP-
JKaHUe HACTOSAIIEH IVIaBbl, TPU STOM OCHOBHOE BHUMAaHMeE OYyIeT yIesIeHO
U3YYEHUIO KPAEBBIX 33034 /I JUHEHHBIX auddepeHnaIbHbIX ypaBHe-
HUI BTOPOTO TOPAIKA.

K kpaesbim 3agauam iis audhepeHuaibHbIX YPABHEHUN CBOISITCS
MHOIHME MaTreMaTudeckKue n pusmdeckue 3a1aum. Tak, pacCMOTPEHHAst
B 1. 1 3a7a4a omnpenesieHus COCTOSHUS CTATUYECKOTO PABHOBECUS 3a-
KPEIJIEHHOIO B TPAHUYHBIX CEYEHUsIX YIPYTOro CTEPKHsA ¢ KO3 duim-
erToMm yupyroctu k(x) mon nmeficrBuem BHemHel cuiibl f(x) cBomuTCs
K KpaeBoil 3amatie

d d
L[k 9] = —f@), u(©) =0, u@®)=0. (4.1)
AHaJIOFI/I‘IHO JId AMITIJIUTY IbL U(.’I?) YCTAHOBUBIIUXCA TaAPMOHUYIECCKUX
KoJ1e0aH 9acTOThI W MOJIYyIUM KPAEBYIO 337a9y

L[k@2] + *p@u(@) = —f@), w0 =0, u@)=0.  (42)
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3nech p(x) — mWIOTHOCTL CTep:kHsA. B ciydae 3aaHus BEJIUUYUHBI CMe-
IMEHUA I'PaHNIHBIX CeYeHUN nian 3a1aHUA ,H,eﬁcTByIOIHHX Ha I'PaHUYIHBbIE
CEYEHNs BHEITHUX CUJI OHOPOHBIE TPAHUYHbBIE YCIOBUSA CJIEIY€ET 3aMe-
HUTH Ha HEOJHOPOJHBIE YCJIOBUS BUIIA

u(0) =uo mm  k(0)2L(0) = —f(0). (4.3)

K xpaeBoii 3amade njs cucrembl anuddepeHIna bHbIX YpaBHEHHH
BTOPOr'O MOPATKA

L _ dr
m —F(t,r, dt) (4.4)

CBOIMTCSI 33/1a4a OIPeIeJIeHNs] TPACKTOPUH MAaTepPHAJIbHON TOYKN Mac-
Chl M, BBIXOOAIMIEl B HAYAJILHBIN MOMEHT ty W3 3aJaHHOW TOYKU T(
(r(to) = 7o) m monamaromei B MOMeHT t; B ToUKy 71 (7(t1) = 71).

B nmasnbreiiniem OyoyT paccMaTpUBATHCS KPAeBble 33/1a4i HA OTPE3-
ke [0,1] ocu = nois uHeiHbIX Mud depeHnnaTbHBIX yPABHEHHH BTOPOTO

TOpAIKA
y"' +g(@)y’ + h(z)y = fi(x), (4.5)

rae g(x), h(z), fi(x) — uenpepsiBable dyuxmun Ha [0,[]. BBenem dyHk-
Mo

J 9(e) de
p(z) = e (4.6)
n 3aMeTUM, 9TO
d? d d
p@) T +p@)g(@) 3 = 4 [p) - (4.7)

Yuvuoxkas (4.5) Ha p(x) (ouesunso, p(z) # 0 Ha [0,1]), mosyanm

Ly = L[p@) Y] - a@)y(@) = 1), (48)

rae q(z) = —p(x)h(z), f(x) = p(x)fi(z), a gepes L[y] mbr obo3HATAM
nuddepentmanbapiii oneparop B Jieoit wactu (4.8). U3 npoBeneHHbIX
paccMoTpeHuii ciemyer, 9To 6e3 OrpaHuYeHns OOMHOCTH PACCMOTPEHNE
KpPaeBbIX 337a4 1JIs1 00mero juHeiHoro nuddepeHnuaasHoro ypaBHe-
HUA BTOPOro nopsanka (4.5) MoxeT ObITh CBEIEHO K U3Y9IEHUIO KPAEBBIX
3ama4 miis ypasaenus (4.8).

Kpaesblie 3amaun nyia ypasuenus (4.8), Kak mpaBuiio, pacCMaTpuBa-
IOTCS C JIMHEHHBIMY TPDAHUYHBIMU YCJIOBUAMY Bua™)

a1y'(0) + S1y(0) = uo,

sy’ (1) + Bay(l) = uy, (4.9)

*)B (4.9) npennosararoTcs OGHOCTOPOHHWE IIPOU3BOLHEIE.



118 I'a. 4. Kpaesvie 3adanu

rae o, B; (1 = 1,2), ug, u; — 3aIaHHBIE YUCJIA, HEKOTOPBIE U3 HUX MOTYT
GBITH paBHbI HyJTi0, TpudeM o +37 # 0 (i = 1,2). Ecmma; = 0 (i = 1, 2),
TO COOTBETCTBYIOIIEE TPAHUYHOE YCJIOBUE OOBIYHO HA3BIBAETC Y CJIOBUEM
nepeozo poda; ecom B3; = 0 (i = 1,2) — ycooBuem eémopozo poda, eciu
a; v 3; OIHOBPEMEHHO OTJINYHBI OT HYJIsI — YCJIOBUEM Mpembezo poda.

Kpaesble 3a1aun, B KOTOPBIX MpaBasd YaCTh YPABHEHUs HE DABHA HY-
J110, Gy 1eM HA3BIBATH HeodHOPodHbLLMU KPaeBbIMU 3a1adaMu. Paccmorpe-
HUO 9TUX 33124 MOCBAIIEH § 2 HACTOAIIEH TJIaBbI.

Kpaesble 3a0a9m 1151 OMHOPOIHOTO YPABHEHUS C OMHOPOIHBIMHA I'Pa-
HUYHBIMU YCJIOBUSIMU OyIeM HA3bIBATH 00HOPOJHLLMU KPAEBBIMU 33713~
qaAMU.

OueBuIHO, YTO OJHOPOIHAS KPAEBasl 3a/1a49a, HAIPUMED, 331393

Lly]=0, 0<z <, y(0)=0, y()=0, (4.10)

BCEra MMeeT TOXKIECTBEHHO PABHOE HYJII0, TaK HA3BIBAEMOE MPUBUANb-
noe pemenue y(z) = 0. Moxer okasarbCs, YTO APYIUX PElIeHuil 3a1aua
HE UMeeT. ITO O3HaJaeT, 4To, pemas Ha orpe3ke 0 < z < | HaYaJIbHYIO
samaqy auis ypasaerus Lly] = 0 ¢ Hauanbubivu yemosusamu y(0) = 0,
y'(0) = y1 (B cuLy TEOpEMBI CYIIECTBOBAHNSA PENIEHNs HAYAIHHOMI 3a1a-
1n — Teopema 3.1 — Takoe peleHue CynecTByeT u npu y; 7 0 He paBHO
TOXKECTBEHHO HYJIIO), MbI IIPU BCEBO3MOXKHBIX 3HAYEHUAX Y1 7 0 mOJTy-
quM dyHKIuo y(x, y1 ), obaanaionyio rem cBoiicrBoM, uro y(l,y;) # 0.
AHaJIOFI/I‘IHOG IIOJIO2KEeHUEe 6yﬂeT " TIPpU 3aJaHNU COOTBETCTBYIONINX HA-
YaJIbHBIX yCJIOBI/Iﬁ Ha IIPaBOM KOHIIE OTPE3Ka U IIOCTPOEHUN UHTEIrPaJIb-
HBIX KPUBBIX CIIpaBa HaJsieBo. Hampumep, 3amaga

y'(2) =0, 0<z <1, y(0)=y(1)=0

uMeeT TOJIbKO TpuBHaJIbHOe pemmenue y(x) = 0.

Ecsin ke npu HEKOTOPOM 3HAUeHuu §J; 7 0 MOCTPOEHHOE yKa3aHHBIM
cniocobom pemterve y(z,§1) HAYATBHON 331291 Mpu & = | yIOBJIETBO-
psieT BTopomy TpanuvdHomy ycsiosuto y(l,¢1) = 0, To 910 03HAUAET, YTO
JIaHHASA OJHOPOHASA KPAeBas 331298 IIOMUMO TPUBHUAJILHOIO UMEET elle
U He PABHOE TOXKJECTBEHHO HYyJIIO pemieHue. Takoe peleHue OIHOPOI-
HOU KpaeBoii 3amaun OymeM HA3BIBATH HEMPUBUAALHbIM. OTMETHM, ITO
B CUJIy JMHEHHOCTH 3ana4u B 310M ciydae u yukuus Cy(x,y;) upu
JiroboM 3HadeHurn mocToaHHON C' # 0 sIBJseTCs HeTPUBHAJIHLHBIM Pellie-
HUeM OAHHOW omHOpomHoil 3amadu. Hampumep, 3amaga

y'+y=0, 0<z<m y(0)=y(r)=0,

KaK JIETKO IPOBEPUTH, IOMUMO TPUBHUAJIBHOrO pemenus y(x) = 0 umeer
u HeTpuBHasbHOe pemenne y(x) = C sin x.



§ 1. Ilocmanoska kpaesux 3ada 119

[TpuBenennbie paccyKIeHnsI COPABENJINBBI U B CJIydae Oosiee oOmmx
IPaHUYHBIX ycJioBuil (4.9).

Bax#biM cirydaeM OMHOPOIHBIX KPAEBBIX 337a4 SIBJISIIOTCA TaK Ha-
3BIBAEMbBIE 3ada%u Ha cODCMEEHHBIE 3HAYEHUS, COCTOSINNE B OMpeIee-
HUU 3HAYEHU mapaMerpoB, BXOOANMX B AuddepeHnnabHoe ypaBHe-
HUE, IPU KOTOPBIX CYMIECTBYIOT HETPUBUAJIbHBIE PEIIEHUA OTHOPOITHOM
KpaeBoii 3a1a4u.

Tunuynoii 3ama4eil Ha cOOCTBEHHbIE 3HAYEHUsT )1 JIUHEeHOro nud-
depeHIraIbHOTO yYPaBHEHUsT BTOPOTO MMOPSAKA sIBJISIETCS 3a/a4a OIpe-
[IeJIeHns 3HAYEHU mapamMeTpa A, MPU KOTOPBIX CYIECTBYIOT HETPUBU-
asibable Ha [0, 1] permenns 3anadn

Lly] + Ap(z)y(z) = 0,
a1y’ (0) + B1y(0) =0,  axy'(l) + Boy(l) =0,

rie L[y] — ror xe nuddepennnanbhbiii oneparop, uro B (4.8), p(z) —
samanHasn GyHKIuA, HenpepbiBHas Ha [0,1], a a;, B; (1 = 1,2) — 3aman-
HbIE TIOCTOSHHBIE, 9aCTh KOTOPBIX MOXKET ObITh PABHA HYJIIO.

K samaue na coberBennbie 3Hauenusi (4.11) cBomATCs, B 4aCTHOCTH,
339N OMpeIesIeHnsT COOCTBEHHBIX KOJICOAHN MATEPUATbHBIX CHCTEM
C pacrpenesieHHbIMA XapaKTEePUCTUKAMU — TMOIMEepedHble KoJebaHmst
CTPYHBI, TIPOIOJIbHBIE KOJIEOAHNS YIPYTOTO CTEPKH:A, 3BYKOBBIE KOJIE-
6anus B Tpybax, saeKkTpuYeckne KojebaHus B mpoBomgax u T. 1. IlycTs,
HAIpUMeEp, B 337a4e O TAPMOHUYECKUX KOJIEOAHUAX YIPYTOTrO CTEPIKHS
(4.2) npaBas 4acTb paBHA HYJIIO, T.€. BHEIIHsAS CUJIA OTCYTCTBYET, & W
SABJIsIETCs TapaMeTpoM. TpebyeTcst BbISICHUTh, BO3MOXKHBI JI TAPMOHU-
yeckue KoJsie0aHusi HEKOTOPOil 9acTOThI W B OTCYTCTBHE BHEIIHEH CHJIbI
(Takue KoJIeOaHNS HA3BIBAIOTCS COOCMEEHHMU KOACOGHUAMU), T. €. Cy-
MECTBYIOT JIM TAKNEe 3HAYEHUs W, MPU KOTOPBIX UMEIOTCS HeTPUBHUAIIb-
Hble pemtenns ompHoponuoit (f(z) = 0) 3anadn (4.2).

BHavyeHus mapamerpa A, Ipu KOTOPhIX 3a1a4a (4.11) umeer HeTpuBu-
aJIbHBIE PEIIEHNA, HA3BIBAIOTCA COOCMEEHHMU 3HAYEHUAMU, & COOTBET-
CTBYIOIIFE UM HETPUBUAJIbHBIE PEIIEHUsT — COOCMEEHHBMU PYHKUUAMU
KpaeBoil 3a/1a4n Ha COOCTBEHHbBIE 3HAYEHMS.

(4.11)

BamMedaHU .

1. He orpannduBasi 0OUTHOCTH, HEOTHOPOIHYIO KPAEBYIO 3371a9y MOXK-
HO pacCMaTpuBaTh C OAHOPOOHBIMU I'PAHUIHBIMU YCJIOBUAMMU. ﬂeﬁCTBI/I-
TEJIbHO, B CJIyYae HEOIHOPOIHBIX IPAHUYHBIX YCJIOBUI pelleHne 3a1a49u
MOZKHO UCKAaTb B BUIE

y(z) =Y (x) + z(z), (4.12)

rae dyukuus Y (x) yaoBaeTBOpseT JIMIb 33 JaHHBIM IPAHUIHBIM Y CJI0-
BUSM, & B OCTAJILHOM ITpou3BoJibHA. OUeBUIHO, TaKyI0 (DyHKIMIO BCerma
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MOZKHO MOCTpouTh. Hampumep, B cilyvae TpaHUYHBIX yCJIOBHIl IEPBOTO
pona y(0) = ug, y(I) = u; B kavecTBe dyHKIMHU Y (2) MOKHO BBHIOPATH
JIMHENHYI0 (DYHKIIIO

Y(z) = (4.13)

l
Torma s yHKIMKU z(T) TOJYIMM HEOJHOPOIHYI0 KPAaeBYIO 3aJady

C HECKOJIbKO U3MEHEHHOI MpaBOif 4acTbhiO, HO OJHOPOIHBIMHU I'DAHUY-
HBIMU YCJIOBUAMU.

2. B obmem ciyvae [jis1 ypaBHEHHS N-TO TOPSIIKA TTPUXOIUTCS PaC-
CMAaTpUBATH KPAaeBble 33/I1a49N C TPAHUYHBIME YCJIOBUAMU O0Jiee o0IIero

BUIIA
P;(y(0), ...,y 1(0),y(1),...,y" V(1) = 0, (4.14)

rae n — NopsAmoK ypaBHenwusi, a Pj(-) — 3amanable DyHKIUM OT 3HA-
YEHWii PeIeHns W €ro MPOUW3BOAHBIX B IPAHMYHBIX TOYKax. Hampumep,
ycaoBusaM Tuna (4.14) ynoBierBopser 3a1a4a OlpeIesieHus Hepuoimde-
CKVX PEIIEHni, B KOTOPOH JAOIOTHUTE IbHBIE YCIOBUAS UMEIOT BUJL

y(0) =y(1), y¥'(0)=y'(1), ..., y™ 1 (0) =y (). (4.15)

OrmMeTrM BazKHBIE [JIA HAJIbHEHAIEr0 CBOMCTBA pelneHnii ypaBHEHUs
(4.8). Ilycts y(x) u z(x) yAOBIAETBOPAIOT ypaBHEHUAM

Lly = & [p@) ] - a@)y = 1) (4.16)
L) = L [p@) ] - a@)z = g(@). (4.17)
Ymuoxas (4.16) va z(x), (4.17) Ha y(r) 1 BbIYUTAs IOYIEHHO, TIOJLY YUM

2@) 4L [p@) 2] - y@) L [p@) ] = f@)2(2) - g@hy().  (418)

Tak kax
d dy dz\| —
%[p(aj)( dz yd:c)] -
_,d d_y] — [ @] [@d_y_ d_yd_z]
zdw [p(x)dw ydw ( )dz +p(:L') de dr drdx)’
0 (4.18) MoxkeT GBbITH 3aIUCAHO B BULIE

L o) (23 -y )] = f(@)2(@) - gl@)yle).  (419)
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DTO COOTHONIEHME HOCUT Ha3BaHue moxcdecmea Jlazpawoica. Ero unre-
rpaJibHas ¢popma HazbiBaeTcs gopmyaot I'puna:

l d !
Lly] — yL[z)) dz = i3 =
et =vr) e = (ot (52 - v} |
1
= /(f(a:)z(a:) — g(z)y(z)) dz. (4.20)
0

N3 dopmysier (4.19) caenyer, aro ecou yi (x) u yo2(r) — nBa smHeitHO
HE3aBUCHMBIX pelleHust oqHoponaHoro ypasuenus (f(x) = g(z) = 0)

Lly) = & [p) ] - at@)y =0, (421)

TO OHU YOOBJIETBOPAIOT COOTHOHIECHUIO

pla )[yldy2 yz‘?ﬁ] =C,

OTKyHa CJIEIyeT, YTO OMPEeNesInTeSIb BPOHCKOIrO 3THUX PEIIeHnil mMeeT

BUIT
Ays,y2) = (4.22)

<
p(z)’

BamedaHus.

1. TTockosibKy periennsi OIHOPOMHOTO YPABHEHNS OMPEIEIeHbI C TOY-
HOCTBIO JIO MTPOU3BOJIBHOIO MHOXKHTEA, KOHCTaHTy C B (4.22) MOXHO
OTIPEIeIUTh, JIUIIb BHIOPAB MHOXWUTEJIM y PEIIeHUil, T.e. MPOBEOS TaK
HA3BIBAEMYIO HOPMUPOBKY PeuleHud.

2. N3 coornommenns (4.22) ciegyer, 9To €CJM W3BECTHO KaKOe-JIubo
peenue Y1 () OZHOPOTHOIO yPABHEHNUSI, TO JII000e JIMHEHHO HE3aBUCH-
MO€ C HUM pelleHue Y () 5Toro ypaBHEHUsI YIOBJIETBODSIET JIMHEHHOMY
nuddepeHuaIbHOMY YPABHEHHIO IIEPBOTO HOPSLIKA

@) - Py = S (4.23)

Ecom y1 (x) # 0 na [0,1], To, nonenus (4.23) na y3(z), nosydum

d(y=x)\__ ¢
dx (yl(w))  p@)yi()’ (4.24

YTO TI03BOJIIET 3amnucarh obmee pemenue (4.23) B Bume

y(z) = Cryi(z) + Cya (z (4.25)

/ (§)y1 ©
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§ 2. HeommpoponHasi KpaeBasi 3agava

Paccmorpum kpaeByio 3amady

Lly] = f(=), (4.26)
ary'(0) + Biy(0) = 0, azy'(1) + Bay(l) = 0. '

Iycre dyukumsa p(z) > 0 nosmoxuTebHA U HENPEPBIBHO nud depeH-
nupyema Ha [0, 1], a neficrBuresnpubie dbyukunu ¢(z) u f(z) HenpepbIBHBI
Ha [0,1]. Pemmenuem xpaesoit 3amaun (4.26) Gymem HA3BIBATH HEMPEPHIB-
Ho nuddepennupyemyio Ha [0,[] byuxuumio y(z) ¢ HempepbIBHON BTOPOi
npoussonuoit ua (0,1), ynossersopstouryio ua (0,1) ypaBHeHuto u rpa-
HUYHBIM ycsioBusM (4.26). B Havasie Hamux paccMoTperuit Oyem mpes-
[0JIaraTh, YTO COOTBETCTBYIOIIAS OMHOPOIHAS KPaeBasl 3a/1a49a MMeeT
TOJIBKO TPUBHAJIbHBbIC PEIICHMA. ﬂpyI‘HMH CJIOBaMH, MbI IIPDEOIIOJIaraeM,
910 A = (0 He ABJIsIETCA COOCTBEHHBIM 3HAYEHUEM COOTBETCTBYIOIIEH 3a-
naqn (4.11).

OrmeTuMm cpasy, 4To B Cuity JinHeliHocTH 3aa4u (4.26) us 9Toro npe-
MOJIOKEHUsI CJIEHYyeT, UTO ecau pewerue dannoli 3adavwu cywecmeyem,
Mo 0HO eJUHCTMBEHHO.

Hama 6amxaiiimas mesib 3aK/II09aeTCsA B I0KA3aTeTHCTBE CYIIECTBO-
BaHU:A pemreHns 3ama4u (4.26) Ipu COeTaHHBIX MPENOJIOKEHUAX O KO-
addunrentax u npaBoii qactu ypasuenus. [Ipu 3ToM 10Ka3aTEIHCTBO
CYIIECTBOBAaHUS pelienns OyaeT OTHOBPEMEHHO COIEepPXKAaTh U aJIFOPUTM
€ro KOHCTPYKTUBHOI'O IMTOCTPOCHUA.

Haunewm c maBopgstmux coobpaxkenwuii. [Ipenmostoxkum, 910 cymecTByer
pemenue 3anaun (4.26) npu cenuasibHOM COcO6e 3a/IaHus IPABOii Ya-
CTU ypaBHEHUs, & UMEHHO, Tpu GyHKIuu f (), OTJUIHON OT HyJIA JIUIIb
B £-OKPECTHOCTH HEKOTOpO# dpukcupoBautoii Touku x = £ € (0,1):

07 .’I]gf—é‘,
f(x) =19 fe(x), E-e<a<E+e, (4.27)
0, z>€+e,

npuueM byakmus fo(z) >0 u
§te
/ fo(z)dz = 1. (4.28)
§—¢

Pemenue sroit 3amaun 6ymnem obosHavars dyukuuei y. (z, ).
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Nurerpupys ypasuenne (4.26) ¢ rak samanHo#t dbyukumeit f(z) mo
otpesky [ — €, + €], nomyunm

E+e

P+ (E+e8) —pE-e€-e8— [ a@y:(z,&de =
E+e o
= / fe(z)dz = 1. (4.29)
E—e

PaccmoTpum Tenepn mpenesibHbI nmpormece npu € — 0, npenmnosiaras,
410 (4.29) cnpaBeniuBoO Opu JIIOGOM € U, CJIEIOBATEJIBHO,

§te
lim / fe(z)dz = 1. (4.30)

e—0
§—¢
Bynem npemmosiarars, 9To npenesibHas GYHKINA
lim y.(z,§) = G(z,§) (4.31)
e—0

cymecTByer u HenpepbiBHa Ha [0, []. Torna, coBepimast mpenesbHbIii mepe-
xon pu € — 0 B (4.29), nosry4uMm, 9TO IPOU3BOIHAS %G(m,{) B TOYKE
x = & NOJEKHA MMETh Pa3PbIB EPBOIO POJIA, IPUYEM PA3HOCTH MIPABO-
TO ¥ JIEBOTO MPEIETbHOTO 3HAYEHU 3TOW MPOU3BOMHON B TOUYKe T = &
OIIPEIEJIAETCS BhIPAKEHUEM

4 q(z, — 4 q(s, =-1_ 4.32
FGwo|  -f6@o| =g (432)

IMogBomst UTOr NPOBENEHHBIM PACCMOTPEHMSM, MbI MOXKEM YTBEpD-
Kiarb, uro ecau dynkuusa G(x,€) cymecTByer, TO OHA NOMYUHSIETCS
CJIEIIYIOIIUM Y CJIOBUSIM:

1) G(z, ) xak GyHKIMA IEPEMEHHON T YIOBJIETBOPAET OTHOPOIHOMY
ypasrenuio (4.26) mpu 0 <z <€fué <z <lI;

2) G(z,&) ynoBieTBopsierT rpaHUIHbIM ycsioBusaM (4.26);

3) G(z,£) mempepniBHa Ha [0,[], a ee mepBas NPOU3BOIHAS MMeET
B TOYKE Z = £ Pa3pblB MIEPBOrO POJIa C BEJIMUUHON CKAYKa MPEIeIbHBIX

3HAYEHUll, paBHOM
£+0

4Gz =Ll 4.32'
kewo| =5y (432)

DyHKIUIO, YAOBJIETBOPSAONLYIO yCIOBUAM 1), 2), 3), HazoBeM (Hymk-
yueti I'puna xpaesoti 3adavwu (4.26). CymecrBenHoe 3HaYeHUE ByHKIIUH
I'puHa 3aKJII0YAETCsI, B YACTHOCTHU, B TOM, U4TO YepPe3 Hee MoxHcem Ooimo
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svipadiceno pewerue kpaesoti 3adawu (4.26) ¢ npOU3BOJILHOI MpaBoil Ya-
croi0 ().

HeiicTBUTE/IBHO, TyCTh CYMECTBYIOT perienue 3ana4u (4.26) u GpyHk-
uua 'puna G(z,§). pumensas dopmyny Ipuna (4.20) x s1um dyHK-
muam Ha orpeskax [0,& — ] u [§ + ¢,1], tne dyuxuun y(x) n G(z, &)
HenpepbiBHO nuddepeHupyemMbl 1 06/1a0a10T BTOPBIMEA HEIPEPHIBHbI-
MU IIPOU3BOIHBIMHE, TTOJTY MM

(et 0 v ), "+t 0w ) )|

§te

E+e l
= | G@Of@dr+ [ G@Of@dr.  (433)
0

E+e

Tak xak u y(z) u G(x,§) yIOBIETBOPSAIOT OITHOPOIHBIM TDAHUIHBIM
yeaosusiv (4.26), To moncranoku npu ¥ = 0 u x = | obpamarorcsa
B HyJsib. [lepexonsa B (4.33) x npenesny npu € — 0, B cujty onpenesieHust
dyuxnnn ['puna mosydnm

l
y(©) = [ Gle,)f() da, (4.34)
0

9TO U [OKA3bIBAET BBICKA3AHHOE yTBEDXKICHUE.

IMokaxkem Tenepb, uro Gymnryus I'pura xpaesot sadauwu (4.26) cywe-
cmeyem, u JaauM ajroputm ee nocrpoenus. [locrpoum dyuxmio yq (),
SIBJISIIOLLYIOCST PEMIEHUEM OIHOPOIHOro ypasaenusi (4.26), yaoBJjieTBo-
PSIIOMIAM JIEBOMY KPA€BOMY YCJIOBUIO

a1y1(0) + B1y1(0) = 0. (4.35)

Od9eBUIHO, B CUJTY CIEJTAHHBIX MPEIMOJIOKEHNH 0 KoaddunmeHTax ypas-
HeHus GyHKIMA Y1 (x) BCerma MoxeT ObITh OCTPOEHA KaK PEIIeHne Ha-
YJaJIbHOM 3aaun nyis ypapHenus (4.26) ¢ HAYAJIbHBIME YCJIOBUAMUI

11(0) = —Cay, y1(0) = Cpy, (4.36)

rne C' — Tpou3BOJIbHAST TOCTOsSHHAsA. B cilydae CHeJaHHOrO MPEJIno-
JIOZKEeHUuA O CyIIIeCTBOBaHI/II/I JINIIb TPUBUAJIBHBIX peIHeHI/Iﬁ O,D;HOpO,D;HOﬁ
KpaeBoil 337241 MOCTPOEHHAsT TaKUM 06pasom dyHKus Yy () He ymo-
BJIETBOPAET IPABOMY I'DAHUYHOMY YCJIOBUIO

azy; (1) + B2y (1) # 0. (4.37)

AnanorudnbiM 06pazoM nocTpouM GbyHKIUIO Yo (), ABJISIONLYIOCS Pelie-
HHUEeM OJHOPOIHOTO YPABHEHUA, YIOBJICTBOPSAIONIMM TPABOMY FPAHIYHO-

MY YCJIOBHIO
ay5(1) + Bay2(1) = 0. (4.38)
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Jlerko BumeTh, YTO MOCTPOEHHBIE YKA3AHHBIM 00pasom GyHKImu Y1 (x)
u yo () Jiuneitno HezaBucumbl. [leficTBUTE/IbHO, NPEINOIArast JIUHEHHY O
3aBUCUMOCTD QyHKIHU y1 () u y2(x), HATIPUMED,
y1(x) = Cya(x), (4.39)
oJIyduM, 9T0 y1(x) yIOBJIETBODPSIET MPABOMY I'DAHUYHOMY YCJIOBUIO,
yro nporuBopeunt (4.37). Vtax, Mbl TIOCTPOU/IM [Ba JINHEHHO HE3aBU-
CHUMBIX PelleHus OTHOPOIHOrO ypaBHeHus (4.26), Kaxmoe u3 KOTOPbIX
YIOBJIETBOPSET TOJIKO OTHOMY W3 JBYX OTHOPOIHBIX TPAHUIHBIX yC-
JIOBUIA.
Bynem nckare dyukuuio G(z,£) B BUge
G(:L' f)_{ Clyl(x)a nggga
’ C2y2(33)7 5 < T < .
Scuo, uyro npu srom bysruusa (4.40) ymoBJIETBOPSIET OTHOPOIHOMY
ypasHenuto (4.26) npu & # £ U OTHOPOIHBIM TPAHUIHBIM YCJIOBUSIM.
Isist Toro 9To6bl YIAOBJIETBOPUTD YCJIOBUSM HEIPEPBIBHOCTH (hyHKIINN
G(z,€) n ckavka ee npousBomHoit (4.32), ocTaercs HalTH MOCTOSHHbIE
C1 u Cy 3 cooTHOmEHN
Coy2(€) — Cry1(€) =0, Cays(§) — Cryy (§) = 1/p(€)- (4.41)
Onpenesuresb 9Tol JIMHERHONW aredpanvdecKoil CUCTeMbl, MPEICTAB-
JsIomuii coboit ompemenTessb BpoHCKOro JIMHEHO HE3aBUCHUMBIX DPe-
menuit y1 (x) u yo2(x), orimden or HyJsis u B cuity (4.22)
Ay1,y2) = C/p(),
rae nocrosinHas C onpeesseTcss HOpMUPOBKO# pemmenuit vy (x) u y2(x).
Orciona caenyer, uro cucrema (4.41) paspemuma eIuHCTBEHHBIM 00pa-
3oMm. [Toncrasus nosydennsie 3uadenus Cy u Cy B (4.40), o1y 9uM OKOH-
yare/ibHOe Bhipaxkenune (pyHKImu ['punHa kpaesoil 3amaun (4.26):

Gz, :L{ y2(§y1 (), 0<z<é,
(=:¢) Cl y1(9ya(2), <<,
rIe IOCTOAHHAA

C = p(&)Ay1(£),y2(8))- (4.43)

[IpoBenentbie pacCcyKIEHUS SABIIAIOTCA OKA3ATETLCTBOM CYIIECTBO-

BaHWsA U eIMHCTBEHHOCTH (DyHKIMU ['puHa Kpaesoii samadn (4.26) B coy-

4yae, KOIJla COOTBETCTBYIONIAs OJHOPOIHAA 33/1a4a UMEET TOJIBKO TPH-
BUAJIBHOE PEIIeHNeE.

(4.40)

(4.42)

Bameuanusa 1. I3 aBHoro Bbipaxkenusi ¢pyukuuu ['puna (4.42)
CJIEIyeT, ITO OHA SABJISETCS CuMMEeMpPuuHol dynkyueli CBOUX apryMeH-
TOB:

G(z,8) = G(&,x). (4.44)

2. Kak ciemyer u3 HaBOmAmmuX cOOOpaxKeHMiA, IIPEIIIIECTBOBABIINX 0~
crpoennto ¢yuknun ['puHa, oHa mMeeT TPOCTOH (UBUIECKUNA CMBICIT,
MIpeCTaBJIsAsa CODOil pelreHne KpaeBoil 3aa4u B CJIydae COCPEIOTOYEH-
HOIl HArpy3KH.
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IIpumep 4.1. B xagecTBe mpocreiimero mpumMepa pacCMOTPUM IT0-
crpoenne dpyHkiun ['puHa KpaeBoi 3agadu

'=f(z), 0<z<l, y(0)=0, y'()=0.

JIerko mpoBEpUTH HEMOCPEICTBEHHO, ITO COOTBETCTBYIOMIAS OHOPOIT-
Has 3a7a9a UMEeT TOJILKO TPUBHAJIbHOE pemenne. B kauectse dyHKImit
y1(z) m y2(x), yAOBIETBOPAIONIUX COOTBETCTBEHHO JIEBOMY U TPABOMY
IPAHIYIHOMY YCJIOBHIO, BbiOepeM y1 (z) = z u y2(z) = 1. Cortacuo (4.40)
nmem GyHKIuio I'puHa paccMarpuBaeMoii 3a1a491 B BUIE

Ciz, 0<zr<
Gu¢w={éx > h

Yanosnersopsas ycioButo nenpepbiBaoctu Gyukuuu G(z,€) npu x = &
1 yCJIOBHIO HA BEJIMIMHY CKAYKa €€ IPOM3BOIHOM B 3TOH TOYKE, TIOJTY IUM

Ci& = (O, =C1; = 1. Orcropa Cy, = —1, Co = —&, 1 OKOHYATEJIBHO
Boipaxkenne pynxkuun I'puna paccmarpuBaeMoii 3a1a491 TPUHUMAECT BULL
x
Geo=-{7 (STT

& <zl

Ormerum, uro B cuny (4.1) nocrpoennas pyukuus ['puna onpemeisi-
er (hopMy CTATUIECKOTO pAaBHOBECHsI N0, AefiCTBHEM BHEITHEH TPOI0JTh-
HOII COCpenOoTOYeHHO! CUJIbI OTHOPOOHOTO YIIPYTOr'0 CTEPKHS, JIEBBI KO-
HeIll KOTOPOTro KeCTKO 3aKperyieH, a npaBbiit cBoboneH. Oyukius ['pu-
Ha G(x,&) BRIpaKaeT BeJIMUNHY CMEIIEHUs CEYEHUsl T, eCIIM B TOUKe &
MIPUJIOKEHA COCPETOTOYCHHAS CIJIA, CKUMAIOIIAS CTEPKEHb. Kak BUIHO
u3 Bbipazkenus g G(x,£) 0pu JAHHBIX YCJIOBUSX CMENIEHUE CedeHuil
CTePXKHs, PACIIOJIOKEHHBIX JieBee TOYKM Npusioxkenus cuibl (z < &),
Oy/ileT HepaBHOMEDHBIM M TeM OOJIbIIMM, YeM OJImKe JaHHOe CedeHue
K TOYKeEe g IPUJIOKE€HUA CUJIbI, a BCA 9aCThb CTEPXKHA, HaXOOAMIAACA IIpa-
Beée€ TOYKU IIPUJIOKECHUA CHUJIBI, IEPEMECTUTCA KaK IeJIoe.

Ilepeiinem Tereph K BOIMPOCY O CYIIECTBOBAHUU PENIEHUN MCXOMHOM
KpaeBoit 3amaun. meer mecTo cienyiomas

Teopema 4.1. Ecim onmHOponHas kpaeBas 3aigada (4.26) mmeer
TOJIbKO TPUBHAJIBHOE PEIICHHE, TO PENIeHHe HeOTHOPOMHON KPAeBoli 3a-
Jady CymecTByer A1 Jioboii HenpepbiBaoOi Ha [0,1] ¢pyaknun f(x) n

= [ Gl 07 de. (1.45)
0

HokasareabcTBO. g moOKa3aTebCTBA TEOPEMBI IOCTATOTHO
HENOCPENICTBEHHONI TPOBEPKOii yoenuThest, 4to hyHkuus y (), 3a0anHas
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dopmyoii (4.45), yaoBsieTBopsieT BCeM yCJIOBHUAM OIPEIEJICHUsT Pelie-
Hus Kpaesoil 3amaqu (4.26).
HeiictBuresibHo, 3anuiiem dpopmyy (4.45) B Buze

z l
= / Gi(,€) f(€) dE + / Go(,€) f(€) de,

e G1(,€) = 1 (©92(2), Ga(w,€) = Lya()ya(2) mvamorc wempe-
pbiBHbIMU (DYHKIMAMEU T U £ BMECTE C NPOU3BOAHBIMU JI0 BTOPOIO MO~
psIKa, npudeM ycJioBrue HernpepbiBHOCTH G(z,€) B TOUKe T = £ MOXKHO
sammcarb B Bune G1(§,&) = Ga2(,§) nm

Gi(z,z) = Ga(z, ),
a ycJIoBHe CKadka npom3BoiHOil (4.32) — B BUIE

iw(xax) - ,Qw(xax) = ]./p(.'l?)

Tonb3ysack arumu cooTHomennsiMu Mexkay G u Ga, TOJIYIUM B PE3yJIb-
rare nuddepeHIpOBaHNs NHTErPAJIOB 110 N3BECTHBIM Tpasusam [17]:

y/(2)=Ch (e, ) f(2)+ / G, (2, F(€) dE—Gia(, 2) f(2) +
¥ / G, (2, ) 1(€) de= f Gl (2, €)(€) de+ f G, (2, €)1(€) de,
(@)= o)+ / o, ) £(6) dé—
)+ / 200 (@, €) £ (£) dE=

o) +/ G (@, €)F() dé+ / Gl (@, ) () de.
Orcrona

T l
Ly(@))=py"+0'y' ~qy=] LIG11f(€) d&+ [ LG2(€) dé+f(x) = (x),
0 T

YTO U JOKA3BIBACT yTBEPKICHUE TECOPEMbI.

Ilepeiinem Tenepsb K pACCMOTPEHHUIO CIIy4as, KOTIa OJHOPOIHAA Kpae-
Bas 3aja4a (4.26) umeer HerpuBuasibHOe peutenue. s ynpomenus no-
CJIEIYIONINX BBIKJIAJI0K OyIeM paccMarpuBaTh KPaeByIO 337a4dy C Ipa-
HUYHBIMU yCJIOBUAMHU IIEPBOIO POJA:

Lly] = f(z), y(0)=0, y(l)=0. (4.46)
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ITo ycooBuio cymecrByer GyHKIMs @o (), ABIISIOMAACT PEMIEHUEM CO-
OTBETCTBYIOIIE ONHOPOOHOI KpaeBoil 3a1a4u

Lpo(z)] =0, ©0(0) =0, ¢o(l) =0. (4.47)
DyHKUMIO o (L) MOXKHO PACCMATPUBATH KAK COOCTBEHHYTO (DYHKIIUIO 38~
nadn Ha cobcTBeHHble 3Havenus (4.11), rme ap = as = 0, cooTBeTCTBYO-
myto cobcrBennomy 3uadennto A = 0. O4eBUIHO, YTO OHOPOIHAS Kpae-
Bas 3ajada (4.47) He MMeeT IPYTUX pEIleHUil, JTUHEHO He3aBUCUMBIX
¢ po(x). Dysxuuio po(r) HOpMUPYEM TaK, YTO

/l wa(r)dz = 1. (4.48)
0

Ormerum cpasy, uro ecau peuierue y(x) kpaesoii 3amgauu (4.46) cymie-
CTByeT, TO NpaBas 4acTh ypaBHenus, GyHkuusa f(z), 10/2KHA OBITH Op-
roronasibHa Ha [0,1] dyurmmn @o(z). HelicrBuresnbro, npuvenus ¢dbop-
mysty Ppuna (4.20) k dyuxumam y(x) u @o(z), nosydum
l 1
[ (@o(@)Lly] = y(2)Lpo]) dz = [ ¢o(z)f(z)dz =
0

0
= {p(@)(po(2)y'(z) = y(2)pp(2)) }o =0, (4.49)

OTKY[Ia W CJIeNIyeT Hallle YTBEpKIeHUE.
pyrumu cjoBaMu, COpaBejinBa CJIeLyIOIast

Jlemma 4.1. HeobxomumbIM yCJa0BHEM PA3PEHIIMOCTH KPAEBOI 3a-
naun (4.46) sBJIsIETCST YCJIOBHE OPTOrOHAJIBHOCTH IIPABOI 4acTH yDaB-
Herns (4.46) HETPUBHAJIBHOMY PEIIEHHIO COOTBETCTBYOIEli OTHOPOIHO
kpaeBoii 3amaqn (4.47).

B nasbreiimem Oynem cauTaTh, YTO HEOOXOIMMOE YCJIOBUE Pa3peIu-
MocTH Kpaesoit 3anaun (4.46) Beimosineno. IlokazkeMm, 4To B 9TOM Cirydae
pelreHne KpaeBoii 3a/1a4m CyHIeCTBYeT U MOXKeT ObITh HOCTPOEHO C II0-
MOIIBIO COOTBETCTBYIOMINM 00pa3oM omnpeesientoit dbyuknun ['puna. 3a-
MeTnM, 410 ecan hyHKIM:A y(z) ABJIAETCA PEIIEHHEeM KPaeBOW 3a1adn
(4.46), To mobas byukuusa y(z) Buna

y(x) = y(z) + Cpo(z), (4.50)
rae C — mpous3BOJIbHAS TIOCTOSTHHAS, SIBJISIETCS PEIIIEHUEM TOU XKe 3a1a-
49U, TOCKOJIbKY (DYHKIUS o (2) — pelleHne COOTBETCTBYFOIIEH OTHOPO/I-
woii 3amaun. [losromy 4T0OBI ONPEIETUTh €IMHCTBEHHOE PEleHne KPae-
BOIl 3aa4M, ero HaIO0 MOJYNHUATH JOMOJIHUTEJIbHOMY YCJIOBHUIO. B Kade-
CTBE TAKOBOTO MMOCTABUM YCJIOBUE OPTOrOHAJIBHOCTU HCKOMOTO PEIeHNUsT
cobcrBenHON byHKIME Yo (T):

/ly(x)cpo (z)dz = 0. (4.51)
0
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TMokaxewm, uro 3amaga (4.46), (4.51) MoXKeT UMETh TOJIBKO OIHO perre-
Hre. OYEBUIHO, YTO B CHJIY JIMHEHHOCTH 3a/a4u [IJIsl 3TOTO T0CTATOY-
HO IIOK&3aTb, 9T0 COOTBETCTBYIONIAA OTHOPOIHAS 331348 IMEeT TOIbKO
TPUBHAJIBHOE DEIIEHHE.

Jlemwma 4.2. Onnoponnast 3amaqa (4.47), (4.51) umeer Tospko TpU-
BHUAJIBHOE pPelleHHe.

HokazareancTBo. [lo ycoBuio Bce perienus OMHOPOIHOM 3a/1a-
qu (4.47) npencraBumbl B Buze yo(z) = Cpo(x). Yemosue (4.51) naer

1 1
[ vo(@)po(@)de = C [ () dz =0,
0 0

orkyna C' = 0, u ;lemMMa JoKa3aHa.

IlepeiiieMm K MOCTPOEHMIO TaK HAa3bIBAEMOU 0000weHHOl GyHKUUY
I'puna 3adawu (4.46), (4.51). Tak Kax CymecTByeT HETPUBHAJIBHOE pe-
IIeHNe OJHOPOIHON KpaeBoii 3amaun (4.47), TO 1Jis NOCTPOEHUS HYKHOM
HaMm Gyskyun ['prHa OrpaHUYUTHCST TOJIBKO PEIIeHUSIME OJHOPOIHOTO
ypaBHeHUsi HeJib3si. [loaromy ompenesum 0600menny0 GyHKIuO [pu-
Ha G(z,£) Kak pemieHne CJenyomei 3amadm:

1. G(x, &) ymoBieTBOPsAET HEOTHOPOIHOMY YPABHEHUIO

Lo[G(z,8)] = —¢o(§)po(x) (4.52)

mpul<z<fni<z<l.
2. G(z,¢) ynoBIeTBOpsieT T€M K€ TPAHUIHBIM YCJIOBHUAM, 9TO U MC-
KOMO€ pEIleHne

G(0,§) =G(1,€) = 0. (4.53)

3. G(z, ) nenpepsiBHa Ha [0, 1].
4. TlepBasi mpousBogHAs %G(w, §) uMmeer paspbIB IIEPBOIO POIA MPU
T = &, IpUYEM BeJIMYMHA, CKAIKa, PABHA

£+0
LG9 T ]ﬁ. (4.54)

5. G(z, &) oproronasnbra Ha [0,1] cobecTBenHOl DyHKIMHU Yo ():
1
/G(x,f)cpo (x)dx = 0. (4.55)
0

[Tokazkem cpasy, 4TO eCJIu pelieHne NCXOIHO Kpaesoit 3anaqn (4.46),
(4.51) u o606meHHas DyHKIWA ['prHA CYyNIECTBYIOT, TO PEIIEHNE 330391
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(4.46), (4.51) Boipazkaercsa yepes 0606uenny 0 dhyuruuo I'puna mo dop-
myJie, anasoruunoii (4.34). HeiictBuresibro, npumensisa dpopmysry ['puna
k dyukuuam y(x) u G(z,§) ua [0,€ —¢] u [€+¢,] u nepexons k npenesy
npu € — 0, aHAJIOTUYHO MPEBIIYIIEMY OJLY IUM

z=£+0 1

p(E)y(€)4C = [{G(@,0)f(@) + y(@)po()po(2)} da,
0 o

T=£—

410 B cuity yciosuit (4.54) u (4.51) oKOH4YATEIBHO JaeT

l
y(©) = [ G(,&)f(x)de. (4.57)
0

Mpbl ykakeMm aJjirOPUTM SIBHOTO MOCTPOEHUsT OIPEIeJIeHHOW yCJIOBHSI-
Mu 1-5 0606mennoit dyukiun ['puna. Tem cambiv OymeT mpoBeIeHO
1 KOHCTPYKTHUBHOE JI0KA3aTeJIbCTBO €€ CYIEeCTBOBAHNSI.

Bribepem kakoe-n6o dacTHOe perenue w(x) HEOTHOPOIHOTO ypPaB-

e Llo(@)] = —0o(€)go(a) (4.58)

ua (0,1) (manpumep, pemenue Ha4YAIbHON 3a1a4u 1Jist ypaBHenus (4.58)
¢ HavasbabiMu yesoBuamu w(0) = «, w'(0) = ).

Hapsny ¢ dbyunkuueit @o(z) paccMoTpuM JIMHEHHO HE3aBUCUMOE C HUM
perenne i (%) ogHOPOIHOrO ypasHeHus (4.47):

Lip: ()] =0, (4.59)
npuyeM OyIeM CUYUTATh, 9TO (1 () HOPMUPOBAHO TAK, YTO

Alpr(x), po(x)) = 1/p(x). (4.60)

OTMeTuM cpasy, 9T0 B CUJIY JINHEWHON He3aBUCUMOCTH (DYHKIWIA ¢q ()
u 1 (2) byHRUMA @1 (2) HE MOKET YIOBJIETBOPATH TEM K€ OJHOPOTHBIM
IPAHUYHBIM YCJIOBUAM, YTO U g (L):

©1(0) #0, @1(l) #0. (4.61)

Boibpannoe yacrrHoe pemienue w(x), BOOOIIE TOBOPs, TAKXKe He yIOBJIe-
TBOPSET OJHOPOIHBIM IPAHUYHBIM ycsioBuaM (4.53). OnHAKO MOKHO Tak
BbIOpaTh JiuHeliHbie kKoMOunanuu GyHKiui w(x) u p1(x) HA OTpE3Kax
[0,£] n [€,1], arobbl ymoBaersBoputh ycsosusaMm (4.53). Ho mpu stom
HE OCTAeTCs IOCTATOYHBIX CTermeHeil CBOOOMBI IJisi TOrO, 4TOOBI yI0-
BJIETBOPUTH OCTAIONIUMCsT YCJIOBUAM 3—5. DTO MOKHO CHesaTh, H00a-
BUB JINHEHO HE3aBUCHMOE C (1 PelleHne OTHOPOIHOTO yPABHEHUST —
GYHKIUIO g, KOTOpasd, YAOBJIETBOPAS OIHOPOAHBIM ycjoBuaM (4.53),
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HE MOXKET WX ucnoptuth. [losromy obobmenuyoo dyuakinuio ['puna Oy-
JIEM CTPOUTH B BUIE

Crp1(x) + Czp0(x),

i ) 0<
(iL',f) - w(.’l?) + { 02@1 (.’13) + 04900(33)7 5 <

(4.62)

nonpupas nocrosiiabie C1,Cs, C3, Cy Tak, 9T00bI yIOBJIETBOPUTH BCEM
ycsioBusaM. Ycsoust (4.53) mator

w(0) + C191(0) =0, w(l) + Cap1(l) =0. (4.63)

B cuny (4.61) orcroma ogro3HaYHO onpenesisiorcs nocrosuubie Cp u Cs.
Vcnosus wenpepbisHocTu dyukimu G(x,£) u ckadyka ee NPOU3BOIHON
npu £ = £ IPUBOIAT K YPABHEHUAM

(Cy = C1)e1(€) + (Cs — Cs)po(§) =0,
(Cy — C)@1 (&) + (Cy — Cs)pp (&) = 1/p(£).

B cuiy (4.60) sra crmcrema OIHO3HAYHO DAa3peIIMMa OTHOCHTEIBHO

02—011/104—03:

Co—Cr=—po(§), Ci—C3=pi(). (4.65)

(4.64)

Buavenus Cy u C; 6bn yxe Hailnenbl u3 (4.63). [okaxkewm, 910 OHU
ynoBsetBopsoT (4.65). [Ipumenum dopmyny ['puna x Gysruusam w(x)
u po(x):

1

[ (po()L[w] — w(x)L{o]) dz =

l
= {p(@) (¢o(@)w' () — w(@)eh(@) } o = — [ wo(@)p0()po(a) dz;
0

e (1) + PO (0)h(0) = —pole). (4.66)
Ho B cuity (4.60)
P00 = s (1), pO)A(0) = 1/ (0), (4.67)

u Ha ocHoBanun (4.63) dopmysa (4.66) mepexomuT B BbIpaXKeHHe
Cy — C1 = —po(§), cosnaparomee ¢ (4.65). Urak, C; u Cy onpeneseHsl
onuozuauno. Beipasum Cy uepes Cs u3 (4.65), nosydum

Cy = Cs + ¢1(8), (4.68)
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n nepenumeM (4.62) B Buge

Crp1 (),

0 3
Cap1(z) + @1(§)po(z), £ L

G(z,6) = w(z) + Capo(a) + {

<z
<z

N A

4.69)
3mech ocraercsi Hem3BeCTHBIM Jinib Kodddumment Cs. Ilomcrasiisist
(4.69) B ycoosue (4.55), nomyuum ass onpeneserus koaddunuenta Cs
BBIPAZKEHIE

3
G [ )de =Co=~{ [ oodle)do+ 1 [ n@pata) ot
0 0 0

l l
+C [ pi@ala) o+ 1(6) [ e dnf. (470
3 §

Koaddunuenr C, Boipaxaercsa depes C3 no dopmysie (4.68). Urak,
obobmmennast Gpyukiwsa ['puna mocrpoena.

ITpoBeneHnbIe PACCYKIEHAA O3BOJIAIOT CHOPMYIUPOBATH CJIELYIO-
LY IO TEOPEMY.

Teopema 4.2. HeobxomumbIM U JOCTATOYHBIM YCJIOBUEM OJHO3HAY-
HOI paspemmmoctu kpaeBoii 3anaun (4.46), (4.51) sBisercs ycioBue
(4.49) oproronaaprocTH npasoii yactu f(x) ypasaenu: (4.46) cobcrBen-
woii ¢pyuaknmnn o(z). Ilpu 3T0M pelenne BrIpaxkaercs B BUe

l

y(@) = [ Glr,©)1(E) d. (4.71)

0

HoxkazateabcTB0. HeOOXOMUMOCTh YCJAOBUS OPTOTOHAJIBHOCTHU
(4.49) u enMHCTBEHHOCTH DEIIeHWsI KPAeBOll 3amaun ObLIN IOKA3aHBI
panee (cMm. jemmbl 4.1 u 4.2); noKasaTesbCTBO TOrO, 9TO (GYHKIUSA
y(z), onpenenennas dopmyJioit (4.71), npu BeinosiHenuu ycsiobus (4.49)
ABJIAETCS PENIeHNEeM KPAeBOU 3a/1a9Ml, MOXKET ObITh MPOBEIEHO IIyTEM
HEIIOCPE/ICTBEHHO ITPOBEPKU.

Samedanust.

1. s ynpolneHns BBIKJIAI0K PACCMATPUBAJIACH KpaeBas 3a1ada
C TPAHUYHBIMM YCJIOBUSMU TIEPBOTO POIa. AHAJOrMYHBIE PACCMOTpE-
HUsI ¥ TIOCTpoeHne 0600meHHol pyHKImy ['prHa MOry T ObITH TPOBEIEHBI
U B CJIydae ObIMX TPAHUIHBIX YCJIOBHIA.

2. MbI mpenmoJiaraeM, 94To OJHOPOIHAS KPAeBas 3a/1a9a UMEET JIMIIIb
OJTHO JIMHEIHO He3aBUCUMOe pemntenue g (). CooTBeTCTBYOIIME PACCMO-
TPEHUs MOTYT OBITH TIPOBEIEHBI U B TOM CJIy4ae, KOrIa 3a/1a4a nMeeT JIBa
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JIMHEHO HEe3aBUCHMBIX pemreHus ¢1(z), 2 () (ducio auHeitHO HE3aBU-
CUMBIX PelIeHui, 04eBUIHO, He 60Jiee IBYX, TaK KAK MOPAIOK Y PABHEHUST
pasen aByM). IIpu sToMm coberBennoMy 3Hadenuio A = 0 KpaeBoii 3a1a4u
Ha cobcrBennblie 3Hadenus (4.11) orBevaror aBe JMHEHHO HE3ABUCUMbIE
cobcrBennblie hyHKIUU 1 (), 2 ().

151 paspemnMoCcTi HEOMHOPOMHOM KPAEBOii 3aa49i B 9TOM CJIydae
JIOJIKHBI BBIMIOJIHATHCS YCJIOBUsI OPTOTOHAJIBHOCTH MIPABOil YacTu ypas-
HeHUsi 00ernM COOCTBEHHBIM (DYHKIIHSM:

l
[ f@)pi(x)dz =0, i=1,2. (4.72)
0

st Toro 9TOOBI UMeJIa MECTO €IMHCTBEHHOCTH, PEIleHne KPaeBOil 3a-
[1a9u HAO MOAYUHUTH AHAJIOTUIHBIM yCJIOBUSAM OPTOTOHAJILHOCTU BCEM
cobcTBeHHBIM (DYHKIUAM, a 0000mennyo ¢dyuknuo ['pura cTpontsh Kak
peleHne HeoTHOPOIHOTO YPABHEHUsI, B MPABOH 9acTH KOTOPOTO BBIOW-
paercs sinHeiiHast KOMOUHAINST COOCTBEHHBIX (DYHKIINIA.

[Ipumep 4.2. Paccmorpum KpaeByio 3amady
y'+y=f(z), 0<z<m y0)=0, y(r)=0.

Kak Jierko BuIeTh, COOTBETCTBYIONIAA OJHODOIHAS KpaeBas 3ajada
UMeeT HeTpHUBHAJIbHOE pemieHue @o(r) = +/2/msinz (kosdduument
\/2/m BeIGpan u3 ycsosnsa HopMuposku (4.48)). Ilosromy perenne me-
OOHOPOOHON KpaeBOil 3a/1auM CylecTByeT JIMIIb TOIA, KOT[a ITpaBasd
gacTh f(Z) yIOBJIETBOPSAET YCJOBUIO OpTOroHasibHocTu (4.49):

ff(x) sinzdzx =0,
0

U JIJIs1 TOTO, 9TOOBI 9TO PEIEeHre IPEICTABUTH 10 hopmyie (4.57), HyxKHA
o0b6obiennas pyHkimsa ['puHa.
IMepeiinem x ee mocrpoenuto. Haiinem wactHoe pemenne w(x) ypas-

HEHUA
2

" _ . .
Ww'tw=—%sin{sinw.

Bynem nckars ero B Buge w = Ax cos . Henocpencrsennoit nogcranos-
KOl B ypaBHEHME HalieM 3HaYeHne TOCTOAHHON A = %sinf ¥ TOJIy IUM
w(x) = l(sin xcosx

= .

B kawecTBe YACTHOTO peMmeHWs OJHOPOIHOTO YPABHEHWs, HE YIOBJIE-
TBODSIOIIEr0 3aJAHHBIM TIPAHUYIHBIM YCJIOBUAM, BbiGepeM (byHKIUIO
p1(z) = cosx.



134 I'a. 4. Kpaesvie 3adanu

Cornacuo (4.62) o6o6mennyio Gyuximio ['puna paccmarpuBaeMoii 3a-
JIauu CJICAYeT UCKATh B BUIE
Cicosz + Cssinz, 0
Cscosz + Cysinz, £

b

<z <
G(z, ) = %(sinf)azcos:c + { DD

Lz <.
Tpebosanue ymoBieTBopeHus rpanudHbiM ycjoBusm G(0,€) = 0,

G(m, &) = 0 maror ypaBHeHUs1 [JIs1 Onpenesienns mocTosHubix Cp u Co:
Ci =0, —sin(—-Cy =0, orgkyma C; =0, Cy = —siné.

Vcnosus nwenpepoiBuoctu byukiuuu G(z,€) npu x = £ u ckadka ee
IPOM3BOMIHON B 9TOil TOYKe ¢ y4eroMm HaiimeHnbix sHadenuit C; n Co
OPUBOMIAT K ypaBHeHUAM it ocTosiHHbIX C3 u Cy:

Cssin€ +sinécos€ — Cysiné =0,
sin? € + Cycos€ — Cycosé =1,
orkyna Cy = C3 + cos ¢ u Beipaxkenue i G(x, ) npuHAMAET BUI
G(z, &) = %(sin &)x cos x+
0, ;

+ Cszsinx + {
.

N IN

0Lz
—sinécosx + cosésinx, (<
Iocrosinnyto C3 HalimemM w3 yCJIOBHsI OPTOrOHAJJIBLHOCTH (DyHKIAN

G(z,€) x byukunu @o(z) = \/gsin z:
fG(x,f) sinz dx = 0.
0

Borancsasa cooTBeTCTBYONINE HHTETPAJIBI, TIOJTY 9AM
__m=¢£ 1
Cs = — 08§ — 5—sing,
9TO TaeT OKOHYATEIbHOE BhIpaxkeHue 0600mennoit ¢pyukiuu ['puna pac-
CMaTpPUBAEMOI 331249 B BUIE

G(z,8) = %(wsinfcosw + &cosésing)—

3

cos¢sinx, 0 <
<.

1 e <z
— 5-sinésinx — .
coszsin¢, (<

2

C nomomipio HaiieHHOro BhIpaxKenusi 0600meHHoi dyukuun ['puna

u npencrasienns (4.57) JIETKO MOJIyYUTh PeleHne HeOIHOPOIHON Kpae-

BOIi 3a7a4u B TOM CJIydae, KOrja mnpaBas 4acTb f(x) ypaBHEHHs yI0-
BJIETBOPSIET YCJIOBUIO OPTOTOHAJIBHOCTH

[ F@)o(e) da = 0.
0
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Bananum byskimo f(r) KOHKpeTHO, a uMeHHO, noJjioxuM f(x) = cosx
u OymeM UCKaTh peleHne KPaeBoil 3amadn

y'+y=cosz, 0<z<m, y(0)=0, y(r)=0,

OPTOTrOHAJIBHOE COOCTBEHHOHN (DYyHKIMHU Sin T, COOTBETCTBYIOIIEH OIIHO-
POOHOIT KpaeBoit 3a11a4e

/ y(z)sinz dr = 0.
0

TTosib3ysICh TOJIBKO YTO MOJIYYEHHBIM BbIpaykeHueM 0000IIeHHON (yHK-
mun I'puna u npencrasiennem (4.57), mocjie HECJIOKHBIX BBIYUCICHUH
9JIEMEHTAPHbBIX MHTETI'PaJIOB Haﬁl{eM

y(z) = gsinz — Tsinz.

Jlerko mpoBepuTh, YTO HaileHHOE pelleHue YIOBJIETBOPAET YCJIOBUIO
OPTOrOHAJIBLHOCTH COOCTBEHHOW (DYHKIUU Sin .

OrMmeTum, 9T0 B cusly ypaBHenus (4.2) moctpoeHHass 06OOUIEHHAs
dyuxmus ['puna ompenesnser aMIINTydy yCTAHOBUBIIMXCS TAPMOHU-
9ecKuxX KoJiebaHmii 3aKpEIIeHHOrO Ha KOHIAX OIHOPOIHOTO YIIPYTOro
CTEPXKHA IIPU BHEIITHEM BO3ﬂeﬁCTBHH CIICIIMaJIBHOI'O BHUOA. A UMEHHO,
9aCcTOTA BHEIIHEH CUJIbl — pPE30HAHCHAsl, T.€. COBIAIAeT C YAaCTOTON
COOCTBEHHBIX KOJIEOAHUH CTEPXKHS, IPU KOTOPO aMIIUTYyda COOCTBEH-
HBIX KOJIe0aHuii cTepKHs onuchiBaeTcs GpyHKImel o (z). OmHako mpo-
CTPAHCTBEHHOE pacIpenesieHne aMIJINTY/Ibl BHEIIHEN CUJIbI TAKOBO, YTO
aMIUINTY 12 BBIHYXKJIEHHBIX KOJIe0aHUil, He HapacTasd BO BPEMEHH, OCTa-
€TCsl OTPAHUYEHHONU. DTO HOCTUTAETCS BHIMOJIHEHUEM YCJIOBUII OPTOro-
HAJILHOCTH: U TIPaBas 9aCcTh yPaBHEHUsI, & TaKxKe 0000ImeHHast (DyHKIHsT
I'puna, u camo pernenre HEOTHOPOMHON KPAEBOH 334241 OPTOrOHAJIHHBI
cobcrBeHHO GyHKINM ©o ().

B nannom npumepe o6obmennas dyukuusa I'puna G(z, ) umeer du-
3UYECKUIl CMBICT AMIJIUTYIbl Y YCTAHOBUBIIMXCHA KOJiebaHuil 3akpe-
IJIEHHOT'O HA KOHIAX YIPYTOTO CTEPXKHA IPHU MEPUOIUYIECKOM BHEITHEM
BO3MEHCTBUU C PE30HAHCHOW YaCTOTOW, KOTOpPOe MpeacTaBigeT coboit
CYMMY COCPEIOTOYEHHO CHUJIbI, IPUJIOKEHHON B TOYKe &, U CUJIBI, pac-
NIpefeJIeHHOl IO BCEMY CTEPXKHIO C IJIOTHOCTBIO SiNZ UM aMIJIUTYHON
2 sin¢.

3ameTuM, HAaKOHeIl, YTO Mbl PACCMATPUBAJIU UACATU3UPOBAHHBIN CJTY-
4ail TOYHOTO BBINIOJIHEHNA YCJIOBUI OPTOTOHAJIBHOCTH AMILJIUTY IbI BHEIII-
HEro BO3MEWCTBUA aMILIATYyHe COOCTBEHHBIX KoJiebaumit. B peasibHbIX
3aa4axX 3TU CTPOrUe YCJIOBUA, KAK IPABUJIO, HE BBINOJIHAIOTCH, YTO
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MOXKEeT IIPUBECTU K OYECHb 6OJII>HII/IM AMIIJIATYdaM yCTAHOBUBIIUXCA KO-
JIebaHuil TPy YacTOTE BHEITHErO BO3IeiCcTBYA, OJTM3KOI K PE30HAHCHOI,
WU K HECYIIECTBOBAHUIO PEIEeHUsI PACCMATPUBAEMOl 3a1a4u 00 ycra-
HOBUBIIKXCs Kosebanusax. [Ipu aTom ciemyer numers B BUY, 9TO B CJIy-
yae OOJIBIINX AMILIUTY PACCMaTPUBaeMas JIMHEHAA MaTeMaTndecKas
MO/IEJTb, JOCTATOYHO AJEKBATHO ONMUCHIBAIONIAs MAJIble KOJIOAHMS, yIKe
HE MPUMEHNMa U JOJIKHA ObITh 3aMeHeHa OoJiee CJI0KHOU HeJTMHEeHHOM
MOJIEJIBIO.

§ 3. 3amaum Ha cOGCTBEHHBbIE 3HAYEHUSI

B § 1 6buta mocrassieHa 3a/1a4a Ha COOCTBEHHBIE 3HAYEHUsI, 3aKJIFO-
JAIOIIAsICS B ONPEIEIEHNN TeX 3HAYCHUI mapamMerpa A, Ipru KOTOPBIX Ha,
[0,1] cymecTBYIOT HETPUBHAJIbHbIE PEIIEHUsT OJHOPOIHOTO yPABHEHH

Lly] + Ap(z)y(z) =0, (4.73)
yJIOBJIeTBOpﬂIOIILI/Ie O,D;HOPOIIH])IM FpaHI/I‘{HbIM yCﬂOBHﬂM
a1y'(0) + B1y(0) =0,  azy'(1) + B2y(l) = 0. (4.74)

Bynewm cuurars, uro dbyukuusa p(z) > 0 venpepsisaa Ha [0,1], a B oT-
HOmeHn KO3 PUIMEeHTOB, BXoAdmux B auddepeHnmnabHbIil onepa-
Top L, BBINOJIHEHBI Te XKe TpeboBanus, 4To u B § 2. [Ipu aTom dyHKIMS
Ipuna xpaesoii 3anauu (4.26) cymecTByeT u sBJISeTCS CUMMETPUIHOM
dyHukIHMel cBOMX apryMeHTOB.

Bamady Ha cCOOCTBEHHBIE 3HAYEHUSI, T. €. 33149y OTHICKAHUS HETPUBU-
AJIbHBIX pellenuii ogHopomaHoro ypasHenus (4.73), yIOBIETBOPAIONMX
OJTHOPOIHBIM T'PAHUYHBIM YCJI0BUsAM (4.74), 9acTO HA3BIBAIOT 3adaved
HImypma—JSIuysusssa, a camu HETPUBUAJJIbHBIE PEIIEHUS — COOCTBEH-
HBIME QYHKIUAMA HTOH 3a7aN.

Cobcerennbie dyukuun 3amaau [rypma—JInyBusiis obaamaoT ps-
JIOM 3aMedaTesIbHbIX CBOMCTB, KOTOPbIE MMPOKO UCIOJIB3YIOTCS HE TOJTh-
KO TIPM PEeIIeHnr KPAaeBbIX 33,129 17151 OOBIKHOBEHHBIX Ind depeHnasib-
HBIX YpaBHEHW, HO W TPU PEIIEHUN KPAEBBIX 3a0ad NJisi ypaBHEHU
B YACTHBIX TPOU3BOIHBIX, a TAKXKE [IJIS PEIIeHNs MHOTUX APYTUX MaTe-
MaTUIeCKuX npobsieM. BobIMHCTBO 9TUX CBOUCTB MOXKHO MPOIIE BCe-
ro [0Ka3aThb IlyTeM CBeneHusi KpaeBoil 3amaum (4.73), (4.74) k unTe-
rpaJsibHOMy ypaBueHuio ®penrosbMa BTOPOro poga ¢ CUMMETPUYHBIM
saapom. OIHAKO W3yUYEHNE WHTErPAJIbHBIX YPABHEHUN BBIXOIUT 33 TPe-
IIeJIbl MaTepuasia HacTosAmeld kuurn (cM., Hanpumep, [12, 28]). Ioaro-
My MBI TIPUBEIEM 3/1€Ch YaCTUIHO 0€3 [I0KA3aTeTbCTBA OCHOBHBIE CBOIi-
CTBa COOCTBEHHBIX 3HAYEHUI 1 COOCTBEHHBIX (DYHKIMI KpaeBoil 3ama4uu
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(4.73), (4.74). B konne naparpada Oymer maHo cBenéHne paccMaTpuBae-
MOl KpaeBoii 3a1a4u K nHTEerpasJbHoMy ypasuenuio Opemnrossma BTOpoO-
ro poua.

NwmeroT MecTo ciemyionme CBORCTBA COOCTBEHHBIX 3HAYEHWH W COO-
CTBEHHbBIX (pyHKIMIT KpaeBoit samaun (4.73), (4.74):

1. Cywecmeyem bGeckonewnoe cuemnoe muoxcecmeo {A,} cobemeen-
HOIT 3HAUEHUT U COOMBEMCMEYULA UM OECKOHEUHAA NOCALI08ANEND-
nocmo {yn(x)} cobemeennmr dynxyut. Bee cobcmeenmnvie 3Havenus
MOJHCHO 3AHYMEPOSATD 6 NOPAJKE 603PACTAHUA UT abcoatomnoti eenu-
YUHDL

A < A <. (4.75)

2. Kaotcdomy cobCmEeHHOMY 3HAMEHUN COOMEEMCMEYEm € MOYHO-
cmv10 00 NOCTMOAHHO20 MHOHCUMENA MOALKO 00HA COOCMEEHHARA HYHIK-
yus. B 9TOM CMBICTIE TOBOPAT, 9TO paH2 COOCTBEHHBIX 3HAYEHMI paBeH
eqUHAIIE.

HoxasaresnbcTBo. eficTBUTEIBHO, IPEANOIOKIM, UTO OTHOMY
COOCTBEHHOMY 3HAYEHUI0 OTBEYAIOT [BE JIMHEHO He3aBUCHMbIE COO-
crBennbie GyHruuu Yy (z) u yo(z) (6osee nByx HEe MOKET ObITH, TAK KaK
HOPSANOK ypaBHeHus pasen a8yM). 13 (4.74) cienyer a1 y;(0)+51y:(0) =
=0 (i = 1,2). Orciona A(y;(0),y2(0)) = 0 u, caenosarensho, y;(x),
y2 () JuHEHHO 3aBUCUMBL.

Bameuanue. B ciayuae Gosiee CJI0KHBIX KPAeBBIX YCJIOBHI DaHT
COBCTBEHHOIO 3HAYEHMsT MOXKET ObITh paBeH AByM (HO He GoJiee ABYX,
Tak KakK MOPsIOK ypaBHeHus paBeH 1ByM). CoGCTBEHHbIE 3HAUEHUST PAH-
ra 2 6yayT uMeTb MECTO, B YaCTHOCTH, IIPU ITEPUOTUIECKUX IPAHUIHBIX
yCJI0BUsIX. B KadecTBe mpuMepa pacCMOTPUM KPAEBYIO 3a/1a4dy

y'+ 2y =0, y(0) =y(2m), y'(0)=y'(2m). (4.76)

Kak JIerko BUIeTh, COGCTBEHHBIE 3HAYEHHU A\, = N’ 9TOI 331241 IMEIOT
panr, paBublil 1ByM. Kaxmomy A, COOTBETCTBYIOT AB€ JIMHEHHO HE3ABU-
cUMbIe CODCTBEHHbBIE (DYHKIINU

Yn(1)(T) =sinnz, y,2)(x) = cosnz.

3. B cayuae zpanuswnoiz yeaosud y(0) = y(1) = 0 u npu swnoanenuu
yeaosus q(xz) = 0 ece cobcmeennvie 3navenus kpaesot 3adawu (4.73),
(4.74) noaoocumenvhor: Ay > 0.

i1 mokasaTesbCTBA YMHOXKUM YpaBHEHUE JIsi COOCTBEHHON (byHK-
it g ()

d dyn _
L [p@) %] - 4@)ya(@) + Ap@yal@) =0 (@77)

X



138 I'a. 4. Kpaesvie 3adanu

Ha QYHKIWIO ¥, (2) n npounTerpupyemM pesysibrar 1o [0,1]. Ilomyanm

L dym 1 , 1 , B
()/%[p(x)%]yn(x) dx —O/q(x)yn(x) dx+)\n0/p(:r)yn(:r) dx = 0.
(4.78)

[Ipeobpasys mepBbiii WHTErpaJ WHTEIPUPOBAHUEM IO YACTAM, B CHJITY
FpaHI/IquIX YCJIOBUII OKOHYATEJILHO IIOJIYy YUM

An /p x)dr = /p [dyn] d:c—i—/ y2 () de, (4.79)

9TO U ,D;OKaBI:IBaeT yTBep}KJIeHI/Ie.
4. Cobemeennsvie dynryuu yn(z) obpasyrom na [0,1] opmozonarvryro
¢ secom p(x) cucmemy {yn(z)}:

l
[ 9n@ym(@)p(a)de =0, 0 m. (430)
0

HeiicTBUTE/IBHO, TAK KAK KAXKJIOMY COOCTBEHHOMY 3HAYEHWIO OTBE-
YaeT TOJIbKO OfHa COOCTBeHHas (DYHKIUs, TO OCTAETCS PACCMOTPETH
caydaii, korma cobcTBeHHbIE (BDYHKIUU Y, (Z) U Ym(Z) COOTBETCTBYIOT
Pa3JIUYIHBIM COOCTBEHHBIM 3HAYEHUAM A 7 Apy,

Banumem 1715t 3TUX COOCTBEHHBIX (DYHKIMI ypaBHEHUS

Lyn] + p(@)yn =0,  Lym] + Amp(@)ym = 0 (4.81)
u, HPHMGHHB dbopmyy I'puna, mosryanm
l
m) [ Yyn(@)ym(@)p(x) dz =
0

1

= [p(@) (yn (@91 (@) =y @)y (@))]],-  (4.82)
ITonyuernoe BbIpaxKeHWEe, OYEBUIHO, 0O0PAIAETC B HYJIb, TAK KaK 00e
cobcTBeHHbIE DYHKUUY Yy, (X) U Y, (T) YIOBIIETBOPSIIOT OJHOPOIHBIM IPa-
HUYHBIM ycsioBusM (4.74). Tak kak Ay, # Ay, TO OTCIOJIA U CJIELyeT HAIIEe
yTBEpPXKICHUEC.

5. Teopewma passnoxumoctu B. A. Creknosa. Ecim ¢pynxuus f(x)
JBa2K bl HETIPEPBIBHO mucbgepenuupyema Ha [0,1] u ymosrersopser on-
HOPOIHBIM rpaHudHbIM ycjousam (4.74), To ona passiaraercs B abco-
JIFOTHO M PABHOMEPHO cxonsamuiics Ha [0,1] pam mo cobecrBeHHBIM DyHK-
nusaM yp () 3amaqn (4.73), (4.74):

f@) =" fayn(@). (4.83)



§ 3. 3adavwu Ha cobcmeeHHvIE 3HAMEHUSA 139

HoxaszarenbctBo Teopembl CTEKJIOBA Mbl 371€Ch MPUBOIUTH He Oy-
JeM. YKaxkeM TOJIbKO, 4TO CBOMCTBO OPTOrOHAJILHOCTH COOCTBEHHBIX
GyHKIME MO3BOJIAET JIETKO OMPENe/UTh KOI(DPUIHEHTHI Pa3JIOKeHUsT
fn B dopmysie (4.83). IeiicTBuresibHO, yMHOXKAsA 00e dacTu (HOPMYJIbI
(4.83) Ha ym(z)p(x) u unTerpupysa pesyssrar mo [0,!] (mousenHoe wH-
TErpUpPOBaHKE PANA BOSMOXKHO B CHJIY €r0 PABHOMEDHOI CXOMMMOCTH),
Ha ocxoanun (4.80) nostyuum

l
[ F@)ym(@)p(e) da
0

Im = (4.84)

1
[ v()p(e) da
0

Beipaxkenue, crosiiiee B 3HAMEHATEJ e, HA3BIBACTC K6AIPAMOM HOPMbL
cobecmeentotli Pyrryuu 1 0003HAYALTC

l
[ym|* = N = [ ym(@)p(2) d. (4.85)
0

Tax xax cobcTBeHHBIE (DYHKIMU OMPEIESIEHBI C TOYHOCTBIO IO MHO-
KUTEJsI, TO BO MHOTUX CJIyYasiX UX HOPMHUPYIOT TakK, IYTOOBI N, = 1.
B srom coryuae cucrema {y, ()} sABIsgETCA OPTOHOPMUPOBAHHOIA.

B sak/roueHre KpaTKO OCTAHOBUMCS HA CBEIEHUN PACCMATPUBAEMOINL
kpaesoil 3agaun (4.73), (4.74) Kk uHTErpasibHOMY ypaBHeHuto Opemarosib-
Ma BTOPOTO POIa ¢ CUMMETPUYHBIM sAapoM. COrJIaCHO CIEJITAHHBIM Bbi-
e npennosioxenusaM Gyuknus ['puna G(x, ) 3amaun (4.26) cymecTBy-
eT W SABJISIeTCsI CAMMETPUIHON (hyHKIME CBOMX apryMeHTOB. 3arucan
ypasHenue (4.73) B Buze

Lly] = —Ap(z)y(z), (4.86)

HA OCHOBAHUU PE3YJIHTATOB MPEbIIyIIero naparpada nosryanm
l
y(@) = =X [ G(z,)p(&)y(€) dE. (4.87)
0

Coorroutenve (4.87) Ha3bIBAETCH 00HOPOIHBIM UHMEZPAALHBIM YPAG-
nenuem Ppedeosvma emopozo poda. VI3 npuBeneHHBIX pACCy XK IEHUN CITe-
IIyeT, 9T0 JI000e HeTPUBHAJILHOE pellleHne KpaeBoii 3anaan (4.73), (4.74)
yIIOBJIETBOpsIET U MHTEerpasibHoMy ypasuenuto (4.87). C mpyroii cropo-
HbI, ecsin Y (x) ABJsgeTcs pemenneM ypasaenus (4.87), 1o us reopembr 4.1
caenyer, uro y(x) siBIAETCA pelleHmeM Kpaepoil samaun (4.26), rme
f(z) = =Xp(x)y(z), 1.e. y(x) aBnsgercs pemennem 3amaqu (4.73), (4.74).
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Tem caMbiM MMEET MECTO PKBUBAJIEHTHOCTH MCXOIHOI KpaeBoii 3ama-
qu [Irypma—JIuysunna u uarerpanbaoro ypasaenus (4.87). Te sua-
YEeHUs IapaMerpa A, IpU KOTOPHIX CYIMIECTBYIOT HETPUBUAJILHBIE Delle-
nus ypasuenus (4.87), HA3BIBAIOTCA COOCTBEHHBIMYU 3HAYEHUSIMU, 8 CO-
OTBETCTBYIOIIME UM DEMIeHUst — COOCTBEHHBbIMU (DYHKIMAMU ypaBHEe-
Hus (4.87). I3 ycraHOBJIEHHO! 5KBUBAJIEHTHOCTH CJIEMLY€eT, YTO KpaeBas
sapada (4.73), (4.74) u unrerpasbuoe ypasHenue (4.87) umeror omHu
U Te )Ke COOCTBEHHBIE 3HAYEHUS U COOCTBEHHbIE (DYHKIIUN.

Taxk xkak dyskuusa 'puna G(z,£) sBasieTca CUMMETPUIHON (hyHK-
npeil cBOMX apryMmenToB, aapo —G(z, £)p(§) uHTErpasibHOTO ypaBHEHMsT
(4.87), BooO1IEe roBopsi, HecuMmMmeTpudHo. OIHAKO 9TO ypaBHEHUE JIETKO
CBECTU K MHTErPAJIbHOMY yDPABHEHWMIO C CUMMETPUYHBIM simpom. [leii-
crBuTesbHO, yMHOXKUB (4.87) Ha \/p(x) u 06o3nauus v(z) = /p(z)y(z),
[OJIyYUM UHTErPaJIbHOE yPaBHEHUE

l
v(@) = A [ K(z,v(§) d¢ (4.88)
0
C CUMMETPUYHBIM AIPOM

K(z,§) = =G(z, )/ p(x)V/ p(E)- (4.89)

OueBnzHo, kpaeBas 3amada (4.73), (4.74) u uaTerpajbHOE ypaBHEHNE
(4.88) umeror obiiue COBCTBEHHBbIE 3HAYEHUS A, & COOTBETCTBYIOIIUE
9THM COOCTBEHHBIM 3HAYEHHUAM COOCTBeHHBIE BYHKINM Yy () KpaeBoi
samaun (4.73), (4.74) u cobcrBenHble DYHKIUU Uy, (T) MHTErPAJIBHOIO
ypaBHenus (4.88) cBA3aHBI COOTHOIIEHUEM

yn(@) = vn(2)/V/ p(2). (4.90)

Tem caMbiM U3BECTHBIE W3 TEOPUU MHTErPAJJIBHBIX YPABHEHUN CBONCTBA
CODCTBEHHBIX 3HAYEHUH U COOCTBEHHBIX (DYHKIMH HHTErPAJIBHOTO yPaB-
nenns PpenrosibmMa BTOPOTO POIA C CUMMETPUYIHBIM SIPOM IAI0T BO3-
MOXKHOCTb CII€JIaTh 3aKJIIOYEHHE O CBOWCTBAX COOCTBEHHBIX 3HAYEHUN
u cobecrBeHnbix byHKIMi Kpaesoii 3anaqdn Irypma—JInyBusiis.



I''TABA 5
TEOPUS YCTOMYNUBOCTU

¢ 1. IToctanoBKa 3amayu

PaccmoTpum cucremy ypaBHeHuit

d
d—‘lt’ = F(t,y), (5.1)
B KOTOPOII HEM3BECTHOM sIBJISIETCS N-MepHAasi BEKTOP-DYHKIUS i C KOM-
MMOHEHTAMHY Y1, - - - , Yn. SATATUM HAYAITIBHOE yCJIOBHE
y(0) = yo- (5.2)

W3 § 5 1. 2 u3BeCTHO, YTO MPU ONPEIEJIeHHBIX €CTECTBEHHBIX YCJIO-
BUsIX TJIQJIKOCTU Ha TipaBbie dactu (5.1) pemenue y = y(t,yo) 3amaun
(5.1), (5.2) saBnseTca HenmpepbIBHON dyHKIWME ¢, Yo B TOUKe (t,Yo), THE
t — IPOM3BOJIBHOE 3HAUEHHE U3 HEKOTOPOro KoHedHOro cermenta [0, T
Teomerpudecku 310 03Havaer (puc. 8, HA KOTOPOM MPEINCTABJIEH CJIyYail
OIHOMEPHOIO ¥), 4T0 AJis Jioboro € > 0
CylLIecTByeT cToJib Majioe |Ayg|, 9ro un- Y
TerpanbHaa kpuBag y = y(t,yo + Ayo)
Oyner jiexarh B 0JI0CE MUPUHOM 26 OKO- o
JI0 mHTEerpaJibHO# Kpusoit y = y(t,yo),
ecsim t € [0,T]. Takum obpasom, ma- y(t, yo + Ayo)
Jiasd TOTPEMMHOCTh B HAYaJIbHBIX YCJIOBU-
AX HE OKa3bIBaeT CYIECTBEHHOTO BJINA-
HUs HA XapakTep IPOIecca, eCJIM Mpo-
[IECC PACCMATPUBAETCS HA HEKOTOPOM KO- Puc. 8
neunoM orpeske [0, 7] Bpemenu ¢.

OpHako Hepemko Tpebyercs MCCIIENOBATH TPOLIECC HA KaK YTOIHO
GOJIBINNX MTPOMEKYTKAX U3MEHEHUsT BPEMEHU, YTO MATEMATUYECKU BbI-
pazkaercs B TOM, 4To pemrenne 3amaqn (5.1), (5.2) caemyer pacemarpu-
Barh pu 0 < ¢ < co. Bynmem 3apanee npemmosiarars, 9T0 pelIeHne 3a1a-
qan (5.1), (5.2) cymecrByer Ha 9TOM GECKOHEYHOM MPOMEXKYTKe. BosHu-
KaeT BOIIPOC, OCTaHeTCs Jin KpuBasi y = (¢, yo + Ayo) B -T10710CE OKOJIO
kpuBoit y = y(t,yo) nna Beex t > 0, ecam TonBKO |Ayg| mocrarodno
MaJI0 WJIK C POCTOM ¢ KpUBBIE pa3Oiiayrcs?

A

o
Al
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IIpumepsl MOKA3BIBAIOT, YTO MOXKET PEAJU30BATHCA U TOT U JIPYTOH

) I W _ -
cay4ait. Paccmorpum mpocreiimuit mpumep. YpaBaeHue praa] 1

obnanaer pemenueMm y(t,yo) = 1/a, HaYabHOE 3HAYEHUE KOTOPOIO
yo = 1/a. llycTh Tenepb HaYa/IbHOE 3HAYEHHE PABHO Yo + Ayg. OTBe-
9AIOMIee STOMY HAYATBHOMY 3HAYEHWIO Permenne naetcs popMyJstoi

y(tayO + AyO) = (yO + Ayo - %)(Bat =+ % = Ayoeat + %

Orcioma BugHO, uro ecau a < 0, To |Ay| = ‘y(t,yo + Ayg) — %‘ =
= |Ayole® < & nna Beex t > 0, ecsin TosbKO |Ayg| < €. Econ xe a > 0,
TO IIPU AOCTATOYHO GOsIbIINX ¢ 3HaYeHue |Ay| CTaHOBUTCS CKOJIb YIOIHO
60s1bIIMM, KaK Obl MaJo HU 66110 |Ayg|.

Murerpanbrast KpuBas, 00JIa0aM0MAs TEM CBORCTBOM, 9TO BCE IOCTA-
TOYHO Osm3Kme K Hell npu ¢ = 0 uHTerpaJibHbie KPUBbIE OCTAIOTCS OJIN3-
KUMU K Helt m oy Bcex ¢ > 0, HazpiBaeTca yemotuusoti unmezpasvrot
Kpusoti, a COOTBETCTBYIOIIEE €l pemeHne — YcmotuuvbiM PeueHUEM.
B nporuBHOM cilydae TOBOpST, YTO pelieHne HeycToiumBo. B paccmo-
TpeHHOM npumepe pemenue y = 1/a npu a < 0 ABIAETCA yCTOWIUBBIM
pertennem, a npu @ > 0 — HeycToiuuBbIM pemenueM. Pemennsi, pac-
cmarpuBaembie Ha [0, 00), HEIATCA, TAKMM 00pA30M, HA [BA HEmEpece-
KamMuxcd KJjacca: yCTONYNBbIe U HEYCTOIUBBIE.

Tousarue ycroitunBoctu pemienusi 66110 BBemeno A. M. JIamyHOBBIM.
Nm xe ObLIM 3aJ10:KeHBI OCHOBBI METOOB HCCJIEIOBAHUST HA YCTOMHM-
BocTh. Unen A.M. JIanmyHoBa COXpAHWIN CBOE 3HAYEHHE IO CUX TIOP
U [IMPOKO HCHOJIB3YIOTCS B COBPEMEHHBIX WCCJIEIOBAHUSIX BOIIPOCOB

YCTOWYMBOCTH.
JlauM Tenepb CTPOroe ONpeiesIeHne IOHATHA yCToiunBocTu. Beenem
obozuauenne ||yl = /yi +---+y2, tne y; (i = 1,...,n) — opAMHATEI

BEKTOP-PYHKIINK Y.

Onpenenenue*). Pemenue y = y(t,y0) 3amaqu (5.1), (5.2) Hasbr-
Baercda ycmolivusvm no JIanynosy, eciu nJis j0doro € > 0 cymecTByeT
d(e) Takoe, uro mpu ||Ay|| < 6(¢) mus Bcex t > 0 cmpaBemnyIuBO Hepa-

BEHCTBO
lly(t, 50 + Ayo) — y(t,yo)|| < e. (5.3)

Cpenn ycTOWYMBBIX peIIeHnii MOXKeT BCTPETUThCS pelneHue, obJsia-
AIoIIee TeM CBOWCTBOM, YTO BCe OJIM3KMe K HEMY B HAYAJIbHBIA MOMEHT
peIlIeHus He TOJIbKO He YIAJISIIOTCS C TeYeHNeM BpeMeH!, HO 6ECKOHEeTHO
npubsimkamTces K Hemy. [loaTomy BBOIUTCS ermmie OHO

*)B 3TOM OIIPe/IeJIEHUH U B TaJIbHelIeM pedb uaeT 006 yCTOWINBOCTH OTHOCUTEIb-
HO HAYAJIbHBIX TAHHBIX. AHAJIOTMYHO MOXKHO ObLIIO ObI BBECTU MOHATHE yCTORYIMBOCTU
OTHOCHUTEJIBHO [IaPAMETPOB, BXOAAMUX B IIPABYI0 9aCTh yPABHEHUSI.
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Onpenesenne. Pemenne y = y(t,yo) 3amaun (5.1), (5.2) HasbBa-
eTCs ACUMNMOMUECKY Ycmotinuevim, ecn 1) oHO ycToiimBo u 2) cy-
MIECTBYET TAKOe OCTATOYHO MaJsioe dg > 0, ¥to npu ||Ayg|| < do

Jim (y(t, 0 + Ayo) — y(t,50)) = 0. (5.4)

HUccnenoBanue Ha ycroiiauBocts pemenus y (¢, Yo ) MOKHO CBECTH K UC-
CJIEIOBAHUIO HA YCTOWYMBOCTH TPUBUAJIBHOTO, T.€. TOXKIECTBEHHO PaB-
HOTO HYJIIO, PEIlleHUsi HEKOTOPOU Ipyroil cuctembl, cBsazanHol ¢ (5.1).
IeficTBuTeibHO, mepeiiieM OT HEW3BECTHOTO Y K HOBOMY HEM3BECTHO-
My x 1o dpopmyaie x =y — y(t,yo). Torma cucrema (5.1) mpumer Bum

% = f(ta .17), (55)
rie f(t,x) = F(t,x + y(t,90)) — £y(t,y0). Pemenmo y(t,yo) » npex-
HUX NepeMeHHbIX oTBedaeT pemenne £ = 0 cucremb (5.5). Obo3HAUMM
zo = y(0,90 + Ayo) —y(0,90) = Ayo, z(t,z0) = y(t,y0 +Ayo) —y(t,%0)-
Torma B mepeMeHHBIX ¢, X OMpeneseHns yCTOWIMBOCTU U aCUMITOTHIE-
CKOIl yCTONYMBOCTH BBIIVIAIAT CJIEIYIOMNM 00Pa30M.

Onpenesenne. Tpusnanspuoe pemrerne cucrems! (5.5) Ha3bIBaeT-
ca yemotwuevm no Jlanynosy, ecam s jioboro € > 0 cymecTByer
d(g) > 0 Takoe, uro npnu ||zo|| < d(¢) nma Bcex t > 0 cnpaBenuBO

HEPaBEHCTBO
l|z(t, z0)l| <e. (5.6)

Onpenenenue. TpuBnanbHoe pemeHne cucTeMbl (5.5) HA3bIBAET-
CH ACUMNMOMUNECKY Ycmotinuebim, ecyiu 1) OHO yCcTORYIMBO u 2) cyuie-
crByer dg > 0 Takoe, uro npu ||zo|| < dg

lim x(t,z9) = 0. (5.7)
t—o0

Bameuanue. Unorna B 3anucu z(t, o) OMyCKAIOT 3aBUCUMOCTb OT
xo u numyT 2(t), a £og MOXKHO Torna 3anucarh Kak (0), 1 Torna ycroii-
YUBOCTH O3HAYAET, YTO

lz@l <e (5.8)
npu
lz(0)Il < d(e), (5.9)
& aCUMIITOTUYECKasd YCTOHYIUBOCTH — 9YTO, CBEPX TOTO,
tllglo z(t) =0, (5.10)

ecu ||z(0)|] < do.
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B ﬂaﬂbHeﬁHIeM MbI 6yﬂeM 3HAKOMUTHCA C METOOdaMU UCCJIENOBAHUA
Ha YCTOHYMBOCTHb UMEHHO TPUBUAJIBHOTO PEIIeHUsI.

VcroituuBoCTh TPUBUAJILHOTO PEIIEHUs AOIyCKAeT yIOOHYI0 reoMe-
TPUYECKYI0 HHTEPIPETALMIO He TOJIBKO B (1 + 1)-MepHOM mpOoCTpaHCTBE
NepeMeHHbIX ¢, %, HO U B M-MEepHOM (Da30BOM IPOCTPAHCTBE TepEMEH-
HbIX 2 (moHATHE $HA30BOrO MPOCTPAHCTBA OBLIIO BBENEeHO B vl 1). Ha-
[JIAIHOE M300pazKeHne 31eCh MOKHO JIaTh Jjid ciaydas n = 2 (puc. 9).
TpusuabHoe pemienune B (HasoBOM MPOCTPAHCTBE M300PaZKAETCS TOU-
Koii — mauasiom koopaunar. Hepasencrso (5.8) B aBymMepHOM Cily-
4yae 03HavYaeT, 4To (Pa3oBasi TPAEKTOPUs
npu t > 0 JleXXur B Kpyre pamuyca &
C UEHTPOM B Havajie KOODIMHAT, a He-
paBeHcTBoO (5.9) — 4YTO HaYasbHAS TOY-
Ka TPAaeKTOPUM JIEKUT B KpPyre paguy-
ca 0(g), T.e. TpaeKTOpUs, HAUUHAIONIA-
c B 0-OKPECTHOCTU HAYaJsIa KOODIUHAT,
HE BBIAIET U3 E-OKPECTHOCTU HAYAJIA KO-
opaomHAT Tpu Beex t > 0; B cIydae acuM-
NTOTUYECKOIl YCTOWYMBOCTU TPAEKTOPUSA
npu t — 00 OECKOHEYHO MPUOIMKACTCS
Puc. 9 K HaJaJly KOODIMHAT.

Bameuganue. Bmecro Toro, 9To6bI rOBOPUTH 06 yCTOWIUBOCTH TPU-
BUAJIBHOTO PeIlleHNsi, 4aCTO roBopAT 06 ycroituuoctu Touku (0, ..., 0)
$a30BOro MPOCTPAHCTBA.

Paccmorpum cucremy ABYX JIMHEHHBIX OMHOPOIHBIX yPABHEHUH C 1MO-
CTOAHHBIMU KO3 pumenTamm

dr _
rr Az, (5.11)

roe A — mocrosHHasA (2 X 2)-Marpuna:

_ (a1 a2
a1 Q22

Cucrema (5.11) nmeer Tpusnasbhoe pemrerne z = 0. Bynem nccieno-
BaTh ero Ha ycroiiuuBocth. [lockosbky pernenue cucrembr (5.11), ymo-
BJIETBOPSIIOIIEE ITPOU3BOJIBHBIM HAYAIbHBIM YCJIOBUSIM, BBIIUCHIBAETCS
fIBHO, TO yCTOWYMBOCTDH HJIM HEYCTONYIMBOCTH TPUBUAJILHOIO DElIeHUs
MOXKHO yCTAHOBUTH HEMOCPEICTBEHHO. B obmeM ciydae 31O cruesarh
Heb3sa. OIHAKO pesyJibTarbl, KOTOpble Mbl mostyuuMm s (5.11), nomn-
CKaXyT HaIPaBJIEHUE MCCJIEIOBAHNA OOIIEro CIIyvasd.

Tlosryunm cHagaJs1a HEKOTOPBIE BCIIOMOTaTe/IbHbIE HEPABEHCTBA.
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CorutacHo uzJsiokeHHOMY B § 6 u 7 1. 3 pemenue z(t, zo) CUCTEMbI
(5.11), mpuHUMALOIIEe HAYAJIBHOE 3HAYEHUE Lo, TPEICTABUMO B BUIE

z(t,x0) = K(¢,0)zo, (5.12)

re K(¢,0) = W (t)W~1(0); W (t) — dbynnamenTaabHas MaTpuIia, nMe-
0mAaag B KA4ECTBE CTOJIONOB 1B JIMHEHHO HE3aBUCUMbIX DEIIeHUS:

v = (a(1)1> e>‘1t, 2(g) = <Oé(2)1> eAQt' (5‘13)

Q(1)2 Q(2)2
31ech A1, A2 — XapakTepUCTUYECKUe YUCTIa MATpUllbl A (KOpHU Xapak-
TEPUCTHIECKOTO YPABHEHN), & ((j); — HEKOTOPbIE THCTIA, €C/TH A| 7# Az,
1 MHOT'OYJIEHBI T10 ¢ CTEIIeHN He BBIIIE IEPBOii, ecim A\; = As.
Oyctb Aj = p; +igj. Torna |e*it| = ePit u na snementos K;j Ma-
tpunst K(t,0) cipaBenmBa Caeayomas OneHKa:
|’C1]| <(C1+ Czt)ept, (5.14)
rie p = max{py,p2}; C1, Cy — HekoTOpbIe nocTOsHABIE, TiprueM Cy = 0
B ciydae A; # Ag. Hepasencrso (5.14) MoxkHO 3anmcarh (yIuTbIBasd,
970 TIpH JI060M 7y > 0 EMeeT MecTO HepaBeHCTBO te 7 %e‘l =Cs)
TakkKe B cJenyomeit (opme:
|’Cz]| < (Cl + Cgt)e_”e(p"”)t < (Cl + CQC3)6<p+7)t,
TO €CTh,
|Kij| < CetPtt, (5.15)

[Tosty4aum erme OHO BCIIOMOTaTeIbHOE HepaBeHCTBo. [lycers y=A(t)x,
rae y,r — cronbusl, A(t) — xBaaparnas marpuna. [lycTh 3/1eMeHTbI
A(t) nogumusorcs nepasencrsy |a;;(t)| < a(t). Torna

llyll < 2a(®)]|z]|- (5.16)

IeficTtBuTeIbHO, NJIs1 IBYMEPHOIO CJIy4as UMEEM Y, = a11T1 + G12%2 U,
CJ1eI0BaTE/IbHO,

Y = a}, 2] + aiy23 + 2a11a1271 72 <
< afyaf + alra3 + lan| - |are|(af + 23) < 20° (2 + 23).
VuuThIBaA AHAJIOTUYHYIO OIEHKY [T Yo, IOy unM y3 +y35 <4a? (22 +13),
410 paBHOCUIIBHO (5.16).
ITpumensas uwepasenctso (5.16) x (5.12) u Geps B kavectBe a(t) mpa-
Byt0 9actb (5.14) nu (5.15), nostyunm (koadbdurmesT 2 MOKHO BKJIIO-
quth B C; i C)

(Cy + Cat)e||zol, (5.17)
CePHN || (5.18)

||$(t, ZUO)l
||$(t, ZUO)l

IN N
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O6parumcs Tenepb HENOCPEACTBEHHO K UCCIIEIOBAHUIO TPUBUAJIBHOIO
pemenus cucrembr (5.11). PaccMorpum pashbie ciydan.

1. IIycte p1 = ReA; < 0, po = Re Ay < 0. Torna p = max{p;,p2} <0
U, CJIeI0BATEILHO, TIPU AOCTATOYHO MajioM v umeeM p + v < 0. Torma
s soboro € > 0 mosmyumm u3 (5.18) || (t, zo)|| < Cllao|| < €, ecom
l|zo|| < €/C = é(g) u, Taxum 06pasoM, TPUBHATILHOE PEIIEHUEe CUCTE-
mbl (5.11) ycroituuso. s (5.18) Bumao Takxke, uro z(t,xo) — 0 npu
t — 00 U, TAKUM 0OpA30M, pEIleHre aCUMITOTHIYECKH YCTORIUBO.

2. IlycTb cpenu 3Ha4eHUit py, po UMEETCs XOTsI ObI OJTHO TTOJIOKUTE b~
HOE, HAIIpUMep, P1. B 3TOM cilyvae, Kak HETPYIHO BUIEThH, TPUBUAJIBHOE
pemenne cucrembl (5.11) ycroitunBbiM He sBssercs. omycTum mpo-
TUBHOE, T.€e. 4TO 1Jis Jioboro € > 0 cymecrByer §(g) Takoe, 4To mnpu
[|zo||] < 0(e) cupaBemmuBo ||z|| < €. HanbHeiiume paccyxaeHus OyayT
HECKOJIBKO PA3JIMYATHC B 3aBUCUMOCTHU OT TOTO, ABJISIOTCA \; JeficTBu-
TeJIbHBIMU WJIM KOMILJIEKCHO COTPsiKeHHbIME. [Ipu neficTBUTETbHBIX \;
JOCTAaTOYHO paccmoTrperh pemenne r = Cx(y). IIpn mocrarouno masom
|C|, oueBunmo, ||zo|| < d(¢), HO HepaBeHCTBO ||z|| < € He MOXKeT ObITH
BBITIOJIHEHO TpH Beex ¢ > 0, Taxk Kak eP'! — oo mpu t — oo. Ecom xe
A; KOMILJIEKCHBI®, TO P = P2 = P, A1 = P + i¢ U PACCMOTPHUM pellleHue
x = CRew). lIpu mocrarouno masom |C|, no-npexuemy, ||zo|| < 6(¢).
BosbmeM OfiHy U3 KOMIOHEHT 3TOrO DEIIeHUsI, OTJUYHYI OT TOXKJIE-
CTBEHHOTO HyJis, Hanpumep, x1 = CBy(t)ePt, rne B1(t) — Hekoropas
BIIOJIHE OIIpele/eHHas JiMHelHas KoMOuHanus cos gt u singt. OueBun-
HO, 1 HE fBJIFETCS OPPAHUYEHHBIM IIPU ¢ — 00, U OITOMY HEPABEHCTBO
||| < € Takxke He MOXKeT OBITH BBINOJTHEHHBIM IIpU Beex t > 0.

3. Ocrajoch paccMoTpeThb ciydait, korma p; = 0, po < 0 mm xorma
p1 = p2 = 0. Ilocaennee o3Ha4aeT, 9T0 A\ u Ay JIMOO YUCTO MHHUMBbIE,
aubo paBHBIE HYJIIO U KpaTHble. B ciyyae p; = 0, p» < 0 uim yucto MHU-
MbIX A; B dopmyste (5.17) p = 0, Cy = 0, rak uro ||z(t, zo)|| < Cil|zol|
U pellleHre YCTOWYNBO 1O TeM JKe MPUYUHAM, 4TO U B 1. 1. AcuMmroTu-
9eCKOil yCTONYMBOCTHU 3I€Ch, OTHAKO, yKe He OyIer, TaK Kak, OYeBUII-
HO, HallyTCs pelleHnsi, He CTPEeMHANUEec K HyJio npu t — 00. B ciry-
qae p; = 0, po < 0 Takum pemrenueM OyIeT, HATIPUMED, PEIIeHNE BUIA
x = Cx(y), A7A KOTOPOTO TIpH JocTaTodno MasoM |C| semmanna ||zol|
KakK yroiHO MaJia, ogHako ||z|| = const 4 0 upu ¢ — oo. IIpu gucro
MHUMBIX \;, ouesuno, ¥ = C Rex(y) # 0 npu t — oo.

Ecmm xe A; = Ay = 0, To eM! = e = 1, a a(j); — ymmeiinsre
dbyukuun ¢, u mosToMy HepaBeHCTBO ||x(t,zo)|| < € He MOXKeT BBIIOJI-
HATBCA /1A Beex ¢t > 0, 38 NCK/TIOYEHIeM TOTO CJTydasd, KOTJa BCe (y(j);
BBIPOKIAIOTCS B MHOIOYJIeHbI HyJieBoil crenenu. Ho sror cayuail pea-
JIM3YeTCsl JIUIb Opu a;;, = 0, U pelleHre TOraa UMeeT BUI T1 = Lol,
T = To2 W, OUYEBUJIHO, ABJISETCA YCTOWIUBBIM, HO HE ACUMIITOTUIECKHU.
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Bameuanue. HerpymaHo BumeTh, 910 TPOBEIEHHBI aHAN3 B 3HA-
YUTEJILHOR Mepe OCTAaeTCsl CIPABEIJIUBBIM U [IJIS T-MEPHOTO CJIydasl.
Tak, coxpanswoTcs ouenka (5.15) nna K;; u mepasencrso (5.16), B ko-
TOPOM HM3MEHHUTCS TOJIBKO TO, YTO BMECTO K03 (DUIMEeHTa 2 MOABUTCS
HEKOTOpad BeJIMYNHA, 3aBUCAIIAA OT 1. OCTaHeTCﬂ CIIpaBE€OJINBBIM HEPa-
BercTBo (5.18). HerpynHo BumeTh Takke, 4T0 PACCYKICHUs, TPUBEIEH-
uble B 0. 1 u 2, paxTuvyecku 6€3 U3MEHEeHUt ePEeHOCATCS Ha, N-MEePHBIT
ciy4aii.

[MonBomst WTOTH, MOXKHO CHEJATh BBIBOM, YTO MPUBUAALHOE peuLe-
Hue 00HOPOdHOT cucmemvs SUHETHBLT YPasHEHUT YCMOTUNUBO U NPUMOM
acumnmomunecku, ecau ReX; < 0 das ecex i, u Heycmoluueo, ecau
Re\; > 0 xomasa 6w das odnozo i.

[Ipu HANMYUN XapPaKTEPUCTUYIECKUX YUCEST C PABHON HYJIIO HeiCTBU-
TEJIbHOW YaCThIO CUTYals ABJIsETCs OoJiee cJiokHOU. IlomosiHuTe Hh-
HBI aHAJIM3 OKA3bIBAET, YTO €CJIN XaPAKTEPUCTUIECKHe YUCTIA C PAB-
HBIMHU HYJIIO HeHCTBUTE/IbHBIMUA YACTSIMU HE SIBJISIOTCS KPATHBIMHU, TO
pU yCJOBHUH, YTO MPOYME A yIOBJIETBOPAOT TpeboBanmio Re A < 0,
OyIeT mMeTh MECTO yCTONYMBOCTH, HO HE acUMIITOTHYecKasi. Ecim ke
cpend A ¢ HyJIEBBIMU HeHCTBUTEILHBIMA YACTSIMU MUMEIOTCS KpPATHbBIE,
TO yCTOIYMBOCTH, BOOOIIE TOBOPsI, He OyHeT, Jaxke eCJId [/isl TPOdnX A
“MeeT MecTO HepaBeHCTBO Re A < 0.

§ 2. UccoemoBanne HA yCTOMYMBOCTDH
0 MIEPBOMY IIPUOJIMKEHUIO

O6parumcs K cucteme obmero suna (5.5) 1 pacCMOTPUM TaK Ha3bI-
BaeMblii aBTOHOMHBII CJlydaii, Korga f He 3aBUCHT ABHO OT t. 3amuimeM
CHUCTEMY B KOOPIUHATHOM (bopme:

%:fi(xl,...,xn), i=1,...n. (5.19)

Tak Kak MOHATHE yCTOHYMBOCTH TPHUBUAJIBHOIO DEIIEHWs CBA3AHO
€ MaJIoif OKPECTHOCTBIO HaYas1a KOOPANHAT B (ha30BOM IPOCTPAHCTBE, TO
€CTEeCTBEHHO OXKMIATh, YTO IIOBeIeHne pemreHns cucreMsl (5.19) Oyzer
OIPEEesIATHCSA [JIABHBIMU YJIEHAMU DA3JIOXKeHUs f 10 T B OKPECTHOCTH
x = 0. Tak xkax f;(0,...,0) = 0 (mockospky z = 0 sBIAETCA perre-
HueM cucteMbl (5.19)), To ryiaBHBIME YleHaMu OyayT JIMHEHHbIe YJIeHbI
pazJyioxeHusa f 10 x, WM, KAK UX MHAYE HA3BIBAIOT, “JIEHBI IIEPBOTO
MpUOJINKEHNSA.

ITo dopmy.te Teitsiopa, yuanrbiBas, aro f;(0,...,0) = 0, umeem

n
fi@r, o mn) = Y amzi + Ry, (5.20)
k=1
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rie
a .
Ak = alj,t; (07 70)7
n
Ry =1 Z ﬁ(@x Oxy)z T (5.21)
(2)¢ D) azjazl 15---,Udn)Lljll. .

Ecmm B (5.20) or6pocuts R(2);, T0 B7MecTo (5.19) mosyunm jmHeiiHy o
CHUCTEMY BHUIA

n

dz;

d_tl = Zaikxk, (5.22)
k=1

KOTOPYIO OyeM Ha3bIBaTh CHUCTEMOI MEePBOrO MPUOJIMKEHUs [IJIsl CH-
crems! (5.19). IToBenenne cucremsl (5.22) B OTHOLIEHNH YCTORYUBOCTH
nJIn HeyCTOfI‘IHBOCTH TPUBUAJIbBHOI'O PEIIEHUA OIIpenesiAaeTCa CBOIiCcTBa~
MU KOpPHEH A\ XapaKTepUCTUIECKOrO yPABHEHUs, KAK ObLIO BBISICHE-
HO B KOHIIe Ipenplaymiero naparpada. MoxXHO 0XHIAThb, U4TO Te XKe
TpeboBaHus Ha A obecreyar He TOJIbKO yCTOWYMBOCTH MJIM HEYCTOMi-
YUBOCTH TPUBHAJIBHOIO PeIIleHnsd CHUCTeMbI (5.22), HO M TPUBHAJILHO-
ro pemrerns ucxonHo#t cucremsbr (5.19). Kak Oymer BugHO HIke, 3TO
IPeIoJIoKeHre onpasapiBaerca. OnHaKo mpexkae 4eM GopMyIHpOBaTh
COOTBETCTBYIOIIYIO TeOpeMy, IOKazKeM JIEMMY, COLEepKAaIlyi0 HEeKOTO-
pbleé BCIIOMOTATeJIbHbIE HEPABEHCTBA, KOTOPBIE MOTPEOYIOTCA MPU I0-
KasareJIbCTBe TeopeMbl. B masibHeiimeM, Kak 3TO HepeaKo HeJlaeTcd,
BCe€ BCTpeYalInuecda IIOJIOZKHUTEJIbHBbIE IIOCTOAHHBIEC, BEJIMYUHBI KOTO-
PBIX HE UTPAIOT CYMIECTBEHHBIX poJieit, OymeM 0003HAYATh OHONW U TOH
xe OykBoit C (tak, B Hepasenctse (5.17) MOxHO ObLIO ObI Hammcarb
le(t, z0)| < (C + C)eP o] u 7. 1.).

Jlemma 5.1. Hmeror MecTo cienyomue yTBepK IeHH:
1°. IlycTp y sABJIsIETCS BEKTOPOM C KOMIIOHEHTAMU

n
i =Y air(t)ze,
k=1

rze |a;,(t)| < a(t). Torza
llyll < Ca(®)]||l.

2°. IlycTpb y ABJISIETCST BEKTOPOM C KOMIIOHEHTAMU
n
Yi = Z il T 5L,
Jil=1
rze |aiji| < a(t). Torna
llyll < Ca(t)||2||*.
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3°. L= j1r0608 mapbel BEKTOPOB T U Y CIIPABEIIHBO HEPABEHCTBO
llz +yll < C(ll| + lyll)-

4°. Jlyst 1106010 BEKTOPA Yy CHPABEIJINBO HEPABEHCTBO

t t
fyae| < [l
0 0

5°. s marpunanra K(t, ) auneiinoii cucrempr (5.22) cupaBeninBo
HEPABEHCTBO

|Cij (£, )] = |Kij (t = €,0)| < Celrt =), (5.23)
e p = max;=1,. n(Re\;), ¥ — mostoxurenpHas nocrosHHASL.

HokaszareanbcTBo. 1°. YrBepxkaerue ObLIO TOKA3AHO IJIA IBY-
mepHoro ciaydas (cm. (5.16)). s npousBOJILHOIO n, Kak ObLIO yikKe
OTMEYEHO B IpenblaymeM naparpade, 10Ka3aTeibCTBO IMPOBOIUTCS MO-
JIOOHBIM K€ 00Pa3oM.

2°. YTBepxaeHne NO0KA3bIBACTC MPU MMOMOIIN aHAJIOTUIHBIX COOOpa-
JKEHUI, TI09TOMY HOKA3aTeJIbCTBO OILYyCKAEM.

3°. Umeem

(+y)i=ait+y = [(@+y)® =27 +y; + 220 <

< lll® + lyll? + 201zl - [lyll = (=]l + llgl)?* = llz +yl]* <

<n(llzll +lylD* = llz+yll < Clell +1lyll)  (C = Vn).
4°. NmeeMm

(foie) - fuse = [(f) ]

0 2 0 %

t 2
<([wa) =
0

SaMedaHnue. YKa3aHHble HEPABEHCTBA JIETKO BBIBECTH M3 TEOPEM
JIMHEHOM aJireOphbl.

t t
fvad| <cfuae  ©=vm.
0 0

5°. s K(t,&) cupaBenyiuBo mepasenctso (5.15):
|Ki;(t,0)| < CelPt? (5.24)

(cm. 3ameuanue B kouue § 1). Y6enumcs, uro K(t,€) = K(t —&,0). Heii-
crBuUTENIBHO, K(t,€) yIOB/IETBOPSAET YPABHEHUIO %K(t, £) = AK(t,€),
roe A — MaTpuIa C 3JIeMeHTaMH Q;, ¥ HAYAJIBHOMY YCJIOBHIO K|i—¢ =
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= K(§,€) = E. 3amenss He3aBUCUMOE NepeMeHHoe ¢ Ha ¢ — £ U y4IuThbi-
Basg, 4ro A = const, nmostyuum, uro K(t — £,0) ymoBiaerBopser ToMmy xKe
YPABHEHUIO ¥ HAYAJIbHOMY ycaoBuio K|i_¢—o = K(0,0) = E. ITosTomy
B CHJIy T€OPEMBI UHCTBEHHOCTH

K(t, &) = K(t - ¢,0).
Orciona u u3 (5.24) nocaenyer (5.23).

CdopmyaupyeM Temnepb TeopeMy, 00eCeduBAIONLYI0 BO3MOKHOCTD
cyauTh 00 yCTOWYMBOCTHM WJIM HEYCTOWYMBOCTU TPUBUAJIHLHOTO peIe-
Hust cucteMbl (5.19) M0 XapaKTepuCTHYECKUM YUCIIAM MATPUIIBI IEPBOTO
MpUOJTAKEHUS.

Teopewma 5.1. Ilycte B HEKOTOPOIT OKpecTHOCTH TOYKH 1 = 0, ...
vois®y = 0 Gyrmmn fi(x1,...,2,) (i = 1,...,n) HEOPEpPHIBHBI BMECTE
C NPOM3BOAHBIMH [0 BTOPOrO IMOPsAKa BKJIOYHTEbHO. Torma, ecm
BCe XapaKTEPUCTUIECKHE YHUCJIA \; MATPHIBI C SJEMEHTAMHU Qi =

= gl.; (0,...,0) ymosserBopsror ycaosuio Re; < 0, To TpuBmabHOE

pemrenne cucrempl (5.19) ycroldauBo u IpUTOM ACHMITOTHIECKH.

HoxkasarenbctBo. Ionbsysacs npencrasienuem (5.20) s mpa-
BbIxX 4acreit (5.19) u paccmarpuBas (5.19) kak cucremy (3.71), B KO-
Topoit f = R(s), mepeiinem ot muddepenmmanpaoro ypasaennsa (5.19)
¢ HavasIbHBIM ycsioBueM z(0) = x¢ K 9KBUBAJIEHTHOMY MHTErDAJIBHOMY
ypastenuto (cm. (3.87))

v = K(t,0)a0 + /tIC(t, )R (€) de. (5.25)
0

Paccmorpum mHekoTopyio okpectHocTh ) Toukm x = 0 dazoBoro
npocTpancTBa. Ilycts mjsa onpeneseHHOCTH () 3a/1aeTCA PABEHCTBOM
l|z|| € K, rme K — nexoropas nocrosiaHast. CorstacHo jemme 5.1 B ob1a-
ctn Q ns R(9) cnpasenymsa ouenka, || R(o) || < C||z||?, m ot (5.25) moxmno
nepeiiTu K HepaBeHCTBY

t
2]l < Ce™*lzoll + C [ e=*=|z]” d, (5.26)
0

rne —a = p + 7. Tak kak B paccmarpuBaemMoM ciaydae p < 0, To mpu
JIOCTATOYHO MAJIOM Yy umeem « > 0.
PaccmoTrpum Teneph BCIIOMOraTe/IbHYI0 CKAJISIPHYIO 33029y

% = —az + 0227 2(0) = z9 > C“ZC()” (5.27)
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9710 ypaBHEHUE IJIEMEHTAPHO UHTErpupyercsa (Kak ypaBHEHUE C pasie-
JISIOIMMUCS TIePEMEHHBIMU UJIM KaK ypaBHEHUEe BepHysuin), u permenue

nMeeT BU]I azo

z= .
Czo + (a — Czp)e®t
9710 pemieHne, Kak HETPYAHO BUIETH, 0OJIANAET CJIELYIOMUMEI CBOHCT-
BaMMU:
1) 2> 0 npu t > 0, ecsm zg HocTaTouHO MaJso: zg < a/C}
Q% -
2) muia moboro € > 0 umeeM z < Coo T o —Cag — 20 W, CTI€I0BaTENH
HO, z < €, ecain 2zp < €.
3) z(t) = 0 mpu t — 0.
Hamnummem reneps mis z(t) nHTErpasibHOe ypaBHeHue mo tuimy (5.25):

t
2=z "+ C / e~ 2(t=8) 2 g¢ (5.28)
0

u cpasHuM ||z|| u z. Y6emumcst, uro npu ¢ > 0 CupaBem/InBO HEPABEHCTBO
llz|l < z. (5.29)

B camom mene, ipu t = 0 HepasencTBO (5.29) cnpaBemMBO, TaK Kak,
nostaras B (5.26) ¢ = 0 mostyunm ||| < zo. IIpeamosnoxum, 410 mpu He-
KOTOPOM 3HaveHun t = t; HepaBeHCTBO (5.29) mepecTaeT BBINTOTHATHCA
u umeer mecto ||z(t1)|| = 2z(t1). Us cBoiictea 2) byukunu z(t) caemy-
€T, YTO HPU JOCTATOYHO MaJioM zo uMeeM ||z|| < K msa ¢ > 0. Ilpn
0 < t < t; copaBenymso (5.29), u mostomy ||z|| < K (r.e. z € ). Ta-
kuM obpasom, npu 0 < ¢ < ¢; copaBenyuBo HepaBeHCTBO (5.26), u npu
t = t1 umeem

t1
z(t) = 20e” " +C / e =0 22dg = ||z (th)]| <
0
t1 t1
< Ollzolle ™ + C / e~ =9 1z|2d¢ < ze™ 1 4+ C / e"ti=8) 2 ¢,
0 0

CpaBhuBas KpaiiHue 4JIeHbl 9TOf NENOYKM HEPABEHCTB, MOJIyYUM MIPO-
TuBopeune B Bune 1 < 1, 9410 u 10Ka3bIBaET CIpPaBesMBoCTh (5.29) s
t>0.

A rtenepb, BOCIOJIb30BABIIKCH HEpaBeHCTBOM (5.29), HETPYIHO yxKe
MOJTyYUTh YTBEPKICHNE TeopeMbl. B camom mesie, mycTh 3a7aHO0 JII000e
e > 0. Bospmenm ||zg]| < €/(2C) = 0, a zp BbbepeM Tak, YTOOLI BbI-
MoJTHsJ10Ch HepaBeHCTBO Cd < zg < 2C9 = . Torna Oyzer BBIIOJTHEHO
Tpebosanue zg > C||zo|| B (5.27), u B cuity (5.29) u cBoiicTBa 2) GyHK-
mnn z 6ynem umers ||z|| < z < 2o < € mpu ||zo|| < I, T.e. TpuBHATIBHOE
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perenne cucreMbl (5.19) ycroitunso. To ke HepasercTso (5.29) Bmecte
co cBoiictBoM 3° dyHkImE z(t) obecrnednBaeT ACUMIITOTUIECKYIO yCTOR-
YUBOCTH TPUBUAJIBHOIO pernenus cucrembl (5.19).

BamMedanus.

1. Hamu pnokaszana TeopeMa 00 aCUMOTOTHYECKON yCTONIMBOCTH.
Nmeer MecTo TakiKe cjenyioliee yTBepKIeHne O HeyCTOHINBOCTU: eCJIH
Re); > 0 xors 6bI AJ1s1 OQHOIO &, TO TPUBUAJIBHOE DELIEHHE CHCTEMbI
(5.19) meycroiiuuso.

2. YrBepxkaeHns 00 aCUMITOTUYECKOH yCTONYNBOCTU U O HEYCTONIH-
BOCTH OCTAIOTCHA CIPpABEAJIMBBIMU U IJIA CJIyYasd, KOTOa f 3aBUCHUT ABHO
OT ¢, €CJIN TOJIBKO CIPABEIJINBO IPeACcTaBienue fi(z,t) = >, aikTy +
+R;, rie a;x = const, a ||R|| < C||z||*T2, a > 0 — moboe.

3. Ecm cpenu A\ BecTpewarorcs takue, o1 KOTopeix Re A = 0, To ma-
JKe eCJIM TPUBHUAJILHOE PEllleHne CUCTeMbI IepBoro npubsimkenus (5.22)
ycToiiunBo, TpuBuasibHOe pemienue cucrembl (5.19) B 3aBucumoctu ot R
MOXKeT ObITh KaK yCTOWYMBBIM, TaK M HeyCTOH4YMBBIM. B 9TOM Ciydae,
KOTOpBIi OOBIMHO HA3BIBAETCS KPUMUYECKUM, 3HASI TOJIHKO XapaKTePHU-
CTUYIECKHe UNCJIa MATPUIILI TEPBOTO MPUOJINKEHNsI, HeJIb3sI, BOOOIIE TO-
BODS$I, CAEJIATh BBIBOJ 00 YCTONYIMBOCTH MIPU HEYCTONYIMBOCTHA TPUBHAIIb-
HOro pernerus cucrembl (5.22). B kpurudyeckux ciydyasx METOM UCCIIENI0-
BaHUS HA yCTOWYHUBOCTB T10 TIEPBOMY MTPUOJIMZKEHUIO T€PSIET CUJTY U HYXK-
HO WCIIOJIb30BATh CBOHCTBA MOC/IEMYIOMNX YJIEHOB B passoxennn (5.20)
NI OpyTrue MeTOObI.

§ 3. Meron, pyskiui JIamyHoBa

Merton uccie10BaHus Ha yCTOWINBOCTD, M3JI0KEHHBIH B TIPEIbIILY IIEM
naparpade, Ipu BCeil ero eCTeCTBEHHOCTH He BCETHa AT OTBET Ha TO-
CTaBJIEHHBIII BOIIPOC.

A. M. JTsanyHOBBIM OBLT MPEJIOKEH TakXKe U Apyroi merom. B atom
MeTOo/le 3aJIAHHON cucTeMe ypaBHEHHUI COIMOCTABJISETCS HEKOTOPAast
GbyHKIUS OT apryMEHTOB 1, . . . , Ty, HA3bIBaeMast pynkyuet JIsnynosa,
¥ TIO0 €€ CBOWCTBAM MOXKHO [I€JIaTh BBIBOM, 00 YCTOWYNBOCTH PEIICHUA.

[IpousutocTpupyem umeo MeTona Ha TPOCTeRIneM mpuMepe:

dx dx

d—tlz—il'l +x9 = fi, d—f:—2$2:f2- (5.30)
ITo mpenpinymemMy Mbl 3HAEM, YTO TPUBHAJHHOE PEIIEHUE HTOI CHucTe-
MBI yCTOHYMBO, Tak Kak Ay = —1 < 0, Ay = —2 < 0. Ognako 4ro-

ObI yOenuThCsA B yCTOWYNBOCTYH TPUBUAJILHOTO PEIIEHUsI, MOXKHO PacCy-
®JaTh 1 Io-1pyromy. Pacemorpum dbynkumio V (21, x9) = 227 + 23. Ira
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GYHKIMSA MOJOKUTETHbHA BCIOLY, KpoMme Toukn 1 = 0, zo = 0, e ona
obpalaercs B HyJlb. B mpocTpaHCTBe epeMeHHbIX T1, T2,V ypaBHEHHe
V = 2z} +23 onpenenser mapaboIou ¢ BePIIUHOI B HaYa e KOOPINHAT.
JIvHuu ypoBHs 3TOM MOBEPXHOCTH HA MJIOCKOCTH (1, L9) IPEICTABJISIIOT
coboii ssunce. 3aJaauM OPOU3BOJILHO MaJjioe €. IlocTponM Ha ILJI0C-
Koctu (1,22) KPYr we paauyca €. BosbMeM ofHy u3 JjunHuil ypoBHI —
BJITATIC, TEJIMKOM JIeXKaIluil BHYTPU KPyTa we. [IoOCTpOUM IpYroit KpyT
ws, TeMKOM Jiexamuit BHyTpu ssnunca (puc. 10). Ilycrs HavasibHasA
rouka A(x19,L20) JEKAT BHYTPU Ws.
Paccmorpum GyHKIUIO OBYX MepeMeHHBIX
W(z1,z9) = (gradV, f). Jlerko Bunerb, 4To
€CJim  BMECTO T1, T2 TIONCTABATH PEIICHUE
x1(t), z2(t) cucremst (5.30), TO MOy YeHHAS Ta-
kuM obpasom ¢yHKIUd OT t Oymer H%G‘J/ICTa-

BJIATH CODOO#l TOJHYIO HPOM3BOIHYIO prak

V(z1(t), z2(t)) BOOIb TPAEKTOPUH PEIIEHUsI CH-
crembl (5.30). Ecam sra mpowsBomHAsA BIOJIb
1000i1 TPAeKTOpHM, HAYMHAIOMENCS B Wy, He-
TTOJIOXKUTEJIHbHA, TO 3TO OYIEeT 03HAYATH, ITO Ta- Pnc. 10

Kad TPaeKTOPUA He CMOXKeT IIOKUHYTb W., TaK

Kak nHave Mexnay t = 0 u 3HaYeHueM t = t;, Ipu KOTOPOM OHA Cll'l‘c/)nana-

€T Ha TPaHUIy w., HalimeTcsa 3HaYeHune t = t*, Ijia KOTOPOTO > 0,

nockobKy V(z1(t1),z2(t1)) > V(210,%20). To, 9To HE omHa TpaekTO-
pusi, HAUMHAIOMAACA B Ws, HE TIOKUIAET HU TPpU OmHOM ¢ > 0 KpyT w,,

03HAYAET YCTOHYUBOCTD TPUBUAJIHBHOIO PEIICHU.

Wrak, MbI HO/IZKHBI TPOBEPUTH 3HAK % BIIOJTH TPaekTopuu. [1j1st 310~
ro HaJ0 3HATH CAMy TPAEKTOPUIO. XOTs B JAHHOM IPUMEPE 3TO MOXKHO
CIIEJIATh, HO METO[ JIOJDKEH OBbITh PacCYMTaH Ha CUCTEMY OOLIero Bu-
12, 1 KOTOpOo#t 1 (t), 22 (t) Hesb3sl BHIINCATH IBHO M T€M CAMBIM IIPO-
BEpUTH HYXKHOe HepaBeHCTBO. [loaTOMy MBI Oymem TpebOBaThb, YTOOBI
dyukuua W(xy,x2) Oblaa HENOIOKUTEJILHON KaK (DYHKIMS IBYX HE-
3aBUCHUMBIX IIEPEMEHHBIX X1, T2 IO KpaiiHell Mepe B HEKOTOPOl OKpecT-
Hoctu (0,0). DTO yC/I0BEE MOKHO MPOBEPUTH HEMOCPEICTBEHHO IO MTpa-
BbIM YaCTAM CHUCTEMbI, HE 3Had PEHIeHu:A. B HaloleM IIpuMepe HMEHHO
Tak m 6yner, mockosmbky W (zy,z2) = —2[(z1 — 22) + 27 + 23] < 0
BCIO/Ly HAa MJIOCKOCTHU (X1, T2), & T€M CaAMbIM BIOJIb JIIOOOH TpaeKTOpuu,
n yCTOﬁqHBOCTb TPUBUAJIbBHOI'O PEHICHUA I'apaHTUPOBaHA.

@yukiys V(zq,22), yIaCTBYIOMAs B 9TUX DPACCYXKIEHUAX, U €CTh
dyukiusa JIlsnynosa mjia paccMarpuBaeMoro npuMepa. OHa nmeer BUf
KBaJIPATHIHOH GOPMBI 222 +22, XOTs B IPUHIHATIE BMECTO 227 +T3 MOXKHO
ObL10 ObI B3ATH 1 APYTYI0 (DYHKIMIO, JIAIIL Obl OHA OBLIA MTOJIOKHUTE b
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Hoii Bcroay, kpome Touku (0,0), roe ona obpamaercs B HyJib, a BbIPa-
xenue (gradV, f) = W(z1,x2) 6bu10 HEmosioxuTENbHBIM. IloMUepKHEM
ele pas, YTO B IPUBEIEHHBIX PACCYKICHUSX BAXKHBI KAK II0JI0KHUTEJIb-
HOCTBH (PYHKIUU V', TaK ¥ HENOJIOKUTETLHOCTH GyHKIMN W, 3HaYeHme
KOTOPOI BIOJIb TPAEKTOPUH IIPEICTABJIsIET COOOM MOJTHYIO IIPOU3BOIHY IO
ot V mo t BOOJIb TPAeKTOpUH.

O6parumcs renepb K GOPMYJIMPOBKE U JTOKA3ATETHCTBY HEKOTOPBIX
obmyx TeopeM, B OCHOBY KOTODBIX IIOJIOKEHA 9Ta uies. bymem wucciie-
[10BaTh TPUBUAJILHOE pelieHne cucremsl (5.5):

e — f(t,x). (5.31)
Bce nasbreiimne mocrpoenus 6yeM BeCTH B HEKOTOPO {2-OKpecTHOCTH
Hadasa KoopauHat B (azoBoM npocrpancTse. [Iycrs nyist onpenesienHO-
cru ) 3amaerca vepasencrBoM ||z|| < K, rne K — HEKOTOpast MOCTOSIH-
HasL.

Onpenenenne. Oyukuusa V(xy,...,z,) (nmm, kopoue, V(z)) Ha-
3BIBACTCA NOAOHCUMENbHO onpedesennoti B 2, ecu V(x) > 0 B Q, npu-
geMm V(x) = 0 smmb npu z = 0.

Jlemma 5.2. Ilycrs V() — mos10kure/IbHO ONPENEICHHAST U HE-
npeppiBHasA B ) ¢pyukuus. Toraa

a) JJIs BCex T, YIAOBJAETBOPAIOINX HEPABEHCTBY ||z|| > &1 > 0, cyme-
crByer g2 > 0 takoe, aro V() > €9;

6) obparHo, u3 HepaserctBa V(x) > €3 > 0 ciemyer cymecTBoOBaHHE
€1 > 0 raxgoro, uro ||z|| > ;1.

Hokasarenbcrso. a) Ilycrs ||z]| > &1, B To xe Bpems ||z|| < K.
Ha muoxectse €1 < ||z]| € K dbyskuna V(z) xak HenpepbiBHasA QyHK-
U JOCTUTAET CBOErO MUHUMAJIBHOT'O 3HAYCHNA, KOTOPOEe 0603Han/IM £9.
OueBuaHO, €5 # 0, Tak kak V = 0 tospko npu = 0. Takum o6pasowm,

V(z) > ey > 0. (5.32)

6) Paccyxmaem ot nmporussoro. ITycts V(x) > g2 > 0, a HEpaBEHCTBO
||| > &1 He BBIIOIAETCSI HU IPU KAKOM €1. DTO 3HAYUT, YTO CYIECTBYET
(n) (n)
nocsenoBaresibHoCTh & — 0 u nipu 31oMm V (x') > 2. B cuty Henpepbis-
noctu V() cupaBemnjinBo npenesibHOe COOTHOIIEHUE:
. 3
lim V(z)=V(0)=0. (5.33)

n—oo

. (n)
Ho 910 mpoTuBOpednT cOOTHOMmEHUO lim, o V() > &2 > 0, cinemyro-

(n)
memy u3 Toro, uro V(x') > e5. [losydyenHoe IpoTuBOpeyne T0KA3bIBAET
YTBEpXKICHNUE.
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Teopema 5.2 (06 ycrofiuusocru). ITycrs B Q) cymecrByer nenpe-
DBIBHASA BMECTE C YACTHBIMH MPOU3BOIAHBIMU II€PBOIO MOPSAIKA HOJIOKH-
TesibHO onpenesiennas Gynkuus V(x) rakasa, 4ro QyHKOms

W(z,t) = (gradV, f(t,z))
YIOBJIETBOPAET HEPABEHCTBY
Wi(z,t) <0 mrz t>0, ze€l. (5.34)

Tornma TpuBHasibHOe pemnrenne cucrembl (5.31) ycroianso.

IHokaszareabcTBo. agamum aoboe € > 0. Jlemma 5.2 obecneun-
Baer (MOJIOKUM €1 = €) CyIIECTBOBAHUE €5 (€) Takoro, uro ms ||z|| > &
umeeMm V(x) > ey, Ianee, B cuily Hempe-
peiBHOCTH V(z) (mpm ¢ = 0) cymecrByer
01(g2) = 0(g) Taxoe, uro npu ||z|| < § umeem
V(z) < ea2/2.

Bosbmem nauasibhyio Touky x(0) = g
B d-cdepe ws $azsoBOro MpoCTPAHCTBA MEpe-
MeHHBIX 2 (puc. 11 HANJISIHO UJTIOCTPUDY-
€T CUTYalUi0 HA IByMEPHOM CJIydae), T.e.
nycrs [|z(0)|] < §. Torma V(x(0)) < e2/2.
Hyxmo mokaszars, 9T0 TPAeKTOPU OCTAHET- Puc. 11
ca a1 Beex t > 0 B e-cepe w. (cm. (5.8)).

[IpenmostoxkyM TPOTUBHOE, T.€. YTO TPACKTOPUS MPU HEKOTOPOM
t = t; nokunet w, (ocrasasce B 2). Torna V(z(t1)) > 2. Umeem, Takum
obpaszom,

V(z(t) - V(@(0) 22— F =% >0. (5.35)

Ho ¢ apyroit croponsr,

V(et) - V@) =t 9 =t (gadv, &) =
t=t* =

= (grad V, f(t*, 2(t*)))t, = W(z(t*),t")t; <0 (5.36)

s 0 < t* < 1, rak kak (5.34) Beimosinsiercs Beroay B ), a Tem Gosiee
Brosib Tpaektopun. Hepasencrsa (5.35) u (5.36) cocTaBiisiioT poTuBo-
peure, JIOKA3bIBAIOLIEE TEOPEMY.

Teopema 5.3 (06 acumnrorudeckoii ycroituusocru). Ilycrs gomo.-
HHTEJIBHO K yCJOBHAM TeopeMbl 5.2 mst > 0, x € §) BBIIOJIHAETCS He-
paserctso W (z,t) < W(z), rme W () — HOJI0KHUTESIBHO ONpENeIeHHAS
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B Q ¢yuxnua. Torga rpusuasibHoe pemenue cucrembl (5.31) acummro-
THYECKH yCTOHYHUBO.

HokaszaTresabCTBO. YCTONIMBOCTh TPUBUAJIBHOIO PEIIEHUS CJIe-
OyeT U3 mpenplayiieil TeopeMsl. Yoequmcs, 94To

tllglo z(t) = 0. (5.37)

Ucnosib3ys BeIpazKeHue J1J1s1 OJTHON MPpOou3BOIHOM 0T V' BIOJTH Tpaek-
TOPUHU, TTOJTYYUM % =W(z(t),t) < —W(z(t)) <0, T.e. V(x(t) c poc-
TOM t MOHOTOHHO He Bo3zpacTaet. [loatomy cymectsyer lim;_, oo V (z(t)) =
= a > 0. Hokaxewm, aro a = 0. [Ipegmosroxum, aro a > 0. Tax kak
V(z(t)) > a (V crpemurcsa K npemesy CBepxy), TO, MOJaras B MyHK-
Te 6) jleMMbl 5.2 €5 = @, noyunM ||z(t)|| > €1, a Torma mo Toii xe
nemme (m. a)) umeem W(z(t)) > B > 0, e. —W(x(t)) < -8 < 0.
Tostomy V(x(t)) = V(2(0)) = D fimpet < —TW (2(t%))t < —Bt.

Orcroma nostyaum, uro V(z(t)) — —oo mpu t — oo. Ho ¢ apyroii
CTOPOHBI, TaK Kak B cuity ycroiiumsoctu z(t) € Q, to V(z(t)) > 0.
[IporuBopeune mpuBOoaKUT K BBIBOLY, 9TO @ = ().

Nraxk,
lim V(z(t)) = 0. (5.38)
t—o0

Hoxkaxewm, uro orciona cienyer (5.37).

Honycrum mporuBnoe. Torma cymectByer €1 > 0 m Takas mocJe-
JIOBATEJIbHOCTD t, — 00, 4t0 ||z(ty)|| = 1. Ho Torma mo siemme 5.2
V(z(t,)) = &2, uro mporusopeunt (5.38). IIpoTuBOpeune nOKa3bIBAET
(5.37), a BMeCTE C TEM U BCIO TEOPeMY.

IIpumep 5.1. B paccmorpentoii Boime cucreme (5.30) umeer mecto
He TOJIbKO yCTOWYMBOCTH, HO U ACHMITOTUYECKAsT YCTOWIMBOCTD, TaK
kak —W (21, z2) He 3aBHCUT OT t W ABJISETCA MOJIOKUTEIIHHO ONpeIe-
snenHoit dyukumeit. OOHAKO Ha 9TOM TIpUMepe HeJTb3s YOeIUTHCA B BazK-
HOCTH TeopeM 5.2 m 5.3, TOCKOJIbKY 3€Ch MPUMEHUMBI COOOPAKEHUST
npensiaynero naparpada U acUMITOTHIECKAs YCTONIMBOCTh CJIELYET
13 OTPUIIATEBHOCTHA A\ U As.

IIpuBenem mpumep cucrembi, Korga Teopema 5.1 o mepBoM mpubJiu-
JKEeHUM HempuMeHnma, a yuknus JlsamyHnoBa maer orser:

dstl =229 — 7 sin’ ¢, dstQ = -3z, — 75.
Bosbmem V(z) = 327 4 223. Torma W(x,t) = —6ztsin®t — 428 < 0.

CaenoBaresbHO, IO TeOpeMe 5.2 TpuBHAJIbHOE pemerne ycToiauso. Teo-
pema 5.1 3mech OTBeTa HE [AET, TAK KAK XAPAKTEPUCTUIECKUE UUCJIA
MaTPUIbI IEPBOrO MPUOJINKEHNS SABJISIOTCA YUCTO MHUMBIMHU.
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MoHO HCHOJIH30BaTh AHAJIOTUYHbIE WU JJIs [I0Ka3aTe/IbCTBa He-
ycroiiuuBocTu TpuBHasbHOro pemenus cucrembl (5.31). Takoro poma
TeopeMmbl BiiepBbie Obuan mpemaoxkensl H. . Ueraesbim. Mbr nmpuBemem
371eCh NpOCTeimuii BapuaHT TeopeMbl O HEYyCTOWYINBOCTH.

Teopema 5.4 (o meycroituuBoctu). Ilycrs B §) cymecrByer nenpe-
PBIBHas BMECTE C 9aCTHBIMHA IIPOU3BOIHBIMHU IIEPBOI'O IOPAOKA d)yHKHHH
V(z) rakas, qro:

a) B 1060l 0-OKPECTHOCTH Ws HAYAJIA KOODIMHAT CYHNIECTBYET TOY-
xa x, B xoropoii V(x) > 0 (u, caenoBaresbHO, 06J1aCTh, B KOTOPOL
V(z) > «a, rme a > 0 — HexoTopoe 4ucJIo),

6) ass sroboro o > 0 cymecrByer 3 > 0 Takoe, 4T0 H3 yCJIOBHSA
T € we (We — HEKOTOpAasi e-OKPEeCTHOCTh HadaJ1a KoopauHar), V(z) > «
caenyer HepasercrBo W (xz,t) = (gradV, f(t,x)) > [, cupasemiuboe
npu Bcex t > 0.

Torma tpuBuasibHOE pemenne cucrempl (5.31) HEycTOHYUBO.

IToxazarebCTBY TEOPEMbI IPEIINONLIEM IpuMep. Paccmorpum cucre-

My BHIA do1 4 dey 2
7 = T1Z5, _t = T2Z7.

Bosbmem V() = z122. OueBumgnO, B 710000 ws CymecTByer Touka (J1e-
JKalllasg, HAIIpUMep, B MEPBOM KBajpaHte), rue V. = x1z9 > 0. Ilycrs
HavaJIbHAA TOYKA TakoBa, 4to z1z3y = a > 0. Ha puc. 12 samrpuxo-
BaHA 4acTh WY KPYra W, BIIEIAEMAA TH-
nepboJioit T1x2 = «, B KoTtopoit V > a.
OueBnziHO, B WS CIpaBENJIMBO HEPABEH-
crBo 23 + 13 > 2a, .e. ||z|| > v2a. Torma
B CHJIy JIeMMBbI 5.2 cymectByeT 7 > 0 Ta- /
Koe, U4TO T3 + T3 > 7 U, CJIeI0BaTesbHO,
W(z,t) > ay = 8. U3 Teopembl 5.4 MOK-
HO T€M CaMbBIM CIEJIATh BBIBOI O HEYCTOli-
YUBOCTHM TPUBHMAJIBLHOTO pemieHusi. Teope-
mMa 5.1 (cM. 3aMedyaHne) B 9TOM CiIydae
He PaboTaeT, TaK KaK BCE 3JIEMEHTHI Ma-
TPUIIBI EPBOrO NPUOIMAKEHNsT PABHBI Hy- Puc. 12
JTIO.

oA

]Y

Y

IlokazaTeabCcTBO TeopeMsbl 5.4 mpoBeneM oT npoTuBHOTO. IIpen-
MOJIOZKMM, 9TO TPUBHAJIbHOE perneHne ycroiiamso. Torma mms Jio6o-
ro ¢ > 0 cymecryer 0(g) takoe, uro ||z(¢)|| < € mua t > 0, ecom
[[(0)]] < 6(g). Tax kax mo ycjaoBHIO &) TeopeMmsbl 5.4 B w; Halimercs
TOYKA To Takas, 4To V (z9) > @, Bo3bMeM ee 3a HadasbHyo: z(0) = z¢.
Y6enumcst, aro npu Beex ¢t > 0 cnpasenyiuBo HepaseHcTBO V(z(t)) > a.
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HeficrBuressbHO, mycTh mpu HEKOTOpOoM t = t; > 0 mmeer mecto
V(x(t1)) = a. Torma, ¢ onHOI CTOPOHBI,

AV = V(z(t)) - V(2(0)) <0,

a ¢ Ipyroit CTOPOHBHI,

AV =6 = W(a(t), 1)
t=t*

Tak Kak 1Mo npeanosokenuto o6 ycroituusoctu z(t) € w. npu t > 0,
10 x(t*) € w.. Kpome toro, V(z(t*)) > a. A Torna B cusy ycJoBus 6)
reopembl 5.4 umeem W (z(t*),t*) > B u, cnenosarensuo, AV > ft; > 0.
IIporuBopeune npuBOOUT K 3akja049eHnio, 410 V(z(t)) > o mua t > 0.
Hmeem Toroa

V(x(t)) = V(2(0)) = W(a(t™), )t > pt.

Orciona caenyer, uyro V(z(t)) — oo mpu t — 00, HO, ¢ APYroii cro-
ponsbl, V(z(t)) DO/KHO GBITH OrpAHUYEHO B CHJLy TOTO, 4T0 Z(t) € we.
IIpoTnBopetme 3aBEPIIAET TOKA3ATETHLCTBO TEOPEMBI.

BamMedanus.

1. HemocTarok M3/10:KEHHBIX B HacTOsIIeM naparpade MeTomoB 3a-
KJIIOYAEeTCs B TOM, YTO HE CYIIECTBYET IOCTATOYHO OOIIEr0 KOHCTPYK-
TUBHOIO criocoba nocrpoerust Gyuxmuii V(z). Tem ne menee njis psma
BEChbMa BAXKHBIX KJIACCOB MU DEPEeHIInaTbHBIX CUCTEM TaKOe MOCTPOe-
HIE BO3MOXKHO.

2. Ogaum u3 KjaccoB audPepeHaIbHbIX CACTEM, IJis KOTOPBIX
BO3MOXKHO TPEIJIOKUTH KOHCTPYKTUBHbBINA ¢OCOD TOCTpoeHust (pyHKIMN
V(x), aBnsercsa juHefiHas cucreMa ¢ NOCTOAHHBbIME KO3 duiuenTamu.
Teopemy 5.1 06 yCTONYIMBOCTH TIO TEPBOMY MPUOJIMKEHUIO MOKHO TOKa-
3aTh, UCMIOJIB3Y A MYHKIUIO JIAMyHOBA 111 JIMHEHHON CUCTEMBI C TIOCTO-
SHHBIME KO3 pUImeHTaMu, KaK 9TO [1eJIaeTCsI, HAPUMED, B yIeOHUKe
JI. C.Tlontparuna, [4].

3. s nuddepeHumaibHbIX  yPABHEHUH, OMUCHIBAIONINX HEKO-
TOpbIE MEXaHWYECKUe CUCTeMbI, POJib GyHKIME JIanyHoBa Urpaer mo-
TeHnuasbHaas sHeprus V(r). Cama cucrema wumeer BUIL MI =
= —grad V. Tlosioxxenne paBHOBECHUS B CUCTEME OMPENEISAeTCsT YCIOBU-
em gradV = 0 (¢ mareMaTnyeckoil TOYKM 3PEHUs TIOJIOKEHUE PABHO-
BECUs — 3TO pelleHue Tuna r = T = const; COOTBETCTBYIOUIUM IIpe-
00pasoBaHUEM TIEPEMEHHBIX TOYKY & BCErIa MOXKHO CIEJIATh HAYATIOM
KOODJMHAT), T. €. MOJIOKEHNE PABHOBECHUS SIBJIAETCS CTAIMOHAPHOI TOU-
KO JI/1s1 MOTEHIMAIbHON sHeprun. Ec/in cranuonapHas TOYKa ABJIsIeTCs
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TOYKOI MUHUMYMa HOTeHHHaJIbHOﬁ 9HEePruun, TO IMOJIOZKEHNE PaBHOBECHUA
ycroitanBo. [leficTBUTEIbHO, B 9TOM CJIy4dae B OKPECTHOCTH HAYAJIA KO-
opauHAT V() ABJIAETCA MOJIOKUTEHLHO ONPeeseHHO dhyHKImei, a co-
orsercrBytomas dynkima W (z,t), pasnaa (gradV, f) = —(grad V)2,
O0YEBUIHO, TAK¥KE YIOBJIETBOPAET YCJIOBUAM TEOPEMBI 5.2.

§ 4. UccoenoBaHne TpaeKTOPUHA B OKPECTHOCTU TOYKH ITOKOS

B pAOe BOIIPOCOB BO3HHUKAET l'IOTpe6HOCTI)7 IIOMUMO HUCCJIEOOBAHUA
roukn (0,...,0) $haszoBoro mpocTpaHCTBA HA YCTONYMBOCTD, BBHISICHUTD
TaKkKe PACIOJIOKEHNE TPACKTOPUIT B OKPECTHOCTHU HTOU TOUKHU.

He craBs mesibio paccmarpuBaTh 3TOT BOMPOC BO BCeil OOIIHOCTH,
orpaHuduMcsa ciydaeM n = 2 (¢asoBasg IJIOCKOCTH) U JIMHEHHON cH-
creMoit ypaBHeHuit ¢ mocrosHHbIME KO3 dunumentamu (5.11):

air a2
I = Az, A= . (5.39)
a2y Q22
IT1a cucrema obsagaeT TpUBHAILHBIM pemennem 1 = 0, o = 0. C ku-
HEMATUIECKON TOYKM 3PEHUsI HTO €CTh COCTOSTHUE TIOKOsI, IIO3TOMY OTBE-
vatonas sromy pemenuto Touka (0,0) dha30Boii MIOCKOCTH HA3BIBAETCS
mowKol noKos.
Bamerum, 910 HazoBy0 TPACKTOPHIO crucTeMbl (5.39) MOXKHO paccma-
TPUBATh KAK WHTETPAJIHHYI0 KPUBYIO YPABHEHUS

dz; _ a1171 +ajpxs

dzo 2171 + a22%2°

B rmouke (0,0) mpaBasi yacth ypasHenus (5.40) paspbiBHA, T.e. Ha-
PYIIEHO YCJIOBUE TEOPEMbI CYNIECTBOBAHUSI U €IMHCTBEHHOCTH. TouKa
(0,0) sBAsIETCSA COMJIACHO TEPMUHOJIOTMH TJI. 2 0coboii Toukoii. [Toaromy
anpuopu depe3 Touky (0,0) MOXKeT He IPOXOAUTH HU OIHOI MHTErpasib-
HOlt KpuBOitl ypaaenus (5.40), a Takxke MOKET MIPOXOIUTH GOJIEe OIHOM
u Jaxe GECKOHEYHO MHOTO WHTErpaJIbHbIX KPUBBIX.

Kax 6ymer nokasaHo, pacrnojioxeHrne TpaeKTOpuil B OKPECTHOCTHU TOY-
ku (0,0) onpenesisieTcsi, Kak U CBOMCTBO €e yCTONYUBOCTY WU HEYCTOMH-
YUBOCTH, XaPAKTEPUCTUIECKUMU IUCTIAMUA MATPUIBI A.

Paccmorpum pasHble ciydan.

a) IlycTb XapakTepucTudecKue ducja A; U Ay JeHCTBUTEITHHBI, Pa3-
JIMIHBI ¥ OOHOTO 3HAKA. [10JI0KUM IJIsI ONPEIeSIEHHOCTH, 9T0 Ay < A1 < 0.
B arom ciiyuae pemenune cucrembr (5.39) umeer Bun (cm. § 7 it 3)

T = C1a(1)e>‘1t + Cga@)e)‘?t, (5.41)
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a .
e o) = (@1

Q(4)2
HbIe BEKTODPbI Marpuibl A, orBedaromme COOCTBEHHBIM 3HAYECHUAM N;
(i = 1,2). Touka (0,0) siBssieTcs corsiacuo Teopeme 5.1 acuMnToTHYecKu
ycroitunBoit, u x — 0 mpu t — oo. Uccaemyem xapakrep npub/inkenns
6o.s1ee osipodHO. Mmeem

> — HEKOTOpbIE MOCTOAHHBIE CTOJIOIBI — COOCTBEH-

dzy _ C1)\1a(1)26>‘1t + Cg)\ga(Q)Qe’\2t
dzy Cl)\la(l)leht +Cg)\2a(2)16)‘2t.

Orciona BugHo, uto ecu Cp # 0, T0

dry _ ()2
t—oo dr1 ~ (1)1’

T. €. BCE MHTErPAJIbHBIE TPAEKTOPUH, KPOME OFHOI, oTBeuaromeit C; = 0,
Q(1)2
Q1)1
(o6osnagum ee I). Bamerum, 4to npsamas | cama sIBJISIETCS OTHON U3
TpaekTopuil, a uMeHHO, TOl, Koropas orBedaer Co = 0. Tpaekro-
pusi, orBedatomas C7; = 0, Takke sABJIETCA MPAMOIl U UMeeT ypas-
Q(2)2
&(2)1
10T, TOCKOJIbKY B CUJLY JIMHEITHON He3aBUCUMOCTH BEKTOPOB Oé(z) nMeeM
a2 — o2)10(1)2 # 0. Pacnonoxenne npaveix I u I1 n npoumx
TpaeKkTopuil cxemMarudecku mpenacrasieHo va puc. 13. Crpesxamu 060-
3HAYEHO HAIPaBJIEHUE BO3pACTaHUA t.

Bxonar B (0,0) ¢ obuieit kacaresnbHOl, ypaBHEHHE KOTOPOIt Xo =

HEHUE Ty — x1 (obosuauum ee II). Ipambie I u I He coBnana-

111'2“ x2ﬂ
I I
- — Z >
T 71
1 II
Puc. 13 Puc. 14

Ecimm A2 > A; > 0, To XapakTep pacrIoJIOKeHUsI TPACKTOPHUA MOJI-
HOCTBIO COXpaHAETCA (MOXKHO YCTPEMUTh ¢ K —OO U MPOBECTU PACCY-
JKIEHUsI, AHAJIOTUYHBIE IPOBEIEHHBIM Bbille it ¢ — 00). Ecyin crpes-
KaMU NO-TIPEKHEMY YKA3bIBATh HAIPABJIEHAE BO3PACTAHUs ¢, TO HAIIPA-
BJICHUSI CTPEJIOK Telepb M3MEHATCs Ha MPOTHBOIOJIOKHBIE 110 CPABHE-
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uuto ¢ puc. 13. Touka (0,0) B aTOoM cayuae neycroituusa*). Touka no-
KOsI, OTBEYAIOMAs CJIy9ar0 AeHCTBATE/BHBIX XaPAKTEPUCTUICCKUX M-
cest A1, A2, HE PABHBIX APYT OPYTY, HO UMEIONMX OAMHAKOBBIH 3HAK, HA-
3BIBAETCA Y3A0M. Y3EA AGAAEMCA GCUMNMOMUYECKYU YCNOTHUSHIM NPU
A1 <0, Ao < 0 u Heyemotivusvm npu Ay > 0, As > 0.

6) IIycTh XapakKTepucTUYeCKue Yuciaa A\ U Ag JEHCTBUTE/IbHBI, pa3-
JIMYHBI U Pa3HbIX 3HAKOB: A1 > 0, Ay < 0. Touka mokost B 3T0M ciiydae
Heycroitunsa. [Ipencrasienue (5.41) coxpansercsa. U3 (5.41) Buguo, 9ro
gepes (0,0) npoxomAT nBe TpaekTopuu: onHa u3 Hux (obosnaunm ee I)

Q(1)2
orBeuaer Cy = 0 U WMeeT ypaBHEHUE Ty = 0481 x1, a npyras (06o3Ha-
“(2)2
qum ee 1) orseuaer C; = 0 u uMeeT ypaBHEHUE To = a(2)1x1. Ho na

3TOM CXOJICTBO C y3JI0M KOHuaercs. Bmoss tpaekropuu I © — 0 mpu
t — 00, a Bmosib TpaekTopun I ¥ — 0 mpu ¢ — —00 W CTpesKHU, yKa-
3bIBAIOIIME HANpPaBJIeHUe BO3pacTanus ¢, Hanpassenbl or Touku (0,0).
Herpymwo Bunmers, 9to npsavasi I siBsteTCs aCUMITOTOR ipu ¢ — 00 117151
T2 _ Q)2
T1 T o)
UTPAeT aHAJIOTMYHYIO POJIb IpHU ¢ — —00. Pacrosioxkenne TpaekTopuii
CXeMaTU4YecK! MPeICcTaBJIeHo Ha puc. 14.

Touka MOKOs1, OTBEYAIOIAST CITy a0 efiCTBUTEIbHBIX XapPAKTEPUCTHU-
YeCKMX YNCesT MPOTHBOIOJIOKHOTO 3HAKA, Ha3biBaeTcst cedaom. Cedao
Asasemcsa Heycmotinusoli moukotl noxKos.

Tpaexktopuu I u I, mpoxomdriue yepe3 Ceajio, Ha3bIBAIOTCS Cenapa-
MPUCAMU.

BCcex TpaekrTopuil, kpome I, Tak Kak lim; . lpsamvas IT

B) Ilycrs xapakTepucruyeckue 4ucsia Marpuiibl A — KOMIJIEKCHbIE.
B cuny peitcrBuresibroctu A oHE OyIyT KOMILJIEKCHO COMPSKEHHBIMU,
T.e. A1 = A3 = A. CooTBeTCTByIOIIIE KOMIIOHEHTHI COOCTBEHHBIX BEK-
TOPOB ;) OyIyT TakKe KOMILIEKCHO CONPSKEHHBIMU, & TaK KaK Mbl
paccMarpuBaeM JeidCTBUTE IbHbIE PEleHUsi, TO U IPOU3BOJIbHBIE ITOCTO-
SHHBIE NOJIKHBI OBITh KOMIIJIEKCHO COMPsKEeHHbIMU. TakuM 06pa3om,

21 = CareM + C*ateN't, 1y = CageM + C*abe . (5.42)

[Moncransas ciomga A = p+iq, MOXKHO IPeoOPA30BATH STH BHIPAKEHU S
K BULY

r1 = el (2a cos gt — 2Bsinqt), x5 = eP'(2ycosqt — 25singt), (5.43)

*)IHOrma roBOPAT, YTO TOYKA ycToldmBa npu t — —oo. Oupenesienue ycToi4uso-
CTH IpU £ — —O0O MOXKHO [aTh COBEPUIEHHO AHAJIOTMYHO ONPENEesIEHNIO YCTONIMBOCTH
npu t — 00, Koropoe 66110 HaHO B § 1 910l IvIaBbl, U CHOPMYIUPOBATH TEOPEMBI,
aHAJIOTUYIHBbIE TeopeMaM § 2 u 3.
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rne @ = Re(Cay), B =Im(Cay), v = Re(Cas), § = Im(Cas). Orciona
uMeem

p* = a2 + 22 = ®P![(2a cos gt — 2 sin qt)* + (27 cos gt — 28 sin gt)?].

Ecau p = 0 (xapakTepucTuyecKue 4ucJja — YUCTO MHUMBIE), TO X1, T2
U p ABJIAIOTCS MepUogudecKuMu pyHKuusMu ¢ nepuona 2m/q. D1o 3ua-
qur, 9o Kaxaomy C Ha $as30BOll TJIOCKOCTH OTBEYaeT HEKOTOPasi
3aMKHYTas KPUBasi. ITU KPUBBIE HE IMEPECEKAIOTCs, TAK KaK BCIOIY,
kpome touku (0,0), nns (5.40) cupasenmmBa TeopeMa eIMHCTBEHHOCTH
(puc. 15).

T2
L
T2
/—\
T
Z1
Puc. 15 Puc. 16

Bostee AETAaJIbHOE MCCJIEOJOBAHUE MMOKA3BIBACT, YTO 3aMKHYTBHIE KPU-
BbI€, O KOTOPBIX UAET PeYb, ABJIAIOTCA SJIJIUTICAMU. B camowm aeJie, orpe-

LIEJTUTEJTD
200 -2

0
2y =20 70,
B OPOTMBHOM CJIyYae CyNIeCTBOBAJIO Obl pelieHue BUIa T; = axs (@ —
BemecTBeHHOe). Tak Kak &1 U T2 BhIpazkatTcs 1o dopmysiam (5.42), To
U3 PABEHCTBA T, = aT9 B CUJIY JinHeiiHol nesasucumoctu et u et cre-

aq
IyeT COOTHOIIEeHNE o = as. COOCTBEHHbBIH BEKTOD o MaTpuipl A,
2

COOTBETCTBY O COOCTBEHHOMY 3HAYEHUIO A\, HAXOIUTCS U3 YPABHEHUA
(a11 — N)ag + aj2a = 0, KOTOpOE TIPU (] = aan maer (a1; —A)a = —aqs,
9TO BO3MOZKHO JIMIIb IIPXU BEIIECTBEHHBIX A

Urax, cucremy (5.43) MOXKHO pa3pelnTb OTHOCUTEILHO COS ¢t 1 Sin gt
¥, IPUPABHUBAA CYMMY HX KBaIpPaTOB €OUHUIE, IIOJIyYATh

(br121 + b1ax2)? + (bo1T1 + boozs)® = 1.

Ecsu xe p # 0, To npu u3MeHeHUn t HA BEJIMYUHY NEPHUOJIA BEJINIH-
Ha p yKe He BO3BPAIIAETC K MPEXKHEMY 3HAYEHUIO, 8 YMEHbIIACTCS UITH
yBeJinunBaercs B coorsercrBuu ¢ p < 0 wim p > 0.
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Ha daszoBoii nj10cKOCTH TOIYYaI0TCA yKe HE 3aMKHYTbIe, a CIupa-
neunnbie kpusbie. Ecoiu p < 0, To p — 0 npu ¢ — 00, cnupasib CXo-
mutcst B Touky (0,0), KoTopas fBJIsIeTCs ACUMIITOTUIECKH yCTORINBOl
(puc. 16). Ecisin ke p > 0, T0 aHAJIOTUYHAS KAPTUHA UMEET MECTO IIpU
t — —00, a ¢ Bo3pacTauueM t cnupasib pacxonurcsa uz Touku (0, 0).

Tqua IIOKO, OTBE€YaomadA KOMIIJICKCHO COIPAKEHHBIM XapaKTEpH-
CTAYECKUM YHUCJAM C OTJIMYHON OT HYJIA NEHCTBUTE/BHOI 4YacThbIO P,
HasbiBaeTcs gorycom. Ilpu p < 0 doryc acumnmomuuecku yemotivus,
a npu p > 0 neycmotivus.

Touka MOKOsi, OTBEYANOIIAA YKUCTO MHUMBIM XapPAKTEPUCTUIECKUM
YUCIaM, Ha3bIBAETCA uyenmpom. Ilewmp seasemcs ycmoluusol, o
He acumnmomuecky ycmotivueot moukot nokos (cm. § 1). Mbr He Gy-
OEeM OCTaHABJIMBATHCA Ha CJIy9ae KPATHBIX XapPaKTEPUCTUICCKUX JUCEJT
(cM., Hampumep, [4, 5]), a TakKe Ha CIIydae, KOTIA UMEETCH XapaKTePu-
CTUYECKOE YUCJI0, PABHOE HYJTIO.

BamMevyaHU .

1. Touka (0,0) Obla Ha3BaHA BBINIE TOYKOI MOKOS [1JIs JIMHEHHOM
cucremsr (5.39). Hanum obiiee onpenesieHne TOYKU MOKOs, U3 KOTOPO-
Tro 6y,ILeT ACHO, 9YTO TOYKa IIOKOA HE O6H3aTeﬂbHO ABJIAETCA Ha4YaJIOM
KOODIMHAT, & JJIsi HeJIMHEHHOW CHUCTeMbI TOYEK TOKOsS MOXKEeT ObITh He-
CKOJIbKO. PaccMoTpuMm HesmHeiiHy0 aBTOHOMHYIO cuctemy (5.19) mpu
n = 2. llycrs z; = &; (i = 1,2) yaoBJeTBOPAIOT CUCTEME ypaBHEHUit
fi(z1,22) = 0. Torna, oueBunHo, Te xKe x; = T; yIOBIETBOPSAIOT mud-
depennnasbhoit cucreme (5.19), NOCKO/IBbKY &; HE 3aBUCAT OT t. DTO pe-
[IEHUE ONMMCHIBACT COCTOSIHUE TOKOSA M Ha (Pa30BoOil MIOCKOCTH m300pa-
kaercsa Toukof. Touku HaszoBoil MIOCKOCTH, OTBEYAIONINE PEINIeHUsIM
BUIA X; = &; = CONSt, HAZBIBAIOTCA MOwkamMu nokos. COOTBETCTBYIOMEH
3aMEHOl TIepEMEHHBIX KaXKIYI0 TOYKY MOKOsI MOXKHO MEepEBECTH B HaYa-
710 koopauuar. Torna, ecu f; npencrasuma B Buge (5.20), To cucrema
nepsoro npubsimkenus (5.22) cosnamgaer ¢ (5.39).

CorutacHo Teopeme 5.1 B ciyvae Re A # 0 ycToitauBoCTh njint HEyCTOI-
gqusocth Touku (0,0) cucremsr (5.19) ofecneunBaercss TeMu Xke CaMbl-
Mu TPpeOOBAHUAME HA A, KOTOPbIE 00ECIIEYNBAIOT YCTORNINBOCTH UJIA He-
ycroituuocts Touku (0,0) myis cucrems nepsoro npubsimkenust (5.22),
T. €. 4ieHbl F(3); He BIUAIOT HA YCTORYUBOCTD UM HEYCTOHINBOCTD TOY-
ku (0,0). Yro kacaercs pacrosioKeHus TPaeKTopuii, T0 TOYHOE UCCJIe-
nosanve [4; §30] mokasbiBaer, 9YTO MpU HAJIWYHHU y3J1a, ceiia uiu ¢o-
Kyca y cucreMmbl (5.22) (Bo Bcex atux ciydasnx Re A # 0) kadecTBeHHBbIi
XapakTep pacnosioxkenus Tpaekropuii cucremsl (5.19) B qocrarodHo ma-
s0it okpecraoctu rouku (0,0) Gymer Tem ke cambim. Ecom ke B TOUKe
(0,0) cucrema (5.22) mmeer 1eHTpP, TO 6e3 JONOJHUTEILHOIO UCCJIEIO0-
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BaHWA 9JIeHOB R(3); O XapaKTepe PacrlosIOKeHns TPACKTOPHIl CHCTeMbI
(5.19) Huvero ckasarb HEJIb34L.

2. UccnenoBanne pacnoJsioXeHNs TPAEKTOPUil B OKPECTHOCTU TOYEK
MOKOSI TAeT HEKOTOPYI0 NHMOPMAIMIO OTHOCUTEILHO PACIOJIOKEHNUST (Da-
30BbIX TPAEKTOPUil HA BCell MJIOCKOCTU, HO, KOHEYHO, ITI0JTHOTO pelleHnsd
9TON CJIOKHON IVI00AJILHON 33249 HE IACT.

st usydennss KapTuHbl Ha (HA30BOi TITOCKO-

CTH, WA, KaK WHOLIA TOBOpPST, (a30BOro moprpe-

Ta cucreMbl (5.19), BaxKHO HCCJIENOBATH HE TOJIb-

KO TOYKM 1MOKOs1. Hepenko BCTpedaroTcs 3aMKHY Thie

TpaeKTOpun (3aMKHYTasi TPAEKTOPHs O3HAYAET Ie-

PUOAMYECKOE JIBUXKEHUE), OOJIANA0IINe TeM CBOi-

CTBOM, UYTO B OKPECTHOCTHU TAaKUX TPAEKTOpUil HeT

OPYTUX 3aMKHYTBIX TPAeKTOPHil, a BCe TpaeKTOpuu

KaK Obl «<HAMATHIBAIOTCAY HA 9TY €IUHCTBEHHYIO 3a-

Puc. 17 MKHYTYIO TPaeKTOPHIO, KOTOpad IOJIy4Yujia Ha3Ba-

HUe TPeIeIbHOIO UK JIA, UJIH, HA000POT, «CMAThIBa-

oTca» ¢ Hee. [IpenebHbIe NUKJIBI, TAKAM 00PA30M MOTYT OBITH yCTOIH-

BbIMU U HEyCTOHuuBbIMU (Ha puc. 17 uzobpaxken ycToiiuuBbiil npemesib-

Hblil nuksL). VccnenoBanue penebHbIX MUKJIOB BazKHO TaKKe C TOUYKU

3PeHUsi CYIMEeCTBOBAHUS YCTONIMBBIX MEPUOTUIECKUX PEXKUMOB B (DU3HU-
9EeCKUX CHCTEMAaX.

Hamnpumep, cucrema

dc% = —xl(\/x% + 23 —a) — T, dd% = —332(\/56% + 23 — a) + 21
(5.44)
nMeeT TOUKy Tokosd x1 = 0, 1o = 0 u mpenenbHbI UK T3 + 73 = a’.
B cymecTBoBaHMM TAKOTO MMKJIA JIETKO YOSOWTHCS, MEPEHIsa K IIOJIp-
HBbIM KOODAUHATAM T1 = pcosf, o = psinf, B koropbix cucrema (5.44)

OPUHUMAET BU]I, d
P _

5 = —Plp—a), Z—f =1
3. C mnoBbImeHreM pasMepHOCTH 7 (Ha30Basi KapTUHA CYIIECTBEHHO
YCJIOXKHSIETCsI, BOSHUKAIOT HOBBIE sIBJIEHUS, [JIs1 U3y YEHUS KOTOPBIX Pa3-
BUTHI MHOTOYUCJIEHHBIE METOIHI.
UccnenoBanue ¢as3oBoro moprpera cucTeMbl quddepeHnuaTbHbIX
ypaBHEHUI ABJIAETCA OIHOW W3 3a7a4 TaK Ha3bIBAEMOW KadeCTBEHHON
reopun nuddepeHuaNIbHbIX ypaBHeHUH (CM., HanpuMep, [8, 24]).



I''TABA 6

YUCJIEHHBIE METOIbI PEIITEHWN A
OBbIKHOBEHHDBIX NTU®PEPEHIAJIBHBIX
YPABHEHUU

[Tpu nmpaxTUYeCKOM pelleHnr 331349 11 OObIKHOBEHHBIX auddepen-
[IMaJIbHBIX YPaBHEHU, KaK I[PABUJIO, HE VIAETCs IOJIYYUTh pPelleHue
B KBaJIpaTypax, BbIPaKEHHOE 4Yepe3 3JIeMEeHTAapHbIe NN CIeluaJibHble
dbyuxMn (onpenesieHHOE UCKIOYEHNE COCTABJIAIOT JIMHEHBIE ypaBHE-
HUs, PACCMOTPEHHbIE B IJI. 3). B T0 e BpeMsi HHTEHCUBHOE IPUMEHEHNEe
mudepeHnuabHbIX YPABHEHN B KAYeCTBE MATEMATUIECKUX MOIe el
ITUPOKOTO KPYTra eCTECTBEHHO-HAYYHBIX 3371a9 Tpedyer pa3paboTku me-
TOOOB MX HCCJIEAOBAaHMA, ITO3BOJIAIOINNX HOJIy‘II/ITI) C HOCTaTO‘{HOﬁ TOY-
HOCTBIO YKCJIOBBbIE XapaKTEPUCTUKN paccMarpuBaemoil 3anadn. Haubo-
see 3(pPEKTUBHBIMU 30€Ch OKa3bIBAIOTCsSI YUCJIEHHBIE MeTombl. bBiaro-
mapst OypHOMY DPa3BUTHUIO DJIEKTPOHHON BBIYUC/IUTETHHON TEXHUKW 9H-
CJICHHBIE METOIbl HAXOIAT IIUPOKOE IIPUMEHEHHe B pPa3JIMYHBbIX 00Jia-
CISIX MaTEeMaTUKW U ee MPUJIOKEHHSX, B YaCTHOCTU, U IIPU PeIleHun
OOBIKHOBEHHBIX MU DepeHnnabHbIX YpaBHEHNH. 3a MOCIeIHee BpeMst
MOSIBUJIOCH JOCTATOYHO OOJIHIIOE KOJTUIECTBO yIEOHBIX TOCOOMIT, TTOCBSI-
mEeHHbIX 910l mpobieme [21, 25]. B Hacrosmeil rinase OymyT U3I0KEHbI
JINIIBb TPOCTEIre BOIPOChI, OTHOCSIINECS K YUCJIEHHBIM METOHAM pPe-
meHust OOBIKHOBEHHBIX T depeHInabHbIX YPABHEHHH.

¢ 1. PasHoCTHBIE MeTOObI PelleHusA HadYaJbHOU 3amadu

1. PasuoctHasa cxema. Ilornsarue cxommumoctu. Hambosee pac-
IPOCTPaHEHHBIMU U 3 DEKTUBHBIMU YUC/IEHHBIMA METONAMU PEIleHUsT
MHOTMX MaTEMATUYECKUX 3379 U, B YACTHOCTU, HAYAJIBHBIX U Kpae-
BBIX 33724 1Jis1 uddepeHIaIbHbIX YPABHEHUH ABJIAIOTCS TaK HA3bI-
BaeMbIe Pa3HOCMHbIe MeMOJbl, B OCHOBE KOTOPBIX JIEKUT PACCMOTPEHNE
KOHEYHO-PA3HOCTHOM 3312491 BMECTO UCXOIHOM nuddepeHnuabHOl 3a-
magn. [locsenuss mpemcraBisier OO0 38021y OTHOCUTETHHO OOJTBIIOTO,
HO KOHEYHOT'O YUCJIA HEU3BECTHBIX, SBJISIONMXCS 3HAYCHUAME (DYHKIIUN
JUCKPETHOTO apryMeHTa, ONpenesieHHO B TOYKaX pa3dmeHusi OTPe3Ka
uHTerpupoBanusi. Ecim 3HaveHusi 310l (yHKIMN OJIM3KU K 3HAYEHU-
AM TOYHOTI'O PENIeHNA UCXOOHOMI 3a/1a9M B COOTBETCTBYIOMINX TOYKAX, TO
ee MOXKHO pacCMaTpPUBATh KaK MPUOJIMKEHHOE PellleHre NCXOIHOI 3a1a-
qu. KoHeYHO-pa3HOCTHAS 331498, COOTBETCTBYIOMAS NCXOIHON nudde-
PEHIMAJILHON 3a/1atie, HA3BIBACTCA Pa3HoCmMHOU cremoti. Maxcumasib-
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HOE PACCTOAHUE MEXIy TOYKAMHU Pa3OUeHUsA OTPE3Ka MHTErPUPOBAHMS
SIBJISETCS MAPAMETPOM PA3HOCTHOI CXeMbl, MOYTOMY MCXOmHoi nudde-
PeHIUAILHOI 3a/1a9€ CONOCTABJIAETC CeMeCTBO PA3HOCTHLIX CXeM, 3a-
BUCAIIMX OT HTOrO MapaMerpa. B Teopuu pasHOCTHBLIX CXeM pelleHns
nuddepeHIna IbHbIX YPABHEHU OCHOBHBIM SIBJISIETCST BOIIPOC O CXOMIH-
MOCTHU CEMENCTBA MPUOJINKEHHBIX PEIIEHN K TOYHOMY PEIeHUI0 NCXO/I-
HOil mudpdpepeHnnalIbHOll 3a0a49u TP CTPEMJICHIU apaMeTpa pasbue-
HUSI K HYJIIO0. 371€Ch OyIeT yTOYHEHO TOHATHE CXOTUMOCTH TTPUOJIAKEH-
HOT'O pemeHnund K TO“IHOMy.

Cremyer mog4epkKHyThb, YTO PA3HOCTHASA CXEMa MPeICTaBJAeT CO-
00ii CaMOCTOSITE IbHBIN MATEMATHIECKUH OObEKT UCCIIe0BaHNsA. Teopun
Pa3HOCTHBIX CXEM ITOCBANICHA O6HII/IpHaﬂ y‘Ie6HaH U ClieruaJibHadA JINTEe-
parypa (cM., Hanpumep, [26]). Mbl 0CTAaHOBUMCSL JIMIIL HA TPOCTEHmIX
OOIINX MOHATUIX.

I Toro 4Tobbl HATJISITHO MPOWJLIIOCTPUPOBATH 3TU TOHITHUS, BCE
paccMoTpeHus OyIeM MPOBOAUTL HA MPUMEPe YUC/ICHHOTO PEHICHUS Ha-
JaJIbHOM 3a1a4u 115 OOBIKHOBEHHOTO IuddepeHIrabHOr0 ypaBHeHUsT
HepBOro IMOPAIKa, KOTOPYIO 3allUIIeM B BUAEC

W fa,y) =0, ylzo) = 0. 6.1)

Kak yxke ormedasoch, B OCHOBE MPUMEHEHUs PA3ZHOCTHBIX CXEM
k nuddepeHnuaabHOll 3a1aue JIEXKUT TOCTPOEHNE IPUOJINKEHHOTO Pe-
NIEHNUs, ONPEIESIEHHOTO JIMIIb B KOHEYHOM YHUCJIE TOYEK T; OTPE3Ka
[20, X] unTerpupoBanusa ucxomHoit muddepenunanbHoil 3amaan. Muo-
KecTBO Touek wy = {x;} (i =0,1,...,n), HA KOTOPOM HIIETCsI TIPUOJIU-
JKEHHOE pellleHre, Ha3bIiBaeTCs1 cemkoti. OTneIbHbIE TOYKH HTOIO MHOXKE-
crBa — y3ab, cemru. O603nauum h;=x,11 —x; (i=0, 1, ...,n—1) paccrosa-
HUEe MeXIy cocemuumu y3siamu. Bequmanny h = max; h; Oymem HassBaTh
marom cerku. CeTka MoxeT ObITh HepaBHOMepHOI (h; # const) u pas-
nomepHoii (h; = h = const). OueBuaHO, B OCJIEIHEM CJIydae BEJIUIUHA
mara CeTKu Ha oTpeske [zg, X| paBua h = |X — zg|/n. B nanbreiimen,
€CJIM He OrOBOPEHO 0c000, Oy/1eM pacCMaTpUBATH PABHOMEPHBIE CETKM.

OyHKIUA AUCKPETHOTO aprymeHTa u(r;), ONpeIesieHHAs JIMIIb
B y3JIaX CETKW, HA3bIBAETCS cemouHotll PyHryuel. 3HaAU€HU CETOIHON
dbyurnun u Ha wy O6ymem obosuHadarh u; (i = 0,1,...,n). g omnpe-
JIeJIeHUsT CETOYHOU (DYHKIINU U, SIBJISIOMEHCS TPUOINKEHHBIM PEIEeHN-
eM ucxomHo# nuddepentmanshoit samaun (6.1), mo/mKHA OBITH 3a0aHA
Pa3HOCTHAs CXEMa, — CUCTEMa, YPABHEHU{l, CBA3BIBAIONINX MEKIy COOOi
3HAYEHUSA CETOYHOI (byHKHI/II/I Ui, 3aJaHHBIX OOIIOJIHUTEJIbHBIX yC.HOBI/Iﬁ
U IPaBOii YacTu ypaBHEHUS B y3J1aX L; CETKU Wj.

Ilycrs nuddepennuasibaas 3a1a4a nMeeT BUT

Ly = ¢(z). (6.2)



§ 1. Pewenue Hawaavhot 3adayu 167

3mech cumBosioM L OymeM 0003HAYATHh HE TOJIBKO 3a[aHue yPABHEHUS,
HO 1 3aJaHHE€ OOIIOJIHUTEJIbHBIX, HAIIPUMED, Ha4YaJIbHBIX HUJIN KPAa€BbIX
YCJIOBUIA, 3aIIMCAHHOE B ONpeesieHHoM nopsake. depes ¢(x) oboznave-
HbI KaK [PaBas YaCTh YPABHEHUs, TAK W MPABbIE YACTHU JIOTIOJTHUTE b
HBIX YCJIOBUIA, 3alMCAHHBIE B COOTBETCTBYIOMEM TOpsAnKe. Tak, 3ama4a
(6.1) moxer OBITH 3aIMICAHA B BUE

d
Ty — f(z,y 0
Ly={ @ty ~{ ] =0, (63)
y(zo) Yo
COOTBETCTBYIONLYI0 PA3HOCTHYIO 33249y OyIeM 3aluChiBATH B BUIIE
Liuy, = Pk (64)
rie yepes Ly 0003HAYaETCs 3aJaHne PA3HOCTHOIO YPABHEHUs U OTBEYA-
H0mux eMy JOIIOJIHUTEJIbHBIX yCJ'IOBI/Iﬁ, a qepes gOk —_— BCCOﬂH’bLG (%mmne

3a/1a4M, T. €. 3HAYEHUsI CeTOYHON (DyHKIUU fj, — MpaBoil 4acTh pa3HOCT-
HOTO YPABHEHUS, — B COBOKYIIHOCTH C TIPABBIMA IACTAMH JTOTIOJTHATE Th-
HBIX yCJIOBHIA.

Bamada onpeneneHus CETOYHBIX (DYHKIUH Up JOKHA OBITH TOCTAB-
JIeHA TaK, YTOObI MPU CTPEMJIEHWM ara h CeTKu K HYJIF0 CETOYHBIE
GYHKIUU CXOIUIUCH B OMPEIETIEHHOM CMBICJIE K TOYHOMY PENIEeHUI0 UC-
xomHo# 3amavn (6.3).

st onipenesieHnsi CXOAMMOCTH CEMERCTBa CeTOYHBIX (DYHKIMIA K pe-
MIEHUIO WCXOMHOM 3a/1a4M B MPOCTPAHCTBE {v)} CETOYHBIX (YyHKIMH
HEOOXOIMMO 33JaTh PACCTOSHUE MEXKy OTIHETbHBIMU (DYHKIUSAMU KAK
HOPMY WX PasHoCTHu. I[oHATHE HOPMBI B TPOCTPAHCTBE CETOIHBIX (DyHK-
Uit MOXXKHO BBECTH TIO-pasHOMY. Halle BCero UCroJib3yercs Tak Ha3biBa-
eMasi PAGHOMEPHAS, WA 4eObUesCKas HOPMa, OTIpeessieMasi BhIpakKe-

HUEM .
[|vn] :m?x|vi|, i=0,1,...,n. (6.5)

B psanme ciayuaes mnpumensiercsa cpednexsadpamuunas (2uavbepmosa)

HOPMA
i 1/2
ol = (3 v2pia) (6.6)
=0

re p; — 3aJaHHbIE BECOBbIE KO3(MUIMEHTHI. B HEKOTOPBIX CJIydasx
MIPUMEHAIOTCA U OPYTUe HOPMbI, HAIIPUMED, SHEPreTUIEeCKUeE.

Ounpenesnenue. Bygem roBopuTbh, 9TO cemelicmeo CemoOUHbLL
dynruyut {u} crodumes x mounomy pewenuro y(x) UCXOMHON 3amaun,

ecJim
lim [[up — [y]all = 0, (6.7)
h—0
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rae depes [y]p, obo3HaueHb! 3HaYeHns GyHKINK y(z) Ha ceTke wp,. Ecom,
KpOMe TOro, CymecTByer takoe hg, aro mpu h < hg

l[un — [yl < OB, (6.8)

roe C' u k — HEeKOTOpbIe MOCTOsIHHBbIE, HE 3aBUCAIIME OT h, TO Oymem
TOBOPUTD, YTO UMEEM MECMo CLodumocms nopsdka k 6 coomeemcm-
syroweti Hopme.

2. PasHocTHasi cxema DHsepa. Paccmorpum mpocreiimyro mud-
depennmasipayo 3amady (6.1) wam (6.3). 3aMeHUB BbIpaKeHue [ TPO-
U3BOJIHOM B TOYUKE I, NPUOJIMKEHHBIM OTHOIIEHUEM

Yntl —Yn _ Yntl —Yn
In+1l — ITn h

(xn—i-l —Tn = h):
conocraBuM (6.3) CJIEMYIONLYIO PA3HOCTHYIO 33/1a4Yy:
Unt+1l — Un 0
Lyup = B f(xnaun) — { } = fh- (69)
Uo Yo

B namHOM citygae 3HAYEHUs CETOUHON (DYHKIINN BBIYUCIISIOTCS OUeHb
npocto. IMeeM nocsenoBarTesbHO

Uo = Yo,
uo + hf(zo,up),

<
=
I

Takoro Tuma cxemsbl ¢ MOCJIEI0BATESIBHBIM BBIUYUCIIEHUEM Ug, U], . . . HA-
3BIBAIOTCA ABHLIMU CTEMAMU.

HerpynHo B onncanHOM aJIrOPUTME 3aMETUTH CXOJICTBO C IIOCTPOEHU-
eM JiomaHoit Jiisepa B 1. 2. PasHuna 3ak/odaeTcs B TOM, YTO Terepb
B PACCMOTPEHMe BKJIIOYAIOTCA JIWIIbL BEPIIMHBI STON JIOMAHO, a mar
SIBJISIETCS OCTOAHHBIM. PasHocrHas cxema (6.9) HasbiBaeTcsa paswocm-
Hol cxemotli Diiaepa ¢ nocmosnnvim wazom njis 3agaqaun (6.3).

Hokaszannasi B 1J1. 2 Teopema 2.2 1aeT BO3MOXKHOCTb yTBEPKIATH CXO-
IUMOCTDb CeMeHCTBa CeTOUHBIX (DYHKIN, MOCTPOEHHBIX MO cXeMe Diiie-
pa, K pelleHuio uCXoaHol 3anaun (6.3), Tak KaK B CUJLy 9TOH T€OpEeMbI,
OYEBUIIHO, BbINoJiHsgercs yciiosue (6.7) B mopme (6.5).

Bameuanune. CXOOUMOCTh CETOYHBIX (DYHKIWIA, ONpenesisieMbIX
mpocreiitieil pasHOCTHO cxeMoii Diiepa, K TOYHOMY PEIIeHnIO IBUJIACh
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CJIEZICTBUEM DE3YJIbTAaTOB IJI. 2. DTO CBA3AHO C TEM, YTO B CAMOM [IOKa-
3aTesIbCTBE CyIeCTBOBaHUs pemmenus 3aga4du (6.1) B 1. 2 ucnosib3oBa-
JINCH JIOMaHble Diljiepa, noJiydaeMble U3 CETOYHOI (DYHKIUM COemuHe-
HUEM TOYEK, OTBEYAIIINX Ha rpaduke 3HAUEHUAM CETOUHON dyHKINM,
MPsAMOJIMHEWHBIMI OTpe3kamu. B 60s1ee CJI0KHBIX CITyYasX Pa3HOCTHBIX
CXeM HYZXKHO y6eﬂI/ITbCﬂ B CyOI€CTBOBAHUN PEHICHUSA COOTBeTCTByIOHIeﬁ
Pa3HOCTHOII 337241, TIPEXkK e 9eM BBIACHATH BOIMPOC CXOIUMOCTH.

OueHrM Tenepb NOPANOK cXomuMocTu npu h — 0 mocsienoBaTeIbHO-
CTH CETOYHBIX (PYHKIWH, TOCTPOEHHBIX MO PA3HOCTHOH cxeme Diiiepa,
MOJIb3YSICh OMSATb-TAKU PE3yJibTaTaMu U Merogamu rii. 2. B ry. 2 6s110
JIOKA3aHo, 4T0 Kak pemmenue auddepennunasnbhoii (6.3), Tak u pemenue
passocTHOII (6.9) 3amad onpenesieHbl Ha cerMenTe [z, X | U He BBIXOLAT
us obstactu D, tie 3amana dyukuusa f(z,y). Ilycrs f(z,y) HenpepbiBHa
B obstactu D 10 COBOKYITHOCTH apryMEHTOB U yIIOBJIETBOPET YCJIOBUIO
HI/IHIHI/H_];a 0 KaKJIOMYy U3 IEPEMEHHBIX, T. €. IyCTbh UMEIOT MECTO OIIECHKU
((z,y) € D, M nu N He 3aBUCAT OT Z,¥):

[f(z,9)l <M, [f(z1,y) = f(z2,9)] < Nlz1 — 2],
|f(2,91) = f2,92)] < Nlyr — 92l

B ﬂaHbHeﬁIHeM, uccaenysda OApyrue pasHoCTHbIE CXEMbl IJId 3aJa9u
(6.3), MbI 6y nem npednoaazams, YTO pelIeHUEe PA3HOCTHON! 3a/1a49U He Bbi-
xomut u3 D.

Wrak, oneHMM pPasHOCTb MEXKIY CETOYHOH (pyHKImeil, orBevaromei
TOYHOMY pemrenuto 3agaun (6.1), u cerouHoit yHKIMENR, TOCTPOSHHO
IO Pa3HOCTHOI cxeme Jityiepa. 11 9T0ro JOCTATOYHO OLEHUTH PA3HOCTh
MeK Ty TOIHBIM pemenneM y () samasu (6.1) n momanoit Ditnepa () (z),
KOTOpasd Y/IOBJIETBOPAET YPABHEHUIO 1 HAYAJIbHOMY YCJIOBUIO

(6.10)

dy, _ _
= f@ G (@) =0, @ <z <z, Gony(@o) =vo. (6.11)

CocraBum pasHOCTb z() MEXKIy TOYHBIM pereHueM y(r) UCXOTHOM
samaun (6.1) u sToMaHO#M §(p,) (2):

z2(2) = y(x) = Gn) (2)- (6.12)
B cuity (6.1), (6.11) u (6.12) nostyunm
L = f(2,y(2)) = f @i T (@), 2(20) =0.  (6.13)

Ornennm mpaByio 9acts (6.13), mosb3ysce ycmosusamu (6.10). Tak kax

f(@,y(@) — (@i, ) (2:) = f(2,y(@) — f(@s,y(x))+
+ f(xi,y(2) = f(@i Gn) (®) + f(@i,Tn) () — F(@6, Tny (7)),
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10 corsiacHo obozuadenuto (6.12) npu z; < & < Tit1
|f(z,y(2) = f @i, T(n) (20))] <
< N|z = 2i] + NJ2(2)| + NG (@) = oy (@) (6.14)
Ouernm mocsennee ciaaraemoe B dopmyJte (6.14). Cormacuo (6.11)
[T(n) (®) = F(n) (@) = |2 — i | f (24, T () (20))],

orkyna B cuity (6.10) u ycioBus |x — ;| < h nostydum

T(n) (€) = J(ny(@3)] < hM. (6.15)
IMoncrasnsas (6.15) B (6.14), mosyuum [Jisi IPOU3BOAHOIR g—; OKOHYa-~
TEJIbHYIO OLEHKY

L) < Njz(z)| + hN(1+ M) (6.16)

Ha J1I060M y4dacTke pasbuenusa x; < ¢ < Tij+1. CoryacHo siemme o aud-
depeHnnaIbHBIX HEPABEHCTBAX OTCIOJA CJICLYeT

|z(z)] < h(1+ M)(eNE=20) _ 1), 20 <z < X. (6.17)

W3 a10it hbopMyIIBI BUIHO, UTO PA3HOCTH MEKLY TOYHBIM PEIIEHUEM 1 JI0-
MaHOii Jilsiepa cTpeMuTcs K HyJ0 Kak b (ocrasibHble BesinauHbl B (6.17)
dbukcupoBanbl), Tem cambiM Bbinosagercs (6.8) npu k = 1. 9o nosso-
JISIET CJIeJIaTh BBIBOI, YTO PA3HOCTHAS CXeMa Diljiepa uMeeT CXOAUMOCTh
[IEPBOTO TOPAIKA.

KY

8Y

Puc. 18
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Bameuanue. [Tomydennbie pe3yibTaThl CIPABEIJIUBBI U B CJIydae
HEpaBHOMEPHOU ceTku h; # const, h = max; h;.

Ha puc. 18,e¢ npuBenennl nHTErpasibHas KPUBAsi, TPEICTABIIAIONIA
pellleHre HavyaJIbHOM 3a7a4un 14 JIMHEHOTO ypaBHEHNUA

d
ﬁ = ay, y(l'o) = Yo, «a = const,

U JIOMaHble Diijepa, MoJiydeHHble M7 PA3JINnYHbIX 3HadeHuil mara h.
Pacxoxmenne HOCHT 3KCIIOHEHITMAIBHBIA XapAKTED, YTO COOTBETCTBYET
onenke (6.17); mpu h — 0 ero BeM4YMHA HA KOHEYHOM OTpe3Ke [Zg, X |
pPaBHOMEPHO CcTpeMuTcs K Hy 0. OQHAKO MPU JOCTATOYHO KPYITHOM I~
re h npubJMKEHHOEe pellieHne, MOCTPOeHHOe 0 MeTOody Jiljepa, Mo-
XKEeT CYIMECTBEHHO OTJIMYAThC:A OT TOYHOro. B wacruoctu, mpm a < 0
un ha < —2 npuBenennasa na puc. 18,6 jomanast diisepa Hudero odIero
HEe nmMeeT C TOYHBIM PEIIeHueM.

Cerounas dyHkImsa up u penierne anuddepeHraIbHOro ypaBHe-
HUS Y YIOBJIETBOPSIIOT ypaBHEHUAM pas3uoit npupomsi. [lostomy B 00-
meM CJIydae He YIAaeTcs MOBTOPUTH PACCMOTPEHUsI, TPUBOIAIIAE MJIsT
npocreiimieit cxembr Ditiepa k onenke (6.17). B wacruocru, gisa cerod-
HOH (PYHKIIMM Up, ABJIAIOMENCS pelmeHneM JOCTATOYHO CJIOXKHOMW pas-
HOCTHOI CX€MBbl, TPYIHO IPEIJIOKUTH TAKOi aJIrOPUTM MHTEPIOJIAINH,
9TOOBI MOJIyYEHHAsS KPUBas sIBJISJIACh MHTErPaJIbHON KpuBoil mudde-
PEHIMAJIBHOTO YPABHEHNUs, B OMPEIEIEHHOM CMBICJTE OJIN3KOr0 K UCXOJI-
HOMY, U MOXKHO ObLIIO ObI BOCIIOJIB30BATHCSA METONOM muddepeHmasib-
HbBIX HEPABEHCTB IJId OIEHKU PA3HOCTU MEXKIYy pPeIeHueM HUCXOOHOTO
U TIOJIYYeHHOTO nuddepeHImaIbHbIX yPABHEHNI.

B obmewm citygae mjist OEHKHM CXOAMMOCTH MPUXOIUTCS MOJIH30BATH-
Cs1 APYTUMU Iy TSIMU, BBOJIS IOHSITUS ANNPOKCUMAGYUY U YCMOoUvusocmu
Pa3HOCTHOI CXEeMBI.

3. ITopsAaoK anmpoKCUMaldi Pa3HOCTHOU cxeMbl. 11 paccmo-
TPEHUsA NOHATUS NOPAIKA ANMPOKCUMALUEA PA3HOCTHO CXeMbI oTpedy-
€TCsl BBECTU HOPMY (), — IIPaBoii yactu pasuoctHoii cxembl (6.4). Kak
yIKe OTMEYaJIOCh BBIIIE, QO MPEICTAB/AET COOOM MPaByI0 YacTh ypas-
HEHMsT — CETOYHYI0 (PYHKIUIO fp, B COBOKYIIHOCTH C JOMOJTHUTE/THHbI-
MU YCJIOBUAMU JIJI UCKOMOI ceTounoit pyHKImM up. OHM MOTYT OBITH
M HAYAJIHHBIMU, U KPAEBLIMA. 3aHYMEPYEM UX B ONPEICTEHHOM MOPSIKE.

CooTBeTCTBYONIME IPABbIE YACTH IYCTh OYAYT g1, - . -, Jq-
O6osHaunM ||up|lo = max; |g;| n BBemem HOpMY ||¢h |1, HOMaras
llonlly = max{][ fal], luallo}- (6.18)

ITycte pasHocTHasi cxema (6.4) OMHO3ZHAYHO pa3pelInMa TPU BCEX
h < ho. Ecomm snadenus [y]p pemenus y(z) ucxomsoit muddepeniy-
aJBHON 3a/auM Ha CeTKe Wy YAOBJIETBOPSAIOT PA3sHOCTHOI cxeme (6.4),
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TO, HAlIA pelenne Pa3sHOCTHON CXEMBI Up, MOJTyInM 3HAYeHHe TOIHOTO
peIIeHnsI B y3JIaX CETKH [Y]p = Up.

C TaxmM 1oJI02KeHueM MBI BCTpedaeMcs Kpaiine penko. Kak npasusio,
IIpU MOJCTAHOBKe 3Ha4YeHuit [y|, B pasHocTHy0 cxemy (6.4) MbI He mO-
JIydqaeM TOXKIECTB, a (6.4) yI0BI€TBOPAETCA C HEKOTOPOi HEBAZKOI

Lip[yln = ¢on + d¢n. (6.19)

Besmuuna HeBs3ku dp, PA3HOCTHON CXeMbl HA PEIleHn: MCXOIHON 3a-
a9 1 ABJIAETCA XapaKTepI/ICTI/IKOﬁ aHHpOKCI/IMa,HI/II/I paBHOCTHOﬁ CXEeMBbI
NCXOOHOI 3a1a4M.

BamMedanus.

1. OrMernM NpUHIUNWAJIBHOE OTJIMYNE BBEIEHHOTO MOHATHS HEBSI3-
KU aIllIPOKCUMAIINN PA3HOCTHOI cxeMmoit nud depeHimabHoil 3a1a4m O
UCIIOJIB30BAHHOTO B § 2 IJVI. 2 MOHATHS HEBA3KU IIPU MMOJICTAHOBKE ITIPU-
GJIMKEHHOTO PEIeHns B BUe JIOMaHoh Jityiepa B ucxonHoe nuddepen-
UAJIbHOE YPABHEHNE. ITO OTJININE CBA3AHO C TEM, UTO JIOMaHas Jitste-
pa fABJISETCsI HENPEPBIBHOI 1 Kyco4Ho nuddepeHnupyemoii GyHKIMeid,
KOTOPYIO MOXKHO TIOACTABUTH B JIEBYIO YaCTh UCXOMHOTO ud depeHIu-
AJIbHOTO YPAaBHEHUA, B TO BPpEMA KaK pPEIIeHue paBHOCTHOﬁ CX€EeMBbI €CThb
bYHKIUS TUCKPETHOTO apryMEeHTa, OMPeIeJIeHHAs JIUIIb B y3J1aX CeTKU.
Pemenne ncxommoit 3amadn OmpenesieHo BCIOIY HA OTPEe3Ke WHTErpUpo-
BaHWsi, U €0 3HAYeHUs [y]p B y3J1aX CETKU MOXKHO MOACTABUTH B Pa3-
HOCTHYIO cxeMmy (6.4) u, UCno/b3yst MHPOPMALUIO O TJIAIKOCTH TOYHO-
IO penreHuAa I/ICXO}IHOﬁ 3ada91, OIEHUTH BEJININHY HEBA3ZKU pa3HOCTHOﬁ
CXeMbI Ha TOYHOM PEIICHUN.

2. OyHKIMA JUCKPETHOTO apryMeHTa [y]p OYEBUIIHO SBJISETCS pelie-
HUEM DPAa3HOCTHON cxembl (6.4) ¢ BUIOM3MEHEHHON, MJIM, KAK TOBOPST,
BO3MYIIEHHOI MPaBOil YacThIO.

Iepeitnem Teneps K ONpeneIeHIIO TOHITHST TOPSIKA ATIMPOKCUMATAN
Pa3HOCTHOI cxembl Ha perennn auddepeHInaIbHOl 3a0a9u.

Ounpenenenue. Bynem roBoputh, 9TO Pa3sHOCTHAS CXEMa, UMEET
k-t nopsadox annpoxcumayuyu Ha peweHuy ucrodHol 3adawu, eciau Cy-
niecTByer takoe hg, aro npu h < hg

ILalyln — enlls < CRY, (6.20)
rae C u k — HEKOTOpbIe NIOCTOSIHHBIE, HE 3aBUCALINE OT h.

OnpenesuM NopsiIOK aIMpoKCUMaIuu cxembl diiiepa (6.9), npeano-
saras, uro dbyskuusa f(z,y) B ypasHenuu (6.1) umeer nepsbie Henpe-
PBIBHBIE YACTHBIE IIPOU3BOIHBIE IO OOOUM APTyMEHTaM B MPAMOYTOJTbHU-
ke D. B aroum ciryvae Tounoe pemenue y () UCXOMHOR 3a1a491, O4EBUIHO,
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UMEET BTOPYIO HEMPEPHIBHYIO MPOU3BOMHYI0. DTO MO3BOJISIET 3AIMKUCAThH
pa3soxKeHne

2
y(zi +h) = y(@:) + hy' (@) + By (@ +0h), 0<O<L (6.21)

B cuaty (6.21) npu noncranoBke To9HOTO pemenus y(x) samadn (6.1)
B JIEBYIO YacCTh ypaBHeHus (6.9) mosydunm

Y (@) + Ly (zi + 0h) — f(@i,y(2:) = Ly (2; + 0h) (6.22)

(mepBoe u TpeTbe ciaraeMble B JieBoit dacTu (6.22) B3auUMHO yHHITOXKA-
IOTCsl, IOCKOJIbKY ¥ () sIBJIAETCS TOYHBIM pemieHueM ypasherus (6.1)).
Tem caMbIM HEBA3KA B YpaBHEHUM MMEET IEPBbIi MOPANOK. Pemenue
pasuoctHoll 3ana4qu (6.9) yaoBJIeTBOpPAET TOMY K€ HA4aJIbHOMY YCJIO-
BuUIO, 4T0 U peurenue 3aga4du (6.3). Orciona ciemyer, 4ro cxema ditiepa
annpoxkcuMupyet 3aaa4y (6.3) ¢ nepBbIM MOPSIKOM.

Bameuanue. IlepBblii TOPAIOK aNmpoOKCHUMAIMU CXeMbl Diljiepa
CBsI3aH C TEM, YTO B 3TOM METOJIe NepBasi MPou3BoaHasA ' (1;) almpoKcu-
MHPYeTCsI PA3HOCTHBIM OTHOIeHueM (y;+1 — y;)/h. Jlerko Bumers, uro,
BbIOMpast Apyrue Npub/mKenHbie hOpMyJIbl i MEPBO MPOU3BOIHOIMA,
MO2KHO IIOBBICUTH IIOPAOOK AIIIIPOKCUMAIIUH.

IleiicTBUTEIBHO, 3aMEHUM IEPBYI0 MPOU3BOMHYI0 CUMMETPUIHBIM
Pa3HOCTHBIM OTHOIIEHHEM B COCEOHUX TOYKaAX

(Yi+1 — yi-1)/2h. (6.23)

IIpennonaras HENPEPHIBHOCTHh TPETHUX IPOU3BOIHBIX perierus (4ro Oy-
JIET UMETh MECTO MPH COOTBETCTBYIONAX yCJIOBUAIX TJIAAKOCTH (DyHK WK
f(z,y) B mpasoii wactu ypasuenus (6.1)), 6ymem umers

2 3
ylei+h) = y(e:) +hy' () + By (@) + By (i + a1),

(6.24)
2 3
y(i —h) = y(x;) — hy'(2:) + By (@) = Loy (2; + 621).

Annpokcumupyem 3amady (6.3) pasHoctHoit cxemoit (y; — 3HaveHUE
CeToUHOM (DYyHKIMU B MEPBOM y3JI€ MOKa, OCTABUM HEOMPEIESIEHHBIM, HO
9TO 3HAYEHKE HEODXOIUMO 3a/1aTh, YTOOBI IIOCJIEI0BATEIHHO OIPEIETUTh
U2, U3, ... )

Uit 2—hui—1 _ /i 0
Lyup = uo =4 Yo (6.25)
U1 Y1

ITpoBoms paccy AeHust, AaHATOTMYHBIE TIPEILILY UM, [IOJIY 9UM, 9TO Pa3-
HOCTHOE ypaBHeHue (6.25) annpokcuMupyer ucxomaHoe ypasuenue (6.1)
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CO BTOPBIM TMOPAAKOM. UTOOBI ONpPEne/MTh MOPAIOK AMMTPOKCUMAIIAN
YCJIOBUA B IIEPBOM y3JIe, OIATH BOCIOJIB3YEMCH PA3JIOKEHHEM TOYHO-
ro pertrenus 1o ¢gopmyJie Teiimopa

2
y(@o + h) — y1 = y(z0) + hy' (z0) + -y (z0 + Oh) — y1 =

2
=yo + hf(zo,0) + %y"(mo +6h) —y1.
(6.26)

U3 (6.26) caenyer, 4To eciiu BbIOpATh

Y1 =Y + hf(flfo, y0)7 (627)

TO M BTOPOE HAaYaJIbHOE yCJI0BHe B (6.25) anmnmpoKCUMUPYeTCsi CO BTOPBIM
nopsakoMm. IlepBoe HauabHOE YCJIOBHE BBITOJIHSAETCST ToYHO. OTCIONA
CJIEYEeT, YTO TIPU BBITOJIHEHUHU HOTMOJIHUTETLHOrO yeioBus (6.27) pas-
HOCTHasA cxema (6.25) anmpokCUMUpYeT MCXOJHYIO 3a/a4y CO BTODPBIM
MOPSAIKOM.

EcrecTBento mpenmnoioXnTh, 9TO 17151 TOr0, ITOOBI PEIleHne Uy pas-
HOCTHOM CXeMbl ObLJIO OJIM3KO K PEIIeHWI0 MCXOIHON 3a1add, HEBSA3Ka
0y, MOJEKHA OBITH JOCTATOYHO MaJsioi. BosHmkaer BOmpOC, SBJISIETCST
JIU MaJIOCTh HEBsI3KHU 0p NOCTATOYHON Mjisi TOrO, 9TOOBI 0HecnednTh
OJTM30CTDh Up K PENIEHUI0 MCXOMHOHN 3a/1a4M, MHBIMHU CJIOBAMU, o0ecrie-
YUBAETCA JIM CXOOWMOCTH PA3HOCTHON CXEMBbI, €CJT MMeeT MeCTO all-
npokcumanusa? OKas3bIBaeTCsA, OMHON ANMPOKCUMAIINKA, BOOOIE rOBOPS,
HEIOCTATOYHO, ITOOBI PA3HOCTHAS CXEeMa JaBaJia MPUOJIIKEHHOe pele-
unue nuddepennmranbuoit 3agadu. [loMuMo anmpoKCUMAINT HYKHbBI €I11e
KaKHle-TO JIOMOJIHUTEIbHbIE CBOICTBA pa3HOCTHON cxembl. Takum CBOM-
CTBOM fABJIAETCA TaK Ha3blBaeMas Yycmoluueocmsd pa3HocmHol cremo.

4. YcToWuMBOCTh PA3HOCTHOM cxeMbl. IlepeiineM K OnpenesieHuro
ycrofiuuBoii pasuoctHoil cxembl. Paccmorpum pasaocthyio cxemy (6.4)
1 COOTBETCTBYIOILYIO TAK HA3BIBAEMYIO BO3MYIICHHYIO 334y

Lyan, = op + 0pp, (6.28)
riae 0y HA3BIBACTCS 603MYW,eHUEM BXOOHBIX ITaHHBIX. B masjbreiimem
OyzeM paccMaTpuBaTh TOT CJIyvail, KOrma Bo3MylleHHas 3aaada (6.28)
OHOZHAMHO Pa3PeNImMa MpH JOCTATOYHO MAJIOM BO3MYIIEHWH, T.€. Cy-
mecTBYIOT Takue dg u hg, 9ro npu ||0pp||l1 < do u h < hy 3amaga (6.28)
UMEET PEIlleHre, U IPUTOM eIMHCTBEHHOE. [IOrpemHOCThIO PEIeHns CXe-
Mbl (6.4) no-mpexxHEMy HA30BEM BbIpaxKeHue dup = Up, — Uj,. Besaumauna
0ph, KaK U pp, OLEHUBACTCA B HOPME

16@nlls = max{[[6 fall, l0unllo}, (6.29)
rae |0 fx|| — HOpMa Bo3MyIeHuUs IpaBoil YacTu ypaBHEHNU, a ||dup|lo —
HOPMa BO3MYINEHHsI NOIOJHUTE/BHBIX ycjoBuil. JamuMm onpeneseHue
YCTOIUMBOI PA3HOCTHOII CXEMBI.
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Onpenesnenune. Cxema (6.4) HazbBaeTCA Yemotiuugot no HA%aAb-
HOIM YCAOBUAM U NPABOT 4acmu ypasrerus (MU IPOCTO Yemotinueoi),
€CJIN CyIIeCTBYEeT TaKas MOCTOAHHAA hg, 910 mpu h < hg [J1s1 HOPMBI
IDOTPEMHOCTU PEIICHUA BBIIIOJIHACTCA HEPAaBEHCTBO

loun|l < Clldpnll, (6.30)

roe nocroauuaa C' He 3aBucHT OT h.

JlaHHOE OIpenesieHre, OYEBUIIHO, O3HAYAET HENPEPBIBHYIO 3aBUCH-
MOCTB PEIlEeHNsT PA3HOCTHOU cxembl (6.4) OT BXOIHBIX JAHHBIX 3372~
Yl — HAYAJIbHBIX YCJIOBHUIl M IPaBOil YacTU YpAaBHEHHA: MaJjiOoe M3Me-
HEHVe BXOIHBIX JAHHBIX IPUBOIUT K MAJIOMY WU3MEHEHUIO DelleHU.

SBameuanue. B caydae smneiinoro oneparopa Ly, BBeIeHHOE Ompe-
JIeJIEHIE YCTOWYNBOCTU PA3HOCTHOM cxembl (6.4) 9KBUBAJIEHTHO TPeOOBa-
HIIO0, 9T00BI cxema (6.28) Gbliia OMHOZHAYHO PA3PEIINMA [TPU JOCTATOTHO
MAaJIOM BO3MYIIEHHUHU 0@p, 1 1pH h < ho BBIIOJIHSIIOCH YCJIOBUE

llunll < Cllenlls, (6.31)

rne C — HEKOTOpasi He 3aBHUCAmAsA OT h mocrosuHas [14].

[Tepeiimem Temepp K 10Ka3aTEILCTBY YCTOWYIUBOCTH CXEMBbI Diijepa
(6.9) B cryuae obmieit sanaqn (6.1). [lycts dyuxuus f(z,y) HenpepbBHA
B obstactu D u ynmoBJsieTBOpsieT ycJsioBuiO0 JIummmia mo nmepemMeHHO# y,
T.€. IMEIOT MECTO OIIEHKH

|f(xay)| <M: |f(xay1)_f(xay2)| <N|y1_y2|a (117,2./) €D. (632)

Bosmyiennas pasHocTHas cxema, coorBercrBymomas cxeme (6.9),
NMeeT BUILI

Uo

Wipr — Wi .
Lyap, = h fi = {yoé-{zé‘o } R (6.33)

rne f; = f(xi,@;), 6 f; — BO3MYyIIeHNE IPABOIl YACTH PA3HOCTHOTO yPaB-
HEHUd, €9 — BO3MYIIEHUE HAYAJIBHOrO yCJIOBHsI. [[JIs TIOTPENIHOCTH Pe-
menus duy = Uy — Up, OUEBUIHO, HOJIY UM

Duiet = U _ g, @) + flaiu) = fi, dup=co.  (6.34)

OTMeTI/IM, Y9TO COIVIaCHO BB€OEHHBIM BbBIIIE OIIPEOCJICHUAM

|0fil < [16nll,  llounllo = leol- (6.35)
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U3 (6.34) B custy onenok (6.32) u (6.35) monyuum
[6wit1] < [0ui| + AN |Sus| + |6 fall =
= (14 AN)[ou;| + hld frll <
< (1 +hN)?|6u;i_1| + h{(1 + hN) + 1}||6 fn]|-
(6.36)

[IpumeHsist 9TOT MPOIECC MOCJIENOBATEBHBIX OIEHOK, mocse (i + 1)-ro
mara Haiigem

[6uir1] < (1+hN)H o] + R{(1 +hAN)" + - + 1}]|0f4]] <
< (L4 AN ounllo + 5 (1+ AN)FH0full,  (6.37)

OTKY/Ia MOy IlM
unll < (1 + AN (lunllo + AlI6fll)- (6.38)
Tak xak X — xg = nh, TO B CujIy HEpABEHCTBA
1+ hN)(X—Zo)/h < eN(X—=0)

OKOHYATEeJIbHO IpH JiIo0oM h Oynem nMmerhb
Idunll < N (Jlsunllo + 16 full) < Clidenls, — (6:39)

9TO U JOKA3bIBAET YCTOHIMBOCTH PA3HOCTHOH cxeMbl (6.9).

5. Teopema o cxommmocTu. BBeneHHbIE BBIIIE MOHSITUS MOPAIKA
ANMPOKCUMAIINKA W YCTONYIMBOCTU PA3HOCTHON CXEMBbI MO3BOJISIOT JIOKa-
3aTh CJIEMYIONLYI0 TEOPEMY, UTPAOILYI0 (DYHIAMEHTAJIHHYIO POJIb MPU
UCCJIETOBAHUN CXOIMMOCTHU PA3HOCTHBIX CXEM.

Teopewma 6.1. Ecau pasuocrras cxema (6.4) ycroiiausa u anmpok-
cumupyer 3anady (6.2) ¢ nopsakom k, o pemernus up, npu h — 0 cxo-
aArca K pemernro y () muggepeHnnaibHoll 331291, IPUIEM TOPIIO0K
CXOIMMOCTHU TakKe paBeH k, T.e. HMeeT MeCTO OIeHKA

l[un — [yl < OB, (6.40)

e NOCTOAHHAaA C me 3aBucur or h.

HoxaszarenbcrBo. OBGO3HAYMM PA3HOCTH 3HAYEHUI CETOYHBIX
byukumit up u [y], gepes zp:

Zp = Up — [y]h. (6.41)
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B cuty onpenesierust mopsiaka ammpOKCAMAIITT

Lplyln = on + 6, (6.42)

r7ie 1A HeBA3KE §p, UMeeT MecTo onenka ||dpp |1 < C1h*. Tak xax [y]p,
SABJISETCs PEIIeHNeM BO3MYIIEHHON pa3sHOCTHON cxembl (6.42), TO B cu-
JIy ycToiumBOCTH pasHOCTHON cxembl (6.4) u ouernku (6.30), Bxonsmeit
B OllpellesleHre yCTOUYUBOCTH, NIOJIY YUM

[lzall < Clldnlli < CCLAE. (6.43)

Coxpanus 1yt npousBenenust noctosgsuubix C'Cy obosunadenue C, moJty-
qum cootHomenue (6.40). Teopema mokasaHa.

Beimre 6b1710 TOKa3aHO, YTO cxeMa Jiijepa yCcToiunBa U aIlmpoKCH-
mupyer 3anadqy (6.1) ¢ nepBbiM nopsakom. 13 mokasaHHO TeopeMbl
CJIeIyeT, YTO CeMefCTBO pelieHnit Uy, MOJIyYeHHbIX M0 cxeMe Diiepa,
mpu h — 0 cxomuTcs K TOYHOMY pemrenuto 3aga4dn (6.1) Takxke ¢ mep-
BBIM MOPAIKOM. DTOT (hAKT OBLT YCTAHOBJIEH B M. 2 C TOMOIIBIO MPSAMBIX
OIIEHOK.

Bamernm, uro B onenkax (6.30) u (6.40) me 3aBucaAmas or h mocro-
sunasg C' MOXKeT UMeTh OCTATOYHO OOJIbIIoe 3HAUYeHHe. Tak, B ciydae
cxembl Dittepa nocrosaras C umeer mopanok e %) u mpu a > 0
TOCTATOYHO BEJTUKA.

PaCCMOTpI/IM B Ka4eCTBE IIPUMEpPA, IIOKA3bIBAIOMIET0 BAa2KHOCTDb ITOHA-
THs1 YCTOWIUBOCTH 7151 CXOIMMOCTHU PA3HOCTHBIX cXeM, 3aa4y (6.1) mist
CJTEMIYIOIIETO JIMHEHHOTO OTHOPOIHOTO YPABHEHUS C TIOCTOSIHHBIM KO3(D-
duneHTOM: p

Z+ay=0, y(zo) = yo. (6.44)

CormocTaBuM 3T0i 331at€e CJIEAYIOUIYI0 PASHOCTHYIO CXeMy:

4un+1 2_hun—1 _ 3un+1h_ Un + au, 0
Lyup, = Uo =<y . (645)
Uq Yo

Herpynuo ybenurbesi, Kak 3TO OBLIO CHEJaHO Bbime st cxem (6.9)
u (6.25), uro pasHocTHas cxema (6.45) annpoKCUMUpPyeT penieHne uc-
XO/THOM 33/Ia9M C TMTEPBBIM MOPAITKOM.

A renepb OCTPOMM TOYHOE pelieHre pasHoCTHOI 3anaun (6.45). Tle-
penumem ypasuenue u3 (6.45) B Bume

Unt1 — (3 + @h)up + 2up—1 = 0. (6.46)
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Hafinem wacTtHOe peleHre 3TOr0 PA3HOCTHOTO ypaBHEHHS B (opme

Up = A", ne A — [MOKa HEM3BECTHA IOCTOSTHHAS (9TO JesIaeM 110 aHAJIO-

MU C OTBICKAHWEM YACTHOTO PEIIeHUs JTUHEHOTO OMHOPOTHOTO audde-

PEHILIMAJIbHOIO YPaBHEHUsI C MMOCTOSAHHBIMEU Koadduiuenramu B popme
A7) Uwmeem torma A" — (3 + ah) A" + 227" = 0 wm

N —(3+ah)A+2=0. (6.47)

IonyuenHoe ypaBHEHNE HA3BIBAETCS XAPAKTEPUCTUIECKUM (OMATH ¥KE
0 aHaJioruu ¢ reopueit auddepeHnuanbHbIX ypaBHEeHWii) 1718 PA3HOCT-
Horo ypasHenus (6.46). Haxons u3 (6.47)

A 3+ ah— \/1+6ah+a2h2
1

(6.48)
_ 3+ah+\/1+6ah+a2h2
AQ — 2 )
NOJTyYHMM JIBa YaCTHBIX pemenns ypasuenus (6.46) B Bume u, ) = A7,

Up(2) = Ay [lombITaeMcs y10BIeTBOPUTD YCIOBUAM B HYJIEBOM U B IIep-
BOM Y3JI€, T. €. YCJIOBHUSM Uy = Y1, U1 = Yo, B35AB JIMHEIHYI0 KOMOUHA-
LUIO 3TUX pelneHuii (ABMIONLYIOCA TAKKE PEHIEHUEM B CUJLY JIMHEHOCTH
YPaBHEHU:A)

Up = CLA? + CoAp. (6.49)
Nmeem Cy + Cy = Yo, Cid +Cs)s = Yo- Orcrona
_ Y2 —1) _ -1
G = A2 — A1 Gz = A=A (6:50)

Nrax, dopmysna (6.49), tne C; u Cy onpenenenst dopmynamu (6.50),
[aeT pelieHne pasHocTHOW 3amadn (6.45). Herpynwo ybemurhbes, 9ro
OHO ABJIACTCA €AUHCTBEHHBIM, TaK KaK, IIpearoJjiarada, YTO UMEIOTCA OBa
pemenns 3ana4u (6.45), MOyUInM, YTO MX PA3HOCTH B CHUJIY JIMHEHHO-
CTU SABJISIETCS PEIIeHreM OnsATh-Taku 3amaun (6.45), e yo = 0. Orcio-
13, TIOCJIETIOBATEIHHO TIOJTYIUM, YTO BCE 3HAYEHUS CETOYHOU DyHKIUH,
oTBevaoIell pasHOCTH MPEANOIAraeMbIX PA3JINIHBIX PEIIeHuH, PaBHbI
HYJTIO.

Uccnenyem mocrpoentoe pemenne 3agaan (6.45) npu h — 0. Tloss-
3yACh U3BECTHBIMU METOdaMHU aHaJI3a, HETPYAHO TOJIy9YUTh, 9TO IIPU
JIOCTATOYHO MaJIbIX h*)

A =1—ah+ 0O, X =2+2ah+ O(h?),

yo(1+ O(h)) yo(ah+(9(h2))‘

Cr= 1+0(h) ° 1+ O0(h)

Ch =

*)Cumpostom O(h*) obosnawaerca Besauna, MOIyJh KOoTOpoit Menbire Ch¥ | e
C — me 3apucamasn oT h MOCTOSAHHAA.
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Ipu h - 0 uw a > 0 mmeem C; — yo, & |[AP| < 1, u mosromy

Ch A} = Cl)\(lx" —z0)/h orpanunyeno npu h — 0. B 1o ke Bpema A\J > 27,
u
|CoA| > |y2—0|ah2" = '3/2—°|ah2<z"—z°>/h. (6.51)

Y100b! TOJIYYUTH MTOCPEICTBOM PA3HOCTHOW CXEMBbI pelreHne B (DuK-
CUPOBAHHOII TOUKe T OTpe3Ka [Zg, X ], Hy’KHO CIeaTh TaKOe YHUCIIO N
IIATOB, YTOOBI Tp_1 < & < L, & AJIF TAKOTO 1 Besmanaa h2(%n—20)/h >
> h2@=%0)/h 5 o0 npu h — 0, Tak KaK & GUKCHPOBAHO; T.e. IPH PUK-
CUPOBAHHOM 3Ha4eHNW T € [Zg, X | Bropoe ciaraemoe B dbopmyte (6.49)
HEOTPAHWYEHHO BO3PACTAET 110 abcomoTHON BemanHe. Tem cambiM ce-
TouHas (DYHKLUS, OTBEYAIOIA PA3HOCTHOI cxeme (6.45), He MoxKeT CXO-
IUThCs K pemmennto nuddepennuanbroii 3anaqn (6.3) B cmbicse (6.7).

Nrak, cxema (6.45) obecrieunBaer nepBblil OPSIIOK ANMPOKCUMAIUM,
HO HE CXOOUTCA K pemreHnio auddepeHnnasbuoi 3anaun. Jlerko Bu-
JIETh, YTO 9TOT PE3YJIbTAT CBA3aH C OTCYTCTBUEM YCTONYMBOCTH HAH-
HOIl pa3HOCTHOI cxeMbl. UTOOBI B 3TOM YOEIUTHCs, JOCTATOTHO PACCMO-
TPeTh BO3MYIIEHHYIO 33489y, B KOTOPOil BO3MYIIAIOTCA TOJIHKO HAYA b~
HbI€ ITaHHBbIC:

4un+1 2—hun—1 o 3un+1h— Un + o, 0
Lyay = o =4 Y t+e
(5 Yo +¢€

Tornma [yist MOTPEIIHOCTH pPelleHust duyp = Up — Up, TMOIYIUM (HOPMYJITY
(6.49), B KOTOPOI Yo CItemyer 3amenuthb Ha €. VI3 ouenku (6.51) caemyer,
aT0 mpu Jo6oM dukcupoBanuoM £ > 0 Besmumua |CyAy| Heorpanu-
4eHHO pacrer npu h — 0, 9T0 U JOKA3BIBAET HEYCTOHYMBOCTH JAHHOM
Pa3HOCTHOI CXeMBI.

6. Meron Pynre—Kyrtra. Kak MbI yike ormeudasn, cxema Jiiepa
UMEET JIUIIb MEPBbIf MOPSIIOK CXOMUMOCTU, U IJIs TOJIyYeHUsI BBICO-
KOIl TOYHOCTH IIO 3TOil cxeme OPpUXOOUTCA BECTU BBIYUCJICHHA C OYCHb
MEJIKUM IHaroM, 9TO MPUBOOUT K 3HAYUTEJIBHOMY POCTY BPEMEHU CHe-
Ta. [loaTOMY ecTecTBEHHO NCKATh CXEMBbI, 0013 1at01Ire 601e€ BHICOKUMU
nopsakamu cxoguMocTu. OIHUM U3 KJIACCOB TAKUX CXEM SIBJISIOTCS CXe-
Mmbl Pyrre-Kytra. B ocHOBe 3TOro Merona Jiexar cremyomye coodbpa-
xerms. Pacemorpum toxnectso y' (z) = f(z,y(z)). Cormacuo dopmyste
Jlarpanxka 0 KOHEYHBIX IPUPANIEHUAX HA OTPE3KE [T;, Tiy1] CYMIECTBYET
TaKas TOYKA T*, ITO

y($i+1) —y(z;) = (441 — Zﬂi)y/(ﬂf*) = hf(z"y(x")). (6.52)

Onnako 3HadeHwe x* HaM HeEW3BeCTHO. B cxeme Diiepa MOJI0XKEHO
T* = x;, YTO ¥ JAeT BCEro JIUMIb IIEePBbIi MopsaaoK TodHocTH. OCHOBHASs
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nnes merona Pynre-KyrTa 3aksouaercs BO BBEIEHUU B PA3HOCTHYIO
CXeMy DANA IONOJHUTEJBHBIX [IAPAMETPOB, YTOYHSIIOMNX IPUOIAKEH-
HOE OIIpeiesIeHre 3HaYeHns T ™.

Bynmem mno-mpexhemy paccMaTrpuBarh HadasibHyo 3agady (6.1)

(nmu (6.3)): p o)
gy f@y | _[o
Ly { (o) } {yo } . (6.53)

Yenosus rnagkocrtu dyukuuu f(x,y) 6ymyT cHopMyIUPOBAHBI HUKE.
Comnocrasum 3aa4e (6.1) pasHOCTHYIO Cxemy

Ug Yo
rIoe
Ky = f(zi,wi),

Ko = f(z; + anh,u; + anhKy), (6.55)

K = f(zi + wu—rh,ui + g1 hKj 1),
api,..-,P,Q1,...,Q_1 — HEKOTOPBIE MApaMEeTPhl, BLIOOPOM KOTOPBIX
MOXKHO 0GecCIeunTsh TpedyeMblil TOPAIOK anmnpokcuMarmu cxembr (6.54)
Ha perneHnn 3amaqn (6.53).

B wactaoM cayuae npu [ = 1, p = 1 cxema (6.54) nepexomur B cxemy
Ditnepa (6.9), uMeronryio nepsblii OpsA0K annpokcumanmu. [Tokaxem,
910 Tpu | = 2 MOXKHO TaK BBIOPATH MAPAMETPHI P1, Py U (], 9TO CXe-
ma (6.54) Gymer uMeTh BTOPOIi MOpsAmOK anmpokcumarmu. Ilycrs GyHk-
uus f(x,y) umeer B D HenpepbiBHbIE YaCTHBIE IIPOU3BOIHBIE 10 BTOPOIO
MOPSIIKA 10 000UM apryMeHTaM, 9TO JOCTATOYHO /IS CYIIECTBOBAHMUSI
HEMPEePBIBHOI TpeTheil MPpOn3BOAHOI OT pemenusi. Torma pemenue 3a1a-
qu (6.53) moxer GbITh npencrasseHo no dgopmyse Teiisiopa

2 3
y(@ip1) = y(@) + hy'(z:) + Ly () + oy (2%). (6.56)
[Moncrassisast 910 BhIpaKenue B cxemy (6.54), mosydnm

weri) 2y _ (i, 4 poky) =

=y'(z:) + Ly (@) + O(h?) — pi (i, y(@:))—

—pof(zi + arh,y(z;) + anhf(zi,y(x;))). (6.57)
BOCHOJ‘[B3OB&BU.H/IC]) paBJ'IO}KeHI/IeM
f(xi + arh,y(x;) + arhf(zi,y(x;))) =

= flaiy(@) + arh Lz y(@)+
+ arhf (@, (i) L (@i y(@) +00) - (6.58)
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1 OY€eBUOHBIM COOTHOIIECHUEM
y'(@) = Gl y(@) + Fiy@)y @) =
= S @i y(@) + flaiy@) G @i y(@),  (6.59)
nepernuireM (6.57) B Buae

W) 29D _ () iy 4 o) =

=y'(x;) — (p1 + p2) f (@i, y(zs))+
+ hy"(2:)(1/2 — aip2) + O(h?).  (6.60)

Orciona caemyer, 9To mpu
prtpe=1 aipp=1/2 (6.61)

cxema (6.54) pu | = 2 umeer BTOPOIi MOpANOK anmpokcumanmu. [Ipu
3TOM (7 MOXKeT ObITh BHIOPAHO NMPOM3BOJIbHO. Hanbosiee mmpoko mpu-
MeHsAOTCA cxeMbl (6.54) ¢ a3 = 1 u oy = 1/2. Bamernm, 910 MyTEM
BBIOOpA (1] MOBBICUTH MOPSIOK AMMPOKCUMAIMK cxeMbl (6.54) mpu | = 2
HEJIb35.

ITpu oy = 1 uz (6.61) nostyuum p; = po = 1/2, u cxema (6.54) upu-
HUMAEeT BU/I

BT L (@i ) + f(@i+ hyus + hf(wi,u)] =0, (6.62)

leomerpuueckas wHTEepnperanust 91o# GopMmyJibl sicHa u3 puc. 19.
Cuavasia no mMeromy Jiijiepa HaXOmUM TOUKY ¥i+1 = u; + hf(x;,u;), 3a-
TeM HAXO[IUM CPeJlHee 3HAYCHUE YTIa )
HaKJIOHa KacaTeJIbHOI K MHTerpaJjib- Y
HBIM KPUBBIM Ha mmare h: tga =
= %(u; + 7iy1) ¥ 1O Hemy yTO4-
HAEM 3Ha4Y€HUeE Ui_;,_l. AHaJIOI‘I/I“IHbIe uUjl
pPacCCyXKIeHns JIETKO IIPOBECTU U I
caygaa « = 1/2. TlonoGHbIe cXeMbI
OOBITHO HOCAT HA3BAHUE <IIPEIUK-
TOP-KOPPEKTOP>.

Ms1 paccMOTpesm CXeMbI CO BTOPBIM TOPSIKOM AIMIPOKCUMAIINN.
AHa,JIOI‘I/I“IHbIe paccCMOTpeHnda MOTYyT 6bITI) OPOBEOEHBbI U OJIA CXEM 60-
Jiee BbICOKOTO Topsanka (I > 2). IIpu 9TOM TPUXOAUTCHA HAJIATATH HA
dbyuxumio f(z,y) Bce Gostee BbicoKue TpeboBanus raaakoctu. Hanbosee

Z; Tit+1 T
Puc. 19
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MIUPOKME MPAKTUIECKNE TPUMEHEHUsI HAXOMSAT CXEMbl 9€TBEPTOrO I0-
psnka. B GosibmmHCTBE 6GUOIMOTEK CTAHIAPTHBIX TMporpamm ijist 9BM
UCTIOJIB3YeTCs CJIEMYIONAs CXeMa:

Ui+1 — Uy 1
Layn = {—h —6(K1:2K2+2K3+K4)} — {;0}7 (6.63)
0

roe

Ky = f(zi,uy), K?):f(iﬁrl-%,url-%Kz), (6.64)
6.64
IQ:f@m+%m+%K0, K= f(zi + hyu; + hE).

JIerko npoBEpUTH, YTO HTA CXEMa UMeeT YeTBEPTHIH IMOPAIOK AIlPOK-
CHMAIIIH.

B cuny Teopemsbr 6.1 1y onpenesieHus MOPsAKA CXOAUMOCTH CXEM
Pynre-KyTTta 1ocTaTovHO M10KA3aTh NX yCTORIMBOCTD. ITO TOKAZATETH-
CTBO MOXKHO IIPOBECTH B IIOJIHON aHAJIOTMU C JIOKA3aTe/IbCTBOM YCTOM-
YUBOCTH CXeMbl Diisiepa. HeficrBuresibHo, Bece cxembl Tuna (6.54) umeror

BUL Uipl — Ui G(iI,' U‘) 0
Lypyn = { h i } = { } (6.65)
U Yo

rne dyukuua G(z,y) npencrasisier coboil JuHEliHYI0 KOMOUHAIUIO
dyuxmumit f(x,y) or IpOMEKYTOUHBIX 3HAYeHUil aprymenta. [loaromy
ouenku i Gyukuun G(x,y) U ee TPOU3BOIHBIX JIETKO BBIPA3UTH Ye-
pes coorBercTByIomue oneHkn GbyHKyn f(,y) U ee NPOU3BOIHBIX, UC-
MOJIb3yeMble TIPHU JOKA3aTEILCTBE YCTOHYnBOCTH MeTo1a Ditepa, OTKy-
J1a ¥ CJIEHYET CIEJIAHHOE YTBEPKICHUE.

B wacTHOCTH, HMEET MECTO CJIELYIOIAsT

Teopewma 6.2. Ilycrs ¢pyurnus f(x,y) umeer B D HempepbIBHBbIE
YJacTHBIE TPOU3BOIHbBIC YeTBEPTOro nopsiaka. Torma cxema Pyure—KyTra
(6.63) cxomurcs ¢ YeTBEPTHIM MTOPATKOM TOYHOCTH, T. €.

llun — [y]nll < Ch*. (6.66)

OrveruM B 3akjo4ueHue, 9410 cxeMbl Pynre-KyTra momyckaior BbI-
9UCJIEHUS U C TepeMeHHbIM marom. Haguras ¢ 1r060ro nHaekca ¢, MOx-
HO YMEHBIIUTh UJIN YBEJUIUTD TTOCIIEAYIONNA MAr CeTKU.

Bameuanue. B srom naparpade ObLIN PACCMOTPEHBI YUCJICHHBLIE
MeTOIbl pelleHusl HadasbHoW 3amaun (6.1) 1Jis OIHOrO CKaJIsPHOrO
YPaABHEHUsI TIEPBOTO TIOPAIKA. Bes CynecTBeHHBIX N3MEeHEHni pa3sobpaH-
Hble METOIbl NEePEHOCATCA Ha CJIydail HadaJ/IbHON 3allavu W [1J1d HOP-
MAaJIbHOI CHCTEeMBI ypaBHEHUIi epBoro nmopsanka [26].



§ 2. Kpaesvie 3adanu 183

¢ 2. KpaeBbie 3amaun

B sTom maparpade OyayT pacCMOTPEHBI TPOCTERIINE YUCTIEHHBIE Me-
TOMBI PEIIeHnsT KPAeBbIX 33714 JJisi OOBIKHOBEHHBIX IuddepeHmasib-
HBIX ypaBHeHwuii. [TocTanoBKa 3TUX 33184 U 00IIME CBOWCTBA UX PENIeHUH
ObLIIM U3yUeHBI B II. 4.

1. Meton, crpesibObl. OCHOBHASA MIIess TOTO METOIId 3aKJIYAeT-
Cs B CBEIEHUN DPeENIeHNsI UCXOTHON KPaeBoil 3aJa9M K MHOTOKPATHOMY
PEIIeHIO BCIIOMOTraTe IbHbIX 331a4 Ko 151 3aganaoro audepeHiu-
aJIbHOTO ypaBHeHuA. [[ponsimocTpupyem 3Ty Uaeio Ha ITpuMepe KpaeBoii
3amaqan Ha orpeske [0, 1] 1Jisi ypaBHEHUs BTOPOTO MOPsIKA

ﬁ_g = (=0 3, (6.67)
o1 (y(0), £©) =0, (6.68)
o2 (v, ) =0, (6.69)

rae f,p1, s — 3amannabe (PYHKIUU CBOUX apryMenToB. IlycTs dyHknum
f>¢1, P2 ABIAIOTCA HOCTATOYHO IJIAJKAMU W BBIIOJHEHBI YCJIOBUS, TPH
KOTOPBIX peleHne Kpaesoil 3amaquu (6.67)—(6.69) cymecTByer u enuH-
CTBEHHO, & TaK¥XKe CyIIECTBYIOT €IUHCTBEHHBIE PEIICHNs HAYAJIBHON 3a-
nagu i ypasHenus (6.67) npu npou3BOJIbHBIX HAYAJIBHBIX YCJIOBUIX,
3amanabix npu £ = 0 wu ¢ = [. Beibepem HEKOTOpbIe HAYAJIbHBIE YCJIIO-

_ _dy _
sus §(0) = go, %(0) = 1, YIOBJIETBOPSIONINE JIEBOMY I'DAHUIHOMY
yciiosuio (6.68). 9To MOXKHO, HAIPUMED, CIEJaTh, 33/IaBIINCh 3HAYEHN-
eM o U paspelnias MoJiydeHHoe ypaBHeHne

o1 (70, () =0 (6.70)

OTHOCHUTEJIBHO %(0) = y;. B cuiy cieslaHHOTO HPEIoIoKeHns 3312493
onpenesienus pemennsi §(x) ypasHenus (6.67), ya0BJIETBOPSONIErO Bbi-
OpaHHBIM HAYAJJIBHBIM YCJIOBUSIM, PA3PENINMa €INHCTBEHHBIM 00DPa30M.
Ecou 661 nostydennas npu 3ToM GyHKIUA §(2) YIAOBIECTBOPSIA U MIpa-
BOMY I'DAHUYHOMY YCJIOBUIO

o2 (70, L) =0, (6.71)

TO UCXOMHAA KpaeBas 3ama4a Oblia Obl pemena. OnHako B o0IeM Ciiy-
4yae nostydennas GyHkuus () He yIOBJIETBOPAET IIPABOMY I'DAHUYHO-
My yesioBuio (6.71). ITo ciocoby cBoero nocrpoenus dbyHkms §(x) 3aBu-
CHUT OT 3HAYEHHUs {Jo KaK oT napamerpa: §(x) = §(x, §o), IpUIeM B CUILY
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0obIIIX CBOMCTB peneHns HavaJIbHON 3a1a91, W3y Y€HHBIX B TJI. 2, 9Ta 3a-
BUCUMOCTD HempepbiBHAsA. MeHsist 3HAYEHUsT o U MOBTOPsIsl OMUCAHHBIN
BBIIIE AJITOPUTM, TIOJIyYUM OIHOMAPAMETPUIECKOe ceMeficTBo (1, Yo)
pellleHnit HavaIbHBIX 3a0a4 Jid ypasHeHusi (6.67), ya0BIeTBOPAONINX
JIEBOMY rpaHudHOMY yciioBuio (6.68). 3amaua 3aKII09a€TCA B TOM, YTO-
6bI U3 9TOro cemeiicTBa BbLAeUTh QYHKIUIO Y(T), YIOBIETBOPIIONLYIO
U IPABOMY I'PAHUIHOMY YCJI0BHIO (6.69). DTOro MOXKHO JOCTUYD PA3JINY-
HbIME criocobamu. Hampumep, MOXXHO BHIOMpPATH HAYIAUy 3HAYEHUS g
10 TeX II0P, NOKa NPU HEKOTOPBIX OJIM3KUX 3HAYEHUAX {o,i—1,Yo,; HE HO-
JIYYATCs1 PA3HbIE 10 3HAKY JieBble yacTh (6.69). Dro Hymer o3HaAUATH, YTO
HNCKOMOE 3HAYeHUe {Jy «B3ATO B BUJIKY®» U MOXKHO BECTU KIIPUCTPEJIKY >,
YTOYHAA UCKOMOE 3Ha4YeHue {Jo. B cuity yKa3zaHHOI BbIIIe HEIIPEePbIBHON
3aBUCHUMOCTHI peIIIeHI/Iﬁ Ha4vaJIbHBIX 3aa49 OT Ha4YaJIbHBIX OAHHBIX HC-
KOMO€ 3Ha4YeHUe o JIEKUT MEXKAY Yo,i—1 4 Yo,;. ITOT CIOCOD pelreHns
kpaeBoii 3ana4u (6.67)—(6.69) u Hocur HazBanue memoda cmpessv6oL.

Ecou pemenue 3amauu Kouwm §(z, o) HAXOOUTCA B KBAAPATyPax, TO
coornomenue (6.71) npemcrasyser coboii HEKOTOPOE, BOOOIIE TOBOPI,
TPAHCIEHIEHTHOE YPaBHEHNE

blo) = o2 (710, 70), L1, 50) ) = 0 (6.72)

OTHOCHUTEJIbHO MCKOMOT'O 3HAYEHHUSA {Jo. €M CaMbIM 337293 CBOIUTCS
K 3aJa4e HaXOXKIeHus KOpHa ypasuenus (6.72). Pemus 310 ypaBHenue
(aHAIMTUYECKN MITH YMCIIEHHO), MBI TIOJTY YMM HadasibHble ycsosus y(0),

d o .
ﬁ(O), KOTOPBIM YJIOBJIETBOPAET PellleHne NCXOOHOI KpaeBoil 3a1a4u.

B obmewm coryuae dyuknuu §(zg, §o) HE UMEIOT BHOTO aHAJIUTUIECKO-
IO BBIPAXKEHUS U MOTYT OBbITh HAJIEHBI JIUNIb YUCJIEHHO [IJIs KaXKJIOTrO
KOHKPETHOTO 3HAYEHUs MapaMerpa . LOrma MOXKHO BOCIIOJIB30BATH-
Csl YUCJIEHHBIMEU METOJAMU pellieHus ypaBHenus (6.72) — pasjudabiMu
voaudukanuamMu Meroga Herorona, MeTona napabost u T. 1. Hanpuwmep,
MOKHO IO ONIMCAHHOMY BBIIIE AJITOPUTMY IJId 3HAYEHU apaMerpa o,
PaBHBIX o ;—1 ¥ Yo,i, TOCTPOUTh byHKINM §(2, Jo,i—1) 1 J(, §o,;). Torma
HOBOE 3HaYeHHue IIapaMeTpa o ;+1, COTJIACHO METOLY CeKyIINX, HaXOOUT-
CA U3 COOTHOIIEHUS

o (Ho,i — Jo,i—1)¥(o,i)
Yot = ¥0d ™ Ty (g0.0) — (o,i-1) (6.73)

OTmeTnM, 9TO €C/IM HAYAJIbHOE 3HAYEHWE {Jo BBIOPAHO BOJIM3M KOPHS
ypastenus (6.72), To urepanuonusiii nporecc (6.73) GpicTPo cXOOUTCS.
ITpoBeneHHbIE PACCMOTPEHHS CIIPABEIJIUBLI B O0LIEM CJIydae HEJTUHEli-



§ 2. Kpaesvie 3adanu 185

HOI KpaeBoii 3ana4uu. B ciyuae smHeiinoit kpaeBoii 3ana4un

Lly) = L [p(0) %] - a(@)y(a) = f(), (6.74)
a1y'(0) + A1y(0) = 0, (6.75)
azy'(1) + B2y (1) =0, (6.76)

MOKHO TIPEIJIOKUTh MOTU(UKAIMIO METOAA CTPEJIbObI, MO3BOJISIONLYI0
HOJIyYUTh PEIIeHne MCXOOHOI KPaeBoil 3a1adui, CBeIs ee K PEeIIeHUIo
CPaBHHUTEILHO HEOOJIBIIOTO YUC/Ia HAYAIBHBIX 3a0a4.

IMocrpoum dyukumio y; (), npencrasiisionryio coboii pemenue 3aa-
YU J1J1s1 HEOJHOPOAHOro ypaBHenus (6.74) ¢ HAYAIBHBIMU yCJIOBUAMU

1(0) = a1, y1(0) = —pu. (6.77)

OueBunnHo, B cuity (6.77) dynkuus y;(x) yaoBierBopsieT JIeBOMY T'pa-
HUIHOMY ycsioBuio (6.75). OnpenenuM GyHKIHUIO yo(2) KAk pelieHne 3a-
JIa4u JIJ1 OMHOPOIHOTO ypaBHenus (6.74) ¢ TeMu Ke HAYaIbHBIME yCJI0-

BUAMN
Y0(0) = au, 1/6(0) = —pi. (6.78)

B cuny nuneitHOCTH 3amauu U OMHOPOAHBIX ycsoBuil dyukums Cyo(x)
Tak¥ke TPefcTaBsisieT coboil pemeHne OIHOPOTHOrO ypasHenus (6.74),
YIIOBJIETBOPSIOIIEE JIEBOMY I'paHudHOMy ycsiouio (6.75). Ilosromy pe-
IIeHNe UCXOIHOI KpaeBoil 3a1a4 MOXKHO UCKATh B BUIE

y(x) = y1(z) + Cyo(x), (6.79)

omnpeneisiga nocrosuuyio C' u3 TpeboBaHus yIOBJIETBOpeHus (pyHKIMeR
(6.79) upaBomy rpanuunomy ycsosuto (6.76):

azy1 (1) + Bayi (1) + Clasyy (1) + B2yo(1)] = 0. (6.80)

3aMeruM, 9TO B CHJIy CIEJIAHHOTO MPEIOJIOKEHNsI O eINHCTBEHHOCTH
pellleHnsl NCXOOHON KPaeBOW 3a1a4i BbIPAXKEHNE B KBAJPATHBIX CKOO-
kax B (6.80) 3aBeOMO OTJIMYHO OT HYJISA; T€M CaMbIM HocTosiHHast C' u3
9TOrO COOTHOIIEHNUS OIIPEIEIAETC ONHO3HAYHO. TakuM 00pa3oM, B pac-
CMaTPHUBAEMOM CJIydae pelleHre KPaeBOl 3a/1a9i CBOOUTCA K PEIICHHIO
BCEro IBYX HA4YaJIbHBIX 3373, YTO MOXKET ObITh OCYIIECTBJIEHO PACCMO-
TPEHHBIMU B § 1 HaCTOﬂIIIeﬁ TJIaBbl YUCJICHHBIMU METOOaMMU.

Bameuanusda. 1.Pemenne kpaeBbIx 3a/1a4 i1 yPaBHEHUH U CUCTEM
6oJtee BBICOKOTO TIOPsIKA, Y€M BTOPOI'O, TAKKe MOXkKeT ObITh IpOBele-
HO METOOOM CTpeHb6bI. OCHOBHbIe naen MeToga Mpu 3TOM CYIIEeCTBEHHO
HE MEHSIOTCsl, OJHAKO BMECTO OHHOrOo ypaBHeHus (6.72) Mbl B obmem
cJlydae MOJIyYUM CUCTEMY P TPAHCIEHIEHTHBIX ypaBHeHuil Tuma (6.72)
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OTHOCHTEJIbHO IAPAMETPOB Y1, Y2, - - - , Yp, L€ P — HUUCJIO JIEBBIX IPAHIY-
HBIX YCJIOBMIA. DTO NPUBOAUT K 3HAYUTE/HHONU TEXHUYECKON TPYIHOCTH
[IPY IPAKTUYECKON peasIn3aluyl PEIleHs CUCTEM BBICOKOTO IIOPSIKa, Me-
TOIOM CTPeJIbOBI. VICKITI0UeHne COCTaBIIAIOT JINIID JINHEHHBIE CHCTEMBI,
J171s1 KOTOPBIX 332498 CBOIUTCS K PEIICHUIO CUCTeM JIMHEHbIX aJredpa-
WYeCKUX ypaBHeHuil.

2. B meTome cTpesibbbl perenre NCXOMHOR KPAeBOil 33/1a9u CBOIUTCS
K PEIIeHIO PIa BCIIOMOraTe/IbHbIX HAYaJIbHBIX 330a4. VI3 Moy YeHHbIX
Boie (§ 1) OIEHOK 3aBUCHMOCTH OMIUOKU YUCJIEHHOTO PENIeHNs] HATA b~
HOHI 3ama4u OT OMMOOK 3a0aHKMsA HAYAJIBHLIX NAHHBIX U BBIYUCJICHUS
MpaBbIX YacTell ypaBHEHUil ciiemyerT, 4To 3Ta OmKrOKa MOKET SKCIIOHEH-
[IMAJIbHO HAPACTATh C yBeJMYeHneM JIMHbI oTpeska [0, t], Ha KoTopoM
pelraeTca Kpaepas 3a4a4a. 9TO MPUBOANT K HEOOXOOUMOCTH WJIA 3HA-
YUTESTbHON MOAM(pUKAINE METOIa CTPEILObI (Tak HA3BIBAEMbBINH METOI
nuddepeHuantbHO OPTOroHaIBHON NPOroHKM) [9], MM IpUMEHEeHUs
[IJ1sl PEeIICHUs KPAEBbIX 3a/1a9 MPAMbIX KOHEYHO-PA3ZHOCTHBIX METOIOB,
W3JIOKEHUIO KOTOPBIX U Oy/IeT MOCBAIIEH CJAeMYIOMUI MTyHKT.

2. Koneuno-pasHocTHbIe MeTOnbl. Kak MbI y:kKe OTMedaJiu, CyTh
STUX METOIOB CBOOUTCS K 3aMeHe MCXOOHOH 3amaun njist auddepeHmy-
aJIbHOI'O ypaBHEHUs CUCTEMOIl ajireOpanmvecKuX ypaBHEHUIl NJ1A 3HAUe-
HUl ceTOYHON (byHKIMHU, ANMPOKCUMUPYIOIEH Ha CEeTKe pelleHrne WC-
XO,D;HOfI 3ada4u. Pa,CCMOTpI/IM OCHOBHBIE HMIOEH STOTO0 METOHda Ha IIPpHu-
Mepe mpocTeiinieil JTuHEHON KpaeBoil 3a1aun IJ1d YpaBHEHUA BTOPOrO
IOpsAIOKa

y" —q(z)y = f(=), (6.81)
y(0) =y(l) =0. (6.82)

Jlerko Bumers, uro npu g(z) > 0 xpaeBas 3amaqa (6.81), (6.82) umeer
€IIMHCTBEHHOE PEIeHUe. ITO yTBEPKIEHNUE ABJIAETC CIASACTBIEM 001IIe-
ro CBOMCTBA 33241 HA COOCTBEHHbIE 3HAYEHUsI, PACCMOTPEHHO{I B TJ1. 4.
Kax 6b110 mokaszano, npu g(x) > 0 Bce cOGCTBEHHbBIE 3HAYEHUST \p, COOT-
BeTCTBYOIIEH 33124 HA COOCTBEHHbIE 3HAYEHUS CTPOrO IIOJIOKUTEJIb-
Hbl: A, > 0. [Tockosbky A = 0 He fABJIsIeTCsT COOCTBEHHBIM 3HAYEHHEM
aroit 3agaun, KpaeBas 3ana4da (6.81)—(6.82) paspemnmMa eINHCTBEHHBIM
00paszoM.

Enuncreennocts pemenus 3anaqu (6.81), (6.82) moxkno mokasarb
U HENOCPEICTBEHHO, ONMPAsCh HA TAaK HAa3bIBAEMbIH NPUHUUN MAKCU-
Mmyma. TIpennosiokum, 9To CyIecTByeT HeTPUBUAJIBLHOE PEIIeHUe OIHO-
ponHoit kpaesoii 3amaun (6.81), (6.82) — dpyuruus yo(z). Ira GyHKIMA
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HelpepbIBHA Ha 3aMKHYyTOM oTpeske [0, ], ciemoBaresibHO, IO N3BECTHO-
My CBOUCTBY HEIIPEPBIBHBIX (DYHKIMI MPUHUMAET B HEKOTOPOU TOYKE Xg
BTOTO OTPe3Ka CBOe MaKCUMaJIbHOe 3HadeHue M :

yo(z) < M =yo(z0), =z €]0,1], (6.83)

npuaem M > 0, nockoabky ¥o(0) = yo(l) = 0. Touka xy Moxer ObITH
6o rpaHuYHOM, Jnbo BHyTpeHHel Toukoii [0,1]. Ilycts 29 — rpanud-
Has Touka. Ho rorma M = 0, nockousibky yo(0) = yo(!) = 0. HJomycrum
TEeMepb, 4TO Lo — BHYTPEHHAS TOYKA; TOLJA B 3TOH TOYKE HMEETC MAK-
cumyM u Yy (z0) < 0. Ho us camoro ypasuenus (cm. (6.81) npu f(z) = 0)
caemyer

0> yg (o) = q(z0)yo(z0) = q(w0)M >0, (6.84)
a 3TO MOXKeT BBINOJHATbCA Juimb nipu M = 0. Urak, M = 0. Ana-
JIOTUYHBIM OOPa30M JIETKO MMOKA3aTh, YTO U MUHUMAJILHOE 171 3HAYEHUE
dbyuxmn yo(z) Ha 3amxuayTOM OTpeske [0, !] pasHo Hysto: m = 0. O1cio-
na caenyert, 94to yo(x) = 0, x € [0,1], 4T0 U HOKa3BIBAET yTBEPKICHUE
€IMHCTBEHHOCTH pelleHns KpaeBoit 3amaqan (6.81), (6.82).

Ilepeiimem K MOCTPOEHUWIO PA3HOCTHOI CXEMBI, ANMPOKCHUMUPYIOMEH
samaqy (6.81), (6.82). Beemem Ha orpeske [0,1] ceTky wp, u paccMoTpum
CeTouHyI0 (DYHKIIO Y1), OMPEIe/eHHyI0 B y3/1aX ceTKu. Bropyro mpo-
u3BoaHy ' () anmpokcuMupyeM pasHOCTHBIM OTHOUIEHUEM

(yi+1 — 2ys + yim1)/B° (6.85)

U COIIOCTaBUM UCXOIHOI KpaeBoil 33/1a4e KOHEYHO-PA3HOCTHYIO CXeMy

Y(h)i+1 — 2Y(h)i T Y(h)i—
()i 22)1 (h)i1 — 4(n)iY(n)i f(h)i
Lpyny = Y(h)o = 8 , (6.86)
Y(r)n

rie qnyi = q(xi), fnyi = f(@i)-

Cxema (6.86), oueBumIHO, IpecTaBisieT coboit cucremy n + 1 juHeil-
HOIO aJIredpamvecKkoro ypaBHEHUs OTHOCHTEJIbHO 3HAYEHWH CeTOYHOM
byukuuu B n + 1 ysiax cerku. IIpu mcciemnoBaHuu 9TOH CXEMbI Mbl
[OJIZKHBI BBIAICHUTH BOIIPOCHI, CBA3AaHHBIE C €€ Pa3pemMnMOCThIO, YCTOMN-
YUBOCTBIO U CXOIUMOCTBIO cemeficTBa ceTodnbix (yHkuuit mpu h — 0
K PEIIeHNI0 UCXOIHOM 3a/1a4u, U YKa3aTh aJI'OPUTMbI IOCTPOEHUS Ce-
TOYHBIX (PYHKIIMIA.

Haunem ¢ BbIsicHEHMs BONPOCOB paspemmmMoctu cxembl (6.86). Ilo-
CKOJIbKY 3Ta CXeMa MpeacTaBJsieT coboil cucremMy JIMHEWHBIX ypaBHe-
HI/Iﬁ, TO OJIA CyIlIeCTBOBaHI/Iﬂ 1 €OAUHCTBEHHOCTU PEIIEHUA HEOOTHOPOI-
HOﬁ CUCTEMBbI JOCTATOYHO yCTaHOBI/ITb OTCyTCTBI/Ie HETPpUBHUAJIBHBIX pe-
MeHnt y COOTBETCTBYIONIEH OMHOPOMHON cucTeMbl. IIpeamnoioxum, 9To



188 Ia. 6. Hucaenrnovie memodo, pewernus OHY

OHOPOJIHAA CUCTEMa MMEeT HeTPUBHAJbHOE pemenue Ypyo = 0,...,
Ymyi 70,5 Ynyn = 0. Haubosburee us stux n + 1 yuces o6oznaunm
gepes M:

Yy <M =y (6.87)

Tax Kax y(n)o = Y(nyn = 0, T0 M > 0. Bynem reneppb paccyxiaarh Kak
U NIPpU JOKA3aTeJIbCTBE OTCYTCTBUS HETPUBHAJIBHOTO PEIIeHU:A Y OIHO-
ponsoro ypasuenus (6.81). Ilycts M mocTuraercss B OHOM U3 IDAHUY-
wbIxX y3J10B. Torma M = 0. Ecsm ke M mocturaercst BO BHyTPEHHEM y3J1€
i =k, TO B CuJLy OIHOPOIHOrO ypaBHenus (6.86) uMeer MeCTO PABEHCTBO

2+ P2 qmr) vk = 2+ P2 quy) M = yyre1 + Y- < 2M. (6.88)

Ecom M > 0, To orcioga moJiyduM MPOTUBOPEYNE, MOCKOJIBKY, B CUJILY
yenosus q(z) > 0, maeem (2+h2qpy) M > 2M . TlosToMy 1 B 5TOM Ca1y-
qae M = 0. Urak, M = 0. AnajiorugabiM 06pa3oM JIETKO MOKA3aTh, 9TO
MUHUMAJILHOR 1M 3HaueHue u3 n + 1 9uces, Yin)o, Y(h)is- - - > Y(h)n TAKKE
pasHo Hy110: . = 0. CJ1e10BaTeIbHO, BCE 3HAYCHUA Y(1)05 Y(h)1s - - - > Y(h)n
PaBHBI HYJTIO, YTO O3HAYAET OTCYTCTBUE HETPUBUAJILHBIX PEIIeHUH y Ol
HOPOIHOI cucTeMbl JinHeliHbIX ajrebpandeckux ypasaenuii (6.86). Urax,
pasnocmuasn cxema (6.86) odnosnauno paspewuma das w60t npasoi
wacmu f(p) npu a06om n.

Ilepeitnem Temepb K M3YYEHUIO ANMMTPOKCUMUPYIOMIMX CBOUCTB CXEMbI
(6.86). ITycts dyuxmu ¢(z) u f(x) IMEOT BTOPBIE HEMPEPHIBHBIE TIPOU3-
Bopmble Ha orpeske [0,1]. Torma us (6.81) coemyer, 94To pereHne KpaeBoit
sanaqn (6.81), (6.82) obsramaer Ha orpeske [0, ] HEIPEPHIBHBIME U OTpa-
HUYEHHBIMU MTPOU3BOIHBIME JI0 Y€TBEPTOro nopsiaka. Passaras TouHoe
periienue Kpaesoii 3agadu o ¢popmysie Teitsiopa u moacrasiss 9T0 pas-
JIOXKEHUE B JIEBYIO 9acTh ypaBHeHus (6.86):

2 3
Ly + hy' (@) + By @) + %y"'(m) + 24y<”> (i + 01h)—

— 2y (e) () — hy'(20) + By () = By () + By T (i~ o) } -
—qla)y(), (6.89)

rne 0 < 0y <1,0< 0, <1, nostyaum

2
y" () —q(ari)y(wi)+’2‘—4 [Z/(IV) (z;+6:h)+y V) (zi—62h)] = f(z:),
(6.90)
OTKY[Ia CJIEyeT, 9TO NOPANOK anmnpokcumaiuu cxembl (6.86) pasen 2.
Paccmorpum Bompoc 06 ycrofiunBocTu pasHOCTHO cxembl (6.86) mo
OTHONIEHWIO K BO3MYIIIEHUIM IPAHUYHBIX yCJIOBHI U TPABOi 9acTH ypas-
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HEeHNA. BOBMyH.leHHaﬂ 3ada49a UMeeT BUI

Y(h)i+1—2U(n)i TY(h)i—1

[ B2 —amilmi | fnyit+0f(nyi
hy(h)_ y:(h)O = ;‘0
J(hyn n oo
6.91

0603HAYMB OMPENTHOCTD PEIIeHHsT
OY(hyi = U(h)i — Y(h)i (6.92)
n BrauTan (6.91) u3 (6.86), nosyunM B CHILy JIMHEHAHOCTH

2+ hz‘](h)i)(sy(h)i = 6Y(nyit1 + OY(nyi—1 — h2‘5f(h)i:

(6.93)
OY(h)o = €0,  OY(hyn = En-
Buibepem To snavenne i = k (i = 1,...,n—1), npu KoTopom abCoTIOTHAS
BEJIMYMHA MOIPENTHOCTH HANOOJIhIIAsT:
16 ynykl = 10yl i=1,....,n—1 (6.94)

N3 ypasuenus (6.93) nmeem

2+ h2l}(h)k)|5y(h)k| <10y myk+1] + [0yryr—1] + h2|5f(h)k|- (6.95)

Hepasencrso (6.95) TOMBKO yCHJINTCH, €CTM 3aMEHHTb  [0Y(h)k+1]
u |0y (n)k—1| HA MakcumasbHOE 3HAYCHHE |6y (h)k|, & [0 f(n)k] — Ha Mak-
cumasibroe 3uadennue |4 fip)|. Torma (6.95) maer

B2 a0y nyk] < B8 fo - (6.96)

Orcroma moryanm
10y (ryk| < ||5f(h)||/1[1(}ilI]IQ($), k=1,...,n—-1,

a TaK Kak |0yn)k| < max{|eol, |ex|} (B = 0,n), T0 oKOHUATETHHO

165 (m)l
(h) 5 leol, lenl ¢ < Clldomyll1s (6.97)

oyl < maax { s

YTO U JIOKA3bIBAELT YCTONIMBOCTD cXeMbl (6.86) 0 rpaHUIHBIM yCJIOBUIM
U NpaBoil YaCT ypaBHEHU.

YcraHOBJIEHHBIE CBOHCTBA ANNPOKCUMAINKA U YCTONIMBOCTH CXEMBI
(6.86) m03BOJIAIOT HA OCHOBAHUU TeopeMbl 6.1 yTBepKIaTh CHpaBENJIN-
BOCTb CJIENIYIOIIell TeOPEMBI.
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Teopema 6.3. Ecin ¢yngnnu q(z) > 0 u f(x) gBax sl HEIpepbIB-
Ho muchcpepenmupyemer ma orpeske [0,1], To cemelicTBO Y1) pemenmit
pasHocTHOI cxembl (6.86) cxomurcs npu h — 0 K TOYHOMY peIneHHo
sanaqn (6.81), (6.82), mpuueM MOpsAAOK CXOAUMOCTH DABEH 2.

OcraHoBHUMCs Temepb Ha BOIMpocax peasmsaimu cxemsl (6.86). B or-
JINYHE OT PACCMOTPEHHBIX BBIIIE PA3HOCTHBIX CXEM PeIIeHnsT Havua TbHOR
sanaun (cxembl Jitsiepa, Pynure—KyTra), nanHas cxema He JaeT siBHOTO
AJITOPUTMA MOCJIEIOBATEIHHOIO BBIYUCIEHUS 3HAYEHUH CeTOIHOI (DyHK-
MM B y3JIaX CETKWU, & MPeACcTaBjsaeT coOoil cucteMy JIMHEHHBIX asired-
pandecKux ypaBHEHUil, B KOTOPYIO BXONAT HEU3BECTHBIE 3HAUEHUA Ce-
TOYHON (PYHKIMY BO BCEX Y3JIaX CETKU. [109TOMY /15 YMCJIEHHOTO pele-
HuA 33a49u (6.86) MOXKHO BOCIIOJIB30BATHCS OONIMMU METOJAMHU Pellie-
Hus JTuHeHHbIX ajrebpandeckux cucreM. OIHAKO B CJIydae JOCTATOYHO
OOJIBIIIOTO TTOPSIAKA 7 3TU METOMbI OKA3BIBAIOTCS BECHhMa, TPYIOEMKU-
Mu. EcTecTBEHHO BOCIOJIb30BATHC CIIEUAJILHBIMUA CBOMCTBAMHU MAaTPH-
Il TIOJTYYEeHHOM asirebpanydeckoil cucteMbl. B manHOM citydae MaTpuia
CHCTEMbBI TPeXIUaroHa IbHasl — JIUIIbh HA [JIABHOW IUArOHAJIU U IBYX 110~
BGOYHBIX AUATOHAJIAX JIEMEHTHI MATPHUIIBI OTJIMIHBI OT HYJIS. DTO MO3BO-
JISIET MPEIJIOKUTD 11 pemmenus cucrembl (6.86) Becbma addex TuBHbIi
CTIeIUAJILHBI METO, K M3JIOKEHUI0 KOTOPOTO MbI U TIepeiiaem.

3. Meton, anrebpandeckoii IPOroHKY pelleHus JIMHeHHBIX aJI-
re6pam94ecKuX CHCTEM C TPEXIUArOHAILHOM Marpumei. Paccmor-
PHM 3TOT METOJ JJIs CJIEAYIONIeil CHCTEeMbI, SABJISIONEHC HEKOTOPBIM
obobmerneM cxeMbl (6.86):

Awi—1 — Cwyi + Biyiy1 = —F;, i=1,...,n—1, (6.98)
Yo=0oyr+ B, Yn =YYn—1+90. (6.99)

IMycrb xoadduuuentsl, Bxonsmue B ypasuenus (6.98) u rpanudnbie
coornomenus (6.99), yIOBJIETBOPSIIOT yCJIOBUAM

Ay, B, Ci>0; Ci>2A;+B;, 0<a<l; 0<y<L (6.100)

OueBuIHO, B pACCMOTPEHHOM BhlLIIe ciiy4dae cxembl (6.86) yciosus (6.100)
BbITIOJTHEeHBI. TaxK ke, Kak u B ciry4ae cxeMbl (6.86), HeTpyIHO TIOKA3aTh,
9TO TIpU BbINOJIHEeHUK ycstouii (6.100) 3amada paspemmMa, U MIPUTOM
€IMHCTBEHHBIM 00pa30M.

Bynem nckars takue KoadpuimeHTs o, i, 9T00BI [IJIs1 BCEX 3HAYE-
Hult uHOekca ¢ = 1,2, ..., n UMeJ0 MECTO COOTHOIIEHUE

Yi—1 = a;y; + Bi. (6.101)
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IMoncraBum uckombiii Bun pemenus (6.101) B ypaBuenue (6.98); mosty-
9mM

(Aiai — Cl)yl + Biyit1 + (Az,ﬁz + E) =0. (6.102)
Beipaxas y; yepes y;+1 mo dpopmyse (6.101), nepenumenm (6.102) B Bune

[(Aia; — Ci)aiy1 + Bilyipr + [(Aie — Ci) Bigr + Aifi + Fi] = 0. (6.103)

st Toro arobsr (6.103) yaoBeTBOPAIOCh TOXKIECTBEHHO TIpu i = 1,
2,...,n — 1, nocraTo9HO OTPEOOBATEH, YTOOBI KAKIAs U3 KBAIPATHBIX
CcK0DOK obpamaJiack B HyJib ipu ¢ = 1,2, ..., n—1. 910 TpeboBanue maer
PEKYPPEHTHBbIE COOTHOIIEHNUS [IJIsi TOC/IEI0BATEIHHOTO ONPEIesIeHUs IO
3aJaHHBIM 3HAYEHUsIM @ = a1 U 3 = [3; «[IPOrOHOYHBIX» KO3 DUIHEH-
TOB tjy1 U (Biy1 («IpsMasi IPOrOHKA»):

Aifi + Fj

___Bi =
il = G gar Pt = G- Aar (6.104)

Jlerko mokasarb, 4TO Tpu BbINOIHeHUN ycsosuii (6.100) sHamenaTen
B dopmynax (6.104) orsimunbl oT HyJss u, Gosee Toro, 0 < a; < 1.
HeiictBuresibao, nepenummem Bropoe ycyosue (6.100) B Bue

Torna nepsyio dopmyay (6.104) MoxkHO 3amucarsh B BUIE

Qi1 = Bi
o+l = B; +A;(1—a;)+ D;”

(6.106)

Tak kak 0 < ay < 1, A4;,B; > 0 u D; > 0, orcioma cjemyer, 910
U 1151 BCEX Qy, BBIYUCIAEMBIX 110 popmyJie (6.106), BBIOTHAETCST YCII0-
Bue 0 < a; < 1. Urak, Bce 3Hamenaresu B ¢dopmyse (6.104) crporo
6oJIbIIIe HYJIs, YTO MO3BOJIAET HANTH BCe IPOrOHOYHBIE KO3 MUIINEHTHI.
Berawncius o, u 3y w3 (6.101), mostyanm

Yn-1 = QnlYn + Bn- (6.107)

C npyroit CTOpOHBI, B CHJIy IPAHUYHOrO ycJiosus (6.99)

Yn = VYn-1+ 0 =v(anyn + Bn) + 9, (6.108)

OTKyza

Yn = (VBn +0)/(1 — yan). (6.109)
Beime mbl nokasasu, 4to 0 < a;, < 1. Tlosromy B cuity ycsosus (6.100)
(0 £ v < 1) 3HAMEHATE b U ITOrO BbIPAKEHUs OTJIMYEH OT HyJid. Tem
caMbIM Y, onpeneseno. Teneps no dopmyJie (6.101) moxkem nocaenosa-
TEeJIbHO BBIYUCIIATH BCe HeusBecTHble ¥;—1 (i = n,n—1,...,1) (o6pamnas
nPO2OHKE).
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BamMedanus.

1. B cuty ycranossiennoro coornomenus 0 < «; < 1 HE mpu mpsiMoii,
HU TIpy 0OpATHOI MPOTOHKE HE MPOUCXOIUT HAKOIJIEHUS MOTMPEITHOCTEH
BBIYUCJICHUS.

2. Mbr paccMoTpesin CXemMy MeTOHA MPOTOHKHU, B KOTOPOW CHAYAJIA
OTIPEIESISIIOTCST IPOTOHOYHBIE KOI(DMUIIUEHTHI TPU MEPEHOCE JIEBOTO TPa-
HUYHOIO YCJIOBHsI, & 3aT€M BOCCTAHABJIMBAETCS pelieHune 1Mo (hopmy-
Jsie (6.101). OgeBumHO, aHAJOIUIHBIM 0OPA30M MOXKET ObITH PACCMOTPE-
HA CXeMa, B KOTOPO TPOroHOYHbIe K03(hMUIMEHTHI OMPEIeJISIOTCS TPO-
FOHKOI cIpaBa HAJIeBO MPABOTO IPAHUYHOIO YCJIOBHS, a PEIIeHne BOC-
CTaHABJIMBAETCS MPOTOHKOM CJIEBA HAIIPABO.



' TABA 7

ACHUMIITOTUKA PEIIEHUNI .
JUNOOEPEHIINMAJIBHBIX YPABHEHUU
II0 MAJIOMY ITAPAMETPY

HeobxomumocTs pasBuTusi TPUOJIMKEHHBIX METOIOB perneHust aud-
depeHnraIbHBIX YpaBHEHN oTMedasachk Boime. [U1. 6 ObLIa mocssiie-
HA TaK HA3BIBAEMbBIM YHCJIEHHBIM MeTojaM pernenust auddepeHmasib-
HBIX YPaBHEHUil, KOTOPbIE JAIOT BO3MOXKHOCTD [JIsl IAHHOTO YPABHEHUsT
C KOHKPETHbIMU HOMTOJTHUTEJIbHBIMU YCJIOBUAMU NMOJIYIUTH C TPON3BOJIb-
HOW CTENEeHbI0 TOYHOCTH TAOJIMILy 3HAYEHUI pelleHusi B y3/1aX CETKU.
B macrosmeit ryiaBe Oymer maru pedb O APYrOM KJIACCe MPUOJIMKEH-
HBIX METOJIOB, O TaK HA3BIBAEMBIX ACUMIITOTUIECKNX METO/IaX, KOTOPhIe
CTaBAT CBOEH Ie/IbI0 moJTydenne (hopMyJibl, OMUCHIBAONIEH KaueCTBEH-
HOE IIOBEOECHNE pelIeHnA Ha HEKOTOPOM HHTEPBAJIC U3MEHEHUA HE3aBH-
CUMOro mepeMeHHOro. TouHOCTh Takoif GpopMyJsibl UMeeT ecTecTBEHHOe
orpanuvenue (ogpobHee 06 3TOM CM. HUXKE). 3aMETUM CPa3y Ke, 4TO
YHCJICHHbIEC 1 aCUMIITOTUYECKHUE METOAbI HE NCKJIIOYAaI0T, & B3aUMHO I0-
MOJTHSIIOT JIPYT APYTa.

¢ 1. PeryJsisipHble BO3MYIIEHUS

1. ITonsiTHE aCMMIITOTHYECKOTO IpeacTaBiaeHus. B § 5 ri. 2 mo-
IPOOHO MCCJIEIOBAJICS BOIPOC O 3aBUCHMOCTH DelleHns HA4aJIbHOI 3a-
[1a9q| OT BXOSINX B ypaBHEeHUe mapamMeTpoB. B HacTosamem maparpade
MBI TTOJT0KUM tg = 0, 9TO BCcerma MOXKHO HOOUTHCS 3aMEHOI HEe3aBUCH-
MOT'O IIEPEMEHHOI0, U OIPAHNYMMCS CKAJIAPHBIM ciydaeM (y, pt — CKa-
JISIPBI), 9TO HE MPUHIUOUAJIBHO, & IeJIAeTCs JIMIIb B HEJIsAX KPATKOCTU
nzsoxkenusa. tak, paccCMOTpUM HAYaJIbHYIO 33124y

W= flytw), (0.0 =4 (7.1)
IIpu 3TOM GyHem cuanTaTh, 9TO [t U3MEHSIETCS B HEKOTOPO OKPECTHOCTH
s3Hadennsa y = 0, 9TO TOXKE MOXKHO TOOUTHCSI COOTBETCTBYIOMIMM BBHIOO-
POM HAYAJIa OTCUYETA 110 OCH [i.

B 1. 2 (Teopema 2.10) 6bLIO MOKA3aHO, YTO MPH COOTBETCTBYIOIIUAX
yCJIOBUAX Ha TpaBylo dactb (7.1) pemenue y(t,p) samaum (7.1) cy-
IEeCTBYeT W sIBJIETCS HenpepbiBHOW dyHKumeil ¢ u g Ha MHOXKeCTBe
te[0,T], || <c.

JoxazaHHasi TeopeMa 3aKJII04aeT B cebe CJIeIyIONIyl0 BO3MOXKHOCTh
MOCTPOEHUs TPUOIMKEeHHOro pentenns 3aaa4dn (7.1). Paccmorpum 3ama-
4y, Koropas nosydaerca u3 (7.1), ecsiu B Hell pOpPMATILHO TTOJIOKUTH
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p=0: p
=110, y(0)=y" (7.2)

Banaua (7.2), Boobrue roBopsi, npoie ucxomnoi 3anauu (7.1), u ee peme-
Hue, Koropoe obo3HaduM §(t), UCCIenoBaTh NpoIle, a BO3MOKHO JaXkKe
yaacrces agpdektuBHO ocTpouth. 3 Teopemsr 2.10 cremyer, 4To Ha He-
koTopoMm cermente [0, T

y(t, p) = g(t) +e(t, ), (7.3)

rae e(t, ;) — 0 mpu p — 0. Takum obpasom, §(t) cayxur mis y(t, )
npubJInzKeHHbIM BbIpaxkenuneM, a £(f, 1) ecTh HOrPenHOCTb HTOrO IIPHU-
OJIKeHu.

®opmysta (7.3) ABJIs€TCA NPOCTEHIIMM BAPUAHTOM TaK HA3bIBAEMOIi
acumnmomuueckot dopmyav, (Wmu acumnmomuyeckozo npedcmagae-
nus) pemenus y(t, ) MO MaJOMy HapamMerpy . AcHMOTOTHYECKUMU
dopmysaMu M0 MaJIOMy HapaMeTpy Mbl OyaeM Ha3bBaTh Takue (hop-
MYJIBI, B KOTOPBIX HEKOTOPbIE WIEHBI, HA3BIBAEMbIE OCMAMOYHbLMY YA~
HAMU, BBITICBIBAIOTCS HE TOYHO, & YKa3bIBAIOTCSI JINIIb UX CBOCTBA IIpH
@ — 0, HATIpUMep, MOPsIIOK CTPeMJIeHHsI K HyJ1i0 npu 4 — 0.

B dopmyse (7.3) ciaraemoe (i, (1) ABJISETCS OCTATOYHBIM YJIEHOM.
Teopema 2.11 maeT BO3MOXKHOCTH yKa3aTh MOPNOK cTpemyeHust €(t, i)
K Hys10. B camMom meste, cymecTBOBaHME TPOM3BOMHON MO 44 JAET BO3-
MOZKHOCTBb HaIlUCaThb

0
y(t. 1) = §(t) + ga(t. 0w, 0<O<L, (7.4)

1 yCTAHOBUTH TeM caMbiM, 910 €(t, u) = O(p). 3mech u B masbHefimem
nomo6GHOrO poma paBeHCTBO o3Hadaer, 4To |e(t, u)| < Cu, rme C — He-
KOTOpast IIOCTOAHHASA, HE 3aBUCAIIAS OT {4 IPU JTOCTATOYHO MAJIBIX .

Yewm menbie p, Tem jayuie §(t) npubamkaer y(t, ). OnHako B pe-
AJIBHBIX 337a9aX [ ABJIAETCA MAaJIOi, HO He GECKOHEYHO MAaJIOH BeJu-
qunoii. [Tosromy acuMmnrorndeckaa (HpopMysia MPOM3BOJIBHYIO CTENEHb
TOYHOCTH O0DECIIEYUTH HE MOXKET U ITO SABJIAETCH €€ NPUHIUIUATIHHBIM
HenocTaTKoM. TeM He MeHee acuMnTOTHYECKHE (POPMYJIbI OYEHb yI06-
HBI B T€X CJIy4asiX, KOrga TPedyeTcs MOoJlyYuTh KAYeCTBEHHYI0 KAPTUHY
pelleHus.

SBavmeuvanue. CkazaHHOE OTHOCUTCS K 33a9aM, B KOTOPBIX MaJIbIi
mapaMerp ft ABJISIETCS €CTECTBEHHBIM (DU3UIECKUM MAJIBIM TapaMEeTPOM.
CyImecTBy0T, OHAKO, 3a/Ia49i MHOIO POIA, HAIPUMED, 334, BO3HU-
KAIOIIKE IPH 0OOOCHOBAHUN BBIYMCIUTEIBHBIX aJITOPUTMOB, KOTJIa UCKY C-
CTBEHHO BBOJAUTCA HEKWIl MaJjIblil MapaMerp, CKaXKeM BeJIMYUHA, [Iara,
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SHa4Y€HHEM KOTOPOro MOXHO PaCIOPAXKATHCA IIPOU3BOJIBHO. B rakoro
PoOOa 3adavax obecreInBaeTCst IPOU3BOJIbHAA CTEIIEHb TOYHOCTH.

Pesysibrarsl ri1. 2 mO3BOJIAIOT HOJIy4YuTh miist y(t, 1) acuMoTorude-
CKYI0 (bOPMYJIy C OCTATOYHBIM YJIEHOM 0O0JIee BHICOKOIO MOPSIKA MaJIO-
cru, uem O(u)*), ecou f(y,t, u) yaoBjeTBopser ycaoBusaM, obecnedu-
BAIOIIUM CYIIECTBOBaHUE 1+ 1 HEMPEPBIBHBIX TPOU3BOIHBIX 110 ft. Cdhop-
MYJIUPYEM 3TOT BBIBOI U3 § 5 IJI. 2 B BUIE OTAE/IbHOH T€OPEMBI.

Teopewma 7.1. Ilycts B HEKOTOpOIi obstactu D nepemeHHbIX Y, t,
¢yukmus f(y,t, p) obaamaer HEMPEPHIBHBIMA U PABHOMEPHO OTDAHHYEH-
HBIMH YaCTHBIMH MPOU3BOJHBIMH 110 Y H [t JI0 HOpsiAKa n + 1 BKJIIOYH-
respHO. Torma cymecrByer cerment [0,7T], HA KOTOPOM /I pereHust
y(t, n) 3amaunm (7.1) cnpaBeamBo aCHMITOTHIECKOE NPEINCTABIEHHE

y(t ) = G0) + nGL(0) + o+ oy 3 7(8,0) +ensa(t,p),  (75)

raeen1(t,p) = 0mprp — 0,0 <t < T, mpuaem £,41(t, ) = O(p™1).
BamevaHU.

Ny
1. Besmmuunbl a—n(t,O) OIpenesIfATCa U3 YPaBHEHUIl B Bapualudax,

BBIMIMCAHHBIX B § 5 1. 2. [Ipencrasnenue (7.5) MOXKHO MOy IUTh U HHAYE.
IMoncraBum B (7.1) Boipaxenue ujid y B Buie GOPMaILHONO Psiia

y =yo(t) + pyr(t) + ... (7.6)

PackJiianpiBas nocsie noacranoBku Besimauny f(yo+uyi+-. . ., ¢, ) Takxke
GOpMATBHO B CTENEHHOM P, MOTYIUM

dyo I Mdy1

0 0
= f(y07t70) + %(y07t70)(:u'y1 +) + %(?Joatyo)ﬂ‘i‘
ot (4 E 4 u) e t0) +

Y0(0) + py1(0) + - -- = ¢°.
IIpupaBHUBasA 4I€HBI C OAUHAKOBLIMU CTEIICHAMHU [i, OyIeM UMeThb

d

T = f(y0.£,0), y0(0) =y°, (7.7')
d 0 0,
W= Lot 0 + Lo t.0), mo)=0, @7

*)Cwm. cHOCKY Ha c. 178.
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Penias nocsienoBaTesibHO 3TU 331391, OIPEeIesuM 4ieHbl psama (7.6). 3a-
nava (7.7") mos yo(0) coBnamaer ¢ 3amadveit (7.2), u, crasno GbITh, B CUITY
emuucrBennoctu Yo (t) = §(t). Banaua (7.7") — c 3amaveii mis g—Z(t, 0)
(cm. (2.141)), u, crasio 6biTb, Y1 (t) = g—Z(t, 0) u .

2. Echu f(y,t, ) obnanaer B D HeNPEPbIBHBIMU U PABHOMEPHO OI'pa-
HUYEHHBIMU TIPOU3BOIHBIME JIIO6Or0 nopsaka, 1o B (7.5) n aBisercs
BEJIMYUHOM npousBoJibHOM. [t y(t, 1) Tem cambiM onpenesieH psia Ma-

KJIOpeHa ¢ obmuM 4iieHoM p"y, (t) = ,u"gu—%(t, 0) Takoii, 9T0 PasHOCTH

Ent1(t, 1) MeKIY dacTU9HON cymMMOil 9TOrO psma u pemeHueM y(t, i)
ectb O(u"*1). Takoil pan HA3BIBACTCA ACUMNMOMUMECKUM PAJOM ITH
ACUMNIMOTMUYECKUM DA3AOHCEHUEM TTO MATIOMY TapaMeTpy p miist y(t, p).
[omuepxuem, 4To £p,41 (¢, ) = O(u™*!) npu buxcuposannom n u p — 0.
Ecam xe p dukcupoBaHo, a n — 00, TO £p41(t, 4) MoxkeT npemesia
He UMeTbh, T.€. IIOCTPOEHHBI TAaKMM OOPA30M Pl CXONAMNMCH, BOOO-
1€ TOBOPSL, HE SABJISETC.

3. BmecTo TepMUHOB «acuMITOTHYECKAs (POPMYJIIa®, «ACHMITOTHIE-
CKO€e IPEJICTABJIEHIE», «ACUMIITOTHYECKOe PA3JIOKeHne» yrnorpedisier-
Cs1 KPATKOE HA3BAHNE «ACHMIITOTHKAY.

4. Teopus, passuras B § 5 1. 2, u cjenyiomas u3 Hee teopema 7.1
Q0T MAaTeMATHIeCKoe OO0CHOBAHNE «OOBIYHONY /17151 (PU3UKYU U TEXHUKU
omepaiy 0TOPACHIBAHISA MAJIBIX YJIEHOB B YPABHEHUN. DTH MAJIbIE UjTe-
HBI YACTO HA3BIBAIOTCS 603MYWeHusMu. B cBs3u ¢ stum ypasuenue (7.2)
HA3BIBAETCS HEBOZMYW,LHHBIM YPasHeHuem, a ypaBaenue (7.1) — eozmy-
weHHbIM YpasHenuem. Teopust, nMeromast 1mesibi0 000CHOBAHNE ACHMIITO-
TUKH 110 MaJIOMy [apaMeTpy W, 9acTO HA3bIBAETCA meopuell 803Myule-
HU.

Teopema 7.1 cupaBenyinBa TpU YCJIOBUSAX JIOCTATOYHOMN TIJIQIKOCTH
(non, KaK TOBOPAT, peryJisipHOCTH) Tipasoit yactu (7.1) o y u . Bosmy-
MIEHNUS, TOTIMHSIIONIECS TPEOOBAHNIM TEOPEMBbI 7.1, Ha3BIBAIOTCS peay-
AAPHUMU 603MYULEHUAMY. DTUM Pa3bACHIETCA HA3BAHWE HACTOSIIETO
naparpada.

MMpuwmep 7.1. Hosyunwm cnpaBenyusyo Ha [0, 7] acuMnToTHIECKY 1O
dbopmysty ¢ ocratounbiv utenom O(u?) s pemenns y(t, 1) 3amaam

% =a(t)y + b(t) + pc(t)y®, y(0) =0.

910 ypaBuenne Pukkaru, perrenune Kotoporo 3¢h@eKTuBHO MOJIyYUuTh
He ynaercsa. Oyuximm ke yo(t) u y1(t) crpoaTcs KBaapaTypamu, a UMeH-
HO,

Ciiito =a(t)yo +b(t), wo(0) =0,
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CJIeJIOBATEJIBHO,

t fa(t) dt d
) = [bner " dr W= ety +e®yd, 1(0) =0,
0

u, CJ1egoBaTeJIbHO,

t f‘a(t) dt
yi(t) = [ e(r)yg(r)er dr; oyt p) = yo(t) + pur (1) + O(1?).
0

2. CyulecTBoBaHMe pellleHHsI BO3MYIIEHHOU 3amadu. Pesysib-
TaTBl, TIOJIyYeHHBIE B § 5 TUI. 2, 00JIamaoT TOH OCOOEHHOCTHIO, UTO
CIPaBEAJIMBOCTD aCUMITOTUYIECCKOI'O MPEACTABJICHUA TaPAHTUPYETCA Ha
HekoTopoMm cermente [0, 7], onpenenseMoM cBoficTBaMu MpaBoii yacTu
(7.1), OMHOBPEMEHHO € CYNIECTBOBAHUEM U €IUHCTBEHHOCTHIO KAK HEBO3-
MYOIEHHOTO, TaK 1 BO3MYHOIECHHOTO ypaBHeHHﬁ.

MozxkHOo cTaBuTh BOmpoc mHade. [[omycTuMm, 9TO pelieHne HeBO3MY-
meHHol 3anaun (7.2) CymecTByeT, eqMHCTBEHHO U TIPUHAIJIERKUT HEKO-
Topoii obsactu G mpocrpancTBa nepemenubix (y,t) mpu 0 < ¢t < 7.
Besuuuny T B manHOM CJiydae MOXKHO, HAIPUMED, YCTAHOBUTH HEIO-
CPEICTBEHHO U3 ABHOrO Buaa §(t). Bymer jiu npu H0CTaTOYHO MAJIBIX fi
pewenue 3ana4u (7.1) Takxe cymecrsoBars Ha BceM [0, T'] 1 mOXInHATH-
csa dopmyste (7.3)7 OTBET HA 3TOT BOIPOC MAET CJIEMYOIIAS

Teopema 7.2. IIycts B obimactu G = {0 <t < T, |y| < b, |u| < i}
¢ynxuusa f(y,t, ) HempepbIBHA 110 COBOKYIHOCTH apryMEHTOB H YIO-
BJIETBOpsET ycJI0BUIO Jlummmuia

|f(y,t, ) — fy2,t, )| < Nly1 — 2|,

e N — oana u Ta >Ke MOCTOSHHASA IJIs BCeX | u3 orpeska |u| < .
Iycre pemenne §(t) 3anaun (7.2) cymecrByer u equacrsenso aa [0, T
u npunagnexur D = {0 <t < T, |y| < b}. Torma npu xaxaom gocra-
TOYHO MaJioM i pemrenne y(t, p) 3agaqu (7.1) Takxke cymecTByer u eauH-
crBerno Ha [0,T] n npunamaexur D, npuiem nMeer MECTO paBHOMED-
HBIIf OTHOCHUTEJIBHO t NIpenesibHbll nepexorn

Lim y(t, p) = g(t)- (7.8)

HoxkaszaresnbctBo. Ilepeitnem B (7.1) kK HOBOIT Hen3BecTHOM (DYHK-
mn A = y — §(t), KoTopas fABJAETCs PEIIeHHeM HAYAJILHON 3a1aun
(cp. (2.137)); mosmy4uum

D= [f(F+At, )~ F@ 1 )]+ [F @t )~ F(7,1,0)], A0)=0. (7.9)
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Paccvorpum cremyrornyo 061acTh nepeMeHHbx A, t:

D={0<t<T, |A|<C}, tne C=b—p, f=suplgt)
(0,77
Ilpu |A| < C umeem |y| < |g| +|A] < f+C = b, re. mpu [A| < C
aprymentol f(y,t, 1) ocratorca B obsactu G. Torma B cuiy yciosus

Jlumnmmia
|f(y_+Aata:u) - f(y_ata”’)| < N|A|7

a B cuty HenpepbiBHOCTH f(y,t,10) 3aKk0uaeM, 9to f(7,t,u)—f(7,t,0)—
—0 pu pr — O paBHOMEPHO OTHOCUTEJIBHO ¢, T. €. CYIIECTBYEeT HEKOTOpasi
dyuxima w(p), 3aBUCANIAA TOJBKO OT {t U CTPEMAIMIAICA K HYJIO IIPU
w — 0, Takas, 910

|f(277t7:u') - f(?jv t, 0)| < w(:u')‘

BocmostbayeMcss Temepbh TeMu K€ COOOPaKEHUAMU, 9TO W TIPH 0~
KazaresbCcTBe Teopembl 3.2. Teopema CymiecTBOBaHUSA U €IMHCTBEHHO-
cru obecrednBaeT CylneCTBOBAHUE U €IMHCTBEHHOCTb A(t, 1) U BBINOJI-
nenne HepaseHcrBa |A| < C Ha mexoropom orpeske [0, H]. Ilpunu-
masa H,A(H, ;) 3a HOBYIO HAYAJLHYIO TOYKY, MOXKHO MPOIOJIKUTH Pe-
menne Ha Gosbmmit orpesok [0, Hi] (Hy > H) u T.a. Iycts [0, H)
(H < T) — MakcuMasbHbII MOJIyHHTEPBAJ, HA KOTOPOM CYyIIECTBY-
er enuHcrBennoe pemrenve A(t, p) 3amaguu (7.9), npunagexaiee D,
a H, — H — npousBosibHAS [OC/IEI0BATEILHOCTD. JIOKazKeM, 9T0 Cy-
mectByer lim, o A(H,, p).

Tak kax nuis soboro n Ha [0, H,] nmeem |A(t, p)| < C, 1o

92| < N1A| + w(p),
a ToTIa, COrJIacHo jiemme 2.1,
w _
A < N - 1) = wi(u), (7.10)
rie wi (@) obutamaer remu xKe coicTBamu, 4yro u w(p). CiaenoBaresibHO,
|28 | < N () + w(n).

Ha ocHOBaHME 5TOr0 HEPABEHCTBA AOKA3BIBAETCS CYIIECTBOBAHUE IIPE-
nena limy, o0 A(H,, 1) TOYHO Tak XKe, KaK OPU J0KA3aTeIbCTBE TE0pe-
Mol 3.2. TTockosbky |A(Hp, p)| < wi(p) < C, 10 1 limy o0 A(Hp, 1) <
< wi(p) < C. Hanbhefimue paccyKIeHus NOJHOCTHIO COBIIAJIAIOT C Te-
MU, KOTOPbI€ ObLITA ITPOBEIEHBI IIPU TOKA3ATE/THCTBE TEOPEMBI 3.2, U TIPH-
BOIAT K BbIBOIY, uT0 H = T u A(t, 1) CymecTByeT u euHCTBEHHO HA



§ 2. CuHayaapHYIE 803MYU,EHUS 199

orpeske [0,T]. s HepasenctBa (7.10) ciienyer paBHOMEPHOE CTPEMJIe-
uue A(t, u) x mymo npu u — 0, 1.e. caenyer (7.8). Teopema moxkaszana.

BamMeuaHus.

1. Teopema nokasaHa [Jig CKaJIIPHOIO CJIyYas, HO AHAJIOTUYIHOE
YTBEPKICHNE CIPABEIJIMBO U Il CJIydast, KOrIa i — BEKTOP.

2. Teopema 7.2 ocrtaercst cpaBeiinBO#, €CJIU MMEET MECTO BO3MY-
meHue He TOJIbBKO B ypaBHeHI/II/I, HO U B HAYAJIbHBIX yCJIOBI/IﬂX, T. €. eCJIn
(7.1) umeer Bun

dy = fly.t,p),  ylwi(p),p) =y° +wa(p).

§ 2. CuHryJIsIpHBIE BO3MYIIEHHASA

B npuioKeHuax HepeaKo BCTPEYAIOTCs CIydan, KOrJa MaJIblil mapa-
METp ¢ BXOLUT B yPABHEHHE TAKUM 00PA30M, YTO TEOPUSI IPEIbILYIIEro
naparpada HenpumeHuMa. PaccMOTpUM B KadecTse mpocTefiimero npu-
Mepa JBIKeHne MaaTHuka (cM. . 1, § 2):

"+ oy + ky = f(t), (7.11)

rae I = p sBasieTcs masbiM mapamerpom. B ciiyuae, pasobpanHoM B mIpe-
IplaymeM naparpade, B IeJisxX HOJTy YeHnst NPUOIMKEHHOTO BBIPAZK CHI ST
[IJIs1 PEIIEHUsT MOKHO ObLJI0 B ypaBHEeHHH (POPMAJILHO MOJIOKUTH i = 0
U B3ATH PEIeHUEe MOJIy9YeHHOrO TAKMM 00Pa30M YIIPOIIEHHOIO ypaBHE-
HUs1. MOXKHO /M TOCTyNUTH Tak ke B ciaydae (7.11)7

JBmxenne maaTHuka B (7.11) onpenessiercs 3ajaHueM HAYaJIbHOTO
nostoxenus u ckopocru y(0) =y, y'(0) = y?. Honaras B (7.11) u = 0,
MBI TIOJIyYMM ypaBHeHue 0onee Hu3%020 (IEpBOro) MOPAIKA, PENICHHEe
KOTOporo onpenessercsa 1oabko 3amganueM y(0). Tem cambim 3apanee
SICHO, YTO, TIOCTYIIas TAK, Mbl HE MOXKEM y4YeCThb Bce (hakTopbl, onpemne-
sasomue pemenue (7.11), u o kpaiineit Mepe B OKPECTHOCTU HAYAJIBLHOM
TOYKM NPABUJILHON MO HE MOJTYIUM.

Taxkum 06pasoM, BBIBOIBI MPEIbIAYIIEro naparpada B IaHHOM CJIy-
4ae HeCHPABEIJIUBBI U, CTAJI0 ObITh, YCJIOBUA TEOPEM IPEIbLILYIIEro na-
parpada Hapymenbl. YTo0bl HOHATH, KAKUE YCJIOBUsI HAPYIIEHbI, 3alld-
wem (7.11) B dopwme (7.1) (ypaBuenue yxe Oymer BEKTOPHBIM, HO, KaK
0TMEYAJIOCh BBILIE, STO HE NPUHIMIHAIBHO):

o= 22O _ f ey ),

y/ =z = f2(Z,?Jat,H)-
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Orcioga BUIHO, YTO fi He sABJIIETCS HENPEpPbIBHOW (dyHKImeil u mpu
1 = 0, T.e. He BBHITIOJIHEHO OCHOBHOE TPeOOBAHME TEOPUU MPEIBILYIIErO
naparpadga — TpeboBaHUe HENpPepPLIBHOCTH MPaBbIX 4actei. Ipyruvu
CJIOBaMU, MOXKHO CKa3aTh, 9TO B JIAHHOM CJIy4ae MpaBasi 9acTh 3aBUCUT
OT i HepezYsapHbiLM, WA cuh2yasapHbim, obpasom. [ToaTomy Bozmymie-
HUsT TUIIA (Y, T. €. KOTIa MaJIblii ITapaMeTp BXOAUT KAK MHOKUTE b [IPH
crapiieii TpOn3BOIHOM’, MOy YUIN B JINTEPATYPE HA3BAHUE CUH2YAAPHOIL
603MYULeHUT.

IIpocreiinne mpuMepbl MOKA3BIBAIOT, YTO CUHTYJISIPDHO BO3MYIIIEHHBIE
cHUCTEeMbI 0DJIAIAIOT PSAOM CBONCTB, KOPEHHBIM 00PA30M OTJIMYAOIIIX
WX OT PEryJISPHO BO3MYIIEHHBIX CHCTEM, UCCJICIOBAHHBIX B § 1.

Paccmorpum ypasuenue

wy' = ay +b; a = const, b= const, (7.12)

npu HavasbHoM yestosun y(0, ) = y°. Ero TouHoe pemenue nveer BU

y(t,p) = (yo + %)e‘”/“ -5 (7.13)
ITostarast B ypaBuennu (7.12) p = 0, nomyunm (npumeHsiss 0603HAUE-
us § 1) § = —b/a. Ananusupys (7.13), MOXKHO BUIETH, YTO OJIM30CTH

Y K § IMeeT MeCTO JIMIIb IIPU BBIIOJIHEHUM HEKOTODPBIX CNeyUanbHblT
YCJIOBHi, O KOTOPBIX He ObLI0 peun B § 1. A mMeHHO, ecsiu paccMaTpu-
BaTh pellleHNe HA4daJIbHOW 3ama4u Brnpaso or t = 0, To y — ¢, ecau
a<0,apu—~40 (wma>0,ap— —0). Eciu xe p — 0 npous-
BOJIBHBIM 006pa3oM, To Hu npu a < 0, #Hu npu a > 0 pemenue y mnpemuesia
HE NMMeeT M fABJIACTCA HEOIPDAHMYCHHDBIM. KpOMe TOro, €CJIn OazKe BbI-
noJinenst ycsious a < 0, p — +0 (um a > 0, p — —0), upenesbHbIi
Mepexom y — § UMeeT MECTO MJis ¢, CTPOro OOJIBIIUX HYJIsl, TAK KaK [IPU
t=0y(0,u) =y°, ay°, Boobme rosops, He pasHo —b/a.

Bce 311 dakThl TOBOPAT O TOM, YTO B CHHTYJISIPHO BO3MYIIEHHBIX
cucreMax npeHedperaTb MaJbIMU YJIEHAME MOYKHO JIMIIh MTPU BBITOJTHE-
HUU OCOOBIX YCJIOBUIA M BBIICHEHUE 3TUX YCJIOBUl TpedyeT crienuaibHOM
TEOpHuU, K KOTOPOl MBI U NepeiiieM.

1. YpaBHeHHE ¢ MaJIbIM ITapaMeTpPOM IIPHU cTapiieil mpows-
BonHoU. Teopema o npeneabHOM mepexone. PaccMoTpum cucremy
muddepeHnnabHbIX yPaBHEHIH BUIA

d
N% :F(zayat)a d_?: :f(zayat)a (714)
roe p > 0 aBsisieTca MmastbiM mapamerpom. [locraBum HAYAIBHY IO 38029y

2(0,p) = 2% y(0,p) =1°. (7.15)
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Havasibhas 3amaqa miis ypasaenus (7.11), 04eBuaHO, CONEPKUTC 31€CH
KaK 4aCTHBIHA ciydail.

1°. TIpaseie gacrtu (7.14) Gymem npeanosaraTh HEIPEPHIBHBIMU BMECTE
C YaCTHBIMM IIPOU3BOIHBIMU IO 2 M Y B HEKOTOPOil 00J1acTH

H={(y,t) e D={0<t<T, |y <b}, |z]<d}.

IMosiaras B (7.14) dbopmasibro p = 0, HOJIYyYUM HEBO3MYIIEHHYIO CH-
CTeMy ypaBHEHHil, Wi, KaK ee Ha3bIBAIOT B TEOPUH CHHIYJIAPHBIX BO3-
MYIIEHUH, 86podcIeHtyto cucmemy, Tak KaK ee IOPsIIOK HIKE, 9eM I10-
panok cucreMsr (7.14):

0=F(zy.t), U=fiy0. (7.16)
Yro6bl ONMpenesnTh perieHne 310l CUCTeMbl, HAI0, TPEXKIE BCEro, Pas-
pelnTh OTHOCUTEBHO z TiepBoe u3 ypasHenuit (7.16), Koropoe sBJIs-
ercs KoHedHbiM (He nuddepeHnuaabHbIM). IT0 ypaBHEHUe HeJIMHeHHOe
U TI09TOMY MOXKET UMeTh HECKOJIHKO pemrenuii. Mbr Oynem npeamosiarars,
9T0 BCe pemenns (KopHu) z = (Y, t) 9T0ro ypaBHeHUs AefiCTBUTETbHBI
u m3osmposansl B D. Hano sei6pars oqun u3 xKopueit z = o(y,t) u nos-
cTaBuThL €ro Bo Bropoe ypastenue (7.16). Bonpoc 3aksogaercsa B ToMm,
KaKOll M3 KOpHell cjienyeT BbIOpaTh, YTOOBI 00eCednTh 6JIU30CTh KOH-
CTPYMPYEMOro Hamu pernerusi cucremsl (7.16) k pemenuto z (¢, i), y(t, i)
samaqu (7.14), (7.15). IIpasusio BeiGopa KopHs (Y, t) Oymer chopmyn-
posano Hmxke (cMm. 3°% 5°). Ilocsie momcranoBku z = ¢(y,t) BO BTOpOE
ypasuenue (7.16) nosyunrca nuddepeHiuaibHoe ypaBHEHHe OTHOCH-
TEJIBHO Y U JJIs1 OMHO3HAYHOTO ONMPEIeIeHNs Y MOTpebyeTcs 3a/1aTh Ha-
JaJIbHOE yCJIOBUE. ECTeCTBeHHO OpeanoJIOKUTh, 9TO U3 ABYX HAYAJIbHBIX
ycaosuit (7.15) caemyer ocTaBUTh JIMIIL OIHO: yCaoBUE Ha Y. VITak, MbI
MPUXOIUM K 337a9e

% = f((p(gj, t)v?j? t)v 1,7(0) = yo, (717)

rne ¢(y,t) — onuH u3 Kopueii ypasuenns F(z,y,t) = 0.
2°. Bynem npenmonarars, aro $byHKuua ¢(y,t) HempepbBHA BMecTe
¢ mpOM3BOAHOMI 10 Y, Korma (y,t) € D.

Onpenenenne. Kopenb 2z = ¢(y,t) OyaeMm HABLIBATD YCMOUHUGHIM
6 obaacmu D, ecoiu npu (y,t) € D BBIIOJHAETCA HEPABEHCTBO

9E oy, 1),y,1) < 0. (7.18)

Bameuanue. Cp. ¢ TpeboBanmem a < 0 B pacCMOTPEHHOM BHIIIIE
npuMepe.
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3°. Byaewm npennosiarars, 910 B (7.17) ¢(y,t) ABAgeTCs yCTOHIUBBIM
KODHEM.

4°. Bynewm npeamnoJiarars, uro pemenne §(t) 3anauu (7.17) onpenesieno
na cermenre 0 < ¢ < T w npunannexnt D = {0 <t < T, |y| < b}.

IIpex e yem NPOU3BOIUTH NaJibHEliee UCCAENOBAHNE 3a/1a49U, PAC-
CMOTPUM OIWH YaCTHBII CJIydail, & UMEHHO:

nG = F2), 20, =2 (7.19)

IT1oT ciyuaii, BO-TIepBBIX, HHTEPECEH CBOEil TreoMeTpUYecKOol HATJIsI-
HOCTBIO, & BO-BTOPbBIX, COOTBETCTBYIONINE PE3YJIbTATHI IPUTOAATCA IPN
paccmoTpernu obmiero ciydas (7.14).

Iycrb 2z = ¢ sBsercs ycroiuuBbiM KopaeMm ypashenus F'(z) = 0.
B nannoMm ciiyuyae ¢ sABJsieTcss KOHCTaHTOW, a D — Ji0ObIM HMHTEp-

BaJIOM BEIIECTBEHHOW ocw. YcsioBue ycroiamBoctu (7.18) mmeer Bun

Ccll—i’(go) < 0. Ilycrs xpome @ ypaBuenne F(z) = 0 umeer eme KOpHI

©1,92,..., IPUIEM (] U Py — IBA OJIKANIIMX K ¢ KOPHSA COOTBET-
CTBEHHO cHU3Y U cBepxy (puc. 20, Ha KOTOPOM MPEICTABJIEHA TOJIOCA

0<t< T, tne T — 1060€ TOJIOKUTETb-
P2 Hoe unci0). [Ipocaennm 3a mosiem Hampa-
Bienuit ypasuenus (7.19). Ilpu nocra-
TOYHO MAJIOM [ BEKTOPBI, KACATEJIbHbIE
K MHTErPaJIbHBIM KPUBBIM, PACIOJIOKEHBI
MOYTHU MAPAJIIIESIBHO OCH 2 (32 UCKJII0Ue-
HUEM MaJioii OKPeCcTHOCTU KOPHell ypas-
Henust F'(z) = 0). «+» u «—» HA PUCYHKe

yKasbiBaioT 3uak dynkuuu F(z). 3ame-

THM, 9TO, IOCKOJIbKY %(gp) # 0, KOpeHb

01 (p ABJIAETCA MPOCTBIM U TPU 2 =  TPO-
UCXOAUT CMeHa 3Haka Gyukiuu F(z).
Puc. 20 Iycts @1 < 2° < . PaccmoTpum
MHOXECTBO TOY€EK |z — | < &€, Iie € MPOU3BOJIBHO MaJIO (£-OKPECTHOCTH
KOpHA ). XapakTep MoJisi HAIPABJIEHUH CPa3y AaeT BO3MOKHOCTH 3a-
KJIIOYNTH, 9TO MHTEerpasibHasd Kpubas, HaunHawomasca B Touke (0,2°)
(Ha pucyHKe mpuBeneHbl ABa Bapuanta: 2° < ¢ u 20 > @), 6yner pesko
unru BBepx (mpu 2° < ) wmm, Haobopor, sam3 (pu 2° > @) u, mo-
CTUTHYB £-OKPECTHOCTH (p, JIajiee U3 Hee yiKe He BBbIAIeT, eCJIM TOIbKO [
[IOCTATOYHO MAJIo. ITO U O3HA4aeT, 4yro peurenue z(t, u) 3amadn (7.19)
npu g — 0 GJIM3KO K PEIIEHNIO ¢ BBIPOXKIEHHOrO ypasHenus F'(z) = 0,
€CJIN He CYMTaTh HEKOTOPOi okpectHocTH t = 0 (cM. pumep).
W3 3TOro reoMeTpuYecKoro pacCMOTPEHUs FCHO TaKikKe, HACKOJIBKO
BazKHO, 4TOObI HAUa/IbHOE 3HadeHne 20 j1exKasio B 0bacTu ¢ < ¢ < P9,

A

S
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Ha3bIBAEMOIl 004acmb10 GAuAHUSA (WIIH 06AGCTIDI0 NPUMSAHCEHUS) KOD-
us . Ecmu, nanpumep, 2° < 1 u F < 0 npu 2z < 1, To WHTErpajbHasd
KpUBasA yiIaer BHU3 OT (o] U TEM CAMBIM HE MOXKET MPUOJIM3UTHCA K (P,
aecon 2° < 1 u F > 0, To KpuBas IPUOIM3UTCA K (01, T. €. ONATL-TAKH,
HE K .

Pesynbrar, mosrydenHbiii HAMM U3 TEOMETPUYECKUX COOOpPaXKEHWMIA,
MOXKHO COPMYJIUPOBATH B BUIE CJIEIYIOMEN T€OpeMbl.

Teopewma 7.3. Ecin o — ycroiiaussiii kopenb ypasaenust F'(z)=0,
a HavasbHOe 3HadeHne z° JIKUT B ero 00JIaCTH BJMSHHS, TO PelleHue
z(t, p) samaqn (7.19) cymecrsyer Ha cermenre [0,T] u aisa Hero nmeer
MECTO IPEAESIBHOE COOTHONICHHE

lim z(t, ) = mpm 0 <t < T. (7.20)
pn—0

HoxaszaTteabcTBO. [IpuBemeM aHaMTHIECKOE [TOKA3ATEIHCTBO
yreepxaenns (7.20). I[Iycrs s onpenenennoctu 20 < . Pacemorpum
npex e Bcero obsacts 2° < 2 < o —e, 0 < t < g, re € > 0 TPOU3BOJILHO
mauio. B aroit obsiactu pacemorpum 3amady (7.19), 6eps z B kauecTse

HE3aBUCUMOTO IIEPEMEHHOr0: g—i = uﬁ, t

MaJIo, TO, KaK CJIe[lyeT u3 TeopeMbl 7.2, na cermente [20, ¢ — €] cyme-
CTBYeT €IMHCTBEHHOe pemenue t(z) 3Toi 3a/a9u U OHO CKOJIb yTOIHO
6siu3k0 K Beprukau ¢t = 0 (B cMbICjie paccrosinus BIoJib ocu t). Kpo-
Me TOro, OHO TOJIOKHUTEJIbHO B cuity mostoxutesbHoctd F'(z). Takum
06pas3oM, WHTerpaJbHad Kpubasd, HaunHaomasgaca B Touke (0,z°), Bxo-
AT B £-OKPECTHOCTD 2z = @ mpw t = to, rme to = w(p) < &.

Herpyano yb6enuThbes, 9To, 0naB B €-OKPECTHOCTD Z2 = (0, HHTErPaJib-
Hasl KPUBas W3 Hee yiKe He Boliiner, moka tyg < t < 7. g sToro Boc-
MOJIb3YEeMCs PACCYXKICHUAME, TOTOOHBIMU T€M, KOTOPbIE IMPOBOIMIIUCH
B Teopun ycroitumsoctu (r1. 5). Beenem dbymkmmio V(z) = (z — ¢)3.

IIpenmosioxmM, 9TO MHTErpaIbHAsT KpUBast Ipn t = t1 > ty BBHIXOONUT U3

€-0KpecTHOCTH npsiMoii 2z = . Torma nmeem Cil_‘t/‘ > 0. Ho, ¢ aopyroii
t=t1

(2%) = 0. Ecn p moctaToano

CTOPOHBI,

Cil_‘t/ —— 2[z(t1, 1) — ¢ w <0

B cuity cBofictBa F'(z) Z 0 mpu z < ¢, 00eCIeUeHHOr0 yCIOBHEM yCTOH-

YUBOCTH Cé—i(go) < 0. IlporuBopeune NpuBOAUT K BBIBOLY, YTO UHTE-

rpaJjibHas KPUBasi OCTAHETCs B £-OKPECTHOCTH z = . Tak Kak oHa no-
majgaeT B 9Ty OKPECTHOCTDb Ipu ¢t = tp < £, TO B CUAJIy IPOU3BOJIbHOI
MAaJIOCTH € 9TO (haKTUIECKU O3HA4YaeT cupasBeqiuBocTh (7.20).
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Vreepxaenue (7.20) MOXKHO 3amucaTh Takxe B cenyromeil ynobHoi
s Jasbaeimero gpopme.

Beenem neszaBucumoe nepemennoe 7 = t/u. Torna 3anaga (7.19) npu-
MET BWU/I

L~ F(z), 2(0)=2". (7.21)

Yreepxknenne (7.20) osHauaer, 9ro lim, o 2(T) = @, win, uHave,
[JIst JII000ro € cymecTByer To(€) Takoe, YTO OPU T = Ty CIPABEIJINBO
HEPABEHCTBO

lz(T) — | <e. (7.22)

SaMedaHus.

1. Kak BUIHO U3 NPOBENEHHBIX PACCYKIEHUU, MPENeIbHbIH Mepexo
(7.20) ne sBAsIeTCs paBHOMEPHBIM OTHOCUTENBHO ¢ € (0, 7], uTo XOpOomo
uTocTpupyerca puc. 20.

2. Tepmun «ycCTOYUBBII KOPEHb» HE sIBJIsIeTCA Corydaitubiv. Herpy-
HO MPOCJIENUTH CBA3b MPOJIEJIAHHBIX TOCTPOEHNUI ¢ Teopueil yCcToianBo-

ctu (eM. 1. 5). JeficTBUTEIBHO, 2 = (¢ fABJISETCS TOYHLIM DElIeHHEeM

ypaBueHus: (7.21), npuuem, B cuity %—I;(go) < 0, 3TO pelleHre aCUMITOTH-

4gecKu ycToitunso no JIamyHoBy. YTobbl ybenuThcs B 3TOM, JOCTATOYHO
CHeJIaTh 3aMeHy ITEPEMEHHBIX & = Z—( M BOCIIOJIb30BAThCsI TeOpeMOoii 5.1
um Teopemoii 5.3, B3AB B KauecTse dynkmmu Jlamynosa V = z2. To,
YTO WHTErpaJibHas KpuBas z = z(T) OCTaeTCcss B £-OKPECTHOCTH MPsi-
MOt z = ¢, 0becredeHo yCTONYNBOCTHIO PENIEHUs 2 = (¢ yPABHEHUs
dz — F(y).

4
dr
Bepremcs k obmemy caydato (7.14), (7.15). Ilpu paccmorpenun 31oro
CJIyvasi uIeu TeOPUN yCTOWINBOCTH OYIyT COUETATHCA C UAEAMU TEOPUN
PEryJIApHbBIX BO3MYIIEHUI.
Conocrasum 3anade (7.14), (7.15) samaay
pEZ0 = F(z,4°,0), 2(0) = 2°. (7.23)
D1a 3amada ABJIFAETCA WCCIIENOBAHHON yiKe 3anadeii tuna (7.19). B cu-
a1y 3° sHadenne zy = @(y°, 0) ABIACTCA YCTOIYMBBIM KOPHEM ypaBHEHIS
F(207y070) =0.
5°. Bymewm mpemmosiarars, 9T0 HAYAJIbHOE 3HAYEHUE 20 MTPUHAJIEKUT
obnactu Brmanna kKopusa ¢(y°,0) ypasuenus F(zq,y",0) = 0.

Teopema 7.4 (reopema Tuxowosa). IIpu BbIIOJTHEHHH YCJIOBHIT
1°-5° pemenne z(t, u), y(t, u) 3anaqn (7.14), (7.15) cymecrByer na [0, T]
u mMeeT MeCcTo HpeﬂeﬂbeIﬁ nepexon

lim y(t, u) = §(¢) mpn 0 <t < T, (7.24)
pn—0
lim =(t,1) = p(7(0),1) = 2(t) mpn 0<t<T,  (7.25)
m

rae §j(t) — pemenne BbIpoxaeHHON 3agauu (7.17).
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IHHokaszaTelbCTBO pa3obbeM HA HECKOJIBLKO HTAIOB.
1) Paccmorpum cravasa okpectrocth Toukn t = 0. Crenaem B (7.14)
sameny nepeMensbix 7 = 1/p. onyuum

92 = Ple,y,7h),  2lemo = 2",

dy

(7.26)
ar = ,U,f(Z,y,T,U,), y|7'=0 = yO.

Ha s1060M KOHEYHOM INPOMEXKYTKE U3MEHEHUsI T 3TY CUCTEMY MOMKHO
PACCMATPUBATD KAK PETYJISIPHO BO3MYIIEHHYTO, TPUIEM COOTBETCTBYIO-
[asi HeBO3MYIIEHHAsI CUCTeMa MMeeT BUIL

d
% = F(ZanOaO)a ZO|T=0 = zO) (7 27)

d
% = 03 Z/0|r:0 = yO'

0

Orcioma yo(7) = 9, a

dzg

dr = F(207 y070)7 ZOlT:O = ZO- (728)

Ira 3amava paBHOCUIbHA 3amade (7.23) u saABJsieTca 3amadeil Tuma
(7.21). ITosromy corsiacHo Teopeme 7.3 (cm. (7.22)) mostydmm, 91O [JIst
aroboro € > 0 cymecTByer To(€), Ipu KOTOPOM CIIPABEIJIMBO HEPABEH-

CTBO
|20(10) = @(y°,0)] < ¢/3. (7.29)

Cpauum 3anaun (7.26) u (7.27). 13 1° cienyer BbIIOJIHEHHE YCIIOBUI
TeopeMbl 7.2 0 PeryJigApHOM BO3MYINEHUU IJIA T < T, THOE 7 KaK yTOIHO
Besinko u dbukcupoBano. Pemenne neBosmyenHoii 3anaqu (7.27) onpe-
JleJIEHO TIPY BCeX T |, B yacTHOCTH, Ha [0, 70]. [TosTomy corytacHo Teope-
Me 7.2 (BMecTe ¢ 3aMedanueM 1) mosiydum, 4ro i Jioboro € > 0 npu
nocrarogno Masbix g Ha 0 < 7 < 79 (mm va 0 < ¢t < Top) CcylecTByer
pemenue 3amauu (7.26) (usum, 910 TO XKe camoe, peutenue z(t, u), y(t, 1)
samaqn (7.14), (7.15)) u cupaBenyiuBbI HEPABEHCTBA

|2(t, 1) = 20(T)| < /3, |y(t,n) —y°] <e/3. (7.30)

IIpuHuMas BO BHUMAHUE HENPEPBIBHOCTH (Y, t), MOKHO, 00ECIIEINB 10~
crarounyio mMasocth |y(t, 1) — y°|, obecneunTs TakKe HepaBEHCTBO

lo(y(t, 1), t) — (y°,0)] <e/3 npu 0<t< Top. (7.31)

U3 (7.29)—(7.31) nostyuum, 9o npu ¢t = 1ou = to(p)

|2(t, 1) — o(y(t, p), 1) <e. (7.32)
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2) O6osnagum A(t,pu) = z(t,u) — @(y(t, p),t). Coornomenue (7.32)
roBoput 0 ToM, 4to A(t, ;) KaK yromuo maJio npu t = to(p). Hepasen-
crBo (7.32) Gymer ocTaBaThCsl BHIIOJHEHHBIM B HEKOTOPOI OKPECTHOCTHU
CIpaBa OT TOYKH to. Besmuuna 9Tolil OKPECTHOCTHU 3apaHee HEU3BECTHA.
Mozxer ciyuuThes, 910 HepaBeHCTBO (7.32) BBIIOJHEHO /11 BeeX ¢ = to
BIJIOTH 00 t = T', a MOXKeT 0Ka3aThCs, YTO HalimeTcs 3Hadenue t; < 7,
npu koropom (7.32) mepeiimer B paBeHCTBO. Y6enuMcsi, 9TO B IEPBOM
caydae npu Bcex t € [tg,T], a BO BropoM npu Bcex t € [tg,t1] Besn-
quna y(t, ) Kak yrogHo 6smska K §(t). s 9Toro mepemnuiiem BTopoe
ypaBuerue (7.14) B Buze

d
d_zi{ = f(SO(y, t) + A(ta M)a Y, t)a y|t:t0(u) = yO + 6(”)7 (733)

U CpaBHMM 9Ty 3311a4y ¢ 3amadeii (7.17). CorsiacHo mosiy4eHHOMY B TIpe-
IBIIYIIEM MyHKTe BesmauHbl to(p), |0(¢)| Kak yromHo Masiel mpu gocTta-
TOYHO MaJIOM U BesmunHa |A(t, 1)| Kax yrogHo Masia Ipu IOCTATOYHO
MaJioM pu t € [to, T wm t € [to, t1]. Bamaga (7.33) sBiAeTCs peryasapHO
BO3MYIIIEHHOH 3a/1a9eil 1o oTHOMmEHuIO K 3anade (7.17) (cm. Teopemy 7.2
BMecTe ¢ 3amedanueM 2). [Tosromy mpu t € [to, T] wnu t € [to, 1] byuk-
must y(t, u) CymecTByer, npuHamIexRuT D 1, KpoMe TOro, s Jio6oro
€1 > 0 cnpasenymso HepasencTso |y(t, 1) —§(t)| < &1 npu t € [to, T] nm
t € [to,t1], €CIIM TOJIBKO {4 IOCTATOYHO MAJIO.

3) V6enumcsa renepb, 4T0 HepaBeHCTBO (7.32) BBINOJIHEHO [JIs BCEX
t € [to,T], T.e. u3 ABYX BO3MOXKHOCTEl, YKA3AHHBIX B 2), PEATIU3YETCA
TOJIBKO OHA, & MPEIMOJIOKEHNE O CYMEeCTBOBaHU TOYKU t1 < 1, myist
KOTOPOI#i |A(t, )| = € IPUBOAUT K MPOTUBOPEUHMIO.

Ilycrs mpu ¢t < T nocruraercs paseHcTBo |A(t,u)| = €. Beemem
B paccMoTpenue (GpyHKIINO

V(Z7 y7t) = [Z - (p(yvt)]z

B cunty nmpemmosioxenus o0 ToUke t) nmeem % > 0. Ho
t=t1
v _ F(z,y,t) 0dy¢ ¢
W—2[z—<p(y,t)]{ m —a—yf(zay,t)—ﬁ}-

Tak kak F(z,y,t)|t=t, # 0, T0 3HaK {-} OpU TOCTATOYHO MAJIBIX [i OTIpE-
nesisgerca sHakoM F'(z,y,t), a, C/1e1oBaTesIbHO, IpU MaJIbIX A TJIABHBIH
e pasJioxenus: F no z — ¢ ectb

9E (o(y, 1),y t)[z — o(y, )]

U 3HAK BCEro BBIPAKEHUs % OTIPEJIEJIAETCS 3HAKOM %—g(go(y,t),y,t).

Tax Kax COIJIACHO NpemplayueMy yHKTY y(t, p) npusagiexur D, o
corstacuo 3° u (7.18)

9L (o(y(tr, ), 1), y(tr, 1), 1) < O
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U, CJIEI0BATEJILHO, %h:tl < 0.

ITporuBopevne npuBoAUT K BbIBOLY, 4T0 |A(t, u)| < e mputo <t < T
u, cjenoBatTesibHo, |y(t, u) — g(t)| < &1 mpu tg < t < T. YunreiBas oba
5TH HepaBeHCTBa, a Takxke To, uto |y(t,pu) — y°| < /3 mpu 0 < t < to
(em. (7.30)) u |g(t) — y°| < &1 npu 0 < ¢t < to, HOMYUMM yTBEpKICHHE
Teopemsbl 7.4.

BamevyaHUA.

1. 13 moxasareibCcTBA BUIHO, YTO MpenesbHbIil nepexon (7.24) saBis-
ercs pasHoMepHBIM Ha [0, T'], a mpenesbHbIil tepexox (7.25), cipaBensim-
Boiit Ha (0, T'], paBHOMEpHBIM He sBJsAeTCsA. B okpecTHOCTH ¢ = 0 MMeeTcs
06J1aCTh, B KOTOPOIi 2-KOMIIOHEeHTa pelnteHns 3ana4u (7.14), (7.15) cuib-
HO OTJIMYa€TCA OT Z-KOMIIOHEHTBI PEIICHUA BprO}K,D;eHHOﬁ 3ada4u, T.e.
or ¢(g(t),t). Dra obsacrb, xopouo 3amerHas Ha puc. 20 s ciydas
cucteMsbl (7.21), HABBIBACTCSI NOZPAHULHOIM CAOEM.

Bamernm Takke (9TO ONATH BUIHO M3 CAMOTO OKA3ATEHCTBA), YTO
Ha orpeske [to(u),T] (Tem Gosiee Ha s06OM oTpeske [tg, T, e to Kak
YTOIHO MaJio, HO dbukcupoBano npu p — 0) 06a IpenesbHbIX Iepexona

(7.24) u (7.25) HOCAT paBHOMEDHbIH XapaKTep.

2. Us JOKa3aTeJIbCTBa TEOPEMbI BHOHO, YTO OTPHIATEIbBHOCTH %—5

HyKHa (PAKTUIECKY JIUIIb HA BHIPOXKIEHHOM PEIIEeHUH, T. €. TOCTATOYHO,
4TOGBI BBINOJHAIOCH yC/I0BHe & oF (go(y(t), t),9(t),t) <0.

3. Teopewma 7.4 paCHpOCTpaHHeTCH Ha BEKTOPHBII ciy4aii. Hekoto-
pbi€e OOMOJTHUTE/IbHBbIE TPYIHOCTU BO3HUKAIOT TIPU 3TOM C ONIpENesICHU-
€M IIOHATUA O6JIa,CTI/I BJINAHNA. T'ITO KaCaeTCdA yCJIOBUA yCTOﬁ‘II/IBOCTI/I,
TO OHO MOXKeT ObITH CHOPMYJIMPOBAHO KaK €CTECTBEHHOEe TpeDOBaHUE,
9TOOBI XaPAKTEPUCTUYECKUE IUCIA A(t) MATPUIIBI %F (¢(7,t),7,t) ymo-
BJeTBOpsiu HepaBeHCTBY Re A < 0. meercs u 6ostee obmast popmyiu-
poBka ycsoBus ycrofiauBoctu, nanaas A. H. Tuxonossim [11].

2. AcuMnOToTHYecKoe pasJiokeHHe pelneHus 3amgaqum (7.14),
(7.15). Ha ocroBanum Teopembl 7.4 MOXKHO HAIINCATD CJIELYIONIEE ACHM-
OTOTUYECKOE [IPeCTaBeHue [yisi pemenns: 3anadu (7.14), (7.15):

y(tvu) = g(t) + 81(t,/1,), Z(thu’) = Z_(t) + 52(t7/1')7
(2(t) = (y(t),1)).

IIpu aroM ocrarounblii Ysen €o(t, 1) B BoipaKenun s z (¢, i) He sABJIs-
eTCs PABHOMEPHO MAaJIoi BesimdnHoii. EcTrecTBeHHO MpenmnosioKuTh, 910
ecrm K Z(t) mobasuTh pasnocTh 2o(7) — ¢ (y° 0), To moyuuTCa dopmyia
2(t, 1) = 2(t) + 20(7) — p(y° 0) +e3(t, p), e e3(t, 1) = 0 ma [0, T]. Y6e-
IUMCs1, 9TO 9TO neficrBuresibHO Tak. Benmuuna es(t, u) = z(t, u) — 2(t) —
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—20(7) + ¢(y°,0). Pasobvem orpesox [0,7] na msa yuactka [0,%o(u)]
u [to(p), T], voe to(p) = Topt — BeSIMYMHA, BBEIEHHAS TIPH JI0KA3ATE b
CcTBe TeopeMbl 7.4, Tg HOCTATOYHO Besiuko u dbukcupoBano mnpu g — 0.
Ha [0, o (1)) upencrasum €3 B BUIe

es(t,n) = [2(t, 1) = zo(7)] = [2(t) — (3", 0)].

Bnecs |z(t, 1) —20(7)|<e/2 mpu p—0 (370 TO XKe camoe, uro (7.30)), a

|2(8) — o(y°,0)| = |2(t) — 2(0)| < /2,

tak Kak to(u) — 0 npu p — 0. CremoBarenbho, Ha [0, to(1)] nmeem
les| < € paBrOMepHO oTHOCHTEBHO ¢ ipw 4 — 0. Ha [to(u), T'] mpencra-
BHUM €3 B BUIE

es(t, 1) = [2(t, 1) = 2(t)] = [20(7) = 0(y°,0)].

Bamecw |z(t,u) — Z(t)| < €/2 (cm. 3ameuanue 1 k Teopeme 7.4 0 paBHO-
MEpHOCTH mpesesibHoro nepexona (7.25) Ha [to(u), T]). I TouHO Tak xe
|20(7) — ©(3%0)| < /2, mockobKy TO TO ¥Ke HepaBeHCTBO, HO IJid
qacTHOrO ciay4as (7.23), 1.e. u Ha [to(u), T'] numeeM |e3| < € paBHOMEPHO
ornocutesibo ¢t ipu p — 0. Takum obpasom, £3(t, u) = 0 mpu p — 0
ua [0,7].

Bamerum, uTo pasHocTh 2o(T) — (3 0) ocymecTBIsgeT TONPaBKY Ha
«1oTepio» HauasbHoro yeqosusa z(0, ) = 2°, KoTopomy He Moxer ymo-
BJ1eTBOPUTH Z(t). Boipakenue Z(t) + 2o(7) — ¢(y°, 0) yxe Gyner ynos.ie-
TBOPATH HAYAJIBHOMY ycJoBuio pu ¢ = 0.

Huxe 6yner nmokasano, uro €1(t, u) = O(u), e2(t, u) = O(u) (reope-
Ma 7.5). Bostee Toro, mpu 10ocTaTOYHOM rIaIKOCTH NpaBbix dacteit (7.14)
MOXKHO MOCTPOUTHh ACUMITOTHYECKOE MPEICTABJICHNUE JIJI PEHICHUsT 3a-
nagu (7.14), (7.15) ¢ octarounbiM wierom O(p"1), Ho B oTmume ot
peryJsipHoro ciaydas (cM. Teopemy 7.1) 10 nmpencrabienue Oyner, 1mo-
MMMO CTENeHHbIX N0 [ (AT Pe2YAFPHOIL) 4AEHOE CONEPKATH HEKOTO-
poie GyHKINM (TaK HASBIBAEMBIE NOZPAHUYHbLE UACHDL), 3ABUCSIINE OT [
He cmenenHbM 00pa30M; TTOTPAHUYIHBIE YJIeHBl HMEIOT 3aMETHYIO BeJn-
quHy B OKpecTtHOCTH t = 0, a maJiee ¢ poctom ¢t ObicTpo yobiBatoT. Beenen-
Has BbIe pasHoCTh 20(T) — ¢(y° 0) npencrasiger coboil morpaHuvHbIil
YJIeH B ACUMITOTHYIECKOi (opmysie ¢ ocrarounbim diierom O(u).

TTocste aTUx MpeaBapPUTETHLHBIX 3aAMEYAHNIN TEPEHIeM HEMOCPEICTBEH-
HO K ONHUCAHWIO OBIIEro ajropuTMa MOCTPOEHKsT ACUMIITOTUKN PEIIeHMsT
CHHIYJISIDHO BO3MYIIeHHOH 3amaun (7.14), (7.15).

IpencraBuM z U y B BUjIE CYMMBbI ABYX (POPMAJIbHBIX PANOB (31€CH
U B JajbHeiimem 1o x GyneM MOHUMATH Z U § B COBOKYIHOCTH, T. €.
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€CJIN BBIIIUCBIBACTCA HEKOTOPOE COOTHOEHUE OJIA X, TO 9TO 3HAYUT, YTO
NMEIOT MECTO IBa B TOYHOCTU TaKHX K€ COOTHOIICHUA OJIA 2 U y)

x = Z(t, p) + (7, p), (7.34)
rmae
.’f(t, u) = .’fo(t) + puy (t) + ... (735)

— TaK Ha3bIBaeMbIil pezyasprul pad (cp. (7.6)), T. e. psig 0o creneHsam p
¢ koo durnmenTamu, 3aBUCAIUME OT ¢, a

Mz (7, p) = Hox(r) + plliz(r) + ... (7.36)

— TaK HA3BIBAEMBINA No2paHuuHbLl psad, TPEACTABIAIOMNNA coO0il TakXKe
P IO CTENEeHAM fi, HO ¢ KO3 umenTaMu, 3aBUCAIMMA OT 7. LJIeHb
3TOTO PANA HABBIBAIOTCA NO2PAHUYHLLMU YAEHAMU.

IMoncrasum (7.34) B (7.14), yMHOXKXWB AJI CHMMETPUH BTOPOE yPaB-
HEHUe Ha (i

zZ ., d = F(z+ g + 11
g gz = FE+ g+ 1y 0), (7.37)
dg > 7+ .
[Ld_i/+%||y_yf(z+ﬂz,y Hyat)

Bsenem Besuuaunsr F' u IIF, nosaras

F=F(2(t, ), q(t, p), ),
IF =F (2(rp, ) + Tz (7, ), §(rps, p1) + Ty (7, 1), 71) =
F(2(rp, 1), §(Tp, 1), T1t)

(anastormanpie Besmaunbt f u ILf sBenem ms f). Torma (7.37) 3amm-
[IETCS B BUJIE

- _ di =
p oy Lz =Fnr, pS+ iy = u(f +107). (7.38)

Pasnoxum tenepp F u IIF dopmanbho 1o crenensM p (kKoadhduim-
eHTbl DTUX Pas/IoKeHuit Gy1yT 3aBUCETH OT ¢ U T COOTBETCTBEHHO):
F=Fo+pF,+...,TIF = IyF + pIl, F + ..., nocse 4ero B (7.38)
pUpaBHAEM Koacbcbmmemm PU OJIMHAKOBBIX CTENEHsIX [, TPUIEM OT-
JIEJIbHO — 3aBUCAIINE OT ¢t U OTIEJIbHO — 3aBUCAIINE OT T:

gtz/c 1= Fy, %ﬂk = f; (7.39)
%sz =1, F, j—THky =101 f. (7.40)

TeM caMbIM MbI MOJIyYUJIN Y PABHEHUS JIJs ONPENEICHUsT YJIEHOB PA3JIo-
xenwit (7.35) u (7.36).
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Beinumem 31u ypasuenus 6ostee nerasibao 1A k = 0. lmeem

= = dy o
0=-F‘0 EF(ZO7y07t)7 % =f(2'07?/07t)- (741)
Dra cucremMa COBIANAET, KAK W CJIEAOBAJIO OXUIATH, C BBIPOXKIEHHON
cucremoii (7.16). meem raxxe (yuursiBasi nepsoe u3 ypasaenuii (7.41))

Llyz =TIoF = F(%(0) + Moz, §0(0) + Moy, 0) — F(20(0),70(0),0) =
= F(EO(O) + HOZay_O(O) + Hoyao)a
oy = 0. (7.42)

Havunas ¢ k = 1, ypaBuenus (7.39) u (7.40) OyayT juHefHBIMU OTHOCH-
TeJIBHO Z, Ui, U Iz, Iy. O6parum BHUMaHME HA TO, 94TO cucrema (7.39)
HE COMIEPKUT IIPOU3BOIHOM OT 2, & TOJIBKO IPOU3BOAHYIO OT Uk, & CUCTe-
ma (7.40) mMeer Ty 0OCOGEHHOCTD, YTO BTOPOE ypaBHEHWE B Hell OThesIs-
€TCsl, TAK KaK €ro mpaBasi 9acTh CONEPIKUT YIEHBI TOJILKO IPEIbLILY IUX
HOMEpOB.

st Toro urobsl u3 nostydeHHbix ypasaenuit (7.39), (7.40) ompe-
nesuTh diienbl passoxenuii (7.35), (7.36), HyxKHO 3amaTh HAYAILHBIE
yestoBus. Huis sroro moacrasum (7.34) B (7.15):

%o (0) + p#1 (0) + - - - + Moz(0) + pIlz(0) + --- = 2° (7.43)

n npupaBHsieM K03(hQUIMEHTH MPU OIMHAKOBBIX CTENEHSX (i B 00enx
YacTAX HTUX paBeHCTB. [IpupaBHuBaHue K03(h(MUIMEHTOB PU HYJIEBOR
CTENeHH! [t TaeT

20(0) + Mo2(0) = 2°  §o(0) + Toy(0) = y°. (7.44)

Paccvmotpum BTOpOE 13 5TUX paBeHCTB. be3 Kakux-sm00 JOMOTHUTEIb-
HBIX cOoOOpaxkeHnii u3 mero Hesbssa onpenesutsb §o(0) u oy (0). Onuna-
KO Ha MOTPAHNYHBIE YJIEHbI, KOTOPbIE IPU3BaHbl UTPATh POJIb IIOIMPABOK
B okpectHocTu t = 0, a mpu ¢ > 0 cTpeMuUTHCA K HYJIO BMECTe C [,
cJlellyer HaJIOKUTh IonoJiHuTesibuoe ycaosue IL;x — 0 mpu 7 — oo. Or-
ciona npuxoauM K BeiBomy, 4to Ilpy(0) = 0, Tak xax unade (cMm. (7.42))
Moy(7) = Hoy(0) = const 4 0. A torna us (7.44)

J0(0) = 3°. (7.45)

ITpu s10oM ycnoBuu pemaem cucremy (7.41) u nostyaaem, 4o Zo(t), go(t)
coBmaiaroT ¢ pemenunem Z(t), §(t), KOTOpoe yxKe BCTPEUATIOCh B T€Ope-
Me 7.4. U3 (7.41) nosmyunm Zo(0) = ¢(7(0),0) = ¢(y°0), a Torna nepsoe
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u3 pasencTs (7.44) naer nagasibHoe yciiobue s [ z. Vrak, HauaabHbie
yC0Bus it cucteMbl (7.42) umeror Bu

oy(0) =0, Ipz(0) = 2° — 25(0) = 2° — (3", 0). (7.46)

Mosromy Ioy(r) = 0, a [z(7r) aBaserca pemenuem cJemyroueii Ha-
YaJIbHOI 3aaa4n:

Lloz = F(p(y°,0) + oz, 3", 0),

T o (7.47)
Moz(0) = 27 — ¢(y",0).

CpasuuBas samady (7.47) c¢ sanaveii (7.28), HETPYIHO yCTAHOBUTH,
aro [Myz = 20(7) —¢(y° 0). O6 3Toit pazHOCTH y2Ke MTa pedb BbITe mepe
HaJaJI0M onucanus obmero ajgropurma. [losryaentoe Boilie HEPABEHCTBO
(7.29) osnagaert, yro Ilpz(7) — 0 mpu 7 — oo.

Urak, nysieBbie diensl passoxenuit (7.35), (7.36) mosHOCTBIO OIpe-
JeJICHDI.

ITpupasuusas B (7.43) kosddbunuenTs! 1pU NEPBOH crenenu i, Oyaem
UMeTh

21 (0) + le(O) =0, U1 (0) + Hly(O) =0. (748)
Kpowme Toro, mHy:kHO Bocnosib3oBaTbca ycaoBueM II;y — 0 mpu 7 — oo.
U3 Broporo ypasuenus (7.40) (mpu k = 1) nmeem

.
Myy(7) = My (0) + / Iy f ds,
0
OTKyHa B cuily ycjosuda Ha Iy opu 7 — 0o ciemyer

My(0) = - 701'10 fds. (7.49)
0

CxXomMMOCTh MOSIBUBINErOCS 37IeCh WHTErpaJja Oymer JOKa3aHa HIKe
(cm. (7.54)) u BOODIIE BCe BBIKJIAAKHU BenyTcs moka dhopmasibao. C yde-
roM (7.49) nys Iy mostyuum

My(r) = — / Iy f ds. (7.50)
U3 Broporo pasencrsa (7.48) Tenepsb caenyer
71(0) = / Iy f ds. (7.51)
0

910 u Gymer HAYAJBHBIM ycoBueM s cucrembl (7.39) mpu k = 1,
oTkyma onpenensitcs 1 (t), Z1(t). Ilocae 3Toro us BTOPOro paBeHCTBA

(7.48) mosyaum
T, 2(0) = —z1(0). (7.52)
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9ro ycioBue nossosisier Haiitu 111z u3 nepsoro ypasuenus (7.40) npu
k = 1, nockosibky Il y y:Ke ompemesieHo.

CoBepliieHHO aHAJIOTUYHO onpenessitorcs gy, i, 2k, Uiz (K = 2,
3,...) u3 cucrembi (7.39), (7.40) ¢ HOMOIIBIO IOMOJIHUTEJIBHBIX YCJIOBUL

Mz — 0 npu k — oo,

GO = [ Meafdr, Te(0) = ~2(0) (7.53)
0

Tewm cambIM onmcanue noctTpoenust psaga (7.34) 3akoHYEHO.
B reopun CHHIYJIAPHBIX BOSMYIIEHWIl HOKA3BIBAETCs, 4TO s I,z
NMeeT MeCTO OIEHKa

|z < Ce ™k k=0,1,..., (7.54)

rame C > 0, > > 0 — HEKOTOpPbIE MOCTOSIHHBIE. DTa OIEHKA O3HAYAET
9KCIIOHEeHIMaJIbHOe cTpeMyienue 11,z K HyJso npu 7 — 00, 9T0 XKe Hepa-
BEHCTBO 0OeCIednBaeT CXOAUMOCTh HHTErpaJsoB B (7.53).

OcHOBHOE yTBepXKIEHNEe, OTHOCSMIEECs K TOJIBKO YTO IPOBEIEHHBIM
HOCTPOEHUSIM, 3aKJIIOYAETCS B TOM, 4TO psf (7.34) ABIsA€TCSA aCUMIITO-
TUYECKUM psIoM At pemenns z(t, u) 3amadun (7.14), (7.15), a umen-
HO, B TEOPHUH CHUHIYJIIPHBIX BO3MYIIEHUl JOKA3BIBAETCS, YTO PA3HOCTD
mexay z(t,u) m n-it yactuanoil cymmoit psima (7.34) umeer mopsimox
O(u"™+h).

TakoBo 000bmIeHe TeopeMbl 7.1 HA CUHIYJIAPHO BO3MYIIEHHYIO CH-
cremy. ITonpoGHee ¢ 9TUM MOKHO O3HAKOMUTHLCA B KHure [11].

HpI/IBe,HeM JOKa3aTeJIbCTBO aCHMIITOTHYECKOI'O IIPEOCTaBJICHUA OJIA
pemenus 3anaqu (7.14), (7.15) ¢ ocrarounsiv wienom O(u), a umeH-
HO, OKaXKEM, 49TO Z(t, M):'Z_O(t)+HOZ+O(M)7 y(ta M):Zjo(t)+0(/l) rﬂ;o_
Ka3aTesIbCTBO MpeCTaBIeHus ¢ ocTaTounbiM dienom O(u"+1) ciaoxnee
JIAMIb B YACTO TEXHUYECKOM OTHOLICHWN.

Hanum GopMyIMpOBKY COOTBETCTBYIOLIEH TEOPEMBI.

Teopewma 7.5. IlycTp BBIIOJIHEHBI YCJIOBHA:

1°. F(z,y,t) u f(z,y,t) HENIPEPBIBHBI 110 COBOKYIHOCTH apTyMEHTOB
B HEKOTOpoii obstacta H.

2°. Ha cermenre [0, T] onpenesieno pemenne §o(t), Zo(t) 3amaqn (7.41),
(7.45), u o710 pemenne npuHamaexur H.

3° F. (z'o (1), go(t), t) CYIIECTBYET, HEIIPEPBIBHA U OTPUIATE/IbHA IPH
¢(y°,0).

4°, 29 npunannexur obactu Bimaaus p(y°,0).
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5. IIpu 0 <t < T, |A| <&, |d] < € (¢ — HEKOTOPOE, MOKET OBITH, 110
CTATOYHO MAJIOE, HO (PUKCUPOBAHHOE, HE 3aBHCIIEE OT (i IHCJIO) (DYyHK-
aun F(Zo + Uz 4+ A5 + 0,t), f(Z0 + oz + A, o + d,t) HenpepbIBHDBI
BMeCTe ¢ IPOU3BOIHBIMH JI0 BTOPOTO HOPSIAKA BKJIOIHTEIBHO 10 A 1 J.

Torma na 0 < t < T cmpaBemyuBbl paBHOMEPHbBIE OTHOCHTEJIHHO t
OIIeHKH

2(t, 1) = Zo(t) = Toz(t/p) = O(n), (7.55)
y(t 1) — o(t) = O(n). (7.56)
ﬂOKaBaTe.TIbCTBO TeOpeMbI OCHOBAHO Ha HECKOJIbBKUX JIEMMaX.

Jlemwma 7.1. Hmeer mecTto HEPABEHCTBO
[Toz| < Ce™t/H, (7.57)

rme C' > 0, > > 0 — HEKOTOpbIE ITOCTOSTHHBIE.

HokaszareabcTBO. Mbl yxxe Bumesmm Bbitre, 910 [lgz — 0 mpu
T — 00. Cefiuac Tpebyercs JIullb yTOYHUTH XAPAKTEDP ITOIO CTPEMJIICHUST
K Hyso. Obparum BHUMaHue Ha TO, 4T0 (7.57) — 270 (7.54) npu = = z,
k=0. U3 (7.47) umeem (manomuum, uto p(y°,0) = 20(0), y° = 70(0))

L 1lyz = F.(%(0) + 0TI, 70(0), 0) Ty,

OTKYyIa
J F=(20(0)+01102,50(0),0) d7
Moz = [zo — (3, 0)]e .
Bruibepem 19 Tax, arodnr gz njis 7 > 79 OBLIO JOCTATOYHO MAJIBIM,
u durcupyem 310 To. gz HOJEZKHO OBITH MaJIBIM HACTOJIBKO, 9TOOBI
Kak cisencrsue 3° 6bLI0 BbimosiHeHO HepaBeHcTBo F(Z9(0) + 6llyz,
70(0),0) < —3¢ < 0. Imeem Torma

T0 T
[ F.dr [ F:-dr
Moz| = [2° = o(y°,0)]e® e <

70
f F.dr
< [2% = (y°,0)e? e HTT0) < Cem*T,

0

0 0 f F, dr
TaK Kak |z — oy ,0)|e° e*m < C.
IMoncrasum B (7.14), (7.15) BMECTO TOYHOTO PEIIEHUS TJIABHbIE 4JICHBI
ACUMITOTHKH, T. €. Bbipaxkenus 2o + [lpz, §o. Iloncranoska maer

Mdzo + %HOZ = F(Zo(t) + oz, 90(t),t) — Ry,

dt
4o — f(z0(t) + Moz, Go(1), ) — Ro,

rae —R;, — Ry — COOTBETCTBYIOIINE HEBA3KH.

(7.58)
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Jlemma 7.2. CopaBemiuBel OHEHKH

Ri(t,p) = O(p), Ra(t,p) = O(e™/k).

HoxkasarenbcrBo. Ouenka mia Rs mosydaercsa cpasy u3 JieM-
™Mbl 7.1, Tak Kak ecau ydects (7.41), To Ry = f.(Zo + 01z, Ho, t)Ipz.
Yr0o0b! mosyuuTh OUEHKY mJis Rj, mocrarodno ybennmThCs, HUTO

Ry = F(2o+1oz, o, t) — %Hoz = O(p). Ucnosnbays (7.47), npencraBum
Ry B Buze
Ry = F(Z0(t) + oz, §o (), ) — F((0) + oz, 70(0),0) =
1

= (I)(Hoz,t) — (I)(H()Z,O) =1 / (I)t(H()Z,et) do.
0

Ho
b, (lpz, 0t) =
= F.(20(0t) + oz, §o (61),01) 2 (61) + Fyy (1) (61) + Fy (") =
= F..(Z0(0t) + 6111oz, 50 (0t), 0t) Z, (0t) T 2.
Bmeck yureno, uro F(Zo, §o,t) = 0, u, cienoBaresibHO,
F.(%0,90,t)Z0 + Fy ()0 + Fi() = 0.

Orcrona _

|R1| < t|F..||2| [Toz| < Cte /" < Cu,
tak Kax sup,(te”*'/*) = pe~'/x. 3necn nocrosmmas Ce~ '/ BHOBDL
obosuadena yepes C. YCI0BUMCS B TaJIbHEHIIEM BCe HE 3aBUCAIINE OT [
MOCTOsTHHBIE 0003HAYATH ONHOI U Toil ke OykBoit C, 3a MCKJIIOUEHHEM
OTHEJIBHBIX CJIYIA€B, KAK 9TO yXKe MeIaaoch B § 2 T 5.

HokaszarenbctBo TeopeMmbl 7.5. Ilomoxum A = z — Zy — Iyz,
0 =y — §o. Berauras (7.58) us (7.14), mosryanm

N% =F(Zo + oz + A, go + 6,t) — F(20 + oz, 90,t) + Ry,

s (7.59)
9 =Tz + 1oz + A, 90 +6,t) — f(Z0 + oz, 90, t) + Ro.
OueBuHO,
A(0,p) =0, 4(0,pu) =0. (7.60)
Cucremy ypasrenuit (7.59) MOXKHO mepenucarb B BUIE
u% =a11A + a120 + Ry, (Cil_(z = a21A + a220 + Ro, (761)
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roe

1
a1 (A, 0,t, 1) = /FZ Zo + oz + 0A, 50 + §,t) db,

[=}

1
ar2(A,6,t, 1) /Fy Zo + Moz, o + 6,t) db,
0

@21 U Q29 MMEIOT AHAJIOTUYHYI0 CTPYKTYpy. PaBEHCTBO IpaBbIX 4Ya-
creit (7.59) u (7.61) Jerko mpoBepUTH HEMOCPENCTBEHHO, €CJIM 3aMe-
TUTH, YTO IIOJ MHTErPAJIOM B BBIDAKEHWUU [JIsl (11 CTOMT BEJIMYUHA
% Ccll_}; (Zo+ 1oz +60A,350+0,t) u IpUMEHUTH AHAJIOTUYHBIE COOOPAZKEHU ST
K OCTaJIbHBIM KO3(hDUIIMEHTAM ;) -

U3 nepsoro ypasuenus (7.61) Boipasum A gepes ¢ (Gynem B nasibueii-
meM ynoTpebasaTk obosHadenue A(t), d(t), onmyckas 3aBUCUMOCTD OT f4):

t
t %fa11dt
3

Aft) = / BT(GH(S(&) + Ry) d€. (7.62)
0
TTomcTaBuMm pesysibTaT BO BTOPOE ypPaBHEHME:

lj’au dt

t »

% = a0 + as / %(0125(5) + Ry) dé + R».
0

Orciona moJtyaum

£
t 1
t f ago dt f ass dt £ w nfall dt
3

:O/e Ry df—i—/e‘s as1 df/ & 7 (a125(n)+R1)d17.

MeHnsaa nOpaAgOK MHTEIPUPOBAHUA BO BTOPOM CJIAraeMOM, IIPUBEIEM 3TO
YPaBHEHUE K CJIEYIOMEMY BUIY:

t
8(t) = [ K(t,n, w)d(n) dn + R, (7.63)
0

rne K(t,n, u) = a12q(t, n, 1),

¢
t fagzd %falldt
q(t,n, ) /aglef %d{, (7.64)
t fa dt t
R /e*s Rod€ + /qudn. (7.65)
0 0
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Curenyer 3amernTs, 910 B ypasHenun (7.63) sesmanust K(t,7, 1) Ha
caMOM JieJie 3aBUCSIT OT A U J, IOCKOJIBKY aj; 3aBUCAT OT A u J, HO
BXOJISIIINE B G;; BeJMIMHBI A 1 § MBI PACCMATPUBAEM KAaK M3BECTHHIE
dyukimn t.

OrnennM Tenepb BeJIMYUHBI ¢ U R, TIOJIB3YsICh yXKe TOKA3aHHBIM B Ha-
JaJjie JAHHOTO MyHKTA PABHOMEPHBIM cTpeMJyenneM K Hy o A u §. CHa-
4JaJjia oueHuM ¢. B cuy paBHOMepHOrO cTpemyieHus A u § K HYJIIO pU
p — 0 nosmyuum ay; = F,(Zo + Hoz,%o,t) + v(t, 1), tme (¢, u) = 0
npu p — 0. Ilosb3ysick Temeps coOOpazKeHUsIMU, AHAJIOTUIHBIMA TTPU-
MeHsBIIMMCs 1ipu otieHke [lgz B mokasarenbcrBe jieMMbl 7.1, HETPYIHO
MOJTy YU Th

< Ce &, (7.66)

HeiictBuresbro, corstacuo 3° umeem F(Zo(t),go(t),t) < 0. Ilostomy,
KaK M B JIOKA3aTEJIbCTBE JieMMbl 7.1, B custy masoctu gz mpu ¢t > mou,
riue 7p JOCTaTOYHO Besmko, a pu — 0, u paBHOMepHOi masoctu Y(t, )
npu p — 0, umeem a1; < —2 < 0. JanbHeiinee aBigeTCa MOBTOPEHNEM
paccyxaennii jeMMbr 7.1.

Urak, umeer mecro (7.66). [Hasiee, 09eBUIHO, NEPBBIH KCIOHEHIIU-
aJIbHBII COMHOKUTEJIb B BHIPAXKEHNHU, CTOSIIEM I10[ 3HAKOM MHTErpaJia
B ¢, OTPAHUYEH 110 MOJLYJIIO He 3aBucsAIeil or y koucrautoit C, u mo3ToMy

H(& n)

lq| < / oL de < C. (7.67)

Ouennm tenepp R. B cuty nemmvbr 7.2 nmeem
t t
IRl < [ Ce ¢/t dg + [ Cudn < Cp, (7.68)
0 0
npyrumu ciaosamu, R = O(u).

Obparumcs Teneps kK ypasaernio (7.63). [Tosbsysace onenkamn (7.67)
n (7.68), mosrydnM HEpaBEHCTBO

t
6] < C / |8] dn + Cp. (7.69)

Benem u = / 8] dn. Toma =14, Cfl—?‘ = 16| u (7.69) naer
71—?| < Clu| + Op. (7.70)

[osb3ysack jemmoii 2.1 o nudpepeHnuaIbHbIX HEPABEHCTBAX, MOJIY YUM

orciona
lu| < p(e®t —1) < u(EeT —1) < Cp. (7.71)
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CutenoBaresnbno, B cuiy (7.70) %‘ < Cu, 1. e.

6] < Cp. (7.72)
Mosb3ysick tenepn (7.62), ouenkoii (7.72), uepasencrsom |Ry| < Cpu

u ouerkoii (7.66), nosydum

b G(t=6)

Al < [
0

Cupdé < Cp. (7.73)

Ouenku (7.72) u (7.73) u COCTABISAIOT yTBEPK AEHUE TEOPEMBI 7.5, KOTO-
pas, TaxuM 00pas3oM, JOKA3aHA.

3. Tloctpoenme acuMnTOTUKH QyHIAMEHTaJIbHOW CcHUCTEMBI
pelieHu#l 1jia JUHEHHOro ypaBHEHHsI BTOPOTO IOPsIKa C Ma-
JIBIM TIapaMeTPoM IIPH cTapiieii npousBomHo#. B psife 3amaq Teo-
pun Kosiebanuii, KBAHTOBOI MEXAHUKU W AP. BCTPEUACTCSI CHHTYJISIPHO
BO3MYIIEHHOE ypaBHEHUE BUIA

12y + Q*(z)y =0, (7.74)

HEe YIOBJIETBOpsiollee TpebOBaHMAM Mpenplayiiero myHkra. K tumy
(7.74) npuHA#IEXKUT, B YACTHOCTH, YPABHEHUE IBUKEHWUS MAATHUKA
(7.11) mpu orcyrcTBuUM TpeHus, T.e. B caydae « = (0. Yrobbl ypas-
nenue (7.11) cesock k cucreme tuma (7.14), 111 KOTOPOii BBIIOJIHE-
HO ycjoBue ycroiuusocru (7.18), nexaiiee B ocHOBe Bceii Teopuu 1. 1,
HYZKHO, YTOOBI (¢ OBLIIO OTJIMYHBIM OT HyJisA. Ecim ke a = 0, To Teopust
. 1 Henpumennma. Kak m3BecTHO, B 3TOM CJIydae pelleHre ypaBHeHUsT
(7.11) HocuT KOJIEbaTEBHBIH XapakTep (BCJIEICTBHE MAJIOCTH it KoJteba-
HUsA OY/LyT UMETh OY€Hb GOJIBULYIO YACTOTY ), T. €. IBJICHUE Ka4eCTBEHHO
OTJINYAETCS OT PACCMOTPEHHOTO B 1. 1.

IMosib3ysich suHeliHOCTHIO ypaBHeHus (7.74), Mbl He OyneM CBA3bI-
BaTh MOCTPOEHNE ACUMIITOTHKH C 33JaHUEM [TOTIOJTHUTEIHHBIX YCIIOBHIA,
KaK 3TO OBbLJIO CIeJTaHO B MPEIbIIYINEeM IYHKTEe, TIe PACCMaTPUBAJIACD
HAYaJIbHAS 33714494, a TOCTABUM IEJIHI0 TIOCTPOUTH ACHMITOTUKY (DYyH-
TAMEHTAJIHHON CHCTEMBI PEIIEHU, 9TO JACT BO3MOXKHOCTD IOJIYYIAThH
ACUMIITOTUKY PeIleHuil, OrpenesseMblX CAMBIMIA PA3HOOOPA3HBIMU [10-
MTOJTHUTEJIbHBIMU Y CJTOBUSIMH.

Bynem npennosnarars, uro Q(x) # 0 na cermente a < x < b u aBis-
ercsi TPUK bl HenpepbiBHO muddepeHuupyemoit byukumeit (s onpe-
nesieHHocTr Oyaem caurarh Q(z) > 0).

Iepeiinem B ypasuenuu (7.74) k HOBOI HeusBecTHOH dyHKIMU U, 10~
JIOXKUB

Yy =uv, TOE U= exp [ﬁ fQ(x) dx]. (7.75)
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Bamerum, 9To v B caydae () = const mepexonuT B exp [ﬁQ(m — a)] U BbI-

paKeHHe Yy = uv, TIe ¥ = const, ABJIAETCS MPOCTO TOYHBIM PEIIEHUEM.
Ipoussens B (7.74) ykasaHHyIO 3aMeHy, IIOJIyYUM ypPaBHEHUE

pu 4+ 2iu'Q + iu@' =0,

KOTOpOe 3anunieM B BUOEC CUCTEMbI

uz' = —2i2Q —iuQ', u ==z (7.76)
IMostoxus 3mech dopmasibio p = 0, nomyunm 22Q = —uQ', u' =
OTKyIa
u = —l%u

Bosbmem wacTHOE pemenne 3TOrO YpaBHEHUA, UMEIOIIEe BUIT

a(r) = ——. (7.77)
VQ(z)

OxasbiBaercst, ecsiu @(x) nogcraButh B (7.75) BMECTO 4, TO IOJIy4UT-

cs npubJImKeHHOe (B aCUMIITOTHYECKOM CMBICTIE) MPEICTABJICHHUE s

HEKOTOPOro perienus ypasuenus (7.74), koropoe HazoBeM yi(z). O6o-

3HAYUM Yepes3 Y2 (Z) peneHne, KOMILIEKCHO COMPskKeHHoe ¥ (2): ya = y5.

Teopewma 7.6. IIycrs pynxnus Q(x) > 0 u TpuKapl HEIPEPHIBHO
angdepennupyema Ha [a, b]. Torna Ha [a, b] cymecrByer pyHIamenTa b~
HasA cucreMa pemenuii ypasuerus (7.74) Buna

y1=[ é(m)+51(1¢,u]exp[ﬁa/Q ]

+ ea(x, 1) ] exp[—ﬁjQ ]

(7.78)

[ 1
Q(z)
npmaem 1 (x, 1) = O(u), e2(z, p) = O(p).

HokazarenbcTBo. [lomoxkum u — @ =0, z — Z = A, rae o onpe-
nesero dopmyoit (7.77), a Z =a'. Hus A u § mostydnm cucremy

Y2

pA" = —=2iQA —iQ'§ — uz', 8 = A, (7.79)
7 onpenesmM 3T (QYHKINA HATATBHBIME YCJIOBUIMA
0(a) =0, A(a) =0 (7.80)

(Tem caMbIM MBI PAKTHYECKN 33/1a€M HAUAJIbHBIE YCIIOBUS 1A U U 2).
Paszobnem nokaszaresbCTBO HA IBa dTAIlA.



§ 2. CuHayaapHYIE 803MYU,EHUS 219

1) HJoxaxem CHaYasIa, 9TO
6=0(), A=0(w. (7.81)

Boimosinenue coornomenuii (7.81) o3HavYaeT, 4TO CyMIECTBYET peIleHNne
cucremsl (7.76), umeromee Bun v = @ + O(u), z = Z + O(u), u, cie-
JIOBaTEJIbHO, CYIIECTBYET pelienue y; ypasuenus (7.74), npencraBumoe
nepsoii dopmysioii (7.78). Uro xKacaercs BTOPOro PEIIEHUs Yo, TO, TAK
KaK Yo = YT, IPEICTABJIEHNE [IJT5 Y2 OTIETBHOTO IOKA3ATEHCTBA HE TPe-
6yer. Ilpu arom eo(z, u) = e (z, ).

Hns nokasaresiberBa (7.81) nepeiinem ot (7.79), (7.80) k sxBuUBaA-
JIEHTHO! cucTeMe WHTerPaJIbHBbIX YPaBHEHUN

—iQ'(n)(r) - pF'(r) ~H Qs

Ax) = :

dr,
(7.82)

o(x) = [ A(§) d¢,

9\&9\&

OTKyJa nepefinemM K ypaBHEHUIO, couepKameMy ToJabKo A(x):
T

Aw = [ =5 (/a@ae)e

a

Tar=(1)+ (2. (7.83)

Wurerpupys mo 4acTsM BTOPOE CJIAraeMoe 3TOrO BBIPAKEHUsI, TIOJTY-
quM

2
m

1—s

_ Qi 2/(r)
(2) = —pe 21:@

* z —%f@dx(

+u / e %),dr = a(x, p)p.

IIpeo6pasyem reneps (1) TakuMm ke UHTEIPUPOBAHUEM 10 YACTAM:

/7_ T —%f’Qdm T
W =(~5 [ s@ac)e ™ +
T /7_ T ! _%dez
+ [ (g [ aeae) e " ar -
QW 7
=~ 50() a/ A(T) dr+
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Taxum o6pasom, ypasaenue (7.83) npuHuMaeT Bui
= [ B, mwdr [ A©dE+ [ A(a,m, AR dr + ale, i,

npu s1ToM |a(z, )| < @, |B(z, 7, )| < B, |y(z, 7, 1) < 7, tne @, 3,7 —
HeKOTOpre, HE 3aBuUcAgmue OoT 'U IIOCTOsIHHBIE. MeHHH B HepBOM cJiarae-
MOM TIOPSAI0K WHTETPUPOBAHUS, TTOJTY IUM

[ A de [ Ble,rnydr = [ Bla.&mAe) de,
a 3 a

roe E(x,f,,u) < 6,5 — me 3aBucamas oT f mocTOSHHAA. TeM cambim
ypastenue (7.83) npeobpasyercst K OKOHYATEJILHOMY BHLY

A@@) = | K(o,mmA@) dr +alt,mi (784

e K(x,7,u) :_B(x,r, w+v(x, 7, 1), u, cienoparessuo, | K (z, 7, p)| <K
(mocrosinnas K we 3aBucUT OT ).
IMepefinem or ypaBrenus (7.84) Kk HepaBeHCTBY

A@) < [ RIAG)|dr +an. (7.85)

T
Beenem HoByIO yHKumMoO w(x) = / |A(7)| dr (amasormysble mocTpoe-

HUsA ObLITN TPOJEJIAHbI IPU JI0KA3aTeILCTBE Teopembl 7.5). Torna ‘f;: =

= |A|7

%| = |A| u u3 (7.85) cienyer

‘dw‘ < K|w| + ap.

[osb3ysack jemmoii 2.1 o nudpepeHnuaIbHbIX HEPABEHCTBAX, MOJIY YUM
OTCIO/IA

lw| < K( eK(b—a) _ 1) < (eE(b_a) -1) < Cp.

CrenoBatessho, |A(x)| = |Ccll—’;| < KCu + ap < Dp, aro u tpeby-

ercsa. AHajoruvnas oneHka i 0(x) moJy4aeTcs U3 BTOPOro ypaBHe-
uus (7.82). Takum o6pasom, ouenku (7.81) moxasaHbl.

2) Y6enumcs Tenepb, YTO PEIleHus Y, U Yo = yi JIMHEHO HesaBuCH-
MbI, I0Ka3aB, 4TO onpenesmresib Bpouckoro D(y1, y2) OTJIMYEH OT HYJIsL.

Nmeem
uv u*v*

wv' + zv urv* + z*o*

yl yl
?J ?J1

D(y1,y2) =
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VaureBas, 9o v’ = ﬁQv, HOJTy9nM JaJjiee

u *

U
D(yl,y2)=vv* UZ'_LQ—FZ —U*£Q+Z*

_Q
T

u u* _
u+O0(p) —u*+0(p)|
= 280t + O(w) = - 22 (@ + O(u),
OTKYOa yXKe€ ACHO, 9TO 3Ta BEJIMYUHA OTJIMIHA OT HYJIA.
TaxuMm o6pasomM, y; U Yz = y; HeHCTBUTEIHBHO 00pa3yioT (QyHIaAMEH-
TaJIPHYIO CUCTEMY pelleHuil, u Teopema 7.6 mokasaHa.

SaMedaHU .

1. MoxHO 10Ka3aTh, YTO AHAJIOTUYHBII Pe3yJIbTAT UMEET MECTO U JIJI
ypasuenus p2y” — Q*(x)y = 0 ¢ Toii pasuumeit, ato B (7.78) cienyer i
3aMEHUTh eIUMHUIIEN.

2. TTonyuennsbie acumnrorudeckue GpopMmybl (7.78) TepsrOT CMBIC,
ecJin Ha [a, b] mmerorca Toukn, rae ((x) obpamarorcs B Hy b, Takwe T04-
KU Ha3BbIBAIOTCA TOYKAMU MOBOPOTA. TePMUH NMPOUCXOOUT U3 KBAHTOBOM
MEXaHUKHU, TIe HeKOTOphle 3anaun Aj1ia ypasHenus [lIpénunrepa B on-
HOMEDHOM CJIy4ae IPUBOAATCA K ypaBHenuto tuna (7.74). [lpu naauauu
TOYEK [TOBOPOTA ACUMIITOTUKA CTPOUTCH OOJIee CJA0KHBIM 00pa30M U CO-
OTBETCTBYIOIIA TEOPU BBIXOOUT 32 PAMKH HACTOAIIErO yueOHuKa. Me-
TOJI, IOCTPOEHUSI ACUMIITOTUKY pelienuii ypasuenuil tuna (7.74) B du-
3uKe JacTo HasbiBaercsa BBK-meromom mo mmeHu ydeHbIX — (GU3UKOB
Bennenst, Bpustiosna n Kpamepca, pazpadoTaBiimx COOTBETCTBYIONITik
AJITOPUTM.

3. Meron nmamu npomemonctpupoBan Ha npumepe (7.74). Crnenyer,
OIIHAKO, 3aMETHUTh, YTO HTOT METOI PACIPOCTPAHAETCA HA CUHTYJISAPHO
BO3MYIIEHHBIE CHCTEMBI DoJjiee obmero Buga (cM., Hanpumep, [20], tae
NIpUBe/IeH MOAPOOHBI aHAJIM3 OCHOBHBIX MIIell MeTOma, ero JaJjibHeiiee
Pa3BUTHE U CBA3b C BOIIPOCOM TaK HA3BIBAEMOI PEryJsIsApU3alNN CUHTY-
JIIPHO BO3MYIIEHHBIX 33/1a9).

4. Meton, ycpemHeHusa. PaccMoTpuM ypaBHEHUe

d
L= uwY(y,1), y(0,p) =y’ (7.86)

U3 npenpiaymero n3BeCTHO, YTO MPU YCJIOBUU JOCTATOYHON TIIAIKOCTH
npasoit wactu (7.86) ma nHekoropom cermente [0,7] pemenue 3amadn
(7.86) mpencraBUMO aCHMITOTUYECKH MHOTOYJIEHOM II0 CTEHeHsIM [ (Te-
opema 7.2). OmHaKO NpU PElleHnn Psila BOMPOCOB MATEMATUIECKOH (u-
3KV IPUXOJUTCS UCCIIEIOBATD PENIeHne Ha IPOU3BOJIBHO OOJIBIIOM ITPO-
MeXYTKe U3MeHeHUs ¢, Hanpumep, 1ist t ~ 1/u. B aTrom cayvae onucan-
Hble B § 1 MeTOMIbI HEMPUMEHUMBI.
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ITOT Ccaydail eCTeCTBEHHO OTHECTH K KJIACCY HEPEeryJIsipHO BO3MY-
menubix. O6paTuM BHUMaHWE HA TO, YTO 3aMeHA MepeMeHHbIX & = tu
MPUBOOUT K KOHEYHOMY IIPOMEXYTKY M3MEHEeHH:A &, HO ypaBHEHUE MpU-
HUMAEeT BUI

g Y(y,§/n)-

B sroit dpopme HEperyIsspHOCTH BO3MYIIEHUsST CTAHOBUTCS OCOOEHHO XO-
POIIO 3aMeTHOI.

B macrosiimem myHKTE MbI ONHUIIEM ACUMIITOTUYECKWUH METO [IJIs He-
PEryJIsIpHO BO3MYIIEHHBIX CHCTEM, TaK HA3bIBAEMbI Memod ycpednenus,
ocHoBbl Kotoporo 3asioxkenbl H. M. Kpoiioseiv 1 H. H. Borostro6oBbim
[19]. DToT MeTom, KaK OymeT BUIHO HUKE, OCOOEHHO yI00eH 11 Onuca-
HUsI HEJIMHENHbBIX KOJIe6aTeJH)HbIX IpouecCoB.

CdopmyaupyeM TpaBUIO MOCTPOEHUsT ACUMITOTUKM, KOTOPOE HAeT
MeTo[1 ycpenHenusi. Begem dyHkmm

_ T
V()= lim £ [ Y(nt)dt, (7.87)
0

ABJISIOIIUECS CPEJHUMU 3HAYEHUAMU TIPABOH YACTH TI0 SIBHO BXOJIAIIEMY
nepemennomy t. [lepemenHoe 1 mpu 3Toi omepanuu cIUTaeTCs (PUKCU-
POBaHHBIM.

Bameuanue. B ciyyae orpaHmYeHHBIX NEPUONUIECKUX 1O ¢
dbyuxuumii (c nepuomom 27 mis OHpeJIeJIeHHOCTI/I)

Y(n) = 2ﬂ_ / Y (n,t) dt.

J:LeﬁCTBHTeﬂbHo T=2kr+7(0<7<2m)u®
. 1 ) 1 2kw+T1
2k 1 2
= kli)n;o W 0/ Y(n,t)dt = 5= 0/ Y (n,t)dt.

IIpennonoxumM, 410 KpoMe MpenesibHbIX coorHomenuit (7.87) cnpa-
BEIJTUBBI TAKKEe COOTHOIICHUS

— T
Y _ . 1 Y
ay = Aim 7 /o (n,t) dt, (7.88)
T.€. CpeliHee 3HAYCHUE [POU3BOMHOM %Y PaBHO NPOU3BOIHOI OT cpen-

HEero 3HavYeHusd Y .
IToctaBum B cooTBercTBHE ypasHeHno (7.86) ciemyomiee, Tak Ha3bl-
BaeMOe YCPeIHEHHOe ypaBHEeHMe, KOTOpoe B npuHnumne npoie (7.86):

d
T =u¥(n), n(0)=y" (7.89)
CHpaBe,ZL.J'II/IBa cJegyionasg TeopeMa.
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Teopewma 7.7. Ilyctp

1°. B nekoropoii obaacru |y| < b, 0 < t < oo, Pyuxmusa Y (y,t)
HETIPEPBIBHA H PABHOMEPHO OTPAHIYECHA BMECTE C MPOU3BOIHON TEPBOTO
MOpAIKA TI0 Y.

2°. Ilpn |y| < b cymecrByer cpennee suaqenne (7.87), a Takxke crnpa-
BemyuBo (7. 88) npudem npenesbHbli nepexon B (7.87) u (7.88) umeer
MeCTO PABHOMEPHO OTHOCHTEJIBHO 1) € [—D, b].

3°. Pemrennst y un 3aga4 (7.86) u (7.89) cymecrByror u npuHaaiexar
(=b,b) mpu 0 < t < L/, nme L — He 3aBuCAIAs OT {1 HOCTOIHHASL.

Torna pasaOMepHO oTHOCHTEIbHO t € [0, L/ 1] mmeer mecro npenesinb-

HBII nmepexon
lim(y —n) =0. (7.90)

n—0

HoxazaTesabcTBO. PaccMoTpuM BeTUYIUHY

u(n,t) = [[Y(n,t) = ¥ (n)]dt, (7.91)
0

a TaK¥XKe ee IMIPpOU3BOAHYIO IO n
ou _ oY dy
Ju /‘[an<n,> ] at, (7.92)

u JokaxeM, 410 B obutactu |n| < b, 0 < ¢ < L/p copaBenjimsbl COOTHO-

nieHud a
pu=e(p),  pg, =) (7.93)

31ech u B 1aJibHeIIeM yC1oBUMCA 4epes €(f1) 0603Ha4aTh JII00YI0 BEsIH-
YuHy, OECKOHEYHO MAJIyI0 BMECTE C [, PABHOMEPHO OTHOCHTEJIBHO IpY-
X [IePEMEHHBIX, HAIIPUMED 7] U , OT KOTOPBIX Ta BEJIMUNHA 3aBHUCHT.
Wubivn cotoBamu, (7.93) o3HadaeT paBHOMEPHOE OTHOCHTEJIHHO 7) U ¢
CTpeMJIeHHe [iU U ,ug—z K HYJIIO.

Hokaxewm neppoe u3 coornomenuii (7.93). Bropoe mokasbiaercs ana-
sgoruano. meem

i, t) = it - L [ (¥ (.8) — T)] dt = eV (,1).
0

Mycrts 0 < t < 1/\/p. Torma pt < /p, w V(n,t) paBHOMEpHO OTpa-
HUYEHO OTHOCUTEIIHLHO 1) € [—b,b] B CHJly PABHOMEPHOCTH TIPEHESILHOTO
nepexona (7.87), r.e. pu(n,t) = O(/p). Ecm xe 1/\/p <t < L/p, To
ut < L, a B cuny (7.87) nna smoboro 6 > 0 cymecrByer pg(d) Takoe,
qaro mpu p < po(6) Bemomaeno |V (n,t)| < 6/L, r.e. |pu| < § nna scex
[n| < b. Tloaromy pu(n,t) = e(p) nna 0 < ¢ < L/p, 9o u TpeboBasiocs.
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Beenem Teneps B paccMmoTpenue (byHKITHIO
g(t, p) = n(t) + pu(n(t), ). (7.94)
Ora GYHKIWSA yIOBJIETBOPSIET YPABHEHWIO
7 =uY (@t + R, g0,p) =y’

vie R = (n+ pu)' — pY (n + pu,t) = pY(n) + uf,—? = pY (n + pu, t).
YunteiBag, 9TO

_ au Ju

Y(n+uu,t) =Y(n, )+MU%§(77 1),

g _ 9u =y (n,t) - Y (n)

[IOJIY YUM
R = i* QU (n) — pPuy (n',1) = pe(pe) = ().

Herpyauno y6enurbes, uto A = y — § = 0 npu p — 0 paBHOMEpHO
orrocuresnbHo ¢ € [0, L/u]. B camom meste, BesimunHa A yIOBIETBOPSIET

YPaBHEHUIO

%—“a (7 +0A,H)A + R. (7.95)

ITpu stom 0 < 0 < 1, R = o(u), A(O,) = 0. B cuy ycsioBus 3°
reopemsl |§ + 0A| < b upu 0 < t < L/p. Tlosromy cymecTByer He 3aBu-

CAIAs OT 4 TOCTOstHHAA N TaKasi, 9To ‘%—Y(gj—i—QA, t)‘ < N,uwus (7.95)
OJTY IUM v

t
top [ (g+0A ) dt
3

A= f ™
0

OTKYZa 1 CJIeyeT paBHOMepHOe oTHocuTesbHO t € [0, L/p] crpemienue
A x myso nipu g — 0.

IMosb3ysich 9TUM pe3ysbTaroM, coorHomenueM (7.94) u oueHkoii
(7.93), mostyaum (7.90), u Teopema 7.7 TeM caMbIM JIOKA3aHA.

Rdé‘ <o(u)LeNt,

SaMedaHus.

1. YrBepxmenue Teopembl 7.7 OCTAETCs CIIPABEIIUBBIM JJIs CJIydasd,
korga B (7.86) Besmmuuna y saBjgerca Bekrop-byHkuueii. B ycaoBuax
TeopeMbl BMECTO %—Z €CTEeCTBEHHbIM 00Pa30M IMOSABATCSA IPOU3BOIHBIE
Y;
Oy’
HUsI TPU OlleHKe A, KOTOpPbIE MOXKHO MIPEOI0JIETh, MOJIb3YCh COOOpaKe-
HusiMu § 4 1. 2.
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2. Teopema 7.7 GbL1a chHOPMYIMPOBAHA U JOKA3AHA MPU YIPOIIAIO-
MEM TIPEIIIOJIOKEHNN, 9TO He TOJIbKO pemrenue 7)(t, ) GoJiee poCToi,
YeM HCXOMHAs, YCPETHEHHON cucTeMbl JIEKUT B (—b,b), HO U pemeHue
y(t, p) ucxomuoii cucrembl Takxke Jjiexut B (—b, b). Ot 91010 NOCIEIHErO
TpeGOBAHUST MOKHO U30aBUTHCS, HAJIOXKUB AOIOJTHATEIbHOE TPEOOBAHNE
Ha n(t,u): n € [-b+0,b— 6] mpu 0 < ¢t < L/u. Orcrona HepaBeHCTBO
ly(t, )| < b MoKkHO TOJTy9InTh KaK cjreacTBre. B camom neste, mycTs npu
nekoropom T < L/p umeem |y(T, p)| = b, T.e. unTErpasbHAsA KpUBAs
BBIXOIUT Ha Ipanuiy obsactu. Bosbmem T < T, nocraro4uHo OJim3K0e
K T, uro6er y(T* p) ormmaamnocs or y(7T, 1) He Gosee yem nHa §/4. Ilo-
ckobKY |y(t, )| < bopu 0 < ¢t < T% 1o npu 0 < t < T™ cupasenyimBa
TeopeMa 7.7 U IIpU IOCTATOYHO MAaJIbIX it Besmausa, 17(1™ 1) orsimaaercs
ot y(T* u) ve 6osee uem Ha 6 /4. A rorna n(T* p) ornmgaercs or y(T, ),
paBHOro b unu —b, ue 6osiee yeMm Ha /2, YTO NIPOTUBOPEYUT TOMY, U4TO

ne[-b+d,b-0.

IIporusopeune npuBoauT K BbiBOMY, 4T0 |y(t, u)| < b na 0 < ¢t < L/,
a Torma, Kak 6bL1o mokaszaHo, (7.90) cnpasenmuBo Ha Beem [0, L/ p].

MozxkHo 66110 ObI HE TPENNoJiaraTh TAKXKE W CYIMIECTBOBAHUS PeEIIe-
uus y(t, 1), a 10Ka3aTh €ro CymecTBOBaHUe B OKpecTHOCTH 7)(t) momo6Ho
TOMY, KaK 9TO OBLJIO COEJIAaHO, HAIIPUMED, B TeopeMe 7.2.

3. Mbl npuBesn 3mech NPOCTEHNIYI0 TEOpeMy MeTONa yCPEeIHEHWU.
CymecTByer OOmMUpHAS JIATEPATYPA, MOCBAIMEHHAS METOMy yCpemHe-
HUA, B KOTOPOI MPUBOIATCS JOKA3ATEILCTBA PA3JIMIHBIX 00J1€€ TOHKHUX
U CJIOKHBIX TEOPEM U CTPOATCS MPUOJIMKEHU, JAIONHE JIOOYI0 achM-
NTOTUYECKYIO TOIYHOCTDH (HOI[pO6Hee C 9TUM KPYTI'OM BOIPOCOB MOXKHO
O3HAKOMUTBCH, HATpuMep, 1o Kuuram [10, 13, 22]).

IIpumep 7.2. Paccmorpum ypasuenue Ban mep [loss
2 —p(l—2®)2' +2 =0, (7.96)

OTIMCHIBAIOIIEE JIAMIIOBBIN T€HEPATOP HA TPUOIE C KOJIebATEThbHBIM KOH-
TYpOM B aHOOHON memu (cM., Hampumep, [23]. B xHure naercsa BBIBOI
ypasuenusi Bal nep [loss). UTo kacaercs aCUMOTOTUKHI, TO ABTOPHI WH-
TEPeCyITCs CJTy4aeM, KOTIA (1 He MaJIO, a, HAITPOTUB, Besuko. [lomes s
Ha 3TOT OOJIBIION TMapamMerp, MOJyYuM ypPaBHEHWE, B KOTOPOM MAJIbIi
MHOKHUTEJL cTouT 1ipu 2. Takoe ypaBHEHHE TOXKE NPUHAIJIEKUT K THU-
My CUHTYJISIDHO BO3MYIIEHHBIX, HO ONMCHIBAeT KoJsiebaHusi, He OJIM3Kue
K rapMOHUYECKUM, KaK B ciy4ae (7.96), a kosjiebaHus HHOrO TUIA — TaK
Has3bIBAEMbIE peaakcayuorHvie xKoaebarus. Monorpadus E. ©. Mumiesko
u H. X. Po3oBa mocssiena acCUMITOTHYIECKON TEOPUN PeTaKCAITMOHHBIX
kosiebanuii st cucrem obmero Buna, passuroit JI.C. TlonTpsiruabiM
1 aBTOpPaM# MOHOTIPad .
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IMepenumenm (7.96) B BUIEe cucTeMbl

=u, u=pl-2")u—=z
u 3anamum Hadasbhbie yeaosusa o0, u) = 29, (0, u) = 0.
BBe,HeM HOBbBIE€ TIEPpEMEHHDBIE Y1 U Y2, IIOJIOZKUB

z=yicos(t+y2), u=—yisin(t+ys).

B nepeMeHHBIX y1, Y2 MOJIYIUM CHCTEMY
; yi i\ _wm yi
Yy = “[7 <1 - Tl) — 5cos2(t+y2) + %COS4(t+y2):|,
2
yh :N[%( 3121) sin2(t + yo) — 4 Sin4(t+y2)]

npu yeqosuax yi(0,p) = x°, y2(0, 1) = 0, ABAAIOUIYIOCA CUCTEMO# TH-
a (7.86).
Vepenuernnas cucrema (7.89) numeer Buz

n = %(1—7111)7 5, =0; m(0)=2% n(0)=0.

Otrcriona 12(t) = 0. YpasHenue s 7; ormessierca. Eciau mocTpouTtsb
IJIOCKOCTB ¢, 7)1, TO, Kak u Ha puc. 20 (mauublil ciaydaii ormdaercs
TOJIBKO MACIITaboM MO OCH t), HETPYIHO TPOCTICIUTh, 9To ecan ¥ > 0,
TO CyIIecTByer pemenue 1 (t), npubamkatormeecs npu t — 0o K 17 = 2.
OTH peleHns MOXKHO 3aMUCATh B BHe KBaaparyp. [Ipubimkennoe pe-
menue ypaBaeHus (7.96), oIy Jaroieecs Mo MeToly yCPeIHEHWsT, UMEET,
TaKUM 00Pa3oM, BHIL

z = [ (t, p) + ()] cos(t + =(1). (7.97)

VYpaBHenwe Ajis 7)) WMeeT IBa CTAIMOHAPHBIX pemreHus: 7; = +2. m
OTBeYaIOT pentenns ypasHenus: (7.96) Buna x = [£2+¢e(p)] cos(t+e(p)).

3aMeTuM, 4TO Pa3JIOKEHUEM 110 NapaMeTpy i B crenennoit psan (7.6)
npezncrassenue (7.97) He MOJIyYUTCA.



I''TABA 8

YPABHEHHIA B YACTHBIX ITPOMN3BOIHBIX
ITEPBOI'O ITOPAIOKA

VYpaBHeHusi B 9aCTHBIX NPOU3BOAHBIX IEPBOTO NOPAIKA TPAIUIMOHHO
pPacCMaTPUBAIOTCA B Kypce OOBIKHOBEHHBIX IudhepeHImaTbHbIX yPaB-
HEHUWil 110 TOIl MpPUYMHE, YTO IOCTPOCHHE MX OOIIEro PEIeHUs MOMKET
OBITH IPOBEICHO METOMAME, PA3BUTHIMU B TEOPUH OOLIKHOBEHHBIX Aud-
depeHIraIbHBIX yPaBHEHUIA.

uddepennnanpHoe ypaBHEHUE B YACTHBIX HTPOM3BOIHBLIX IIEPBOTO
HopsAaKa UMeeT BUI,

F(xl,...,xn,u,%,... ﬂ):o, (8.1)

’ a.l'n

rie F' — nekoropas 3aganHas pyHKINUS CBOMX aPIyMEHTOB, 8 HEM3BeCT-
HOW (byHKIMEN ABJISIETCS U, 3aBUCSIIAS OT APTYMEHTOB 1, . . ., Tp.

Mb1 ocTaHOBUMCS Ha IBYX YaCTHBIX ciiydasx (8.1). 910 Tak Ha3biBa-
eMoe aurelinoe ypasrerue

n
Zai(xl,...,xn)g—;‘izo (8.2)
i=1

1 K6a3UAUHETHOE ypasrHeHue
n
} : Ou _
ai('fljlw"’xn’u)%_a(x].?"'?xnau)? (83)
(3
i=1

rie a;,a — 3aJaHHble GYHKIUN CBOUX apryMeHTOB.

¢ 1. JIunelinoe ypaBHeHHe

O6parumcs K u3ydeHuto ypasuenusi (8.2):

Ou Ou _
(11(.'171,...,.13”)8—1‘1+"'+an($1,...,$n)%—0. (84)
Iycrs 1, ..., T, U3MEHSAIOTCS B HEKOTOPOil obsiactu G ¥ IyCTh B 3TOf
obnactu byHkmu a;(x1,...,T,) (i = 1,...,n) 06180a10T HENIPEPHIBHBI-
MM 9aCTHBIME POM3BOJHBIMU U He 00PAILIAI0TCsI OMHOBPEMEHHO B HYJIb,
YTO MOXKHO BBIPA3UTh B BUIE yCJIOBUSI

n

Za?(xl,...,xn) # 0.

i=1
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Perenuem ypasuenus (8.4) 6ymem Ha3bBaTh J1i00y10 DyHKIMIO, 0012~
JTAIOILY 0 9aCTHBIMU TPOU3BOIHBIMY [0 APTYMEHTAM I1, . . . , Ly, KOTOPAS
obpamaer (8.4) B ToxmectBo. ['eoMeTpudecKky peleHrne MOXKHO MHTEP-
MIPEeTUPOBATH KAK MMOBEPXHOCTH B IIPOCTPAHCTBE L1, . . ., Tn, U. Dynem Ha-
3BIBATH 9Ty IIOBEPXHOCTH UHME2PAALHOT NOBEPTHOCTBIO.

1. [IBymepHBbI# ciry4daii. PaccMoTpum cHavasia ciaydaii n = 2 u Ha,
HEM II0SICHUM OCHOBHBIE MEH IOCTPOEHUsI PerneHust:*)

Az, y)% + B(z, y)g—z =0. (8.5)

Bripaxenne ciieBa MOXKHO HHTEPIIPETUPOBATH KAK CKAJISIPHOE ITPOMU3-

Benenne BekTopHoro nouist {A, B} na gradu = {g—:, g—;} ", TaKuM 0Opa-

30M, (8.5) o3HAUYAET, YTO MPOU3BOIHASL OT U O HAIPABJIEHUIO BEKTOPA
{A, B} paBna nyso. O6o3naunm vepes I' kpuByro Ha miockocTw (,y),
KOTOpas 00J/1a/IaeT TeM CBOMCTBOM, YTO KAaCATEJIbHBII BEKTOP K 3TOM
kpuBsoii kosumaeapen { A, B}. Ee mapamerpuueckoe npencrasienue (ma-
PaAMETPOM SABJIAETCS ) MOXKHO MOJIyYUTh U3 CUCTEMbI yPaBHEHUI

d
L — Aw,y), =By (8.6)

®asoBble TpaekTopun cucrems (8.6) Ha miockocTw (,y), KOTOpbIE

ABJIAIOTCA UHTErPAIbHBIMI KPUBBIMU yDABHEHHA

d B(x Az

d_y _ By WM yPaBHEHNS Z—gg _ Alzy) , (8.7)

z  Adz,y) y  Blz,y)

HA3BIBAIOTCA TAPAKMEPUCTIUKAMU YPASHEHUA 6 YACTIHBIT NPOU3EOTHBIT
(8.5). Bmecro napsl ypaBrennii (8.7) 4acTo 3amuChIBAETCSA OIHO ypaB-
HEHNE B CHMMETDHYHON OTHOCUTEJIHHO & U Y dopMe

dx dy
Ae.y) ~ Ble.y)’ (®.8)
B cuny ycsosnii, nanoxennbix Ha A u B (A? + B? # 0), uepes Kaxmyio
10uKy GG IIPOXOIUT OHA U TOJIHKO OIHA XaPAKTEPUCTUKA (CM. 1J1. 2, § 2,
3aMevaHue b).

Iycts u = u(x,y) — nosepxHOCTH ypaBHeHus (8.5). Bynem paccma-
TPUBATH €€ HAJl XapaKTEePUCTUKON, Ipu 3TOM U OYyIeT CJIOKHOU (DyHK-
mweit ¢ u = u(z(t),y(t)). Herpyaro Buaers, 910 HOHAS MPOU3BOJHAA
or u 1o t B cuity (8.6) coBnamaer ¢ j1eBoii dactoio (8.5):

d
du — Qudr 1 U = Ala,y) J% + Ble.y) 52 (8.9)

*) J0Ka3aTeIbCTBO, MOCBAIEHHOE MHOTOMEPHOMY CJIydalo, OyIeT COmep:KaTbCs
B I 2.
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CuteoBaresibHo, B cusly ypaBHenus (8.5) Ccll_? = 0, ammkara u HHTe-
IpaJIbHON MOBEPXHOCTH COXPAHSAET HAJ XapaKTEPUCTUKON MOCTOSTHHOE
SHa4Y€HHE, T.€. XapaKTEPUCTUKA ABJIACTCA JIMHnei YPOBHSA UHTErPaJIb-
HOI TOBEPXHOCTH.

PaccMoTpuM HEKOTOPYIO KPUBYIO Y, HE COBIAIAIONLYTO C XapaKTePH-
crukoit (puc. 21). Yepes xaxnywo touky M (z,y) obmactu G mpose-
IeM XapakTepucTuky. Touka ee mepecedeHus ¢ KPUBOU <y ONHO3HAYHO
ONpeNesIsieT 9Ty XapaKTEPUCTUKY, T. €. XapaKTEPUCTUKU OOPa3yroT Ofl-
HONIApaMeTpuIecKoe cemelicrBo. B xkadecTse mapameTpa MOXKHO B3sTh,
HAIpUMep, paccTostHue 1o KpuBoil v OT
HEKOTOpO# buKcupoBaHHON TOUKH (Zo,Yo)-
Tlontoxenune Touku M Ha KaxKIO# xapakTe-
PHUCTHKE OIpeesisieTcs napamerpom t. Kak
BunHO u3 (8.6), ¢ MOXKHO 3a/1aTh C TOYHO-
CTBIO [I0 TIPOU3BOJIBHOTO CJIATaeMOT0, TOSTO-
My OyHeM CYuTaTh, 9TO TOUKA IePECeIeHUs
KaKJI0lf XapaKTEePUCTUKU C KPUBOI ¥ COOT-
BETCTBYeT 3Ha4YeHUIo ¢t = fg.

Takum obpasom, B obsiactu G KaxKmoii
rouke M (z,y) MOXKHO MOCTABUTHL B COOTBETCTBHE Hapy uucesn (6,t):
f onpemesseT XapaKTEePUCTUKY, TPOXOAANLYIO uepe3 M, a t — 3HaueHne
rmapaMeTpa Ha XapaKTepucTuke, orpevaiomee Touke M. Tem caMbIM MbI
MMeeM B3aMMHO OIHO3HAYHOe cOOTBeTcTBHE (T,Yy) < (#,1) nnn, anauu-
TUYECKH,

Puc. 21

r=X(0,1), y=Y(0,1),

6=00y), t=T(y). (8.10)

B nepemennbix (6,t) ypaBHeHHE XapAKTEPUCTUKY UMEET BHL g—? =0,
orkyna 6 = C. Takum 06pa3om, BIOJIb XapaKTEPUCTUKH

O(z,y) =C. (8.11)

Ilepementbrie 0,t ymoOHBI B TOM OTHOIIEHUH, YTO, TEPEiiIsa K 3TUM Hepe-
MEHHBIM, MbI MOXKEM JIETKO MOJIyYUTh perienne ypashenus (8.5). O6o-
3HAYUM

u(z,y) = u(X(8,1),Y(6,t) = v(b,1).
B cuny (8.9) ypaBuenue (8.5) B mepeMeHHbIX v, 0, ¢ umeer Buj 6—: =0
(permeHne coxpaHseT CBOe 3HAUEHUE BIOJIb XapakTepucTuku). Tak Kax
dv

o = 0, To v saBaserca Gyukumeii Tosbko 8, 1.e. v = F(6), a rem cambim

u(z,y) = F(O(z,y)), (8.12)

rie F' — npousBosibHast DYHKIMS CBOETO apryMeHTa.
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Mpsbr mpuxomuM, TakuM 00pa30M, K BBIBOLY: 00wiee peweHue ypasHe-
nus (8.5) umeem eud (8.12), 2de F — npoussosvras Gynkyus apzymen-
ma O(z,y), a O(x,y) — aesasn wacmo (8.11).

C npyroii CTOpOHBI, €c/iM HaM KaKHM-TO OOpa3soM yAasioch HafiTu
dyuxmio ¢(z,y), 0baagaoILyI0 TeM CBONCTBOM, YTO OHA TOXKIECTBEH-
HO 0Dpamaercsi B MOCTOSAHHYIO BIOJIb KAaXKIOW WHTErpaJibHOW KPUBOM
ypaBHenus (8.8), T.e. BIOJb KakKI0l XapakKTEePUCTUKU, TO B II€PEMEH-
HBIX (6,t) ra byHKIMA TOKHA 3aBUCETHh TOJIBKO OT 6, HO He OT t,
r.e. p(X(0,t),Y(6,t)) = ¢(0). Ilockompky B (8.12) F — mnpousBosibHAas
GyHKIMsI, BbIpazKEHHUE M1 OOIIEro PeleHus MOXKHO MHUCATh HE TOJILKO
B Bugie (8.12), Ho U B BUIE

u(z,y) = Flp(z,y)). (8.13)

Heiicrsutensuo, F(p) = F(F(0)) = F(f), 1 Mbl npuxomuM omaTh
K (8.12).

IMpumep 8.1. IIycts B (8.5) K03 DUIUEHTHI ABAIOTCST TOCTOSHHbBI-

mu: A = Ay, B = By. U3 (8.7) naxomum y—vox = const, rue vg = By /Ag.

Torna cortacuo (8.13) obmee peutenne numeer sun u(z,y) = F(y — vox).

u(t,y)
t=1 t =12

_—

[V-J S

y+Ay Y
Puc. 22

DOynkiua F(y — vox) HaspiBaeTCa Gerymieii BOTHOR CO CKOPOCTHIO Ug
u ipocpustem F'(y). JIErko MOHATH CMBICII 9TOTO HA3BAHUS, €CJIA & UHTEP-
MPETUPOBATh KaK BpeMms, 3ameHuB x Ha t. Hapucyem mpoduam BoTHBI
B MOMEHTHI t; 1 t2 (puc. 22). Ilpu vg > 0 u to > ¢, BTOPOI TPOdDUIL
CIIBUHYT BIPABO KAaK eIUHOE 1esioe Ha Beauauny Ay = (to —t1)vg. Heii-
CTBUTEJIBHO, Y + Ay — vgte = y — vot1, T.€. B TOUYKAX Yy U Yy + Ay [OJIHBIH
apryment F' onun u Tor ke, a Ay /At = vg, T. €. CKOPOCTH CABULA €CTH V.

Cornacuo (8.12) mm (8.13) obmiee pemenne ypaBHEHUsI B YaCTHBIX
MPOU3BOJIHBIX 3ABUCHUT OT MPOU3BOJILHON (DYHKIIUH, T.€. COMEPKUT €IIe
OOJIBIIYIO CTElleHb IIPOU3BOJIA, YeM B Cjydae OObIKHOBEHHOro mudde-
PEHIUAJILHOTO ypaBHeHusa. PaccMOTpUM BOIPOC O TOM, KAKUM 00Pa3oM
u3 MHOXKeCTBa (8.12) MOXKHO BBIIEJIUTH €IUHCTBEHHOE PEIIEHME.
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ITycrb Ha KpuBoit 71, ypaBHeHue KoTopoii x = x(s), y = y(s) u xo-
TOpast HE COBNAAET ¢ XapPAKTEPUCTUKOM HU HA OTHOM MHTEPBAJIE MOJIO-
JKUTEIBHON IJIMHBI, 33JaH0 TOTOJTHATETBHOE YCTIOBHIE

U(x,y)l'n = W(S), (814)

rie w(s) — 3amannas HyHKLIUA IEPEMEHHOl §. DTO 3a/1a9a HA3BIBAETCS
HavaJIbHOM 3amadeit unn 3anaqeit Komn nis ypapuenus (8.5).

Tak Kak 7y, He ABJIAEeTC XapaKTEePUCTUKOR, T0 O(x,y) BIOIb 71 Me-
usercs: O(x,y)|y, =& = O(x(s),y(s)), T e. anaerca pyuxuueit s. Tem
cambiM s = Q(€), a w(s) = w[(§)]. Bnauenune u B TOUKe { HA KPUBOIL ¥,
ectb w[(€)]. Ecam Tenepp depes ToUKy & KPUBOH <y; MPOBECTH XapaK-
TEPUCTHUKY, TO ee ypaBHeHue Oymer umers Bug O(z,y) = £, a 3HaYeHHE
pellleHnsl B TOYKaX 9Tof xapakrepuctuku paBHo w[Q(O(z,y))]. A Tax
KaK depe3 KaxkAylo To4Ky G NMPOXOIUT XapaKTEePUCTUKA, TO 3Ta (hop-
MyJia SBJISIETCS BhIPDAKEHUEM JIJIs PelleHus B JIIo0oi Touke obiactu G:

u(z,y) = w[(O(z,y))]- (8.15)

CooTBeTCTBYOIAs TEOMETPUYECKasi KAPTUHA MPEICTABIeHA HA PUC. 23.

u=w[§)] = w[l(z,y))]

S1 So S

Puc. 24

HerpymHo u HEmOCpencTBeHHO IPOBEpPUThH, 4To dhopmyJia (8.15) naer
Hy?KHO€ DEIIeHUe: BO-TIEPBBIX, 3TO €CTh PENIeHNe, TaK KaK COIEPKUTCH
B (8.12), a BO-BTOPBIX, u(,Y)|y, = w[Q(€)] = w(s), T.e. yooBieTBOpsIeT-
cs ycoosue (8.14).
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BamMedanus.

1. Bmecto ©(z,y) BO BCeX 9TUX PACCYKIEHUAX MOXKHO UCIOIb30BATH
o(z,y) (cm. (8.13)).

2. KoneuHo, ciieyer uMeTh B BUILY, 4TO [ oJtydenus §2(€) HyXKHO,
9100bI £ BIOJIB 7] 3aBHUCEJIA OT § MOHOTOHHO, KaK, HAIPUMED, HA yIaCTKe
(s1,82) (puc. 24). Torna s = Q(§) onpenesieHO OTHOZHATHO.

IIpumep 8.2. Paccmorpum ypaBHeHme u3 npumepa 8.1 u B Kade-
crie (8.14) BosbMeM ycJioBue
u(t,0) = u(t). (8.16)
3meck v, ectb npamasa y = 0, napamMeTpoM § CJIyKuT t. B a3T0M Ccoiydae
cp(t,y) =y — vot, QO(t, y)|’r1 = —vot = 57 t= Q(f) = _f/UO'
CrenoBaresibHO, nckoMoe perenne u(t,y) = u(%{]oy)) = ,u(t - %)
Takum 0OpasoM, pelieHre ABJIsIeTCs Oeryiieit BoJTHO, mpoduib KoTo-
POl OIHO3HAYHO OMpeNe/AeTCs 3aIaHHoi dyHKuuei u(t).

IIycTs Temepn 1 coBmamaeT ¢ Kakoi-imbO XapaKTepUCTUKOI. 31ech
MOTYT NIPEACTABAUTHCS PA3HBIE CIIYUAM.

a) u(z,y)|y, = const = ug. Torma permenue, 0O:eBUIHO, ONPENEIIACTCS
HEOHO3HAYHO, TaK KAaK pelleHneM 3Toii 3amaan Oymer modas dyHKIms
u(z,y) = f(O(z,y)), mums 66t f(O(z,y)|y,) = uo. Hampumep, moxno
nostyauts f(O(z,y)) = F(O(z,y)) — F(O(z,y)|,) +uo (HanomuuM, 4T0
F(O(z,y)|y,) = const), rme F' — ye OIpOU3BOIbHAA DYHKIUA.

6) u(z,y)|y, # const. BaToM ciiydae pemienue 3a1a4n He CyLIECTBYET,
TaK Kak BCAKOE pelleHue ypaBHenus (8.5) mOCTOSHHO BIOJIb XapaK TepH-
CTHUKW U, CJIEIOBATEJIHHO, TIOCTABJIEHHOE HA Y] YCJIOBHUE YIIOBJIETBOPEHO
OBITH HE MOXKET.

2. MHoromepHbI# ciaydaii. PaccmorpuM Temeps obmmit  corydaii
(8.4) B npennosioKenusax, chopMyIMPOBAHHBIX B HadaJe § 1.
ITocraBum B coorBercrBue ypasaenuto (8.4) cucremy (cp. (8.6))

dz;

7 =a1(1,...,%n), t=1,...,n, (8.17)
u cucremy 11 (asoBbix Tpaekropuii (cp. (8.8))
dml _ _ dx
& == e (8.18)

Humezpanonvie kpussie cucmemv, ypasuenud (8.18) naszwearomes xa-
PAKMEPUCTIUKAMU YPAGHEHUSA 6 YaCMHLT Npouszeoduux (8.4). B cumy
YCJIOBUIA, HAJIOXKEHHBIX HA KO3GhOUIUEHTHI a;, N1 cucrembl (8.18) ume-
€T MeCTO TeOpeMa CYIIECTBOBAHUA U €IMHCTBEHHOCTH, U Yepe3 KaxKIyIo
TOYKY N-MepHO# 0b61acTu G MPOXOIUT OJIHA U TOJIBKO OHA XapaKTepHu-
CTHKA.
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Teopewma 8.1. Baosib xapakrepucTuku pemeHue u(xy, ..., r,) ypPaB-
Hernus (8.4) coxpaHser MOCTOAHHOE 3HAYEHUE.

HoxaszarenbcrBo. HeiicrBurensuo (cp. (8.9)),

n
du _ Ou dr; _ N™ du . _
H=D 5T =2 pai=0, (8.19)

n
i=1 i=1
T.€e. u = const.

Wnes mocTpoenusi obmiero pemienusi ypasuenus (8.4) siBjisiercs ecre-
CTBEHHBIM 0DOOIIEHnEM TOTO, 4TO UMeso Mecto mis n = 2. Obmacts G
MOKPBIBAETCSA XapPAKTEPUCTUKAMU, KOTOPBIE 0OpPasyloT CEeMeiCTBO, 3a-
Bucsiee ot n — 1 napamerpos 81, ..., 0,_1. Kaxnoit rouke (x1,...,%,)
obnactn G MoXKeT GbITh MOCTABJIEHA B COOTBETCTBUE CUCTEMa 3HAYEHMIA
01,...,0h_1,t, ipuoTOM 0; = O(21,...,24),t =T (21,...,2,). 3amaHUE
01, ...,0,_1 BHIIEIISIET XAPAKTEPUCTUKY U3 ceMeficTBa, a t — mapamerp,
onpenesisIiomii TOYKy Ha xapakrepucrtuke. meem w(xy,...,T,) =
=wv(fy,...,0,_1,t). B nepemennnix 61, ...,0,_1,t ypasuenue (8.4) npu-
HUMaeT BHJL % = 0. Takum obpasom, v = F(b,...,0,_1) u, cnemosa-
resibHO (cp. (8.12)),

w(@y, ..., xn) = F(O1(x1,...,Zpn)y ., On_1(z1,...,2,)). (8.20)

s obocHoBanust popmyJibl (8.20) HaM TOTPeOyeTCs MOHATHE TIEPBO-
ro unTerpasa cucrembl ypasueruit (8.18). IIpu srom Gymem mnpennosia-
rarb, 910 an(%1,...,%,) 7 0 B G. Torna (8.18) MoxHO 3anucarsh B Buie
HOPMAJIbHOI CHCTEMBI

dx; a; .
d.’lfn :ﬁ, ’L:1,...,Tl—1, (821)
a B Kadectse 01,...,0,_ 1 MOXKHO B3ATb HAYAJIbLHBIC 3HAYEHUA T, ...

...,2%_ sz, Gyner urpars posib t. CemeiicTBo pemenuii cucrempr (8.21)
UMeeT BU

= Xi(wn,2),...,20 1, 2%), i=1,...,n—1. (8.22)

X; BbIpazkaeT 3aKOH COOTBETCTBUS MEXKIY MMapOoil TO9eK MHTErpasibHON
KPUBOii: HAYAJIBbHOI u TekyImet. VX MOXKHO MOMEHSTH POJISIMUA, U TOTHA
TTOJTY YUM

.’17,?=X7;(.’17?L,2L'1,...,.'13n_]_,f17n), 7;=1,...,TL—17 (823)

rme X; — Te ke camble QYHKIMH, 9TO U B (8.22), TaKk Kak BBIPAXKAIOT
TOT K€ 3aKOH COOTBETCTBUSI.
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Bameuanue. To, gyro cupasa B (8.22) u B (8.23) MbI nMeeM OTHI
7 Te Xe (PYHKINU, YIOOHO TMPOIEMOHCTPUPOBATH HA MPUMEpe JIMHET-
HOW CHUCTEMBI C HE3ABUCHMBIM MTEPEMEHHBIM &, U HEeHM3BECTHON BEKTOD-
dyHKIMEH T ¢ KOMIOHEHTAMHA T1, . . ., Ln—1. Popmyia (8.22) umeer Bu
(cM. (3.84))

x=W(z,) x W (222" = K(zp,22)z°.

0

Paspemast ornocurensro ', mostygaem (8.23), 1. e.

20 =W (@)W (z,)r = K22, z,).

Oynxunn X; (21, . ..,2,) (22 B (8.23) dukcupoBano) MOKHO UCTOJIb-
30BaTh B KadecTse O; B mocrpoenun obuiero pemenust (8.20). amernm
elme, 4T0 W3 B3anMHOI obparnmoctu dopmyst (8.22) u (8.23) crenyer,
D(Xy,...,Xn—

( 1, ) n 1) # 0 B G

910
D(.’L‘l, . ,:L‘n_l)

Onpenenenue. [epsum unmezpasom cucmemn (8.18) HasbiBaeT-
ca dbyukuusa o(x1,...,T,), OOPAIIAOMAACA TOXKIECTBEHHO B MOCTOSH-
HYIO, KOIJa TOYKA Z1,...,Ty IPOOeraeT MHTErpasbHyI0 KPUBYIO CHCTe-
MBI (8.18)%).

Ouesunno, dysaxuuu X;(x1,...,%,) B dopmysax (8.23) aBjsaor-
Cs1 IEpBBIMU WHTerpasiaMu cuctembl (8.21), Tak Kak NMpu MOIACTAHOBKE
(8.22) B mpasbie yactu (8.23) onn obpamaiorcs ToxaecTserHo B 7. Of1-
HAKO MEPBBIMU UHTETPAJIAME MOTYT OBbITh U ApyTue (DYHKIIUU U, ITO OCO-
OeHHO yIOOHO MPU MPAKTUYECKOM PEIeHUH, TIePBbIe MHTErPAJIbI HEPEI-
KO MOTYT OBITB ITOJTy Y€HBI, HAIIPUMED, METOIOM HHTETPUPYEMBIX KOMOU-
Hawi (muisa mostydenus (8.23) HAIO pelmarh HAYAJIBHYIO 3a/1a9y U 3TO
MeHee yI00HO).

IIpumep 8.3. % = dey _ z1. CkitafpiBasi 3T ypaBHEHUs],

— 42, dl‘3
HOJIY YUM %(wl +29) = (21 + 22). Orcrona 1 + x2 = Ce™, u nepBbiM
WHTErpaJioM Oyner

T3

p1 = (1 + z2)e™

Beranrass ypaBHEHHU:A, MOJTYy9UM %(wl — &) = —(z1 — z2), OTKyzmA
HalineM Opyroii nepBblii UHTErpaJ:

w2 = (1 — z2)e"s.

*)VHOrma MepBBIM UHTErPAJIOM HA3BIBAIOT He (DYyHKIUIO ¢, a COOTHOLIEHUE ¢ =
= const.
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IMycreb waiinenst n — 1 nepBbix uHTErpasioB @;(r1,...,oy,) (1 =1,...
.,n — 1) cucrewms! (8.18) u mpu 3TOM

D(QOl, - '73071—1)

Dt on 1) #0 B G, (8.24)
T. €. MHTEerpaJIbl 1, . . . , Pnp—1 HesaBuCHMBI [16] ((8.23) npencrasiser co-
60ii puMep cucTeMbl 1 — 1 HE3ABUCUMBIX TIEPBBIX MHTErPAJIOB).

Teopema 8.2. Beskoe pemienne (xy,...,T,) ypaBHenus (8.4)

ABJIAETCS IePBbIM HHTErpaJsaoM cucreMbl (8.18), u, obparHo, Bcaxuii mep-
BbIi uHTErpas (&1, . .., &,) cucremsr (8.18) ABJsercs penieHueM ypas-
e (8.4).

HoxaszaresnbcTBOo. [Ipavoe yrBepxaenue (pak THIecKu OBLIO 1O~
KazaHo Bhimre (cM. Teopemy 8.1, menouky roxaects (8.19), rme u = ).

Insa nokazaresbcTBa 0OPATHOrO yTBepKieHus 3amenuM B (8.19) u
Ha ¢ W BO3bMEM B KadeCTBE HCXOIHOTO TOXKIECTBO Z—f =0, a B Ka-
4eCTBE KOHEYHOrO IOJIYyHuM Y . ai% = 0. 910 mocjenHee MOKHO
IAPAHTHPOBATH JIUIIb 110 [IEPEMEHHOMY £, T.€. BIO/Ib XAPAKTEPUCTUKH.
A st Toro, 910081 (1, . . . , Ty) MOKHO OBLIIO CINTATH PELICHUEM YPaB-
HeHus (8.4), HYy?KHO, 9TOOBI 9TO TOXKIECTBO OBLIO TOXKIECTBOM II0 Iepe-
MEHHBIM Z1, .. ., Ln. OIHAKO OCKOJIbKY Yepe3 KaxkIyio To4Ky G mpoxo-
IUT XapaKTePHCTUKA, TO TOXKIECTBEHHOE PABEHCTBO HYJIIO BIOJIb KaXK-
Ioif XapaKTEePUCTUKN O3HAYAET TOXKIECTBEHHOE PABEHCTBO HYJIIO BCIOLY

B G.

Teopewma 8.3. Beakoe pemienue u = (1, ..., %Ty) ypaBaerus (8.4)
NIPEICTABUMO B BHIE

u=V(p1(T1,-,Tn)s s Pn—1(T1,- -, Tn)), (8.25)

e ¥(p1,...,on—1) — HeKOTOpAs quphepeHIupyemMast pyHKIIU CBOUX

apryMEeHTOB P1, ..., Pn—1, & Pi(T1,...,x,) (i =1,...,n — 1) — nepsbie

unrerpaJiel cucremsr (8.18), yaosiersopsomue ycsosuio (8.24).

HokasarenbcrBo. Pynkuus 1P, a Takke ¢; (no teopeme 8.2),
ABJIAIOTCA pemteHusmME (8.4), T.e.

oY oy _
alﬁ+---+anm—0,

91 . Op1 _
ai o1, + + " Dan 0,
0pn—_1 0pn—_1
ai or; +---t+ap O =0
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B kaxmoit Touke obsactu G 9TH COOTHOIIEHWSI MOXKHO PAaCCMaTpH-
BaTb KaK CUCTEMY JIMHEITHBIX aﬂre6paI/I‘IeCKI/IX ypaBHeHHﬁ OTHOCHUTEJIb-
HO a1, ...,an. 1l0 ycioBuio Y 1 a7 # 0, T.e. UMEeTCa HETPUBHAJILHOE
pemenne. CJiemoBaTe/IbHO, ONPEIEUTE/b ITOH CHCTEMbl PDABEH HYJIIO
Bcooay B G:
D@, e1,--,om-1) _
D(x1,...,xn)
Orcrona o Teopeme ananusa [16; ro1. 15, Teopema 15.4] mexmy ¥, 1, . . .
., Pn—1 UMeeTcst (PYHKIMOHAIbHAA 3aBUCUMOCTb U B CHUJLy yCJIOBHsI
(8.24) 9Ta 32BUCHMOCTH MOKET OBITH NPEICTABIIEHA B PA3PEIIEHHOM OT-
HocuresibHO ¥ Bune ¥ = VU(p1,...,pn_1), 970 U TpEbyeTCH.

BamMedanus.

1. [JoxazanHas TeopeMa, JaeT 0O0CHOBAHME IPUBEAEHHOR BhIiIe (hop-
myJe (8.20).

2. ®opmy.ia (8.25) npu npoussosibHOl nuddepenuupyemoii ¥ obsia-
JaeT TeM CBOMCTBOM, YTO B Heil coryiacHO TeopeMe 8.3 COmepKUTCS JTI0-
60e pemenue ypasaenus (8.4). C npyroit CTOPOHBI, JIEFKO NPOBEPUTH
HEMOCPEICTBEHHO, YTO npu Jio6ol muddepentupyevoit ¥ dbyHKIUA 0
u3 (8.25) ymossierBopsier ypasHenuio (8.4); rem cambim opmydta (8.25)
npencTaBsiseT oblee perienre ypapuenus (8.4).

TTocraBuM Temneps [IONOJHUTEILHOE YCJIOBUE, JAIOIIEee BO3MOXKHOCTD
u3 MHOXKeCTBa (8.25) BBIIEIUTH OMHO pemieHue. [[Jist 3T0ro HyKHO 3a-
narb B obstactu G MHOrooopasue n — 1 u3MepeHuil U Ha TOM MHOIO-
obpasuu 3a1aTh 3HAYEHUE MCKOMOro pemenus (B ciaydae n = 2 B 1.1
3agaBaJiach Kpusasa v1). Ilycrs 910 MHOrOOGpasue (0603HAYMM €ro To-

Ke Y1) 3a/1aeTCs IapaMeTPUYeCcKu (4epes3 napaMerTpsl S1, . . . , Sp—1) B BU-
ne x; = wi($1,-..,8n—1) (1 = 1,...,n) 1 UCKOMOEe pellleHne Ha HeM 3a-
JIAETCA TAKKE KakK (QyHKIM MAPAMETPOB §1, . - ., Sp_1:

Uly, = w(s1,...,80-1) (8.26)

(nauasbHAs 3ama9a, win 3anada Komm).
IIycTs m3BecTHBI N — 1 HE3ABUCUMBIX IIEPBBIX UHTErPAJIOB ;. Imeem

§0i|71 = cpi(wl(sl, .. .,Sn_l), . ,wn(sl, .. -’Sn—l))-
O6o3naunM
fi = Qoi(wl(sla' "7Sn—1)7' . 7wn(813' "7Sn—1))7 L= 17" <N —= 1.

IIpennosioxum, 4To 3Ta cucrema n — 1 ypaBHeHuit ¢ n — 1 Heus-
BECTHBIMU S1, . ..,Sp—1 PA3PEIIMMA OTHOCUTEBHO S1, . .., Sp—1, TAK 9TO
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si=Qi(&1,...,€n—1) (i=1,...,n—1). Torna pemenuem OCTaBJIEHHOT
3ama4n Oymer

w(®y,...,2,) :w[Ql(gol(:cl,...,xn),...,gon_l(xl,...,a:n)),
...,Qn_l(gol(xl,...,xn),...,gon_l(xl,...,:rn))]. (8.27)

HeiicTBUTE/IBHO, 9TO BBIPAXKEHUE SIBJIAETCS PellieHneM ypasHenusi (8.4),
Tak Kak comepxkurcs B ¢popmye (8.25) (cMm. sameuanue K Teopeme 8.3).
Kpowme Toro, yaursiBas, 9T0 @;|, = &;, mosrydnm

'Ufl'yl = W[Ql(£17‘"7671—1)7"'7977,—1(517‘"7577,—1)] :(U(Sl,...,Sn_l),

T.€e. yaoBJieTBopsercs ycsosue (8.26).

HccnenosanueM BOIPOCOB ONHO3HAYHON UM HEOTHO3HAYHOU paspe-
muMocTH 330249 (8.26) Mbl B 00meM BuIe 3aHUMATHCA He Oymem. [l
n = 2 970 OBLIO COEJAHO BbIIIe, B 1. 1.

¢ 2. KBasuimHeliHoe ypaBHeHUE

O6parumcs K u3ydeHuto ypasuenusi (8.3):
n
Zai(azl,...,xn,u)g—;‘i:a(wl,...,xn,u). (8.28)
i=1

Bynem npemnonarars, uto a; (i = 1,...,n) u a apiasworca quddepen-
nupyeMbiMu (YHKIUSIME CBOUX apryMEHTOB I, ..., Ty, U B HEKOTOPOH
obsnactu D (n + 1)-MEPHOroO IPOCTPAHCTBA IIEPEMEHHBIX X1, . - . , Ty, U.
Pemennem ypasruenus (8.28) Gymem HasbiBaTh JIOOYIO (DYHKIMIO OT
apryMeHTOB I1,...,T,, OOJIANAIONIYI0 YACTHBIMU ITPOU3BOMHBIMU II0
9TUM apryMeHTam u obpamaronryto ypasaenue (8.28) B toxaectso. Kax
U B CJIydae JINHE{fHOrO ypaBHEHNUs, 9TO PEIIeHNe MOKHO IeOMeTPUIeCKn
WHTEPIPETUPOBATH KAK MOBEPXHOCTD B MIPOCTPAHCTBE X1, . - . , Ly, U.

1. O6uiee perenne U HadajbHas 3amada. ConocraBuMm ypasHe-
uuto (8.28) ciemyromniee JMHEHOE ypaBHEHUE:

u

n
D ai(wn, e, W) S+ afan, o, w) G = 0. (8.29)
i=1
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Teopema 84. IIycrs v = V(xy,...,%,,u) — pelIeHHE ypABHE-
nus (8.29). Ilycrs ypasuenne V (x4, . .., Ty, u) = 0 onpenesiser B obsac-
ti D mepemMeHHbIX Ty, ...,%T, HEKOTOpYIo auggepeHnupyeMmyo (QyHK-

_ v _
maro u=@(x1,...,%,) H OYCTD ou lu=p#0 B G. Torma u=p(x1,...,Tn)
ABJIAETCA perreHneM ypapHenus (8.28).

IHokazarenbcTBO. Ilo TeOpeMe O HesABHON GyHKIMN

99 _ _9V [V
or; ox;/ Ou

U TeM CaMbIM JieBas 4acTh ypaHenus (8.28) pasHa

ZalgV 8V

asro B cuity (8.29) ectb a(x1,...,Tn, ), T.€. ypaBHenue (8.28) ynosJre-
TBOPSAETCH.

Hokazannasa TeopemMa U pe3yJbTaThl MPeIbIIyIero naparpada mpu-
BOJIAT K CJIEMYIONEMY CIIOCOOY TIOCTPOEHNUs pernennii ypasaenus (8.28).
HyxHo Hanucatrh cucreMy ypaBHEHUI, ONPEHesISIONy 0 XapaK TePUCTH-
KU JimHeiiHoro ypasaenus (8.29):

oy~ =don _dy (8.30)

Wurerpasbhbie Kpusbie cucremsbl (8.30), T. €. XapaKTepPUCTUKY JINHE-
HOro ypasHerus (8.29), Mbl Oy/IeM HA3BIBATH TGPAKMEPUCTNUKAMY KEG-
sununetinozo ypasnenus (8.28). Eciu ypasuenue (8.29) ymosierBopsier
VCJIOBUSAM, HAJIOXKEHHBIM Ha JIMHelHoe ypaBHeHne B § 1, TO 3Tu xapax-
TEPUCTHUKHU 3ATOJIHAIOT 00J1acTh D MEepEeMEeHHBIX X1, ..., Ty, U, TAK 9TO
qepe3 KaxIyl TOYKY [ MpOXOAuT O/IHA M TOJIBKO OHA XapaKTepu-
cruka. Hasee, mo ¢popmyse (8.25) crpoum obiiee pelieHne ypaBHEHWUs
(8.29) (TOJIbKO TemEPh HE3ABUCHMBIX MHTEIPAJIOB OYIET 1 1 OHU OyIyT
GYHKIUAMY T1, ..., Ty, U):

v = lll(wl(xlw"7:1:717“)7”'79071(3717"'737717”))‘ (831)

Barem, mosaras v = 0, MOJIy<IUM ypaBHEHUE IJIs ONPEIEeSICHI MHOXKe-
cTBa pernennii ypaBHernus (8.28):

\I!(gol(xl,...,xn,u),...,cpn(xl,...,xn,u)) =0. (8.32)

Bameuanue. Kak 6b1710 nokaszano, ¢popmysia (8.31) npu gocrarod-
HO OOIIUX TPEIIIOIOKEHNAX COIEPKUT BCe pelnenns ypasHenus (8.29).
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MozxHo Jiu cKaszarh, 4ro dhopmyJia (8.32) ComepKuT BCe PeleHus ypas-
uvenus (8.28)7 IlpoananusupyeMm mokasaresbcTtBo Teopembl 8.4. Ilpu
npoBepke TOXAeCTBa, (8.28) MbI HCoJIb30BaIH TOXIECTBO (8.29), n HaMm

J0CTATOYHO, YTO6bI (8.29) GBLIO TOXKIECTBOM IO L1, ..., T, (IpU 9TOM
u = @(x1,...,2,)). Onuaxo npu nocrpoenuu V(x1,...,x,,u) Tpebyer-
ca GoJibiee, a UMEHHO, 9TOOBI (8.29) GBLIIO TOXKAECTBOM 110 L1, . - - , Ly, U.

TTosromy anpropu He UCKJTIOUYE€HA BO3MOKHOCTD, 9TO MOT'YT OBITH TaKue
pemtenus (8.28), 1 KoTopwix (8.29) yA0BIETBOPAETCS HE TOXK IECTBEH-
HO MO X1,...,Tn,U, & TOABKO TIpU ¥ = @(Z1,...,%,). Takue pemenus,
BOOOIIIE TOBOPsA, He comepxarcsa B dopmysie (8.32). OHu HasbIBAIOTCA
cneyuarbrolmy pemeanaMu. MoKHO TOKa3aTh, 4TO CleHaIbHOE pelle-
HHUe — CJIy4ail UCKJTIOYUTESIbHBIN, U B IaJIbHeiIIeM pacCMOTPEHUN MbI
X OIPUHUMATH BO BHUMAaHWE He OyIeM.

B orymune or simHeHOrO Cilyvas B KBa3WJIMHEHHOM CJIydae Xapak-
TEePUCTUKU JIeKAT HE B IIPOCTPAHCTBE I1,...,Tn, & B IPOCTPAHCTBE
T1,...,%pn,U, 4 IODTOMY eOMETPUYUECKHI CMBICJI XaPaKTEePUCTUKH 30eCh
unoit. Jlokaxkewm ciienyromuit paxt.

Teopewma 8.5. Bcsakas uarerpa/ibHas HOBEPXHOCTh U= f (L1, ..., Ty)
COCTOUT M3 XapaKTEPUCTHK B TOM CMBICJIC, 9TO 9€PE3 KAKIYIO TOUYKY
9TOI MOBEPXHOCTH IPOXOIUT HEKOTOPAs HEeJIHKOM JIeKAINasl Ha Hell Xa-
DAKTEPHCTHUKA.

HoxazaTenbcTBO. PaccMoTpuMm cucremMy ypaBHEHMI

dzy = dzn (8.33)

al (‘,El’ sy Ty f(1'17 ceey .’En)) o an(l'h cey Ty f(xla ) a:")) ’

nim ds
(—

v =ai(x1,. s Tn, f(X1,. -0, 20)), (8.34)

OIPEIESISIIONLYI0 KPUBBIE B IIPOCTPAHCTBE I1, ..., Ty. BO3bMEM OIHY W3

uux: r; = x;(t). B upocrpaucrse 1, . .., T,, u eii Gymer oTBeYaTh KPUBAs

i =xi(t), u=f(@1(t),...,2a(t)),

KOTOpas 1O MOCTPOEHWIO JIEKWT HA WHTErPAJILHON MOBEPXHOCTH U =
= f(z1,...,%,). Jokaxkem, 410 910 — Xapakrepucruka. leiicTBuresib-

HO, TaK Kak mMeer MecTo (8.33), To A1 JOKa3aTeIbCTBA TOTO, YTO YI0-

BJIeTBOpsIOTCA ypaHeHus (8.30), TOCTATOUYHO IPOBEPUTD, YTO du _ ¢

dt
Ho n n
du _ N~ Of dei _NTOF
dt — 21 oxr; dt — ox; ai =a
i= i=1

B cuity (8.28), ueM U 3aBEPIIAETCS JIOKA3ATELCTBO.
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IIycts mHTErpasibHas MOBEPXHOCTH HAM HEM3BECTHA, HO W3BECTHBI
XapaKTEPUCTUKH; TOTNIA, €CJU Mbl CyMeeM <«CKJIEUTb» U3 XapaKTepu-
CTUK TJIAAKYIO MMOBEPXHOCTH, TO OHA Oy/IeT WHTErpaJIbHOW MOBEPXHO-

CTBIO, TAK KaK BEKTOD {a1, ..., an,a}, KACATEIHHBINA K XapaKTEPICTHUKE,

Oy/IeT TaKXKe KacaTe/IbHbIM K OBEPXHOCTH, & CJIEIOBATEILHO, OyIeT Op-
0 0

TOTOHAJIBHBIM K BEKTOPY 8Tf’ R an, —1 ¢, HOpMaJIBLHOMY K ITOBEPX-

HOCTH, a YCJIOBHE OPTOTOHAJIBHOCTH KAK Pa3 U O3HAYAET BBINOJIHEHHUE
ypaBHeHus: (8.28).

9T reoMeTpHYECKre COOOPaKEHNs TPUBOIAT K CJIEAYIOMEMY HCTO-
koBaumo (opmyis (8.32). Cucrema ypasuennii (8.30) naet n-mapamer-
pPHUYECKOe CeMeCTBO XaPAKTEPUCTHK , KOTOPOE MOKHO, UCIIOJIB3Y s 7 TIep-
BBIX MHTErPAJIOB, IPEICTABUTD B BUIE

pi(x1, .. xp,u) =0;, i=1,...,n. (8.35)

DT0 ceMeiicTBO XapaKTepUCTUK 3aIloJiHsgeT BCio objacts D. Hama 3a-
J1a9a — BBIIEIUTH U3 9TOr0 MHOXKeCTBa (n — 1)-MepHOe MOAMHOXKECTBO,
KOTOpOe Oymer oOpa3oBbIBATH WHTETPAJIBHYIO MOBEPXHOCTH. [l 3TO-

ro IOCTATOYHO CBA3ATH MapaMeTpsl Oy, . . ., 0, HAJIOXKUB MPOU3BOJILHY IO
JOCTATOYHO IJIQJIKYIO CBA3b BUOA
U(6y,...,0,) =0. (8.36)

IMoncrasnas ciona (8.35), noayunm (8.32).

ITH Ke TeOMETPUIECKNEe COODPaXKEHUs TAI0T BO3MOXKHOCTH MPEIJIO-
KUTH CIISTYIONLYTO TPOTEYPY JIJIs PEIIEHUS 33IA9U C TOTIOJTHATETEHBIM
yesoBueM (3amaun Komm), KoTopas CTaBUTCSA CITEIYIONIM 00Pa30M: ge-
pes (n — 1)-mepHoe Muoroo6pasue I'; B IpocTpaHcTBe X1, . . ., Ty, U IPO-
BECTH MHTErPaJIbHYIO MOBEPXHOCTH. DTO MHOrOOGpasne MOXKHO 33aTh
NapaMeTPUIECKU B BHIE

T; = wi(s1,--.,80-1), t=1,...,n,
= wil n) (8.37)
U =w(s1,. -, 8n-1)-

Taxum ob6pa3om, 3aada MO CYIIECTBY Ta K€, 9TO W IJI JIMHEWHOTO
YPaBHEHUA.

Tenepb MbI TO/IKHBI CBA3b (8.36) HAJIOKNTH HE IPON3BOJILHBIM 00pa-
30M, a ucxons u3 (8.37). s sroro mogcrasuM (8.37) B (8.35):

wi(wl(sl,...,sn_l),...,w(sl,...,sn_l)) =6;, i=1,...,n,

U, UCKJII0YAs OTCIONA 81, - - . , Sp—1, IIOJIYy 9UM UCKOMYTO CB:3b (8.36), B KO-
Topoii ¥ Gymer yxke, BOOOIIe TOBOPsi, BIIOJIHE ONPENe/IeHHON dyHKIIMeid,
a (8.32) Gymer maBarb pemenue 3anadn (8.37).
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He nmpoBopst B 0bmemM Bume aHasn3a TOro, KaKue OCOOEHHOCTH MO-
IyT NPEICTABUTHCA IIPU BBINOJIHEHUN ONMCAHHON IIPOIENypBbI, IIPOCJIe-
UM 3TO HA TPEXMEPHOM cJiyuae (HOmOoOHO TOMy, KakK ObLIO CIEIaHO
B § 1), KOTOPOMY OTBEYAET yPABHEHUE

A,y w)§e + Bla,y,w) G = C(a,y,u). (8.38)

Bamamum I'; (B TpexmMepHOM cilydae 9T0 KpUBasi):
z=X(s), y=Y(s), u=U(s). (8.39)
Boimuceiaem cuctemy (8.30), uMeroniyo BuI

de _ dy _ du

A~ B~ C’
U HAXOOUM JIBa NepBbIX uHTerpasa ;(x,y,u) (i = 1,2). [logcrasisas
(8.39), mosy4um

wi(X(5),Y(s),U(s)) =0;, i=12. (8.40)

Ucktiouas U3 9TUX ABYX yPaBHEHUN s, HalineM CBA3b
U(6,,0:) = 0. (8.41)

Tem camblM ypaBHEHHE UCKOMOI MOBEPXHOCTH Oymer

\I](cpl(xayau)aQOQ(x’y:u)) =0. (842)

leomerpudeckuii CMBICS TPOUEIYPHI OYEHb MPOCTOI: W3 KaXKION
TOYKM 33JaHHON KpuBoil 'y BhIMycKaer-

Csl XapaKTEepPUCTUKA, U BCE TAaKUe Xapak-
TEPUCTUKU B COBOKYITHOCTH OOPA3yroT
UCKOMYK) WHTErpaJibHyl0 [OBEPXHOCTH
(puc. 25).

Bwmecto npencrasnenus (8.42) nyisi uH- T,
TErpajibHO  TMOBEPXHOCTH, WMEIOIIETO
GOpMy HEMOCPEICTBEHHOH CBA3U MEXKILY
Z,Y, U, AHOTIA yI0OHO mapaMeTpudecKoe
MpeICTaBJIHNE, €CJTA B KAYECTBE MapaMe-
TPOB B34ATh § W, ckaxem, x. Ilycts, Ha- =
npumep, C(z,y,u) = 0. Torna onuu us
IIEPBBIX UHTEI'PAJIOB pPaBeH U, APYToi — Puc. 25
p2(Z,y,u) ¥ UCKOMYIO TIOBEPXHOCTH MOXKHO 3aIlUCATh B BUIE

u

<Y

r=z, u=U(s), y=y(zs), (8.43)



242 Ia. 8. YpasHenus 6 4acmHouix Npou3eodHbvis

rae y(z, s) onpenesisercs HesiBHO yPABHEHUEM

pa(2,y,U(s)) = 2(X(s),Y (5), U(s))-

Dro nocseaHee ypaBHEHNE JAET IPOEKIMIO HA JIOCKOCTD (I, §) XapakTe-
PUCTUKH, IPOXOsIeli uepes Touky s 3ananHoil kpusoit ['1, a u = U(s)
JaeT 3HaYeHHe allJIMKaThl U HAl 3TOU MpOeKIneil.

IIpu BBINOJIHEHUM TPOLIEAYPHI, TpuBOAsAmei K (8.42), MoxeT mpen-
CTaBUTBHCS OCOOBIH ciiydail, a MMEHHO, JIeBble YaCTU O0OUX ypaBHEHU
(8.40) moryT obparurhcsa B KoHCTaHTHI U (8.40) mpumer Bum

0; = ¢; = const. (8.44)

B srom ciyvae cBasb (8.41) Takxke MMeeT MECTO, HO COIEPIKUT OOJIBIIYTO
CTeneHb MPOU3BOJIA, a UMEHHO, ¥ MoxeT ObITh JII000 (hyHKIMEH, Ui
661 ¥(cy,c2) = 0. Hanmpumep, MOXKHO MOJIOKUTH

U(0:1,602) = ®(01,0:2) — ®(c1,c2),

rae ¢ — yxke mpousBoJibHAsA (DYHKIUS ABYX apryMeHTOB.

Pagsenctso (8.44) osnagaer, uro ['y sABJsieTcs XapakTEPUCTUKOM, U,
TaKUM 00pa3oM, Yepe3 XapaKTEePUCTUKY MOXKHO NPOBECTH OECKOHEYHO
MHOI'O UHTErpaJIbHbIX IIOBEPXHOCTEH.

IIpumep 8.4. Paccmorpum ypasaenue nepenoca (1.30) us . 1,
B KOTOPOM ¥ — MOCTOSTHHAS,

%—?+vg—;+c(ﬂc,t)u:0

¢ ycsosueM (1.32), roe nosoxum zg = 0,
u(0,t) = ug(t).

B srom ciyuae (8.30) mmeer Bus

dit _dz _ ___du__
1 v c(z, t)u’
Orcioga cpasy HAXOOWM OIWH U3 MEPBBIX WHTErPaJioB: 1 = I — vt.

IHastee nmeem

du _

dt — —C‘(.’L‘, t)u’ = _0(901 + vt, t)U = b(tv Sol)uﬂ

oTkyna u = const e’ (t:91) | e by — omHa W3 MEPBOOGPA3HBIX OT b (na-
OMHUM, 4TO (o1 = const). Takum o6pasom, apyroii nepsblii uHTErpas
UMeeT BUJ,

0y = ue—bl(t,x—vt) )
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ITpn 2 = 0 umeem (8.40):
0, = —t, 0y = Uo(t)e_bl(t’_vt).

Orciona Haxonum cBssb (8.41):

b= )5

v

u dopmyia (8.42) maer
ue—bl(t,:ﬂ—vt) =g (t _ %)e—ln (t—%,z—vt) )
MoxHO HallTH TaKXKe sIBHOE BbIpaxkeHue misd u(z,t):

—vt)— T o
u:uo(t_%)ebl(t,x vt) bl(t sz vt).

IMIpumep 8.5. JluneitHoe ypaBHeHNEe MOXKHO TPAKTOBATh KaK KBa-
sunueiinoe. Ilpu srom a = 0 n 3aBeOOMO OOHNM W3 MEPBBIX WHTErpPa-
JIOB SIBJISIETCSI U. DTO COOTBETCTBYET YCTAHOBJIEHHOMY B § 1 dakry, 910
BIIOJIb XapaKTepucTuku u = const (treopema 8.1).

Paccvorpum ypaBuenune

yg—;‘ - wg—z =0 (8.45)
U PEINM ero «KBa3mJImHeHHbIM» crtocoboM. COOTBETCTBYONIA CUCTEMA,
(8.30) maer mBa MepBBIX MHTErpasia: p; = u, ps = x> + y>. Oopmysa
(8.32) maer ¥(u,x? +y?) = 0, orkyna u = ¥(x? + y?). Taxum o6pasom,
pemennem ypapHeHus (8.45) sBJIsieTCs MPOU3BOJIbHASA [JIAIKAS TIOBEPX-
HOCTH BpAIEHUS.

PaccmoTpum Tenephb pa3simdHbie IOMOJTHATEIbHBIE YCI0BUA:

A. T — npsavas svbus, * = s, y = S, u = s. ONUCAHHBIN TIpUEM 1aeT
61 = s, 02 = 25 = 6y = 267 u pemenuem sagauu 6yaer z°+y? = 2u? —
KOHYC.

B. I'1 — okpyxuocTh: © = cost, y = sint, u = 1. Takum obpa-
3om, [y aBsIsieTca xapakrepucTukoil ypasuenus (8.45), paccmarpubae-
MOTO KakK KBasujnHelHoe ypaBuenue. B nannom cirydae umeem 6 = 1,
6> = 1, u pemenuem 6yner nosepxuocTsb Bua @ (u, z2 +y?)—@®(1,1) = 0.
T'eomerpuvecku sicHO, 9TO Yepes 33JAHHYI0 OKPYKHOCTD HEICTBUTETHHO
MOXKHO MMPOBECTU OECKOHEYHO MHOTO MOBEPXHOCTEH BPAIIEHU .

B. Paccmarpusas (8.45) kak JvHeiiHOE ypaBHEHNE, MOXKHO IPOIEMOH-
CTPUPOBATH CJIydail, onucanubiit B koume 1. 1 § 1, korma pemierne 3a1a-
un Komm ve cymectByer. [IycTh 1 3amana B Bume © = cost, y = sint,
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a uly, = t. JIobas mOBEPXHOCTH BPAIIEHNA IMEET IIOCTOIHHYIO AILINKA-
Ty Ha 33[aHHOH OKPYXKHOCTH 7y, W, TAKAM 00OpPA30M, yCJIOBHE U, =t
YIIOBJIETBOPEHO OBITH HE MOXKET.

2. IloHsaTHEe 0 Pa3pHIBHLIX PelleHUaX. YIapHble BOJIHBI. B Ha-
CTOSIIIEM MYHKTE Mbl PACCMOTPUM OJIHO XapaKTepHOe [Jisi KBA3UIMHeli-
HBIX yPABHEHWI sIBJIEHHE, KOTOPOrO He HabJI0AasIOCh [JIs JIMHEHHOro
caydasi. [IporeMOHCTPUpY€eM 9TO sIBJIEHHE Ha MPOCTEieM npumMepe KBa-
3UJINHEHHOTO ypaBHEHMsI B TPEXMEPHOM MPOCTPAHCTBE (B MEPEMEHHbBIX
t,x,u), npu 1om nostoxkum C(t, z,u) = 0. Takoii ciyqaii yxe 6bL1 onu-
CaH B IPEIbLIYIIEM IIYHKTE U Ha HeM ObL1a IIPOJEMOHCTPUPOBAHA Aapa-
merpudeckas ¢Gopma sanucu (8.43) nosepxuocru (8.42). B aTom ciryuae
UMeeM [Ba IEePBbIX UHTErpaJsa u u @s(t, x,u), a cemelfictBo xapakrepu-
cruk (8.35) umeer Bum u = 61, po(t,z,u) = 6. IIpoexuun sTUX Xa-
PAKTEPUCTHK HA MJIOCKOCTD (t, ), BOOOIIE TOBOPsI, MOT'YT II€PECEKATHC
(B oTIMuME OT KAPTUHBI, U300paKeHHOl Ha puc. 21, OTHOCAIEHC K Ju-
HEHOMY YPABHEHUIO). DTO IMPUBOAUT K CJIEAYIOMEMY Ha IEePBbIi B3JIsi
NapagoKCAJIbHOMY PE3yJIbTATY.

zk zk
1 3 4 1
2
1 L
2 1
- 0 / - ¢
Puc. 26 Puc. 27

Paccmorpum rakoit mpumep:

ou 20u _

Bamamum ponosauTebHOe yeaosue u(0, ) = ug(x). B mannoMm ciydae
kpuBasi ['1 —9r1ot =0, x = s, u = ug(s). [lepBbiMu uHTErpaIaMU 6y Iy T
u u x — u’t. [lpencTaBienne /I MCKOMOM HHTErpaJIbHON MOBEPXHOCTH
MOXKHO TIOJIYYUTh, 10J1b3yACh (opmysioii (8.43). Ono umeer Bun

t=t, x=s+ul(s)t, u=up(s). (8.46)

Vpasrenue r = s+u2(s)t onuceiBaeT MPOEKIMIO HA TLIIOCKOCTD (t, ) Toil
XapaKTEePUCTUKM, KOTOPasl IPOXOIUT Yepe3 TO4YKy § Kpusoit ['1, a ug(s)
€CTh 3HAUYEHUE u HaJl HTOI ImpoeKkiueii.
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BananuM KOHKpeTHO ug(s) = 1 — s. Paccmorpum xapakTepucruky,
IpoXOnAMNIyIo 4epe3 To4Ky Iy, orBevaromyio s = 0. Ee nmpoeknusa ects
x =t (upsmas 1 Ha puc. 26). Touke s = 1/2 orBeyaer XxapakTepUCTUKA
¢ npoeknueit x = % + %t (npsivas 2) u Touke s = 1 — XapaKTepUCTUKa
¢ npoeknneit © = 1 (npamas 3). Hax npsamvoit 1 umeem u = ug(s) = 1,
Haz npsamMoil 2 umeem u = 1/2 u nan nupsmvoit 3 umeem u = 0. Ho npsimbie
1, 2 u 3 nepecekaTCs, U MOJIy9IAETCsI, YTO, HATPUMED, B Touke A 3Ha-
YeHMEe AIJINKAThI UCKOMOI MHTErpasibHON MOBEPXHOCTH AOJIKHO ObITH
OIIHOBPEMEHHO PaBHO U HyJ0 u enunune (1).

Iist Toro 9ToObl Pa3bACHATH HTOT KAKYIIUICST Mapajioke, Hafimem
pellleHre TIOCTaBJIEHHOW 3amadn B aBHOM Bume. Umeem u = 1 — s,
r = s+ (1 — 8)*t, oTKyIa, UCK/TI0YAA S, TOTYIUM

- I—Wi—%)
u = 5 (8.47)
(pamukasr Gepercsi CoO 3HAKOM «—», YTOOBI YIOBJIETBOPAJIOCH YCJIOBHE
uw(0,z) =1—=x.)

U3 Boipaxenus (8.47) HEIOCPEACTBEHHO BUIHO, YTO PEIIEHUE OIIPE-
nesieno JjieBee runepbouibl: 4¢(1 — z) = 1 (puc. 27, kpuBas L). B Toukax
runepbosibl L monKOpeHHOe BhIpaKeHne OOpPAIaeTcs B HYJIb, & JIaJjiee
C POCTOM t CTAHOBUTCSI OTPUIIATESIFHBIM. TakuM 00pa3oM, B TOYKAX T'H-
mepOOoJIbl pPellleHre MePecTaeT CymecTBOBATh. 3aMETUM, YTO HIPH 3TOM
g—; — 00. Herpynuo nposeputh, uro Ha Juauu L ycoBue %—Z # 0,
durypupyiomee B Teopeme 8.4, HAPYIIAECTC.

Caresa ot runepboJIbl IEpecevueH s MPOEKInii XapaK TePUCTUK He TIPO-
UCXOIWUT ¥ HUKAKOW «HEOIHO3HAYHOCTU» B pemeHun HeT. [Ipsavas x = ¢
«HEe JTOXOOUT» II0 MpsAMOil = 1, Tak Kak mpsiMasa & = t cHadaJ1a 0bs13aHa,
nepecedb TunepboITy, a Ha Heil pelreHne nepecTaer CyecTBOBATD.

SBameuanue. ['unepbosa L siBjsieTcss MECTOM TepecedeHust OecKo-
HEYHO OJIM3KWX TPOEKIWii, B TAHHOM CJIydae Oormbaroimeit cemeiicTBa
r = s+ (1 — 5)*t. Ee M0xXHO HaiiTH, BOCIOIb30BABIINCDH S-IUCKPAMHI-
HAHTHOII KpUBOIi TOTO ceMelicTBa.

To, 4TO pereHre CymecTBYeT JIUIIb B OTPAHUIEHHON 00J1aCTH, MOKHO
HAOJTIOIATh U 1151 OOBIKHOBEHHBIX Tud depeHnuaibHbIX YPaBHEHWH, HO
pas3obpaHHbIil cefiyac ciydaii MHTEpeceH TeM, 9TO OH UMeeT HeloCpesl-
CTBEHHYIO CBsA3b C PACCMOTPEHHBIMU (DU3NIECKUMU 33TATAMU.

O6parnmcs k 3amade m. 4 § 2 oot 1:

%—;‘ +p(u)g—; =0, u(z,0)=uo(z). (1.33)

Dyukims p(u), KOTOPYIO MOXKHO IIOJIYYUTh IKCIEPUMEHTAIHLHO, UMEET
xXapakTep, npencrasjennbiii Ha puc. 28. Takum obpasom, dusmdeckn
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I/IHTepeCHbeI Cﬂyqaﬁ Ka4YeCTBE€HHO HE CJIMINIKOM CUJIBHO OTJIM4YaeTCA OT
npuMepa p = u?, KOTODEI TOJBKO 9TO OBLT HCCJIeIoBaH. EcTecTBeH-
HO OXWJIATh, YTO B pACCMaTpUBaEMOil (pusmaeckoit 3a1ade pereHue me-
pecraer CyIecTBOBaTh HA HEKOTOPOH Jimaum L, mpum 3TOM 0OpaTUTCS
B OECKOHEYHOCTH TPOW3BOIHAS IO X, MOI00HO TOMY, KaK U B pa3zobpaH-
wom npumepe. Ho Benb dpusnyeckn mporece nMeeT MecTo u 3a jJuauei L,
T.e. n1s1 6osbimux t. BosHukaer Bompoc, Kakum ke 00pa3oM MOJIyIuTh
OoTBeUaoIee TaHHOMY (DUBUIECKOMY TPOIIECCY PelleHre, CIPABEITNBOE
3a siuHuedt L7

s paccMarpuBaeMoil 3amadu perieHne MOXKHO 3aluCarTh B BUIE,
anasiornaHoM (8.46):

t=t, v =s+pluo(s)lt, u=uo(s). (8.48)

Jlunuio L MOXKHO HAWTH Tak ¥Ke, KAK W B MPUMEpEe, UCIOJIb3Yd S-
IUCKPUMUHAHTHYIO KPUBYIO, T. €. UCKJII0YAsI S U3 CUCTEMBI

v =s+pluo(t, 0=1+pug(s)]up(s)t.

Kpusyio L yno6HO mpencraBuTh napamMerpudecku (OnsaTh 4depes S)
B BHIE

T T Pmew) T Pluo)u(s)

[Ipoekiun xapakTepuCTUK B JAHHOM CJIydYae, KaK W B MpUMepe, Tpel-
CTaBJIAIOT CODOH TPSAMBIE, TPUIEM MTPAMAs, BRIXOAAMAs u3 Toukn ¢t = 0,
x = s, umeeT HaKJIOH plug(s)]. Ilycts ug(s) yopiBaer mo s. Tak kax p(u)
BozpacraeT 10 u (cM. puc. 28), TO HAKJIOH XapPaKTEPUCTUKU yObIBAET
C POCTOM S, T.€. XapaKTEPUCTUKHU «CXOOSITCA»> K JIMHUU L, aHAJIOTUIHO
TOMY, KaK 3TO U300paKeHo Ha puc. 27 1Jig npuMepa ¢ p = u’.

Ecau mabionars mporece mpu (PUKCUPOBAHHOM & = Xg, TO MIPU MPHU-

= 1 plug(s)]

Gsimkennn t k to (Touka (to,xo) Jexut Ha L) g—; YBEJINYUBAETCS, T. €.
HabJ/II0IAEeTCsT PEe3Koe M3MeHeHue IJIoTHOCTU. Habsmomas dbusmyeckoe
ABJIEHNE, MOXKHO B CaMOM IeJie OTMETUTH B OHpe,D;eJIeHHbIﬁ MOMEHT Bpe-
MEHU PE3KOe U3MEHEHUNEe IMJIOTHOCTU: 9epe3 TOYKY g B MOMEHT tO Ipo-
XOIWUT TaK Ha3bIBaeMas ydapHas 604HaG. 3aTEM TIPOIECC CHOBA WIET I0-
CTaTOYHO TLJIABHO, TIOKA, HEe 06Pa3yeTcs HOBasl yaapHast BOJTHA, HO MOXKET
CJAYyYUTHCA TAKKE, 9TO HOBOI1 y,D;apHOﬁ BOJIHBI HE BO3HUKHET.

Kak ke ommcars mporece mocsie mpoXoXKAeHns: yaapHaoit Bosiubl? Pe-
menue, onpeneasemMoe Kak auddepennupyemast GyHKIM, YIOBJIETBO-
psromas ypasuernto (8.38), 1aeT BO3MOXKHOCTD OINMCATH MPOIIECC TOJTh-
KO 10 BO3HUKHOBEHUsI YIAPHOW BOJIHBL. ECTECTBEHHO, HAIIPAIIMBAETCS
MBICJIb O PACHIMPEHWUN TTOHATUs penlenus ypasuerusi (8.38). Msbr Gymem
HCKATh PelleHrne B KJIACCe PA3PBIBHBIX (DYHKIW, TOMIMHAST XapaKTep
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p(u) ’ uy /
I / Axll
At U2
U 7/ s

Puc. 28 Puc. 29

pPaspbIBa ONpeesIeHHBIM TPEOOBAHUIM, COOTBETCTBY IOIINUM (DU3UIECKOR
MIPUPO[IE OMMUCHIBAEMOTO sABJIeHus. Takoe pemrenne Mbl Oy1eM Ha3bIBATH
0000UWEHHDIM.

He samaBasich 1esibi0 OCTpouTh 06001IeHHOe (PA3PBhIBHOE) PelleHNe
1151 06miero caydas (8.38), paccMOTpuM, KaK OHO CTPOUTCS JJIsi HAIIETO
GU3MIECKOro NpuMepa.

CuteBa ot kpusoii L (B obsiactu I) pemenue crpouTcss METOIOM, OMu-
CaHHBIM B II. 1; TAKOe perrenne Mbl OyIeM HA3bIBaTh KAdccuyeckum. a-
Jiee, mpuHnMas L 3a MPOEKIUI0 HEKOTOPOII HOBOW HAYAJILHOU KPUBOIA,
OyIeM CHOBa CTPOUTH KJIaCCHYECKoe pelneHne MeToaoM 1. 1. Bompoc 3a-
KJIFOYAeTCs B TOM, KaKOe 3HAYeHHe U CJIeIyeT B3sTh BIOJIb KPUBOH L
1711 TOCTPOEHUST TOTO PEIIeHNUsI.

J17151 BBISICHEHUST 9TOTO BOMIPOCA MBI UCIIOJIb3yeM (hU3nIecKre coobpa-
JKEHUsI — BCE TOT K€ 3aKOH COXPAHEHWUsI KOJIMYECTBA BEIIECTBA, KOTO-
poiit npuses K aquddepenuuaibaomy ypasaenuto (1.33).

O6o3HaYMM 4Yepes u; Npee/ibHOe 3HaUYeHe u Ha JuHuu L (ee MOXKHO
HA3BaTh JIMHUEH pasphiBa), KOTOPOE MOJIYUYEHO M3 KJIACCHYECKOTO Pe-
IMEeHNA, OIIPpEOCJIECHHOTO HaYaJIbHBIMU JAaHHBIMHU, T. €. IPEOEJIbHOE 3HaYe-
uue usnyTpu obsiactu I (no paspbiBa). duist MOCTPOEHUS CJIEMYIOMIErO
TJIQOKOr0 Y9aCTKa HaM HYXKHO HaliTH npenesjibHOe 3HQYEHUe Uz U3HYT-
pu obuiactu II (mocsie paspbiBa), KOTOpPOE NPUMEM 33 HAYAJBHOE MJIs
MOCTPOEHUS PEIIeHNsT Ha CJIEMYIOMEM MTOCTIe PA3pPbIBa JTaTlle.

Ypasuenue 6asiaHca 3amuIIeM ¢ 3TOf 1eJ1bi0 B cienyomem Buie (ydau-
ThiBasd, 910 u(x,t) = uy, u(z, t+At) = us, u(x—Axz,t) = us; cM. puc. 29,
rae n300paxkeH OECKOHEYHO MAJIbI MPSAMOYTOJIbHUK, JIEBAs BEPXHSIs
BEPIINHA KOTOPOT'O JIEKUT B obstacTu I 6eckoredrno 6,im3Ko K JimHUM L,
a ocrasibHble B obsactu I1):

—(u2 — up)Az = [v(ur)ur — v(u2)uz]At.

Ilepexona k mpeneny Az — 0, At — 0 u y9urbiBasi, 910 %—f cTpe-
MUTCA K TIPOU3BOIHOI Ccll—”t” ot dbyHKIMHU, onuckiBaromeil kpuyto L (3Ty

[POU3BOIHYIO €CTECTBEHHO HA3BATH CKOPOCTBIO ABHKEHUA PA3PHIBA Up ),
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MOJIy YUM

_ v(ug)ur — v(ug)us (8.49)
p up — u2 : :

3Hasg 41 ¥ vp, MOKHO IO 3TO0i hOpMyJIe OIPenesnThb Us.

3Hast us, MOXKHO CHOBA TIOCTPOUTH TJVIAIKUI y9aCTOK PEIIeHus 10 HO-
Boit kpuBoit Tumna L. Taxkoit KpuBOil MOXKeT, OIHAKO, U HE BO3SHUKHYTb.
Ms1 yKe BuIeu BbIlle, YTO BO3HMKHOBEHHE IEPBOTO Pa3pbiBa OBLIO
CBS32HO C T€M, YTO XapaKTEPUCTUKU «CXOMUJIUCH». BTOporo paspsiBa
He BO3HUKAET, €CJId II0CJIe PA3PBhIBA XAPAKTEPUCTUKU OKAKYTCA «PaC-
XOOAMUMUCA>. AH&JII/ITI/I‘IGCKI/I BO3HUKHOBEHUE NJIN OTCYTCTBUE PA3PbI-
Ba BBISICHAETCA TOYHO TaK Ke, KaK 3TO JIeJIaJIOCh BBINIE [IJIA perne-

Hus (8.48).
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