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Npeaucnosue

. KHura comepxuT noapofHoe HINOXEHME BCEX BONPOCOB Mpo-
IPAMMH XYpca OGBIKHOBEHHEX audxpepeHIMANEHEIX YpaBHEHHH ang
MEXaHHKO-MATEMATHYECKHX H (PHINKO-MaTeMaTHYECKHX CHELHANDb-
Hocrefl YHHBEPCHTETOB, & TAKXE HEKOTODEE IpYIHe BONpPOCHL, aKTy-
ANBHHE JNA COBPeMeHHOH TeopuH andepeHIMANSHEX YPABHEHMI
H TIPUITOXKEHWHA: KpacBEE 3a8a9H, JUHEHHEE ypaBHEHH ¢ nepHo-
AMYECKHMH KOIDOHIIHEHTAMN, ACHMIITOTHYSCKHE METOAN PELICHUHSA
audxbepeHUMANLHEX YPABHEHHR, pacliMpeH MaTepuan Mo TeopHM
YCTOHYHBOCTH.

Hosril MaTepHan 1 HEKOTOPHE BONPOCH, TPAIHLUHOHHO BKIIO-
yalouIMecs B Kypc (HampuMep, TEOpeME O KOAeGMOLIMXCA pelie-
HWAX), HO He 06a3aTeNbHbe AN NEPBOrO 3HAKOMCTBA C TEOpHeH
JnddepesuManbHBIX ypaBHeHHI, JaHK MeaxXuMm nippdromM, Havdano
¥ KOHEII KOTOPOre OTACNeHH NOPH3OHTANBHEIMHI cTpekaMi. B 3asn-
CHMOCTH OT NpodHUAA BY3a M HANPARICHMIt NOATOTORKH CTYACHTOB
Ha kadeape ocraeresa BIGOD, YTO W3 ITHX BOTIPOCOB BKIIOYATD B KYpC
NEKUKA W NPOTpaMMy 3K3aMeHa.

O0BeM KHHIMH CYHICCTBCHHO MEHBINE 00BEMA HIBECTHHIX yueh-
HHKOB MO JaHHOMY KYPCY 34 CYeT COKpalleHMst AOMOIHUTENBHOTO
(ve Bxoasuiero B OGAIATENBHYI0 MPOTPAMMY) MaTepHana M 3a cveT
BuGopa Gosiee NpOCTbIX NOKA3ATEARCTE H3 MMeIoMXcH B ydeGHoft
JIUTepaType.

Marepuan uanaraercs nOIPOGHO M EOCTYNHO ANS CTYOSHTOB CO
CPEAHHM YPOBHEM NOAroToBKK, HUenonn3ylorcs AMue Kiaccueckye




flpeducncaue

MOHATHR MATEMATHYECKOrO AHANM32 H OCHOBHLIE CBEOCHMA H3 JIW-~
HeliHolt anreGpH, BKMoYasa XopaaHony <opMy Martpuusi. Beoaurca
MHHHMATRHOE YKMCAQ HOBEIX onpencacHMi. Tloche M3N0XKeHHA Teo-
PETHYECKONO MATEpPHANA NPHUBOASTCH C NOAPOOGHHIMHM MOACHEHMAMM
NpUMEpPH €10 NPHMEHEHH. YKASHBAIOTCA HOMEpa 34884 AIA YIIpaX-
HeHHH H3 «COopHMKa 3amay no AudPepeHIHANBHEM YPAaBHEHHAMY
A. ©. Guunnosa.

B xoHIIe NovTH K2XKAOTO Naparpada NepeuucidioTes HeCKONbKO
HaIpapieHul, B KOTOPLIX DAIBHBANNCE HCCACHOBAHHSA 1O AAHHOMY
BOTIPOCY, — HANMpPABNEHHHA, XOTOpPHE MOXKHO HAJIBaTh, ITOAB3YACH
yX€ M3BECTHBIMH TIOHATHAMHM, W MO KOTOPHM UMEETCS JIHTEpaTypa
Ha pYCCKOM A3HKeE.

B xaxnolt raape KHUIH NPUHATA CBOA HYMEDAUMA TeopeM, NpH-
MepoB, GopMyn. CCHAXM Ha MaTepHaA IPYTHX TNaB DENKH H JAI0TCA
¢ ykajaHueM HOMepa rnaBH WX naparpada.



[JIABA 1

AnddepeHynansvHble
ypaBHeHUA
M UX pelieHus

§ 1. Nouarne o puddeperunansHom
ypaBHeHun

lI_l udpepenyuansnom ypaeeniuesm Ha3HBaCTCA COOTHOIIEHHS

F(z’ v, y'; sany y(“)) =C, (1)

CBAILIBANAICE FHAMCHHH HEIABHCHMONO NEPEMEHHOIO T, HCKOMOH
by y = y(z) ¥ ¢e NPOM3IBOAHEIX HO HEKOTOPOTO MOPAAKA
n 2 1. Nopanox w crapiieft npou3ssosHol, exotsmeit B ypasHe-
HHeE, HA3NBACTCA noprdxom ypaexenus. Moapasymesaerca, yro s (1)
InaYeHNA ¥, ¥/, ... , ¥ GEDYTCA NpU OXHOM M TOM Xe¢ Z.

Peuwsentuem ypasHerna (1) HassipaeTcs GyHKIMA, ONpeaeneHHAs
HA HEKOTOPOM MHTepBane (WNK OTPe3Ke), HMEIONIAA MPOW3BOAHBIE
EO NMOPAIKA © W YAOBAETHOPAIOLIAA ITOMY YPABHEHHIO, TO €CTb NpH




Inasa 1. Jupdepenyuansisie ypABHEHUA U X pellenus

NOJCTAHOBKE €€ B YPABHEHUE OGPAIAIOMWIAs €M0 B TOXASCTBO KA ITOM
HHTEpBAJE,

Ecsm nekoMast yHKLMS 3ABUCHT OT HECKONBKHX NepEMeHHBIX,
M B ypaBHEHHE BXONAT €€ YacTHHE MPOUIBONHHE, 10 ypaBHEeHMe
HAIHBACTCA ypasHerileM ¢ wacmubmu npouseodnsimii. Takue ypas-
HEHUS IECH He DACCMATPHBANTCA, KPOMe nocaegHero maparpada.
B otnnume o7 uux ypaxerue (1) Ha3bIBaeTCA OBLIKHOBEHHLIM And)-
thepeHUHANBHHM YPABHEHHEM,

IIpuMeps MOKa3LIpaloT, 4Yro AkdxpepeHUMAIBHOE YpaBHEHKE,
poobile roBops, MMeeT MHOTO pernekinil. Tak, ypapuenmio § —2z = 0
VIORNETBOpsieT QYHKUMA § = Z* + ¢ npH MOoGOM NOCTOSHHOM .
Ecnu xe B 3a1a4e, KOTOpas NpHBena K AnddepeHUMansHOMY YpapHe-
HUIO, HIIETCA SAHHCTBERHOE PENICHNE, TO ROIKHO GHIT 3allaHO M Na-
4aAbHOE YeAvSUE, TO CTh 3HAYCHHE HCKOMON GyHKLMM NPH K2KOM-TO
JHayeHMH z. Hanpumep, 3anakne wavanesoro ycnosus y(l) = 5
No3BoJISieT HAWTH ¢, MPH KOTOPOM® PEllieHHe ¥ = &® + € ypaBHe-
HMa ¢ — 2z = 0 YAOBNETBOPAEST ITOMY YC/IOBMIO; ¥ = 5 npu 2 = 1,
1T0ecTh 12 4+e=5,c=4.

B wiape 2 Gymer gokasaHo, uto ccam f(x,y) u 8f/8y He-
npepuiBHbl B 06nacTu D, To mna moboit Touxn (ze, Yo} € D cy-
IIECTBYET SNMHCTBEHHOE pelienne ypaswenua ¢ = f(z,y) ¢ Ha-
YATBHHEIM  YCIIOBHEM 9(202 = gyo. ANst ypapHeHMA n-r0 HOpAA-
ka y™ = f(z, 9.9, ...,y ") vyxHB n HavATBHBEX yonoBuit

o) =v, YE)=gh o 7" m)y=s.

@ 3anaun, npusonamue K aQpepenmampiinie ypasnenanam, Ilep-
BHE npHMepbl NpuMeHeHus AudGEPEHUHATBHEX YPaBHCHMR s
pellieHus reoMeTpHueckux W ¢msnyeckux 3anay aand HboTOH M
JeiiGHnuL,




§ 1, flonamue o duipdepenyuansHom ypasnesy

PaccMOTPHM HECKOABLKO 34034 TAKOro pola.

I 3anava 1. Haita xpusywo, Imoﬁam KACATeNEHAR K KOTOPOW nepe- |
: cexaet ocb abcywce B Touke, abcyucca KOTOpOH BABOE MeHble :
) abcumccht TOUKK KAcaHuA, |

Peutenue 363ayu. 3anuem ypaeHenwe kpusoi B Buge y = y(z).
Kacareapas b Touke M(z,y) nepecexaer ocb abcumcc B t1ou-
ke K. B npamoyroackom vpeyronb-
ke MPK {puc. 1) unasecred ka-
wer PM =y v tga = g (reome- M(zy)
TPHYECKKA CMBICA Npon3IBOAHOH). No-
sromy KP = PM/iga = y/y. Mo
ycnopwo KP = OK = OP/2, 10 o g 5
ecte v/t = 2/2, 2y’ = 2. | /K
Pewntb 310 ypaBHEHHE MOXHO Me- Puc. 1

TOAOM, M3NONEHHuM B N, 1 § 2. 310 pa-

eT y = ex?, ¢ — nwboe, Mpu ¢ = O nonyyaeTca npaman y = 0, oHa
He ABMACTCR pelieHMes 3ana4v, NoITOMY CKOMbE KpHeHe y = o’
(e # 0) — napatonu, o«

¥

uy

| 3apasa 2. Hanwcarts gudepeHumantioe YpaBHEeHHE ABHKEHKS |
: Tena ¢ maccoh m no ocu O nog peictenem cuasl f(t, z, z'), :
y HanpasnenHoR no 3ToA ocW. 3peck T = z(f) — abcumcca |
1 n 2’ =2'(8) — cxopoctb Tena & momenT &,

Pewenue 30dayu. COMACHO BTOPOMY 3aKOHY HbIOTOHA HMeem ma”’ =
It z, 2"). 7o — puddepeHunanioe yparHenue 2-ro NOPsAKa,




Tnasa 1. Jupepenyuancibie ypasHeHun i ux peiienus

NO3TOMY HYKHH A8 HAYANBHLIX YCNOBMA: NONONEHME Tena 2(fp) =
To W ero cropocte x' (L) = x§ B Kakoi-nubo MomenT £y,
PaccwoTpum noapoGuee 4acTHuiin Clyyaid, Korga f — ynpyras
CHNa, no 3aucHy TyKa nNpONOpUHOHANLHAS OTKNOHEHWIO Tena Ot No-
AOXEHUA PAaBHOBECHA 2 = () W HANPABNEHHAs B CTOPOHY NOADMEHHA
paeHoBecuA, o ecth f = —kz. Torpa ypasheHne QBHKEHRA NPHUHA-
maer sua ma" = —kx v umeer pewemne z = ¢ cos at + ¢ sin af,
me a = /k/m, a ¢, 4 &3 — NPOU3BOALHLIE NOCTORHHUE, KO-
TOPHE MOMHO HARTH, 3HAA HAYaNLHBIE YCAOBHA (HENOCPEACTBEHHO
NPOBEPACTCA, YTO 3T0 — PEMISHHE; METOQ ere OTHICKAHMS W3Naraerca
B §11). -

Ecnu aBUXYTCH 7 TeN, CUAB BIAWMOIEHCTBHS KOTOPHIX 38BUCAT

OT NOMOXCHHA TEA W HX CKOpOCTell, TG HAMMCAS YPaBHEHHA ABHXKE-
HUA ANA KAKOAOCO TeNa, MOMy4aeM CHCTEMY 1 IH(pepeHUuManbHhX
ypaBHeHHH. EcnM Tena ABHXYTCA HE NO NpAMOli, 2 B NPOCTPAHCTRE,
TO NONOGHBIE YPAaBHEHHA MHIIYTCA JAA KAKAGH KOOPAMHATE KAOKAOrO
TeNA, U NMONYIAETCH CHCTEMA H3 3n ypaBHeHMI,

3apava 3. 8 aneKTpuuecKyio uenb no-
CNeOBATeNbHO BRAIDYEHB KCTOUNKK NO- ‘ 1=
CTOAHHOTO TOKa ¢ Hanpaxenwnen V, xa-

Tywka camowupykiun L, conpotene- v R
Hue B # BLIKAIOYATeNDb, KOTOPHE 3aMbi- T

Kaer yens npu ¢ = Q. Hailtn cuny Toka
e yenu npu £ > 0 (puc. 2). Puc. 2

o |

Peuwenue 3adayy. Comacto dmsuveckum 3aKouam ([7], § 13) npu no-
CNENOBaTENbHOM CORIMHEHMM BO BCEX JNEMEHTaX Leny cuaa Tona I(t)
0AHa # Ta we. CyMMa nageHuil HZNPAMEHHA HA BCEX INEMEHTAX Lenu

10



§ 1. Nonnmue 0 JudpdepenyuantHom ypasHeHuY

paBHa HANPAKEHMID HCTOYHUKE TOKA, TO LT
dI .
L +RI=V; I(0)=0.

Pewnre ypabwenue mOMHO metofiom N.1 §2. C yueTom ycnoeus
I{0} = 0 umeen

() = %(_1 -e ) (¢>0).

CnepoearentHo, CHAA TOKA MOHOTONHO Bo3pacTaeToT I = O aput =0
W cTpeMuTCa {Ha NpaKkTHKe OveHb GHCTPO) K NPEAenbHOMY 3JHaue-
wuio J{00) = V/R — K ToMy 3HaqeHHI0, KOTOPOE NOMyyMAoch Gu
No 32KOHY OMa NpK OTCYTCTBHH CaMOMHAYKUMK, «

Hexoropuie obractH npuMeHeHHA anddepeHunanstuX ypas-
HeHH: CHCTEMB ABTOMATHYECKOTO YIPABACHHA; PAcueT NBHXKCHMA
PAKeT, CIIYTHHKOB H HeGECHRIX TefI, pacyeT TOKOB B CNOXHEIX DieK-
TPHYECKHX LENAX; AHHAMHKE MEXaHWISCKHX H HINYECKHX npoliec-
COB B TEXHHKE; KHHSTHKA XMMHYSCKHX peakUyit, OTASABHBE BOTIPOCH
GHOMOrHM.

IE Teomerpisecknit cmpicn ypasHenun y' & f(x, y). s xaxmoit
TouxH (2, y) 43 obnacrn D, roe onpesencHa Gyuxkums f, ypapHe-
uue ¢’ = f(z,y) onpenenser 3naveHMe nMpoussoaHoH y pemeHus,
NPOXOAAILETO Mepe3 2TY ToUKY. Ho ¢ = tg a, rie & — yroun HaknoHa
KACATENBHON K KPHBO#, Nnpoxoxswmeli uepes 31y Touky (puc. 1). Ta-
xuM 06pazom, ypastenne §' = f{x, y) onpezensier s 0bnractn D naze
Hanpaereruii: B KaKAoH Touke ypapHEHHe ONPEHENAET HARPABACHHE
KaCaTeIbHO K pellieH o, NpPoXomAllieMy Yepe3 3Ty Todky. MoxuHo
HAIMROHO H300pA3HTE 3TO TIoNe, ecay B o6GnacTy D B3fTs JOCTATONHO
«TYCTOE» MHOXECTBO N3 KOHEUHOTO YMC/IA TOYEK H Jepe3 KAKIYIo er
rouKy (2, ¥) NpoBeCcTH KOPOTKKA OTpe3ok nox yraoM « K ocu Oz,

11



fnasa 1. fugepenyuanshste ypasHesus it ux peulenus

me {ga = f(z,y). Tlposons B oGnact D KpuBHE, HAYLIHE Be3ge
MPUGANIHTEARHO N0 HAMPARASHHIO GAHXKANIIMX OTPEIKOB, TIOAYdaeM
NIPEACTARICHHE O XO[E PEMICHUH JAHHOIO YPaBHEHKA,

MeTon H30KAMH TIOMOTaeT NOCTPONTE NGNS HATIpaBRneHuil. Hso-
kaunoil {(NMKHMell paBHOTO HAKNOHA) Ans ypasHeHus § = f(z, y) Ha-
3LIBACTCA TEOMETPHYECKOE MECTO TOueK, rae f{z, y) =k, k = const.
Jna HeckonbKHX k U3 MHOXECTBA 3HaYeHNit dyHKUMH [, B TOM YHCAe
st k=0 u k = oo {(ecnn f(z, y) NPUHUMAET ITH 3HAYEHHUR), CTPOKM
H3OKMUHH f(2, ¥) = k, CTapasck He OCTABUTE HA 4epTeXe GONBIIHX
o6nacTeit 663 MIOKIMH MITH XOT# Gl Ge3 TOMETOK THIIA «31ech y > 2»,
Yepes MHOTHE TOYKH Kaxnoi wsoxnvkb f(x, ¥} = k npoBoauM Ko-
POTKHE OTpeskH nox yrnmoM a {tga = k) K ocu Oz. [lo sromy
MTONIO HAMPABNEHHHA CTPOMM BAMeZpasbine Kpuehe — Tpadmku pe-
HICHN NAHHOrO ypaBHEHHA, DTH KPHMBBLIE B TOYKAX NepecedcHUs
€ KaXno# H3IOKIMHOR JAOMKHH WMETh KacarelbHele, NApaieNbHue
OTpe3KaM, NOCTPOEHHBIM Ha 3Toi H30KkaAuHe, HHOTAA NONE3HO Npo-
BOAHTS HE TONBKO HIOKAMHBI, KO H APYTHE KPHBHE — TAKKe, KOTOphie
MEePEceKaloTCA MoNeM HanparneHHH TONBKO B OAHY CTOPOHY.

1 Npuimep 1. € noMotsio MeTORa W3GIKAMH npuﬁnumeuuo nocn:uo- [
| WYb HECKOJBHO MHTErPaNbHLIX KPHELIX YPAaBHEHHA y =z- y |

Pewenue npumepa. [N WeCKONLKUX 3IWauewuid k, HanpwMep, Ans
k = 0,31, &2 nposeaem UsoKAMHL = — g,;2 =k, 310 — napatonm.
Kaaylo H30KnmMHY T — §° = k nepecevem KOPOTKMMH OTPEINAMH
nop yraoM @, tga = k, k ocn Ox, He ROXOAALIUMK A0 APYIHX
WIOKAHH, NpoBRAEM NHTErPNLHUIE KPUBHIE, HANPHMED, YEPe3 TOUKW
(1,1), (0,0), (1, =1), (=1, =1}, comacynct, Kaxk yKazaHo BHIWE,
C H2NPABNEHUAMH OTPEIKOB HA WIOKAKHAX, NonyueHnulid puc. 3 paer
oblyee npeacTaBaeHie 0 peleHHax yparHenus ¢ = = — %, -«

12



§ 1. flonamue o dugppepenyjuansion ypasrnenuy

vy
XOTH PUCYHOK NPUSIHXEHHNHA, H3 HEFO MOXHO MOMYYHTL HEKOTOPHE TOY-
Hie CBEAEHHA O peweHuax. B obmacty z < i umeem § < 0, u Tam
PELICHHA TONLKO YOGMBAIOT, 2 B OGAACTH Z > ¥° — TOABKO BOIPACTAIOT.
Ha napaGone z = y° Ume-
em 3 =0 U yHTerpanBHME
KPHBHE MOTYT TEpEcexaTs
¢¢ TONBLKO CJCBA HANDABO,
BOCTHTAR MUHHMYMA B TOY-
Ke nepeceycHnd. TToaTomy
u3 ofmacTh = > y2 peiue-
HUA He BuIXoaAT. B saMkuy-
Toit olmacT 2 2 y’ +1
wmeeM f =z -y > 1, no-
FTOMY BCC NPOXOAALINE TAM
PELICHHA, BO3pacTaR, BXo-
ART B MOAOCY MEXAY H30-
Kikkamd T -4 =1 0 2=y = 0 K OCTATCK Tam, Tak KaKk noJe
HANPRENCHHI HA MPAHHLAX 3TON MONOCH BPH ¥ > 1/2 HE DACT HM BHILTH.
S |

Mertoz M3oKANH O6HMHO 26T MPSRCTARNCHHUE O MOBEACHHH BCEX
pemieBnit naHHoro ypasHeHusa. Ho on oBnagaer Manoft TOYHOCTHIO
H NpUMEHUM TOABKO K YIKHM KAaccaM ypasHeHUil: K ypaBHeHHAM
nepsoro nopaaka ¥ = f(z,y), K cucreMam Buaa

dx dy
7 =Yy, F=4zy)

(crcrema coonures x ypasnewiio dy/dz = g(z, y)/p(z, y)) ¥ x ypas-
Hewusm Buia ¥ = f(y,v') (3amena y' = z npusoaHT K CHcTeMe
Y =2z, 2 = f(y, 2), orciona dz/dy = f(y, 2)/z). Kpome Toro, ecin
dyHkuma f(z,y) croxHag,; TO TPYAHO CTPOUTE HIOKTHHEL,

13



fnasa 1. Juddepenyuansiiie ypasHenun t ux peienun

§ 2. Mpocrenine METORbI OTLICKAHKR PeLIeHWH

PaccMaTpPHBATCH OCHOBHBLIS KNacchl ANdpepeHIMANBHBIX ypaBHE-
HHMA NEpBOrO NOPAAKA, A KOTODHX pelieHHs MOTYT OHTE HAHISHH
¢ MOMOILBI} TOXOSCTBEHHEIX NpeoOpalopavil NaHHOrO ypaBHeHMA
M 3aMeH TepeMeHHBIX. YpabHeHus suga F(z,y,y) = 0 1pebyior
TEOPETHYECKOTO HCCNSAOBAHMA H OYAYT paccMaTpyBaThea B § 8.

@ Ypapeeasa ¢ pajiensioinMMBCA NepemedHMH. OHK MoryT GbiTh

3aMMCAHH B BHIIE
¥’ = 1(=)9(y)- (2)
IMpennonaraem, yto $byHKUMHK f H g HENPEPHIBHH.

Ecmm g(y) =0npuy =y, ¥y =, -.-, To dynxuum y(z) =y,
y(z) = ¢, ... ANAKTCA PelICHUAMH.

B oxpecmoc'm kaxaoi Touk, rae g(y) # 0, paanenum obe
qactH ypasHerus (2) Ha g(y) W mpouHTerpUpyeM no z obe 4acTn
ypaBHeHus :

v

()
g(y) ff(z)dz+c, /g() ff(z)dz—i-c

HeonpeneneHHBI HHTErPaN 3NECk 03HaYAET MOOYI0 NepBoO0paIHYIO
(YHKLIHIO, TO €CTE TAKYIQ (PYHKILHIO, NPOHIBOAHAA OT KOTOPOH papHa
nonpHrerpansHoi bynxuun. Ecnn ase GYHKOHMH paBHBI, TO HHTES-
rpasbl OT HUX MOCYT OTAMHATECA Ha JIIOGYI0 MOCTOAHHYK, TO ECTh
B (3) ¢ — npox3BonbHaA nocToAHHaA. OGO3HAYMB MHTETpANH B (3)
yepes H(y) n F(x), nonyyaeM peweHue ypasheHusa (2) B Hede-
Hom Buae: H(y) = F(z) + c. Ha moBom unrepsane, rae g(y) # 0,
dyHxkums g{y) coxpaHser 3Hak, 3HauuT, hyHkuus H(y) crporo Mo-
HOTOHHA, HENpPEPHIBHA H HMeeT obparhyio dynkuuwo H ', MTostomy
pellleHHe MOXHO 3amucaTs U B sHae y = H™(F(z) + o).

=1(z),
(3)
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§ 2. Npocmediiiue Memodiy OMbICKOKUR petuenul

3adayu 0nn ynpamHenuir:
{12), 52, Ne51-59.

Peuterue, yaosneTsopAioLILee HAYAILHOMY YCAOBHIO Y(Z9) = Yo,
p emyyae gln) = 0 ectb y(z) = yo. B cnyuae g(y) # 0 Ha MHTepBane,
rne g(y) # 0, nz (3) nonyyaem pemenve y(z) B phze

L Ry @
a(y)
| ]

Jamenanwe. Npeanonowum, uto g(3) = 0, f(xe) # 0 n uro Ha
HEKOTOPOM WHTepBane g < ¥ < 1 (WK ¢ < ¥ < yo) nMeem
g(y) £ 0 v neuili WHTerpan e (4) MMeET KOHEUHOE 3HaveHWe, TO
ecTe CxOAWTCA. TOrMa MOXHO MOKA3aTu, YTO HA HEKOTOPOM OTpeaKe
gL ez (M x £ <o) dopuyna (4) Takme onpepens-
€T pewenve ypaswenus (2). Yonoewio y(zg) = % YAOBNETBOPMOT
# pewenne {4), u pewerue y(z) = yo.

e e 1
) Npumep 2. Pewnto ypasuenne y' = 3y2" 3, i
L o e e o e e m e J

Pewenue npumepa, MNpaeas 4acTe paexa wymo npu y = 0, nosromy
y(z) = 0 — pewennwe, UYTo6W HaiTH ApYrHe peweHna, nenum obe
uacth ypaswenus Ha 3y w uuTerpupyem:

7 = -/
Wh " 3,,:13 Hdate ©)
yP=z+e y=(z+c)’.

Yepes nwobyo Touky (zg, 0) otk Oz npoxoaut pemenme y(z) =0
W pewenne ¥ = (2 — z;)*, nonyuennoe w3 (5) (puc. 4). Unewtcs

15



fnasa 1. Quidepenyuansisie ypasHenun U ux pelienun

TalNe peweHns, COCTaBNEHHME W ABYX WNK TPEX KYCKOB HA3BAHHbIX
pulwe peweHni, vanpumep, ABz, NB;,Cs, ABB;C; v 1.0,

Tanue cocraHble QYHKUMH ABNAIOTCA PELICHAAMM, TaK KaK OHH
BCIOAY MMEXT NPOM3BOANYID (B TOMKE CTHIKA NPaRaf NPOM3BOAHAN
paBHa NeBOAY W BCIORY yAoBAE-
TBOPAIOT AAHHOMY YpaBHeHHWo, 4

YpasHeHns puza

¥ = flaz+by + ©)

NPUBOBATCA X YDABHEHHAM ©
PA3IEeNAIOIMMHCSE NepeMeHHKH -
MM 3ameHolt z = az + by + ¢,

Puc. 4

z = z(z). Yoraa 2’ = a -+ by, cnenosareneHo, 2’ = a+bf(z). D10 —
YPaBHEHHE ¢ PAAIENTIOMMMHCS NEPEMEHHBIMH.

Jodayu dna ynpaxnenuil
f12], § 2, N2 60O-65.

@ 3ankce ypapnenns B guddepenumnanax — 3TO 3aNuCh
M(z,y)dz+N(z,y) dy=0, (6)
rie M u N — u3pecTHHE GyHKUHMH. 30eCh CYMTAETCH, YTO N0Gy1o
M3 BEIMUMH £ M ¥ MOXHO Ha3paTh uckoMoll dvHuxuueit, a apyryiwo —
HE3aBMCHMBIM NEpeMEHHBIM. PeteHnAMY ypasHerna (6) Ha3blBaoT-
€A peuicHKHA XOTA G OIHOTO M3 YpaBHEHWH
dy M(z,y) dz _ N{z,y)

_ de N(z,y) ' dy M(z,y) .

HanpuMep, ypasHenue y dz + z dy = 0 MoxHO npeobpasopats
K n0GoMy H3 BHAOB

W_ Yo E__2
L @ s o
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§ 2. Npocmeliiue Memoos OMbICKANUR petenudl

PeweHusiMH ypaBHeHHs (a) apadiores GYHKUNM ¥ = ¢ /2 (¢; — mo-
60¢ YMCno, BKII0Yas HyAB), a ypasreHus (6) — dynxumn = = &/y
(2 — moboe). Pynkuus y = 0 yAORIETBOPSET TOALKO YpaBHe-
nwio (a), TAK Kax Ans Hee cHMBOA dz/dy Ke WMeeT cMBICNA, 3 QyHK-
uHA 2 = (0 — ToneKo yparHeHHIo (6). Bee 31i dynxuuu (y = ¢ /=,
¢ = 0 1 = = () Ha3LBAKTCA PELICKHUAMH YpaBHeHUA y dz+xdy = 0,

E] OnpopoanMe YPapBCHNA, DTO YpaBHEHHS, KOTOPHE MOXHO 3a-
ncats B une y = f(y/x) win B iz (6), e M(z, y) u N(z, y) —
omsopoanue GyHKUKM oaHOH U Toit e cteneru. Oyuxuusa M(z, y)
HA3bIBACTCA odHopodnoi @ynxyueli cTenieHy p, ecan 1A mMoOHX 2,y
u noboro k > ¢

Mikz, ky) = " M(z, y).

NpuMep onHOPOIHEIX GyHKLIME:
2 2 /% 3 2 23 . 2_
ax+bdy, az”+bzy+cy, 2z+ /3 - 598, m, z smx.
OnxoponHbie YPABHEHHS CBOMATCS K YPABHEHMSIM € PAAeNAl0-
LIMMUCS MePeMeHHBIMH 3aMeHOf ¥ = 2z, z = z(x); CAENOBATENBHO,
¢ = 22’ + 2z, IpuMep peICHUA OXHOPOIHOID YPABHEHHA CM. B [12],
§4,n,1, _
OIHOPOAHOE YPABHEKWHE HE MCHACTCA TIPH ONHOBPEMEHHOM! 3a-
MeHe z Ha kz, y Ha ky (k = const > 0), 310 cnegyeT U3 onpeaeneHus
onHopoaHoro ypapHeHHs. TTo3TOMy Kaxmoe pemieHHe OMHOPOIHOro
ypaBHEHHsI TPH TAKOH 3aMeHe MEepEXoauT B PelIeHHE TOrO Xe ypab-
Hennst, Ha s1oro cneayer reomerpudeckoe ceoieTso: nogobroe npe-
oGpasosanue ¢ — kx, y — k¥ ¢ LeHTpoM noxobns (0, 0) nepepoaut
BCE HHTETPANbHBE KPHBEE ONHOPONHOTO YPABHEHHA B UHTETPATBHEE
KPHBHIE TOTO X€ YPaBHEHWA.,

Jadavu dar ynpaxwenull;
[12], §4, N 101-112.
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Inasa 1, [ludbdepenyuanchbie ypasHeHuA U ux pelesis

o

OF ypaBHeHNfX, MPHBOAAIIMXCA K OAHOPOAHBIM, ¢M. [12], §4, n.2 ¥ n. 3.
3agaust Tam xe, Ne 113120 k 0. 2 1 N2 121-129 x . 3.

whesnenenll)

Jlnneﬁnueypmwnn—mom,nmmpmey u y Bxopar
IHHeRRo, To eCTh B nepsodi crenenn, OHH NPHBOAATCA K BURY

¥ = a(z)y + b(z). )
YrolHl pelltiTh 3T0 YpaBHEHHE, CHAYANA PENIacM YPABHEHHE
Yy =a(z)y. (8)

Pazfensn nepemexubie, Kax 8 (3), noayuaem

%:a(z), /%:/a(z)dz+ €1,

iyl = [a@)de +a, Il=e"ole),

rae @(z) = e/ 4@ 3paunr, y = Le%p(x) = cp(x) — pewennue
ypapseHus (8). 3neck ¢ — moGoe. 3nauenne ¢ = 0 faeT pemieHue
y = 0, KoTopoe 6610 MOTePAHO NpH AENeHHH Ha y.

Tenept uweM pemieHue ypasHeHNA (7) memodom sapuauuu no-
cmoRKAbX. 3aMEHAEM NOCTOAHHYKY ¢ HA MOKA HEM3BECTHYIO (YHK-
waio oz). Noncrarnag y = o{z)p(z) 8 (7),momyyaeM

dp.+ op' = a(z)op + b(z). (9)
Tak xak y = p(xr) — pemenue ypasueHus (8), To cp’ = e(z)ep,
1 u3 (9) uMeeM ¢ = b(z). Haxonum (z), sateMm ¢z}, u nonyyaem
peweHue ¥ = o(z)p{z) ypasHenns (7).

18



§ 2. Mpocmediuine MemoOdh OMBICKAHUSR PelieHuil

Pewenue npumepa. Pewaem cHavana ypaeneune zy’ = 2y, Pasgenss
nepeMenHue W HHTETPADYR, NOAYYaeM

£=3, /d—y=fgdz+cl, In|y| =2In|z| +¢.
Yy = y i

Orciona umeen y = ez’ = cx?. Teneps uwem peweHme ucxopHoro
ypaBHeHus B Bufie ¥ = c{z)z’. MOACTABNAA B MCXOHOE YPABHEHNE,
nony4aes

2 +¢- 22 =2ex? - 224, ¢ = -2
Orcopa o(z) = -2 + ¢, u y = e(2)z’ = —z* + 2% — ncxomoe
peweHue, <
06 ypaBKeHHAX, THHEHHEIX OTHOCHTENLHO 2, cM. [12], § 5, n. 2.

Jadawu Ons ynpaxwenuii:
[12), §5, Ne 136-150.

EI Ypaspemnn BepEyLan — 310 Te, KOTOpHE MOXHO 3ANTKCATL B BHAE

v =a@)y+b(z)y* (@#0.a#l). (10)

IIpp @« = 0 n a = | 210 ypaBHeHHe -~ nUHelHoe. YTOOH pPeLIHTL
ypaskcume (10}, Hano oBe ero yacTu pasgendrs Ha y*

v~y = a(z)y' ™" + b(z)

M BBECTH HOBYIO HCKOMYI0 dyHKuMIe 2 = y'™9. Torma

2= (1-a)y™,

W YpapHEeHHe CBOAMTCA K AMHEHHOMY

2
=== a(z)z + bz).
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fhosa 1. fudgepenuuansuse ypaeHenus U ux pewieHun

DT0 YpaBHEHHE DENIAETCS METONOM, WINOXeHHWM B n. 4. Hano
MOMHNTb, YTO NP JIeNcHHM Ha y* B ciydae a > 0 Tepaercs pewe-
uue y =0,

3ada4u 0na ynpoxHerul:
[12], §5, N 151-160.

¥pasnenpe » nomAux Mnddepenmmanax — 3T0 TAKOE ypapHe-
Aune BuAa (6), neBasg 4acTb KOTOPOro eCTh NonHuIt auddeperuman
or HexoTopod ¢yHxuun F(z,y). [IpeanonaraeM, uTo GyHKuHM
M, N, M,, N; HenpepHiBHH.

Jns cymecTroBaHMA Takoh dbyukumn F(z, y) HeobxoanMo, uro-
6m M, = N;. B camom nene, dF(z,y) = F, dz + Fy dy; 9robul
at10 papHsiocs Mdz + Ndy, Hano, 4robbl BHINOTHATHCH PABCHCTEA
M =F,, N=F,. Hototma M, = F;, = F,, = N,.

B Kypce MATEéMATHUYECKOTO aHANH3A AOKAIBIBAETCS, YTO B CIy-
yae, Korna QyHkuuu M u N paccMaTpHBaloTcd B OAHOCBA3HOM
ofnacte, T0 ecTh B.0GAACTH Oe3 «abip», yenosue M, = N, spas-
@TCH H AOCTATOYHRIM, M dyHkuMa F(z, y) BupaxaeTcsa ¢ IOMONIBIO
KPHBONHHENHOTO MHTETpaNna. '

HanaraeMuti Huxe Gonee npoctoil cnocof oTHicKaHusa QyHK-
uum F(z,y) MOXHO npuMeHsTs B fioGolt ofaacTn, Ho HHOTEA OH
naeT HEMPEPHIBHYIO GyHKUKKD F(2, y) AMIWb B YACTH OGNACTH.

Mposepsiem, yro My, = N;. U3 ypasrenus F; = M nonyuaem

F(z,y) = / M(z,5) dz + o(y). (1)

Tpousponran F; — uyacTHas, oHa GepercA NMPH MOCTOSHHOM ¥,
NO3TOMY ¥ CUMTACTCH NMOCTOSHHBIM TIPH MHTETPHPOBAHMH MO Z.
@Oyuxuua (11) ynosnereopsier ypasHewmio F; = M npu moGoil
dynxunyn @(y). Haitnem o(y), noacrasnas sspaxkeHue (11) B ypas-
nenve Fy = N. (Ecim npnt omuickanun o(y) okaxeres, aro ¢'(y)

20



§ 2. Npocmellwue Memodsl OMBICKAOHUR peLieHil

3ABMCHT U OT , TO MAM yciosne My = N; He BRINONHEHO, WIH
ROTIYLLIEHA HHad orHbKa.)

C wnatnenHolt dynxumet (y) dopmyna (11) maer dymk-
umio F(z, y). Nannoe ypapHenye (6) 3anuwerca B sune 4F(z,y) =0.
dynxuna y(z) Gyner pewennem ypasHenus (6), ecam Mz, y) +
N(z,y)y =0, 10 ects (Tak xaxk M = Fi, N = F}), ecau

%F(:c, y(z)) =0, F(x,y(z)) =c=const.

Ananormyto, ¢yukuus z(y) — peuteHue ypasHerua (6), ecau
F(z(y),y) =c.

Takum o6pasoM, perieHus ypaBHeHHd (6) — 2310 dyHkuny y(x)
wiH z(y), onpenensiemMuie papexcreoM Fz, y) = c. _

Hanpumep, A5 paccMOTpeHHOTO B 11. 2 ypaBHeHuA yde +2dy =0
nuMeeM F(z, y) = oy, u pewenns ypasHeHnsa — byskumd y(z) wan
x(y), onpenensemute dopmynoit zy = c.

MpuMep pEIEHHA YPABHCHUS HANTOXCHHEIM METOOOM oM, {12],
§6, m. L.

“ Sodauu Onn ynpomrenul;
[12), §6, Nt 186-194.

HHTerpHpyiomsmM MAOKHTEAEM NS JAHHOTO YpaBHReHMs! Biaa (6)
HasuBaerest QyHkuMA m{z, ), NOCAe YMHOXEHHA HA KOTOPYIO JAH-
HOE YpPasHCHME MPEeBpallacTcs B YPABHEHHE B NoaHEX auddepes-
Manax. 3ama4ya OTHICKAHHA WHTETPHPYIOLWIETO MHOXUTENA B OOILIeM
ciyuae CTONB Xe TpyOHad, KaK W 3ala4ya PelleHHs HaHHOro ypas-
Heuusd, O MpHeMax, TOSBONSIONIMX B HEKOTODHIX CYYasx OTHCKATD
Tako# MHOXHUTENR, cM. (9], .2, §3, n.3 u [12], §6, n. 2.

HHorma B 3anKcH AaHHOMO OMDGCPeHLMANEHOTO YpaBHEHMA
MOXHO BRUETHTE Takyld dyHKuHI0 (2, ¥}, KOTOpasd BXORHT B ypaB-
HEHHE HECKOIBKO pa3, HanpHMEp, BXOOHT K (x, ¥), » Auddeperum-
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frasa 1. Jupdepenuuansibie ypasHerus U ux peiienus

an d(z, y). Totna B ypaBHEHHI MOXHO CIENATh 3aMeHY @2, ¥) = z,
NP 3TOM OHY M3 CTAPHIX NEPSMSHHEX £ W ¥ HAIO BHPAIHTh YCpes
APYIYIO M depes z. B pane cayuaes 310 NMoO3BOAAET YNPOCTUTH WAH
penuTe ypasHerue. IpuMepr ou. [12], §6, n. 3.

Jadavu dnn ynpaxuenud:
{12], §6, Ne 195-220.

P——].

PaceMOTpEHHBE BHILIE THMH YPABHEHHI HE OXBATHBAIOT BCEX YpaB-
HeHuh BuRA y' = f(z,y), pemaeMIX SNEMEHTAPHLIMU MeToJaMH. MHoro
YPaBHeHHIH, AOTYCKaMMIMX 3NMEMEHTAPHEE DEIIeHHA, HMEeeTCd B CNpaBoy-
HHKe [29], yacTh 3, ™apa 1. BONBUIMHCTBO N3 HHX MAH OpWHMADRCKHT
X PACCMOTPDEHHLIM BHIIE THNIAM YPDABHEHHI, HAH CBOIHTCA K HHM 3AMEHAMHK
nepeMeHHEIX.

Oniaxo NpoHIBOALHO HANKUCAHKOE ypaBHeHHe prns ¥ = f(z, y), ecnu
QHO HE K3 CAMBIX NMPOCTHIX, Mallle BCCTO HE YAAETCA PCLIHTE € NMOMOLULKD
SMeMEHTAPHHEX TpHeMob. JINyBHIAL NMOKAZaA, MTO faXe cpefH TMPOCTHX
YDABHEHMIH HMEIOTCA ToKHE, KAK HanpHMep ¢ = y’ + 2, HH OOHO PEIICHAE
KOTOPHIX He BRIPAXACTCA Yepe3 JeMeHTapHEle (hyHKUMHE ¢ NOMOLLLID KOHeY-
HOTO YHCAA NEMEHTAPHNX SeHCTRRA ¥ onepaudii BIATHA HEODPSASACHHOTO
HHTerpana.

CoBpeMEHHBIC BHYHCNUTE/BHEIC MAWIHHLH [Q3BOAAKT BAYHCAHTDL pe-
WEHUE KOHXDETHOIC YpaBHeHHA ¢ Gonemiofil ToyHocTeo, Ho npexae, vem
HX NPKMEHATb, HARD 3HATH, YTO PEILIEHHEe CYLISCTBYET, H 3HAThL T€ CBOHCTEa
PeIICHHK, KOTOPLIE HAAO YYHTHEBATE TIPH BRIYHCACHHAX Ha MallMHe,

|

§ 3. MeToAbl NOHMIKEHUA NMOPAAKA YPABHEHUIA

Ana AMHeHHWX YpaBHEHMIT BLICIUMX TOPANXOB METONBI peilleHHs
paccMatpusalorcd B § 10 1 § 11, ana nuHelHwx cuctem — 8 § 14,
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§ 3. MemoOw noHuxenun nopadka ypasrenud

JIna HeKOTOPBIX KNACCOB HENWHEHHBIX YPaBHERHI MPUMEHAIOTCH
METOAR TIOHIXSHNUA MOPAIKA, NOIBOUTICILIME YTIDOCTHUTS YPaBHEHME,
a B HEKOTOpHX <NyyadX — pemuTb ero. HuXe paccMATpHBAOTCH
OCHOBHEE KNACCH YPABHEHMH , NOMYCKAIOIHHX TTOHWXEHNE MOPAIKA,

[E B ypaBHeHHe He BXOOMT McKoMas (yHKURA (M, BOIMOXHO,
TAKXE €€ NPOU3BOIHHE 0 KEXOTOPOrO Nopsaka), YpasHerne HMeeT
BHI

F(m, y(l)’ ers y{n)) =0 (n>k>1).

Toraa 3a HOBYIO HCKOMY10 GyHKIMIO 2(2) GepeM HHILIYIO H3 NPOK3-
BOAHMX, BXONALIMX B YPABHEHHE, TO CTh y“" = z. Torna

g* = 2 g = B,

Mopaaok ypapHeHWA NOHHXACTCT Ha k equHHL.

[ZI B ypaBHeHNe He BXOXWT ABHO HE3ABHCHMOE NMEpeMeHHOE. Ypap-
HEHHE MMEET BHI

F(y,y',y",... 9y(“)) =0.

Toraa GepeM 3a HOBYI0 HCKOMYIO QYHKLMIO §' = p, 4 33 HEIABUCHMOE
nepeMerHoe g. [lepecunTeiBaeM NPOU3BOAHEIE:

=p(Y), Yz =Pz =Py - Y:=Py'P

()

YTo6H 3AMEHHTD ¥z , Hano npoauddepeHUHPOBATL O T BhipaXe-
(x-2)

Hne y( Y 9epes P, Py, .--s Py - JJIA 3T0ro Hano ero npomnde-
PEHUMPOBATH 1O I M 33TEM YMHOXHTS Ha ¥;, TO eCTb Ha p. [Toxyunm

BHpaxenue yo yepes p, Dyseons pg‘ " . Tlopanok ypastienus foHu-

3uTea Ha eanHULy. CM. npimep b [12], § 10, m. 2.

3adayu ona ynpamneruii:
[12], § 10, Ne421-450.
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fnasa 1. Judepesulionstsie ypagHenus v ux pelienun

@ YpasHeHMe ONHOPOAHO OTHOCUTENBHO HCKOMOIN YHKLUMH ¥
H €& NpOM3IBOOHEIX, TO €CTh HE MEHACTCA, €CJTH KAKAYID H3 ITHX
BEAHYHH YMHOXHTE Ha OAHO H To Xe ynchio k > 0. Toraa nema-
eM 3aMeHy ¥ = yz, mie z = z(z) — HOBasg MCKOMan GYHKIUMS.
ITpon3soaHkie 3aMeHATCA IO OPMYNaM

¥ =yz, o =() =9 +yz=pd 4y, L.
3nech BCe MPOU3BOAHKE GepyTed NO 2. BrpaXeHHe Ut KaXaoi npo-
uasomHod y™* nofyyaeTcA MyTem mucbepeHIHPOBAHMSA BHPAKESHAA
y'(*'” K 3aMEHH y' Ha yz. Ilocne MOACTAHOBKK 2THX BHIpaXe-

HUI B YpaBHEHHE MPOM3BOAMTCA COKPALICHHE MA Y M MOYydYaeTcs
YpaBHEeHME NMOPAIKa i — 1 OTHOCHTENBHO 2.

3adavu Onr ynpaxHenut:
[12], § 10, N2 463472,

—

YpaBHEeHne CTHOPOAHO B OGOOIICHHOM CMBICAE, TO €CTh HE MeHAETCA
OT 3aMeHH 2 Ha k2, y Ha k%y, k — umcno. Ipu stom ¢ = dy/dz
samewsierca Ha k°7'y, ¥ — wa k%" n 1.1 Urobu yanars, obnanaeT nk
DAaHHOC YPABHEHHE 3THM CBOWCTBOM, W HaliTH 4HCNO &, HALO NPHPABHATE
APYT APYTY MOKA3ATEAW CTENeHEH, B XoTaphX GyfeT BXoAHTE k' B KaKALIH uneH
YpaBHeHUR Nocne ykazaHHoli 2aMeHns, Ecau Halinercs Takoce a, npu xompon
BCE ITH nomamn PABHH, TO JENAEM JAMEHY NEPEMEHHEX T = ef (npu
z > 0), y = ze™, rme z = z(¢). Nonyuaem ypaBHeHUE, HE cOTEpXAlIEE ABHO
HesaBHcHMoro nepemeHHoro ¢. [lopAnok Takoro ypaBHEHHR NOHHXAETCA
OIHHM H3 MPpeTHIYIIHX crocoboB.

Pewenue npumepa. NycTe = ymHowaercs Ha k, y — wa k%, ¢ — na k77,
¥ == wa k7! Toma B ypasHewww unen zy” ymwomaetca Ha k7!,
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§ 3. Memodut noHuXenun nopadKka ypusHerul

|
]

wnew ayy — wa k*, y' — wa K, 2y — wa k"', Npupasuueas
nokazatenu crenched Gywew k, nonyvaem o — 1 = 2o, o = —1. flenaen
sameny ¢ = &', y = ze%, 2 = z(t). Toma
W Fet-zet
Ya = i pe =¢ (¢ - z).
060o3Havan 370 BuipameHue yepes A, waxopuu
A e (" =) =2 B -2
ook (=)= 2% = 1) _
2{ e
= e ¥(z" = 37 + 22).
NogcTaenss 310 @ AaHHOE ypasHeHNE, NONYaeM
e H (2" - 37 +22) e He(d — 1) = ¥ — 2e7H(F - 2),
-z =0
B ypasHeHne He BXxopWT He3aBMCHMOe nepemeHHoe f. MoPRACK NOMHMAETCA
KaK & n. 2, T0 ecTs 3amenoi 2’ = p(z), 2" = p'p. Nonyvaen p'p—p-zp =0,
plp' = z = 1) = 0. Haiiga peweHne 3TOro YPasHeHRHA W NEPERAA OT HOBLIX
NEPEMERHBIX K CTAPLiN, NOAYYMM PewlerMe HCXOAHOTO YPABHEHHA. «

Jodauu R ynpamnesui:
[12), &10, N*473-480.
il

HNopazok ypaBHeHUs JETKO MOKMXKASTCH, €CM ofie YacTy ypas-

HeHns ABMSAIOTCH HOAHBIMH TMPOM3BOAHBIMI OT HEKOTOPBIX (GYHK-

L(%1: 1

O

HanpuMep, ypaptenue ¢ = zy’ + y MOXHO 3anmucaTe B BHIE
= (zy)'. IponspoaMue ABYX QYHKUMIt DABHH!, 3HAYAT, ITH

GYHXIMK MOTYT OTAMYATHCA TONHKO HA MOCTOAHHYIO: ¥ = Ty + €.
IMopanox ypaBHEHKS TOHIKEH.

Yane GulBaeT, ITO YPABHEHHE HAZO Npeodpa3oBaTh, NpeXae YeM

ofle 4aCTH YPaBHEHMA CTAHYT MOJIHLIMH MIPOH3BOAHBIMH,




fnasa 1. [udgepenvuuansuie ypagHeHUR u ux pellieHin

Pewenue npumepa. Jlens obe vactu va yy', nonyvaem

v
v

ec:l‘%'..

3 (niy)' = (nlyl)',

nly =Wyl +nle, ¢ =cy. -

Pewenue npumepa. Nepenoca 22y’ Bneso, nonyyaen
Worey =2y, @) =), Y =y"+e <

Jadavu dns ynpaxuenud:
[12], § 10, Ne455-462.

e
B [9], m.4, §4, npupeaeno npuHannexauiee DHnepy HeobxomuMoe ¥ KO-
CTATOMHOE YCIIOBHE IUTA TOT0, YTOON BHDAXCHHE F(z, vy,..., y(")) Grano
nonHo# Npou3BoAHON NO T OT HEKOTOPOH GYHKUKH, U NPEMEp OTHICKAHKUA
3Tol QYHKUHH K [TOHIDKEHNA NOPAAKS YPABHECHHS F(z, v.v..-. ,y‘“’) =0
O noHwxeHHH Tiopaaka cuetembl TuddepeHtHANLHEIX YpaBHEHWH ¢
NOMONUINI0 OTHCKAHMA MHTEIPHPYSMbIX KOMOKAALKN A NEPBMX HHTErpanon
cm. [12), §19 wnn [9, o7, § 5.
fememeil)



[TIABA 2!

CyuiectBoBaHue u o6uiue
CBOWCTBA peleHuni

B 310it rnape pacemarpusarotest o6iue cpoficrsa pewtenuit audppe-
PEHIIHANBHBIX YPABHECHHE H MX CHCTEM, HE JABHCAINNE OT KOHKPET-
Horo Buga gyHxamil, exomamux p anpdepecHUIHATLHME YPABHCHHA.

§ 4. HopmanbHbiit BMA CHUCTEMBI
antdepeHunanbHbIX YpaBHEHHUH
M ee BEKTOpPHaA 3anuch

II' Cucmemoii HOPMANLHO2O 6uda HAIBIBAETCH CHCTEMA

dzx; .

o et A O
B Tako#t cHCTeMe YMCIO YPaBHEHMUI DABHO YNCAY HCKOMBIX yHKILIH
2;(t) (£ = 1,...,n). B neBoft 4acTH KaXIOrO YpaBHEHHS CHCTEMM
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frosa 2. Cywiecmaoeanue u obijue caolicmea pewenuti

CTOHT NEPRAs NPOH3BOOHAS OAHOH M3 HCKOMEIX PYHKIMIA, B NPaBHIX
JaCTAX HPOHABOOHREX HET.

OnHo ypaBHenne dz/dt = f(t, x) ABnAeTCA YACTHBIM CIyYaeM
raxoit cucTeMbl. K TakuM cHcTeMaM cBomATes AuddhepeHUHANEHHE
YPaBHEHHA n-T0 MOPAIKA

(n)—f(t ¥ y,“_,y(ﬂ l))’

(nozpofiHee 06 atoM cM. § 5, ni. 3), MHoOrHe Goslee CNOXKHBIE CHCTEMH
U CUCTEMHE, BOZHMKAIOIME B MeXaHHKe, (DM3UKE, TEXHHKE,

Ana uccnenosaHus of6mmx ¢BoiicTB Takol cucTeMW yaoGHo
HCIMONB3I0BATL BEKTOPHEE 0003IHAYCHUSA

z=(zl;”°93n)s f=(fl9”-!fl'l)'

Torna CHCTEMA 3ANUCHBACTCA B BHAS OOHOMO EEKTOPHOIO YPABHCHUA

= f(¢, 2). @

T2 3anKCh MO3BOMSAET AOKA3BIBATE MHOTHE TEOPEMBI IS CHCTEMEI (1)
MOYTH TAK XE KOPOTKO, KAK I ONHOrO ypapHeHnd, Heobxogumne
A 3TOT0 CBOHCTRA BEKTOP-(BYHKUNH HINOXKEHK B 11, 2.

Pewenue cucteMul (1) ecTh coBokynHocTs n dyHKIME (L), ...,
zn(t), onpeaencHHaA HAa HEKOTOPOM HHTEpRane (WK arpesxc) 7]
YROBNETBOpAIONAA cucreme. Ipadhvk kaxnoro penicHisa ecrs MBUA

B (n+1)-MEpHOM NMPOCTPAHCTBE C KOOPAHHATAMH L, 2y, ... , £y, Bxa-
XHoit ee Touxe yraoBbie KO(hHIIMEHTH KAacaTeNbHOM K 3TOH NHHHH
B cwiy (1) papHu fi(t, 2),...,20),..., fu(t. 21, ..., %n). Taxum

obpasoM, cuctema (1) onpenensier note nanpasaenuii (HanpasneHHH
C 3THMK YIAOBHIMH K03pHIMEHTAMHK) B MPOCTPAHCTEE 4, Z), ... , Zp
HJH B TOH OGJACTH ITOrO MPOCTPAHCTBE, Tie onpeacicHu GyHKunun
Jis ..o, Ju, @ pelicHHe CHCTEMB H300paxaeTcd NMHMel, KoTopas
B Kaxpoit cpoell Touke KacaeTca HanpasieHHWs, 33MaHHOMO B 3TOMH
TOYKE,
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& 4. Hopmansuolli Bud CUCmeMst U GEXMOPHOR 3aMuch

Cuctema (1), kax u onHo JudbepeHUMANEHOE YPaBHEHHE, BO-
obe rosopa, uMeer MHONO pemennii. TlodroMy 48 BRWACACHHA
eNMHCTBEHHOTO pelicHHA HAA0 3aAaBaTh NMOMHMO CHCTEMBI TAKKe
Hawaavioie yeaooun Zy(to) = o, ..., Talts) = Tno Ana (1) wan
2(to) = o ana (2). 3amaya OTHCKAKMS PeilieHHA RAHKOTO YPABHEHUS
HIH CHCTEMHM € TAKHMK HAYaNEHRIME YCOTOBHAMK HAIKBACTCA Ha4an6-
woli 3adaueii, 3alageif ¢ HAYANBHBIMM YCNOBUAMH WAM 3adayeli Kowu.

EI Croilicea sextop-tbyusumii. B dhopmynax n.2 6ykeul f, g, 2, ¥, 2
03HAYaKlT BeKTODH H3 R™, a ApyTHe GYKBHl O3HAYAIOT YHCIIA, SCAM
HE CKa3aHO MHAYe.

M3 nuueHHON anreGph HIBECTHE creaylonive OSiCTBHA ¢ BEK-
TOPAMM: T+ ¥, T =Y, Y, 2§ = B1Y + ... + ZaYn — CKATAPHOE
NpoH3peneHue, |z = \/zf + ...+ 2% ~ anHHA (WIH MOOYAL)-BEK-
Topa, UaeectHo, uto [2+y| < |2l + |yl (HepaBercTBO TpeyronbHKKa),
jz -yl < |2l lyl, oecs

1
eyt + ...+ zatal € [(2] 4.+ 2)0h .+ D]
(HepaBencrso Kotirn).
st BEKTOPOB ¢ KOMITIEKCHEIMY KOODIMHATAMU
Izl = Vil + ... + lzal?,

& HepapeHcTse Koum Bee z¥ u y,’ 3amensoTea Ha [z u il
2-Yy=Z\Y1+...+Zpys (UHCAA T; KOMNNEKCHO CONPAXKEHHBIE ¢ 2;).

MOXHO faTh XBA PABHOCHALHHX ONPEACTEHHA TPEACTEHOTO
nepexona ans sexrop-yHkunn z(t) = (2,(t),..., z.(t)):

a) }imz(t):zo,ecnu Ye> 038> 0 Takoe, yto V¢,
—a
t—al < 8= |2(t) — x| < &
6) }imz(t) = (%105 + - - » Tno), TR Tio ={i_.rt:m.-(t), i=1,...,n.
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frasa 2, (ywecmaosanue v obuue ceolicmeq peuienud

PasHOCHABHOCTE YTHX ONpeAeAcHHI CASAYET U3 TOIO, YTO LIHHA
BeKTOpa z(t) — Xy CTPEMUTCA K MYAIO TOTAA M TOABKO TORAR, KOraa
KaXIan ero KOOPANHATA CTPEMHTCA K HYMIO.

AHaNoOrnyHoO, onpeaeneHia NPOH3BORHOME BeKTOp-PYHKIIHH KAK
npenena puipaxenna (z(t + k) — z(¢))/h npn k — 0 1 onpeaenex-
HOTO MHTErpana XaK NpeeNa MHTerpalbHOR CYMMBI PABHOCHIBHBI
NOKOOPANHATHHM ONPEAENSHHMAM, MHOTHE CBOMCTBA NPOM3BOMHBIX
H MHTETPANIOB COXPAHAIOTCA WIS BEKTOP-QYHKLUHIA K ISTKO A0KA3HIBA-
10TCA ¢ MOMOIIBX) MOKOOPRMHATHOTO ONpeAcncHna, OIHAKO TEOPEMEL
0 CYLUECTBOBAHUMH TIPOMEXYTOUHOI ToukH (reopema Powmnsi, Teopema
JlarpaHxa 0 KOHEYHOM MPUPALICHHH, TEOPEMA O CPEMHEM AMNA HHTES-
rpana) He oGobwaTcs Ha BekTop-dyHxuuu. Hanpumep, ana sek-
Top-byHKUMR 2(t) = (1 — cost, sinf) umeem 2(0) = z2(2x) = (0,0),
HO He CymecTByeT Takok Toukn ¢ € (0, 2x), vro z'(2) = (0, 0), Tak kax

2 (t) = (sint, cost), |2'(t)] = v/sint + cos?t = 1.

BuecTo 3THX TeopeM onA BeKTOp-QyHKUME GyoeM Noib30BATECT
OLIEHKaMH.

Quenka ¥rTerpana. Ecan pexrop-dyukuus y(t) HenpepbipHa Ha

[a,b], TO
b b
| f y(t)dt] < } [we dt|. ()

Jowasamenscmso. TMycts a < b. Hurerpan ot y(t) ects npemen
uHrerpansHoft cymmer 3 y(83) (¢t — 4-1). Ot 3amennt y(t]) na
ly(£})] Momynp cyMMBI He YMEHBIIACTCH H NOAYYACTCH HHTS-
rpaneHaa cymma i dyHkuuu |y(t)| no orpesky [a, b]. B npe-
mene mpu max(t; — £;.)) — 0 monysaercsa uHrerpan ot |y},
Cnyydai#t @ > b cBOEUTCA K NOKA3AHHOMY. [ |
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§4. Hopmansusill sud cucmeMst & 8eKMOPHAA 3aNUCH

e

Ouenxa npapamennn pekTop-yHxuuy. Ecan 2() u y(2) = 2'(#)
nenpepuBHH ¥ |2'(£)] < m, To B cuay (3)

l2(8) - 2(a)| < mib - al. o)

Jlo cxx nop 6uino Ge3paxIHYHO, JANUCHBATD JIW BEKTOPHI B BUIC
cTpOK WM B Buae croubuop. B cdopMynax u paccyxmeHHax, co-
OEPXKALIMX BEKTOPH BMECTE ¢ MAaTpMlIaMH, OyleM CYMTATE BEKTOPH

CcTONOLIAMY, CCAH HE CK3a3aHO HHaYe, r
1

Ecau A = (8ij); j=1,..n — MatpHua, 2= | ! | — BexTop, 10

En
y = Az — BEKTOP-CTONGRIL ¢ KOODAMHATAMH ¥ = @1 Ty + ...+ Bin®n
(i=1,...,n). Torna |[Az| < ||A|| - =, roe

n 112
||A||=(Z|a.-,-|’) v ll=VimPF el ()

iy=l

(uMcna ey ¥ 5 MOTYT GHITE KOMIUICKCHBIMH).

Aoxazemeascmao. B cuny HepabeHcTsa Kot HmeeM

wl? < (laal® + .- + i) (l21)? +... + [=a)?) =
= (laa* +-.. + lainl?) e,

n
[zl =y < 37 (laul + ... + lawP) 2l = 11417 - |2, @

i=l

Yucao ||A|] Hasbiacres nopmoid mampuyne A. JIpyrie H3pecTHBIE
HOpPMB MATpHUH, KpoMe (5), B 3T0ll KHHre He HCMONB3YIOTCA.

Myets 2(2) u f(z) — Bekropsi-cTonGuLL, Bee zi(f) U 8f;/0z;
HenpepHBHEL, [0 npasuiy AHbDDE peHUHPOBAHKA CAOXKHBIX QYHKIMH
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fnase 2. Cywecmsosanue v obuue ceolicmeaa peuienul

o7 nt IIEPpeMEHHRX

dfi(z(?)) _ 8% o
& " ba a(t)- ©6)

IpuMennsa aty GopMynTy K Xaxpodt xoopnuua're Ji mextopa f,
noxyvyaeM, ¥ro df (z(t))/dt — sexrop-cronben ¢ koopauHaramm (6).
ChrenoBarennHo,

df (=(t))
dt

Gil) + ot o

= Az'(t), mme marpuua A= (%) . ()
' fg=l...n

@ Yerosne Jammma. ®yukuus (i sexrop-byHxuua) f(t, z)
VOOBIETBODAET yeaoceurwr Jumwuya no  Ha MHoXecTse D, ecian
CYLIECTBYST TaKad MOCTOAHHAA k, YTO A KAXKIORIX IOBYX TOHEK
(t,z) € D, (t,y) € D umeem

|17 (¢, 2) = 18, 9)| < klz —yl. (8)

Nemma 1. Fenu sexmop-gynnyus f{t,2) (e R, fER" n2 1)
umeem 8 ssinyiaoii no « obnacmu D vacmussie npoussodnsie 8 f;/0x;
v|0fi/0x;| <1 (3,7 =1,...,n) 8 D, mo f(t, x) ydoanemsopsem
8 D ycnosuo lunuuya (8) ¢ k= nl,

(O6nacts D Ha3MBACTCA S6MYKAON MO 2, €CNW ANA KAXKAOH Napwl
ee Touex Bupa (¢, ) u (1, 2*) coeAMHAIOLIMIL MX OTPE3OK COREPXUTCH
B D.)

Jokazamenscmso. TMonaraa z(s) = y+8-(z—y) n gla)=
1(2,2(s)), nomyuaem

1
16.9) - fe.9) =90 - 90 = [dds. @)
0
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§ 4. Hopmamubiii Bud cucmenbt U BeXMOPHAs 3GNUCL
HNonobto (7)

g =AZ(s)=A(z-y), A= (-g&) .

237 ig=1,.un
Koraa » Mensercs ot 0 1o 1, To z(s) npoGeraer otpesok, coean-
HAIOLUME ¥ | &; Ha 3TOM oTpes3Ke £ = const. [To ycnoBuio, 0B co-
nepautes B D. 3uauur, Ha Hem |8f; /x| <1 (5,5 =1,...,n),
|4l < =i, lg'(s)| < nljz —yl, uua (9) cnenyer 8) c k=ni. A

Nemma 2 (o geibpeperusansHom HepasencTee). Ecru wa ompesie
I, codepmawiem moury to, umeen z(t) € R", 12'(#)| < klz(t)] + m,
k>0 |2(tg)l < vy, mo na I 8 caysae k = 0 wmeen [z(8)] <
ro +mit ~ &), a 8 cayvae k> 0

j2(2)] < roe 44 2 (MM - ). (10)

Joxazamenscmso. TIycrs 8 €1, # > b, z(2)#0, Ecam z(t)#0

Ha (o, ¢1), TO BO3bMeM £* = £). B mporuBHOM ciyuae t* —

BEpXHSA rpaHb TaxuX & € [dy, 4], uro z(t) = 0. Torza z(t*) = 0,

uHave #* He 6mul0 GH BepxHed rpannio. B oboMx cnysanx

[2(t*)] < ro u mpu £* < t < ¢) uMeem z(t) # 0 M cymecTeyer
]

2@ = (/2 +...+22 ).

Jinddepenimpys no ¢ obe uacTy paseHcrsa |z = z - z,
umeeM 2Jz| - |z|' = 2z 2 € 2|z|: |Z’|. Coxpamas ua 2|z|, no-
nyqaeM |z € [2], ecam z # 0. Obosnauas |z(2)| = r(£), nmeem
YL sl I <krdmopu £* <2<y
B cayuae k = 0 orcioma cnenyer TpeSyeMoe HepaBeHCTBO,
B crygae k > 0 ana dynxumn @(t) = e ¥(r(t) + m/k) no-
nyvaeM ¢'(t) = e“¥(s' — kr — m) < 0. TMoatomy dynxuma p(i)
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fraea 2. Cywecmaosanue u obiyue ceolicman peenui

He bospacTaeT u ¢t} < (&), T0 ecs

e~th (r(t,) + %) e ™ (r(t‘) + -';:-)

Tak kak r(i') € g, TO
E—ty , T o k(-1
r(t.)groe(' )+—-(e(' }—1).

Yucno ¢, € I noboe, Goneitiee iy, 1 £, — t* < ¢y — &), nosTOMY
HepaBeHcTso (10) npu moboM £ € I, t > t) nokazaxo. Cayuai
t < i3 cBOANTCA K pacCMOTpEHHOMY 3aMeHol ¢ Ha —&, {; Ha —{j,
Toraa B popMyIHpoBKe JeMMH |2'(2)| u (¢ — tp| He MeusoTcn, B

§ 5. CyigecraoBaHue U eAAMHCTBEHHOCTD
pelweHus

B § 5 parorca TeopeMa SAHHCTBEHHCCTH PENISHHA CHCTEMBl HODMA/Th~
HOTO BHIA C HAYAJIBHMM YCIOBHEM &{lg) = o U PA 10KA3aTENLCTBA
CYILECTBOBAKUA PEIICHMA: METOIOM TOCASAOBATENLHE MPHEIHKE-
i (moxazaTenncTeo [Inkapa) 1 Gofee KOPOTKOE — MYTEM MeEpexoia
K YPABHEHHIO C 3ana3IbiBAaHHEM (BApHaHT JoKkasareabcTa ToHHenu).
JloCTaTOMHO MIPOYHTATE MOG0E M3 ITHX HOKAZATEALCTS.

[1.]

Teopema 1 {0 epuncTBenHocTw pewenwn). flycme 8 obnacmu D
sexmop-dynxuun f(t, z) u ee npoussoduse 8f;/0z; (5,7=1,...,n)
nenpepsiswbl, Toz0a dns moboi mouku (ty, Tg) € D momem cytie-
cmaosams He Bonee 0OHO20 peuienun 3adavu

% = f(t2), (o) = (1)
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§ 5. Cyujecmaosanue u eDUHCMBERHOCMb peLUeHUR

L

Tounee, mobvie Jsa pewenus smoii 30da4u cosnadaiom Ha obused
YACTIU X UHMEPENOE CYUieCME0B8anus,

Jfoxazomenscmeo. TIPERTIONOXKUM, YTO CYHISCTBYIOT XBA pEIlleHUs
2(t) u y(t) sanaun (11), (L) = y(t), =(t;) # y(t1) npn Heko-
TopoM &y > ty. (Cryualt ) < #) CBOAMTCH X PACCMATPHBACMOMY
saMeHoft ¢ Ha —t.)

Mycrs z(t) = =(t) — y(t), a t* — BepxHsq rpaHb TaKHX
t € [to, 1], npy xoTopeix z(2) = 0. Torma 2(£') =0 u z(1) # 0
ana ncex t € (2,¢)] (unave uncno &' He GmnAo OM BepxHeit
TPaHBIo).

MMycts § — comepxawmitca » D map

-tV +|lz—2@)<r?, h>0.
B 3roM miape Boe 8f;/82; HenpepuIBHEL, 3HAYMT, OTPAHHYEHH,
 dynkuma f TaMm ynosneTsopaeT yenosnio (8). Moaromy
1| = |&’ = ¢l = £(t, 2) - £(t, 9)| < klz - y| = kiz|.
Toraa u3 nemmut 2 caenyer z(t) = 0 npu ¢* < ¢ < ¢;. Dro
FIPOTHBOPEYHT NPEATIONOXKEHHIO, YTO :c(tl) # y(ty). |

(2]

Nemma 3. Ecnu gynwyus f(t, ) Henpepsiena, mo moboe pewenue

3adavu (11) ydoanemsopaem uxnmezpanswomy ypasuenuto‘m ~ o3 A

¢ /‘3""“‘:‘ g?a wiaidlif ot
a(t) = %o + f Szl do, ws (1)
fo posgarties
U moboe nenpepbienoe wa uwmepsane (unu ompesxe) I (o € I)
Pewenue yposrenusn (12) sansemcn pewrenuem 3adavu (11). (Ecru
I — ompe3zon, mo npouzsodusie 8 e2o Konyax — odHocmoponHie.)

—
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fnasa 2. Cywecmseosanue u obujue ceolicmea peutenud

HAoxazomensemso. Tlyere ®(t) — pewenne samauu (11). Mu-
Terpupya obe yactu paeeHcrBa dx(f)/dt = f(t, z(t)) or &
zo ¢, noxygaem, gro uHTerpan B (12) pasen z(t) — z(t). Ho
z(to) = &9, noaroMy yHkuMa 2(t) ynosnersopser (12).

INycre Henpepsisas ¢yuxuMa z(t) ymosnetsopser (12)
Ha I, & € I. Torna Ha I cnoxHasa dyukuua f(s,z(s)) He-
NpEpHBHA, TIO3TOMY Npou3BoaHadA 1o ¢ oT mpasofi wactH (12),
3HAYMT, K OT JeBoi, TO ecTs or =(f), cymiecryer (omHOCTO-
POHHAS MPOH3BOIHAA B KOHIAX oTpeska I) u pasua f(t, z(l)).
Cnepopatensho, z(f) yaosnersopser ypasHennio (11), H3 (12)
npu ¢ = £, nony4aem z(ty) = y. [ |

Teopema 2 {0 CYLECTBOBANNK H EAMHCTBEHHOCTH pPeluenus),

Mycms & obnacmu D C R sexmop-gymuuus f(t, z) u ee npous-
godueie 8f;/0x; (3,5 = 1,...,n) wenpepwisrsl. ToaBa dns moboi
mosnu (o, 20) € D 300ava (11) umeem edurcmaensoe peiexue

wa ompesxe Ity —d <t < tp+d), ded=r//mi+1>0,r
MAKOS0, YMo wap

S(t - t) +lz — 2o’ < r7)
codepwumen 8 D; m =max |f| a §.

Ilo Teopeme 1 MOXeT CyLIeCTBOBaTH He Gojiee ONHOTO peme-
His sanagm (11), a' cornacHo AeMme 3 AOCTATOUHO A0KA3aTh Cye-
CTBOBAHME HEMPEPEIBHOTG PEIISHUA HHTEIPATLHOTO ypaBHenus {12).

IlpuBeaeM OBa H3 MHOTHX H3BECTHHX CNOCOGOB MOKA3aTeNbCTBA
3ITOIO.

Aoxazamenvcmao Nuxapa ([9], tn. 2, § 1, t.4, § 1 wan [6], § 14). Tlo-
CTPOMM MOCNEXOBAaTeMbHEIE Npubanxenns 2°(t) (p =0, 1,2,...
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§ 5. (ywecmsosaHie U eDUNCMBEHHOCMb peleNUs

~— HOMEp NpUGMIDKEHHA) K pelIeHHIO ypaBHeHuA (12). BoabMeM

2 (t) = 2o,

t
PO =m0+ [ o W ds, p=12e. (13
‘o

, Tokaxem, uto Ha otpesxe I Bce mpubmnkenua 2P(t) onpe-
RENCHH, HEMpPEPLBHL 1 |2P(2) — 24| < md. Inn 2°(f) aro Bep-
Ko. TipemnonoxuM, 4To dynkuus = '(t) xa I onpencnena,
HenpepupHa u |2P~)(£) — 24| < md. Torna npu 3 € I Touxa
(s,2P"(s)) € 8§, » (13) dyuxuna f(s, 2(s)) onpenenena, He-
npepuiBHa W |f(a, z’"(s))| < m. 3nauuTt, npu £ € I uuTerpan
8 (13) — HenpepniBHaa dyHKuMS of £, MO MOZYNIO He Ape-
Bocxopamaa md. Mostomy Ha I Qyuxima zf(t) onpenenena,
HenpepuiBHa K [2°(2) — 29| < md, TTo MHIYKUMH 3TO BEPHO LI
peex p=1,2,3,....

IMokaxem, 4To nocneposarensHocts () (p=10,1,2,...)
PaBHOMEPHO CXOZMTCH Ha I. DTO pasHOCHALHO PaBHOMEPHOH
CXOENMOCTH pRia

2@t + ('¢) - 2°®) + (@R -2') + ..., (14)
TAK KAK ET0 YACTHEIE CYMMM ABRAIOTCA GYHKUMIMM z“(t), z!'(2),
" z%(t),... . OueHNM No MHIAYKLWH WIEHH psga Ha orpeske .
Ha (13) nony4aem cornacto (4)
| (&) — 2°(t)| < mit — tol. (15)
l'lmcaxgu, 410 HA I npH HexoropoM k ans awboro p 2 0
kP|E — tg/P!
2”H(1) — 2P (t)]| < m—. 16

Hna p = 0 310 gokazaxo B (15). [ycTh 3TO BEpHO ANA p = ¢ — 1.
TlokaxeM, YTO 3T BepHO M nn p = ¢. Hanuwem papercTeo (13)
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fnasa 2. Cyujecmaosanue u obyue ceolicmea pewrenuil

INg p=g¢q WANA p = ¢+ | U BEINTEM U3 BTOPOTO DABEHCTBA
nepsoe. [Tomyuum

29 (t) ~ 2%(t) = f (£(8,2%(8)) — 1(s, 297 (8))) ds. (1)
&

Ans peex p Toukn (¢, 2P(t)) € Smpu t € I. B S pee 8fi/9s;
HeMPEPHBHH, 3HAYHT, OTPAHMYCHE, ¥ N0 Nemme 1 dyHKIMUs f
B S yaosnersopser ycnosuio Jlunumua (8). osromy B (17)

(e, 2%6)) - £a. 2% (a))] <

Ug — o7
< k|a:’(a) - ﬂ?q_l(S)l < M_

PN (18)

HocnenHee HepaBeHCTBO BhiTexkaer u3 (16) npu p = ¢ — 1.
TloauHTerpanbHan Gynxums B (17) uMeer ouenky (18), moaromy
Bcuny (3)npnt €I

t
k%5 — £yl? mkI|t — &[*!
1) - 29(8)| < /’“ ds| = .
I:B () 3()'*\“ q! (Q+1)!
0

3nauuT, HepaneHctso (16) pepto K npu p = ¢. [No HHAYKUAK
0oHO BepHO WA Beex p = 0,1,2.... TakuMm obpasoM, WieHH
psana (14), xpoMe niepporo wieHa, npy |t — &) < d no Moaynio
He OOMbIIE HNEHOB YHCIOBOTO pAIA ¢g + @) + a2 + ..., Ioe
apy1 = mkPdPH f(p + 1L

Kaxnan koopauuata +f7'(f) mextopa 2P7!(f) — 2P(t) ue
Gonblie ero JUIMHBL, NOITOMY TOXE UMEET OLEHKY (16), To ecb

miPdPt!

Trr (rwl<d i),

|uf*' ()] < a1 =
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§ 5. Cyuiecmeosanue U eOUHCIIBERHOCT, PellieHus

Pan Y, 6,4 CXOAUTCA MO npusaky JlamamGepa, TaK KaK

fim 22 = gim 29 o<1,

P Gy p=co p+ 1
ClIeNoBATENEHO, IS KAXKAOTO § DN ) + %) + tF + ... U3
§-X KoopauHat papa (14) cxonMTca abCoNOTHO H PABHOMEPHO
Ha orpeske I mo npuaHaky Bedepurrpacca. A Tak Kak wieHm
PSARA — HenpephiBHBIE GYHKIUMH, TO eT0 CYMMa — TOXe. JHAYHT,
U pextopHH# pan (14) Ha orpeske I paBHOMEPHO CXOOUTCA
K HefipephiBHON BeXTOP-DyHKXIMH, KoTOpYyI0 0b03HauuM z(t). To
€CTh MOCIEA0BATENBHOCTS NIPHOIHXKEHUH 2P(L), p = 0,1,2,...
Ha I paBHOMepHO cxoantes K z(t).

Moxaxem, 410 (i) ynosneTBOpSeT HHTETPATLHOMY YDaB-
HeHmio (12). Jan atoro nepeitaeM K npeaeny s pasexcree (13).
Pa3nocTs npaswix yacted paseHcts (13) u (12) umeer B cuny (8)
OLIEHKY

<

I/{I(a,z’_l(a))—f(a,z(s})lds /k|x’“'(s)-—z(a)|da .
1 ty

IMps p — oc nonsiHTerpaftehas QyHxumsi Ha I paBHOMEpHO
CTPEMHUTCA K Hymo. Tora MHTErpan CTPEMHTCA K HYO, U npa-
san wactb (13) cTpemures K npapoit yactu (12). Jlesasn yacTe
TOXe. 3HaYuT, NpencnbHan Gynxuma z(£) Ha orpeske I yaonne-
TOpAeT ypasKenure (12). Mo neMme 3 oHa ABNACTCA peHICHHEM
aapaun (11). CyluecTBOBaHHE pEINEHHS AOKA3aHO. EIHHCTBEH-
HOCTR N0KA3aHA B Teopeme 1, |

- Janee uanaraeTcd APYroe AOKA3ATENLCTBO TEOPEMB 2 NPH TEX Xe
NPEANONOXKEHHAX.
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fnasa 2. Cywecmaosanie u obujue ceolicmaa pewenuli

Hoxazemenscmeo Towwesu ([37), 1.1, m.1, §6, n.3) (6naroma-
P NPESINONOXKEHHIO O HENPEPLIBHOCTH f; /82; He TpebyeTcs
NPHUMEHATH TeopeMy Apuena).

BossMem Takue r, m, d, §, KaK B QOPMYIIHPOBKE TEOPEMBI,
torna B mape S umeeM |f| € m u cnpasearuso (8). Has
nioboro uenoro p > 2 Bo3bMeM h = h, = d/p 1 nocTpoum
NpHGNHXEHHBE pelteHNA ypasHehvs (12). TlonoxuM yy(t) = o
npu £ — hp < t < £, a Ha oTpeskax [ty + (i = Dhy, £ + thy],
i=1,2,...,p, NOCHENOBATENLHO ONPEICAHM yp(t) paBeHCTROM

t
Bt)y=2+ ff(s, yp(8 — hp)) ds. (19)

Ecnu ¢ > 1 » npn £y — h,gtgto+(i-l)hp¢ynmm
yp(t) onpenenena, HenpepsiBHa M |y, (2) — %ol < md, 10 270 XE
BEPHO H NpH iy < & < & + ihp, Tak KaK npH TaKKX ¢ TOYKA
(t: y})(t - hp)) € S’
lyp(t) — 2ol < mit - | < md
THo MHAYKLHY NofysaeM, 916 Ha otpedke J (3 < £ < tp+d)
dynxuny yp(t) u yp(f) HenpepblBHH 1 cipasesupo (20).

OueHHUM pasHOCTE 2(2) = yp(t) — yy(t) npuGMKeHHBIX
pemtesuit ¢ h = hy 1 ¢ h = hy. B cuny (20) u (8)

12/ @)= {7t yp(E — 1p)) - £ (B, 9g(t — R))| <
S k|yp(t—hy) -yt —ho)| =
= k‘ (up(t —hp) = 9p(8)) — (wg(t— Rg) = 3, (#)) + (p(t) - 9o(£)) |
Tak kax |yp] < m, ygl < m,ToTMIPH L € T
|2’ (¢} < kmhy + kmhy + k|2(8);  2(2) = 0.

(20)
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§ 5. Cyulecmsosanue u eBUNCMBEHHOCMb PRUIEHUNR

B cuay neMMel 2 nonyyaem npu t € J
12(E)| < m(hy + R (e = 1) < mlhp+ B (e - 1), (21)

[na moGoro € > () HaligeTca TaKoe Py, MTOTPU p > P1, ¢ > P1,
npasas vacth (21) menbme €. Torma |y,(t) — ¥,(t)| < € Ha J,
TO eCTh MOCHENOBATEILHOCTE HenpephulBHEX dyHkumit {y,(t)},
p=2,3,4,..., ynopnetpopaeT Kputepuio Koln papHoMepHOH
CXOOMMOCTH Ha J . 3HAYHT, OHA CXOAMTCA PABHOMEPHO K Hempe-
PHIBHOM GYHXIIHH, KOTOPYI0 06Go3Hauum 2(t).

Tlokaxem, uto z(f) — pewreHue ypasHenus (12). Ilpn
p > p'(6) umeem Ha J

| st~ 5} — yp(t)] <mb, < N ROE z(t)|<-

|£(t.95(t— Rp)) ~ £ (2, 2())] srclyp(t—hp)—z(t)l <k
Tpagas 9acTh CKONb YTOAHO Mana Mpu Manbix §. 3HauuT, 8 (19)
S8, y5(8 — hp)} = f(s,2(s8)) npu p — oo. B npezene pa-
sercreo (19) npespamaercs B (12), Urax, z(t) — pewenne
ypasserns (12), sHauur, ¥ 3azaun (11) npn ¢ <t < & + d.
Cnyuaft 1y~ d < ¢ < ) CBOANTCH K PACCMOTPEHHOMY 3aMeHOf ¢
Ha —£. CylecTBOBaHHE PeLIEHHA A0KA3aHO, 4 eAHHCTBEHHOCTD
CREYeT U3 TEOpEMBI 1, _ |

(22)

3adauu Ons ynpamHenuii:
112], Ne 223, 225, 226, 228 p, e.

| o )

Teopema 2a. Ecnu sexmop-gywiyus f{t,x) 8 ofnaemu D C R™ we-
npepwiara, mo 0an moboil mouxu (L, Ty) € D na wexomopom ompeske
bh—-d<t<ith+d (d >0 mo we 4mo § meopeme 2) cywecmayem
pewenve sadavy (11).
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fnasa 2. Cywecmeosanue u obuue csolicmaa petwesuil

3]

Honazomenscmeo. TIpHGIIXEHHECS pelieHHA Y,(¢) cTpoATca KM oueHK-
paorca kak B (19) u (20). B cuny ouenok (20) # (3) Ha oTpeske J
Boe Yp(f) PaBHOMEPHO OTPAHMYEHEI W PABHOCTEMIEHHO HENPEPHIBHML.
Ilo Teopeme Apuena 13 HHX MOXHO BHODPATL PABHOMEPHO CXOAALLY-
10CA NoanocacxoBarenbHocTs {yy}, § = 1,2,3,.... Ee mpegen —
HenpepuaHan dyuxuna x(t).
Mepexon or (19) k (12) npu p = p; — o0 TMPOBOANTCA KaK
B MpeALAYIIEM AOKA3aTensCTee, KpoMe oueHkn (22). Mpu aocvatouko
ManoM § U3 HepapeHCTB2 |y,“(t -h,)— :c(t)l < § W PAaBHOMEPHOR
HEOPEPHBHOCTH dyHKuMH f B S cnemyer, Yro fesasd yacTb (22) MEHb~
e €, 3HAYNT, TIPH p = gy — 00 pasencTso (19) npeppaaercs B (12).
Mostomy 2(t) — peurenue 3anaum (11). a
il

3amewanmne. B cnyvae, korma na dywnkunic f(i, £) e wanaraerca
ApPYTYX YCAOBHA, KPOME HenpepuieHOCTK, 3agava (11) moxer wneth
Gonee opnaro pewewns. Hanpumep, 3anava dz/dt = 323, z(0) = 0
umeer pewenua = = 0 u 2 = £2, c. npHMep 2 §2 W PUC. 4.

Teopema 3 (0 CYWIECTBOBAHUM W SANKCTBEHHOLTH PelieHWA AAN
YPABHEHNWA R-r0 NOPAANA). Jowo ypaswerue ¢ HavanbHuMU YCAO-
BURMY

fiycme 8 ofnoemu D C R dynuuun f Henpepsisna no cosgo-
KYnHOCMUY BCEX CBOUX OPZYMEHTIIOB, UMEEM Henpepolensie 4acmusie
npouseodwste 1-20 nopadwa no ¥, ¥, - - - , ¥, u HavansHan mouxa

(to. o, 905 .- - 90 )) nexurn suympu D. To20a na Hexomopom

yW=1tyy,.... 5", (23)
v(t) =10, Y= ..., ¥ V)= (29)

n—-1
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§ 5. (ywyecmaosanie U eOUNCIIBEHHOCMY POILIEHUR

pe

anesxe to—d <t <ty+d (d>0) cywecmayem eduncmaentoe

weuue 300avu (23), (24).

Hfoxasamenscmoo. TlepexoauMm or ypasHeHHs (23) K cucTeme
YPAaBHCHUH C MOMOILIBIO BBEICHHA HOBHIX NIEPEMEHHBIX

n=y, m=y, zm=y", (25)
ey Zao =™, za =g
W3 3mMX paBeHCTB NonyyaeM nepebie # — b ypapHeHui cneny-
olelt CHCTEMBL, 2 1-& YPaBHeHHe monyuack u3 (23) ¢ yueroM
samen (25) u Toro, yro ™ =z,
=%, THb==3 ...,

(26)

'
Tp—1 = Tn, 3:3=)'(‘!,!B|,...,2”).

W3 (24) v (25) noyuaem HaYANLHEE YCIOBHS ANIA CHCTEMBI (26)

o) =%, E)=% .... =)= (7

Takum 06pasoM, Kaxoe pemieHue ypasHeHust (23) ¢ no-
Mowbio 3amenst (25) nepexoaut B pemieHue cuctembl (26).
O6paTHO, anA Kaxkzoro peweHHs cucTembl (26) B cwny 3a-
meHt (25) y dyvxumn y = z, cymecrayer y™ =2} =
I (f., %Y, y(“")) . CooTBeTCTBHE MeXIY HaYaJIbHBEMM YCNIO-
suAMHK (24) v (27) ouernano,

Ecnu sanava (23), (24) ynosnetsopsieT ycAoBMsSIM NOKa3bi-
BacMoH TeopeMul, TO 3amava (26), (27) ynomneTBopseT ycno-
BMAM TEOpeMBl 2 H TOJTOMY HMEET EAMHCTBEHHOE DellcHHE
21{t) ..., za(t) (to—d € ¢t € & + d). Tepsas KoopanHaTa
,(t) aTOro pewieHns B CHAY JOXA3AHHOTO ARIAETCH PEMIEHHEM

. 3amaqu (23), (24). [ |
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TeomeTpHueckast WUTIOCTPALIUA TEOPEM CYLUECTBOBAHUA H CAHH-
CTBEHHOCTH, [Ina npocToTEl GyAcM npeanonaratb, 4To GyHKUMa [
H €€ YaCTHhIE NMPOH3BOIHEIE NEPROCQ NMOPALKA HENpPEPBHB BCIOAY.

Jna aucdepeHUHATLHOTO ypaBHenud 1-ro nopaaxa ' = f(¢, x)
WIH CHCTEMBI HOPMANBHOTO BHAAa TeopeMa 1 O3HAYAET, YTO 4epes
nobyio Touxy (i, £o) NPOXOAMT DOBHO ORHO DELIEHME, TOYHES,
rpad MK penieHus.

Hna ypameenus y™ = f(t,y,9,...,4™ ") nopamxa n > 2
paccMaTpuBatoTes rpaduku pewennit y(f) Ha nnockoct ¢, 4. B cH-
Ny TeOpeMEI 3 AnA ypaBHeHU 2-T0 MOPAAKA NPH HAYANEHEIX YCA0BHAX
y(to) = vo, ¥'(te) = ¥ cymecTsyer eauHCcTBEHHOE pewienve. 3Ha-
YUT, 4yepe3 TOYKY (2o, ¥o) NPOXOOHT GECKOHEYHO MHOTO pelIeHMIA,
PA3NMYAIOLUMXCH 3HAYCHUAMH §'(t) = ¥), TO €CTh HAMpaBMEHUAMU
KacaTenbHOM K rpadmky peileHHA B 310l Touke. Ho mpa pasHbix
peitieHHs1 He MOIYT MMETh B 3TOif TOUKE OIHY W Ty Xe NMPOU3BOAHYIO
' (ty), ClenoBaTensHO, He MOTYT KacaTeCA APYT APYTra,

Jna ypasHeHHs 3-TO NopAIKA 3aJal0TCA HavYaabHBIE YCTIOBHA
y(to) = o, v (ko) = w0, ¥"(to) = yp. 3uaunT, yepes Touxy (ty, 2o)
N0 KDXIOMY HANPABNCHHIO (C YINOBBIM KO3(GMULUMEHTOM yj, 3M€Ch
yf, NPOKH3BONLHOE) MPOXOAWT GECKOHEYHO MHOMO pelieHuii. OHM
KACA0TCs! APYT APYTa M pa3nHYaloTes 3HaueHuaMH §” (8). TTo noGomy
APYroMY HANpPaBTeHUIO (C APYTHM 3HAYEHWeM ¥;) NPOXOONT TOXE
OSCKOHEYHO MHOTO peLIeHMIA,

3adavu dna ynpamrenuii:
[12], §7, N2 228 a-r, 229-234; § 21, Ne 13, 14, 16, 18-27,

K cHcTtemMaM HOpPManbHOIO BHAA € NMOMONUILIO AHANIOTHYHKIX 33~
MEH MOXHO CBECTH WHPOKHI KIace CUCTEM YPaBHEHHH, colepxainx
MPOK3IBOAHEIE BRICIIUX MOPALKOB, A HMEHHO CHCMEMb, PA3PeUCHR e
OMHOCUMENBHO CIAPIIUX NPOU3EOOHHX. B TAKHX CHCTEMAX YHCAO YPIB-
HeHWii paBHO YHCny MCKOMBIX dyHxunit, ana kaxgoil nckomoit dyHk-
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LW¥ BHLIGNSIETCH CTAPIUIAK M3 BXOAAWIMX B CHCTEMY NMPON3BOMHEIX,
OHA CTOMT B JIEBOI JACTH OXHOTO 13 YpasHEHMA CHCTEMB, 4 B NPABKIX
yaCTAX HET 3THX CTAPUINX NPOH3BoTHHX. HanpuMep, TaKoBa cHCTEMA
Hi ¥ N ¥ H ] " L4
y =1¢y.y,y.22), 2 =gty.y.y,.22)
JameHoll y = 2;, ¥ = a7, ¥ =23, 2 = 24, 2 = 25 772 CUCTEMA
CBOAMTCA K CHCTEMe HOPMANBHOIO BUJA
) ¥ f
=%, T=23 3= f(t €, 2, 23, T4, Ts5),
I ¥
zy=1xs, z5=g(, 2,2, 23, 24, Z5).

Pe——)
HapecTHn 1 ADYTHE TEOPEMI O CYIICCTBOBAHWA PELICHMA,

Teopema Koww (0 CyliecTEOBAHWW pemieHMR, PAIRATAVWErOCH B CTe-
neswol pan). Ecnu gyneuqun f(E, 2} pazsazaemca & cxodauuiics pad
o

I (& - ) (= — =)™ & owpecmwocmu mownu (ly, 7o), mo 3adava
b0

2 = f(t,z), 2{ty) = 2y va wexomopom uwmepsane (ty — &,ty + 6),
& > 0, umeem eduncmactinoe peweuue, NPeOCMAsUMOe (XCORUUMCS PRIOM

2({t) = zo + a1t — o) + az(t —t0)* +... . 28)
Teopema crpasedauga u s cucmessl OudubepenyuansHaix ypasHenud,

HokasatenscTeo umeercs 6 [6], §17, u b [2], . 6, § 4. Meronuw
oThicKaHna koadutinestor pama (28) cm. tam xe kB [12), §18, n. 4.
Xota nofsyyeHHHI pAR OBBIMHG CXOAMTCA TONBKO HA MAAOM HHTEPBANE, OH
Y4acTo WCMOABIYETCA. B BLIMHCAHTENRHON MaTeMarTHke ANA CaMoro Hayama
BEMHCneHH N,

PacnpocTpaténte TeopeMil CYWECTROBRHUA pellleHM Ha Audwbepen-
UHATEHME YPABHEHUA ¢ Pa’pHBHEMH NPABHMH JacTAMY CBA3RHO ¢ 0bob-
WeHHeM NMOHATHA PSIICHWH, TAX KAK (YHXuUHA, HassBacMad PemeHHeM,
MOXeT He BCIORY uMeTh Npou3BogHyo. B cnemylomeil TeopeMe pemieHHeM
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sanayk (11) HaIBACTCA PCIIEHHE HHTEIPANLHOIO ypapHeHHA (12), HHTerpan
H MHTETPHPYEMOCTL MOHUMaTCH B CMBicae JleGera,

Teopema Kapareomopn {[37), 1.2, 0.8, §8, n.1). fMycmes & woneyroli obina-
cmu D CR™ gexmop-chynnyun (¢, =) wenpepwisna no z, usmezpupyema
no t npu xawdon 2 € R* ({t,z) € D), v nyams cywecmeyem maxas
unmezpupyeman Pynwyus mit), smo [f{t,z)] < m(t) 8 D. Tozda onr
soboil mowwu {ty, o) € D cyuiecmayem pewenve 2(8) 30dc4u (11). Ecau
dywniun f(t, ) yoosnemecpsem ycnosuo: das mobsix (,z), {t,y) € D

J¢t.2)— ft )l < k@) |z —yl,

20e k(t) unmezpupyema, mo pewerue edurcmsenNo.

CHCTEMB ABTOMATHYECKOTO YIPABAEHHA ¢ NEPEKIOMEHHAMYE ONKCH-
patlorca pHGbGEpeHURANBHEMY) YPaBHeHuAMA ' = f{t,z), 2 € R®, ¢ paa-
PHEBHLIMY 10 Z dyuxunamy f(¢, z). [na Takux ypaBHeHuH paccMaTpUBaiCA
BOTIPGC, KAKAMH HOKHM OHITS pelleHud, HAYLNE TIO MOBEPXHOCTH Pa3phl-
Ba, YTOGH OHM XOTA OH NPHOMMXEHHO ONWCHBANH ABKXECHHSA B peanbHOR
duanyeckoit eucreme [35), . 1, §3, [38], §4, §8, n.3. Uccaenoranuen
¢BOACTEA pelIcHHH B TAKHX CHCTEMAX.

HapecTHO MHOMO JOCTATOYHBEX YCHOBHH ¢IHHCTBEHHOCTH DELUCHHAL
Hixe npusoanTCA yonosHe, ofiecneunparciuee ¢AMHCTBEHHOCTE Npu £ > &
pewenns samaun =’ = f{¢, z), z(fp) = xo. MMCHRO Taxas eAMHCTEECHAOCTD
HYXHA B TEXHHYECKMX MPIICKESHHAX,

IMycrb CymecTByeT TaKaA MHTErpUpyesmad dyHKunA k(t), 410 ana mobbix
Tovex (2, 2), (¢, y) obnactu D € R*' umeent

(. 2) - [, 9))- (2 - ¥) S k@)l - 9T,
(npoxiBeneHne BEKTOPOB — cxangphoe). Torma Ana »06or0 HAYANSHOIO
yenoeua z(ty) = o, (b, o) € D opu & > &) moxer cywecrporarh ue Gonee
OHOTO peteHHA (TouHee, MobLIC 1A PEMICHAA COBNANAIYT Ha Obwel yacTh
HX KHTCDBANOR CYINECTBOBAHKA NpH £ > £y).
el
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§ 6. flpodoawenue pewenui

e ——

§ 6. NpoponerHue peweHnin

B §5 GHNO IOKA3aHO CYILECTBOBAHHE PERICHUA HA HEKOTOPOM OT-
pe3ke. 3ech NOKA3KBAETCH, YTO PeLlicHNHe, BoobLle TrOBOPsA, MOXHO
MPOROIXHTE HA CYIIECTBEHHO GonsUIMit OTPE30K HITH KHTEpBAL.

[1.] .fu'&%

Teopema 4 (0 NPOACAIKEHUN PELIEHMA B IAMKHYTOH OrPAHMYEHNOR

Tozda moboe pewenue x(t) ypaswenus z' = f(i, ), npoxodswee
srympu obnacmu D, moxno npodomwume 8 06¢ Cmopons: 0o seixoda
na 2panuy T obnacmu D, mo ecmb npodoaxums #a maxoll ompe3ox
[e, b], umo mouku (a, z(e)) u (b, (b)) nemam wa T.

HAokazamenscmao. Hatinerca takoe m, uro |f(f,2)] < m B D.
Mo Teopeme 2 pewenue, npoxomsniee vepes Touxky Fylty, 2o)
sHyTpH D, cymectsyer Ha orpeake [y = [fy — do, 2o + do],
do = ro/v/m?+1, rg = p{P, ) — paccrosiHie OT TOYKH
Py no T, Monoxum ¥y + dy = ¢, 2(t) = =y, P, — Touxa
(¢1, z1). Ecntn Touka Py sHyTPH D, To Gepd €€ 3a HAYANLHYXO
TOUKY, TIO TeopeMe 2 TIONYMAaEM, YTO pellieHue ¥, npoxoisiinee
yepea Touky P, cymecTsyeT Ha otpeske Iy = [t — dy, ¢, + dy),
dy = 'l'|/‘v' m? +1l, M= p(P[,F). Tak xax E(tl) =85 = :B{tl),
10 peltieHus] £ U T COBNANAIOT TaM, [Ie OHM 062 ONpeneneHH.
3uauut, dyukuusa, pasvaa z(f) ua I u Z(t) uva I,, asnsercs
pelieHUEM — NPOAOIXEHUEM peleHus 2(t) Ha oTpe3ok [y —dy,
ty + d;}. OGosHaunm ee cHoBa z(t). 3ateM GepeM TOuky P =
(t2, 23), tae t; = ¢, +d;, 23 = z(t2), 32 HAYANEHYIO, NPONOIKAEM
pelleKHe ganbiie, H T. 4.
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fnasa 2, Cywecmseosanue u obuje ceoiicmsa petenud

BO3MOXHEI IBA CIYYaA: WK ITOCAE KOHEYHOO YHCNA TAKUX
AroB penlcHue GYIET NPOBOMXEHO 0 ToUKH Ha [, ¥T0 M Tpe-
60BAIOCH, WAY NMONYMHM NOCACIOBATENbHOCTb ToueK Pi(le, T3 ),
k=1,2,3,..., e

bha=th+dy, dp= (29)

T
e, T} =p(IJk$P) >0.
vmi+1
OGaacte D orpaHuyeHa, NOITOMY uKcha #; OrpaHRYEHH M CY-
IMECTBYET klun t; = b. Peiuenue 2(t) npononxanocs Ha Kaxuelit
—+00

otpe3ok {ix, txy1], 3HAUNT, OHO NpodOAXKeHO HA MX OOBCIHUHE-
e [%, b). Tak xak [2'(#)] = |£(t, z(£))| < m, 10 B cHAy (3) ns
mobuix a, § € (b— 8, b) umeem |2(B) — 2(a)l < m|f—a| < mé.
IToaTOMy B CHAY KPHTEPMA CXOOHMMOCTH KOlM CYUIeCTBYeT
t_l;q.r_to z(t) = z*. Nonaraem z(b) = z*, Torna dyukums z(t)
HenpepHRHa Ha [2g, b] u Touku Pi(l, 2) — P*(b, z(b)) npu
k — o0,

Nokaxem, yro P* € . Tak Kak gy = & +dy +d2 +...
+di—+bnpuk—oo,Topax d; +d;+... cxomuTea M dy —+ 0
npu k — oo, B cuny (29) p(F,T) = 0. Ecau 610 P* ¢ T,
TO NpH HekoropoM € > 0 T nexana 6 BHe wapa S),(P)
¢ ueHTpoM P u pammycom 2¢. Ho P, — P*, noatomy npu
k > ky, Touku P, nexart 8 mape S.{P*), 3uaunt, ynaness or
I' Ha paccTOAHHE, HE MEHBLICE £. ITO NPOTHBOPEYHT TOMY, IT0
p(Pi,T) — 0 mpn k —+ 0o, 3uayut, npeanoanoxenne P* ¢ T
HesepHo, k¥ P*.€ [, To ectb peieHHe z(t) NMpoaoIXeHO BNPABO
o rpanuuu I' oSmactu D.

Dynkumna z(f) — petweHne 3anaun (11) npu éy < £ < b,
JHAYUT, OHA YIORNETBOPAET MHTETPATBHOMY YpaBHeHHio (12)
npu 5TEX &, 4 TAK K4K OHa HEMpEphiBHA, TO H HA OTpe3Ke
[t0,8]. Torna no nemme 3 oHAa MMeeT JECBYIO MPOH3BOAHYIO




§ 6. lpodoamenue pelenuii

2heo(d) = f(b, 2(3)), T0 ecTh ynomneTsopser ypaBHeHMwo (11)
npy &, gt < b,
Tpy t < t; penleHHe NPOXOMKASTCH AHAJOTHYHO, |

Cneacrane, flyeme D — maxas 3ominyman HeozpaxuvenHas 06-
naems npocmparcmea &, 2, ymo npu mobwix ¢ 4 d vacme Dy
obnacmu D, 20e ¢ € t < d, ozpanuvena. fycms ypasrenue =’ =
S(t, z) e D ydoanemeopsem ycrosusm meopems 2. To20a pewenue
z(t), npoxodautee yepes npoussomiyio moury (¢,,x) ewympu D,
npodomwaemcs 8 Kaxdyio Cmopoxy unu 00 sbixoda HG 2panuly
obnacmu D, usu 3o cxonb yeodmo Gonvuwiux |¢).

JAoxazamenscmao, BosemeM Takwe ¢ u d; (§ = 1,2,...), yro
e<t <d <dy ... = 0o, Ina nwboro i no reopeme 4
PELIEHHE MOXHO NPONOJIKHTE B 06¢ CTOPOHE! A0 TOYEK (&, 2(a))
u (b, 2(b;)), nexammx Ha rpanune ofnacti Dy, . Ecau b < d;
npu HexotopoMm ¥, 1o Touka (b;, z(b;)) Mexwur Ha rpanHue
obnactu D). Ecau xe nns xaxaoro £ uMesM b; = d;, To peiieHune
MPOROTXAETCHA BIPABO JI0 CKOML YTOMHO DOALRIHX £, AHANQIHYEGQ
NPOAG/DKAEM PLIICHHE RAEBO. ||

| Npumep 1. flokasars, yt0 noGoe pewenue ypasweuwus ' = |
) #* — 2* npoponaercs Bnpaso A0 KONk yroaHo Gonblumx ¢, |

Peuienue npumepa, YpanHeHue YLOBNETBOPRET YCNOBHAM TEOPEMM 2,
TaK KaK Gywkunn f =2 — 2 w £, = =32 uenpepuenu npu ecex
t, .
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froea 2. Cyuecmacaanue u ofiujue ceolicman petenirt

B obnact > t pewewna Tonwko ybBmeawy (tam ' =
2 — 2% < 0), noatomy oHmM pocTHFalT NpAMOR = = £ W nepe-
xoaAar s obnacte = < L.

B ofnacth = < t BCe peweHws TOALKO BO3pacraT (Tam
g =8 ~2 > 0). Nyews (4, %1) — T09Ka wa rpadure pewe-
tuA. Mpm £ > &, pewenne ocraercs 8 obnactw D (z; — 1 <z < ¢),
He BHIXOBA Ha ee rpaHuun (Mewaey no- xh
ne HanpasneHwi, cm. puc. 5). B cuay S
CAEACTBHA TeOopeMul 4 peweHe npo-
ROANWAETCA BNPABO A0 CKOAL YIrOAHO
Gonbwmx . «

oy

Ycnoeust HenpephisHocTd f(t,2) n
€¢ NPOM3BOIHLIX BO BCEM FAPOCTPAHCTBE
i, ® HEAOCTATONMHB BAA TIPOROIKMMOCTH
pewenuit ypasenus ' = f(t, ) ua Gec-
KOHeYHbIH MHTEpBaNn —co < & < 00 KM
s <t <o0o. :

NN ERIFTEEEERN
FPrrryrrrrfy

r
: Mpumep 2. Ypaswenve =’ =2+ 1 uneet pewenns 2=tg(t+c),
| YHCRO ¢ NDPON3BOABHO. Hampoe pelrenue cywecteyer TOALKO
I H2 WHTEpBane ANHHBL T M NPH NPHOAHMEHHM K €10 KOHUAM
'I CTPEMUTCA K —00 WAH K +00. Takue pewenns He Moryr Guth
| NPOAOMKEHL.

L

Teopema 5 (0 NPOAGANEHMM PELICHMA HA BECH 33flAHHBINK MHTED-
Ban). fMlycme sexmop-dynuuun f(i, ) ydosnemeopiem ycroeusm
meopenst 2 8 ofnacmu a < t < 8, z € R" (Jonycvaomes cayvau
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§ 6. lMpodomuenue peutenuil

[ a=—cou f=o00)u
17t 2)| < a®)lzl + b(D), (30)

Pynsuuu at) u b(2) Henpepuisnsl. Toada Kamdoe pewenue ypagHeHus
z' = f(t,2), npoxodauiee & 3moti obracmy, MOXHO NPodoAKUMS
na secs unmepaan {(a, B).

Hownazamenscmao. Tlokaxem, uto ans moboro orpeska @, §,] C
(e, B) mobBoe pewtenne z(t), anannoe npu ¢ = & € (ay, £)),
MOXHO NPOXOMXHTh Ha BeCh OTpe3oK [ay, §)). Ha 31oM oTpeaxe
umeem |a(t)| <k, [B{t)l < m, nostomy |z'| = |f{¢, 2)t < klz| +m.
Boaemem d = |z(f)| v R, parHoe MakcHMMyMy Npapofi 4acTH
B (10) Ha orpeske [ay,B]. ITo Teopeme 4 peliteHne MOXHO
NPONO/DKHTL B 08¢ CTOPOHE! 0 BHIXOAA HA TPAKKILY LTHHADA
Z (a) £t < By, |2l € R+ 1). Mo nemme 2 M3 HepaBEHCTBA
l2'| € klz| + m caexyer, wyro |z(t)| € R xa Toff wacTm orpes-
Ka [ay, Bi], roe cymecrsyer pewekue. Iostomy pemienne z(t)
He MOXET BHIHTH Ha GOKOBYIO NMoBepXHOCTS |2] = R+ | mumiH-
Zipa Z. Toraa oHO MpOAOVIXAETCA AQ BHXOAA HA 003 OCHOBAHHA
LMJMHIPE, TO €CTh HA BECH OTPe3ok [ay, Bi].

Bo3bMeM NOCTSAOBATENBHOCTH @) > a3 > &3 > ... — &
H B <B:< B <...— B. U3 poxazanHoro cruepyer, uro
peweHne z({t) MOXHO MPORAIKHTL HA oTpe3oK [a, B], 3arem
Ha [aa, /2] n 7.0, Torma pemeHye 6yaeT NPOIOAXKEHO HA 00b-
eXHHEHHE ITHX OTPE3KOB, TO ECTh HA Bech HHTepBan (a, ). A

e——-

El W3BeCTHL TAKCKE OAHOCTOPQHHUE OLSHKH, MPH HANMMUH KOTOPbIX
pelwrene HeOTPAHWIEHHO MPOSOKACTCA B CTOpOHY Bospactanus ¢ Hanpu-
Mep, ecni pexrop-bynkuna f{i. «) npy ¢ > {y YIOBAETEODACT YCIOBKIO
z: ft,2) < o)zl + (1), a(t) m B{) nenpepuBHL, To arA moboro
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fraea 2. (yuiecmeosanue u obuyue ceolicmea peureHuii

pemenna x(t) npu ¢ = &
E‘;?I-'m(tll2 = ;:3‘(*'3) =2z-2' =22 f{t,2) < 2a(t)lz|’ + 26{¢).

Ha moGom otpeaxe [to, £;] ans dywamn #{t) = |z(t)|* umeem ' < kr 4+ m
npy HexkoToprix kK n m, Toroa, XKak s TeopeMe 5, JOKAEIBACTCR MPOAGIKH-
MOCTB pellieHHA 2(t) wa uwrepsan [{y, co).

Buectro dynxunn |2(£)]* MoXHO OueHHBITL POCT KaKOH-nHGO Apyrod
dynkunn @(t, 2(t)), noabupacMolt B 3aBHCHMOCTH OT CBOHCTE (YHKUMH
J({t, z), u nony4ars nopobHbic pesymvraTel. Paspaboran Meron [35] omwo-
BPEMEHHOTC MCMIONL3OBAHANR HECKOIBKHX (yHKUMHA :{t, 2) smecTo ogHofi
byuxunn @, ).

Taxoro poza MCTOAN NO3ZBOAIOT HE TONBKO YCTAHARTHBATE MPOAMKIKH-
MOCTh PeeHUH, HO M TIOMYYaTh OLSHKY pelieHHA z(f) ¢ NOMOIIBIO OUEHOK
byuxonn f{t, x).

]

§ 7. HenpepsiBHan 3aBUCHMOCTL pellieHnA
OT HaYaNbHbIX YCNOBHUH U NPaBON YaCTH
ypaBHeHHUA

[1.]

Teopema 6, flycrms pewewue z = (t) zadavw z' = f(2, =),
z(to) = o cywecmayem na ompesse I = [L, 1] 3 &y u 8 onpecm-
wocmu V(i € I, |z — p(t)| < p) ezo zpapuka sexmop-gyHiyus
J(t, 2) u npoussodnwie 8f;/02; (3,§ = 1,...,n) ee xoopdunam
Ji nenpepuignsi, Tozda das anboze € > 0 natidemcs maxoe 6 > 0,
ymo dan mobod dpyeoti 3adavu ¥’ = g(t, ), y(to) = yo. & Komopoil
g udg/By; G,j=1,...,n) nenpepusrvr v lg—-fl <88 V,
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§ 7. Henpepuisnaa 3asLcCUMOCTTS DeleHUR ORT HAYAABHNX YCAOBUT

|t — %ol < 8, pewenue y(t) moxem Geims npodomweno sa I u
ly(t) — w(t)l < € wa L.

Joxazamenscmao. B orpanvueHHoil 3aMkuyTolt ofnactH V umMe-
eM [f(t, 2} < m, 181i/0z;) <1 (3,5 = 1,...,n), Torna ma
nmobuix Touek (¢, £), (¢, ¥) € V BuinonuseTca HepapeHctso (8),
tae k = nl. U3 (8) v HepasencTBa | f(L, y) — g(t, ¥)| < 8 caenyer,
yro ans pewennit = = () u y(t) wa otpeske I} C I, moka
rpaduk () npoxoxut B V, umeem

|z’ —y | =11t 2) - g(t. 9)| < klz — 9] + 6.

Mycte 2(t) = (t) — y(t). Torna |z(to)] < 8, 12| < klz| + 6
ua orpeake I;. B cuny (10) umeem Ha Iy

eh_
k(@) — p() = ()] < 58'"+6“(_;,—1)' (31

& =max{t, — iy, - ,};

B cayuae k = 0 apobs (€** — 1)/k samensiercs na 5.

Bo3sbMmeM ni0boe € > 0, €) = min{p, €} ¥ Takoe & > 0, uTO-
6l npapas 9acTh HepaseHcTsa (31) 65ina MeHsie £;. Torma pe-
weHue Y{¢) ¢ |y — 2ol < 6 mpu ¢ = 2 (MK NpM ¢, GAUIKHX K 45)
nipoxonut BHyTPH TPYoku T (¢ € Iy, jz - @(})l < &); T C V.
Mo TeopeMe 4 peuieHne y(t) MoOXeT GLITh NPOXONIKEHO AO Bhi-
xona Ha rpaHHuy Tpy6kH T'. EciH OB OHO BHULIO KA GOKOEYI0
rpaHHUy TpyGKH, TO B TOUKE Baix0Aa 660 6m [y(2) — ¢(t)| = €
B NPOTHBOPEYMH C TEM, YTO npaBas uacte (31) MeHslne £.
3HauuT, pewenue () BEIXOAUT U3 TPYGKH TOMLKO Ha é¢ KOH-
wax ¢ = ¢, m t = ¢, u npn Beex ¢ € [L,,¢;] yromnersopaer
HepaneHCTBY (31), mpaBas 4acTL KOTOporo MeHbie &) < &, W
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fnasa 2. Cywecmaosanue u obiyue ceolicman pewenuli

Cnepcrsne, Ecau | v oce 8f;/0x; Henpepsienst 8 oxpecmuocmu
dyeu L, <t epaguna pewenua =) v xi{t) — pewerus
mozo me ypashenus ' = f(8,z) ¢ navansweimu yerosusmu x:(to) =
a; — ¢(ty), mo x;(¢)— p(t) paswomepuo na ompeane [t,.t)].

@ PaccmoTpuM 3azavy ¢ mapaMeTpoM x € M (M — o6nacte
» R™)

&=tz pn), =)= a). (32)

Ecnu sexrop-dyuxums f u see 3f;/9x; HenpepuBHu no ¢, &, TO Nipy
KAXIOM i € M cymecrsyer petiesne z = (¢, p). CuuTaeM, 410 OHO
NPOZOJDKEHO, HACKOMEKO ITO BO3MOXHO. B crieayiotueil Teopeme npu
OTIPERENICHHHIX YCAOBMAX NOKA3HBACTCA HEMPEPHBHOCTE DYHKUHH
w(t, p) no g, a B rnase 5 — guddepeHUNPYEMOCTb GYHKUHH @ 1O M.

Teopema 7 (0 HeNpPEpLIBHOW JABHCHMOCTH DPEWEHHA 0T napaMe-
Tpa). flycme npu p = ly pewenve 3ndavu (32) cyuecmsyem Ha om-
pesxe I = {t,,t,] v 8 oxpecmuocmu V (£ € L, |z - p(t, po)l € p)
e20 2paguwa npu g € M sexmop-pywnyus f(t, z, p) v npous-
sodueie 8f;/0x; (3,5 = 1,...,n) ee xoopduwam f; HenpepuiaHsi
no cosoxynsocmy nepemennsix (t, 2, u); a(p) Henpepsewo no p.
To2da cyujecmayem maxoe 7 > 0, ymo dynxyus p(l, p) nenpepsiano
no cosokynxocmu nepementsix npu t € I, |p — po| < 1.

Hoxazamensemeo. Tlpu duKcHpoBaHHOM p = uy 3amaua (32)
YAOBAETBOPAET YCAOBHSM TeopeMsl 6. ClenoBareAbHO, Ans Aio-
6oro € > 0 Hafigerca Takoe § > 0, yTo B Cnyyae, Korma
|f(tvzvp) - f(t!x’F‘D)I «..<,‘6 ans (t,:l?) € V’
la(4s) — a(uo)l < 6,

(33)

54



§ 7. HenpepuisHos 308ucuMOCmb PeLieHUS OM HOYAALHLIX YO8l

pelieHue (2, ) npy ¢ € I cymecrsyer u

I‘P(ts F’) - 'P(ts ”0)1 <e (t € I)' (34)

B cwiy pasHOMEpHON HenpepsisHocTH dyHKuMit f{t,x, p) H
a(p) pu (t,2) € V, u € My C M (M, — nexoropas 3a-
MKHYTasd OKPeCTHOCTE TOYKM fig) Haitmerca takoe n > 0, yro
npH |p — pol < 7 uMeeM g € My U BHNONHAIOTCH HepabeH-
crea (33). Torna no Teopeme 6 penerue p(t, g) Ha I cymecrayet
u ynomnersopset (34}, To ectb p(t, #) HenpepHBHa NMo 4 npy
B = .

Hanee, npu (¢, x) € V, |p — po] < n OyHxuma f He-
npepLiBHA, 3HAUMT, OrpaHHueHa, 1O ects |f| < ¢q. IMosromy
lgtl = [£] € g, n s mo6ex &, 7 € I npu |t — 7| € £/q nMeem

le@t, 8} - plr. )| < glt - 7i < e,

Orciona H u3 (34) nipn |p — po| < 0, |7 - 8] € £/q cneayer
le(r, 1) — wlt, Bo}| < 2¢, T0 ecTh pewcnme (¢, 4) HenpepuiBHO
MO COBOKYNHOCTH NMepeMeHHbIX NpH g = ty, L €T, -

BossmeM £ € (0, p). Torma nna Hekotoporo 7 € {0, n)
NpH MOBGOM TAKOM fi, 9TO |8 — fiol € #y, MO AOKA3aHHOMY,
pewienue @(, p)) Ha J cymecteyeT W yaomneropser (34).
Torma ero okpectHocTs Vi (8 € I, |z — plt, p1)l < p — €) co-
mepxered B V', 3HAYHT, B V) BEINOIHEHHN YCNOBHA TEOPEMH 7,
HO € g BMeCTO . CacmoBaTencHo, peureHme @(t, p) He-
NPEPHBHO N0 COBOKYMHOCTH nMepeMeHHEX (£, 4) Npu 3 = g,
|1 — piol <, t €I n

H

EI Teopema 6 mo3poNsieT B NPHKIATHLX 3a03a4AX MOABIOBRATECH JUdDepeH-

UKANEHLIMY YPARHEHHKAMH, B KOTODEIX HEKOTOpME KOHMCTAHNTH M DYHKIHH
ONpeNensUIMChL 3 ONBITOB, JHAYKT, H3IBECTHH JMHEL npubmixento. Ecou
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frasa 2. Cywecmsoeasue u obuue csoticmaea pewenii

T0 NpHOMDKEHNe AOCTATOYHO XOpoIiee, TO 1 DeNIeHKA TaKkHX NpHBnMxKeH-
HBX YPABHECHMI HA KOHEYHOM OTpe3Ke BpeMeHM OyIyT Majn0 OTAHYATBCH
OT pewreHH TOUHBIX YpaBHEHAH,

Ouenxa (31) pasHocTy peureHnil Apyx GNHIKMX ypaBHeHuit, nonyyen-
Hag B Teopeme 6, MOXET GHTb HCTOALIOBAHA, B YACTHOCTH, ANA OLCHKH
oMbk npubanxeHHoro peiueHuA, OHa odeHb rpy6a, HO B BLIYHCIHTENL-
HOli MATEMATHKE SCTb BOIMOXHOCTH NONYYEHHA MEHEE TPYOMX OLICHOK.

CymectBennoe ofobuicnne TeopeMu 7 umeerea 5 [31]. Yonosue ne-
NpepHBHOCTH QyHKUKE [ MO g 3aMEHAETCA YCIOBHEM

£ ]
ff(a, z, p)ds 3 ] f(s, 2. ) ds (B <L), (35)
.. W

npH g — pg, Mo Pukcuposamno; f u 8f;/dz; orparuuean” B V, f
nenpepupHa no t, x. Jokasupaetcs, yro @{t, p) = @{t, o) Mpu p — py
papromepto mo ¢ € [k, 4]

e
| Mpumep 3. Paccmorpum sagavy 2' = f(t, 2, p), z(0,p2) = 0, rae |
: gl x| <2 :
| ’ 1
| f(t,z,p).—.z’+4(1-=)sin’£ @A), fE.20)=a"-22+2. |
Lt e e e, e, e, ———— |

Yenosue (35) pINOAHEHO, TAK KaK NpH g — 0
]

[
f2ﬁnzids=t/ldsst @<t< ).
1] 1}

[Toatomy pewseHue RaHHOM 3anaun z = (¢, u) npu u — 0 pasHOMEPHO
no ¢ € [0,1] crpemurca x byukunn (2, 0) = 2tg¢/(1g ¢ + 1), apmowetica
pemeHned npu @ =0,

1 Nt MpOCTOTH HINOXEHHA 30eCh NPHBOBATCA MCHEE ODLIHE YCROBHA, YeM B [31].
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§ 8. YpusHenus, e pazpetieHsbie OMHOCUMEASHO NpoL3aodHoil

Euze Sonee o6imme peaynsTaThi NOAYIEHB! YeXOCIOBALKHMIE MATEMATH-
KAMH, TRapHbnM obpasoM, S1. Kypuselinem.
il

§ 8. YpasHeHMA, He pa3peleHHble
OTHOCHTENIbHO NPOM3BOAHOMN

@ OcHOBHBE CBOHCTBA ypaBHeHuit Buma F(z,y,y') = 0 omuva-
JOTCSL OT CBOICTS paHee PaCCMOTPEHHEX ypasHenuit ¢’ = f(z, ¥).

I Npumep 4. Ypaeuewne (y')* — 427 = 0 mommo cecTH k peym |
| ypashenuam: ' =2z w ¢ = =2z, !
L

Hx peurenns

y=2+e u y=c-2°

(pwc. 6). Yepes xaxayio TO4KY njoc-
KOCTH Z, Y NPOXOAHT HE MEHEE ABYX
pPelicHUd: MO OTHOMY M3 KAXIOro
cemeiicra pemuennit, HMerorca mak-
XEe pelIcHUA, COCTABNCHHRIC 13 KYC-
KOR pelteHuit aTux cemeitcTn, Takue
COCTABHHE (PYHKLMH ARNIIOTCH pe-
LICHYAMH TOABKO TOIAA, KOIA3 OHHM
BCIOAY MMEIOT NPOUIBONHYIO, TO SCTh
KOTAA B TOUKE CTHKA JBA COeAMHAE-
MHEIX KYCKa HMEIOT O0LUYI0 KacaTeAb-
nyi0. HanpuMep, Ha puc. 6 GyHxumsa Pwc. 6
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fnaea 2. Cywecmeocsanue u obujite ceolicmen peweHiii

ABCOK - He pellIcHHE, TAK KaK He HMEET MPOH3ROIHOIH B Touke B,
a dynkuny ABCM w ABCN — pewicHus.

Ana Toro YToGbl BHACIHTE EIMHCTBEHHOS pellEHHE YpaBHe-
K F(x,y,9')=0, BooGwme roBopa, Hago 3a7aBaTh HE TONLKO
TouKy (29, %), HO M 3HaueHue y; (He NPOMIBONLHO, a TAK, TO-
66 TPOWKA YMCEA 2y, Yo, 40 YAOBNCTBOPAZA NAHHOMY YPaBHEHHIO:
F{zo, y0, ¥3) = 0). Hna ypasnenus (y)’ — 42’ = 0 uepes Touky
B(zy = —1, yo = 1) npoxoaaT xsa pentenns: y = 2* (DBO, puc.6)
uy=2- 2 (ABC, puc.6); echm 3amats eme o) = —2 win ) = 2,
NONYYAEM -OHO M3 ITHX pelIeKuit,

ToUKHM KacaHHA perieHH# — TOYKH HApYWIEHHA €JMHCTBEHHOCTH
(Touxu ocu Oy Ha puc. 6). Penlenne, npuiemiee 8 TaKyio TOUKY,
MOXHO NPOAOIDKATD 33 Hee Donee, Y6M ORHUM CrocoGoM,

Teopema 8. PaccMompiM ypasnedue

F(z,y.y)=0. (36)
fiyems F € C* & obnacmu D u 8 moyxe {2y, 4, ¥o) € D umeen
F=0,0F8y #0.

To2da na mobom docmamoyso Manom ompesxe [y —d, 2o +d] cyuge-
cmayem eduncmeenyoe pewerue ypasweniis (36), ydoanemsopaiouiee
VCROBUARM

y(zo) = 0, ¥(x0) = w. (37)

Aoxazamenscmeo. Tlo TeopeMe 0 HeABHOM (QYHKIMM B HEKOTO-
poit OKpecTHOCTH U TouKkM (29, Yo) CYLUECTBYET EAMHCTBEHHAs
HEMpepsBHaA GyHKUMS f(Z, ), YIOBIETBOPAIOILAA YCIIOBHAM

Flz, 9. 1(z, 9)) =0, f(zo, %) = % (38)

npu atoM £ € C'. Tlo Teopeme 2 § 5 ypasuenue ¢’ = f(z,y)
Ha HEKOTOpOM oTpeake {2g — dy, &g + d1], d) > 0, umeer eauH-
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§ 8. Ypoawenus, He papeuleniHbie OMHOCUMENBHC NPOY3R0INOL

CTBeHHOE pelilenne y(x), yIOBNETROPAIOMIEe HAYATEHOMY YCIO-
B0 ¥(xo) = go. TAK KAk ¥'(x) = flz, y()), 10 13 (38) caenyer

F(z,y(x),y' () =0, y'(2) = f(20, ) = t0-
To ecTh y(z) yrorneTsopsieT ypanueumo (36) u ycnosusm (37). B

e

Jloxaxem eIHHCTBEHHOCT: pewenyd. Tak kak 8F(z, y, p)/8p # 0 B TOUKe
(%0, Yo: Y0), 70 8F/8p coxpanseT 3MaK B HEXOTOPOR OXPECTHOCTH FTOM TOY-
ku, ToecTemiph (2, y) €V C U, |p—yil < ¢. 3mecs V — oxpecTHOCTE TOUKH
(20, Yo), € > 0. 3naunT, npu (x,y) € V dynkuna F{z, y, p) MOHOTOHNE noO
p 8 unrepsane |p — ¥l < ¢, u Tam F(z, y, p) = 0 Tomsko npu p = f(x, y).
YMeHbIIHM OKpecTHOCTs V', wrobu B ¥ 6o | f(z, y) — yh| < £/2. Torna
ana (z,y) € V suavenus p, pna xoropex F(z,y,p) = 0, pacnapaorcs
Ha nea TaKHe MHoxecTea A B B (B moxer GbTh NyCTRIM), YTO

p=1y), p-wi<; Geay

p#f@y), lp-wlze (peB).

Hnaa aoboro pewenna y(z) samaun (36), (37) npr z = z; wmeeM
¥ (z) = vh = f{x0, o) € A. [oxa (2, y(z)) € V, nponssoanan y'(2) e mo-
XeT nepeliTi 3 A B B, Taxk KaK no TeopeMe aHANK3A NPOH3BOAHAN IPWHH-
MAET BCE TIPOMEXKYTOUHRE 3HAYCH KA, A B CHAY (39) 0HA HE MOXET NPHHHMATD
3HadeHKA p, Ig xoTopsiX £/2 < |p ~ yy| < €. 3xaymT, Npn Mankx |z = zo
npos3soanas ¢'{z) ocraerca B A u ¥'(z) = f(z, ¥(z)). A aro ypasnchue,
TaKk KaKk f € C!, npu ycnosuu y{Zo) = yo BMeET CIHHCTBENHOE PELCHHE,

sl

(39)

Cnepcvane. flycms & (36) F € C' v 8 mowe (zo, o) ypos-
newve F(xg,y0,p)=0 umeem poswo m pazauunoix Kxopwed p;
( = 1,...,m) u dns xawdozo us wux OF(zy, Yo, 2;)/8p: # 0.
Tozda vepes mouxy (xo, Yo) 8 ee oxpecmHocmu npoxodum poeHo
m pewenuti ypaswenus (36), y Hux & 3moi mouxe npou3sodHbie
¥(z) =pi (i =1,...,m) sce pazauunsi.
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Frasa 2. Cywecmaosanue U obujue ceolicmea pewenull

Hanpamep, ana ypasuenns (y')? — 42? = 0 TakoBul Toukm
(20, %0) ¢ Zo # 0. Ypabuenne p’ — 4zf = 0 umeer ABa pasTHIHbIX
KOpHA P2 = 229, Ana oboux OF/8p; = 2p; # 0 u uepea Takyo
TOUKY B €¢ OKPECTHOCTH TIDOXOAST PDOBHO ABa peiieHus (puc. 6).

Ecnn xe yepes Touky (2, 3o) B CKONL YTOOHO Masiol ¢e oKpect-
HOCTH NPOXOAMT OoNee OOHOMO PEICHHA M XoTd OB IBa H3 HHUX
HMEIOT B 3TOft TOYKE QIHY M TY XK€ NPOM3BOIHYIO I (Zg), TO roBopsT,
YTO B TAKOH TOYKE HADYIACTCA ¢AHWHCTBEHHOCTH. nd ypaBHeHHS
(¢')? — 42% = 0 TaxoBu TOUKH (20, Yo) ¢ Zo = 0.

Izl JIHCKPHMHRAHTHAN KpHBas, 13 CKAaIaHHOTO BBITEKAET, YTO ECIIU
ans ypapHesns (36) ¢ F € C' B Touke (2, yp) HapylaeTcs exiH-
CTBEHHOCTB, TO TIPH HEKOTOPOM Y BHUIONHSAIOTCA JIBa YC/OBHA

8F (20, o, Yo)
r
3y
Tak KaK yj 3apaHee He H3BECTHO, TO LIS OTRICKAHMA TouXH (29, ¥o)
HANO M3 ypaBHeHWH (40) ucknwuuTs y;. TMonyuum ypaBHeHHe
¢(zo, yo) = 0, onpeaensiolmee HEKOTOPOE MHOXECTBO HA MIOCKO-
CTH T, y. D10 MHOXCCTBO HAIHBACTCA JucKpumunanmuoll Kpueod.
JMCKpIMMHAHTHAA KPHBasA COREPXHT BCE TOUKH HApYUICHHA eIHH-
CTBEHHOCTH, HO MOXET COEPXATh H HEKOTOPEIE JIPYTHE TOYKH,

F(zo, Yo, yEl) =0, =0. (40)

-
t Tipwmep 5. Hanaem AMCKPHMUHANHTHYIO KDMBYIO ANA YPABHEHNA |
I

l ) -4’ -y =0 __ l

Pewienue npumepn. [INA 3TOO Nuitem Apa ypasueHus (40):

F={) -4'(1-9) =0,
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§ 8. YpoeHenun, He paspetentsie OMHOCUMENLHO NPOU280ONO0U

M3 Broporo ypanHenua umeem y' = (. NoacTasnas 8 nepeoe, HaxoAUM
AMCKPHMMHHTHYIO Kpueyio d3°(1 —y) = 0. Umeem foe ceten: y = 0
Wy = i. B Hawewm cny4ae oHK 06 ABAAIOTCA pelleHMANM AAHHOMD
Andidhe peRynanLHOO YPABHEHMS,

Yro6il BUACHWTE, TAE HAPYWAETCA eAUHCTBEHHOCTD, HAAEM Apy-
rue pewenna. H3 paunoro ypasueuuu nmeel ¥ = +2y4/y(1 -
Pewas 3T ypasHeHWA ¢ PasfeniloiMMACH NEPEMEHHLIMM, nonyqaen
pewenua {puc.7)

1 ¥
¥y= YL 1
(z+¢)?+1
y=0, y=1
e rr—
Ha npamoit y = 0 e 0 z
HAPYILAETCA E/IMHCTBEH-
HOCT, @ HA npAMoit y=1 Puc.7
— Hapywaerca. -

B omiHuHe OF PacCMOTDEHHONO MPUMEPA AANeKo He BCerma
AHCKPHMHHAHTHAS KPUBAs ABMACTCH PEIICHHEM,

Pewenue npumepa. 3peck OF/8y = 2(y - 1)y +2 = 0. HUc-
KMO4aR 3, Nony4aeM AMCKPUMUHAHTHYIO KprByo ¥ = O, OHa ne sena-
TCA PeWeHHEeM AAHHOMO YPABHEHUS.

Haitpgem apyrue pewenna. M3 fauHOro YPaBHEHKA, KaK W3 KBa-
APATHOID, nonyvaem ' = —'—ié Takkak 1 —y = (1— /(1 + /7).
10 §f = bz Pewan 370 ypanHeHue C PaICAAIOMMUCS NepeneH-
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fnasa 2, Cywecmasosanue u obuue csolicmea peuienud

Hunu, naxopum g £ 3y*2 =2 4 ¢ (puc. 8). AuckpumuHanTHan
KpuBas y = 0 ABAAETCA rEOMETPHUECKHM MECTOM TOYEK 3A0CTPEHNA
MHTErpanbHLX KPHBHX. <

Ocobbim peuweriieM HAILIBACTCS TAKCE DellieHMe, B KRXKEOH TOu-
Ke KOTOPOrd ero KacCaeTcs! ApYIoe pelliéHue, OTAHYHOES OT paccMa-
TPHBAEMOIQ DPEUIEHHA B CKOIB YROAHO Manodl OKpecTHOCTH 2Toil
vh TOYKH. B npumepe 5 ocoBhIM
ApgeTca pelieHue y = 1,
B NnpHMepax 4 U & ocobnx
peilicHuit Her.
Tax xaxk B kaxao# Toy-
Ke ocoboro pellleHus Hapy-
LIAETCH eAMHCTBEHHOCTh, TO
ocoboe perueHHe, eCNH OHO
€CTh, CONEPXUTCA B THCKDPH-
MHHAHTHOR kpuBoi. [ToroMy M OTHICKAHHA OCOGOTO peiticHHs
ypaskenns F(z,y,¢) = 0 (¢ dyuxumest F xnacca C') cuauama
Hano HalT¥ ANCKPUMHHAHTHYIO KpMBYI0. Ho oHa He Bcerma annsierca
OCOOBIM pellIcHHEM, TaXe eCy ABNAETCS DeitieHueM, cM. NMpHMep 5.
TtoaTOoMy XaXAYIO BETBh MCKPUMUHAHTHON KPHUBOH HANO NPOBEPUTS:

Puc. 8

1) ABAAeTcA AM OHA PEIUCHHEM, TO ©CTh YAOBACTBOPACT JIM OHa
IaHHOMY YPaBHEHHIO;

2) KacawTca M ee B KaXA0H TOUKE ZpYTHE pellieHu.

Ecay Ha o062 BONpPOCa OTBETH MONOXHMTENLHBE, TO PACCMATPH-
BAeMas BETBb ABRIACTCA OCOOHM DEUISHNEM.

IIpoBepka Toro, KacaloTcs ik KBe Kpuakie § = @(z) H ¥ = ¥(z),
APOBOANTCA ¢ CIOMOLILIO YCAOBHA KACAHKA: KPUBHE KacaloTca Apyr
Ipyra B HEKOTOPO# TOYKE, ECAN B ITOH TOUKe

plz)=v(z), ¢'(z)=9(2). (41)
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§ 8. Ypasnenun, He paipewieHHsie OMMHOCUMENLHO NPou3sodnol

——

3adaqu oA ynpawrenuii:
[12), §8, Ne 241-266.

OmGarontan. MonaTie ocoBoro peeHUS CEI3aHO ¢ HIBECTHRIM

w3 audepeHUATEHON regMeTPHY NOHATHEM oTHGal0NICH,

O:ubaroweil ceMeicTba KpUBRIX @(Z, ¢, €) = 0 HasLiBaeTCA Kpu-
pas K, B xaxzoit ¢poell TouKe Kacamiuadacsa KpHMBOH ceMeiicTea,
orAnyHOH ot Xpupo# K B M1060#H OKpecTHOCTH 3TO# TOUKM.

Teopema 9. Jlunur y = $(Z) asnRemca oco6biM pelieHtieM YpasHe-
nus F(z, y,¢') = 0 mozda u monsio moada, xozda ova seasemen
oeubaiowiell ceMelicmea pewerull 3Mo2o ypasHeHuA.

Joxazamensemso. Tlycts nunuA y = $(z) — ocoboe pemenie.
Torna B Kaxmoit cBoell Touke oHa Kacaercsa APYrOro penicHms.
CaexopaTelbHO, 3TA THHHA — orMGa0man ceMeHCTBa pelleHMit.

IMyers muHMA y = $¥(z) — oruGawintas ceMeiiCTRa pelie-
Huit, Torna B Kaxnoil ceoeil Touxe (2, ¢) OHa KacaeTca Kakoro-
AuGo pertieHNs, 3HAUMT, B ITOH TOYKE YMCHA 2, ¥, Y AR THHUH
y = ¥(z) Te Xe, uTO AR 310r0 pemeHusa. Ho pemenne yno-
wieTBopster ypaBHeHuio F(z, ¥, ¥') = 0, nosroMy u orubaiowas
TOXE YIORAETBOPAET 3TOMY YPABHEHHIO B TouKe (Z, y). DTa 104-
Ka — MpOM380JdbHaA Ha orubGawueit, 3xayuT, ornbalolnan ecTe
PeLIEHUE YpaBHEHNA. DTO PelIcHHE B Kaxao# cBoelt Touke Ka-
CaeTCA APYTOTO PEINSHMA, CNENOBATEREHO, ABASEeTCA OCOOMM. M

Hna orsickanusa ornbaoweil ceMeiticta avunit (2, y,¢) = 0

(v e C'), KaK M3BeCTHO H3 IHddepeHLIMANBEHOR TeOMeTpHN, Hao
HCKNIOYHTS ¢ U3 YpaBHeHMit

dp(z,9,¢) _ 0

‘P(zs ¥ C) = 0’ de *
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frasa 2. Cywecmaoeanue i obuue csolicmaa pewenuil

H DpOBSPHTL, XACAETCA JIH NOMYIEHHAR THHMA B KAXA0H cpoeill Touke
Kakoit-nu6o AvHumn ceMelicrsa (HaNpuMep, ¢ MOMOMBIO YCROBHA
KacaHua (41)).

3adavwu dnr ynpamrenul:
[t2], §8, N2 297 a-r.

IZ' Meroms pemenusi ypasreHuit suna F(z, y, ¢') = 0,

A. Pa3pewinTs ypaBHeHHe OTHOCHTENBHO ', TO €CTh W3 JaH-
HOPO YPaBHEHHMA BHpasHTs ¥ uepes & W y. INonyyaerca omaHo Wik
HECKONLKO YDABHERHA BMMIA ¥y = f(x,y). Kaxnoe n3 Hux Hamzo
PELIMTEL. 3THM METOAOM PellIATACH YPABHEHMS B NpHMepax 4-6.

B. Meton Beemeting napaMerpa. OH nMo3BoAsier CBECTH YpaB-
Heuue F(z,y,y') = 0 x ypaBHeHHI0, paIpeeKHOMY OTHOCHTENBHO
npou3soAHOH. Manaragmbiit KHXe npocTefilIMA BADHAHT ITOTO Me-
TONA PUMEHUM B CAyuae, Korna ypasHeHue Fi(z, y, y') = 0 ynaercs
PA3PEIUUTE OTHOCHTENILHO ¥ MAH OTHOCHTEIEHO 2, TO €CTh 3aNUCaTh
B 3une ¥ = f(z, §') wmm n suze z = f(y, ¥).

B ypasuenne y = f(2,y’) spoaum napamerp p = dy/dz v no-
AyyacM

y=f(=,p). (42)
Bepem nonublii AvdpepeHLIHaN OT 00EHX YacTeldl papeHCTBa M, 9TOObE
HCKJTIIOYNTE ¥, 3aMeHseM dy Ha pdr (Tak xax p = dy/dz).

dy = fy dz + fpdp; pdz = f,dz + f,dp.
TocneaHee ypaRHEeKHE MOXHO pa3peiiuTh OTHOCHTENbHO dz/dp unn
oTHocHTeNnbHO dp/dz. Ecnn pewieHHe 3T0TO ypapHeHMA HalaeHo
B puae ¢ = @(p), To, noacramaaa 310 B (42), nonywaem peiue-
HHE HCXOMHOTO YPABHCHMA B NapaMeTpuucckod samuck: ¢ = ¢{p),

y = I(p(p).p)-

OTHM Xe METOIOM PealoTes ypaBHeHus suaa « = f(y, ¥').
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§ 8. Ypasuenus, He pa3peiuenibie OMHOCUMBALHO NPoU3sOOHOL

Peutenue npumepa. Beopa napamerp p = ¢, nonyuaem

y=2ap+p. (43)
Bepem noauwit auddepenuran or obenx vacteii pasencrsa, Nonyva-
enm dy = pdz + r dp + 2p dp. Tax wak dy = p dx, T0 UMeen

pdzr =pdz + xdp+ 2pdp;

(z+2p)dp=0.

Hago paccuorperb ea caywas: 2+ 2p = 0 wau dp = 0.

Ecan £4+2p = 0,70 2 = —2p.
Moactaenaa a0 8 (43), nonyvaem
pewenne B NAPANETPHYLCKOM BHAE:
z = =2p, y = —p*. Hekouan p,
wheenm y = —z°/4.

Ecm dp =0, 10 p = ¢
(nponasonvhan noctoanuas). Noa-
cTaBasf B (43), nonyyaem pewenue
y=cx+ ¢ — cemeiicTeo Hena-
pannenbHbix npAMbX (ABA KaMaoWH
NpAMOH YMOB0A KoabduymenT ¢ —

CBOW).
Weenenyem, ABnseTca An pe-
wehwe y = —x>/4 ocobum. Nu-

wem AMA pewenni y = —~z>/4 w
y = ez + ¢! ynoBHs Kacaums (41):

22 cz
_T =er + ¢,

Puc. 9

x

—_———

Nopcraenan ¢ = —2z/2 8 nepsoe paBeHCTBO, NOAYYaeM —:02/4 =
~2? [2+23 /4 — Tompecteo, 3naunT, pewienne ¥ = —a2 /4 B Kawgoi
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fnasa 2. (ywecmaosarue u obujue ceoticmea peenuil

TOUKE & KaCeTCH OAHOTO U3 peweHwWit ¥ = e + . Cneftosarenso,
pewenne y = —x?/4 — ocoboe (puc. 9). -

-
Hpyrve BapHanThi MeTOIA BBCACHHA NapaMeTpa Katoxens B [9], m.3, §2,
nprMep 5 W §3, n. 1 — BBeacHHE OBYX napameTpos; Takxe [13], rn. 1, §8;
[2], . 1, §7.

|

Ypaerenus Krepo NMeOT BHA
- y=oy +9(y)
OHH pewialoTcs METOAOM BBCICHHHA NapaMeTpa. DTOMY KAaccy TIpH-
HAIIEXKT ypasHeHHe npumepa 7. O6imee petieHne ypasHeuns Kne-
po — ceMeiiCTBO HenmapantensHHX npaMeiX. Ecin Gyukuus ¢ € c?
W HeAHKeltHa, 1o ypasHeHue Kepo uMeeT ocoboe petreHHe — Kpu-
BY10, KOTOPO#H KacalTca 3TH npaMbie, Ecu xe byHkuna ¢ amieltHa,
TO NPAMELE NPOXOOAT Y4epe3 ORHY TOYKY H 0C000N0 pelICHUA HeT.

3adayu ona ynpawmenuil:
[12], § 8, N2 267-296.

——

B ofimem cayuae MUCKPHMIEHAHTHAA KPHBAX PAiHBACT IOCKOCTD X, ¥
Ha obmacti, B Takol ofnacT¥i BRNOAHAICICA YCIOBMA CHCICTBUA TEODE-
MH & H uyepes KaxAyl0 TOYKY HOPOXOAHT OAKO M TQ XK€ VHCAQ PEeLISHHI.
PacnonoxeHue pelicHHA BGTH2M ABCKPHMMHAHTHON KpiBoii MoXer OuTh
pamHaHeM. Hasectho ([18], m. 1, §4), 970 TMRMYHEIM SRnfAeTCA chyualt,
KOTIa AHCKPHMHHAHTHAS KPHBAA CCCTOMT HI TOYCK BOZHDATE HHTEIPATBHLIX
KPHBLX, KaK Ha puc. 8. KpoMme Toro, Ha OHCKPHMUHAHTHON KPHBOR MoryT
OMTE ocobHe TOYKH, BOMUIH KOTODHX WHICIDANBHEE KPHBbIE¢ HAYT WHade,
geM BOAHIW APYTAX TOYEK AUCKPUMHHAMTHON xpusoii, cm. [19), .1, §7.
TnyGoxne uccnenosaHna Taknx ocoGeHHocTel nmposen A. A, JlaBunos.
el



[TIABA 3

JinientHble
anddepeHumanbHblie
ypaBHEHHUA N CUCTEMbI

HayyeHue nuHelHBX nudpepeHUMANBHBIX YPaBHEHHIt COCTABNAET
OTIENBHOS TEOPeTHYECKOES HANPABIEHUE NOTOMY, YTO OHM obAagzaT
PAOOM CBOHCTS, MOABOASIOMX rAYOXE HX U3YIHTE. OcHOBHOE CBOIE-
CTBO COCTOHMT B TOM, YTO &ce petiteHis NHHSHHONO ypapHEeHHA WIH
CHCTEME! BHIPAXAIOTCH Yepe3 KONEWHOe Hucro PelicHU,

§ 9. CBOMCTBA NUHEAHDIX CHCTEM

m PaccMOTpHM THHEHHYI0 CHCTEMY HOPMAIBHOMO BAAA

%=a“(t)z.+...+a.'n(t)a:n+)'.-(t), i=l,m (1)

Han, B BexTOpHOM JanmmncH,

r—

67



fnasa 3. Nunelinste Juddeperuuanshsie ypasHeAus i CLCmMems:

de &) H
E:A(ﬂx-l—f(t), x= , I=
g In )

an®) ... annt) .

Beerna npeaAnonaraeTcA, YTo Ha paccMaTpHBaceMOM KOHSYHOM HIIH

GecKoHeyHoM nHTepBate « < t < § dydkunH a;(t) n fi(t) Henpe-
PHBHBI, a;;(%) BeLECTBEHHBI.

Tax KaKk B rnape 3 HHOTAA BYAYT PACCMATPHBATHCA KOMMAEKCHbIS

PeLICHHA, B YACTHOCTH, coaepXaline GyHKUUH ! 1o HeoBXOmUMO
PAcTpOCTPAHHTE HEKOTOPBIE TEOPEMBbI TAIABE 2 HA TMHEHHBIE CHCTEMEL
¢ KOMIIIEKCHBIMH DPEIICHHIMH,

Nemma 1. Ecru mompuua A(t) eewecmaennan, mo

a) BeLIECIIBENHAA U MHLMAR YOCMU 06020 KOMNNEHCHOZO PeUIeHUR
cucmens 2 = A({)x ReARIOMCA SeuieCmBenHbHIMU peLICHUAMY
3moil cucmembi;

6) sewleCmMBeHHON U MHUMGA YACMU PEWiEHUs T = U+ $v cucmems
(2) ¢ f(t) = g(t) + ih(t) (g u h sewecmsennmt) sanmomca
PELUCHUAMU CUCmeM

u' = Altyu +g(t), v = A(t)v + h(t); (3)

B) oBpamwo, ecru 4 U v — pettenun cucmem (3), mo = u+iv —
pewenuve cucmenst (2) ¢ f(t) = a(t) + ih(t).

Hoxazamenscmeo. Hokaxem 6). Tyers dyuxkunu «, v, g, 5 Be-
LLECTBEHHE! M

(v +iv) = A(t)(u + iv) + g(t) + ih(2).
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§ 9. Cootcmaa punelivsix cUcmem

R

Orhenss BEWICCTBEHHYIO M MHHMYIO 4acTH, nosyyaeMm {3).

IMpu g = h = 0 U3z yTeepXacHus 6) cnenyer a).

YMHOXAs HAa § BTopoe ypaBHehue B (3) M CKIagHBas
¢ NepBLIM, TIONTYYaeM B). [ ]

Teopema 1. flpu nwobom Hauanstom ycnosuu x(ty) = @y cucmema
(2) umeem eduncmaennoe peienue. Bce ee petienus npodoANBIOMCR
wa aeck uwmepsan (a, ).

JAoxazamenscmao. Ecnu xq n f(1) BeniecrBeHHbI, T 116 TeOpeMe 2
§ 5 zanava

2’ = At)z + f(1), =(k) = 20, 4

MMeeT eAMHCTBEHHOE peleHye. Tak Kak dyHkuuy a(t) = j|A(2)||
n b(f) = | f(¢)| nenpepsmus u |A(t)z + f ()] < a(t)|e] +b(t), To
1o Teopeme 5 § 6 KOS BEWECTBOHHOE peeHHe cHCTeMbl (4)
npomomxaeres Ha HTepsan (a, 5).

Ecnu xe 29 = gy + ivg, f(t) = g(2) + ik(2), 10, MO MOKa-
3aHHOMY, cHcTeMH (3) ¢ u(to) = ug, v(to) = vy MMEOT peleHMa
Ha uurepsane (a,f8). Torna s = u+iv npu a <t < 8 —
pewenne danauu (4).

Ecm y = u* + iv* — Opyroe peweHue >Toit 3amauu, 1o
#— " Hv—v' — BeUIeCTBEHHHE peltieHns 3amaun z' = A()z,
z(tg) = 0. Ho z(t) = 0 Toxe peimeHue, a APYrIX BELIECTBEHHBIX
‘periernit Her mo Teopeme 1 §9. Jnaur v —v = v—-v* =0,
H pellleHHe 2 = U + it eIHHCTBEHHO, [ |

B raase 3 pcerna GyaeM CMMTATh, YTO BCE pelleHWs! MPOAOMKeH bl
Ha pece uHTepBan a < i < 8.
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Trasa 3. fluneiinpte Ouddeperyiionsisie YPOBHERUR U CUCTEMb!

@ Obume coolicTea JuRelimsp ypasmesuii K cucreM. Cucrema (1)
unu (2) HasesaeTca nuHeltHoll omHopoaHoit, ecnu Bee filt) = 0,
Y NHHe#HOH HEOMHOPOAHOH B NPOTHBHOM cIiyMae.

B chicreme (2) nepeHeceMm A(t)z BIEBO U 3aNMILEM 3TY CHCTEMY
B supe Le = f. 3aech f 1 ¢ — 3neMeHTH THHEH’HOIMO NPOCTPAHCTBA
HenpepulBHbIX (Wi ¢ — HenpepbiBHO mubdepeHLMpyeMEIX) 7-
MEPHEIX BEKTOP-MyHKIKYU Ha uHTepBane a < £ < 8, L — nuHeHMit
OnepaTop, TO eCTh TakoH, yTo '

Liu+v)=Lu+Lv, L(yw)=~7Lu

A mobeX ¢ M v U3 MMHeAHOro NMPOCTPAHCTBA, HA KOTOPOM Onpe-
neneH oneparop L, u moboro uucna 7.

W3 3mHX CBOWCTBE CREIyeT, 4T0 coam z',...,3° — peite-
HHS MUHEAHOrO OXHOPONHOTO ypaBHenuss Lx = O (BepxHMH mu-
AEKC — HOMEp PEIIeHns), 7y, ... , Te — 4ucia, 10 2! + 2?2, 2! — 22,

ne + ... +1z* — Toxe peienns Toro xe ypapuenus. Crefioba-
TENBHO, MHOXECTBO PELIEHHH THHEKHONO OOHOPOAHOIO YpaBHEHMSA
(1M cHCTeMBI) ecTh AUHEHHOE NPOCTPAHCTEO.

Ecar xe z',...,2% — pettiennst JMHEAHBIX HEOIHOPOIHEIX
ypashenwit Lz’ = ' (i=1,...,k), 71,..., 7 — uHCHa, TO % =
ne' + ...+ et — pemenue ypassewus Lz = 1 f' +... + e f.
B uvactHocy, ecnu Lu = 0, Lv = f, 1o L{z +v) = f; ecu
Lv' = f, Lv* = f, 10 L(»' —v*) = 0. To ecTb cymma pemeHuit
MMHEHHOTO OAHOPORHOrO K NMHEHHONO HEOMHOPORHOIO YPaBHEHM
(¢ Tem xe L) ects peiieHue TOro Xe HEONHOPOAHOTO YDABHEHHS
PazHOCTE ABYX peuieHHH mHelHOro HEOAHOPOAHOTD YPABHEHHA SCTh
peleHne THHEHHOTO OOHOPOXHOrO YPABHEHHA.

JIlumeiinan 3aBHCHMOCTS BEKTOp~dyHKuMA. Bexrop-dyHKUHN
2'(2),...,2%(t) HAsHBAIOTCH AuneliHo 3aeucuMWMU HA WHTEpBANE
(nma Ha MHoOXecTBe) M, ecnm HalOyTCA TaKHE MOCTOAHHHE YH-
CNA €y, ... 5 €k, M3 KOTOPHX XOTR OBl OMHO HE PABHO HYAIO, YTO NpK
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§ 9, Coolicmaa Aunelinuix cucmem

e

peex t € M nmeeM
az'(t) +... + a* () =0. 5

Bekrop-dyHKUMH NuHeHNO He3aBuCHMet Ha M, ecan oHM He ABNA-
orcs ANHEHHO 3aPHCHMBIMH Ha M, TO ecTh ecaM paBeHCTEO (5)
(npu BCeX ¢ € M ONHOBPEMEHHO) BOIMOXHO JHIIL B Ciydyae
cg=...=g=>0,

TloHAaTHe MHHEHHOH 3aBUCHMOCTI BeKTOP-DYHKIIKHI Ha JTaHHOM
MHOXecTBe M, conepxameM Gojiee OXHOM TOYKH, OTIIHYAETCA OT U3-
'BECTHOTO M3 anreGphl MOHATHA JHHEHHOH 3aBUCHMMOCTH BEKTOPOB.
Ecnn pekrop-dyHkunn ' (2), ..., 2*(£) muneiino sapucnmer va M,
TO NPH KaXI0M ¢t € M HUX 3HAYEHHS ABNAIOTCA NHHEHHO 3aBHCHMBIMH
BEKTOPAMH, ITO CRCRYET H3 (5). O6parHoe HeRepHO.

Mpumep 1. Bextop-$ynkume z'(¢) = (i) w2i(t) = (:) ':
npu nwGom & ABNAKTCA NHHEAHC 3IABHCHMLIMM BexkTOpamu |
(npu nobom ¢ = &y umeen cz'(t)) + caz(t) = 0, ecm :
¢ = 1), & = —1). Ho Kax sextop-pyHKuumK, onr Ha niobom :
uHTepane {a, ) NMHEHHO HEZ3BMCHME, TaK KaK NPU Hocmo- |
AHNGX €1, C2 PABEHCTEO €] - 1 4+ &t = 0 ua acem nHTepsane :
(cr, £) BO3MONHO AMWL NPpH ¢y = ¢ = 0, i

Herepmuuant BpoHckoro WM eposcxuan and n-MEPHBIX BEK-
p-dbynkumit 2'(f), ..., a" (1) — 3T0 AETEPMHHAKT N-TO TOpAIKA,
NGLUB KOTOPOro COCTOAT U3 KOOPAMHAT 3THX BeKTOp-byHKUML, TO

2i() ... 2}(t)
140 1 I i

zi(t) ... 220)
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faasa 3. Auneiinsie OupdepeHLUONLHbIE YDOBHEHUR U CUCINEMNbI

Nlemma 2. Ecnu sexmop-gyHKytiv z! ree s T° AUNGLHO 3ABUCUMYI, MO
ux sponcruan W(t) = 0.

JAoxazamenscmeo. B 3moM chayyae cTonbilsl HETEpMUHAHTA AM-

HeHHO 3aBHCHMEL, 4 TOTIA, KAK HIBECTHO, OH paBeH HYIIO,

Cneacvene. Ecau spouckuan W(t) Z 0, mo sexmop-gysxyuu ',
ven s X" NuneilHO He3aBLICUMbI.

JNlemma 3. fcnu sexmop-yHryuu 2!, ..., 2" ssnsomca PelieHUAMU
cucmemst ' = A(t)x ¢ Henpepsisnod mampuied A(t), u ux epon-
cxuaw W pasen wyme xoms bt npu odom 3xasexuu i, mo amu

gexmop-dynxtiuu suneiino s0aucumer, u W(t) = 0.

Hoxazamenscmso. Tyets W(2)) = 0. U3 anreSpH H3BECTHO, YTO
TOrAa CTONGUW JeTepMHHAKT, TO ecTh BekTopH z'(f)),...,
2" (¢;) nuueiHo 3aBHCHMEL. 3HayMT, CYLIECTBYIOT TAKHE YHCNIA
Cl,-++ s Cns H3 KOTOPBIX XOTh OMHO HE PABHO HYMIO, HTO

ez () + ... + 2" (ty) = 0. (6)

C 2TMMH @y, ... , Cn DECCMOTPHM BEKTOP-(DYHKHMIO
@) =ez' @) + ... + caz”(). (M

Ona ansnaevca peurienueM cucrembl ' = A(t)z. B cuiy (6)
z(t)) = 0. Oyuxuua z(t) = 0 ynosnersopsier Tolt Xe cHCTeMme
¥ HavansKoMy ycrosuio z(t,) = 0. ITo Teopeme eAHHCTBEHHOCTH
uMeeM z(t) = z(t) = 0. Urak, dyHxums (7) Bciony paBHa Hyao,
u peurenns z'(¢), ..., z"(t) nuHefHO JaRNCHMEL. a
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§ 9. (solicmsa nurelinbix cucmem

e

Jina sexTop-byHKLKE, He ARIAIOIMMUXCH' PEMIEHHAMH, YTBEp-
KICHHE JNEMMB 3 HepepHO. B vyacTHOCTM, And BeKTOpP-GYHKUMM
npumepa 1 nueem W(2) = 0, a oHH MHHEAHO HE3ABUCHMHI.

@ Jlanee paccMaTPHBANTCA PEICHHS NHHERHON CHCTEMB
= Alt)z, zeR"

Pyrdamenmanbioil cucmemoil peluenuii Ha3pIBaeTCH moGas CHCTe-
Ma n MHHellHO HezaBUCHMEIX petieHHIE,

MokaxeM, 4To GyHIAMEHTANLHBIE CHCTEME! CYRICCTBYIOT. Boak-
meM g € (@, 8) n mofue n AMHEHHO HE3aBUCHMBIX BEKTOPOB
b,..., 0" € R*. Hycm z'(t),...,z"(t)_ — PpelleHHA CHCTeMH

2’ = A(f)z ¢ navareHbIMM yenosuamn 2 () = b, j = 1,...,n.
OTH pelICHHA NHHEHHO HE3aRHCHMEL, TAK Kak npu ¢ = i, HX 3Haye-
HUA — JIHHEHHO HE3aBMCUMBIE BexTopH b', ..., b" u pamencTso (5)
BO3MOXHO TONBKO NPH ¢ = ... = ¢ = 0.

Obuum peuteriiesm cncTeMs! andepeHUHANEHBX YPABHEHHHA Ha-
3LiBAIOT MHOXECTBO QYHKUNA, comepXainee Bée pelleHMA 3To#fl cCH-
CTEMBE M TONBKO MX (Wi dopMyny, NPEACTABAAIOILYIO 3TO MHOXECTBO
NPH BCEBOZMOXHBIX 3HAYSHWAX NPON3BOABHEIX MOCTOAHHBIX).

Teopema 2 (06 o6uwem pewennn). fyems x'(t), ..., z"(t) — xa-
Kue-#ubyds . Munedno HezasuCumbix pewenull cucmens ' = A(t)z.
Obujee peureriie CucmeMs! ecmb

2(t) = e 2' () + ... + caz™(t), ' ®)

20e ¢, ..., Cy — NPOUIBOALHLIE NOCIMOAHHBIE,

Hoxazamenscmeo, B cuny cBONCTB THHEUHLIX ypaBHeHWH DYHK-
uusa (8) mpu mobeix ¢, ... , ¢, ARNIAeTCA pemieHHeM. TTokaxeM,
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fnasa 3. Aunelinbie dugpepenyuanchbie ypasHesus u cucmemsl

yro moboe pemende Z{t) cucTeMu Bupaxaerca dopMynoit (8).
Boasmewm ¥y € (e, f). Pemenna z'(2), ..., z"(f) amnetito Hesa-
BUCUMM. M3 neMMBI 3 clielyeT, 4yTo MX BpoHckuan W(ls) # 0.
PacnucaB nokoopaAnHaTHO papeHcTBo (8) npy t = £y, nonmyyaem
CHCTEMY

zi(to) = ezl (ko) + ... + ez} (t0),

---------------------------------

Za(to) = e1@n(to) + ... + caZalto)-
U3 31Ol CHCTEME HEU3BECTHHIE €, ...,y ONPEOCAAIOTCH ON-
HO3HAYHO, TAK KaK ASTEPMHHAHT CHCTEMH €CTh

det (2] (t0)); 4oy, p = W (ko) £0.

C aTHMH ¢y, ..., €y ANA peieHKA z(t) npu t = 4 cnpasenAnso
paserctBo (8). O6e 4acTH 3TON0 PaBEHCTB2 — PELIEHMA HalIeH
cucremil, TTo TeopeMe eNUHCTBEHHOCTH OHH JODKHH COBNIANATD
nipu Beex {. Utax, moGoe pemrenne npencrasamo B suze (8). @

JoKa3aHHAA TEOpEMa O3IHAYAET, YTO MHOMECTRO PellieHHi cH-
cremul 2’ = A(t)z (z € R") ecTb n-MepHOE IMHEHOE NPOCTPAHCTBO.
Ba3HcoM B 3TOM HIPOCTPAHCTBE CYXKT mobasg QyHIAMEHTAIEHAA CH-
cTeMa peiteHui. PaBeHcTBo (8) ecTh npeAcTaBaeHNe A0GOTO ANEMEH-
T4 ITOT0 NPOCTPAHCTBA B BHAE NHHEAHON KOMOHHALIHH IEMEHTOR
GasHca.

DOyRaaMeRTANMHON MaTDHUCA CHCTEMB 2’ = A(t)z HazmBaeTcs
matpiLa X (f), cron6um xoTopoll COCTABNSIOT GYHIAMEHTATLHYIO
cucreMy petiternit. U3 nemmu 3 creayer, yro det X(28) = W(t) # 0.
C nomousio dyHnamenTansHoi maTpus X(2) obmee peuienne (8)
sanuckiBaerca 8 Busie z(t) = X (t)e, roe ¢ — pexrop-cTarGen ¢ npo-
H3BONBHBIMH KOODAHHATAMH €y, ... , & (TAK KaK X (i) — nuHelyan
"KOMOMHALINA ¢TONGLOB MaTpul X (f), paBHad npasolt wacth (B8)
¢ KoathDHINEHTAMN Cy, ... 5 Cn).
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§ 9. Caolicmea nuxelinsix cucmem

r
| TMpumep 2. HaiiTh nuneAHO HelapuCKMBle pewenda W dyuga-
| MEHTANLHY1O MITPKLY AnA cuctemu ' =y, 3 = 0. 1

Pewernue npumepa. V3 BTOPOro ypaBHeHMA umeem gy = ¢; (npom3-
BOALHAA NOCTCAHHAA). [OACTIBAAA B NEPBOE YPABHEHME, NOAYYIEM
z' = ¢. Orcopa & = ¢t + ¢;. Obuee pewenne ectb £ = ¢, + ¢3,
9 = ¢). Nonaraa ¢; = 1, ¢; = 0, HaxoaAWM YaCcTHOE peweHue ) =,
th = 1, anonarag ¢, = {}, c; = 1, HaxoaumM ARyroe pemenne £ = 1,
t2 = 0. Wx BpoHCKuaH

2 23 | t 1

/TR 7} 1 0

W B CHMNY CAGNCTBMA NeMMbl 2 3TH PelleHHWA AWHEAHO HE3ABMCUMB.
NosToMy (hywaaMEHTANbHON ABAAETCA MATpULa

T T t 1
xo=(2 =)=(} ;) .
TR ) 1 0,
DyHagaMeHTaARHaa MaTpHua X (f) yRrorneTBOpSET MATPUYHOMY
ypapHeHuto X' = A(t)X . B camom zene, nyers =/ () — j-# cronGent
marprunt X (). Torna (z)' n A{t)a’ — j-e croabuwi marpun X'

n A{t)X. DTh cTon6GLBL pasHBbl, TaK Kak o (1) — peLeHHe cHeTeMBl
z' = A(t)x. \

W) = = -1£0,

Teopema 3 (nepexos oT OANON GYHAAMEHTANBHOK MATPHILLT K APY-
ron). flyeme X(t) — gyndomenmanston mompuua, C — Heocobas
(det C # 0) nocmonnnos mampuya n X n, Toada Y (t) = X(8)C —
dyndamenmansran mampuya motli xe cucrmemst. flo amoll popmy-
ne u3 daunoil gyndamenmansmot mampuyst X (£} moxuo nosysums
motiyio pyndamenmansuyio mampuyy Y (1), nod6upas mampusy C.
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fnasa 3. flunelinsie Juddepenyuansibie YPasHEHUA U CUCTNEHS!

foxasamenscmgo. Tyems ¢ u yi(t) — i-e cronbust Marpun €
n Y(t). Ha pasencrea Y() = X(t)C u npasuna nepemHo-
XeHUA MaTpul cremyer, wro ¥'(t) = X(t)d (i = 1,...,n).
3uayur, y'(t) — pemenue Toit xe cucremu z' = A(t)z. Ja-
nee, det ¥ (f) = det X(£) - det C # 0, nosromy petenun y'(t)
(i = 1,...,n) mHeiiHO HezapucHMal M MaTpHua Y (¢) — dyH-
RAMCHTANBHAS.

Mycte X(t) n Y () — dyHmaMeHTAAbHBE MATPHUN CH-
creMid ' = A(f)z. Ionbepem Takywr Matpuuy C, YTOGH
Y(t) = X(t)C. Dia 31010 YMHOXHM 0be 4acTH paBeéHCTBa Ha
X7'(t) cnesa u nonoxum ¢ = iy, Momyuum X~ (£)Y (t) = C.
Cran6ust matpHunl Z(t) = X($)C = X)X~ (t)Y (to) — pe-
NICHHA TOM Xe cueTeMB; Z(tg) = Y (). Ilo Teopeme enuHCTBEH-
HOCTH KaxAHI cronGen MaTpuuUm Z(t) coBmazaeT co cToAGLIOM
Matpuusl Y (t). Taxum ofpasoM, Y(t) = Z(l) = X(t)C, rae
C = X\ (t)Y (ty), det C = det X~ (ty) det Y (tg) # 0. n

Newma 4 (npavuno puddeperyupoBanna neTepMHuKanTa). fyems
D - demepmundanm nopadka n. Tozda D' = Dy + ... + Dy, 20
D; nonywaemcs uz D 3amenod scex anemenmos -8 cmpoKy Ha ux
npou3soonse.

Hoxazemeascmeo, Tlo onpeacneKMI0 AeTePMHHAHTA

D= Z(:I:)bl.il b2y, - - - baj,s ©)

tne b;; — anemeHT i-# CTPOKYW U §-ro cTondua rerepMuHanTa D,
cymMa Gepercs mo BeceM 1! NEPECTAHOBKAM fi, ..., fy YHCEN
1,...,n; Geperca 3HaK + (WAH —), CCAM MEPECTAHOBKA YETHAA
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§ 9. Ceoiicmaea nuHelusix ciicmes

(neueTHasn). Tak Kax

(Biba.bp) =biba... b+ BBy byt ...+ byby.. B,

TO MPOU3BOAHASA KAXKHOTO 4neHa B (9) paBHA CYMME 1 C/IaracMEIX,
B §-M cnaraeMoM TOnbKo by 3ameHserca Ha (by) . Tak xak
by, — anement i-ii ctpoxu B D, TO cobupas BMmecTe i-g
cnaraeMble, TIONYy4YaeM ACTEPMHMHAHT I); YKa3aHHOrO B NEMME
pupa. ITosromy D= D, +... + D,. [ |

Teopema 4 (cbopmyna Ninyennan u Ocrporpaackore). flycms W(t)
— BPOMCALAN MOGbix T pewerull cucmemst

#; =ai (e +... +ap{t)e,, i=1,...,10 (10)
Toz0a ons mobwix £y, t € (a, f)

n
W(t) = Wity)exp { fs(f) d‘r}, s(t)= Z a;i(7)-
i=1

to

P

Aoxazamenscmeo, Ctonbust nerepmunanta W(f) — petnenus
cuctemti (10). Tlo nemme 4 W'(t) = Dy + ... + Dy, e D;
nonyyaerca 13 W 3aMeHOM BCEX 3NEMEHTOB :rf i- crpoxu
Ha UX NPOM3BOAHBIC (a:f Y. Tak Kak mf -8 KOODAMHATA j-TO
peweHus cucremsi (10), To £-a crpoxa B D; ecTh

E 8} . E a2},

a OCTalbHLIE CTPOKH OCTAIOTCA T¢ Xe, 4ro B W(t). BotynTtaem
M3 3TOH CTPOKM MEPRYIO, YMHOXEHHYIO Ha @;;, BTOPYIO, YMHO-
KEHHYIO Ha @, M T. 1. Jo (i — 1)-it; panee (i + 1)-10 cTpoky,
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Inasa 3. Nuneinsie duddepeniuansyble ypoBHEHUS U CUCITEMbI

YMHOXEGHHYIO HA @4, ..., -I0, YMHOXCHHYIO Ha 8z, OT 370~
r0 BeAHYKHA AeTepMMHAHTa D; He MexseTcs, Torna i-4 crpoka
NPHHKUMAST BUA

i) ... agzl,
BbIHOCH MHOXWTENE @i, HAXOXHUM, 410 D; = a;W(t). Torza
w
W () = a W (@) +anW(t) +... + anaW({t) = s)W (),

3(t) To xe, yro B (11). U3 ypasHeuns W'(t) = s(t)W(t) no-
AydaeM crepyiownee, ywutoisaa nemmy 3. Ecnu W) = 0, 10
W(t) = 0; ecan W{ty) £ 0, To W(i) # 0, W (t)/W({) = a(t).
HATerpHpya ofie YaCTH PaBSHCTBA OT &y 40 ¢ M OCBOGOXIASACK
or norapudmos, Tonyyaem (11). |

[.]

Teopema 5. Obujee pewenue Auneiinoll HeodwopodHoll cucmemst (2)
eCNb CYMMG €€ HOCTIING20 pelUeHus U obuezo peweHus nunelnoll
odHopodHol cucmemsr u' = A(t)u, mo ecms

T o601, veoan. = Luactn, veomr. T Bobur omn, (12)

Hoxasamenscmeo. CyMMma pertieHUH HEOAHOPOIHOH M OAHOPOR-
HOR THHEHHEX CHMCTEM €CTh PeIUeHHE HEORHOPOAHOH CHCTEMEL,
TMosToMy dopmyna (12) NPeacTaBASET MoAbKO PEUWIEHHR HEOM-
HOPONHOM crcTeMut (2). TlokaxeM, UTO 5Ta HOPMYNA COREPKHT
ace pewetns. Tlycr, v — moboe pelzeHue cucreMsl (2), a w — |
€€ YaCTHOE pelueHue, pxonmuee B dopmyny (12). Toraa v — w
€CTb PELISHHE ONHOPOAHON CHCTEMBL, 3HAYHT ¥ — W COTEPKHTCA
B Yosu, omn.- TIOFTOMY ¥ CONEPXHTICA B CYMME W -+ Yosw.om.>
crosmei B mpapolt yactu (12). n
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§ 9. (aoticman auxelinpix cucmes

MeToa BapHAIMN DOCTOSHAKX MMOIBONAET HAfiTH pellesHe NMH-
HeliHOR HeomHopomHo#i cHcteMsl (2), ecan W3pecTHO obuice peile-
nue (8) nuuesirolt omHopomsion cuctemst ' = A(t)z. JMna 3roro
B ¢dopMyne (8) Hamo 3aMEHMTH TOCTOAHHBIE €),...,C, HA HEH3-
pecTHele NoKA GyHKUHH € (t),. .., c,(t), NOACTABHTL MOMyYeHHOE
pupaxehie ¢ = ¢(f)z' + ... + cu(t)x" B cucremy (2) u Halitn
dysxumn ¢t), ..., elf).

JIOKA3aTeNbCTBO BOIMOXKHOCTH OTHCKAHIA 3THX dyHXLMil npo-
e NPOBECTH, 3anmucas oblee peuteHue cucremul z' = A(t)x B nune
2 = X(t)e, rue X(t) — dyHpameHTANBHAA MATPHMLA 3TOR CHCTE-
MBIl (e€ CTONOUB — NHHCHHO HE3ABUCHMBIE PELLIEHHA — BEKTOPH
..., z"), a ¢ — BeKTOp-cTONGELL U3 NOCTOAHHBIX L, . . . , Cn. 3aMeE-
HAEM ¢ Ha c(t) v noacraeaseM = = X (¢)e(t) b cucremy (2). IMonyuaem

X'(H)elt) + X)) = AQYX@B)elt) + £(2)-
Tak kak X'({) = A()X(t) (em. n.3), To ocraercs paseHcTBO
X)) = f(t). Ymnoxan cnea ua obpatHylo Mmatpumy X (t)
(oHa cymectsyer, TaK kak det X(t) # 0), nonyyaem

{0 =XO0, )=+ [ X010 b,
t
& — TIPOH3BOALHLIA IMOCTOAHHBIA BEKTOP. l'lo.n}'qaeu pellcHHE

2(t) = XB)elt) = XS + X(2) f X' (8)4(s) ds.

IIpu pemeHMH KOHKPETHEIX CHCTEM, q'mﬁu Haﬁexa'n: JHITHUX
BHIKTaA0K (He BRIMUCHBATH YWICHH, KOTOPHE AODKHBI B3aHMHO YHH-
YTOXATHCA), MOXHO NIPUMEHHTD CeIytotuit npHeM.

Peutenue oaHoponHoft cucremsl ectb X (t)c (X (¢) — dyHaamen-
TAIBHAA MATPHLZ, ¢ — TMOCTOAHHBIA BEKTOp), 2 HEOMHOPOAHOH —

79



frasa 3. Jlunelinoie dudhepeniuansibie yPOBHEHUS U CUCMEMb!

X(t)e(t). Hamo uahru X(t) u zarem koopauHaTn Bekropa ¢ (t)
onpeaenuTs i3 cuctemsl X (E)c'(t) = f(t).

Mpumep 3. 3uas obwee pewenne

()=e(@) ()

OAHOPO/NOI cnCTem ' = g, ' = —z, Haitvw obuiee pewenne
cuctemu 2’ =y, ' = -z + g5 (0 <t <n).

Pewenue npumepa, 3amensem B (13) ¢y, ¢ Ha €}, & n nonyuennyio
CYyMMy NPUPABHMBAEM HEOMHOPOAHONA YALTH ENCTeMbl

4 (2:;2) +4 (_cf:t) = (I/s(;nt) |

Orcionz waxopum ¢y = 2% ¢ = —1. Chegosatenswo, ¢ =
In sint 4+ ¢;, €3 = —% + ¢3;. MopcTaenas 37M ¢,¢; B (13), nony-
yaem obuiee peweHHe HEOAHOPORHOA CHCTEMbI

2\ _ { sint-Insint —tcos? te sind + cost <
y /]~ \cost-Insint +2sint " cost ) TN ~sint /-

——]-

Jna nuneinsix cuerem ' = A{t)z (x € R™) npu paansunsx npea-
noaokeHusx o MaTpuue A{l) uccnenosanoch nopeleHMe pelieHHH npH
£ — 00. VCTAHABRTHEANHCE TOCTATOMHEE YCIOBHA ANA OTPAHHYSHHOCTH pe-
LIEHHI Ha MHTepBane (I, 00) AIA CTPEMNSHUA K HYIIO BCEX PellieHR npan
t — co. B cnyuae, korna A{t) = Ag+t7'A, +17 24, +... npu ¢ > ¢, ¥ cob-
CTBEHHBIE 3HAYCHHA MATPHUL Ay NMPOCTHE, JOXKA3LBANOCH CYLWECTBOBAHKE
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§ 10. Jluneiinsie ypasrenus mobozo nopadxa

DyHAAMEHTATBHON CHCTEMBI, COCTOSLICH 3 pemieHuli Buaa
z*(t) = Mg (ﬂm + t_lﬂu + t_lau toaen ), aw#0, a;€R",

i=12,.., k=1,...,n[23], m.2, n.7-9.

Hpu Gonee oSWHX ycAOBMAX {OMPAHHYCHHOCTD K HenpepHBHOCTs A(t))
UCCACAOBANMCE CBOHCTEA XAPAKTEPHCTHYECKNX NoKasaTenci pewreuuii (um-
cefl, CPABHHBAIOLIKX CKOPOCTH POCTA MAH YOWMBAHKA pemeHMA opu ¢ — oo
¢ dynkuueh e¥) [26].

K cHeTeMaM NPHMEHATHCH METOAN aHANUTHIeCKOH Teopun Anddepen-
UHATBHEX YPABHEHHH, KOTOA HE3ABHCHMOE NMepeMeHHOE | — KOMILIeKCHOE,
a sMeMeHTh a;;(8) Marpuum A() — amanuTuueckme dyHkuuM. 1o fo-
3BONACT U3YMATL NoBefeHHe petueHWN B6NKIK TOueK, B KOTOPIX GYHKLNK
a;;(t) nmeor ocobennoctd [30], enasst 4 K 5.

‘ ‘ el

§ 10. Nluneitnbie ypaBHeHUA RI060ro Nopagka

E' Ha unrepnane a < ¢ < § paccMarpusacTca ypapHeHMe

aoy® +alhy® Y + ... + anlt)y = £02). (14)

Cumraem, yto npnt & < t < 8 Bce pyuxunu o;(f) (i=0,1,...,0) n
J (1) nenpepusHu 1 ag(t) # 0.

Huxe moxkasniBaeTCH, YTO PEINEHHs 3TOr0 YpaBHEHHA obnama-
T cpoiicTBAMH, MOAOOHBIMH CBOMCTBAM pelIEHMI AHHEHHBIX CH-
CTeM, PaCCMOTPEHHBIM B § 9. Jing 3TOr0 ypasHenue (14) npusogurea
K CHCTeMe HOPMANBHOIO BMZA ¢ NOMOWBK 3amerH (25) § 5, T.e,
€ NMOMOIWIBIO BBEACHNA HOBBIX HEH3BECTHRIX QYHKLIMI )

n=yY = y's r3 = y",
(n-2) (1) (15)

vy Epo) =Y Tp =Y
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Trasa 3. Aunelinsie dudbepeniiancrbie ypasHeRun i cucmeMsi

Kak B § 5 noxasursaercst, 4ro B ciy 3ameHst (15) u ypasuenus (14)

GOYHKUMH ), ..., £ YIOBRIETBOPSIOT CHCTEME YPaBHEHKIH
Ty =2, Ty==3, ..., Ty =2,
- a 16
zn=~—zl—-a—“—l-zz—...——lzn+i, (16)
4 ) a 8

M 0GpaTHO, KAXIOMY PELIEHHIO Z),...,Z, CUCTeMH (16) 8 cury
saMeHH (15) cooTBeTCTBYET peiicHue ypasHeHHA (14).

Tak KaKk cMcrema (16) mumeiina u GyHKuvu a;/ap u f/ag He-
TpepHIBHH 1pH a < £ < B, 10 cicrema (16) o6nanaeT cpoiicTBAMH,
paccMOTpeHHEWMH B § 9. B 4acTHOCTH, KaXi@oe pellleHMe ypaBHe-
Hust (14) MoXer OuWTh MpogomkeHO Ha WHTepsan (a, ), u npm
MOGLIX HAYANBHBIX YCHOBUSX 2as &y € (o, F)

vt =%, Y=t .., ¥ =" 7
ypastieHue (14} Ha uurepsane (a, §) HMeeT eRHHCTBEHHOE PelICKHeE,
Janee, eCn Yy, ..., Y& — PENICHHA NTHHSAHODO OTHOPOOHOIO YpaB-
HEHHA, ¥y, « o -y Yo — YHCAG, TO Y1+ - o+ Pale — DPEUICHHSA TOMO XKe
ypaBHeHUA. Ecny # — peillcHNe onHoponHoro ypasHeHHa Lu = 0,
t) H ¥; — PEIECHHA HEOMHOPOAHOIO ypasHeHRA Ly = f, TOo ut v, —
pellIcHHEe TOro Xe HEOMHOPOXHONQ YpaBHEHHA, a v — v3 — pelle-
HWe omHOponHoro ypasHeHua Lu = (. (Jlepas yactb ypanreHus (14)
Kparxo obosHavaercs Ly.)

PaccMoTpuM NuHeliHO2 ONHOPOAHOE YPABHEHHE

ao()y™ + ey + ..+ aa(tly =0 (18)
C HenpepbiBHEIMY XoadbduumenTamu a;(2) 1 ap(t) # 0.

Nemma 5. fpu 3amene (15) nuwelino 3asucumsie pewlewus ypae-
wernun (18) nepexodam 8 AUWELHO 3GBLCUMBIE PEUIENUR CUCMEMBY,
u waobopom.
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§ 10, Nuneilnpie ypaswenus anbozo nopadua

Hoxazamenscmso. TIyCTe pewieuMs 4, ..., %, YparHeHus (18)
NHHeHHO 3aBUCHMEI, TO €CTh RAHOYTCA TakHe MOCTOAHHLIC
€1y .+ 5 Cp, U3 KOTOPHX XOTh ONHO HE PABHO HYMO, YTO

anm+...+am=0. (19)
JdudpepeHunpys 310 paBeHCTBO 7t — | pa3, noayyaeM
avt+...+ay =0,
............................ (20)

Ipx: 3amene (15) pemenue i ypaBHeHuA nepexonm B pelie-
HHE &' CHCTEMM, 316Ch &° = (a:',, ,z,,)T, T.¢, ' — BEXTOp-
CTONGeIl ¢ KOODHMHATAMH &5,..., 2% (ws ymoScTsa 3amuck
KOOPIHHATHI 3ANHCAHBL B CTPOKY H NOCTARNEH 3HAK TPAHCMOHH-
posanha T'). .

Taxum obpasoM, nocie sameHH (13) paserctsa (19) u (20)
MOXHO 3aMMCATE B BUE ONHOTO BEKTOPHOTO PABEKCTBA

ax'+...+az =0 (3¢ #0). (21)
CReRoBaTeNsHO, pelieHus ', ..., * cucTeMBl ANHeNHO 3aBH-
CHMBI.

ObpaTHO, NMYCTh pelIEHHA z!, ..., 2" cucremsl auueitHo

aapucumsl. Torna kmeeT MécTo (21). Bepst 0T KaXIOro BEKTOopa &
TepBYI0 KOODIMHATY T, W NEPEXONS OT Hee K PelEHHI0 ¥; B
cnny (15), nonygaem (19). To ecTh petleHus ¢y, . - . , yx TMHEHHO
3aBHCHMA. |

W3 jeMMBl CIEOYeT, YTO JHHEHHO He3aBUCHMBIC DELIEHHA me-
PEXOmSAT B IHHENHO He3aBHCHMBbIE.

IZ' Juneitnoe oaxopoaHoe ypasHeHue (18) npu 3amexe (15) me-
PEXOAMT B AMHeHHYWo oaHopoaHylo chcteMy (16) ¢ f = 0. Takas
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frasa 3. flunelinbre duddeperyuansHole ypasHeHus U CUCMEMb!

cuctema (CM. § 9, B YACTHOCTH, TEOPEMY 2) MMEET 1t RMHEHHO He3aBH-
CHMBIX pemieHU#t T}, ..., 2" ¥ obee peweHue = = ¢ z' +...+ 2",
CnegosaTensHo, 1 ypasHeHue (18) uMeer n THHeRHO HE3aBUCHMBIX
pelteRuit ¥y, ..., ¥ (TO ECTb gyndamenmarsuyro cucmeny pereHnit)
H CTIpapeANMBa CHeAYIOWAd TeopeMa 00 o0LileM pellleHIH.

Teopema 6. flycmme 41, ... , Yn — KaOKUE-AUO0 Ninelino He3aBUCUMbIE
pewenus ypasnenus (18), e, ... , 6, — NPoU3BOALHBIC NOCMORHHbIE.
Toeda obujee pewerue YPasHeRus ecme

y=ath+...+ ¥, (22)

Cnepcrane, floSbie m (20e m > n) pewewuil ypaswenus (18)
nunelino 3ggucumsr, (Ecnm 66l Yy, - .. , Y, 66K Sb AUHEHHO HE3ABU-
CHNB, TO Y1, ..., Yn — TOME. A TOTAZ Yos1 BHIPIMANOCH 6bl Yepes
Yis+eo s Yo DopMynoil (22). 310 NPOTHBOPEUHT NPEANOROKEHHIO.)

Hemepmunanmom Bponckoeo (aponckuanom) aa n PyHKUHH
Y1, ..., Yn Knacca C"! Ha3biBAETCHA mETEPMHHAHT

4 o
) e ¥
W= . (23)
g™ !
Ecnu thyHKUWAH ¥),..., Y, JWHEHHO 3ABUCHME, TO CTONGIH

NETepMHHANTA NUHEHHO 3aBUCHMBI, M OH TOXISCTBEHHO DaBeH
HyMo.
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§ 10. Juneiinste ypasrenus mobo2o nopaona

[pu 3ameHe (15) aeTepmuHanT (23} NepexomnT B ACTEPMHUHAHT
Bpoxckoro ana n sekTop-byHKun# (§ 9). ITo neMme 5 ata 3aMeHa
COXPAHACT IMHEAHYIO 3ABHCHMOCTD (WK HE3ABUCHMOCTS) PEILEHHUA,
MOYTOMY M3 CBONCTB pelneHni cuereMsl (mywkTst 2—4 § 9) cnexyior
moaobHbe cholcTBa peleHui ypasHerus (18).

Ecau ans pemteHnit vy, ..., ¥, ypasHeHna (18) spoHckuan W
PaBeH KMo XOTA Obl IPH OZHOM 3HAMEHHH {, TO PelICHNA AHHeRAHO
3aBHCHME U W () = 0.

3amevanme. Echm e GyHKUMK Y1, ..., Yn HE ABAABTCA pEICHHAMM
TAKOTO YPABHEHMA MNK MX MHCAO MEHLIIE NOPAAKA YPABHEHHS, TO W3
W(t) = 0 He crepyer nUKeHHAA 3aBUCHMOCTL yHKUMS.

Mpumep 4. fina dyukuuit ¥y = ¢, y2 = [£3] npu Bcex £ umeen
N on N
v v 32 3¢
Opwako ana noGoro a > O wa wntepsane —2a < ¢ < 2a
3TM DYHKUMK NHHEANO HE3ABMCHMM, TaK KAK M3 PABEHCTBA
e+l | =0nput =a cnegyer ¢y +c; =0, anpn t = ~a
cnepyetr —¢ + 62 = 0. Nostomy ¢ = ¢; = 0, u Pynnumwn
AWHEAHO HEeIABHCHME,

W(t) =

| Tipumep 5. QA pewenwit y) = £, y; = £ ypasueuns 3" =0 |
: BpoHckuad W(2) =2 pasen uyno npu ¢ = 0, HO 5TH pemwenus 'I
I nuHelino neaasnckumy (Tak Kak W(2) 2 0 na nwoGou uutepeane). |

3adayu Ona ynpaxsenul:
[12], § 12, Ne 664-669.
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frasa 3. Aunelinpte Ougepenuuanshbie YpOBHEHUR U CUCMEMb

Popmyaa Juysaum 1 OcTporpaackoro and peireHHil ypaBHe-
nusa (18): :

W(t) = W(ty) exp { - f a(r) d‘r}. (24)
1,

ay(7)

Houazamenscmeo. BpoHckuan W(E) mns pewenuit ypaBHeHns
(18) Tor Xe, yro aAna peweHnit cucremu (16) ¢ f{t) =0, a ann
cucreMul cripaBemnnBa dopmyna (11). B cucreme (16) nMeem
a; =0 (§=1,...,n—1), 8y = —e;/ay. TTosrOMy B (11)
Teneph 8(1) = —a,(7)/ao(7), v u3 (11) cneayer (24). N

@ TlocTpocnne JmBeiinore oHOPONHOTO YpaBHeHHA no dynaamen-
Tampolk cucTeme pemenmit, Tlycte 4y, ..., 14, — (QYHKIHAH KIacca
C", » ux spoHckuan W(t) # 0 npu a < ¢t < f. Torma TpeGyemoe
YPaBHEHHE MOXHO HaNHCaTh B BRAE

73} u, { y
u) v | Y
.................. | RETETTTS g (25)
u(l"_u N tl'5':1':-]): y(n-l)
P A O R

i
[okaxeM 310, 3nech hYHKIMMN %4y, . .. , Hy UIBECTHH, Y — HEH3-
secTHad (ynxumaA. Pasnaras qerepMHKAHT IO 3MEMEHTAM TTOCCAHETO
cTonbua, noyaydacMm

ao(t)y(") + al(t)y(“'l) +.ot o)y =0

— nnHelinoe onxopooHoe ypasHenue. Koadduuuentn a;{t) He-
NPEepPHBHB, TAK KaK BHPAXAOTCA dYepe3 HenpepuBHBE (hyHKUMH
u}"’ (G =1,....,n; E=0,1,...,n) at) = W() # 0 ua uu-
teppane (o, #). OyHKUMH 4, ..., iy ABITIOTCA PEWIEHHAMKA 3TOCO
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§ 10. Nunelinsie yposrexun nobozo nopadka

ypaBHEHHS, TAK Kak npu y(t) = u;{t) meTepMUHaHT HMeeT ABa Ofn-
HAKOBHIX CTONGLA, MOITOMY PABEH HYMIO.

3adayu Ona ynpamHenuil:
[12), §12, N2 674-680; §22, N2 52,

Toamkenne NOpAaKA NHHEHHOrO COHOPORHOIO YPABHEHUA NMDH
H3BECTHOM YACTHOM DEIEHHH,

Tycts ans ypapueHws (18) n3pecrHo yactHoe peuierue y (£) # 0
{a < t < ). INoxaxemM, 4To TOrIa YpaBHEHHE MOXHO CBECTH K NH-
HeHHOMY ypaBHeHHIO (n ~ 1)-ro nopsaka, Jns 3Toro ¢aenaeM 3aMeHy
McKOMON QyHKUMK ¥ = ¥ 2. [IpOH3IBOAHEE BHPAXAWTCA 110 DOpMY-
ne Heiibauua

¥ =) =Clyz® +CighV+. 4 chyz, k=1, n

MMoactaenseM 3Tv BuipaxcHWA B ypasHeHue (18). Tak kak z, 2,
ceey PAR BOHOYT TONLKO B NEPRO CTENEHH, TO MOMYIHTCA NHHENHOE
ONHOPOIHOE YPAaBHEHKME OTHOCHUTENEHO Z,

bo(0)z™ + b ()20 + ... + by(t)z = 0. (26)

Vpasueuune (18) uMeno yacTHoe pewieHue y = y;. Ilpu 3amene
¥ = ¥1Z OHO nepexoMT 8 QYHKUHK 2z = |, KOTOpad RO/KHa OMTh
pelueHreM ypaBHeHuA (26). CnenorareasHo, b, (1) = 0. A Torna Hosas
3aMmeHa z’' = v npupomuT (26) K ypasHeuuio (n — 1)-ro nopsxa

bo(tyr™ ™ 4+ by()0" D 4+ by (B =0. (27)

Ecam y ypasHenus (18) Gbinu H3BecTHE ABA KAM Gonice AMHERHO
HE3ABUCHMBIX YACTHHIX PEUISHHA, TO H3 HHX ¢ MOMONIBIO YKa3aHHBIX
BHLUE 3aMEH MOXHO NMONYYHTb ONHO (wim Gonee) 4acTHBIX petne-
Huil ypasHeHWs (27). C uX MOMOLUIBIO TTOPANOK YPABHEKUA MOXHO
NOHKXATE W Jance.
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frasa 3, flunelinsie dupdepenyuansHsle ypasHenus u cucmens!

JInHeliHoe ypaBHeHHe 2-r0 NOPAIKA C H3BECTHRIM YACTHRIM pe-
wenueM y(t) # 0 HINOKEHHBIM BHIIE METOXOM MPHBOIHMTCH K ypas-
Henmo by(t)v' +b, (t)v = 0, koTopoe nerxo pemaerca. Apyroit cnoco6
petieHns (¢ pa3oGpaHHEIM IPHMEPOM) JHHERHOTO ypaBHeHMs 2-ro
nopiAKa TpH M3BECTHOM pewieHnn §) (L) # 0 oM, [12), §12, n. 2.

Jodauwu dna ynpaxnenuil:
[12], § 12, N2681-T701, 704, 705; §22, Ne 55, 61, 62.

JInmeiinoe BeoaHOpOIHOE YPRBHEANE TL-TO NOPAAKZ HCCHAEAYETCA
AHATOTMYHO NUHEHHON HEORHOPOAHOH CHCTEME.

Teopema 7. Obiujee pewenue nuneliHO20 HEOGHOPOIHO20 YPABHEHUR
(14} ecmo cymMa e20 4acmuozo pewenus u obuie20 pewienus auned-
Ho20 00HOPOdHD20 ypaswenua (18), mo ecms

Yoour, weoms. = YPuacti. ueoan. + Yotuomm. (28)

JokasarentCTpo NPOBOAHTCA NOAOGHO BOKAATENLCTBY TEOpe-
MH 5.

MpuMep 6 (Wcnonb3oBanke CBOWCTE PeWEHM AMHEAHBIX
ypaBHenuid). flanis TpM pewenua g, = £+ 2, ¥y = 2 ~ 1,
n= 12 + t nuueitHoro HEOAHOPOAHOTO YPABHEHHA 2-r0 NOPAA-
Ka. a) Halitu obuee pewenue 370r0 ypasHenua. 6) Hanucats
370 ypasHenme,

- e A -

I
I
|
I
I
|
I
L

Pewenue npumepa. a) ins obuiero peweHna HEOAHOPOAHON ypaBHe-
HHA WMeem paBeHCTRO (28). OBuiee pelweHne OAHOPOAHOTO YPABHEHUS




§ 10. JNluneiinsie ypasrenus mobozo nopadxa

No TeopeMe 6 eCThb Uosw, omn, = C1H| + Cotiz, TAE ¥y W Uy — NUHRHA-
HO He3ABHCHMLIC PeIEHWA OAHOPOAHOrO ypasHewnA. B chay obugmx
CBOWUCTE NNHEWHBX YP2BHEHKH MONMHO B3ATo &) = Y3 —yr =E+ |,
UW=Yh—th = £ = 2, Pewenus ) ¥ %) AKHEAHO HEIABUCUMSL, TaK
¥aK MX BPOHCKHMAH

=242 +20.

1 _
W=lt+1 t 2|

1 2@

CRenoBaTeNLHO, Bosw, onr, = C1th + Gatt2 = & {E+ 1) + e2(t* —~ 2), 2
Yosur seoms, = b+ 2+ alt + 1) + e - 2).

6) Opwopopnoe ypaBHewue, Mmelowee pewedns uy = £+ 1,
1y = £2 — 2, paerca dopmynoi (25), 10 ecte

t+1 £2-2 u :
1 2 W |=0, (E+2+2u"—(2+2¢' +2u=0.
0 2 u"
YyoOuw noAyYHTL HEOAHOPOAHOR YPABHEHKE ¢ TOH Me NeBOA acTLo
K YACTHLIM pewieHdem ¢, = t42, nogcTasum ¢ = 142 B neeyi0 Yacrb

ypaoneua. Nony4kM, 4TO CHa PaBHa 2. 3HAUUT, KCKOMOR YPIBHEHHE
ecte (2 4+ 2+ 20" - (2 + 20 + 2y =2. <

3adavu Inn ynpaxHenud:
[12], § 22, Ne 57-60.

MeToa BapHAINE NOCTOAHHEIX TIO3BORAST HAlTH peweHMe Ax-

HeHHOro HeogHopogHOTo ypanHeHus (14), ecauw HaBecTHO ofiee

pelticHHe

Yy=Cyi+...+ ¥ (29)
oxHoponHoro ypasHenus (18). 3mech ¢, ..., ¥a — JANHEHHO Hesa-
BUCHMBIE peureHus ypabuenun (18), ¢, ..., — NPON3BONbHHE
NOCTOAHHHKIE,
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Tnosa 3. Auneilnvie SutdeperyuansHoie YpasHeRUS U CLUCMEMbi

Pemenne HeomHoponHoro ypasHeHus (14) nonyyaerca u3 (29),
eCNH JAMCHHUTSE €,...,cy HA OYHKUKMH OT {, KOTOpHIE HARO HaitTh,
Tak Kax ypasHeHMe (14) aameHoll (15) commrcs Kk cucreme (16),
TO MOXHO BOCTIONB3OBATRCHA DPEIYNETATOM, NONYYESHHNMM B § 9 wid
CHCTEMH, T.€. HCKATh MPOMIBOAHHE ¢,(E),..., ch(t) U3 muueitHoM
anarebpandeckoi CHCTEME

X = 1°0). (30)
3mecs X (&) — dyHnaMmenTanbHaa MaTpuua ogHoponHo#t (¢ f = 0)
cucrempl (16). Tna & = 1,...,n $-# cronben marpuust X(f) n

cuny (15) cocrout u3 GyHKUMH ¥, v, .- ,y," D (% om. B (29));
BEKTODBI-CTONGLIB

feoyn £ ' r _ f(t) i
0= (0. 4@, 10= (o 020y

Hating u3 cucteMs (30) dyHKuME (), NPOHHTErPHPOBAB U 3aTEM
noacTaske ¢;(t) B (29), nonyunM pewenue ypapaexua (14).

Npumep 7. Pewurs ypaeueHuse
& + 1)y -2ty + 2y =6 +1)7,

3Han obiee pemenue ¥ = ¢yt + ca(t* — 1) ogHopoaworo ypas-
HEHUA,

r———"-"---

Pewienie npumepa, 3peck ¥y = ¢, 1 = 2 — 1, noaromy y, =1,
¥y = 2t. Nuwem cuctemy (30)

(5 (2) = (ae'en):

Otciopa nonydaem ¢, =6—6¢2, ¢y==62. 3naunr, ¢, (f)=66-2t+¢y;,
& (t) = 32 +¢y1; €1) 4 €31 — NPOH3BONLHBIE NOCTOAHHEE, Monyyaem
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§ 10. Jluneiinvie ypasHenus mobozo nopadxa

HCKOMOE peuieHne

y=qit) + ¢:~2(t)(t2 -1)=
=(6t- 28 +e)t + (3 + e2)(t - 1) =
=tt+ 3% et + on(® - 1). <

3adavu dnr ynpaxuenul:
[12], § 12, Ne 702, 703,

[ e

JInueifHoe ypaBHeHue %-ro NopaRKa 3aMenodi (15) csofHTea X cHCTEeME
ypaBHeHHH, NO3TOMY MHOTHE CRORCTBA YPRBHEHHH CEAYIOT U3 AHANOTHYHBIX
¢poHCTB CHeTeM. B yacTHoCTH, ana ypasHenua (18) ¢ koabduuseHTAMHK BHAA

0.‘(‘)=ﬂm+ﬂﬂt"|+ﬂ-.‘1¢“2+-.. (i=l,...,ﬂ), a@m=1,
YTBEPAKACHHE O NOBEACHHH pewieHudt ipy ¢ — 00 CAeyeT U3 AHANOTHYHOTO
YTBEPAKACHHA ANA CHCTEMBI, cM, I, 6 §9.

MeTtopamu ananwTHueckol Teopus AudubepeHUMANEHEX YpaBHeHMY

neeneaosano ((30], ra. 4, §8) nosenenne npn ¢ — 0 pewennil ypasseHua

o Catyy™ 4Oy 4 altly =0,
e yHxuuu a;{t) avanuTHueckue, ao{0) # 0.

Jan nuueliHoro WeomHopoxHoro ypaneHua (14) ¢ ap = 1 uasectHo
({9], tn. 5, §4, n. 5) npencrasnerne yacTHOrO pewieHus dopmysoi Kout

f
¥t) = f Kt 0f(s)ds, (y(to) =y} =... = y*"(t) = 0).
o
Kak dynxuns or ¢, dyHkuus Konm K(t, s) yaosneTBopser ypasHeHuo (18)

c uaqa.nb}_:uun YCNOBHAMH NPH t=23
K=0, Kl=0, .., K'P=0, KSP=1

»=2




Inaea 3. Nuneilnsie duddepenyuanstbie ypasHenun U cucmems

Peiuenue npumepa. Chavana waiaes dymxumio Kown, Ypaeenwio ' +y = 0
n yenoenam y(0) = 0, y'(0) = 1 ynosneveoprer pywkuma y = sind,
a yenoewam y(s) = 0, yi(s) = | — «caswmytams Ha 5 QyHKUMA, T.e.
y{t) = sin (t — 8). bepa K(t, 8) = sin (¢ — &), nonyvaem npeacrannexue
WCHOMOFG pelieHMA (opuynod Kown

¢

¥it) = f sin {t — 2)f(s) da. <

L]

§ 11. JinHe#nble ypaBHEeHHA
€ NOCTOAHHLIMU KOIp DU MeHTaMK

JInnelinble ypapHEeHHA C NMOCTOAHHWMHM KOMPOHIHEHTAMH — BaX~
Hui knace guddepeHUIManbHEIX ypasHeHui, Hx pemreHus sbipa-
WAKTCA Yepes MMEMEHTAPHEIE QYHKIUM UK vepe3 3AeMEHTapHe
dyuKINH 1 HeoNnpexeneHHble HTerpantl. K TakuM ypaBHeHnAM CBO-
BUTCA AN 3a0a9 U3 TEOPeTHUSCKOH MEXAHWKH H AMCKIPOTEXHHKH,
CM. IpHMEPH B KOHLE §11.

IE Jinnefinoe OXROPOAHOS YPARECHNE ¢ NOCTOANHNMM Ko3pdHrren-
TaMH HMeeT BHA

aoy(") + a;y‘“'" +...tay =0, (31)

Iae dg, ..., @ — mobeie yncna. bynem cuuTaTh, 410 ap # 0, TAK KaK
BCETIA MOXHO HAYaTh 3aIHCHIBATE YPABHEHHE C TIEPBOrO OTNIMYHOIO
oT Hyna ko3dbHIHEHTa, H YTO BCE @ BEIECTBEHHH. Jlenyw yacTh
ypaBHeHus1 obosraunm L(y).

Vniem pemenne ypasvenns (31) » sume y = ™. TMoncTannas
B YpaBHEHHE H COKpalllad Ha €, TONYYaeM XapaKmepucmuiecKoe
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§ 11, Nluneilnsie ypaareHUR ¢ NOCAMOAHNBIMU KOPDULienmany

ypasHekue :
aX" +a X"+ .. +a, =0, (32)

xopoue, M(A) = 0. CnemosarensHo, gyHkuus y = e yaomneTso-
paeT ypasHeHwio {31) Torna M TONBKO TOTEA, KOREA A — KOpeHh
ypasHeHHuA (32). M3 aare6pel uaBecTHO, UTO ypabHerMe (32) uMmeer
n KOPHENR, CPERM XOTOPHX MOTYT GHITH KPATHHE M KOMILUICKCHELE,

Ecnu Bce KOpHH paznuyHue, FO eCTh NPOCThS, TO YpaBHeHKE (31)
umeeT n pemennit y; = e¥(j = 1,...,n). Hokaxem, 4ro 3rn
pelleHHA nHHelHo HesaBHCHMEBI, X BPpOHCKMAH paBeH

Mo e 1 1
W= /\Ie'\" Ane'\'t — e(ﬁ|+...+.\.)i Ay Ag
'\ﬂ-l Mt 1\2718"" lli-l A:-l

IMocneguuit geTepMHHAHT B ANrebpe HaILIBACTCA HNETEPMHHAHTOM
Banzepmonaa. OH He paBeH HYMIO TOLIA H TOMBKO TOMMA, KOTIA BCe
qHCAa Aj PasHYHbE. 3HAYMT, €U Bee A; PAMIMMHbIE, TO pete-
uua e, ..., e™* ypasnenus (31) nukelino He3aBUCHME, W oGluee
pellieHHe HMEET BHA

y=ceM + .. +ee™ (33)

(Teopemu 2 M 6 06 OBlIEM pEMIEHHH M MCTIONBL3YeMasi B 10KAa3a-
TeALCTBAX TEOPEMA eXHHCTBEHHOCTH CADABSANUBLI U JUIA JTHHeHHBIX
CHCTEM C KOMILICKCHBIMM DEIICHHAMI B CHAY nemMMul 1 § 9).

Ecy Bce KOPHH A; BellieCTBEHMH, TO (opMyna (33) ¢ npoms-
BOJIBHHIMH BEILIECTBCHHBIMH ¢; JACT BEMICCTBEHHOE COLIee PELICHKE,

ItycTh TeNEph CpeaM KopHeit A; ecTb KOMIUIEKCHBIE, Toraa ans
KAXJOro XOMIUIEKCHOrO KOpHA, Hampumep, Ay = a + 8, 8 # 0,
HMEETCA CONMPMKEHHBH KopeHs A; = a — Bi. HM cooTeeTCTBYIOT
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Tnaga 3, Nunelinsie Juddeperyuansihie ypasHeHus U cucmemsl

KOMILICKCHHE peILCHHA

g =Y — g by, g =P =y oy, (34)
u = e“‘cosﬂt, : 0y = ™ sin Bt.
@yHKUHHK %), %; — PElUeHNUSA, TaK Kak u) = (y +)/2, uz =

(1 — y2)/(21). 3amenum B HYHAAMECHTANLHOK CHCTEME Yi,..., ¥s

KAXIYIO MApy KOMIVICKCHO COMPAXEHHWX DEuIeHWH! BWIa ¥, th

Mapoif BeIEeCTBEHHBIX peIlIeHHI BROA %), %, 2 [UIA BELIECTBEHHHX

pemennit y; = eM* nonoxum u; = y;.

TMokaxeM, 4TO NOMTYyYEHHDbIE BEMICCTBEHHHE PEIICHHS 1, .. . , tiy
NUHEHKO He3aBHCHME Ka JIOG0M HHTEpBane (i), ;). TpeanaroxuM,
YTO MIA HEKOTOPHIX (BELICCTBEHHBLIX WK KOMIAEKCHBIX) by, ..., b,
uMeeM bty + ... + bty = 0 npn ¢, < ¢ < ;. Buipamus 3mech
Ulyors s Uy YEPEI Y1, .ov, YUn NOMYMHM diy) + ... + dals = 0, ae
d) = (b = ih)/2, d2 = (b) + ib2)/2 m aHanorHuHo W KoDDHLUM-
eHTOM dyy |, dzp BCEX KOMIUTEKCHHIX RAP Y2p—), Yop; ANSA BELICCTBEH-
HEIX ffp AMEEM 8y = Yy, d, = b,. Ec/iM xoTh 0tHO b; # 0, TO HallneTcd
dy # 0, n dyuxuun ¥y, ... .y, GYIYT ANHEAHO 3aBHCHMBIMH. D10
MPOTHBOPEYHT JOKAIAHHOMY paHee, HAYHT, Bee by = 0, M penIicHUs
g, ...,y AUHEIHHO HE3ARMCHUMEL.

HUrak, B caydae mpoCTEHX KOpHeA A; CYIUECTBYET BELUECTBEH-
Has dyHIaMeHTANbHAA CHCTEMA penieHHi, cocrodman K3 GyHKUMA
e’ s kaXIOTO BelecTBEHHOTO KopHs A; K dymsumit ™ cos ft,
e™ sin Pt ana kaxmo# NapH KOMNAEKCHHIX KopHe#t A = o + fi,

B#0.

Pewenue npumepa. Xapaxtepuctmueckoe ypaswewwe A* + 3X% 4+
9A — 13 = 0 wmeer kopHu A, = | {oTeickuBaeTcs nopGopom),
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§ 11, flunelinste ypaeHesus & NOCMOAHREINY KO3 PULLeHmaMu

A3 = =2 3i. KopHio A} = 1 COOTBETCTBYET YacTwoe peue-
wHe ¥ = €', 2 Nape KOMNAGKCHO CONPAMEHHWX KOpHeR Agy =
—2 4 3i CcOOTRETCTBYIOT fBA HACTHMX PeweHMa § = e > cos 3t
ny = e ¥ sin 3t. Monyuaem BeulecTBeHHWoe obtlee peweune
¥ =ce + e cos H + e3¢ sin 3¢, -

IZI Chyail xpaTHniX Kopaeil
BriAcHuM, B0 yTO oGpamaeTca nepas ¥acts L{y) ypasveHua (31)
1npu noncTaHopke Y = te™, rae 2 > 0 nenoe.

Nemma 6. Ecru A = 4 — ne Kopews ypasmenun (32), :ﬁo nycmh
k=0, aecnu A =7 — wopeus, mo k ~ e20 xpamrocms. To20o
(30ece L(y) — nesan vacms ypaswenus (31))

0, ecAH s<k-1,
Lit'e™) =< (dot™ +dyt™ " ... +dp) ™
(rie do#0, m=a—k), ecnn s>k,

(35)

Jonazamensemao {[39]). OGo3Havas 8¢ /8y’ = gof,') MMeeM 1N
ueasx 8 2 0

() = (W) = ()Y = (),

YMHOXas JICBYI0 M TIPABYI0 YaCTH HA @n—p H CYMMHDYS HO P OT
0 mo n, notyyaem

ao(t‘e'")in) +...+aa(t'e™) = ((a07" +... + “")eﬂ)'(;)’
TO €CTh
L{t'e™) = (M ('r)e”)«(:)-
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Fnasa 3. fluneilnsie dugepeniuansible YypasHeAuR it cucmems!

HJudpepenuupys npousseneHue no npaswny JlelGxuua, Haxo-
auM

L'y =" ['Mn)+ ' M (1) + ...
e + O MYy + M (). (36)

Ecu A = 4 — KopeHh MHOTOMNCHA M(A} KpatHOCTH k, TO
M =My =...= M*Y(y) =0, M*¥(7) # 0. Torna ana
BceX 8 < k — 1 cymma B (36) pasHa Hyaio.

Ecnu xe A = 7 He XOpeHb N KOpeHb KPaTHOCTH k < 8,
10 M®(y) # 0 11 B cymme (36) Bricmas cTemens ¢ CoTEPRUTCH
B wiene CFt* *M®(y). Dro aaer v (35) crapmmit unen dot™,
rae dy £0, m=35—k, ||

Teopema 8. [nn nomdo20 kopra A kpamuocmu k 2 | mHo20uneHa
M(A) Gynryuu

AeAROMER petvenuany ypaswenusn (31). Hanucas maxue pysryuu dns
scex KopHell xapaxkmepucmiuveckozo muozounewa M()), noayuaem
PyHOamenmanuiyio cucmeMy peutenuti ypasHenus (31).

Mote™, .. e (37

Hoxazamensemeo. B cuny nemmbt 6 rakue QyHKUHR ABASIOTCH
peleHHaAMi. JIng Kaxmoro XopHsa MHorouseHa M(A) umcno
TAKMX petieHuit papHo KpaTHocTH kKOpHA. Tak Kak cyMma Kpat-
HOCTell BeeéX KopHeH paBHA N, TO BCETO HMEEM N pelieHui sBHAA
theM. IMokaxkemM, 4T0 5TH ® pelIcHHA AMHEHHO HE3aBHCHME
Ha moGoM HHATEpBaNe a < t < 8.

MpeanonoxuM npoTneHoe. Toraa HaWZyTCH Takue YHCNA,
H3 KOTOPBIX XOTB OJHO HE PaBHO HYAK), YTO YMHOXMB HAlH
pellieHHa Ha 3TH YHCAA, CIOKMB H BHHECH OTHHaKoBbie €%
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§ 11, fluneiinsie ypassenus ¢ NOCMOAHKbIMU Ko3pduiuenmamu

33 CKOOKHM, MORYyUMM
pl(t)e*" +pz(t)e*"+ .. .+pm(t)e’\“50 (a<t<p), (38)

[Oe YHCAA A),...,Am BCE DA3AHYHB, P),...,Pm — anrebpa-
WYeCKne MHorouncHsl. Ilycrs Hymepalusi Taxopa, 9TO MHOIO-
qNeH P, CONCPXRUT HeHyneBoH KoxpdHULHeHT.

Yrobu ynpoctuts pasecteo (38), Aenum ero Ha e
TTonyTaem

p1()) + pa()e® M o 4 pr(t)e =0,

JuddepeHunpyem obe gactd papeHcTBa no § HA OOMH pa3
Gonblue, Yem creneHb mHorouneHa py(t). IMepeoift wien cym-
Mbl HCYE33eT, 4 B OCTAJLHBIX MHOTOMASHN 3aMEHATCS APYTHMH
Tex xe crenexeit. (B camom mene, nycts a # 0, Torza

P11

d
dt [(at’ +b"~" +..)e™] = (yat* +sat*™" +ybt* ™" +..)e";

TOYKaMH 0603HAMEHE WIEHDBI HU3LIKX cTenenedt. Tak Kak Bo Beex
ueHax ¥ = A; =X # 0 ( = 2, ..., m), TO cTeneHs MHOrOYIEHA
COXpAHAETCA)

Ionyyaercs pabeHcTBO, MoaobHoe (38), Ho coaepxatiee
Ha ONMH WieH MeHbie. C HHM MOCTYNIAEM TaK Xe, Kak ¢ (38).
[MponomkaeM Tak IO TeX NOp, TMOKA He NMONYYMM PABEHCTBO
C OHAM WIEHOM Ty (£)el*»m-1¥ = O Muorownen rpm(f) Toii xe
CTENEHH, YTO Prm(t), 3HAYKT, OH CONCPXKAT HeHyNeBOH KoabdH-
uueHT. [ToroMy 7n,(f) £ 0 Ha uuTeprane a < ¢t < 4, ¥ no-
cJienHee paBeHCTBO HEBO3MOXHO. CNeIoBATENBHO, HaliIECHHBIE N
pemenuit nMAefHo He3aBUCHMET H 06Pa3yI0T GYHIAMEHTANLHYIO
CHCTEMY. :
TIpy HanMMMH KOMTLIEKCHOTO KOpDHA A, = o+ i, g # 0
ypapHeHMe (32) ¢ BewmeCTBEHHHMH KOIbDGHUUHEHTAMH HMEeT
M COTPXSCHHHHN KOPEHB A = a — Si; 3TH KOPDHH HMEIOT OHY
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fnasa 3. funeiinsie dughepeniuanshoie ypasHenus u cucmems!

M Ty X€ KpaTHOCTh k. Torma, KaKk B clyyae NPOCTHX KOpHed,
KaxXnule nBa KOMIUIEKCHO CONPAXCHHBIX peLueHHs t'e‘““"")‘,
t*e* PN (0 < 8 < ky — 1) MOXHO 3aMCHHTH BELUECTREHHBIMMU
peLIeHHAMH

te®cospt, t'e®singt, (0<s<k-1).

Bce Takoro pofia pelIeHMA BMECTE C pelieHHAMH BUaa (37) ans
BELIISCTBSHHLIX KOpHER A 00pasyoT GYyHAAMEHTANLHYIO CHC-

TeMY. [ |
e bl “
t Npumep 10. Pewnrs ypabnenne ¥ +2y" — 4y’ -8y =0. |
L e e e e ————————— a

Pewienue npumepa. Xapaxvepuctuuecwoe ypaswenwe A° 4 227 —
41 -8 = 0. Mpynnupys unensl, nonydaem (A+2)(A2—4) = 0. Kopuw:
A1 = 42, A3 = —2. GyHaamentanchas cucrema peleHni g = e,
¥ = e, y3 = te %, 06uiee pewenve y = cie®+(cr+cst)e ™. «

Pewenue npuMepa. Xapakrepuctuueckoe ypaohenne A — 16X° +
64 = 0, (A*-8)2 =0, (A~2)}2A2+2x+4) = 0. Hoprn
A2 =2, Mg = —1+4V3, Asg = —1 — iv/3. Obuiee pewenne

y = (cy + c)e® + (&3 + catde™ costv3 + (cs + cgt)e™ sin V3.

Boino G0l OWHGKOR W3 ABYX NOCNEAHMX YAEHOE BHIHOCKTb 33 CKOGKY
cymmy Bufa (a -+ bt). 310 MomHo Gmno 6w genath, TONLKO eCAM
€3, C4, €5, Cg NPONOPLMOHANLHB. HO 3TM NOCTOAHKLIE NPOK3BONBLHY,
3HA4WT, MOTYT GBITb K HE NPONCPUHOHANBHEIMM, <




§ 11. flumeiinnie ypasneHus ¢ NOCMOSHHLIMY KO UYLEHMamy

3adauu Ona ynpamtienud:
[12], § 11, N2511-532,

@Hmeﬁnoemopmmoewecnmmm&ﬂm-
enTAMH

Liy) = aoy™ + g™V + ...+ 4y = £(2) (39)

npu mobol HenpepoBHOR dyHKUMK Ff(2) MOXHO pelIMTL MeTOROM
RApHALMH nocTosHHBIX (§ 10), Tak Kak s AHHEHHOTO OXHOPOXHOTO
YPABHEHHA C TeMM Xe Koa(ppuuHeHTAMH ofILee peltieHHe MOXHO
HAUTH MANOXEHHHMH BHIIE npueMamu. OOHAKO NMPH OTHICKAHUM
pelieHua ypaeHeHua (39) Hano Opath rHTerpanu. B cayvanx, xorza
byuxuna f(i) sspaxaerca 4epe3 CYMMSBI H MPOH3BEOCHHS byHK-
unit puna £, e, cosbe, sinbé (m > 0 uenoe) MOXHO peleHHe
HaiiTH 6e3 MHTErPHPOBAHHA ¢ MOMOUILIO HATATAEMOTO HUXE Memoda
reonpedenerntix Koapdunuenmos,

YuuTHBas, 910 peiieHue ypasHeHNS L(y) = fi + f» paBHO CyM-
Me pemennii ypapheHuid L{y)) = fi u L(y) = f» u 4TO cHHyCH
H KOCHHYCH MOXHO no dopMyNaM Ditnepa BEpPa3HTEL YEPE3 MOKa3a-
TeNbHBE QYHKUMH, AOCTATOYHO PACCMOTPETH cyyail, koraa b (39)

@) =p)e”, plt) =bot™ +0it™ ' + ... + b,

(40)
m>20 wuenoe.

Teopema 9. B cayvae (40) umeemcn vacmuoe pewestie suda
y=t(gt" + 0™ + ...+ gn)e”, (41)

a0e k = 0, echu Y — He KOPeHb XOPaKMePUCMUYeCKo20 YPOBHeNUR
(32), u k paswo kpamnocmu KOpHA 7, ecrU 7Y — Kopews.

Joxazamenscmso. Baas y, = get™*e™, umeeM no nemme 6
L(y) = (qudot™ +r(t)) €™, do #£0.
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fnasa 3. Nlunelinsre duddeperyuanstsie YpOBHEHUR U CUCINEMS!

Ecti m=0, o r(l) =0, aecmu m 2 |, 10 r(f) — Muorowren
cTeneHu He Sonbiue m - 1, YrobH nomyunTs bpt™ , BOSEMEM ¢ =
body ' Torna B cayyae m = 0 uMeeM peweHme = bydy gkt

Nycre m 2 1. TIpeanonoxuM, Y4TO TEOpEMa BepHA, KOTIa
B (40) cTenens MHOTOMEH HIXe M, TO eCTh by = 0, 1 noKaxeM,
YTO OHA BepHa M NpH by # 0.

B nepoit vactn (39) nonaraeM y = y) + 2, ¢ TO Xe, ITO
perme. TTomyuaem

L(y) = L(y) + L(2) = (bot? + r(t))e™ +'L(2).
Hauno, uroGu 310 pasHanocs (40), 1o ecTs (Bt™ + py(t))e”, rne
pi{t) — mHorounex cremeHu m - 1, ClenonaTensHo,

Lz) = (p() ~ r®))e™. (42)
3neck g (£) — +(t) — MuorouneH creneuun Huxe m. Ilo npexno-
AOXEKNIO MANYKUMH, YpaBHeHUE (42) MMEeT YacTHOS petneHue
suna z = £¢*(t)e™, ¢*(t) — MHorownen cremeHu Huxe m.
IToaroMy, xak u TpebyeTea,

¥ =y +z=t"(bdy" ™ + ")), .

YT06H IIPUMEHHTE STY TEOPEMY K KOHKPETHOMY YPABHEHHIO BH-

na (39), (40) c uncnossiMi KO3PHIHERTAMH, HALO TIO BURY NPaBOH
yacth f(t) B NIaHHOM ypaBHEHHK ONpPeAeNuTs yucna ¥, k, m B (41).
Yrobu HaiTH KOIPDHLNCHTH §o, 41, - - - ; §m, HALO MOACTABUTE BbI-
paxeHue (41) B ZaHHOES YpPABHEHWE M NMPHPABHATH KOIDDHLIMEHTH
npit noaoGHbIX YWieHaX B IeBod 1 npapoif yacTax ypapHeHRrs. [ony-
yaeTcA CHCTeMa anreGpanuccKux ypasHeHni. Mz Hee onpeaensiorca
KOSPHLUMEHTBL 0, 1, -+« s m-




§ 11. Nluseiinvie ypasHeRUR ¢ ROCMOAHKLIME KoXDPuiiuenmany

Peirenue npumepa. Jlesas wacTb ypaoHeHus 13 e, YTo B Npumepe 10.
Kophw xapakrepucTrueckoro ypaehedua A = 2, Az 3 = -2, Obuee
pelieHme OfIHOPORHOrD YPABHEHHA Yy = ¢ e + (& + cst)e 2.

LnA KAWAOro YAEHA NPABON YACTH JAHHOIO YPABHEHWA Onpefe-
anem sucno . fna ¢ 2 umeem y = ~2, a ana tef umeem ¥ = 1.
TaKk KaKk 3TH YMCAA PAINMYHB, TO HAAO WCKATL GTAEALHO YACTHLIE
pEWENnA YPaBHeHN

v+ -4y -8y =%, (@)
"+ 2" — 4y — sy =te. (6)

Dnn ypashenun (a) umeew ¥ = =2, k = 2, m = 0. Cornacno (41)
nuwen y, = ¢ - ae™>. Nopcraenss y, & (a), nonyuaem —8ae™ =
e, Jnaumr, -8a=1,a = -1/8.

Bna ypasrenws (G) wuweesw y = 1, k =0, m = 1, Comacho (41)
¥, = (Bt+c)e'. Nopcraenan y, & (6), Ronyuaen ef (—9bt4+3b~9¢) =
te'. Npupaeuuead ko3PPUUMEHTH NPH NOROBHMX YNeHaX B nesoit
M fpaecil YacTax paBewcTsa, nonyvaem —9% =1, 3b -9 = 0.
Orciopa Haxoguu b = ~1/9, ¢ = —1/27,

Ofwee peweHne HCXORHOTO YPABHEHWUA ECTh

Y=%h+Hh+h=

1 1 1
=ce? +(c, +gt)e ™ - Etze‘z‘ - (;t + 55) . -

3ameqanne. Echn B ypaeHennn {39) koapduuMenTH BeljeCTBEHH
"

1) = e (P@)cospt + Q(t)sinft), . (43)

e P(t) u Q(f) — BeutecTBeHNME MHOTOYACHBI CTENEHER M, Kk M,
TO CYWECTBYET BEUECTEEHHOR HaCTHOE PelweHne Bufa

y = t*e™{R(t) cos Bt + S(t) sin Bt), (44)
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Tnasa 3. Nuneilnsie dugepenytiansnpie YPABNERUR U CUCMEMb!

fAe YACho k ecTk KPaTHOLTs KOpHA A = & -+ Bi ypaeHeuua (32),
k = 0, ecnn a+ Bi ve xopenn; R{t) w S(t)} — mnorounenw crenenu
m = max{m,, m,}.

Jonazamenscmao. Taxk xax

. O _ gmit
e +e e
cosﬂt:—-——-.—.i—.__, sinﬂt:_z-}.—_’

To B (43) £ = f, + fy, tae f, ¥ f, — GynKumu suna (40) c
¥ = a+ fi n y = a— §i coorsercreeHHO. PemeHne ypantenus
L{y) = S\ + 1, pasuo gy, + ¥, TR L(yl) = Jis L(yz) = 5,
Cywmecrnyior 4acTHHE pelCHWA y, W ¥, Buia (41) ¢ onnum

¥ TeM xe k (KOpDHH @ =L i NMeT OIHY M Ty Xe KPAaTHOCTD).
Mepexons ot el k ¢ cos At u e sin pt, nonyuaem (44). W

Ha npaktuxe nisa oThicKaHMs penieHNs (44) MOXHO rane3o-

BaTBCA MIOOKIM H3 IBYX €nocoGoB.

1. Hanucas B (44) MHorouneHn R(t) u S(t) c GykpeHHRMH Ko-

3dbduuHeHTaAMH, NOACTABHTE 3710 BeIpaxcHHe B AudxbepeHLManbtioe
ypasHeHne. [Ipupasasap koadbhuuneHTH Npy NOToGHMX YNeHax clie-
BA M CAPABA, MOXHO HAUTH 3TH Ko3bDHUUHEHTH 663 UCTIONLIOBAHMA
KOMILISKCHBIX UCEN. '

HanpuMep, ana ypasHenna y” +y = 2cost — 8tsiné uMeem

vY=4%= X, k=1, m = 1, nosTomy 9aCTHOE peillcHHE MOXHO
uckath B Bute y = £ [(at + b) cost -+ (et + d) sint].

2. B arom ciocobe HenapeCTHHX koD DRUHEHTOB BABOE MCHB-

nIe¢, HO OHH XOMIUICKCHEIE, Tax Kak

cos St = Ree’™,  sin ft = Ime® = - Re (ie*),

TO B (43)

1) =Reglt), g(t) = (P()- QW)™




§ 11. fluneilnsie ypasHeHun ¢ NOCMOAKKLIMU Kodbipuiluewmamy

Huiem pemenue z ypasHewus L(z) = g(t) B sugme (41), rme v =
a + fi. Ina 31010 NOACTABNACM 1aK0e Z B ypasHeHMe U HaxXOmuUM
KOMMUIEKCHHE KOIDDHLMEHTH ¢, Gy )+« + » §py - TIOMYdAEM

z=tN(H)e ¥ N(@) = gt™ + ™ 4+ g

Taxk kak nuHeliHOe ypaBHEHHE m-I0 NopAIxa CBOAMTCA K NHMHeH-
Holt cucTeme, TO B cuy NeMMbl 1 § 9 mannoe ypasHenne L{y)=f
¢ dyuxuneit f(f) = Reg(t) umeer vacrnoe pemtenne y = Re z. Kom-
TIEKGHHIE YUCHA gy, ... , g, YK HalUteHu, a ™K = ™ (cos ot +
i sin At), noaromy HaliTu Re 2 Teneps HeTPyAHO.

t Mpumep 13. Pewnts ypasuenne [

1
' ¥ +y=2cost—8tsint. (45) 1

Pewenue npumepa. XapaktepucTueckoe ypastense AZ+1 = 0 ume-
eT KopHU A, = 4§, A, = —i. D6wee pewenne OAHOPOAHOD ypaBHe-
HUA Y, = ¢, cosi + ¢, sind.

Ana Kawporo cnaraemorc Npasoi 4act B (45) onpepensem
wcna a=0, =1 7=a+ fi =14 [Qns obonx cnaraemnx
OHM OfHHANOBH, NOITOMY WO WCKATh YACTHOE PeIeHHe Ccpasy
AN DAHHOTO YpPaBHewwus, e pabueaz ero npasyi yacts. Tak Kak
2cost — Btsint = Re (2 + 8it)e®, 1o emecto (45) nuwen

y=Rez, z"+z=(2+38it)e", (46)

YHENO Y = § PABHO KOPHIO A, KPATHOCTH k = 1, CTenens mHorounena
2+ 8it ecrb m = . Mo veopeme 9 uwem pewenne e Bupae
z = t{at + b)e™. NopctaBnsa 3t0 z B ypasneune (46), nonyvaes
[2a-+i(4at+2b)]e" = (2+8it)e™. Inauur, 4ai = 8¢, 2a+2bi = 2.
Orcoga @ = 2, b= ¢ u .z = (2 4 it)e™. Yactuoe peweune
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fnasa 3. Jlunelinvie duhhepenyuansHole ypasHeHus u curmemst

y, = Rez = 2t? cost — ¢ sin £. O6wee pewenne ypasHenua (45)
¥ =y +¥ = c cost+cysint + 2t cost — ¢sint. -«

Jadaqu 0nA ynpaxneHuil:
[12), § 11, Ne533-574, 607-608; § 23, N2 68-73, 78-85, 87-90.

lbmmecmenpmepu

I Npumep 14, Ypaewenue ynpyrux koneGanui (6e3a conpotuene- |
¢ HHA) NOA AeHCTBMEM CMHYCOMAANLHOA BHEWHEH CuAM WMeeT |
| gug - ¢
: 2" + o’z = bsinwt (a,b,w > 0). @7 |

Peuwrenve npumepa. Xapakrepuctuueckoe ypacwenwe X2 + a* = 0
WMEET KOPHH A, 2= +ai. O6wee pewenne OAHOPGANOIC YDABHEHHA
z, = ¢, €0s at+-c, sin al — 310 KONEH2HMS NPU OTCYTCTENN BHEWHERH
CHALI, OHW HAZLIBRIOTCA COOCMBEHHLIMU KONCBOHUAMY.

Bna byreupn sinwt nweem v = wi, B anyvae w # @ ypaswe-
wke (47) mmeeT 4acTHOe peweHMe Bupa , = ccoswi + dsinwt.
Nogcvasnas 310 8 (47), nonyyaem

(a* — w)ccoswt + (a? — wh)dsinwt = bsinwt.
Tak kak || # |a], 10 ¢ = 0, d = b/(a® — w?). O6uee pewenue
ypasHenna (47)

=%, + & =¢ cosal+c, sinat + sin wt.

8 —

Cnyuai @ = @, KOFAA 4aCTOT3 BHEWHeHd CWAL COBNAAAeT € va-
CTOTON COBCTBEHHLIX KoNeGanwi4, HA3LIBABTCA pe3oHaHCHuM. B ITom
chyqae comacHo {44) HAago WMCKAThb “acTHOe peuieHHe B BMae
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§ 11, Jluneiinsie ypaoHenus ¢ NOCMOAHHLING KOpULUeHmany

z, = t(ecoswt + dsinwt). Nopcraenan 310 e ypasuenne (47)
W YUHTHIBAA, Y10 w = @, NONYYAeM

b
Awdcoswt—wesinwt) = bsinwt; oreopz d=0, e = ——.

Qbuwee pewenne

b
T=T,+% =¢ coswt-i-quinwt— Zcoswt

npeactaenser cofod KoneGaHMA C HEOTPaHWMEHHO BO3IPACTALEH
AMNAKTYAOIR,

B peantHuix HUIKIECKHX CHCTEMAX KONEBAHUA HUKOTAA He MO-
TYT PacTH HEOrpaHMyenHo, Tak kak konebauna Gonwworo pasmaxa
HNW CAEPKHBAIOTCA CONPOTHBAGHHEN, WM NIPHBOAAT K Pa3pyLIEHHI0
CHCTEMH. . <

O0o6inas 5TOT MPHMEP, B MATEMATHXE HAZBIBAIOT PEIOHAHCHHIM

moboii cayyail, xoraa onpeaenaemoe NMo npasoif YacTR ypaBHEHH:
YHUCNO 7y COBNANAET ¢ KOPHEM A XapaKTEPHCTHYECKOTO YPABHEHMA,

HEIBHCHMO OT TOTO, MMELT NIH MpaBan 4acTh

ypaBHeHHA XoneGaTensHEL Xapaxrep.

LIHOHATBHOTO CKOPOCTH, YPAaBHCHHE YTNIPYTHX

KoneGaHuit HMeeT BUN, OTAUYAICIIHACA AMLIE

I 1
I
= |
ITpn HANHYMH CONPOTHBASHM, Iponop- L C
~ |

. E=Vsin wt
0003HAYCHHAMM OT YPAaBHEHUSA, PACCMOTPEH- Puc. 10
HOIO B CAEAYIOLIEM TIPHMEDE. ’
e R

Nipumep 15. Nyctb B nexTpHyeckoid wenu (puc. 10) nocneao- |
BATENbHO BKNIOMEHH KATywKa caMmouHpykuuw L, xoHpewncarop :
emkoctis C, conpotuBnensie B W UCTOMHHMK fI@PEMEHHORD TOKA |
¢ vanpaxennen Vsinwt; L, C, R, V, w > 0. Hadtu cuny :
TOKA B LleNW NPH YCTAHOBMBLIEMCA PeXHME, |




frasa 3. fluneiinsie Judiheperiiuansrsie YPaBHEHUR U CLICMEMb!

Pewenue npumepa. YpasHewua ana cunnl Yoka I(f) v 3apapa Kou-
fAencaropa ¢(t):

ar q . dq
LE+M+C—VSInm, dt—I’
{0 noay4eHMM 3THX YPABHEHWA ¥ NPUMEHAEMBIX GHMINYECKHX IaN0-

Hax cM. [12], §11, n.5 wm [7], §13). Auddeperynpyn nepaoe
ypaBHeHue, NOAY4aem

LI"+RI'+%I=choswt. (48)

Xapakrepucruueckoe ypaetenue LA? + RA+ 1/C = 0 uweer
MM ROMNAEKCHWE CONPAMEHHBIE KOpHW A, A, ¢ BewecTPeHHol
vactsio —R/(2L) < 0, nnn BewecTeeHHLHE OTPUUATENLHLIE KOPHM,
Tak Kak A, - A, = 1/CL, X, + A, = —R/L < 0. Noaromy pewenue
oavopoporo ypaswenua I,(1) = ¢,eM* + c,e™* cipemmrca Kk nymo
npu ¢ — 00, _

Yro6u Haittu vactHoe pewenne T, (t) ypasuenus (48), 3ameTum,
yro coswi = Re e™*, nosromy I, =Rez,me L2"+ R +2/C=
wVe™, Buno nokasawe, 4to ReA, 2(0. floatomy v = fw #
A 2 W YaCTHOE peweHWe MweM & Buge z = Aet, NoacTaensas
B YPABHEHHE NONYYaeM

1 . : 14
A (—u’L+in+—) e=wVe", A=e——.
C 2o —Lw+iR

Monaras A = [A|e'?, nosyuaen
z =|Al“® I () = Rez = |A|cos (wt + ¢).

06wee pewenne ypasuenus (48) ecrs I(t) = I(¢) + I,(¢). Tax
kak I;(t) — O npu ¢ — 00, 70 NpH NIOGHX HAYANEHLIX YCHOBHAX
yepea nexkotopoe spema I(t) Gynet Gausko wynio u I(t) Gyner ouenb
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§ 11. Nunelinsie ypasHenua ¢ ROCMOSHHLINY KOIPDULLeNmamy

MANo OTAMYATLCH OT nepuonuyeckoro pewenna I, (), ne sasucawero
OT HAYanbHbtX YCNOBMA, Takoe peweHWe HaIkBaeTcs ycmawoslig-
UIENCA PEUMOM, @ NDOLECC OT HAYANBHOTO MOMEHT2 O MOMENT3,
KOrp2 cnaraembim I,(t) mommno Gyper npeneGpews — nepexoanun
npoyeccoM. -

B 35eKTPOTEXHUKE BAXHO 3HaTh HanGonbmee 3uavenune I, (1),
JIOCTHraeMoe Ha KaxaoM nepuone. OHo paeHo | 4|,

|4

VR + (Lw - &)

Tpaduxu |4| B 3aBucHMOCTH OT w NpPK pasHeix B u306pakeHn -
Ha puc. 11, Jlunmst 1 — npu R = 0, nunua 2 — npu Manex R,
JHHAA 3 — npu Gonmewivx R. MaxkcumyMm |A4| mocTuraerca mnpH

|A] =

Lw = a5, TO €CTh IpH W = W, Wy = llc
Paccuamnsaeuaﬂ IEKTPH-  |A|4

geckas LeNb B CNy4ae Maio-

ro R xopotiio nponycKaeT TONb-

KO TOK ONpenencHHOH 4acTOTH

Wy A GNM3KKMX K He# wvacToT.

IMonoGHoe yeTpoiicTBO npuMe-

HSETCA B panMonpHeMHUKaX (Ha-

cTpoitka NpHEeMHHUKA Ha onpexae-

NEHHYIO YACTOTY C MOMOLIBIO N3~

MeHeHHs napametpos L, C, R). -3
Yrounenune, ia GyHKUMM

I,{t) = |A| cos (wt + ) nepuon Puc, 11

paBeH 2x/w, a vacTora B O0BIU-

HOM CMBbiCite, T. €. YMCRO KoneGaHuil B eMHHUY BpeMeHH, paBHa

w/2x; uncno w HaskBaeTCA Xpyrobolt gactoroft.
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fraso 3. Auxelinsie Oudihepenyuansnbie YPAGHEHUR it CUCTEMbI

| —
@Ypamemeaﬁnm

anzny(u) + alzn—ly(n—l) ot a“-lzy! +a.y = f(z)
(8; — mocroaHubic)

(49)

CBOAHTCA K JIHHCHHOMY YPABHCHHIO ¢ MNOCTOAHHBIMH KOMDPHUHEHTAMH
3aMEHO# HEIABMCHMOTO NEPEMEHHOTO Z = ¢ npu 2 > 0 (i z = —e! npu
z<0). .Iloxaxeu 210, HMeeM npi = >

¥ = ; =t = "-*-_-——- = eyl ~ w)-
Mo HHEYKLMH A0KAKEM, YTO

W =e MLy, L) =ty +ouy’ oot buersh,  (50)

tae Bce by — nocToaHHme wuena, Hpeanonoxum, vmo (50) eepno ans
HekoToporo k. OGosnadan e™® L(y) uepes B, umeem

B, e ™(L(y)), - ke ™MLy _
y£l+l) =B; = m_: = ( ( ))ie‘ ( ) =e (i+t)¢Ll(y),
n
rre L){y) — cymMMa MPOM3BOIHLIX y}h’),yfn yer-yYi € TIOCTOAHHNMIK KO-

appruneHTami. [lo urnykuud dopmyna {50) aoxasama. Moactarnza (50)
g k=1,2,...,n B (49), nonysacM miteliHOE YpapHesHHe ¢ MOCTOAHHBIMK
Ko HuHeHTaMN,

Jins 3TOTO ypaBHCHUA XAPAKTEPHCTHYECKOE YPAREHEHHE MOXHO Ha-
NKCATh, HE NEPECUNTHIBAS NPOHIBOANHE. XAPAKTEPHCTHYECKOS YDABHEHHE
LM AHHEHHOTO YPABHEHHA ¢ MOCTOAHHEIMA XKoo HLIKEHTAMI NOMYYACTCH,
eC/IH OACTABMTL ¥ = €™ B AEBYIO YACTL YPABHEHHA M COKPATWTH Ha OGIMi
muoxuTens ¥, om. (31), (32). ¥ wac & = z, ¥ = z*, nosromy uapo
MOACTABHTE ¥ = z* B neBYI0 4acTb (49) H cokpatuts Ha z*. [Tonysaerca
XAPAKTCPHCTHYECKOE YPABHEHKS

gAMA-1)...{A—n+D+a AA-1)...(A-n+ 2+...+8s 1A+ a, =0.

Takum o6pasom, 8 (49) xaxnoe nponaseserne x*y*®) samenaercs na npoua-
BeacHue k ySnparommx Ha k uncen: A(d—=1)...(A-k+1).
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§ 12, flunelinsie ypasienus smopozo nopaixg

[MpuMep pelleHna ypasHeHna Jinepa ¢ NOAPOBHLIMK MOACHEHHAMH
cu. [12], §11, n.4.

3adayu Onn ynpamuenuil:
[12]), 11, Ne 589598, 606, 609, 610,

JIAs AMHEHHKX YPEBHCHHIE C TOCTOAHHBIMK KOXDPHUMEHTAMM DETANE-
HO HOC/IEN0BANOCh NOBCIEHUE PelICHMH B CNYJanX, HHTEPECHBIX AR NPHAO-
XeHHi, HANpHMeD, B [4], ta.2, §10; [9], m. 6, § 1, n.2, npumepmt 2, 9, 10.
PaapaGarssamich painuMHLE METOOb PEIHHA NTHHEWHBIX YPaBHeH S
€ MOCTOAHHBIMK Xo(ppuLMeHTaMH, (6 OTHCKENWH pellieHKit ¢ MoMONIbIO
pazos @ypee oM. [9), m. 6, §1, . 3; [5], §18, n. 3", OnepaunonHui
METOA, OCHOBAHHWH HAa npeobpasopandy Jlanaaca, NOIBOAAET HAXOAMTL
pellieHHe, YAORASTBOPAIOUICE JNAHHHM HAYAALHBM YCNOBHAM, HE HAaXoAs
ofuiero pewerud. JlocTynHoe HANOKEHHE STOFO MeTOIA M NEPUMEPH €ro
NpHMEHCHUA oM. B [5], §24, ¢. 205-211,
il

§ 12, NuneNnHble ypaBHEHRUA BTOPOro NOPARKA

[ N
Jnneiinoe oaHOPOIHOE YPABHEHHE BTOPOTO NMOPAAKA HMEET BUN

Po®)y" + pi(O)Y + pa(thy = O (51)
Y MmHorux Takux ypaswenni (nanpumep, y ypasHewns y” + 'y = 0,
a = const > () pelwieHHH He BHPAXANTCA YEPe3 IMEMEHTApHHE GyHK-
LUKKM H HeonpeaeAeHHHE WHTerpanbl. Huxe H3NaralTca HeKoTophie METOAb
HecneaosaHua cholCTe pemeHHA ypapHeHh Braa (51) Ge3 OTHCKSHIA caMKX
peLIeH K.

EI Ypaenenne (51) MOXHO NPHBECTH K NPOCTEHIICMY BHOY

¥ +q)y=0 (52)
MHOTHMH ¢TIOCOBaMH, H3 XOTOPEIX ABA OCHOBHKIX.
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fnasa 3. Nuwelinsie dudpepeHLuansnble YPAGHEHUR U CUCMEMb

A. Jluneitnas 3amena uckomolt ¢yrkuwd. [Toacraenas y = a(d)u
8 (51), nonyuaem (npeanonaraerc, ¥ro po, py € C')

poav” + 2ppa’t + ppa’u + prav’ + pia’u + prau = 0.

YrobH YHHYTOXKHTD WICHN ¢ %', namaraem 2pga’ +p1a = 0. Orciona nonyyaes
a{t) = c-e”P@) Gepem ¢ # 0.

B. 3aMeHa He3aBHCHMOTO MepeMeHHoro. Cumtasd 2 = ¢(t), Haxoamm
v = Vel Vi = Vi (¢))? + yieh. Moncrasnas B (51), nonyyaem

Py (@) + Povloh + vt + Py =0,

Yrobti YHHYTOXHTL WieHH ¢ V., nonaraem pown + pel = 0. Monuxas
nopszok 3amMeHoll @, = ¥, HaxomuM cHavama ¥(t) = c-e~Inine {Bepem
c# 0), 3atem p{t).

Hpyrue cnocobi NpHBeacHHs ¥ BHAy (52) aansiorcs KoMOGUMHALMAMH
atx neyx.- Hampumep, Moxno cienats B (51) zameny Buga T = ¢{t)
¢ Xaxoii-moo pyrxuwelt € ct, ¢ # 0, a3aTeM B NONYUSHHOM YPDABHEKKH
YHUYTOXHTB NeH ¢ Y, 3amexolt y = a(z)u. '

Hecnepopanne aunyxnocTd rpaduxon pemensil w uyncht pemesmil. Ecan
B ypashexnu (52) g(t) < 0 na nrrepsane a < ¢ < 8, To B obnactu y > 0,
a <t < P nveem ' = —g(t)y > 0. Tloaromy Tam rpadmkm Beex pemeHuit
BHNYKAN BHH3, a 8 o6nacTi ¥y < 0, a < t < # umeem y° < 0, u rpadukn
BMIYKAL! BeepX. B oberx cOnactax rpadku BMOYKAB B CTOpOHY ocH Of,

Ecat xe g(f) > 0 npu y < ¢ < §, To Ha unrepsane (7,5§) umecm
YV =—qy<0nmpay>0uy” >0 npr y<0Jlosromy npu v <t < §
rpacHKH pemieHHA ofpalIeHN BOTHYTOCTHIO K oci OF.

Hyasamu pewenns y(t) Haspaotcs Takhe ¢, apu KoTophix ¥{t) = 0,

Remma 7. Ecnu y(®) £ 0 — pewenue ypasrenus (51), y(ts) = 0, mo
¥it) #0.

Horazamenscmeo. Ecan 6w y(ty) = ¥' (&) = 0, 170 nput 2THX Havans-
HBEIX YCROBWUAX CYLICCTBOBANO b ABA PELUCHHA: JaHHOE peweHune y(t)
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§ 12, Nuneiivbie ypasHenus smopo2o nopadxa

H Hynepae pewenne y,{f) = 0. 970 NPOTUBOPEYNT TEOPEME SAMHCTBEH -
HOCTH. L

Renma 8. Hewynesoe pewenue y{(t) # 0 ypaswenun (51) ne mowem umems
GeCKOHEYHO MHO20 HyReil HQ KoNevnoM ompeINe.

Aonazamenscmso. Mlyets Ha oTpeake (o, b] pewenne y(t) # 0 nmeer
GeckoneyHoe MHoXecTBO Hynell, BubepeM M3 HHX CXOASIUIYIOCH FiD-
cnegosatensHocTs £y,4y,... — &y. Torza & € [a,b] u u3 y(t,) =0
(¥ =1, 2,...) » nenpepuprocTH y(t) cneayer y(t) = 0. Pemenne y(2)
nMeeT npoussoatyoe ' (£). Crenorarensio, cymecTsyer

lim y(t:) - y(‘o)

k—00 t;

=y(ta).

Yncaurent paseH wymo, 3HaduT, ¥'(ly) = 0. Bro nporuecpedunT
neMMe 7. |

Teopems 10, Ha ompeswxe, ade ¢(t) < 0. moboe pewenue y(f) ¥ 0 ypagwe-
wun (52) ne moxem obpauiamscs 8 yas Bonee, vem 8 odrod moue,

Hoxasomenscmao, Mpeononoxnm, wmo g(d) =0, y(t;) =0, ¢ < &;,
Ha orpesxke [, #;] no nemme 8 MokeT GHTH TONBXO KOHEMHOS YKCIO
Hyneit. Boasmem gpa coceanux uyns £ = a H t = b > a. Tlpn
e <t < b y(t) He menser 3Hax, Hanpumep, y{t) > 0 (ecan Tam
y(t) < 0, To paccMoTpEM BMecTo y{t) pemieHne wi(t) = —y(t) > 0).
Toraa y(a) = y(b) = 0 u no nemme 7 y'(a) # 0. Tak Kax y(t) > O
Ha (a,b), 10 ¢(@) > 0 n y" = ~g(t)y = 0 Ha (a,b). 3nauur, ¥'(t)
e yGusaer ¥ wa y(a) > O cnenyer '(t) > 0 ua {e,b). Torma y(t)
poapacTaeT Ha [a, b] u K3 y{a) = 0 cneayer y(d) > 0 B NnpoTHBOpeYUH
¢ sub6opoM TOUKH b, ]
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frasa 3. funelinsie OudbepeHyuGIbHEIC YDOBHEHUR Il CUCIMEMbI

Teopema 11 (o uepeposanuw Hynei). Hymy deyx mobsix aunelno Hezaeucu-
Muix petwenud ypoanenus (51) empozo vepedyiomen. To ecmb & npomexymue
Mendy MoBbIMU OBYMA COCEDHUMU HYRAMU m0b020 U3 3Mux petverud codep-
Humca posro DOUH HYRb GpY2020 peluehus,

Hoxazamenscmao. Y 3THX petueHunit Her obwmnx Hyneit (B Touxke ¢y, e
wi(t) = wa(ty) = 0 sponckman W(t,) = 0, a Torpa pemerns Gounn Got
NHHEHHO 3aBUCHMB N0 nemMe 3}, TTpeaAnoNoXuM, Y10 B MPOMEXYTKE
(2,8} Mexay DEyMA COCEIHKMH HYIAME OZHOTO M3 DCIUeHMii, Ha-
NpHMEP ¥, HET HyReH pelieHRA Y. Tora Ha oTpeske [2y, 1;] umeem
wi(t) # 0, W(t) # 0, npoxavonHast

_‘_'_(w) ny -y _
dt \ yi y]

COXpaHAeT 3HAK M dynkuua ¥ (t)/yi(t) crporo monoronna. Ho 10
HEBOIMOXHO, TaX Kak ¥ (¢)) = () = 0.

3naynTt, B npoMexyTke (£, £;) ecTe Hymi peweHms y,. Ux —
KOHEeYHOe yachao no nemme 8. Ecnn ux Gonee oaHoro, To B BPOMEXYT-
Kax Me¥ny HKMH H¢ Bouro 6Bl HH ONHOTO HYAS PELICHHA ¥, A 3TO
HEBOIMOXKHO MO AokazaHHoMy. Cnefopatensho, B {£,1;} ecTb poBHO
ONHH HYJb PeLlieHysa ¥, B

Teopema 12 (reopema CpaBHeMma). PaccMompuM 0BG YDOEHEKUR

Y +q(tly =0, (a)

2"+ Q(t)z =0, (6)
ade Q) = ¢(f), dymryus ¢ u Q@ nenpepsiony. To2da B npomexymxe
Mewdy dayma coceduumu Hyasmu t = a v t = b moboeo pewenus y £ 0
ypagwenus (8) umeemcs no mensiueld Mepe oduw Hyns moboeo pewenur 1 £ 0
ypasnenur (6), usu e z(a) = 2(b) = 0, Q(t) = ¢(t} wo [a, b].

Bowazamesscmec. [IpeAnonoxys, 4T0 AAA DEICHUR ¥ R 2 MMEEM
we)=y) =0, y{)#0, 2)#0 (a<2<?).
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§ 12. fluneiinsie ypaswenus smopo2o nopadxa

ByaeMm cuMTaTs, WTO Ha (a, b) Hmeem y(t) > 0, z(t) > 0 (echn ne 7oK,
TO BMECTO ¥ K 2 MOKHO PacCMOTPETH PEWEHHA ¥, = —¥, ¥, = —2).
Yuuoxas ypasrense (a) ua z, (6) — Ha y ® BBUMTAN, HMEEM

y'i-y+g-Quz=0. (53)
Tak KkaK ¥z — 5"y = (y'z — y2’)', 10 urrerpupyn (53) or ¢ = @ 20
t = b, nonydaem

' B
W2 =9y~ 2~ 95 = f Q) -e)yedt.  (59)

Hmeem y(a) = y(b) = 0, nosromy nesad wactb paeHa y':lH - f:“:‘.
Yunteisast nemmy 7 1 HepabencTo y(f) > 0 Ha (a, b), umeem y'(a) > 0,
() < 0. Tak xak z(#) > 0 Ha (a,b), TO B CHIy HENPCPHBHOCTH
byrxunn z umeem z(a) = 0, z(d) > 0. 3naunt, Aepan 4acTs 8 (54)
HENAROXKUTENbHE.

B npapoit vacv Q > g, yz > 0 Ha (a, b), NO3TOMY OHA HEOTPH-
uarenALHa, . _

Ecay x01% Gbi 0nHO H3 paBeHeTB () = 0, z(b) = 0, Q{t) = g{t)
Ha {a,b) He BrmonHsercA, nonyvacm nporusopeune. Teopema o~
Ka3aHa. n

r
1 NMpumep 16. Oushutt ceepxy W CHHIY PACCTORHME MEMAY COCERHHMH |
: HYNAMM ANA PRUEHUA 'YpasHeHus :
! ¥ +alt)y=0 (55) !
| M3 TaOM OTpeaKe, Ha koTopom O < m’ < ¢t) < M°. I

Pewenue npumepn. CpasHnaaem ypasneHue (55) C ypaeHennen
+Mz=0,
HMEIOWHM PELISHURA
z = ¢, cos Mt + ¢, sin Mt = d, sin M(t + d,), (56)
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frasa 3. Suneiluwe Subbepentuansubie ypasHenus U cucmemsl

e ¢;, d; (i = 1,2} — npoussonbHuie nocTosHnste. Nycrs £, £, — coceghme
Hynu pewenna y(t). bepn e (56) d, = —t,, wueem z(¢;) = 0. N3 Teopemm 12
nonyyaen, YT0 CASAYIOUMA HyAs £, peweHnA £ AexMT HA NomywnTepBine
{t,,t,). Tax xak o cuny (56) £, =&, + /M, 0, =t 2 ¢, -1 =x/M,

Cpasuusaen ypaeienwe (55) © ypaenenven u” 4+ miu = 0, uneoumn
PeleHns

u = ¢, cosmt + ¢, sinmt = d, sinm(t + d, (57)

bepa d, = -1, nonyuaen na (57) cocepnne nynn £, n t =+ x/m.

Tak xax q(t) 2 m®, T0 n3 Teopemtl 12 CheRyeT, YO nym. t pewenna y{t)
nexut B nosywntepsane (£, 1,1, 3nawwr, ¢, — 2, < 7/m,

Wrak, nonyyena ouenxa #/M < t, ~ to S r/m. -«

{3 reopemnt 19 cacnyer, yro 6 cayqac ¢(f) < 0 npn ¢, < ¢ < 00 mobioe
HEHYNIEBOE pelIcHKe ypapHeHra (52) HMeeT Ha HHTepBaNe (tl, o0) He ﬁonee
QAHOTO HYAR, TO €CTb ARNAETCA Mexarelaowimecn. B cnyvae g{t) = m? > 0
(t, € 2 < 00) 13 Teopemu 12 1 Npumepa 16 cneayer, 4TO AGOC PELICHHE
ypaBHenun (52) umeer Ha wxrTepsane (1, 0o) GeckoHedHO MHOTO Hysieh, T. €.
ABNACTCH KOACGAGR{UMCH.

JIunelHHE YPABHCHMA 2-10 NOPANKA JABHO MCCHRCHOBENMCH, CM., Ha+
npumep, [23], . 6; [39], o 115 [37], 7. 1, o 3. TTonyyeHs AOCTATONHEE
YCNOBMA OTPAHUMEHHOCTH Beex pemleniult ypaeuenus (52) na uHTepsane
(t,,00), Hanpumep, ¢{f) ~+ co MoHoToHHO Wik g(t) = @’ + p(t) + ¥(2),
a >0, p(t) = 0 (t = o0o), unterpan or |p| + l¢'| cxoaurca, yenoeus
xoneGnemoctn (g(t) = (1/4 + €2)/t*) u wexonebnemoctn (g(t) < 1/(46))
pewennit Ha uHTepBane (£, co).

Hayuanoce acuMnToTHYECKOE NOBEACHHE pellleHHNA npH & -+ oo, lina
1010 Ypasuenue y;, + ¢{z)y = 0 (g(z) > 0) c nomowso npeobpaiosanna

Juysunna

t=tz)= f V) dz, u(®) =g y(z),
OPHBOOHTCA K YPAPHEHNIO
gi=®)

wy+(1-2-2)u=0, A= 90
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§ 13, Kpaessie 300a4u

——

Bo MHOTUX CHY4ARX, HATIDHMED, KOTAA ¢ = cz®, it > —2, unn Koroa g = e**,
k>0, npu 2 — 00 umeem ¢ — co ¥ A% + A} < ¢!, a = const > 0.
Toraa HMeeM pellieHUR

vy = ¢ M[cos(t(2)) + OR(2)™"], y,=q""*]sin{t(z)) + O@t(=))™].

006 acHMITOTAXE pelcHuH oM. Taxse [11], . 7.

Jna sexoropHx andbepeHuHanEHEIX YpaBHEHHH 2-r0 Nopaoka, uMe-
OUHX BAKHOS 3HAYCHHE AR TEODHM M NpWIOXeHH#H (ypasHeHHs Beccenst,
Oltpu, Marbe, THNEPreOMETPHYECKHE YPABHEHHS H APYTHE) NETAAbLHO u3y-
yeHbl caoficTea peennsi ([5], § 18, m. 2°; [9), m. 6,82, n.2; [37), r. 1, . 3,
§4, §6) ¥ cocTamners: ux Tabauue — TAGTHUL coeLHATLHEIX GyHKLMI,

el

§ 13. Kpaesbie 3apaum

@ B npeabiaymux naparpadax Aa ypaBHEHHA B-ro NOpAOKA pac-
CMaTPHBANAcCh 3a1a4a ¢ HA4YaNbHMIMH YCAOBMAMH, B KOTOpOH BCE &
YCOBHIA 3a0a107CH NMPH OAHOM K TOM Xe 3HavYeHuu ¢ = ¢,. B xpacsoit
3agave 3a4a10TCA YCNOBHA Npu ApyX (Man Gonee) 3HaveHmax ¢. Ta-
KHE YCAOBMS Ha3bIBAIOTCA KPASBHIMH. 3Hech GYAYT paccMaTpHBaThes
TOALKO MNHEHKNE KpacBre 3aAa4H, B KOTOpHX AandubepeHumnansHoe
YPaBHeHHE H Kpaepbie YCNoBus NiHe#HHl. JleBbieé 4aCTH KpaeBhiX
yonopnil — nnHeliHme xoMGHHAaUMK 3HaveHHH HeKoMoll dyHKUMH
H ee TIPOU3BOAHLIX B 3a1aHHKIX TOYKAX £, 2 MPABHE YacTH — 3anaH-
HEE MTOCTOAHHBE YHCA.
TpuMepl THHERHHIX KPAcRHX YCAOBWI:

a) y(t)) =a;
5) y'(tl) =b;
B) ay(t,) + By'(t)) = ¢ (a v 8 sananu, [al + |8} # 0);
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fnasa 3. Jlunelinvie dugepenyunnsrsie ypasHerus u cucmeMst

) ¥(t) - y(t) =4d;
1) ¥'(t,) — ¥'(t,) = h; BO3MOXHEI M ApyrHe BHAR yCIOBUEL.

Ecnn nocTogHHAs B NPaBoi YAcTH KpaeBoro YCAOBHA paBHa
HYMO, TO YCOBKHE HAZHBACTCS OMHOPOOHHM, €CIH HE PAaBHA HYFIO —
HEOTHOPOIHBIM.

Jlna ypasHeHus n-ro nopsnka 3agaleres n yenosuit. B pasHux
TOYKaX #; YC/IOBWA MOTYT OBITE OZHOTC THMA MAH PA3HLIX THIIOB,
Kpaepas janaya HasuiBaeTcsi ogHoponHo#, ecnn AxdibepeHinanbioe
yYpaBHEHHE H KPacBhie YCJIOBMA JIMHEANE H OTHOPOIHH.

B oranune ot 3a0a4e ¢ HAYANRHKWIMH YCAOBHAMH Kpaesad 3anaua
MOXET MMETb OJTHO MAM MHOIO pelucHHi, a MOXeT M He HMEThb
pewenui. Hanpumep, 3afava ¥ +y =0, y(0) =0, y(x/2) = a
HMEET ENMHCTRCHHOE pelleHue ¥ = esiné, a sanava " +y = 0,
¥(0) = 0, y(x) = b s cnyuae b # 0 ne uMeer pemenuit (Tak Kax Bee
peleHHA ypaBHeH s, AN Kotopbix y(0) = 0, umelor sug y = csini
K ApH ¢§ = ¥ OHK PABHB HYAK), & B cnyyae b = 0 nMeeT GECKOHEYHO
MHoro petteHu#l y = esini, ¢ — nwboe,

Teopema 13 {06 anwrepHaTuse). Paccompum ypaswesue
oGOy +a,0y" "V +. +a Wy =10) (22 (s8)

(sce a,(2) u f(t) nenpepoisnw, ay(2) # 0) ¢ n nuneinuMu KpoessiMu
yonosuamu. Bosmoxusl monsko d8a caydas: unu 1) adaya umeem
eduncmBeHHoe peiliedue npu MOGbIX NPAsHIX HOCMAX 8 ypOSMEHUY
.U Kpoeasix YCROsusx, umu 2) odHOpodnas 3adova (nessie yacmu
me Me, G Npaswie IAMEHFIOMCA HYRAMU} umeem BeCHONeYHO MMO20
pewerutl, @ HeoGHOPOOHAR 300a4Ya NPU HEKOMOPLIX NPABLIX YACMAX
uMeem GecHOMEYHO MHO20 peiuesud, @ npu ecex Opy2ux — He Limeem
peuiexud.
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§ 13. Hpaeswe 30004y

Hoxasamenscmso. O6wee pemenune ypapaeHua (58) umeet Bua

y=oy ...ty +v, (59
[2e Y),.-e s Yy ~— NHHEHHO HE3ABHCHMEIE PELICHMA OXHOPOI-
HOTO YpaBHeHMd, v — 4acrHoe pelueHue ypasHeHus (58),
€,.-.,C, — NPOH3BONEHHE NoctoaHHNe. [loacrasnas (59)

B KPAcBHE YCNOBHA M MEPEHOCH ¥ B IPABYIO YACTH, NOMIYHAEM CH-
cTeMY B AMHeHHBIX anreOpaHyecKHX YPABHEHHE OTHOCHTENBHO
€y -+ 5 €, KOIDDHUMEHTH CHCTEME 3aBHUCAT TOJILKO OT 3Ha-
yeHui y,y’, ..- B 3alaHHHX TOuKax { M He 3aRHCAT OT APaBhIX
gacTedl ypaBHeHMA W XpaeBniXx ycnosuit. Ecnu panHas sama-
4a OfHOPOOHA, TG MpaBbie YacTH anrebpanyeckux ypabpHeHHH
PAaBHE HYNKO,
Bo3MOXHE TONBKC XBA CASOYIOIIHX CYJas.

1} Ecau OSTEPMHHAHT CHCTEMH HE DABEH KYMIO, TO CH-
CTEMAa HMEET CAHHCTBEHHOE PCILUCHHE Cl, - ,cn IEpH JI06LIX
npasbix 4acTax, IloxcTaBmas 3TH ¢y, ..., ¢, B (59), nomysaem
EIHHCTBCHHOE PELICHHE KPACBOM 33194 M.

2) Ecnu OeTepMHHAHT CHCTEMB PaBeH HYNIO, TO ONHOPOId-
Haa cucreMa (T.e, NP MPABRIX YACTSX, PABHBIX HYNIO) UMEET
feckOHEYHO MHOIO pelleHHit OTHOCHTENBHO €, ...,C,, 3 He-
OIHOPOOHAA CHCTEMA MMCEST PEUISHMS HE TPM JTIOOLIX MpaBhiX
yacTaX. ECIH OHa MMEET PeLICHHE, TO OHA MMEST 6ECKOHEYHD
MHOTO petieHHit, TAK KaK K 9TOMY PeNISHHIO MOXHO NpRGaBHTL
nboe pewleHHe ONHOPOAHOH CHCTEMBI, YMHOXEHHOS HA MIO-
Gyio mocTosHy:o. g moboro HaGopa MOCTOAHHEX ¢, ..., C,,
VAORNETBOPSIOLIETO CHUCTEME, hopmyna (59) naer peluenue Kpa-
epoli samasyu. Jas pasHHX HaGopoB ¢|,...,¢, 3TH PEUWCHHA
PasNUYKB, TAK KaK QYHKUMH ¥, ..., Y, IMHEHHO HE3ABHCHMHL.

W3 1) u 2) caexyeT yTBepXKacHHE TCOPEMUI. ]

117



fnaea 3. funeiinsie dupepeniuanshsie ypasnerua U cucmeNst

e e A
I Mipusep 17. Halttn vaumenbwee N3 1akux sucen b > O, yto |
: 3afia4a :
( i
. Y +Vy=0, y(0) =5 y()=-5  (60) |
[ I
| He MMEeT pellleHM#, |
M e e e —em——E e — . —— —— 4

. Petuente npumepa. Tio veopeme 13 3anava {60) we umeer pelieHni
TOTAA, KOTAA OAHOpOAHAs safava 3" + by =0, y(0) = 0, y(1) =0
uMeeT HeWynesoe pewene. Oywkum, aa8 kotopux ¥ + by = 0,
(0) = 0, umewoy g y = ¢ sin bL. Yrobu npu ¢ # 0 6uno (1) = 0,
Hago sind=0,To ecte b ==, 27, 3r, ... Flpn 3Tux b umeen 2-i
CNy4ai ANETEPHATHBLL, 3HaUMT, NpK 3THX b 3apaua (60) nan He umeer
peweHuii, wnK WueeT GeckoneyHo MHOro pewednid. Kaxaa W3 3tux
BO3MONHOCTER OCYUECTBUTCA, HAA0 NPOBEPHTD.

Mpu b = x obwee pewenne ypaeHeHua ecTb ¥ = ¢, C08 %t +
¢, sin «t, Inaqmt, y(0) = ¢,, y(1) = —¢,. Mpu ¢; = 5 u anbom ¢,
dymruns y(t) — pewenne 3agayn (60). Ho tpebyercs, urobu pewe-
HHe He cywectsoBano. MNpu b = 2x ofuee pewenre y = ¢, cos 2xé+
¢, sin 2xt. Torpa (0) = ¢,, y(1) = ¢, W yaoeneTBOpHTL 0GOKM yeao-
gusm 1(0) = 5, y(1) = —5 weB03MOKHO. 3H2UHT, peleHri HeT,

Orser: b= 2r. -

Jadayu dan ynpamuerut:;
[12), § 22, Ne 63, 65~67.

IZ' Janee paccMarpuBaeTcs Kpaepas 3a029a Ha otpeske &, < ¢ < L,
Ly = ay@)y" + 0,(t)y +o,(t)y = 1(2),

ay'(t,) + Bylt,) =0, (61)
1y (8) +6y(ty) =0,
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§ 13. Kpaeswie 3adavu

rae |aj + 8] #0, |y| + 6] # 0. YacTHBIMM CAY4asiMU TAKUX KPAEBBIX
yonouil seasorca yenosus suaa y(t) = 0 n ¢/ (t;) = 0.
Dynxyuelt fpune 310# 3a0a9M HAIWBACTCA Takad (YHKUHA
G(t, 8), t€ [t, 1], s € (8,,¢,), uto
1° Hng xaxporo s = const dynxums y(t) = G(t,s) npu ¢t # s
YHOBMIETBODALT YpaBHeHHI0 Ly = 0,
2 Mpu t = ¢, u ¢t =¢, bynxua y(t) = G(2, ) yromrersopsaeT
KpaeBHIM ycnoBHAM 3 (61).
3° Ilpu ¢ = 3 OHa HeNpepHIBHa MO £, a e¢ MPOM3BOMHAA MO £ HMEET
CKayoK, paBHbIl 1/a,(8), To ecTh

Glht+0 - G[:-:—o’ G, |t=:+0 = G'lt-;-u + — (62)

()

Crenyiomias TeopeMa YCTAHARAHBACT YCAOBHA CYUIECTBOBAHHS
dyHxumn IprKa ¥ naet cnocob ee NOCTpoOeHHs.

Teopema 14. Ecau wa ompeske [t,,1,] gyunyuu ay, a,, a, nenpe-
poteisl, aq # 0, u ecru npu f(t) = O xpaeean 3adava (61) umeem
MONLKO Hynesoe peluenue, mo Pynnyus fpuna cyuiecrneyem u umeen

sud (
_Joey@®) (t,<t<s),
G, 9) = { b(t) (<t<ty), )

20e y, u Y, — HeHyneasie peurenun ypaswenus Ly = 0, ydosremso-
PRiOltlte COOMBEMEMAEHHO NEPBOMY U BMOPOMY KPARELIM YCNDBUAM U3
(61), mnomumenu a u b 30eucam om 8 u onpedenasiomea u3 mpebosa-
Hus, ymobst gymagun (63) ydosnemsopana ycnosusam (62), mo ecms

ay,(s) =byy(s).  by3(e) = ayi(s) + a;

0(8). (64)
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frasa 3. Nuneiinse dugdepenyuantisie YPOBHEHUR U CUCMEMb

Hfoxnazamenscmeo. Ilycts y,, ¥, — pewenus ypasHenns Ly =0,
Il KOTOPBIX '

yt) =a, !f;(tl) =-8, wnit)=" y;(‘z) = =4

OHH YyIOBRNETBOPAIOT COOTBETCTBEHHO NEPBOMY M BTOPOMY Kpa-
eBHM ycniosusM B (61). Ecnu Om y, u y, OwM nuHeitHo
3aBUCHMHL, TO 3,(f) = cy,(t), w pemenne y,(t) (v, # 0, Tax
KaxK |y] + 8] # 0) ymorneTBopsAno 6u 0GOMM KPaeBRIM YCIOBHAM
B (61), 40 NPOTHBOPEYHT YCAOBHIO TEOPeMEL 3HAYUT, ¥, U ¥,
JHHeHO HE3aBHCHMBI, U MI000E pelucHue ypapHeHna Ly = {
HMeeT BUA ¥ = C,¥, + &¥,. TaK KaK NepsoMy H3 KpaeBulX yco-
puél B (61) yIOBRETBOPALT TONBKO %, 4 BTOPOMY — TONbKO ¥,,
T0 U3 TpeGoBanuit 1° u 2° BuTekaer, yro hyuxuus G JomxHa
nmets Bug (63). M3 tpeGosanus 3° BuTekalor ypasueHns (64).
Cucrema (64) paspemiuMa OTHOCMTENBHO ¢ M b, TAK KaK ee
JNEeTEPMHHAKT PaBeH

y(8) —w(2)
-¥i(8)  ¥i(o)
(pewtenyst y,, ¥, AHelHO He3aBUCUMEY). HTaK, TIpU BHINONHE-

HMH YCIOBHR TeopeMul HARAYTCH & 1 b, yrorneTsopriowue (64),
a Toraa dyskuua (63) ynosnersopser tpeboparuaM 1°-3°. W

=W(s)#0

3amevanue. flpu puinONHEHUH YCNOBHH Teopemul ywkuws Tpuna
ONpeAeNnAeTCcs OHO3HAYHO. XOTA PLIWEHUA Y, W ¥, MOKHO 3ame-
HUTE PEIWEHHAMK ¢y, W dy,, HO C yyeTom (64) 3TO He WIMEHHT
nponspeackud ay, W by, B (63).

Yeopema 15. Ecru ewinonnens: yonosusr meopemsi 14 u f(t) we-
npepsiana npu t, < t < t,, mo pewenue kpaesoil 3adavu (61)
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§ 13. Hpaeswie 2000wy

supamaémc.ﬂ opmynoti

y(t) = f G, s)f(s) ds. (65)

Hdoxazamenscmso. PasbusacM uuverpan Ha yactTH ¢ < 8 < i M
t < 8 < 1,. YunrniBan (63), nmeem

V® =40 [ 620 ds +0) [ alse)ds  (66)

(oBpasylomnecs npu andxbepeHunpoBatun wieHs b(t)y,(t) u
—a(t)y, (t) braumHo yanaroxawrcs B cuay (64)). MoacrasmaeM
seipakenus and y(t) u y'(#) B xpacssle yonopka. Tak kak 'y,
YAORICTBOPAET NEPBOMY, 2 Y, ~~ BTOPOMY KDAacBOMY YCIIOBHIO,
10 y(t) ynoaneTeopaer oGoum ycnosusM. Jugdeperunpys (66)
elle pa3, MoAydaeM

i
¥"(8) = ¢1(8) f b(s)£(s) ds + BEHE 1) +
]

t
+30) [ o)1) ds - st 1.
t

CyMMa BHEHHTErpanbHLIX WICHOB B ciuty (64) pasHa f(t)/a,{t).
YMHOXaR MonydeHHHE BupaxeHus 2 ¥,y ,y Ha a4, a,
M CKAAXBIRAf, HAaxoauM, 4o Ly = eyy” + a,y' + a,y pasHo

4
(a0%; + 8,3 + ,9,) f b(s)f(s) ds +
L1
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faaea 3. Nuneilusie dudepeHyuansHsie ypasHeHuR u cucmemsl

L
+ (agyy + 0,9 + o) f a(s)1(s) ds + ().
?
Tak kax Ly, = 0, Ly, = 0,10 Ly = f(t). Urax y(t) — peweHne
sanasu (61). |

I Mpumep 18, Halitw pyukuuio MpuHa KpaesoH 3a30a4m t
| t
l Y +y=s0). y0)=0, y(x)=0. (67)

Peweriue npumepa. W3 opnopoanoro ypaswenwa ¥” + ¢ = 0 npn
4(0) = 0 nronyvaem y = esint. Tak kak y'(x) =—¢, vo0 npu f(t) =0
Japaya (67) WMeeT TONLKO HYNEBOE peWweHHe, YO ecTb BulNONHE-
HO ycnoBue cywectsoBanna ¢ynkuwm Mpuna. Synkuwn y, = sind,
Y, = COost YAOBAETBOPAIOT YPABHEHHIO V' +y = 0 u ycnosusn
y,(0) = 0, g(x) = 0. Mo3romy comacuo (63)

G(t,8)=asint (0<i<s),

G(t,8) =bcost (st (68)
Tenept W3 ycnoeua (62) MW, wTC T0 Me camoe, (64) umeeM
asing="bcoss, -—bsins=acoss+l.
W3 310A CUCTEMB HAXOAUM @ = — CcOS 8, b = — 5in 8. Teneps u3 (68)
G(t,8) = —cosssint (0 <L 1),
G(t, 8) = —sinscost (8t 7). <

3adauu 3na ynpamwenuls:
[12], § 13, N 764-771.

@ PaccMOTPUM KpaeBYIO 3aliady A YPABHEHHA C MApaMeTpoM A
Ly-iy=0, ay'(t))+B8y(t)=0, ¥(t)+8u(t,)=0, (69}
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§ 13. Kpaessie 300avy

rae Ly, a,B,7,8 1¢ Xe, uto B (61). 3HaueHHs A, Npr KOTOpHX
sazaya (69) wMeeT HEHYNeBOE PEUICHHE, HAKBAKITCA coBCMEERHNMU
IHAHEHURMY 3TON 320a4M, 8 CaMH HCHY/NEBHE PEIEHHS — cofcmeen-
uvinu Pynxuuamu. TIpr rex A, KOTOpHle SBAAIOTCA COGCTBEHHEIMH
JHAYCHHAMM, HMEET MECTO BTOpOoit cayyall anbTepHAaTMBbl, A HADH
OCTANBHBIX — TIEPBRIH.

Nipumep 19. Hakitw cofcTeeHHEe 3IHAYSHMA W coBCTseHHMe

| I
: GyHKUMM 3a834M :
{ |
I (

Pewenue npumepa. B cvny Teopemu 10 HewyneBue peuieHua ITOi
3a024W MOTYT CYNIeCTBORATL TOALKO npu A < 0. Nonaraem A = —a?,
a > 0. U3 ypasuenns n ycnoeus y{0) = 0 nonyuaem y = csinat,
M3 ycnoena y(d) = O creayer csinad = 0. Yrobu Guno y 2 0,
wapo c#0, ad=wk, k=1,2,.... Mo3tomy

k\ 2
a=al=?, I==—ai=-(1‘%), k=1,2,....

Yucna A, — coficraewnbe auauenws, a Gywkuwn y = csin If —
cobcTeentbie dyHKUWN. -«

Jodayu Onr ynpamsenui:
{12, §13, N2 782-785.

e

Jlra pasaHuHLIX KPASBHX 3aa4 HCCNEAOBANHCE YCIOBHA, MPM KOTOPHIX
3a8A94 HMECT CAHHCTBEHHOE PELUCHAE.

Baxitoe HANpaBAneH#e TEOPHA KPAEBLIX 33149 — CNEKTPANLHAL TeopHs,
M3y9AI0LIAN CEOHCTBA COBCTBEHHBIX 3HaYCHAT 1 coleTBeHHuX dynxunii. Bu-
DENCH KARCC <CAMOCONPAXKCHHAMX» KPACBHX 33234, ¥ KOTOPLX ¢OfCTBEHHEE
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fnasa 3. Nunelneie SuddepenyuansHeie YpasHeHus u cucmembl

Gynx1UH OPTOTOHANLHE B NPOCTpatcTee L, Ha JAHHOM OTPEIKE M ROKaA-
3aHO, YTo MOOYI0 rNankylr GYHKLMI0 HA ITOM OTPE3KE, YAORNICTBOPRIOLLYIO
KpacebiM YCAOBHAM ToH 3anavum, MOXHO PAVIOKWTL B CXORALRHICA pAa
o coGCTBEHHEM DYHKUNAM TaKolH 3a0a4K, AHanorkakbi pagy Pypwe [30],
ra, 7, Taxue paznoxeHAA KCNOALIYIOTCA, B YACTHOCTH, fIPH pelHeHHH painyy-
HHIX 32324 A4 YPaBHEeHHH ¢ YACTHRMH DPOH3IBOAHBIMH METOIOM PANICNICHHS
nepeMCHHKIX,

L ]

§ 14. JluHenHble cUCTEMDI
€ NOCTOAHHLIMK Ko3(pPuLuMeHTaMHu

@ PaccMmaTprpaloTcs nHHelHBIe CHCTEMB HOPMATIEHOTO BMIa

Ty =a, T +... + a2, + fi(2),
................................. (7{})
z:l = anlxl +...+ a‘nnzn + fn(t)’

rae a,; — Mobble yncna, a f;(f) — nasecrHie dhyHkuMu. B BexTopHOit
samncu ' = Az 4 f(¢), rae z(2) — veumspecTHas, a f(t) — n3pecTHad
BeKTOp-OYHKIIMM, A - M0Gadg NOCTOSHHAA MATPHLIA.

TaxHe CUCTEMBl 4aCTO BCTPEYAIOTCA H B TeopHH AndbepeH-
UMaNBHHIX YpasHeHHH, W B mpuaoxeHHax, O6uice peweHue Takoi
CHCTEMHBI B caydae f(£) = 0 Bcerra BRIpAKAETCA YePE3 NMEMEHTAPHBIC
dyuxunu, [16TOMY TaKHe CHCTEMHE Y2CTO NPHMEHSIOTCA A8 HCeae-
nosaHHA Gonee CNOXHBX CHOTEM BOMM3H MOMOKEHNS PABHOBECHA,
B npHAOXKEeKHAX OHH NOARIAIOTCA, HAaNlpUMep, NPH H3YYCHHH IBHXE-
HHH B MEXaAHHYECKHX CHCTEMAX ¢ HECKONBKHMH CTeNeHIMN CBOGOAR
W TIPH ONMCAHHM TOKOB B PAIBETBASHHBIX MeKTPHYSCKUX LISTSIX.

ITyTeM HCKNIOYEHHA RENIBECTHEIX CHCTEMY MOXHO CBOCTH K Ol
HOMY RJTH HECKONBKHM YPABHCHWAM ¢ OZHO#t HEN3BECTHOM PyHKUMER
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§ 14, JNlunellroie cucmemst © NOCMORKHHLINU KOIDPULULIeHmany

B KOKIOM. JUI 31010 43 KaKOro-JuGo ypaBHEHHs BHPAXaeM OIHO
HEH3BECTHOE Yepe3 OCTANLHHE H MOACTABACM B OCTANLHbIC YPaBHE-
HUA cHeTeMnl, TTonydaeM cHCTeEMY ¢ MEHBIUMM WHCIOM HEW3RECTHBLL
C Heil MOXHO NMOCTYNIMTE 3HANOTHYHO. JTOT cnocob ymobeH mis
pelleHHA ML HECTIOXHBIX CHCTEM.

Peuientie npumepa. Mewmovaem y. K3 nepeoro ypaBHEHHA WMeeM
y =« —{. lopcTaenas so BYOPOE ypasHewwe, nosydaem z’ — | =
2 —2¢'. Pewaem 310 ypasHenue metofomM § 11. Haxopum & = cle‘ +
el —ted—1. Inauur, y =z’ —t = e — et - (t 4+ 1)ef - t. 4

@ Pewenne cucremut 2’ = Az (x € R") B cayuae, xoraa matpmiia 4
NOPAAKA 1 KMECT B NHHEAHO HE3aBHCHMBX cOOCTBEHHHX BEKTODOB.
Tax GygeT B caydasnx, Korsa Hau ypabHeHue det (A—~AF) = 0 He umeeT
KPaTHHIX KopHe#l A, WM A KaXIOT0 KpaTHOTO KODHSI A paHr r
MaTpnun A — AE paBeH n — k, mie kK — KpaTHOCTH 3TOrO KOpHA
(Tak xax ypasuenne (A — AE)v = 0 ans COGCTBEHHBIX BEKTOPOB ¥
HMeeT n — £ NTHHERHO He3aBHCUMEX PelieHHit).

Tlycte A — colcTBEHHOE 3HAYEHHE, A ¥ — COOCTBEHHHI BEK-
Top Matpuuni A. Torla z = e¥v — uacTHOe pettieHue ypapHe-
Hut ' = Az, T2K Kak ' = e¥Av, Av = Av. Ecnu coBeTseH-
HHIE BEKTOPHL ¥, ..., v" AMHEHHO HE3aBHCHMH, TO MMEEM PElISHHS
eMiyl, ..., eMv®. OHH IMHEHHO HE3ABHCHME, TAK KAK HX BPOHCKMAH
W #£ 0 npu ¢ =0 (ero cronbum v, ..., v" IMHCHHO He3aBHCHMHEL).

CheaoBaTeNsHo, OblIee pellieHHE CHCTEMM ' = AT MMeeT BUA

r = n::leJ“‘i.t1 4.4 cﬂe*"v”,

TIE €5 ... s €, — NPOMIBONLHDBIE NOCTOAHHBIE,
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fragsa 3. fluneiinsie dugepenyuansHsie ypasHeHus u cucmemsl

Remma 9. Ecnu A = a + fi (0 # 0) — cobcmeennoe 3navenue
sewecrmeennod mampuyn A, a v' = (v}, ... ,v:.)r — cobcmeen-
Hbilf gekmop dna A, mo XA, = X = a —~ Bi — cobcmsennoe
snauenve, o 12 = 7' = (@),...,8)" — cobcmeennsil sexmop
015 Ay Ans sewjecmsennbix X, cobcmeenHbil 8EHMOP MOMHO 838Mb
BeUIECTNIBEHHEIM,

Joxasamenscmso. Vimeem Av' = Av'. PapeHCTBO He HapymmT-
Cfl, eCAl B HEM A, H KOODAMHATH BEKTOpa v! 3amenuTs Conps-
xeHHEMU: AF' = X #', To ecte Av? = A0

A BelLileCTBEHHONO Ap KOOPAWHATH CODCTBEHHOIO BEKTO-
pa ONpEACAAIOTCA B3 CHCTEME

(A~ AEw=0 c¢ det(A=A,E)=0

¥ BEIHECTBCHHHMH KoXbhHIIMeHTaMH, NO3TOMY BEKTOD ¥ MOX-
HO B3ATE BEIIECTBEHHBIM U ¥ # 0. [

OGiilee peuieHHe CHCTEMB &' = A% ¢ BelecTBeHHON MaTpHucH
A MOXHO BEHIPA3HTE Yepe3 BEIHECTBEHMEE QYHKUMHK. A 3T0r0 Hajo
B3ATh TAKHE COGCTBEHHBIE BEKTOPH, KAK B IEMME 9, M 3a1eM 3aMeHHTh

KaXIylo Napy KOMIUIEKCHBIX CONDIXEHHHX pewenmit z! = eMvl,
2 Mt 2 ;

x* = "9 napoil BEWEeCTBEHHRX PeIIeHHHA
, =4 | el 22
u——z——-Rez, Uy, = % =lma,

Kak B I, 1 § 11. Hoayuum BemecTBeHHYIO $YHIAMEHTAIBHYK) CHCTEMY
peuleHHH 1 Yepes Hee BLIpasHM ofLice pélCHHE.,

"1 Tpwmep 21. Pewwts cncremy &' =32 -2y, ' =z +y. |

126



§ 14. Jluneiinie cucmemst ¢ NOCMOSHHLIML KOI(DPULUeHMany

Pewenue npumepa. COCTZBNNEM ¥ PRUIAEM XaPAKTEPUCTHYECKOE YpaB-
HeHue

J-a2 =2

= 2_ = = 1
1 1\_'\ =0, A-4X+5=0, A=2=%i.

hna A = 2 4§ HaxoAWM COBCTBEHHbIH BEKTOP ( :)
{ (1-i)a-2b=0,
lra=(14+4b=0.
Moxuo B3aTh b= [, a = 1 + 1, lNonayuaem vacTHoe pewenne
z=(1+i)e, y= O+

PeweHWAMM JIAHHOW CHCTEMH ABNAKTCA BEUECTBEHHAR M MHWMaR
YaCTW 3TOMO YACTHOIO peuieHuA:

z = e*(cost —sint), z = e®(cost +sint),
u

y =¥ cost y = e sint. <

El Pewmetiie 3 ofuieM cayuae. YIpoCcTHM CHUCTeMY, OpHBEHE MaT-
puuy A ¥ npocrefimeit opMe — xopsanosoit. Hssectro, yto paa

moboll xpanpaTHoit MaTpuil A cyluecTByer Takasa Heocobad Mar-
puua C, yro matpua B = C~' AC — xopnaroea, To ecTh

- Al
0 Al 0
B= ., ¥ K"=(A") HIH K‘-= e

0 0

(1)
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faasa 3. Nunelinvie Oughdepenyuonsibie YPAsHENUR U CUCMEMbI

Knerxn K; MOTyT OHTS MOGHX PA3MEpOB; B KAXLOH KAeTKe Ha Beeit
RMATOHANHM CTOHT OZHO H TO Xe MHGRO A;, a B PAIHbIX KAETKaX A,
MOTYT GBITh PAINMMHB MAM ONMHAKOBHL Tak kax C'AC — AE =
C ' (A=-AB)CudetC' - detC=1, 710

det [C™(A - AE)C] =detC™' - det (A — AE) -det C = det (4 - AE).

ITo3TOoMY MaTDMIILE C~'AC n A MMSIOT OJHO M TO Xe XapaKTepH-
CTHYECKOS YpABHEHKE, 3HAYMT, ONHH K Te Xe KOPHH A; C TEMH Xe
KPaTHOCTAMH,

K cucteme z' = Az npumensem nuneiinoe npeoGpasopaHmue
KGOpaHHaT 2 = C'y, TO €CTh

z'- =c¢'lyl+"'+cl'ﬂyll (i= l""!u)! (?2)

rae Matpuua C Ta xe, 410 Buie, Monyyaem Cy' = ACy. YMHOXaq
cnena Ha C!, umeem ¢ = C1ACY, 10 ecte §f = By, rue MatpHiia
B — xopaanoba. Ecan neppad xieTka HMeeT paiMep k X k, BTO-
pas — § x ! # 1.1, To B Neppue k ypasHeHuH cuctemut §f = By
BXOMAT TOALKO HEH3IBECTHME ¥;,...,V,, B chenyiomme ! ypaske-
HHH — TONEKO HEM3BECTHHIE §; y, -+ » Pyyq» M T-A. SHAUUT, CHCTEMA
pacmanacTcA Ha MONCHCTCME, KAXIYIO M3 KOTOPHX MOXHO peniath
oraeabHo. ITepsad moncucreMa umeer aug (rae A = Al)

9'; = Ay] + ¥y
¥ =A%+,
.................. (73)
Va1 = Moy + %
Yz = Ay
Jpyrue noacHcTeMB OTAMYAKTCA TONBKO YnchaMu A H k. Cpenas
B (73) 3aMmeny y; = ez, (i = 1, ..., k), nonyqaem
B=z, 2H=2, ..., Z4_,=% =0 (74)
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§ 14, Nludelinsie cucmemst ¢ NOCMORHHLING KOIDGuLUcHmaMy

PeIltas 3Ty CHCTEMY, HAUMHAS € TIOCIEAHETO YPABHEHHSA, HAXOAMM

k=1 k-2 ¢
z, =¢t.m+ 1 (k 2! +...+Cz'i-!'+cl.
VMHOXas Ha e, NQIyYacM pelIcHHE NepBoil NORCHCTEMH
% =6 Mt

= (cl:t + .. l)exlt’

............................................

$! ¢
"= c*.m‘+..-+%ﬁ+cl e

910 pemenne — oblliee, TAK KaK TMoaydyaeTcd U3 ypasHeHuit (73)
¢ MOMOLIBID TOXISCTBEHHHIX NpeobpaloBaHuMii,

PelueHMa ADYIrHX MOACHCTEM HMMEKT NOJoOHHN Xe BHA, ANLIIEL
ypena ,\J k= kj M MPOH3BO/ILHEE MOCTOSHHBIC ¢; GymyT ApyrMmu
(A — YHcno A B j-H KAeTKe, kJ- - ee pasmep). Colipap Bmecre

pelueuml BCEX TIGIICHCTCM noAyYacM olliice pellteHHe Beell CHCTEMH

¥ = By. Bosppamaich oT § K & B cuny (72) nonyyaem Taxoi
pe3ynbTar.

Teopema 16, O6wee pewenue cucmems =’ = Ax ecms sexmop-
Pynxyun, y xomopod kawdas Koopdunama ; umeem sud

5= PO 4.+ PR (=1,....0), (15

200 Ay, ..., Ay — POIIUINHGIE COBCINBRNHbIE IHAYCHUR Mampuys! A,
P (8) — anzeBpauvecxuil MHO20MNEH, CMeneHs HOMOPO2O Ha | Meub-
e pasmepa Houbonrswel u3 MopdaHosbix KIEMOK, COTEPNAUUX }.j.
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fnoea 3. Nuwednsie dudipepenyuansibie ypoeHeHun u Cucmemsl

Koagppuugenme: muozounernos 93,-(#) E=1..,mj=1,...,m)
308UCAM OM T NPOU3BOALHLIX NOCMOAHHBIX,

PemieHne KOHKPETHOW CHCTEMHM &' = Az MOXHO TONYYMThH
H 0e3 MpMBEIEHMA MaTpHUW A K XopiaHosoit gopme. A 3toro
HA0 HANTH BCe COBCTBEHHME SHAYSHMS A MATPHILLL A M3 YPaBHEHHA
det (A — AE) = 0, {ng xaxaoro A Hazo HaliTH YHCAC m NHHelHo
HE3aBHCHMBIX COOCTBEHHHIX BEKTOPOB Mo opMyne m = n — r, rae
A — AOPAOOK MartpHubl 4 — AE, r — ce paur.

B chyuae m = k, tie k — KpaTHOCTh KODHSL A, DTOMY KOpHIO
COOTBETCTBYET PEILEHHE
_ z=¢ b +... +c,,e‘“b",
e b',...,5% — auueliHo HeaaBuCHMBIC COBCTBEHHMLE BEKTODHI.
Ecan mMaTpHula A — BELIECTBCHHAA, TO HAO BOCIIONBIOBATLCS JIEM-
MOl 9 M CKa3aHHBIM ToCAe Hee,

B cayyae m < k Hago MckaTh peticHMe x = (z,... ,zn)r
B BMAE

---------------------------

z =(@+q+...+rt"),

rae 8 = k — m. TlogcTaBAsAA 3TH BLIpAKEHHMA C BYKBEHHHMY K03d-
dHueHTaMK a, b, ... B JAHHYIO CHCTEMY, COKpailas Ha ™ u npH-~
pasHHBas KoadPHIMeHTH NPH NOIOOHHIX YASHAX, NONYYAEM CHCTe-
MY AMHeRHBIX anreGpaMyecKHX ypasHeHHR AN OTHICKAHMA YRCEN
a,b,.... Hago ualiTh obuice pemieMHe Toil CHCTEMH, 3aBMCAILCE
OT &k NPOM3BONBLHBHIX MOCTOSIHHBIX. (3aMeTuM, yto B Caydae k = 4
BCE CTApiIHe Ko3(MPHLHEHTH B MHOIOWIEHAX HHOINA OKA3LIBAIOTCH
DABHBIMH HYJTIO, HO 3TO He metaeT HalitTh pewenne.) Mpoaenas 310
ANA KAXLONO A W CROXWMB HalileHHbe pewreHHs, nmomyunM obuiee
DPENIEHHE CHCTEMHL.
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§ 14, Slurelipuie cucmeMst ¢ NOCMORHABING KOIpduyueHmamtl

Ecau maTpuLa A BeleCTBEKHAS, TO NOCTATOYHO MPOAESNATH ONK-
CAHHOE TOIBKO JIA BELICCTRCHHMX KOPHEH i [UIS OMHOTO M3 KaxXnoit
naps KOMIUIEKCHHIX COTPAXEHHBIX KOopHell A = a X Bi (8 # 0),
1 OT NONYYEHHOTO PeleHHS B3ATH BELIECTBEHHYIO M MHHMYIO YaCTH.
Hanpumep, 3 peweHnd ' = (¢, +¢,t)e” nomysaorcs gsa pewmenns:
w' =Rez! = (¢, + ct) cost u u? = (c5 + ¢,t) sint ¢ wossumu mocTO-
AHHBIMH €, €,. (OGocHOBaHMe TaKoro MeToaa TpeGyeT meTansHOro
aHanM3a K uatoxeHo 8 [7], § 34.)

Pewenue npumepa. COCTaBsnAEM U pelliaeM XapaKTEPHCTHYECKOE YPaB-
HeHne

2= =2 0 |
0 -1-2X 1 |=z-2%3-2=0,
2 0 -1-A

A==2 A=l

Jns npocToro KOpHA A= —2 uaxofum cobcreeHnuid sextop (a, 5, 7)

da - 28 =0,
B+71=0,
2a+7=0.

MoxHo BaaTe @ = 1, 8 = 2, ¥ = —2, Vneem 4acTHoe pellieHne

r=e¥ y=2"% z=-2% (76)
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fhasa 3. Nunelinsie Oudepentuanstbie YPaSHEHUR U CUCMeMbl

firA KPaTHOFO KOPHA A, ; = | Haxogus paHr MaTpuusl A — AE,
YMCNO 1M cOGCTBEHHLIY BEKTOPOB M CTENEHL 5 MHOTOYNIGHa;

1 -2 0 1'=2,
A=-AE=10 =2 1], m=na~r=3~2=1,

2 0 =2 s=k—-m=1,

Hues pewenne 8 suge
z=(a+bt)e, y=(c+dt)e’, z=(f+gd)e. (77

NoACTABAAEM 3TO B HAHHYIO CHCTeMy ¥ cokpawaes na ¢, NpupasHu-
gaeMm KO3QGULHEHTH npu NOAOOHEIX YNBHAX, HAYMHAR (O CTAPLIMX:

b=2d, 2d=g, 2g = 2b,
—a+ b= —2e, 2¢4+d=f, 2f + 9 =2a.
Hano waiitu obulee pewenne 3ol cnctemul. KpatHooTe Kopha A = |
paeHz 2, NO3TOMY BCE HEMIBECTHbIE &, b, ... OMKHB BLIPAINTBCA
uepel figa U3 HUX (NOK3 We 3HaeM, uepe3 waxMe). M3 nepeuix Tpex
ypasHenki uneem b = g = 2d. MoACTABRAA B OCTANLHLIE YPABHEHUS,
noaydyaem
a=2e=2d, 2e—f=-d, 20-2f=2d

Bce HeW3BeCTHbME MOMHO BHpPaInTh Yepel ¢ i d, Uneen a = 2¢+2d,
] = 2c+d. Nonaraa d = ¢;, ¢ = ¢, noayyaem b = g = 2¢,,
a = 2¢; + 2¢,, f = ¢, + 2¢;. Nopcraenss 310 8 (77) u npubasnas
4acTHoe peuienme (76), YMHOXEHHOE Ha &y, Nonyyaem ofuee pewenus
CHCTEMH:

x = (2ot + 2¢, + 2¢,)¢€ + c;e ¥,
y = (et + &) +26e7%,
z = (¢t + ¢, +2¢,)¢ —2c;e7%, «
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§ 14, Nuneiinsee cucmemst € NOCMOAHNLIMU KOIGULLIeNMaMY

3adasu dna ynpasnenul;
[12), § 14, N2 786-812; §23, N2 96-98, 105.

Jlunefimie peonnoOpoHEe CHCTEMBI ¢ MOCTORHHEIMH KO3 dHIM-
eHTaMH. Pellichre Takoil CHCTEME! BCEIAa MOXHO TIONYHUTE METOIOM
BapHaLHK nocTosHHEX (1.5 § 9). [pyn 3TOM HCNONE3YeTCA HHTETPH-
pOBaHHeE.

Onnako B cnyuae, Koria HeomHopomuocTH fi(f) B cHCTeMe
(70) BHpaxawTCs TONBKO yepe3 CYMMH W npousseacHus GyHkumi
at™, e™, cos Bt, sin Bt, YACTHOE PEIICHUE CUCTEMB MOXKHO HakTH Ge3
HHTEIPHPOBAHKMA — MemodoM Heonpedesennux Koxpiuiienmog, Kak
NOKA3HBAETCA HIDKE,

Tak Kak petreHHe CHCTEMBI &' = Az + e+ + f"(t) pasHO
cymme pewenuit cucreM (&7) = Axf + pI(t) (G = l ., T), 4 CHHY-
CH H KOCHHYCH 10 ¢popMyaM Dilnepa BbIpaXxalTcsa vepes Mokala-
TeNbHBE QYHKUMH, TO AOCTATONHO YKa3aTh BUA YACTHOIO pelllcHHA
cuctemi &' = Az + p(t)e”, e pt) = at™+a__t™ ' +. . +ay;
@y, - - - 5 &, — BECKTOpHI.

Cnenab ¢ 1ot cucteMoit Te xe npeolpasopaHHA, YTO B M. 3
¢ cucTeMoi 2’ = Az, nonyyaem BMecTO (74) cucTemy

.........................

7 =2+ pp (T,
2, = py ()",

rae pi(f) — mHorounessl cTeneHy He Beitie m. U3 amolt cuetemut
[OCTENOBATENEHO HAXOMUM 2y, Zp_ 4, < -« 5 Z;. BOIMOXHBI B2 ClIydas.
Ecnuy - A #0,70

a= [ RO = gy,
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fnosa 3, Jluneiinsie dudepenyuanshsie YpasHeHua U clucmess!

rae gi(t) — MHOrowneH Toi xe creneHH, yro pi(t). 3nech u manee
NOCTOSIHHBIE MHTETPUPOBAHMS MONAracM PasHBIMH HyNI0, TaK Kax
HIETCS YACTHOE PELICHNE. AHATIOTHYHO OTBICKHBAIOTCA 23, «» - » Z;-
INonyaaem :
2, =g t)e"™, i=1,..,k,

rfie ¢;(2) — MHOTOUACHH CTEMEHH He BHINE m,

Ecan xe y—A =0, To "M = 1, u kaxnuil pas unrerpupyercs
TONBKO MHOrOUAEH, OT 3TOT0 10 CTeNeHb noBuaeTea Ha 1. [Tocne k
HHTErpUpOBaAHHIl CTENEHD NOBHINACTCA HA k. 3HAYMT, B ITOM CAyvae

zg‘:qz(t)’ i=l!'--!k!

rae g; (¢} — MHOroWNeHW CTeneHH He Bewe m + k.
Bosepamanck oT GyHKUHi 2; K ¥; H JATEM K T, , MOAYYAEM, YTO
CHCTEMA HMEET YaCTHOE pelleHNe Buiaa

z, = q,.(t)e‘{‘- (=1,...,n), (78)

rae g;(t) ~— MHOTOWIEH CTeNEHH He BhILIC T, 6CNH ¥ HE COBMaAaeT
HY ¢ OXHMM H3 KOpHEH 4\, H CTENCHH HE BHIIC M + kj, eCIH 7Y
COBNAACT ¢ KOpDHEM A,-; YHCO k,-, pPaBHO pasMepy Haubonbluei

U3 XOPAAHOBHX KIETOK, ComepXallux AJ-. CrenopatenkHo, chHa !

Goubliie HAMGONbUIEH CTEMEHH MHOTOZNEHOB, YMHOXAEMHX Ha el
B O0IIEM pellieHHH OIHOPOSHON CHCTEMEL.

_____________________________ -
t Mpumep 23, Pewntb cHcTEmy [
t |
I &' =3z -2y + te®, 1
' |
| v =z +y+4e¥ cost. "
L e e e — e ————————— A

Peuserive npumepa. O6uiee pelieHHe DAHOPOAHON CHETEMBI NONYUEHO
B npumepe 21, 3neck A, = 2k . nn neopwopowoctedh te* n
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§ 14, Nuneiinsie cucmemsl ¢ NOCMORKHKHLIMY KOIPPUyLIeRmamMi

4e® cost uncna 4 = 2 Wy = 2+ PA3NHYNK, NOITONY HAAO PELINTS
fAse cHCTeMH

g =3x-2y+te®, ¢ =z+y {(79)
2’ =322y, ¥ =z+y+4etcost=
=z +y + Re el ¥, (80)

Ana cuctemn (79) 7 = 2 # A;, NO3TOMY YacTHoe peweHue
z, = (at +0)e?, y, = (ct+d)e.
Mopcrasnsn 8 (79), naxopum e = b=c = 1, d = 0. 3Haumnr
z, =+ 1)e*, Y = te®.
B cucreme (80) 2amensem 4e¥cost wa 4@, Yueno 4

paccuarpupaem Kak muorouned crenend 0. Takkak y =2+ 4= A,
k = 1, 10 cTenent mHOrguUNeHa YBEAW4KBAETCA HA 1 1

2y = (t+ @)™, gl = (rt+s)e™.

Noacrapnan & cuctemy ¢ oTbpowentsim "Re 7, nonydaem
(1-d)p=2r, (1+é)r=p;

p=(1-9)g-28, r4+(t+i)e=¢qg+4

YpasHeHKA 3aBHCHMbLI, PelieHUA MHOro. bepem 4acTHoe pelwense,
wanpumep 8 =0, g =21 -2, r =2i + 2, p = 4i. Torga

) = (4it + 26 — 2)elH N,

y; = (26 + Qe+,

z, = Rez} = e¥[~2cost — (4t + 2) sint],
y, = Rey; = e¥(2t cost — 2t sint).

O6uiee peweHne CUCTEMN £ = Ty + 2| + Ty, ¥ = Yo + ¥, + ¥y, TR
24, Yo — peweHue ogHOPORHON CHLTEMH (NpuMep 21), 2 |, ¥, T3,
¥, Haijeny 3pech. ) <
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faasa 3. Nuweiinvie dupdepenyuanssie YpaBHENUR U CUCMEMbI

3adayu ons ynpammerul:
[12], § 14, NeB26-845 n Ne846-850.

-
@ CucreMul ypaBHCHMI, He NPHBEAEHHME K HOPMANLHOMY BHAY

8,z +a, 2"V 4. 4o s +by™ +oy" N 0 y=0,
coz(") + cla:("'l) +otez+ dy? +d "™ + ..+ dy=0,

06121107 ¢BOKCTBAMH, OTIMYHEIMY OT ¢BORCTE cHeTeM KA (70). Cormacto
[71, § 11 Bee pemienna ABAAIOTCA THEEHHBIMH KOMOMHALIMIMY PEWIEHHI BHIA
z = r(t)e¥, y = s(t)e¥, mne A — moBok KOpeHb XAPAKTEPHCTHYECKOTO
ypapHenna M{A) = 0, r(t) »m #(I) — MHOrOYACHB, CTEREHb KOTOPHIX
MeHblle KpaTHOCTH k Kopua A (ecais k=1, To r 1 ¢ — uncTa),

@A™ +a A . ta,  BATHBAT 4L+ b,

MM = .
» R R A A +d N+ 4 d,

Muorounsuut r{E) u 2{t) MoryT GuTE HallaeHN METONOM HEONDENENEHHBIX
xoapdrureHTOn, AHAROIHYHO pEIAOTCR CHCTEME TPEx H Donee ypasiennit.
Cw. 3anaqu B [12], § 14, Ne 813825,

HasecTHO MHOTO CNOCOGOB PELICHHA JIHHEHHBIX CHCTCM ¢ MOCTOAHHDI-
MH Kodddaunenramn,

Ecau #IpecTHH HE TOABKO YHCRR A, HO H Ga3HC, B KOTOPOM MaTpiua A
HMEET XOpIaHOBY (GOPMY, TO PellieHie CHCTEMH &' = AT NHUIETCH B ABHOM
suze ([7], Teopema I1; [12], § 14, n.3).

OnepaudoHHLIii MeTOJ pELICHKA AHHEAHBIX YPABHEHHUI 1 CHCTEM C NOo-
CTOSAHHMMA KoadduLmenTamu uznoxex B [S], §24.

H3pecTHH yCAOBHA CYIISCTBOBAHMA MEPHOAHYLCKOTO DEWEHHA CHCTE-
MH z' = Az + f(t) ¢ nepuonudeckoi pextop-pynkunen f(t) ([2], . 4,
§7,n.3). '

el
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§ 15. NoxazamensHas Pysryus Mompuybl

§ 15. NowxasarenptHan PyHKUUA MATPHULLI

IMokasaTenbHas GyHKUHA MATPHLIE HCITONL3YETCS MIPH H3YYeHUN pe-
weHHi NMHHeHHMX CHCTEM € MOCTOAHHHIMH M ¢ TCPHOAMYECKHMH
KoadpHureHTaMH. 30ech pacCcMaTpUBaloTCi CBOMCTBA 3TOH GyHK-
LMK, 4 TAKKE HEeKOTOPRIX XPYTHX GyHKUHIE MaTPHLL,

@ IMycth A n B — KbaapaTHele MaTpHuUpl Topiaaka n, £ —
eIMHMYHAst MaTpula, a, b;, ¢ — NocTosHHBIE yMcna, M3 nunelinoi
anreOpe M3BECTHAI CHEAYIOIME ACACTBUA HAl MATPHLIAMM:

A+B,cA AB, A A%,
AL AP =47'47",... (ecam  det A #0).

MoaToMy AN KaXOoro anreGpaHYeckoro MHorowleHa p(z) = a; +

alz +...+ GtQk MOXHO ONpEAeNNTE MATPDHITY

p(A) = a,E + a A +... +a, A"

i
Ecnn ¢(2) = b, + bz + ... + b 2™, f(2) = p(z)/q¢(z) (¢(z) # 0), vo
B cryyae det q{A) # 0 MoxHO onpeaenuTs

£(4) = p(A)(g(A))™" = (g(4))"'p(4).
ochaennee paBEHCTBO NOMYHAETCA MYTEM YMHOXCHHA OYCBHEHOIO PaBEHCTBA

¢(A)p(A) = p(A)g(A) crema n cnipasa wa (g(4))"'.
gy

Onepauy npeaensHOro nepexora, sudipepeHiHpoBaHnsa, HH-
TeTPHPOBAHHA TIPOM3BOOATCHA € KaXIBIM VIEMEHTOM MATPHLUB OT-
JensHo, Hanpumep,

Aft) = (“.'j(t))u=|,__,,m A'(t) = (“;j(t))i.jm.....n'
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fnasa 3. fluweilnste Sudgepenyuanshbie YposHeHUS U CUCMeMb

Apyrue GyHKIINKE MATPHL MOXHO ONPEfEANTE ¢ NOMOLIBIO ps-
A0, Pt Matpuit Ay -+ Ay +. . . HA3KBACTCH CXONSMLMMCS K MaTpHLLe
S, ecny ana moGux £, = 1,...,% PAX 65 + Qg5 + ... U3 3fX
ANEMEHTOB ITHX MATPHLL CXOOMTCA K §-MY IEMEHTY MATPULE S,
AHanoryso orpeaensierca abGCcomoTHAd CXQAHMOCTR PANA MATDHL,
A TAKKE pPABHOMEPHAS CXOXMMOCTDb, CCHIH IEMEHTH MATPHLIM SIBASA-
101cA QYHKUMAMH.

TeopeMK 0 HENPEPEBHOCTH CYMMEL pAA M O HOMNEHHOM IH-
(hepeHUHPOBAHKH K MHTETPHPOBAHKH PAIOB OCTAIOTCH CRIPABESIIMBbI-
MH H JUIA PAJOB MATPMLL JT0 cAeayeT U3 NPeALIyIIHX OnpeacAcHMl
M M3 TOTO, YTO BNS PANOB, COCTARTEHHBIX M3 £ -X MEMEHTOB MATPKLL,
9TH TEOPEMHI CTIPABELUIHBEL.

Remma 10. Ecnu || Ay ()| € @, m =1,2,... (¢ € D), v yucro-
204 pad @) +ay+. . . xodumcs, mo pad mampuy Aqy(D)+A 5 (E)+...
cxodumca abconomuo U pasHOMEpHo wa muoxecmse D.

Hoxosamenscmeo. Ina mobuix £, § UMeeM

|2y @ < | 4@l < @

TioaToMy [1% BCEX 3, § PAIH 8¢y, (E)+8(3;5(8)+. . . cxonsTCA 26~
CONIOTHO ¥ PaBHOMEPHO Ha D, 3HaumT, pan mMarpuu — Toxe,

Remma 11. [as moboil ksadpamuoid mampuyst A u mobozo ¢, > 0
pao 242 I 0
tA t°A° t'A
E+F+T+T+... (81)
orodumen abcomomuo u pasromepno 8 Kpyze |t < &, xomnnexchol
NACCKOCITI,
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§ 15, loxazamensHan yHryus MOMpuus!

JAoxazemenscmeo. Tipn m 2 1
tmA™ |f.|"‘
|55 = e < e -
Z E (tlllAll) YT S

m=] m=1

¥ AOKA3HBAGMOE YTBEpXACHUE CAeRyeT U3 neMMH 10, [ |

@ Nogazarempoli hymameii e? MaTpuust A HasuBaerca cymMMa
pana
e -E+lA+lA’+'.4’ (82)
1! 2! Kl
CIIeROBATENBHO, CyMMa psna (81) pana €4,
CsoilcTsa NOKa3aTeNIbHOM QYHKUHK MAaTPHLK.

1° Ecan AB = BA, 10 22 = ¢ . ¢®. B camoM mene

ed.ef = (E+1A+%A2 )(E+lB+EB’ )=

= Z e, A"B™, : (83)

k,m=0

AP (E+ (A+B)+— (A+B)2+...)=idmA'B“‘, (84)
k,m=0

Tak kK (A + B)(A+ B)=A*+ AB+ BA+ B = A+ 24AB + B?
HT.n Ecin A 1 B — unena, 1o €4 - e? = ¢4tF, Opna u 12 xe
YHKUMS HE MOXET painaraTCi B OBA Pa3HEIX CTENMeHHBIX pAla,
NOITOMY €, = dy,,, s 6cex k ¥ m. Ecnv A u B — MatpHLH, 1O
€ B dy TE XE, 103TOMY sbipaxerns (83) u (84) Tarke pasHul.
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Frasa 3. Nunelinsie dughhepenytansibie YDaBHEHR U CUCTEMS!

2° Umeen et = Ae*4. B camom mene, auddeperumpys no-
wieHHo pax (81), noxyvaeM
t S

t:
2 3 _ 2  autA
A+——1!A +—2!A +..._A(E+——1!A+-—2!A +) = Ae".

Jleuit pal paBHOMEPHO CXOAUTCH B MIoGOM Kpyre ] < 2, TaK kak

EA"H-I
!

o0
<lldlloy, m=1,2,...; > lAlla, <o
. m=1

B CHAY oLieHOK B neMMe 11. IToatoMy mownesHoe AndupepeHurposa-
HHE 3aKOHHO.

Cnepcreue 1. Mampuya X () = €' ydosnemsoprem duipepenyu-
GALHOMY YPUBHEHUO U HAYQALHOMY YCROBUIO
dz

— =AX, X(0)=E.

tA —  gyndaMenmansHas Mampuya cucmeMl

Cnedosamensuo, €
£ = Az,

Cnepcreme 2. Ymobur waiimu mamputy €4 nodo raimu n maux
pewenud z*(8) (k = 1,...,n) cutmemst ' = Az, ymoy k-z0 peute-
wus nasanshoe yorosue x*(0) cosnadaem ¢ k-m cmontyom edunuy-

Kol MampuYsl. My pewlenus ABARIOMCA cmonbyany Mampuyst ¢4,

Cnepcrene 3, dete™ = ¢*, s =g, +ay +... +a,, — red
Mampuysl A.
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§ 15, NorosamensHasn GyHKyus Mompuys '

Imo credyem u3 opMyast Sluysunns (li). maK KaK cmonbisi de-
mepmunanma — pewerus u deted ecms spowckuaw W(E), a
W()=detE=1.

Fm—— = m e e e e e m - - 1
' -

I Npumep 24. Haiith 4, ecru A = (; ::)

| _

b e e e —————————— J

Peuwerue npumepa. Hakgem n8a pewenus cneremn =’ = Az (zc R’)

€ HAYANLHBIMY YCNOBHAMM (é) H ((1}) COO0TBETCTREHHOD, U COCTa~

BMM W3 Hix MaTpHLY e, CocTaBnden u pelsaem xapaKTepucTHdeckoe
ypasHehue

=X -3
2 -1-2A
Haxopum coficTeeHnHe BeKkTOpH

TR G)-) e
- G D0-0. 2
O6uee pemeunez:cle‘(:)+qe” (g).Haqaanoeycnosue
a='(0)=((1))naer

() ()-

=X =3A+2=0, A =1, X=2
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frago 3. funeiinsie dugdepenyuanchpie ypaeHeHUR U CUCMeMs!

Havanunoe ycnoaue 22(0) = ({1}) Raer

SORIGHUEPERES
om0 (1) ()

W3 HallfleHHsIX peweHtid COCTABAAEM MaTPULY

" -2¢' +3e® 3¢ - 36%
e’ = .
-2¢ + 2¢% 3e' - 2%

I_i] Dyuxnms THATORLALHOR M KOPIAHOBOH MATPHIL.
MycTte Matpuua B vMeeT XopaaHoOBY GopMy

F= (85)

-
—

nmr K; umeer pasmep 1 X 1 H COCTOHT M3 OAHOrO YMCHa A;.
Ilpu onpeaencHum dyuxuun f(B) cxoadiMMcsa CTENCHHEIM
pagoM (psoom (81) wnn psnoM ¢ ApYruMH KOIDGHHLMEHTAMH) BCE
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§ 15. NoxazamensHas PysKyus Nompuys

neicTanA ¢ B npoBoIATCA ¢ KaXaol xneTkod K; oTaenbHO, NMO3To-
My marpuua f(B) coctont u3 knetok f(K)), ..., f(X,), pacnono-
XEHHHIX Ha [NaBHOM JHATOHANH, 3 OCTATBHHE 3MEMEHTH MATPHIIE

J{B) — nyaun. Kopoue,
B) =di K)....,5 (KD}
] ) iag {(K,), ..., $(K,)} (#6)
=diag {&'F, ..., M}
B 4acTHOCTH, ecnH Kaxsiad Knetka K; COCTOMT TOABKO U3 ONHOrO

yHcna A;, MaTpula B HaseiBacTcs nuaroHansHoH. Torma f(B) Toxe
AHArOKANBHA:

(B)=dias {r0), ... 100}

‘}q 1A }.

87
= diag {e', 7)

-
Haiiznem ¥ , e K — XopHaHoBa KAeTKa pasMepa Exk, k = 2,
10 ecTh K = AE 4 F, F onpenenetio B (85). UMeeM

K = AEHF _ B tF

¢ nomoutsio (87) uam (81) nonywaem
A = diag {€”,..., "} = "B,

MaTpuisl F’, F’, ... HMBIOT BUI, CXOOHHH ¢ F', HO ¥ Kaxnoil
creny:oLicH Koco# paa n3 eAMHMULL CABHIASTCA HAa ONHO MECTO BIPABO,
Mpr m = k& umeeM F™ = 0. MostoMy paa (81) ana A = tF
ODpRIBASTCA,

k-1

(k- 1)!

t,  # -
ef =B+ Frg P+t Fl=

2
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fraga 3. Nlunelinsie duddepenyuanstsie ypasHeHUR it CUCTEMb

(l : tz tk—l \
M2 (k-ay
ti—?
N T (38)

\0 ) 1/

Matpaua X = ee'F nonysaercs ymHOXeHHeM Bcex anemeHTOB

HafineHHOH MATPHLIBI e'F Ha uncao e, Us xaerox €% cocrapmserca
marpuua e'?, cu. (86).

3amevanne. [lna TpeyroncHOR MATPHULE COBCTBEHHLIMM ZHAYEHAAMH
SBARKIOTCA YHCNA, CTOALME WA TRABHOW JMArOWaNW, W TORLKO OHM.
Nostomy ana matpuusl e*Z (anaunr, u ans e4) cobeTeeRHLIMU 3ua-
yeuuamn spngiorca wucna eMf, me A, — cobcraenubie 3naueHus
MaTpHu 4.

Iycrs aeas maTprusl 4 uisectHas Matpuua C, npueoasaian A
X XopnaHosoit matpuue B = ' AC. Torna
A=cBc™', A'=cBCc™'.cBC™' =CBC™,
., A™"=cB"c!
TMoncTarnas 310 B (31) M BEIHOCK ciea C, a cipasa ™', nanyuaem
14 ¢ 3 2 =1 __ v B 1
e"=C E+-l—lB+—2-'-B +... jCT =0 0.

ra dopmyna 1 (86), (88) AaloT eme omuH criocob oTecKanua €',
Mpumep oM. {8], § 22.
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§ 16. Jlunetinsie cucmemst ¢ nepuodudeckumy Koadduiuesmanu

Pt

Hdpyrue dymcunn saxypim (d0KazaTenbcTBa HMeloTea B [2], . 4, §4).
Mycre dynkuns f(z) onpeacnena CTENEHHLIM PREOM

f{z)=ao+alz+a2z’+...,

cxomumumea B kpyre |z| < ». Torna ans nobodi keaaparHoli MatpHue: 4,
¥ KOTopoit Bee COGCTBEHHBIC 3HAYCHUA IEXAT BHYTPH Kpyra [A| < r, pan
aE +a,A+a,4 + ...
CXOOMTCA H ero CyMMa npuHuMaeTea 3a J(4). :
Ecast matpnua A = CBC™', 10 f(A) = C#(B)C™'. dan xopaanosoik
matpunn B =diag {K|,..., K,} nmeem f(B) = diag {f(K,). cees !(K,}}.
Jaa xopaaHosoti kaeTkH K = AE + F (F cm. B (85)) pasmepa k x &

[ ')y 1"y A
A B Tl (k= 1)

& . ft-Z(A)
T (k-2)

I

\ 0 1) )

0= 1)

§ 16. Jinneiinsie cCTeMBt
€ NePUOAMUYSCKHMU KOIDDULUEHTAMHU

I

JinneilHue cHCTEMB M MiHeliHEC YPABHEHHA 1-T0 MOPAIKA C NEPAOIHYEC-
KBMH Koa(pdHUMeHTaMH — BaxBRIH Ans npunoxeH#il kaace nuddepenum-
aNLHHX YpaBHeHu U cHeteM, PelieHns ypaBHeHHI ¥ cHCTEM 3TOTO Kiacca
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Inasa 3. flunelinwe OudbeperHyUGNbHbIC YDOBHEHUR U CUEMEMbI

MOrYT GhITh HCCNEAOBAHM W3BECTHEIMY MeToaaMH. [TpH TaKOM HeCneRoBaHUY
HCTIOMBIYETCA NOHATHE NCrapudMa MATPHLEL,

E Jlorapugm marpru. JlorapudMoM BEIMECTECHHOTO WK KOMILIEKCHOTO
YHCNA 2 HAILIBIETCA TaKoe YHcao w = In z, yto e® = z. Tax xaK e“f"" =
e*(cos B + isin 8), To anm ynena z = r{cos@ + isinp) nmeem ™% = 2
TOTAA, Xorag e” = r, B =+ 2rk, k — moboe uence. [Toaromy
' Inz=Inr+i(p+2xk), e r=|z|, ¢g=amgz
Takum obpasom, Inz — muorosHayHan ¢yHxuus, Ecnw 2 £ 0, 10 Inz
CYIECTRYET,
Hocapudmom Keadpamnoii mampuiis A HRINBACTCH Taxkas mMarpHua L,
L
yro ¢’ = A.

Teopema 17. Qns mobod keadpamuod Mompuysr A, usenwed det A #£ 0,
Qywecmayem In A,

Hoxasamenscmso. Cuayana Haftaem Aorapud™ XOPIAHOBON KJETKH
K = AE+F = AME+H), e A # 0, H = A" F, marpuny F cM. 5 (85).
Mokaxem, yro M{(E+ H) =N, me N=H-H 24+ B*/3- ...,
Mo onpeacneHmo norapudma, AN 3T0T0 HANG NOKAIATH, YT e =
E + H wni, yanreisas (82), wro § = H, rae

oo 1 o (—l)j-l ]
s=25(2 -—J—H) (89)
i=1 i=1
Ecan H — uucao, |[H| < 1,710 8§ = "™ — | = H_ Tak kak pan (89)
OCTacTCA CXOLAUMMCSH ¥ NOC/IE 3AMEHB BCEX "WICHOB HX MOIY/SMH, TO
B PAEC MOXHO NEPECTABHTD YACHH # OBBEIMHNTE WieHb C ONMHAKOBH-
MH cTenensmH H, To ecte § = ¢, H -i~cr!if2 +c3H3 + ..., Kaxnoe ¢
NOIYIaCTCA W3 KOHEYHOro Yicna KoaddrurenTop B (89) W He 3aBHCHT
o7 H.Takxak § = H npis |H| <1, T0¢, = 1,2, =0(m = 2).
HNycrseneps H — Matpuua kxk, H = A~'F, torna H™ = 0 npn
m > k. Paan B (89) npespatianTCcA B KOHEYHHE CYMMbI, NEPCCTAHOBKA
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§ 16. JNuneiinsie cucmems: € nepuoduyeckuMy HoIpGuUteHmamMy

W MPYIIMTHPOBKA WISHOD 38KOHHH, 0 § = c,H-I-csz +... +c._1H"'.
KoaupuuuenTn ¢, MoAyuaiorca ¢ NOMOWLIO Tex ke RedcTBuii, 4ro
uncnyqae xor.u.aH — Y¥cno, MOITOMY €, Tc X& camue: ¢, = 1,
= 0 (m 2 2). 3uavn, u B caysae H = A™'F nmeem § = H T0
ecth In (F+H)=N.
PaccMaTpupas JaHHYK) wopoaHoBy KNeTKY Oepem boeraa oRHY
H TY Xe Dereb Norapudma Tlpu A £ 0

eEllIl-l—N =e‘l|-\.eN=AE_(E+H)=AE+F.
MosroMy np A # 0 ansa xopaavosoit xnetkn K = AE + F nmeem
InK=EA4+N=
—1)*-2
= FElnX P - | - . ( -1
+ AF 2A=F + :‘;)@FJ oot

Ecnn xoppanosa Matpuua B coctout w3 xnerok K,.... K|,
nBce A, # 0, To In B ects MaTpuua D, cocmnmaammmxln!f
i=1,. l mxme”ooc‘romnammxe"‘x' 'rocc-rbnammxff
'suaturr, P_pg

Hna moboit matpuusl 4 ¢ det A ¥ 0 cymiecTeyeT Takas MaTpH-
ua C, uro Matpuua B = C~' AC xoppawoss, u det B # 0. Teraa

A=CBC™ = Ce"PC™! = S0,
10 ¢ctk In A = C(In B)C™'. CymecTsosanne maTpuubi In A noka-
34HO, [ |

JlorapudmM BetuecTBeHHOH MATPHUH A MOXeT GMTL KOMIUTEXCHBIM.

OpHako ecnu Matpuua A ¢ det A # 0 paBHa KBampaTy BelUeCTBEHHOMR
MATPHUBL, TO CYWIECTRYeT BewecTeexnmiil In A {7], §33.

‘ZI PaccMOTPHM NHHEHHYIO CHETEMY B BEKTOPHON 3anizcn

2 =At)z (z€R". (90)

TMpeanoaaraerca, yro Matphua A{f} — HenpepuiBHaa dynKuwa ot ¢ ¢ ne-
proaom 1.
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Inasa 3. Jluneiineig dupdepenyuansipie ypasHerus u cucmeMs!

Myere X (t) — moBan pynaamenTansian MaTpua cucremut (90). Toraa
marprua Y(¢) = X (¢ +T) — Toxe dyHnamenTansHas, Tak kak det Y (2) # 0
n

YY) =X'(t+T)= A0+ T)X(t +T) = AQ)Y{(2).
[To Teopeme 3 (§9) cymectByeT Takas HeocoBas marpuua M, a10 Y(t) =
X{t)M, 10 ecTb
Xt+T)=X(M. (91)
Marprua M nasmBaeTca mMampuei monodpomii, a ce COGCTBEHHBIE 3HAYE-

HHA — MYAbMUnItuKamopami.
H3 (91) cnenyet, 410 Ana Awboro uenoro k

X(t+kT) = X()M*. (92)

Nemma 12. [nr dpyzoil dyrdamenmansrol mompuys Z(E) umeem dpyayo
smampuily M, snecmo M, nodobuyio mamputte M, mo ecms M, = C™' MC.
Mloamomy ace NOMPUYL! MOHOOPOMLU LIMEIOM DAHY U MY Me Mopdanosy Popmy
U O0KY U e e MYRSMUNUKGMODL.

Howazamensemeo. Ecin Z(t) — npyras dyHaaMeHTANBHAS MBTPHLA, TO
no TeopeMe 3 Haligerca Takad HeocoGas nocTeaHHad Matpuua C, 4Te
Z{t) = X{)C. Toraa ananormano (91)
2@¢+T) = 2()M,, )
M =Z"'O2¢+T) =C"' XWXt +T)C = CT' MC.
-

TeomeTphueckmil CMLICR MATDHIN MOHOJAPOMHH B MYALTHITHKATOPOS.
Myere X(&) — dyrwamentanstan Marpuua ¢ X(0) = E. Haa moboro
z, € R™ dynxuna z(t) = X{t)x, ec: pemerne cueremul (30) ¢ HavaRbHEM
yonosueM z(0) = zy. B cany (91) 2(T) = X(T)z, = Mz,. To ectb casur
NG HHTETPAALHKM KPHBHM CHCTEMM 33 NMPOMEXYTOK ppeMent 0 St < T
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§ 16. JSluneiinsie cucmemb © nepuodudeckumy Kohduyuenmany

¢CTb AMHelinoe npeobpalopanue x(T) = M=z(0) ¢ matpuueit M. Benen-
CTBHE MEPHOAHYHOCTH cHCTeMbl (90) caBut 3a BpeMst CneayIOmEro mecpHoaa
T < t < 2T ecTh TaKoe xe NpeoSpalosanue; 2(2T) = Mz(T) u .2,

Mycts v — cobernennuit pektrop naa M uw My = pv. Toraa z(t) =
X{t)v — pewterme ¢ 2(0) = v. B cuay (91)

z(t+T) = X(t + v = X(O)Mv = X(t}pv = pz(?).

To ecTb 3a xaxani MPOMEXYTOK BPeMCHH WHHE T 3T0 DELICHHE YBCIIHYH-
BAcCTCA B p pa3 (ecau p > 1), Tounee, YMHOXAETCA Ha M.

[3.]

Teopema 18 (recpema Onowé—Nanywosa). Jaz cucmemw (90} mobas
dyHoasenmansyan Mampliya moxem Sbims npedemagnena & sude
X(t) = K(t)e”, (94

20e mampuye K(t) nenpepwisna u umeem nepucd T, @ B — nocmoRuNaR
mompuya B=T"'In M.

HAexazamensamso. Hycte X (1) — mobas GyHZaMCHTANILHAS MATPHLA,
B cuny (91) uMeerca Takam Heocobas matpuna M, wro X(t +T) =
X(t)M. Mo teopeme 17 cymecTryer Takas Matppia B, uto ¢’ = M.
Boasmem marpuuy K(t) = X{t)e™?. Oua nenpepuvna, K'(2) toxe.
TMoxaxem, ¥ro oHa AMeeT nepuor T. Hveem

KEt+T) =X+ T)e T = x(tyMe PeE, (95)
Tak kak Me™T? = E, 1o upaxenue (95) pasno X (t)e™ = K(t). To
ecty K(t 4- T) = K(t), u TeopeMa nokazana. [

HanoxeHrbe pe3yabTaTH Mo3DONAIT HCCAENDBATD PENICHHA CHCTEMH

9}) na Geckoneutiom MHteppaie. Ecnm na otpeske mmmnul T Halinenw
(namprmep, Ha DBM) n muHeHHO HE3aBMCHMEIX peWEHHH cheTeMul (90), To
€cTb H38¢CTHA MaTpHLa X (2) Ha 2T0M OTPeIKe, TO MOXKHO HalTH MaTpHuy M.,
Torna dopmynst (92) 1 (94) NO3IBOAROT CYANTE O NOBCACHHH BCEX DEWICHKH
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faasa 3. Nuxelinsie SudepenuuansHoie YPasHeHus I CUCEMb!

cHcTeMb Ha BeckoneuHoM MuTepeane., Hanpumep, as crpemaenusa poex
pelIeHHR K Hymo npH § — o0 HeoSXOOHMO H JOCTATOYHO, YTOGH MOOYIH
BCEX MYALTHIUIHKATOPOB GLUTH MeHblE eaHHUUN (Torta B (92) M* — 0 npu
k — o).

B cayuae, korna cucrema (90) nonydena na ypaerenna i + p(f)y =0
¢ nepronnueckoil dyuxuued p{t), A M.JIanyHos nonayynn ycnoena orpa-
HHYCHHOCTH BCEX pewieRui npw —00 <t < oo ([2], ra.7, §2, n. 2).
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[TTABA 4

ABTOHOMHbBIE CMCTEMbI
U YCTOMUUBOCTD

3TH BONPOCH COEAMHEHB! B OAHY TEMY, TAK KAK IIPH HATOXKEHHM BO-~
MPOCOB YCTOHYHBOCTH HCTIONR3YIOTCA TIOHATHA H PEIYALTATEL TCOPHH
ABTOHOMHEIX CHMCTEM, 4 NPH MCCASIOBAHMH OCODLIX TOYEK HYXHHI
METOMB TEOPHH YCTOWYMBOCTH, PasyMeeTcs, BOTPOCH YCTOHYHBOCTH
MINATAWTCA HE TOABKO JNA ABTOHOMHEBIX CHCTEM.

§ 17. ABTOHOMHbBIE CUCTEMBI

‘E Cucrema audubepeHuManEHBIX ypaBHeHHEH HA3BIBAGTCH aemo-
HOMHOI?, €CJIH B HEC HE BXOAHMT ABHO HC3ABHCHMOC MNEPEMCHHOE.
Hanpumep,

i:ii-—'fi(zls---’zn)s i-_'l!""ﬂ’ (l)
HIY, B BEKTOPHOMN 3anmucH,
dx
E = f(:l:), r= (2“ ey zn) (2)
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lmasa 4. Asmonomuble cucmeMsi U yemotiueocms

— ABTOHOMHAs CHCTEMa HOPMANHHOTO BHIA. ABTOHOMEOCTE CHCTE-
MBI IDHBOAHT K TOMY, YTO DELIEHHA CHCTEMBI MOXHO H300paxars
JHHUAMH B NMPOCTPAHCTBE MeHBIIEH PasMEPHOCTH. 310 obnerdaer
HCCRSROBAHUE peLlcHUf,

Dasoeuim NPocMpPancmeom aBTOHOMKOI cncTeMHl (1) HaswiBaeTCs
MHOXECTBO, Ha KOTOPOM OTpeseNieHH KOOPAMHATH &, ..., %, H 3a-
naxa cucrema (1), Pasoroe NPOCTPAHCTBO MOXET OHTH, HanpUMED,
obnacTeio B R” MM rnanko# rioBepXHOCTHIO, HanpuMmep, 60KOBoii
NOBEPXHOCTHIO UHIWHIDA. ]

Hanee cuutaem, yro B (1} byHkunu f; 1 81',-/3.’::5 Onpencnesnl
1 HenpephBHE! B o6nactd G C R”. Toraa G — ¢aszopoe npocrpan-
cteo, Kaxnoe pemenne cucremnt (1) 2, = z,{f), ..., =, = 2,(t)
onpeaensaeT B $azoBoM NPOCTPaHCTBE NHHMIO (WA TOUKY, ecM BCe
GyHKUMK 2,(2) NOCTOAHMBI). DTa IMHHA KK TOYKA HASHBAETCA mpa-
exmopueii (WHorEA hasoeoii mpaexmopueii). Touka T = a ABIAETCH
TPACKTOPHEH! TOIAa H TONBKO TOrZA, KOTNA B ITOH TouKe Bee PyHKUMH
J; paBHK Hymo, T0 ecTb B (2) f(e) = 0. Takad Touka HaIWBAETCA
ocobolt WIH cmAaYUoNapHOl, WIH HOAONCEHIUEM PAGHOBECUS,

Mpumep 1. AsToHoMHAR cucTeMa Z| = 2,, 2 = —2, HNeer
pewexns

z, =¢sin{t+¢g), z=ccoos(t+c) (3)

B npocrpaunctee £, 2, 2, GyHKkyun (3) n306pamanTca sunTo-
BLIMK IMHKHAMK, 3 8 a30BOM NPOCTPaHCTBE (3AECh OHO ABARETCA
NAOCKOCTBIO i, ;) — OKPYKHOCTAMM T + T3 = ¢]. Kaxpan
OKPYXHOCTE K300pamaer GECKOHEYHO MHOTO pelweHui, 0TnYa-
IOWHXCA TOALKO 3HAYEHWAMN ¢,. Touka ¢, = z, = [ vowe
ABAfeTCA TpaekTopuen (ocobaa Tovka).




§ 17. AamonomHsie cucmemsi

Cucrema (1) unu (2) B Kaxnoi Touxe r= (=, ---,z,) dalosoro
NPOCTPAHCTBA ONPEASTIACT BEKTOP

1@ = (1@ 2y, £(200 o0 2,).

B 0coboit Touke f(z) = 0. Ecnu nunud 2 = 2(t) smserca TpaeKro-
pueit CHCTEM™, TO B KaXKAOH cBoeit Touke, rae 2'(f) # 0, oKa KacaeTcd
sexvopa f(z), Tak kax sekrop z'(t} = (z{(t), ..., 2} (t)) xacaercs
JMHIH, NApAMETPHMECKH 3aIaHHON ypaBHeHuAMH &, = &,(t), ...,
z, == (t),a2'(t) = f(2(t)) 8 cnny (1) wn (2). Taxum o6pasom, as-
TOHOMHAS CHCTEMA 3aN1aeT gexmoproe noje B (Gaz0BOM MIPOCTPAHCTBE,
a TPACKTOPHH — JIMHHH, KOTOpEIE BO BCex Toykax, tae f(z) # 0,
KACAIOTCH BEKTOPOB 3ITOTO f1oNA. Ha TpacKTopHAX NPHKATO CTABUTH
CTPENIKM, YXA3BIBAIOLLME HATIpABIeHNe ABIKCHHS Touku z(f) npu
BO3pAacTaHum i,

E] Cnenyioniue yreepxaeHus OMUCHBAIOT CBOIiCTRA TpaekTopnil.

1° Ecnn z(t) — pewenue cucremsi (2), To ana awdoro ¢ € R
dynkuns y(2) = z(t + ¢) — ToXe pellleHMe, H BCe ITH DEIMCHHA
HMEIOT OIHY K TY X€& TPAEKTOPHIO.

Hoxaszamenscmso. Tak kak z(t) — pewenne, 10 2'(t) = f(=(t)).
3amenns ¢ Ha &+ ¢, nMeeM 2'(t + ¢) = f(z(t + ¢)), To ecTh
¥ (t) = f{y(D)). 3uaunt, y(t) — peweHue. STH pERIEHUS HMEIOT
OJHY M Ty Xe TPASKTOPHIO, TAK KaK 4epes nioGyio Touky z' =
z(t*) nepsoro peweHns pewewne ¥(t) = z(t + c) npoxoauT npu
t = 1* — ¢. TakHM 0BPAIOM, KAXKAAS! TPAEKTOPUA, Ke ARII0MAICs
Touko#, uaobpaxaer GecKOHEUWHO MHOIO pelteHH, ||

2° Ise niobGele TPAEKTOPHM WM HE HMEIOT OOLMX TOYEK, WU
COBNANAKT.
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faosa 4. AsmonoMHwe cuchemb U ycmoldyusocms

Jloxazamenscmso. Tlycts TpaekTopuu petuennit z(t) u y(t) ume-
1oT oty Touky b. Toraa cywectsyor Takmne £, u i,, uro
b = 2(t,) = y(t,). Pynkuns 2(8) = y(t +¢, — 1) — Toxe pe-
wenue, U 2(¢,) = y(t,) = =(t,). Mo Teopeme eanHCTBEHROCTH
z(t) = z(t), 10 ecte y(t + 4, — ) = x(f), n pemwenns x(t) u
y(f) HMEIOT OMIHY H TY Xe TPaeKTOPHIO. [ ]

Cnepcrene. Peiuenue asmOHOMKOU CUCTEMb He MOXem eolimu a oco-
Gyi0 MONKY 30 KOWEYHOE BPEMR,

Honazamensemso. Tlycrs a — ocoban Touka, 7o ecTh 2°(f) = o —
peiieHne. Ecan Tpaextopuu peumiesni z(t) n z*(t) He copna-
JaK0T, TO OHH He MMEIOT 00LHX FoueK. 3HayuT, 2(t) # ¢ npn
scex £,

Pewenke z(t) MoxeT npuGnkaTecs X ocobolt Touke ToNb-
Ko nipH ¢ = 400 pan npu £ — —oo, [ |

3° Ecom 2(t) — pewennte, =(2,) = 2(8,), £, > £, n 2{(t) # const,

TO PELISHUE — TEPUOTHYECKOE, ¥ HErO ¢CI'b HAHMMCHBIIKH TTOMoXKNI-

TeABLHEI’ MEepUOA, A TPAEKTOPHS — 3aMKHYTad KpHBas Ge3 camone-
peceyeHHi.

Hoxazamenscmso. ®ynkuns y(t) = ¢t + ¢, - &) — Toxe pe-
meHue no csofictey 1°, y(t,) = z(t,) = =(t,). o Teopeme
eanHcTBeHHOCTH Y(2) = z(8), o ecth 2(t + d) = 2(t), nepuon
d = ¢, — t; > 0. MoryT GuTb W APYTHE NEPHOMRL,

Tax kax z(t) # const, To HaitaeTea Takoe £*, uto 2(¢*) #
x(¢,), 10 ectp [2(t*) — 2(t;)| = r > 0. B cuny HenpepuIBHOCTH
z(t) waiinerca Taxoe h > 0, vro |2{) —z(t;)| <rmpui, -k <
t <t +h. 3Haun, 2(f) # (') npu 2rux ¢, Ho 3a spems,

154



§ 17. AsmoroMHbBIC cUCMeMsl

paBHOe epHORY, petieHKe Z(t) HOMKHO MPOHTH Yepes BCe TOUKK
cpoeit TpackTopuu. IloatoMy MnHHA AOGOTC NOMOKHTEALHOTO
7IEPHORA He MCHBINE, YeM 2h, ¥ HIDKHSA TPaHb WX IUIHH P 2
2h. EcnH p He ecTb NEPHOA, TO MMEETCA MOCNEAOBATENBHOCTD
nepuonos p; — p + 0, z(t + p;) = =(t). Mpr p; — p nonyuaem
z(t + p) = z(t), 0 ecTs p — nepnon,

Tpaekropust 2(2) (0 < ¢ < p) — 3amKHyTast KpHBast, TaK
xak z(p) = 2(0). Ecau oHa HMeeT caMomnepeceyeHHd, TO
z(¢,) = z(t,) npu Hexoropax i,,%, € [0,p], ¢, — ¢, < p.
B cuay moxazaHHoro Bbiue, Torfa pemeHue z(t) umeno 6wl
nepuor d = ¢, — &,| < p. 10 HEBOIMOXKHO, TaK KaKk P —
HAMMEHBLIME NOMOXHTENBHEI NEPHON. [ ]

4° Kaxnas TpacKTOpUA ABTOHOMMOH CHCTeMBI ABNAETCA MM
TOMKOR MNTH 3aMKHYTOH KPHBOH §¢3 caMonepecedeHHil, man HelaM-
KHYTOH Xpupoi Ge3 camonepeceycHuit,

Joxasamensemso. Ecnu penierime (i) = const, To TpaexTopus —
Touxa, Ecnn 2(2,) # x(t,) npn mo6ex ¢, u ¢, # ¢, To Tpa-
eKTOpHA — He3aMKHYyTad Kpusaa 6e3 camonepeceyeHui. Ecan
z(t) # const u z(2,) = z(t,) npu nexoroprix &, u t, #£ ¢, TO
TPAEKTOPHS — 3aMKHYTas KpuBas B cuny 3°, [ ]

5° Tlpenemanie MBOXecTB? Tpaextopul. dns Tpaektopun Tz =
@(t), —00 < t < 00} UNM ANA cE MONOXMUTENLHOH MOAYTPACKTOPHH
TH(z = p(t), t' <t < 00) w-npedessvhoii mouxoii KAIWBAETCA TAKAS
TOYKA P, YTO CYLUECTBYET MOCNCAOBATENBHOCTD 2, 5, . . . — 0O, O KO-
Topoit @(t;) — p npu § — oo, Muoxectso Q(T) scex w-npenenbHbX
TOuEK TPaeKTOPHHM T HAIKBAETCA €C W -HpedetbHbiM MHONCECTIGOM.
AHANOTHYHO, HO NpH ¢, — —00, ONPEAENAIOTCA O -HpedeabHbie MOYKY
H MHOXeCTBa.
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fnasn 4. AsmonoMusie cucmemMs! U ycmoliviiaocms

Hanpumep, mnst Tpaektopnu ¢ = £ (2 € R') MHoxecTBO QT

nycro; ana nonyrpaexTopun Tz = €™, 0 < £ < o) MHOXecTso
QT*) — Touxa z = 0; wa Tpaektopuu z, = ¢ cost/(1+¢'), z,=
e‘sint/(1+¢') a-npeaenbHoe MHOXECTBO €cTh TOYKA Z,=2,=0,
W-TIPENIENLHOE MHOXECTBO — OKPYXHOCTS 27 + 23 = 1.

——

Teopema 1. Ecav nonympaesmopus TH(z = o(t) € R", 1, <t < )
C2paHUNENE U eMecme Co cBoell E-OKpecmHeCMbi0 codepwumca 8 obaacmu
G, & xomopoid sce f, u Bf,/8z; wenpepsisus, mo muoxecmeo Q(T)
HENYCmo, 0ZPanUYeno, 3AMKHYMO, C8AZHO U COCMowWn U3 yeatx mpaexmopud,

HAoxasamensemse. Jna moboll nocnenoparebHocTH ¢, — 00 MOCNEAOBA-
TenbHocTs @(t;), § = 1,2,..., OTPaHHICHA, SHAUNT, HMCCT MPEACTbHbIE
Toukd H H{T*) nenycro, M3 orpannyesnocti T cneayer orpaHnyeH-
Hoets SHTH). '

3amkuytocts. Ecnn p, € QTY), p, = p, i = 1,2,..., T0
n = 2~ waiinetca Takoe p;, 410 |p; — p| < . [laA aroro p; cywecTsyeT
nocncnona'renbuoc‘rhtu, Jj=1.2,...,rakan, uto %0(‘.-,,*) = p; (i— ),
nooToMy Haluered Takoe § = §(i), uro ¢, .0 > i, |(t, ) — 2] <%
Toraa Itp(t..d.m) —pl < g =21, L, i > i — 00. 3naunt, p€ QT

Jdoxaxem, uro {T*) cocrouT u3 uensix TpaexTopwil, TO €CTH
4to yepes mobyo Touky a € (M(T) npoxoaut Tpackropua T,(z =
z{t), —o0 < t < o), conepxamasca B HT). Mo onpesenenun
UT™) cymectsyer Takas NOCNEAOBATENLHOCTE #),¢,,... — 00, 4TO
plt,) = a (i » ). Dymaumr x;(8) = o{t, +18) (i =1,2,...) —
petuenna no croitetey 1, x,(0) — a (i — 00). OSoanauum wepes z(t)
pewenne ¢ 2{0) = a, a yepes F — zamxuyryio {¢/2)-okpecTHoCTh
nonyrpackropku T, Touka £ = 0, ¥ = @ NEXHUT BHYTPH 3aMKHYTOH
HeorpanuyenHol obnactu D{—~oco < ¢ < 00, # € F). B cuny cnencrens
TeopeMn 4 §6 peumeHne z(t) NPOZONXKAETCA B KAXIYI) CTODOHY WIH
A0 BRIXOAA Ha FpaHMUy OONACTH D, WAH 10.cKOb YromHo GonbmHx
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§ 17. Asmoromusie cucmemss

[¢]. Mpeanonoxym, uro z(f) BorxoAHT Ha rpaHuuy obaactu D B Touke
t=¢, 2 =z(t"y = b. Torna b nexXuT HA rpaHHuUe MHOXecTBa F,

CASAOBATENLHO,
p(b,T*) ==, @)
Cornacho creactsuio TeopeMu 6 § 7 uz x,(0) — @ = z(0) cneayer:
x(@) = 2(t') =b (i = o). (5)

Tak kak x,(t") = @(t; +£') €T* mpu ¢, > ¢, — ¢*, 10 (5) nporusope-
vut {(4).

[Toyromy pemieHHe z(f) He MOMET BHIATH HA IPAMMLY OGRACTH
D, cneosarensno, NPOSOMKAaeTcAa Ha uHTepsan (—oo,co). A Torma,
KAK BLiLue, HMecyM Bas moboro ¢ ot + 1) = x,(t) — z(t) (i — ).
Crenorarenvho, z(t) € Q(T) npu cex £.

CBA3HOCTR He IOKAZLBaSM, OHA HIDKE HUFAE He uenoasayerca, M

HMayyeHn # apyrie ceoftcTBa NpeneAbHBX MHOXECTE AETOHOMHBIX CH-
2
crem 8 R”,

Teopena Benpmxcond. Ozpamivennoe w-npedensHoe MHOXECMBO HG PAGC-
Kocmuy, we codepwaiiee ocobvix Mover, ABAREMCA 3aMHymoli mpaexmopued
([7], & 28, meopena 21).

B npoctpancree R", n 22 3, CTPYKTYpa NpeacabHEIX MHOXECTE MOKET GHTD
IHAIKTENLHO BOREe CTOXHOR H MAnO Kiy4cHa.

el

6° Ipynnosoe cBoHCTBO ABTOHOMHO#M CHCTEMBI. OG03HAYHM Yepes
o(t, p) pewenne cucreMu (2) ¢ HavansHeiM yenosuem (0, p} = p.

Toraa
w(t olt,, p) = ot, +1.7) (6)

Ha MoBOM MHTEpBaiie, HA KOTOPOM onpefeneHsl ofie YacTH 3Toro
PaBeHCTBA.
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fnasa 4. AsmonoMHEIe CUCIEMS! U YEMOUNYS0CMS

Hoxazomenscmeo. OGe yacTi paBeHCTBAa — pelleHHs (npasas —
no ceoitctey 1°). Oba pewehna npu £ = 0 npoxogar yepes
OOHY TOUKY ¢ = qo(tl,p). ITo TeopeMe EAMHCTBEHHOCTN OHM
COBMAAAIOT TIpH BCeX i, n

e

7° Dynkuma (I, p) HenpepuBHA MO0 COBOKYIMHOCTH MEPEMEHHEIX
{310 cneayer M3 Teopemu 7 §7),

8° MycTe Bee peweHna cucTemid (2) onpencacHu npu —oo < ¢ < 00
H X 3HaYeHHA z(t) 3ancnnAT MuoxecTeo P, Toraa npu moGoM NOcToaH-
HoM p € P 1 nepemesHoM ¢ Touka z = @(t, p) npoberaet TpackTopuo. Mpu
moGom nocrosnuoM ¢ € R! u nepemennom p dbyukuna @(t, p) onpeaenser
HenpephiBHOe oTolpaxeHHe MHOKecTBa P Ha celist, 3apHciLIee OT NapaMeTpa
t € R1, D10 oTO6paXEHHE HAIMBACTCA COGUZOM O MPACKIMOPUAM 32 BDCMS L.

CemeficTRo TakHX OTOOpaXeHHIl COBHTA COCTARNAET OAHOMAPDAMETPH-
YECKYID KOMMYTATHEHYIO TDYNNY © TPYNNOBoil onepauued, onpeaenseMon
nepok YacTHI0 papeHeTBa {6) (TocnenopaTenbHoe BHNONMHEHHE NBYX oTobpa-
XKeHKH H3 JaHHOTO CeMeflcTPa eCTh TAKKE OTOOpaXeHNE, MPHHALTEKALICE
cemeRcTey).

Hornazemenscmeo, KOMMYTATUBHOCTE M aCCOUHATHBHOCTE IPYNNOBOL
onepauny cnesyer u3 (6). EAMHAUA rPYNNB €CTH TOXASCTBEHHOE OTO~
6paxenne ¢(0,p) = p, a obpatHoe orobpaxenue ana @(t,p) ects
(-t p). .

Ipynna orobpaxennit MmuoxecTsa P Ha cefa, obnanaoman ceoficTea-
M 6'-8°, HasuBasTCA JduHamimeckoll cucmemoi. JIMHaMUUecKHe CHCTEMb
MOTYT H3YYaThCA ¥ BHE CRBA3H C KOHKDETHHIM BHOOM AMdbepeHlnantHiIX
ypapHeHu#t {1), To €cTh TONLKO HA OCHOBE ITHX CBONCTE (Hanmpumep, [36],
raasel § u 6). PeaynbTarel, NONYMCHHLIC TAKHME aGCTPAKTHMMH METOAAMH,
PAa3BHBANHCH ¢ NPHENCUYCHHEM MOHATHH M3 ADYTHX OTACNOB MATEMATHKH
H MPHMEHATHCH K KOHKPETHHM 3a1adaM.
S e |
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§ 18, llowamue ycmoiivusocmu

§ 18. lloHaTHe ycTOMYMBOCTH

IE MareMaTHyecKad TeopHs YCTOHYHMBOCTH M3ydaeT NOBEACHUE
pemwieHH# cucreMn mHGpepeHUMANBHBIX YpasHEHUH TpH ¢ — 00.
OcHOBHOI! BOTIPOC: B KAKHX CITyJanX MOXHO YTBEPXKIATh, YTO pelle-
HME Mano MCHACTCH Ha BeeM GeCKOHEYHOM MHTepBane i, < ¢ < o
NpH MOOBIX JOCTATOMHO MANBX HIMEHEHMAX HAYANBHSIX YCIOBHIf
W yHKEHi, BXOIAMX B YPABHEHHs paccMaTpHBaeMoil CHCTEMEL,
Teopus yeroRUHBOCTH HMEET OONBLIOS IHAMCHHE B TEXHHKE, TaK Kak
B PEANBbHBIX 338a49aX HCXONHEE JAHHLIE, a YACTO K YPABHEHHA RBHKE-
Hus1 {HaNpUMep, M3-3a HEYYHTHBAEMEIX TOMeX) H3IBECTHH IWLIE (IPH-
GnuxeHHO. JRa cO3BaHMA MALIKHEL, CMIOCOBHOI BRINONHUTL Onpee-
NeHHyI0 paboty, He BCErda ROCTATOYHO KaueCTBEHHUIX DHIMYCCKUX
co0BpaxeHHit, B0 MHOTUX CIVYAAX HYXKEH MATEMATHYCCKII aHaus.

IepBbiM BAXHHIM TEXHHYSCKMM BONDPOCOM, PElISHHHM C IMO-
MOQWIBI0 TEOPKHH YCTOHYHBOCTY, GBUI BOMpOC OO YCHOBHAX paGOTEI
perynatopa Yarra. B u3obpercHHolt YarToM naposoil MaliHHe nMe-
eTCH MEXaZHUIM — UeHTPOOEXHHH perynarop, KOTOPHH AOMXeH
NMOAXEPXMBATL MOCTOAHHYI0O CKOPOCTE paGorHl MamuHH. Ho xor-
A3 CTIH CTPOWTS GONbIINEG MApOBHS MAWIWHE, PETVAATOP YaTTa
4aCcTO HE chapabBmsica ¢ paloroit. Pycckmit mHxedep Brimserpan-
CKMii, ¢TOOBL HARTH NPHYMHLL IIOXON PabOTH PETYNATOPA, COCTABMIL
cucreMy mudupepeHUNANEHBIX YpasHeHWH, onicHBawomyio pabory
napoBoi MaIMHE BMECTE C PETYASTOPOM, H HCCAENOBANT 3TY CHCTEMY
Ha ycroitunsocts (cM. {71, § 27). OH nonywmn ycrosus yeTofiausocTH
B BHAS OTPAaHMUYEHHIE HA KOHCTDYKTHBHEIC NMApaMeTpHl PeryisaTopa.
Perynaropel, H3rOTOBACHHLIC ¢ YYCTOM 3THX OTPaHKYeHMIE, paboramy
XOpOLLO,

B HacToAmiee Bpema B CBA3K ¢ ARTOMATH3ALMCH NPOM3BORCTRA
BCE LIHPE NPHMEHAIOTCA CHCTEMB ABTOMATHMECKOTO YIIDABACHUA, KO-
TOpHIC AOKHE 0GECTICYUTE paGoTy YNpapiaeMorg o6LeKTa B 3a0aH-
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fraga 4. ABMOROMKEGIe CUCITEMbI U YCMOLMUBOCTL

HOM pexnmMe. MateMarHueckoe HcCAemOBaHUHE YCTOHYHUBOCTH TAKHMX
CHCTEM CHIC Ha CTALMH MX NPOSKTHPOBAHKA YCKODACT M yIClleBns-
€T CO3AaHME TAKMX CHCTeM, TMO3BOAAA 3apaHee OTOPOCHTL MHOTrHe
HEroZHEE BAPHAHTHL,

BaxHasa pofib B CO3JAHHM M Pa3IBUTHHA TEOPHHM YCTOMYMBOCTH
NPHHALACKNT COBCTCKHM H DOCCHICKMM YMEHEIM, HAYHHAA ¢ OCHO-
BONOAOXHUKA 3108 Teopun A. M. Jlanyuosa.

lzl Ocroninie onpenenensa. PaccMaTpHBaeTCa CHCTEMA B BEKTOPHON.
JanmHcH

dz "

-5:!(3’5)’ T = M ' (7)

Ty

M ee yacTHoe pemeHHe = = @) (t, < ¢ < 00). Bexrop~dyHxums
f(t, ) nsce 31,./3:% OTpesie/ieKH M HeNPepRIBHH NpH |2—@(t)| < p,
ty <1 <00,

PewenHe ¢ = @(f) c HayaneHEM ycnosueM (1)) = 2, HasuBa-
erca yemoiiwuewim (WIH yemoiinuesim no JIanynoay), ecan xas moGoro
€ > 0 Haitnerca Takoe 6 > 0, yTO0 MM KaXAOLO TAKOIO Z,, 4TO
[#, — 24| < &, pemenue F(t) ¢ HayansruM yenosueM E(t,) = Z; npn
t; € ¢ < 0O CyIleCTBYET H

[B(t) - p()l <e (<t < 00). ®)

3TC 3HAYMT, ITO KAKIOES PeleHne ¢ HAYUILHBIM YCTOBHEM M3
§-OKpECTHOCTH TOYKH Z, MpH £ < ¢ < 00 CYIECTBYeT ¥ He BEIXOXUT
H3 €-TpyGKH, ochb KOTopoit — peweHue & = @(t) (puc. 12).

. PemeHne z = (1) HAIBIBACTCA acUMAMOMUMEcKU YCMOUNUGOM,
ecnu 1) ono ycroftuneo no JlanyHosy, 2) Bee pelleHus E(t) ¢ Ha-
YanTbHLIMI YCNOBUAMH F(fy) M3 HEKOTOPOH 8;-OKPECTHOCTH TOYKH
2, HEOTPaHMYCHO COMMXAIOTCA C pemeHneM & = (t) npu £ = +oo,
To ecth Z(t) — ¢(t) — 0 (£ — +o0).
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§ 18, Mowamue ycmoiivugocmu

o~y

Puc. 12

TpeGosanug 1) u 2) HesabucHMmu. U3 1) we cnemyer 2), Tak
KaK u3 Hepapenctsa (8) He cnenyer, yro F(t) — () — 0, a u3 2)
He cneayeT 1), cM. caemylolmii npuMep.

F-——========= S |
t Npumep 2. NYcTh AHHKK HA PHC. 13 W3chpawaoT TpaekTopwu |
: CHCTEMBI "
! X =pz.). Y=gy |
I dt > ¥ dt ¥ - '
b e v o e - — - -

Nycts dywkunn p, g wenpepuienw; p(0,0) = ¢(0,0) = 0, 3navnr,
z(t) = y(t) = 0 — «wynesoe» pewenme. Ha OAHON W3 KPUBHIX,
uayunx u3 Toukn (0, 0) Bneso, so3nmem Toukk B w D. Bopmen
ykena 0 < £ < |OD| m ckonb yroaHo mance § > 0. Pewenue Z(t),
F(t) ¢ navansuuim ycnoeMes B Touke B, newaueid na payre OD &
§-okpectHocTi Toukn O, uaet no ayre OBD. B touke D umeen
|OD| > €. Henbaa nogobpars takoro & > 0, 4ol pewenne u3 Toy-
K B ocTaBanocte B £-OKPeCTHOCTH HyneBoro pewedus. Nostomy
HYNIGBOE PEUIEHME HEYCTONYNBO.
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Tnasa 4. AsmONOMHIE CUCMEME U YCMOUYUSOCMS

Hanu4ue wnn OTCyT- y

CTBHE YCTORMMBOCTH He 3a-
BMCHT OT BHGOpa Havane-
HOMO MOMENT2 £;. B camom
Aene, NycTb NPH HA4aNb-
HOM MOMEHTE £, pewenwe

= p(t) ycroitumeo, 10 z
ectb U3 |E(2,) —p(t ) <&
cnefyet HepaseHcTso (8).
NycTs HavanoHbiA MOMEHT
t, >t (mm ¢, < ) n Puc. 13
1Z(¢,) — w(t,)| < n. Ecm
7} ROCTATOMHO Mang, TO M3 3TOT0 HEPABEHCTEBA B CHAY HENPEPLIBHON
33BHCHMOCTH PEWEHNA OT HA4aNbHBIX YCNOBHH CefilyeT HEepaBeHCTeo
|Z(t) — @(t)| < 6 wa ompeske ¢ wonuamw ¢, a i,, a ovcopa —
HepaBeHCTBO (8). To eCTb M NPWU HAYAALHOM MOMeHTe #, pelleHue
z = @(t) ycroiuneo. <

HUccnegopanie yeroitunpoctn noboro pewieHus z = @(t) cucte-
MH (7) MOXHO NPHBECTU K HMCCNICAOBAHHIO YCTONRYHBOCTH HYJIEBOTO
pewesus xpyroft cucreMel. i storo B (7) Aenaercd 3aMeHa UCKO-
Molt dyskumme z = (1) + y. Honyyaerca cucrema ¢'(t) + y'(2) =
J(t, o(€) + y). Tak kak = = p(l) — pewenne cuctemst (7), To
¢'(t) = £(2, (), v Me1 NMeeM

v =1t o) +9) - St (). 0

Pemesine z = (f) cucremnl (7) mpu Takol 3ameHe nepexomuT
B penieHue y = 0 cuctemsl (9). YCTOHUMBOCTS (WM KEYCTOAYHBOCTB)
pEllieHUA TIpH 3TOM COXPaHAETCHA, TAK KaK paauoc-n, Z(t) — ¢(t)
MepexoanT B paBHyio el pasHocts H(t) — 0.

162



§ 18. fonamue ycmoiiyusocmu

VCTORMMBOCTE HYNEBOTO PEWIEHHA CHCTEMB (9) 03HAauaeT, 4TO
u3 |§(2,)] < & caenyer |F(¢)| < e npu ¢; < ¢ < 0.

[g Hcenepopatt yeTOKYMBOCTE, MOAB3IYACE AKIMB ONpelencHMs-
MH, MOXHO TOMLKO TOTAA, KOTAA YAAeTCS HAWNTH B TOM HJIM HHOM
pulIe OOItee pelueHUe HAHHOH CHCTEMBE WM KOTAA YOASTCR BLHIAC-
HHUTBb TaKK¢ CBOICTBA pelleHHH, KaK OrpaHHYeHHOCTh, BOIPACTAHHS
H yORIBAHUE,

re T T T T T T T T T TS T T TSI T ST ST E TS A
I Npumep 3. YCTOHYHBO AW HyReBOE pelieHWe YpaBHEeHUA I
| |
1 ‘_!2 —_— 24 |
I dt I
L e e e e e e e e e e, —,———m—— = = —— _I

Pewenue npumepa, 06uee pewenne y = 1/{t + ¢), ¢ = const;
y = 0 — Tome pewenwe, U3 voro, yio y{t) — O npu ¢ — oo,

owuboyHo Buno Om fenats Bu- A
801 06 YCTOAYHBOCTM HYAEBOrO pe-
wedua. [inA yCTOMYMBOCTH Hyne- y
80T0 PpeWweHHA HWapo, ytobul M3 | I
|4(0)] < & creporano 6w ' :
)| <e —_—
(8l 0 o : .
npu 0 <t < ool
i |
Mpu y(0) > O pewenns y6u- \ l |
BAOT W CTPEMATCA K Hynw, Mpu Puc. 14

%(0) < 0 pewenns yGHBIIOT  Me-
10T BEPTHUKANLHLIE ACHMITOTH (pKc. 14), TO eCThb He yYRoBAETBOPAIOT
ycnosuio (10). flo3ToMy Hynesoe peweHHe HeyCTOHYMBO.

Rpyroit cnocob. fina pewenna ¢ ¥(0) = y, w3 dopuyny y =
1/(t + ¢) nonysaem ¢ = 1/y,, ¥(t) = y,/(ty, + I). Ana nwboro

163



faasa 4. AsmoHoMNIble ClicmeMbi U yCmodyueocms

Yo < 0 nneen ty,+1 =0nput = —1/y, > 0, nostomy y(t) — —co

npi £ — —1/y, — 0. Hyneeoe pewenne neycToAumBo, «
|ttt i e e -
I Npumep 4. YCTOHYMBO MM HYNEBOE PelIEHHE CHULTEMb [
I |
dz dy
! — - = — 7 |
] dt 4, dt z I
L e e == |

Pewenue npumepa. [lena BTOpOE ypaBHEHHE Ha Mepeoe, MONYYaeM
dy/dz = —z/(4y). O6iee peweHne 22+ 42 = c> 0. 3tn nu-
Huu — saauncel, Ecan 22(0) + 4%(0) < 62, 1o npu ¢ > 0 pewenne
2(t), y(t) naxoputca BHyTpM 3namnca @ + 4y’ = 462, onmucannoro
v4 okono kpyra 2 + ¢ = 82, Tax
KaK KpuBule, W3obpamawiyne pe-
WEHUA, He MepeceKanTes, To pe-
wenue 2(t), y(f) ocTaeTca BHYTPYU
3tore snAnMnca (puc. 15), IHauur,
W aHyTpH Kpyra 2° +y° = £,
& = 26, ONNCAHHOMD OKONO INAK-
nca. Hyneeoe pelleHWe YCTOWYM-
BO. ACHMATOTHYECHOH YCTOWYMBOCTM HET, TaK KAK KaMA0oe peuieHue
OCTAeTCA Ha cBOSM 3nnmnce 22 4 4y” = c M He CTPEMMTCA K Hynio
npu t — 00. L

Puc. 15

|| 3adayu Ona ynpaxwenud:
{12), § 15, Ne 884888, 890-892; § 24, N0 140-147.

Yoropsa yCTOHIHBOCTH AMA JHECHEON CHCTEMM C NOCTOAHAWMY
Koapdmumentamu. TIycTes B cucteme dz/dt = Az marpuua A umeer

COBCTBEHHBIE JHAYEHHA A , ..., A,.
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§ 18, Nowsmue yemolyueoemu

Teopema 2.

1) Ecnu sce Re A; < 0, mo Hynesoe peuienue acuMnmomuvecky
yemodvugo.

2) Ecnu ace ReX; < 0 u dns mex A, y xomopsix Re X; = 0,
5Ce MopOaHoss! kKnemKu pazmepa 1, mo Hynesoe pelwenue yemoi-
wu8o.

3) Ecru umeemcn A;, y komopoze ReA; > 0, usu y komopozo

Re X, = O u wopdarosa Knemka pasmepa = 2, mo Hynesoe
petltenue Heycmoiiguao,

HAoxazamensemso. TTo TeopeMe 16 § 14 moGoe pewieHue MMeeT
Bua (75) § 14, 10 ecTs B BeKTOPHO#! 3anHCH

z =P (6)e™ + ... + P, ()M, (11)

e ?}(t) — MHOTOMWJIeH CTeMmeHH He Bhbille kj -1, k_,- — paep
HanOonsmedl 13 XOPAAHOBEIX KIETOK, COMEpXKaLIMX ,\j; Koad-
GHLMEHTH MHOTOWNCHOB — BeKTophi n3 R™. Tlpn A = a + B

P(t)e™ = P(t)e®(cos Bt +isin §t), |cosft +isinft = 1.

Ecnnt a < 0, To e — 0 (2 — 00) 1, KaK H3BECTHO U3 Kypca
MATEMATHYECKOTO aHAMH3a, 9’(t)e"‘ll ~ 0. l‘loa‘rouy\Q cAydae
1) Kaxnoe pemieH#e CTPEMKTCA K HYMO NpH £ — 00, 3HAYMT,
orpaHuycHo nMpH O £ & < oo, Torna u dyHzaMeHTanLHAA Ma-
ouua X(2), cronbus koropoit — pewenus, u X{(0) = E,
TOXe orpaHuvena, || X@)| €m (0Kt < o0), u || X()| = 0
(t — o0). dns nmoboro peenns umeem z(t) = X (t)=(0). Ilo-
atomy 3 |2(0)] < § = £/m caeayer |2(t)| < | X()II - [=(0)] < ¢
(0 < ¢ < ), kpome Toro, z(t) — ¢ npu ¢t - oo, Hynesoe
PelIeHHe ACHMNTOTHYESCKN YCTOUUMBO,

B cayuae 2) Te cnaraemute B (11), B koropsix Re A, <0,
orpanuueHs npi 0 < ¢ < 00, KaK B cayvae 1). Cnaraemuie
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Trasa 4, AsmoHOMHE CUCIEMSb! U YCIMOGHUBOCMS

¢ Re A_f = { HMEeoT MHOTQUIIEHB HYNEBOH CTeNeHM, TO eCThb
KOHCTAHTH, H TOX¢ OTPaHH4CHLL, ONaTh BCS PEICHHA OrpaHu-
YeHh, H B CHIY TeX XK€ OLEHOK, YTO BHIUE, HYMEBOS pClUCHHE
YCTOHUHBO.

B cmyyae 3) npH Hanuduu xotd 6K oaHoro A; = & + Fi

¢ @ > 0 umeerca pemenue puaa =(f) = ey e v —
COGCTREHHEIR BeKTOp ANA 2T0T0 A;. Tak Kak e = 0o (t — o0),

|e®*] = 1, 10 370 pemieHue HeorpaHmuenHo npu 0 < ¢ < oo,
Ecau Matpuua A seulectBeHHasa B § # 0, 10 pemeHne z(2)
KOMILUIeKCHOE, HO Re () ¥ Im z(t) — pelsecTBeHHEE peueHns,
H3 KOTOPHX XOTi. GOM ORHO HeorpaHHieHHO. Tlycts § > O moboe
u e = 6/(2jx(0)]). Torna mra pewenus z,(t) = ex(t) nmeem
|2, (0)| = 6/2; z,(t) neorpannverno npu 0 < ¢ < oo. Hynesoe
pelleHHe HeycToHIMBO. '
ECJ'IH)KEHCT/\J- cRe)h,->0,Hoecrb)tc ReA =10
M XopAaHOBoMk KNeTKo# pasMepa k 2 2, 10 U3 dopMya, Aal0uIMx
pemeHne cucreMul (73) § 14 ¢ xophaHoBoil kneTkol, ciemy-
T, 4TO CYIIECTBYeT pelleHne Buad y = P(f)e, rme P(t) —
MHOTOWNeH cTeneHd k — 1 2 1 co crapuiusm KoadwbuuHeHToM,
He paBHBIM HYMI0, TaK Kax 3aech [e™] = 1, To 310 pewmenue He-
OTPAHHYEHHO, M HY/IeBOE pellieKMe HeycToHunBOo, KaK bhime, H

3ameqanue, 3fect AOKIIAHA AOCTATOUHOCTL YCAOBMI Teopembl 2.
HeTpyaHo AOKA3aTh TaKwe ux HeOBXOAMMOCTD,

3a0avu dns ynpamnenud:
[12), § 24, Ne 156, 157.

| e

@ Kpome nonaTuit yeroliumeocTH a1 acumnroTidecxodt yerolbumeocTH,
0 KOTOPHX TOBODH/IOCH BHILE, BAA NPHAOKEHHH BAKHO NOHATHE ycmoii-
WUBOCU RP HOCMOARHO Oelicmeyiotqux eo3Myuienusx. Taxas yCTOHIHBOCTD
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§ 19. Hccnedosanue yemolisusocmu ¢ nomowsn tywiyul fanywoea

O3HAYACT, YTO NpH ‘o £ ¢ < 00 pELICHHE MAND MCHACTCA He TOALKO K3-33
MANHX HIMEHEHHl HAYaANbHEIX ycROBHN, HO H H3-3a moDLIX mocTaToMHO
MATLIX BHEUIHHX BO3neHCTBHl, HATIPHMEpP, NOMeX, ACACTBYIOIMX BCe BpeMsA
(341, §70).

Pemenne 2 = p(f) creremn (7) ¢ HavansHeM yomosuem p(t,) = 2,
HAIMBACTCA YCTOHYHBMM TIPH NOCTOAHHO ACHCTBYIOLUKX BOIMYILCHUWAX, 6CNH
ana mobore £ > O waltnyrea raxne § > 0 u g > 0, q'ronpnnmﬁux?r.'n
hit,z) € C Taknx, r0 [, - x,] < &, {h{t,z)| < 5 npn ¢ > t, |2l <e,
KAKIOC peuleHne z(t) 3aRauH

E = 16D +hT), () =F,

npH £, € ¢ < 00 CYIECTBYET H YAOBISTBOPRET HepaBeHCTBY (8).

Yenosdz, 00eCNEYHBAIOIIME ACHMITOTHYECKYIO YCTOHYHBOCTB, YacTo
ofecnenuBaloT H YCTOHYHBOCTE NP MOCTOAHHD ACHCTBYIOMIMX BO3MYILICHH-
sx. TAKHM SABIACTCA, B YACTHOCTH, yCloBHe 1) Teopemu 2.

L ]

§ 19. UccnepoBanme YCTORUMBOCTI
¢ nomolbio pyHKUKMK JianyHoBa

IE INMpoussonxoit dyHkumu v(¢, £) B cuy JaHHOH CHCTEMBI

%‘ = f(t, ) (z€R", fER"), (12)
HaIHBaSTCA (BYHKUMA
dv 8v b0 v
atly, o * oz, it o, T )

tmevuf,..., [, asucarort, 2, ..., z,. Popmyna (13) nosponsier
HaliTi npOH3IBOAHYH0 CNOXHON dyHKUNR

v(t, z()) = v(t, z,(2),...,z,(),
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froea 4. Aemonomusie cucmems u yemoilyusocms -

rae xz(t) — moGoe pemenne cuctembl (12), He 3Hasd peiUeHMIL
cucTemul. [To Teopeme 0 nponasorHod croxnoi dyHKUHH

d 8v dv dz, v dz,
Eu(t,xl(t),. z,(t)) =— azl dt+"'+az,,'dt‘ (14)

Tax kak z{t) = (z,(2), ..., zn(t)) — pemenne cuctemn (12), To
de,/dt = f.(t,z,,...,%,) v cymma B (14) paeHa (13).

[2]

Teopema 3 (reopema JlanyHosa 06 YCTOAYHBOCTH).

fyems 2(t) = 0 — pewenue cucmemss (12), v nyems npu |e| < p
(p > 0) cywecmeyem dywryus v(z) € C', ydosnemsopmowan
yenosuam v(0) = 0, v(x) > 0 npu T # 0, dvfdt](lz) < 0. Toz0a
nyneeoe pewenue x(t) = 0 yemoiivuso.

Aokazamenscmeo. Boskmem moboe € > 0 u g; = min{s, p}.
Henpepsistan dyHxuma v(x) va muoxectee S(|z| = ¢,) nocru-
raeT B HeKOTOpO# Touke z* € § CBOEro HAMMEHBILETO 3HAYECHHUA
msin v(z) = v(z*). Tax xak v(z) > O Ha S, 10 ¥(z*) =m > 0.

@yukuus v(z) HenpepniBra, v(0) = ¢, noaTomy HailneTCH TAKOE
8> 0,uro v(z) < m npu |z] < 8.

Tpennonoxum, yro pemenne z(t) ¢ |&(t,)| < 6 nan cy-
LIECTBYET He Ha BceM MHTepsaie §; < ¢ < 00, WIH He OCTaeTcs
B obnactu |2| < £,. Torma B cuny creacTsus TeopeMH 4 § 6
Haillnetca Takoe ¢, > &, uro |2(t)] = ¢, |2(}] < €, npu
t, <t <t Torma v{z(t,)) < m, v(z(t,)) > m B cuny chiGopa
m H §. DT0 HEBOIMOXHO, TAK KaK

du(z(t)) - dv

—_ <0
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§ 19. Hccnedosanue yemolvusocmu ¢ noMows gyrkuui flanyrnoaa

w v(z(t)) He sospacraer. UTaK, NpeaAnonoxReHue HEBEPHO, H Te-
opeMa DoKa3aHa. [ ]

Teopema 4 (reopema Nianynosa o6 acUMNTOTHYECKOW YCTOWYNBO-
c). flycms ssinonrens ycnosun meopeMsbl 3 € 3amenoli nocneduezo
Hepasencmsa G dv/dtI(m < -wlz) <0 npu 0 < 2| € p;
gynxyus w(x) venpepsisna npu |zf < p. To2da Hynesoe pewenue
acumnmomuvyecku yemoiisuao.

Joxazamenscmao, W3 mpenniaynieit TeopeMu H e NOKA3ATENh-
CTBA CNEyeT, YTO HYNEBOE PEIICHHE YCTOAYHMBO M 4TO moGoe
pemenne 2(t) ¢ |2(¢)] < & ocraerca B mape |z| < &, npu
1y £ £ < 00. llokaxem, uyro z(f) — 0 npu ¢ — co.

B nporHBHOM cilyuyae HaWnMHCh O Takue 4mcna f > 0
ui,t,...— o0, uro |2{t,}] = 57 (i = 1,2,...). B 3aMKuy-
Tolt obractH % < [x] < &, umeem v(z) 2 p > 0, nosromy
viz(t,) 2 >0 (i =12,..). Ta xax dv/dtl(lz) <0, 0
v(z(t)) ne Bospactaer; mosToMy v(2(2)) > p mpu ecex ¢ > ¢,
(Ecnu 6 6610 v{z(t)) < g npu Hekoropom ¢, To Npw Beex ¢,
6nbMx 3100 £, ToXE GhUTo 6 2(2(t;)) < i, a 3TO MpOTHBO-
PEUHT NPEANONOKEHHIO. )

BossMem takoe §, > 0, uro v(z) < p B obnacmm x| < 4.
Pemienne x(t) He MOXET BOHTH B 3TY 0GNACTE, MOITOMY OCTaeTCA
B 3aMKHyTol obnactu 6, < |z| < ¢,. Tam w(z) 2 8 > O,
dv/dt| 12 < —B <0, nooromy

£
et ~ofett)= [ T ar < -ple-ty)— oo (t-c0),

h
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Tnasa 4. AsmoroMHiie cucmeNs! u ycmoLlivuaocms

Ho 9(z) 2 0. [poTHBOpeune NOKA3KBAET, YTO NPEAMONOXKEHNE
z(t) + 0 HenepHoO. [ ]

3amevasne, pu BLNOAHEHHW YCNOBWA 3TOH TEopeMmbl Hynemoe pe-
urenne GyAeT TAIKe YCTOWYHBLIM NPW NOCTORHHO ACHCTBYIOUMX BO3-
uywennax ([34], § 70).

A M. llanyHoB aokazan Gonee obmmpe TeopeM — ¢ yHk-
unelt v(f, ) smecTo v(z), yaosneTBopsaoleH HEKOTODHIM APYTHM
OrpaHHYEHHAM,

DOyuxuna v(z) unu v(l, T), NPUMEHAEMAn NIPH AOKA3ATENBCTEE
YCTORYHMBOCTH, HaspibacTCH gyaxuueli Janynoea. s KOHKPETHRIX
CHcTeM andxbepeHUManBHBIX YpaBHeHHHA ee noabupaTh Henelxo. Jna
HECNOXHBIX CUCTEM HHOTAA MOXHO Gpathk GyHKUMIO v(T) pasHOU
KBANPATy PAcCTOSHHA TOUKM & OT NONOXEHHS paBHOBecui. bBonmee
CHOXHKE npHeMH nmoabopa pyHkune JianyHopa oSEYHO He BKIIOYA-
10TCA B MporpaMMy Kypca guddepeRuHanbHHX ypaBHeHHH.

I Npuuep 5. YCTORYHED AN HYNepOE PelWISHME YP2BHEHWA I
t

| z =sing —x? I

Peweriue npumepa. Boabmew v = 2%, Torpa

d:

-£ =222 =2z(sinz —2) <0 (z#0).
No Teopene 4 HyneEOE pelIRHME ACHMNTOTHYECKM YCTOHYMBO. -
e A

vt e R EE . . EE EE AR A AL R N LG N A N EE Em O W EE Em e w e




§ 19. Hccnedosanue yemoilyusocmu ¢ nomoujsio dyswyull lanynosa

Peurexue npumepo. JIMHERHAR YaCTh CACTEMb UMEET MATPULY

= (1),

Bna nee A, = 0, A, = —1, cobcTeennue Bextopw v' = (i),

v’ = (l) pewar Ha npamuix ¥ — 2 = 0 uw ¢ = {}. Bosbmen
v=(y —2)? +y>. Toma
dy

| =2r- 2)y - ')+ 2yy' =

(15
=2y — z)(z - y — =) — 292°,

310 — MHOfOUNEH 2-i CTRNEHW OTHOCKTENBHO 1. YT06H CyanTs O ero
3HaKe, BLIAGNAEM NOAHKIA KBAApPaAT

dv '

—| =-2y-z+2) -2 - 2.

dt |os)
F70 MeHbIwe HynA & obnact [z] < 1, kpome Toukn (0, 0). No reope-
ME 4 HYNEBOEe PEWEHKE ACHMNTOTUYRCKK YCTORMHBO, -«

Anst cucteM upa dz/dt = f(z) (z € R") yacTo GriBaet yaobHee
BMECTO TEOPEMEl 4 NONB3IOBATECA CNeaylomei TeopeMolt,

Teopema 5 (E. A. Bap6awmnn, H. B. Kpacosckwi [20), Teopema
5.2). Nyems 8 (2) £ € C', f(0) = 0 v nycms npu || < p
(2 > 0) cywecmeyem maxas Qymyus v(z) € C', ymo v(0) = 0,
v(z) > 0(z # 0), dv/dt|,) <0, a nwowecmso N mex z, npu
HOMOpbixX dv/dthz) = (), He codepxum uenvix mpaexmopul, Kpome
z = 0. Jo20a nyneaoe pelienue acuMnmomusecKy yomoivuso,
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Tnasa 4. AsmonoMusie cucmeMs! it yemodvugocms

——

HAonazamensemag, TIpw JAHHBIX YCAOBAAX BONONHCHE TAKKS YCAOBHA
TeopeMbl 3, NOITOMY HYJICBOC PeLCHHE YCTOMMMBO M BCE DCIIEHAA C
2(G}| < & ocrawres B wape S(|z| < €). ¥ moboro Takoro pemeHns
z(t) mo Teopeme 1 cymecTeyer w-npeneasHoe MHOXecTso §I C S,
cocToses M3 uenwx Tpackropui. Oynkumsa v{z(t)) e solpacraer
# CYLIECTBYET ‘iug v(z{t)) = 1. Jlwbast Touka b €  ects limz(2)

AN HEXOTOPOH NMOCNENOBATENbHOCTH £, — 00. B cliy HenpepuBHOCTH
dynxunn v a3 z(t,) — b cnemyer v(b) = limeu(x(t,)) = 1. Touxa
b € © npousponsha, modToMy Ha {2 scway v(x) = I, B cuny Teope-
M 1 cymectsyer pemieHne z() € 0 ¢ £(0) = b. Torna v(z(2)) =1,
# Ha Tpaekropuu z{t)

dv| dv(z(2))

dt @ dt
3naauT, Tpaexropns z(t) conepxurcs B MHOXecTae N. Tak kak N
HE CONCPXHMT UENLX TpaeKTopul, KpoMe ToukH z = 0, TO z(t) =0,
b= 0. Tax kax b — noBas Touka U3 I, TO MHOXECTBO ) COCTOMT
H3 onHolt Toukw z = 0. 3Hauwy, Bee pewenns ¢ |2{0)] < § crpe-
MATCA K HYTIO NpH § — 00, K HYJACBOE DELICHHE ACHMNTOTHMECKH

=0,

yeroHiuneo. |
| |
: Npusep 7. Ypaenenue z" + ax’ + 2° = 0 ceonwTcs K cHcTeme :
I =y, y=-2"-ay (16) 1
I |
I Wconepyem, YCTOHUMEO M HYAEE0S PeIleHHEe CHCTEMU, I
L e e e e, e e == = = |

Pewsenue npumepa. B cnysae a = 0 w3 (16) cnepyes dy/dz = —z°/y,
247 + 2% = ¢. bepn v = 2y° +2*, nonyuaen d"/‘“lus) = 0. Mo Teopeme 3
HyNeBoe pelieHre YCTOHYMBO. ACHNNTOTHYECKOR YCTORMHBOCTH HeT, TaK KaK
pna nwboro wewynesoro pewenns z(f), y(f) wmeem 2°(2) + 2*(t) =
const — O npu & — co,
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§ 19. Hccnedoaghue yempiiqusocmu © noMowsio hyHkyul anyHoea

B cnyvae a > 0 Gepem Towe v = 2% + 2*, Torna
dv

dt (16)

PaBeHCTBO AOCTMraeTCH TOMLHO Ha NpAMoR Y = (. Ha 310/l npaMOR MMeen
¥ = =27 # 0 npu 2 # 0. CnegoBatentHo, Bce pellleHis, NPOXOAILME
yepes TOMKM NPAMCH ¥ = 0, KpoMe HyNEBOro PELICHUA, TYT JKe CXOART C Hea.
Mo teopeme 5 Hyneeoe pelieHHe ACHHNTOTHNECHH YCTOHYHBO.

B cayvae a < 0 cucrema (16) aamenoi t w y Ha —£ W —y ceoguTCH
% cucteme &' = g, ¢ = —2° + ay, ommsaoueiica o1 (16) ToALKO IHakoM
nepefl a. (10 JOKAIAHHOMY, Bt PEWEHWA 3TOH HOBOW CHCTEMbl W3 HEKGTOPOW
obnac z° + y* < p® crpematca K Hynio npu ¢ — 0o, 3uaumt, paa
cucTemul (16) pewieHuA cTpemMaTCa K Hynio npu £ — —00. B npumepe 2 Guino
NOKA3AHO, YTO NPY HANKYMK X0TR Gbl ORHOM pelWeHunn, CTPEHAWETOLA K HYRIO
npu £ — —00, HYNeEO: PeWeHHe HeyCTORYMED, -

Al
[3.]
Teopema 6 (Teopema Yeraesa of HeyCTOHYHBOCTH).
fiyeme z(t) = 0 — pewenue cucmems (12). Ayermy obnacms D -
npocmpancmaa & newum 6 uape S(|2| < €), a ee 2panuya T' =
T UL, 0 €Ty x| < & na Ly, |z| = £ na T,, muowecmao T,
Monem Goime nycmeM. flyems 8 D U T' cyuiecrmayem wenpepsigaian
dysxyun v(z), v{z) =0 #a Ty, a ¢ D umeem v € C', v(z) > 0,

dv/di| 4z = w(z) > 0 w wenpepuisua & D N T. Tozda uynesoe
peurenue cucmemst (12) weyemodivuso.

= —day’ 0.

Hoxazaomenscmee. TIpeaANonoXuM, 90 HYNCBOE PelCHKE YCTOIM-
yuBo. Torna Hatinercs Takoe § > 0, yro moboe pewenmne z(t)
¢ HaYanbHBIM ycnoeueM Z{t,) € D, |x(ly)| < 6, ocraercs B mape
8 npu t; <t < oo. Moxa =z(t) € D, umeem de(x())/dt > 0,
auaunt, v{z(l)) sospacraer u wv{z(?)) > v(z(t,)) = v, > 0.
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Inasa 4. Asmowomnse cucmemsl U yemoduusocms

Ta yacts Dy muoxecrsa D UT, rae u(z) 2 Y — OTPaHNYeH-
HOE 3aMKHYTOE MHOXECTBO (B €r0 NpeAC/NbHHX TOYKAX MMeeM
ToXe & € DUT, v(z) 2 v, BereaCTBHE HEMPEPHBHOCTH v(x)).
Penterne x(t) He Moxer priittit u3 Dy, u6o na Ty v(z) =0,
a na [, pemenne ne nomamaer, Taxk Kak [z(t)] < €. Ha D,
umeem wiz) = 8 > 0,

So(e(t) > () 2, vla(t) - olalte)) 2 Bt —t) — o0

{t — o0).

BT0 NPOTBOPESYNT OrpaHUYeHHOCTH dyHKumn v(z) B D,. Cne-
AOBATEABHO, HY/EBOE PEUIEHNE HEYCTOHUHBO.

_____________________________ -
I MNpumep 8. YCTOR4YMBO NN HyNeBOE PeLIEHHE CUCTEMB I
I |
) g =az+bdy—-¢, ¥y =cxt+dy-z’ an I
1 |
I (a! bcd> 0)? i
b e e e e e e e e — 4

Pewenue npumepa. Npn manux 2, ¥ B 1-i yeteeptd umeen =’ > 0,
¥ > 0, aHaumuT, TaM pewenna ypanswotea ot Touks (0, 0). Bosbmen
v=zy B obracn D (2 >0,y > 0,2 +¢* < &%). Torma

dv .
5| =ay+ay =azyrdy’ -y +a’ +day-2 = wiz,y).

an

Mpu manom € 0 < 2 < g, 0 < gy < £ CyMMa NOAYEPKHYTHIX HNEHOB
nonoxntensa, nostomy & D wiz,y) > 0. Mo reopeme 6 nynesoe
peweHKe HeYCTORUNEBD, -

3adavu ong ynpaxnenud:
[12], § 15, N2 923-930.
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§ 20. Yemoiiuuaocms no nepaoMy npubauxesiuo

e———]

Beneacteue TpyAHOCTel npH noabope dyHKunK JHINYHOBA BO3HHKAET
BOMPOC O CF CYIIECTBOBAHUH — BONPOC, KOTAa MOXHO NBITATECA MON0HpaTe
dyuxumo v(z) win ©(f, 2), yIoBIETBOPSIOWYIO YCIOBHAM TeopeM 3 u 4
{nau nomoGHLIX TeopeM), a xorna Her. Macoepa Aoxazan, YTO IS CHCTEM
pusa 2’ = f(2), 2 € R®, B OKpeCcTHOCTH ACHMITTOTHYECKH YCTORYMBOTO
NIONOXKEHHA PABHOBECHS BCeraa cyutecrsyer dyrxusis JianyHosa v(z), a win
cuctem z' = f(t, ) ¢ nepuommueckoit no ¢ gynknueli § — nepuonMueckas
dbynkuns Jiamynosa vit,z) ([34], §73). Ana ycroliumroro nosoxeHus
pasnopecus cucTeMu @ = f{¢, z) cymecteyer dynxuua Jamynosa v{t, z)
(128), mn. 4, §9), a dyuxuma v(z) MoXeT He CYIMRCTBOBATE AAXE LI CHCTEMES
' = f(z) ({32], ep.57).
Oamaxo He cywecTByeT 00N MeTonoE noctpoeHuA dynkunm JlanyHo-
Ba B CYYAIX, KOTAA PEWEHHS CHCTEMbE HEW3BECTHRL A HYKI NpUAOKEHUH
pa3pabaThiBANHCE METOAM NocTpoeHis Gyuxunii JIANyHOBA IS OTRCABHBIX
KNaccoB CHETeM, Hanpumep, B [21].
il

§ 20. VcToiuMBOCTb NoO nepeoMy NpUGAMKeHNIO

El B Teopeme 2 OLITH NMONTYYSHE! YCIOBHA ACHMITOTHYCCKON YCTOA-
YHBOCTH ¥ YCAOBHA HEYCTONYMBOCTH ONSI AHHEKHOH CUCTEMB C 1O~
CTOAHHHMHE mad:dmunémaun ' = Az. Caexyromas Teopema 7
YTBEpXKAAET, 4TO & cayyae max Re A, # ( 3t ycnoBMA NMpPHrogHb
M s HenuuelHol cucremu z' = Az + (t, &), rne A — nocToAH-
Haa MaTpHua, jp(2, )| < *(2) = o{|z]) npu = — 0.

K Taxomy BHAY NMpPHBOIATCA W MHOrWe apyrue cucremul, Ilycrs
T=23=(Z,p,.-.,Tpy) — NONOKEHNE PaBHOBECHA CHCTEMB Z' = f(x)
(z € R"), 10 ects f(z,) = 0. Paznarass f(z) BGAM3M TOYKM Z = Z,
no ¢opmyne TelAnopa A0 4ieHOB NEPROrO NOPAIKA MAAOCTH, IONY-
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frasa 4. Asmonomusie cucmemst u yomodvusocme

YaeM CHCTEMY
9}; = ﬂil(xl - 310) + e + G.-n({cn - 2}'“0) +§¢'-(:B), " = l, ey ﬂ,

rhe 6;; = 8}1/8zj|==3‘, w(z) = o(jz — z,|) npn = — z,. Ieperocs
HAYaNno KOOPIMHAT B TOYKY T, 3aMEHOH 2 = T, + §, NoOAyYaeM
(B BeKTOpHON 3anuCH)

¥ =Ay+o)y), ely)=olly) nem y—0,

Marpuua A = (@;;); u;, . s 8;; CM- BBILE. B Gonee obmem ciryyae,
xorma MaTpHua A 3aBHCHT ot t, TeopemMa 7 He IPHMEHHMA,

2]

Teopema 7 (06 ycroitwusoctu no neppomy npubammennw). Pac-
CHOMPUM CLCMEMY

o = Az +o(t,z), z€R" (18)
flyems npu ¢ > 0, |z| < py dymiuus ¢ € C, jplt, z)| < y(2)izl,
¥(z) — 0(z — 0).

- 1) Ecau mampuya A umeem ace Re A; < 0, mo Hynesoe peuienue
acuMnmomuyecku yemoiuugo.

2} Ecau mompuya A umeem XomA 6bi 000 A ¢ Re A > 0, mo
HynesoE petuenue Heycmotuugo.

3) B «xpumuyeckoms cayyae, mo ecme Ko2da max Re Aj =0, #o-
Auvue YOmoiuisoCmY Ul HEYCMOIYUBOCMU 308UCUM He MONLKOC
om Mampuust A, no u om @ysryuu p(t, z).

Hoxazamenscrmao. JokaxeM TeopeMy B Cayyae, KOraa BCe
Re )tj <0.

OueHnM cronbun MaTpuubl €4, Dra matpnua — Gyn-
AaMCHTANBHAA ANA CHCTeMH ¥ = Ay, ee cronbun ¢'(2),...,
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§ 20. Yemoluusocms no nepsomy npubaumenuo

$¥" () — pewenun sroll cucremu, Kaxnoe pelieHHe HMeeT
eux (11). Mycrs @ > 0 Takoe, yTo Bee Red; < —a < 0. Torna
Red; +a < —p < 0w Beex j; @(t) ~— MHOIrowIeH, No-

ITOMY ]9" (t)e(‘\""")‘l < |§’(t)/e-"‘| - 0 npn ¢ — oo, 3HaumT,
|9"’,(t)c(“’+“)‘| <¢ (0t <o),
[?}(t)e*ﬂ = [é‘}(t)e-“‘f"'“)‘[e"“‘ £ cjc"‘“
IMoaToMy npH HEKOTOPOM ¢ =I const UMeeM ohemcy
W) <ce™ (k=1,...,n). (19)

Pyakumio JisnyHosa BO3EMEM B Bige
- m .
v(z) = f le" Az d7. (20$)
)

PemicHHe CHCTEMH ' = Ay ¢ HayanbHRIM yerobreM y(0) = z =
()5, 2,)T ecmo
sy =ez=2 ') +... +2,9"1),

TaK kax ¥ (t) — pewenmue, y xotoporo ¥*(0) ects k-it cron6eu
eAMHUYHOK MaTpHUH, [ToaTomy

ez’ = |y(r)* =y-y= de,(r) 2z, dy(r)=9 ().

I,J-—

B cuny (19) |d;;(7)| < e, Tonbsysice 3muM, 13 (20) nony-
yseM

v(z) = Z b, b= ‘/d‘j(f) dr =b,. (21)
iJy=I )
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fAGea 4. ASMOHOMHEIC CUCINEMS! U YCMOTHUBOLME

B cuny oueHxy (yHkumit d;;(T) MHTErDAAH OT HUX, 2 3HAUNT
u urrerpan s (20), cxonsres,
Haiinem dv/dé B ciiny cucTeMit y’ = Ay. Hmeem

e y(f) — pewenue cucremu §' = Ay € HAYAIBHLIM YCAOBHEM
y(0) = =, 10 ecTh y(t) = ¢4z, MoaKHTErPANEHOE HEpPAXCHHE
pasHo |e" etz = [elr g2, Mepexons oT 7 K 8 = 7+,
nomy4aeM, 4To Bhpaxerue (22) pasHo

d ad
% ] le*4z|! ds
1

Teneps HatineM dv/dt B ciny cucremsl (18)

()
dt

dv{z)|
dt !'=Av

, @)
=0

= —,IetAEII

= ~fzf’. (23)

t=0

= (grad v(z)) - (AZ + p(t, 2)) =
(2)

= (grad v(z)) - Az + (grad v(z)) - 9(¢, 7).
Tepnoe caaraemoe B cyny (13) ecs dv/dt| ot gz JHAYHT, PABHO
BhtpaxeHH0o (22) 1 (23),
OuenrM BTopoe. U3 (21) TNONY4AEM, TIONBIYACH HEPABEH-
creoM Komy (§4) i cunran Ib.-l <b, 5,i=1,...,n,

dy 2 dﬂ i w3
i=1

' J“l j=l

n 2
prado(@)? =3 (jz—”‘) <tz loft, 2)| < 7).
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§ 26. Ycmoiyusocms no nepsoMy npubnukenus

IMoaromy

do(z)
@ g

1
< =zl + 2mlz| - (2| < -3l

B 70l obmact, rae ¥(z) < 1/(4bn). Kpome Ttoro, u3 (20)
umeeM v(0) = 0, v(z) > 0 npn & # 0. Cnenosatensuo, v(z) —
$yuxuua Jamyxwoea ana cucremsl (18), M Hy/IEBOE peuIcHHe
ACHMIITOTHYECKH YCTORYHBO 11O TeopeMe 4.

JokasaTenbCTBO yrBepxaeHns 2) (o HeycToNYHBOCTH) He
BXOAMT B nporpaMMy Kypca. OHO WMeercs, HanpuMep, B [28],
c1p. 262-264. :

V1eepxkaeHue 3} 0 KPUTHYECKHX CAYYasX NOATBEPXAaeTCH
npHMepoM 10, [ |

I MNMpumep 9. Npn Kakux Inavenunax napametpa a € R nynesoe -:
: peweHne CucTemyl :
: 2 =z+(2-a)y, :
: y’=ox:t:-33,.f-‘|-(::.2—2a—3)z2 (24) :
E_ ACHMNTOTHYECKH YCTOHUMBO? YCTOAYMBO? HEYCTORYMBO? _E

Pewenue npumepa. COCTABNARM xapakTepUCTHYECKOE ypaBHenue pna

AMHEHNON YACTH CHCTEMH

1=-A 2—a
a -3-2A

=0, M+2A+a’-2e-3=0.

No Teopeme Bueta

Al+’\2=—2<01 AI'A2=32-2G—3=(G—3)(G+l).
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fRaso 4. AsmoHoMusie cutmemsl i Yemoldsusocms

B 3aBMCHMOCTH OT 3HAYEHMA NAPAMETPA ¢ NONYHAEM

1) -1 < a <3, 1oraa A, - A, < 0, cywecreyer Kopeus A > 0.
Mo Tecpeme 7 iiynenoe pemeHUE HEYCTORYHBO.

2) a<—1 unu >3, Toma XA A, >0, Yunroean, 410 A+ A=
~2, nonyyaem fea chyvas. Ecam A, A, eewecteennme, Y0
A <0, A,<0; ecrn Ay, =atfi, 10 ReA ,=a=~1. B obo-
MX CAYYAAX HYNEBOE PEIEHUE ACHMNTOTHUYECKH YCTORYMBO NO Te-
opeme 7.

3) a=—1wum a=3, voraa A242A=0, A, =0, A,=—2. Kopuu
npoctuie, @ cuctema (24) nmnedHas. B cuny Teopemu 2 Hyne-
BOG pEWEHUE YCTOUMMBO, HO HE ACHMNTOTHYECKU U3-33 HANMYMA

kopHa A, =0. B
e et 1
I TMpumep 10. VCTOAYMBO NH HYNEBOS PEUIEHHE CHCTEMB t
| ¢
| =y-c’, v =-ba’-cy’? (25)
I S Jd

Pewenue npumepa. Npu b = € = ( cucTemMa Aunedna, A , = 0,
mophaHoea Knetka pasmepa 2. Mo reopeme 2 wyneeoe peuweHne He-
yCTOHUMBO. Mpu Opyrix b # ¢ HMEeM KPHTHHECHHE CoTyval, BOIMOXHKA

~ KaK YCTOUYMBOCTE, TaK H HEYCTORYMBOCT.

Mpu b > 0 BosuMem v = 2y* + bz, kax 8 npumepe 7. Toma
dvy $ 4
—_— = —4bex” —4cy .
dloy v
Ecom ¢ > 0, 1o dv/dt < 0 (|z] + ly| # 0). No veopeme 4 —
ACUMNTOTHYECKAA ycToRyueocTe. Echu e ¢ = 0, 10 dv/di = 0.
Mo Teopeme 3 YCTOAMMBOCTH, HO HE ACHMRTOTMMECKAR, TaK Kak
v(xz(t), y(t)) = const = 0.
NMpu b £ 0, ¢ £ 0 weycrodiywsocts — kak B Npumepe B,
v = 2y. -«
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§21. Ocobivie movxu

e

A, M. JIanynos fan METOAN HCCHEIOBAHAA YCTORYNBOCTH B OCHOBHBIX
KDHTHYECKHX CTyyanx, ¢M. [34], m. 4. O6 uccnenosanHAx OpyTHX XDHTHYCC-
KHX cAy4aes cM. [19], rn. 3.

TeopeMa 06 ycToHuYMBOCTH NoO nepsoMy npudmoxkenuHo oboGmanack
B Pa3HBIX HaNpaBACHHAX, B YACTHOCTH, Ha caydail, KOrga CHCTEMAa RepBoOro
NPBGMXKEHHA MMEET HE MOCTOAHHHE, 3 nepHomideckie KodpdHuHeHTH
([28], tn.4, §12).

B pawiH4HIX paborax oueH#BaAnacs 06nacTs ycToHYHBOCTH — 0BNACTD
BO3MOKMBIX HAYANIBHBIX BOIMYWIEHWH, A8 KOTOPOH OTKNOHEHME pelleHus
Z(t) or p(t), em. (8), npu Beex £ 2 £, OCTALTCA OFPAHMYEHHIIM (WM CTpe-
MHTCA K HyA1o npK ¢ — 0o).

O YaCTOTHLIX MeToAax HCCACAOBAHHA YCToYMBOCTH ¢M. {27). Cnicox
Gonee NOAAHKX paGoT NO TEOPUH YCTORYUBOCTH HMeeTca B [35].

il

§ 21. Ocobble ToUKH

H3ayyaeTca pacnonoXeHHe TPaeKTOpHMit CHCTEMSL
| =az, +b2,, Ty =cz, +dz, (a,b,c,deR), (26)

B6AHan ocoGoii Touku (0, 0). PaccMaTpHeaercs Takke HenMHeliHas
CHCTeMa ABYX ypaBHEeHHH.

El Ana wccnenopaHua cucrembl (26) cHavana Hamo HaiiTk cob-
CTBEHHEIE 3HaYeHHS A;, X, H COGCTBEHHLIC BEKTODH MATPHUH A =

( 2 2) . BosMoXHH clenyiolne cayyan.

A. Yncna A, A, BEMIECTBEHHBI, PA3THYHE M OTIHYHBL OT HYJLL.
B 6a3uce M3 coBcTBEHHHX BEKTOPOR MATpHLA AHATOHANBHA, CHCTE-
Ma (26) npuBOAMTCA K BUAY

y; = '\lyir y; = '\291’ (27)
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fnasa 4. AsmOHOMHbIE CUCTNEMB! Ut YCmOLivueocms

H BMeey obulee pewicHue y, = cl ¢ ¥, = cle" ;¢ H e ~
TIPOM3BONBHEE TIOCTOAHHWE. HMckmovas i, noaydaeM ypasHeHMe
TpacKTOpHit

iz
A
¥ =Q(%—i—) ‘ (mpu ¢,#0) u y, =0 (npu ¢, =0). (28)

Ecan A, ¥ A, OEHOTO 3HaKa, TO TPASKTOPHH CXOXHEL C AYraMi
napa6on, Xacawowmmuca ocu Oy, B Touke (0,0) (ecam |X,;] > (X[,
puc. 16 u 17), unu ocu Oy, (ecnu A, < |Al); KoopRMHATHBIE
NONYOCH TOXKE ARMFIOTCH TpaekTopuaMi, (Ocoban TouKA HASHIBAET-
¢ yarom. Tlo BCeM TPAaGKTODHAM NPOMCXOAMT IOBIXKEHME K TOYKE
(0,0), ecnm A, A, < O (yeroluuswlil yaen, puc. 16), u ot Hee, ecau
Aps Ay > 0 (neycroftuupniit yaen, puc, 17), Hanpasnenue apuxeus
YKA3LIBACTCH, CTPENKAMH Ha TPaeKTOPHAX,

y! yz .

Puc. 16 Puc. 17
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§21. Ocobise moynu

3

Ecnu xe Ay, A, pas-
HbIX 3HAKOB, TO TPACKTOPHH
(xpoMe HAYIMX MO KoOp-
AHHATHHIM TONAYOCAM) NO-
XOXKH Ha TrHnepbOnH, Tak
xak B cuny {(28) |y,| — oo
npu ¥, — 0 u y, — 0 npu
ly,| = oo {pHc. 18). Ocoban
TOMK& HA3LIBAETCHA cedioM.
Ceio BCEeEaa HEYCTOHYMBO,
T4K KaK OAHO u3 A; > 0.

Ecnu A, <0, X, > 0,
TO no obeHM RONOBUHAM
ocu Oy, mBMxeHHe Hampa-
BAEHO K TOuKe O, TaK XaK

-]

N a

Puc. 18

Y = cle“" ~ 0 (t = o0), a no oGenmM nonopuHaM ocH Oy, —

OT TouKH O, TaK K2K ¥, = C,€

hat, ;| = o0 (2 — o0).

B. Ecnu A = A, # 0, To MarpHila B XOPIAHOBOH ¢opme MO-
XeT GuTh AWaroHaANbLHON mnK HeT. B nepsoM cnyuae cHMcTeMa HMeeT

JyTpsiMBie C KOHUIOM B Touke (0, 0) (puc. 19}

‘lyz Bua (27) ¢ A, = ), nTpaekTopuy (28) — no-

Pue. 19

Benydae Ay = A, < 0. Ecmu A = A, > 0,
TO CTPEAKH — B ApYIYI0 cTopoHy, Ocobasa
VI TOMKA HA3KBACTCH JUKPLUIHUMECKUM VIIOM.
Bo BTOpPOM cyyae CHCTeMa HMMeeT BHA
¥ = Ay, + 4, ¥ = Ay,. Obmee pewenue
¥, = e, g, = e + o te™. Ypasuenns

TPacKTOpHI

¢ 1 Y
91=glyz+xﬂzlngz K oy=0

[y
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Tnaea 4. AsmonoMubie cucmems: i yCmoivusocms

Ocofas TOMKa Ha3RIBaeTCH swpowcdernsm yxom (puc. 20 B cmyvae
A < 0). Yanal ABYX NMOCHEAHHX THIOB, KAK ¥ PACCMOTPEHHLIE BRIl
YIIH € A # Ay, SIBIAIICA YCTOHYHBBLIMM, €CIM A, A, < 0, K He-
: YCTORYMBRIMH, €CiH A, A, > 0.
B COOTBETCTBUM C TUM CTABATCH
CTPENKH Ha TPASKTOPHSX.
B. Ecan A, =axpi, B#0,
Y1 To cOGCTBEHHBIC BEKTOPH KOM-
TUICKCHbIE, JIHHEHHO He3apHCH-
Mee (TaK Kak A, # A,). Iycts
w -— COOCTBEHHHIl BeXTOp AAA
Puc. 20 4\[ = a+ fi, 10 ectb Aw =
(o + fi)w. 3amensin Bce wucna,
BKIIOUAA KOODEMHATHL BEKTOpPAa 1w, HA COMNpSOKEHHBIE, Monyd4aeMm
A% = (a— §i)w, To eCTh W ~— COGCTBEHHHII BEKTOP ANA A, = a—Ji.
IMycts w = 1 + iv, e BEKTOPDH % M v — BemlecTBeHHNe, Torma
@ = u - iv. Bexropu v = (w + ©)/2 u v = (w — #)/(2{) nunei-
HO HE3aBHCHMBL, TAK KaK MOAYYATCA M3 w U i HEBRPOXICHHHM
AUHEHHBM NpeobpasoBaHHeM.
Bextop-dymkuusa z = ce®#y e ¢ — moGoe YHeIIo, ABNA-
eTca peweHnem cuctemut (26). MoncTanas ¢ = pe'?, w = u + i,
nonyyaem

z = pe® By | i) = (,() + iy, () (e + iv),
#,(t) = pe™ cos (Bt +0), y,(t) = pe™ sin (6t + 6).
MaTtpiua A -- BEIIECTBEHHAsl, MO3TOMY pelIeHHeM CHCTeMBI (26)
sBisercs Takxe Rez = up, (f) ~ vy,(t). BemectsenHoe pemeHue
Rez B peuecTeeHHoM Gasuce 4, —v HmeeT KoopAuHate y,(2),
¥,(2), oM. (29). Mepexoaa K MOMAAPHKIM KOOPAHHATAM T, P, TO €CTb
nosiarad §, = r €os i, Y, = T Sin o, NOAYYaeM
r= pems = ﬂt + 0) (30)

(29)
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§21. Ocoble movku

rae p = 0 u & — npouzBoneHbe TIocTosHHEE. Popmyna (30) maet
¢¢e BEIIECTBEHHBbE PEIEHMA, TAK KaK HauYalnbHasd TOYKA pelleHHs

$,(0) = pcosd, y,(0) = psiné ,,-,1
€CTh IIPOHIBANBHAA TOYKA MAOC-
KOCTH ¥, ¥,-

B cnyyae a = (, 10 eCTh
A, = +p4, Tpacxropun (30) —
OKPYXHOCTH r = const (puc, 21). /-

4 (AR
Ocotan sowa Hesecre e k\ JJJ W

B cayuae a # 0 TpaexTo-
pun (30) — norapubmnyecKue
CIUpanM

=Bt | Puc. 21
qa—alnp—i-ﬂ (0 < r < 00),

Acnaliuve HecKOHEYHO MHOTO O0OPOTOB BOKDYT HAaYyana KOOpPHAHHAT
(puc. 22). Ocobas Touka HasHBaeTCH doxyeom. POKYC YCTOHIMBHI,
KaK Ha pH<, 22, ecnn a < (), u HeycroltuuBui, ecn a > 0,

I. Ecan matpha A MMeeT OAHO WIH IBA COOCTBEHHBIX 3HaYe-
HusA, paBHKX HYJIO, TO €€ XopaaHoBa GopMa HMEET OBMH H3 TpeX

I () R € A (9]

Tak xax det A =0, 1o cucrema az, + bz, =0, cz| + dz, = 0 Hmeer
GeCKOHEYHO MHOTO peltieHHH, 3HAYKT, OCOBBIX TOUEK ¥ CHCTEMH (26)
OeCKOHEYHO MHOTO,

Cucrema ¢ Takoit MmaTpuuell aerko pewaerca. PUCYHKM 3iech
He NPUMBOMITCA, TAK KAK NpH MOGARICHUN B TAXYID CHCTEMY Cara-
eMBlX, MATBIX MO CPABHEHHIY C MHHEHHEIMH, KAPTHMHA TpAacKTODHH
ODEIYHO PE3KO MeHAeTCH.
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Inqga 4. ABmoHOMHbE CUCMeMbl U yemOUsoTmb

¥

Iz] PucyHku 16—22 u306paxalor TpaeKTOPHH B KOODAHHATAX ¥, , Y.
OHlM CBA3aHH CO CTAPHIMM KOODAMHATAMH Z,, T, NuHelHHIM npe-
obpasopanueM. Ha niockocti &, £, TPACKTODHH MOFYT MMETh, Ha-
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§21. Ocobuie movsu

NIpHUMED, Takoil BHA, KaK Ha puc, 23, Crpeaku MoryT 6KTh Hariparie-
Hil B TY HIH JAPYTYK CTOPOHY B 3ABHCHMOCTH OT HAHHOH CHCTEMH.

Y1oOH BHACHUTL PACHNIOXEHME TPACKTOpHi B KOOpRMHATax
z,, 2,, He HYXHO HaXOAHTk 3T0 npeobpasobaHie. Tun ocoboi TouKH
H € YCTONYUBOCTE HAK HEYCTOHYHBOCTE ONPEICASAIOTCA N0 COOCTBEH -
HBIM 3HAYCHUAM A, A, MaTpuu A. [TpamonuHeliHne Tpaekropun
BCETIA HMAYT MO HANpABNEHUAM COGCTBEHHBIX BEKTOPOB, & KPHMBHE
B cyyae yana ¢ A, # A, Kacaiores B Touke (0, 0) Toro coberpennoro
BEKTOpa, ¥ Kotoporo [A| MeHsue. B cayyae ¢doxyca Haflo B TOUKe
z, =1, 2, =0 (wm 2, =0, 2, = 1)} NOCTPOHTL BEKTOP CKOPOCTH
(=, #3). TpaexTOpHS, NPOXONAIIAA Yepe3 ITY TOUKY, KACAETCS B Heil
3TOr0 BexTopa, Janee oHa Xenaer OGOpOTH BOKPYF 0cob0il Touxu,
nproAXasce K Heft 8 cayyae YCTOHYHBOCTH KM YIALIACH B CNyqae
HEYCTONYHBOCTH,

Npumep 11. Mpyu KaKux 3HaueHwrax napamerpa a ocoban Touka
CHCTEMBI

TONBKO OjHA W RBNACTCA CepnoM? yanom? Grokycom? faTe yeprex

]
!
¥ =2r-4y, ¢ =az -6y, E
|
Tpaextophi npu a = 8. :

Peurenue npumepa. NMnuren ypasnenue Ang A, A, K €rd AUCKPHMH-
HaHT,

2=-A -4
a -6— A

Auckpumnnaut D = 64 — 16a. No teopemne Bueta

<0 npw a <3,
AM+A=—4 A A =4-12=4=0 npu a=3,
>0 npu a>3.

=A+4X+4a~12=0,
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fhasao 4. AsmoNoMubIe CuUCmeMs! U yecmotyugocms

>0 opn a<4, A, A, — BewecTBeHHHe Pa3nudHLIe,
D=< =0 npu a=4, Ap=d,=-2,
<0 npu a>4, A,X, — KOMRAGKCHLE.

Cneponparencho, npu a < 3 umeem A, - A, < 0, ocobas touka
cepno; apn g = 3 umeem A, = 0, A, = —4, ocobrix TO4eK MHOrQ;
npu 3 < a < 4 KOpHW BewecTeeHkue, X, - Ay > 0 — y3en (npk
4 = 4 BUPOXAEHHLIA, A| = A, = =~2), y3nu YCTOHYMBLIE, TaK
Kak A+ A, = —4 < 0; npu @ > 4 gopHr X[, A, KOMNAESKCHHE,
Re A = =2 < 0 — ycrodumentit Gokyc.
v Npu a = 8 umeen ' = 2z - 4y,
y' = 8z — 6y, ocobas Touka — YCTOH-
yueblit dokyc, B Touke 2z = 1, y = 0
umeem z' = 2, ¢ = 8, naumT, TpaeKTopHA
r Z w3 romm (1,0) npev cwavana B oBnacTy
y > 0, copepwaer 060poTH NPOTHE Yaco-
BOW CTpenky, npubanxance K touxe (0, 0)
Puc, 24 BCARACTAME YCTORYMBOLTH (PHC. 24), o

3amevanue. VHTErpanbHble KPHBLIE YPanHeHKs

dy cx+dy

dz oz +by
ABARIOTCR TPAEKTOPHAMK CHCTEMM (26). YTobu uccaeposars 310 ypae-
HEHME, HAN0 WCCNEeNOBaTL CHCTEMY (26) M HEe BKNIONATL B OKOHYaTeNb-

HHe BHBOAG 3asn04enun 06 ycroiyHBoCTM (MAW HeycTOHWMBOCTH)
M O HANPABAGHKH [IEMHEHHA NO TPIEKTOPHAM,

3adavyu dns ynpaxrenul:
[12], § 16, N2961-980; § 25, N2 161-173,

@ JAnsa aETOHOMHOH CHCTEME
3; =f1(931-3:)a 3; =fz(¢|s32) (31)
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§21. Ocobsie movxu

KOOPOMHATH OCOOHX TOYEK ONPEACAsIOTCA K3 YpaBHeHH

f[(Pp?z} =0, fz(PpPg) =90.

Jins ucenemopanmns ocoBoit ToukH (p,, p,) HaNO MEPEHECTH B Hee
HaYano KOODAMHAT 3aMmeHOl &, = p, + ¥,, &, = P, + ¥, H Bhille-
MUTH THHEAKHE 1O ¥y, ¥, WIEHH, HANPHUMeEp, C NOMOLIELI0 POPMYARL
Teitnopa. TlomyuaeTca cucTema

Y=oy +by+ouy). (a b)=(_8_fi)
B=cy +dy + 0,3, 1), c d 0z; /=12

$p @, =0fr) npu r=+/yl+y;—0.

MaTpuuy A MOXHO HaifTh u3 (32), He MOAB3YACH 3aMEHON &, =P, +¥;,
a YC/IOBHME Ha {p; BHINONHEHO, ecnut f, £, € C2 B (31).

=P,
*1=h

(32)

Teopema 8. Ecnu Ons mompuysl A umeem Red; £ 0, § = 1,2
(a 8 caywae A, = Ay ewte @, p, = O(r'*%), £ > 0, unv & (31)
115 12 € C?), mo ocoban mouxa (0, 0) cucmemsi (32) umeem mom e
mun, umo dns cucmemst (26) ¢ memu we a,b,c,d. fMpu 3mom
COXpaHAIOMCA Hanpasnedus nodxoda mpaexmopuii k¥ ocobold moyxe
(HO nNpRMOAUHEIHbIE MPAEKMOPUL MO2YM 3AMEHUMBCA KDUBHIMUY,
HONPASAEHUR 3AKPYNUBANUR U YCMOUYUBOCM S,

HokazatenscTeo HenmpocToe, oM. {7], § 30, ono B mporpammy
He BXOIMT.

3adayu Onp ynpaxHenuis:
[12], & 16, N2 981-992; §25, N2 175, 176, 182, 183.
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frasa 4. Asmonomuuie cuCmeMsd U yemolyusocms

[ = A

H3pecTHM METOAL, MOIBWLAKLINE HCCACIOBATL 0CO0BE ToMKH Gonee
CROXHMX CHCTEM, B YACTHOCTH, cHcteM BHoa 2’ = P(2,¥), ¥ = Q(z, 3),
rae P, — anre6panvecKie MHOTOWICHK MAM CXOAALUHECH B OKPECTHOCTH
ocoGoi Touku (0,0) crenernsie pans {[14]; [19], rn. 5; [16], § 20-22).

Hiydenu ycnopHs, npi KOTOPBIX cMcTeMy Buaa (32) B OKpeCTHOCTH
ocobok ToukH (0, () MOXHO ADHBESTH K MHUHeiiHol CHCTEME © TTOMOIILID
mudwpepeHLIpyeMoro npeolpasoBanis KOOPAUMHAT (CM., B yacTHocTH, [2,
oL 6, §8). Mayyanuchk HOpMANLHEE GOPMB, X KOTODHM MOXHO NPHBECTH
CHCTEMY B TEX CNYYasdX, KOTAA OHA He MPUBOAMTCA K NHHEHHOH cUcTeMe
([19], rn.5; 2], r.8).

Idna ocobux touek cucteM = = Az +¢(z), 2 € R*, n 2 2,
p(z) = O(lz?) (z = 0) mydanuch MHOXeCTsa perienwH, CTPEMALLNXCS
& ocoboit Touke NpH £ — o0 Wik npu § — —o¢. Umeres Métonw, noseo-
AKOUINE NOAYMKTE NPHEAHKEHHEE NPEACTARNCHIA TAKMX pelennir [25).

el

§ 22. MpepenvHble YUKALI

@ 3aMKHYTHE TpPACKTOPHH ABTOHOMHEIX CHCTEM HA ILFOCKOCTH
Yanle BCero OHBAKOT A8YX THNOB.

A. HMmeeTcs GecKOHEYHOE MHOXECTBO 3aMKHYTHIX TPacKTOpHEd,
BIOXCHHNX EPYT B OPYra M 3aNOJNHAIOLWNMX HEKOTOPY O0nacTe.
IMpuMep: TpacKTOpHH BOAK3IH OCOGOR TOUKM THIA LEHTD.

B. OT1acnbHBE 3aMKHYTHIC TPACKTOPHHM, K KOTOPHM Bece Gnmn3-
KHE TPaeKTOPHH HeorpaHHJYeHHO NpHGMxaleTes (HeolGA3ATENHEHO
MOHOTOHHO) NpH ¢ — +00 WiH ItpH { — —o0o. Takue 3aMKHYTHIE
TPAaCKTOPHH HAZHBANTCR NPedeabHuiMI KUKAGMU.

MNMpenenbHee UHKAN OHBAICT yemoldyuske — K KOTOPHM BCe
6nH3KHe TpaeKTOpHM npHORmkawres npu ¢ — +oo (puc. 25), He-
ycmoiiyugtie — K KOTOPHM TPACKTOPHM MpHOAHXaoTea npH £ — —oco
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§ 22. Npedensuste yuxns

Puc. 25 Puc. 26

Puc. 27

(puc. 26), n noayycmoiituasie — Koraa ¢ OXHOH CTOPOHK OT LIHK/IA Tpa-
eXTOPHH npuGnmxaiorcda npd ¢ — +00, a ¢ Ipyrol — npu ¢ — —00
(puc. 27). Takum 06paloM, 30ech YCTOHUHBOCTD IOHHMAETCA B MHOM
cMEIChe, ueM B § 18,

Npumep 12. Cuctema (B NOASPHLIX KOOPAKHATaX)
f=c(l-7%), ¢=1 (meN)

MMEET 3aMKHYTYI0 TpaekToprio T = 1. B cnyyae ¢ > 0 v we-
wetHoro m 2> 1 B ofnacth 0 < r < 1 umeem ' > 0, r(1)

I
I
I
(
!
|
I
BOIpacTaeT, a B obnactw r > 1, wanpowms, r' < 0, r(t) :




frosa 4. AsmonoMnsie CiCmeNs! u yCmoluusocms

yowsaer. NMpu £ — +00 TpaexTopuu ¢ obeux CTOPOM Npu-
6AMKAITCA K OKPYMHOCTH £ = 1. OHa ABNAECTCA YCTOWYMBHIM
NPENEALHLIM UMKAOM. AHANOTMYHO NOKA3BIBALTCR, YTO B CAyvae
¢ < 0 uueweTHoro m 2 | unkn r = 1 HeycToMuKBLIA. B cayyae
¢ 7 0 ¥ Y4eTHOFO M 2> 2 HKN NOAYYCTOHYUMBLIA,

E’ IIpexenbHsie UHKAN ObIH oﬁﬁapyxeuu ITyaukape npu Hc-
CnenoBaHHH Hekotopeix RudbepeHUnanbHBX ypaBHeHuik. TMosnHee
l'l H " dbu3uky oGHApyXunu ¢u-

' 3MYECKHe CHCTEMH, B KO-
TOPHX YCTOHUMBLIE TEpH-

[—r— OFMYECKHe OBHXEHHA BO3-
e

. R HUKAOT 6€3 BoAeitcTeuA

M L C? MEPHOMMYECKOH BHEWIHEH

CHAH. DTH IBMXCHHA HA-

SHIBANOTCA A6MOKOAL0aNUR~
Mit, AL A, AHIpOHOB TTOKa-
3an, Y70 TAKHE CHCTEME
OIMHCHBAIOTCH angibepeH-
UHANLHBIMH YPABHEHHAMH, HMEWIUHMH YCTOHYMBEHE NpeRe/bHLIE
UMKABL. TEPUMEDPBI TAKHX CHMCTEM: YACH, NeHEPATOPH MCKTPHYECKHX
KojebaHUH BRICOKOH YaCTOTH, UMEIOUIMECH B PANHONIePEIATYMKAX,

Ipocretimwmil xammonsi renepatop {puc. 28) cocTout W3 panuo-
JIAMITH ¢ HMTHIO HAKANA, aHOAOM M CeTKOM, Kone0areIbHOrO KOHTYPa
LCR, cea3aHHOIO HHOYKTHBHOCTRIO M © ceTkoit, aHonHo# GaTaped
 Gatapen Hakana. Cina ToKa I, NpOXonAmEero Yyepes COnpoTBicHNE
R ¥ xaTymiKy caMosHIYKUHH L, yrOBACTBOPACT YPABHEHHIO

Puc. 28

LCI + RCI - f(MI) + 1 =0 ( =—), (33)
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§22. fpedensuble uuxnel

rae f(v) — xapaKTepHCTHKA NaM- Al
nbi (pHe. 29), BHIpAXAOWas 3aBH-

CHMMOCTh CHAM AHoOOHoOro Tfoka I, -2 _

OT HATIpsKEeHMA v Ha ceTke., PyHK-

uns f(v) € C', sospactaer npm /—

v, <v <1y, f(v)=0(v<0v), 4/

f(ﬂ):fl = const (021’2). 0 :
3amena tVEC = 7, I(t) -

f(0) = z(7) npusoamt ypasne- Puc. 29
HHe (33) K Buay

dr

P =2y Sy~ 1 (2y) + 100

'+ Fe)+z=0 (z’ = E),
(34)

3nece F(0) = 0. Or ypaBHeHUs (34) MEPEXOAUM K CHCTEME
=y, ¥ =-z-Fy). (35)

TTonoxeHne pasHOBeCHs TONBKO oaHO: £ = ¥ = 0, To ecth I(2) =
F(0) = const., C noMowpio TeopeMbl 7 moay4aeM, 4To B CAyvae
F'(0) > 0 oHO acHMNITOTHYECKH ycToHYMBO, a 8 cnydae F'(0) < 0
HEeYCTOHYHBO.

3]

Teopema 9. Ecut F € C', F(0) = 0, F'(0) < 0, F(y) < k
(y<~b), Fly) 2 m >k (y 2 b > 0), mo cucmema (35) umeem
nepuoduyeckoe pewenue x(t) # const, y(t) # const. (B cayvae
M1 (0) > RC gynnyun F s (34) ydosnemaopaem smum yCAOBUAN,
max KoKk @ynnyus f ozpanuvena.)
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fnaea 4, Asmonomubie CUCEMb U YCMOTULBOCMS

[ ——_

Joxasamenscmso. Ha IiockoCTH Z, § NOCTPOUM 3aMKHYTYIO KOJIBLIEBYIO
obnacte K Ge3 ocofBIX TOWSK, M3 KOTOpOH He BLIXOEAT DPEICHHA
cHetems (35).

BHyTperHas rpaHHua xoasua K — okpyxkHocts 2 +° = r?, mae
T TAKOE, YT yF(y) <0 npn 0 < ly| € r. Tak kak npk jyl < r B cHAy
cucremsl (35) S(2” +¢) = -29F(y) > 0, 1o peltietiua cuctemsl (35)
He MOTYT BHXOAMTL M3 K BHYTpb Kpyra z’ +3F <.

HapyxHas rpaRKua KobUE COCTONT H3 HECKONBKHX yacTelt, B no-
NYMAOCKOCTH y 3> b rpaHMua — Ayra okpyxHocTH (2 +m)’ +y* = R?,
R suibepem noaxe. Toraa B cuny (35)

= [+ m) + 4] = 24m - F(3)) <O,

TaK Kax F(y) > m npua § = b. AHaAOrHYHO, NpU § < —b Gepem myry
(= + %) +y* = R?, puc. 30, Ha neprukaneHbix orpeskax AH u CD
HMEEM COOTBETCTEEHHO 2’ = ¢ > 0 K 2’ = ¢ < 0, ToITOMY Yepes HMX
TPACKTOPAM BXOAAT B K.
Yrnoene xoadduuueHTH ompe3kop BC u EH pasHn (m:i),
a HA TPacKTOPMAX, NEPESCCKAIOLIHX ITH OTPSIKH, 4"- = -’iﬂﬂ
v 3nech |yl < B, F(y) orpaHH-
yeHo. Bubupas B mocratou-
HO BONLUIMM, MK YBTHYHBR-
eM |x| u nenaem :—} < - m'_* .
ToTAa TPAEKTOPHM depe3 ITH
™\ M\ C oTpesku GynyT exoauts B K.

I, Taxnm obpazom, K3 3a-
/ / MXHyTOft xonsnesoll obnacTv

K B6¢3 0cobHX TOYEK HE Bhi-

E L —b D XOOHT HH OZMA TPAEKTOPHA
cucrembs (35). M3 Teopemu
Benaukcona (§17, n, 2, 5°)
cneayert, yto B K vmeercd sa-
Puc, 30 MKHYTafA TPAaCKTOPHA CHCTE-

by

-iiﬁ-‘
Ty o
s
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§ 22. Npedeasnsie yunns

Mel. Tak kak aokasarenscTeo teopemil BerawkcoHa He npHBOZMITOCE,
DARMM AN NAHHOTO CHYYAA KOPOTKOE AOKAZATENLCTBO,

Pacemarpusan 3nak z' npu ¥ < 0 y > 0 n3sak ' Ha nonyocax
ocH Oz, BHIHM, YTO TPACKTOPHA K3 Jobol Touxk (z, 0) otpeska MO
npH Bo3pacTaluk ¢ acnaet oGopoT bokpyr Toukk (0, 0) u Bo3BpawsaeTCH
Ha MC B Touxy (p(2),0). Tak kak F € C', 10 pannumnie TpackTo-
PHi HE HMSIOT OGLINX TO4EK, noaToMy dyHKuus @(z) so3pacTaowwan,
¥ B KaXAYlo TOUKy orpeska [p(z,,), w(z.)] (x,, — abcumcca Toukm
M H T.0.) NPUXOINT OFHA TLACKTOPHMA H3 KAKOH-TO TOUKH OTpe3xa
MC., 3uaunt, GYHKUNR (©(F) BO3IPACTAET 1 HE HMEET CKAYKOB, NOFTOMY
nenpepuibHa. Tak xax p(z) —z > 0npH x=x,, ¥ ¢(T) =z < 0 npu
z = Z,, T0 Halinerca Takas Touka z, € [x,.,2.], uro p(x)) = 2,.
TpaeKTopus, BHXoIAlAaA W3 Toukk (z ,0), — 3aMKHyTad nuHug. Pe-
LieHKe CHCTeMN (35) ¢ HavanLHEMU yenoBusaMi 2(0) =z, #(0) =0 —
NepHOTHYECKoe,

Boaee noapobHo 6 NpenensHbx uKKNax oM. {7], §28. Hdpyrue dusue-
CKMe 3anayM ¢ aprokoneGanuamy pasobpaue: B [15], rnasw 3, 8. H3pecTHH
PAATHYHEE AOCTATOUHLIE YCIOBHR CYLUCCTBOBAHMSA 3AMKHYTHIX TpaeXTOpHit
H NpEACBHAX QHKAOR, 3 TAKKES YCIOBHA MX eAHHCTBEHHOCTH,

PaapaboTaHH MCTOIbE, MOIBOAAIOLING BO MHOTHX CRYYaAX HCCIEN0BATH

0COBEHHOCTH PACTICAOXEHHS TPACKTOPHH ABTOHOMHELX CKCTEM HA TUIOCKOCTH
(ocobbie ToukH, npelenbHBE UMKAL, CENapaTpuchl) M HX KAYECTBEHHLIE
wamenenna (6udypKaumH) npu ManoM WIMEHEHMB naHHoi cHeremn ([15],
[16], [17], [19]), tnasw §, 6, [22]). Tpackropuu B R*, n > 3, usydeHu
JFHAYHTENEHO MEHBLLE,
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[TIABA 5

Ruddepenynpyemoctp
pelieHUA NO napameTpy
U ee NPUMEHEeHMs

§ 23. AunddepeHunpyemocTs pelleHus
no napamerpy

Iz] PaccMaTpUBacTCsl CHCTeMA YPABHEHH C NapaMeTpoOM 4

%::- = f“’ z, F)! m(tﬂ) = ﬂ(},&);
e=(2,...,2,)s =0 f)-

IIpr KaxaoM g CHCTEMAa MMEET pemeHHue. OHO 3aBUCHT HE TOAL-
Ko or ¢, HO ® OT BHOGDAHHOrO 3HAYCHHMA NapaMerTpa g, F03TOMY
ofioanavaerca z(t, p). '

(1)

Teopema 1. fiycris npu (t,z) € D, p € M, (D — obnacms 8
R™!, M — unmepean e R") ace gymiuus f,, 84,/02;, 81,/04.
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§ 23. [ugdepenuupyemocms peuienua no napaMempy

a'(pt) wenpepwsnsi. flycme npu scex s € M wa ompeare ¢, 8,] D ¢,
pewrenve x(t, 1) 30da4u (1) cywecmsyem u npoxodum e obnacmu
D. Toz0a smo pewrenve umeem npouseodnsie 8z, /8p, Henpepuiswbie
no (¢, u). Pyuryuu u; = 8x,/8p (i = \,...,n) ydosnremsopsom
cucmese ypasHenuil 8 sapuauusx

L RYres
du, , o,
/%=_ %“f+'£= u{t)=ai(p) (=1,...,n). (2

J=t !J ‘l

\C‘~ W"éw‘“&rrnu L~I{M

R R Bl pat
B(2)nm \qsnonume oOT f; 3aBUCAT OT aprymenToB i, z,(t, p), .
&, (t, p), b, TOE 2,(t, ) — KoOpHMHATHI pemieHuA z(t, §) Tpu TOM

3Ha4YEeHHH f, TIPH KOTOPOM passicknpaerca dz/0u.

Ecny peuienve z(t, &) n3BeCTHO XOTH 6K NPH OXHOM 3HAYECHHH
#, To cucTeMa{2) noseonseT HaliTi 8x /8y npu 3Tom pu.. Cueremy (2)
MOXHO HE 3aTIOMUHATh, OHA NOAYHACTCA MOCPeACTBOM AnddepeHIM-
POBaHKA 0GEHX YacTelt cHCTeMEl (1) MO g; NIPH STOM CUHTaEM, YTO
z = 2(t, p), u =z,/8u obo3HayaeM u,.

Mpumep 1. Haittn 8z/8u npu i = O ot pewenna 3apayn

I

|
dx

: 1 =.1:2+4pt+p2, ) =2p—1. (3)

Pewenue npumepa. YcnoenmAa Teopembl 1 BLINMORHEHH, TaK KaKk QyHK-
umm f =2 4+ 4pt + p® v a(ir) = 2p — | HenpepuiBHN U HMEOT
HenpepuieHbe NponlsopHse no & U g, fluddepenynpya (3) no i

u 0603KHauan Z,, = u, nonysaeM

d
£=2m&+4t+2;:, w(l) = 2. (4)
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fnaea 5. JugepenyupyeMocms pedieHuns no napamempy

" 3pech g =0, a # — pewenne 3agayu (3) npu g = 0, T0 ecty

sapawn defdt = 22, z(1) = —1. Orcopa & = —1/¢. Teneps (4)
NPHHUMAET BHA

du 2u
x®-"1 +4t, u(l)=2.

Pewan 3to nuHeinoe ypasHetwe (BHKNAAKM NPONYCKaeM), NOAYYaeM
u = t> + 72, W3 HauanLHOro yCMoBMS HAxOAMM € = 1. Mrak,
u=# + 2, -«

Joxazamenscmeo meopemsi, 3admkcnpyem p € M. UMeem

oz F—-2
im 222 s
o FwB-p ¢

rae = x(t, i) — pewenne 3a1a4u (1), HO ¢ § BMeCTO &, TO
€CThb

— = f(LEB), B(t) = a(@. (6)

O6osHaunm apobes B (5) uepes v(t, i). Mpesa noxasatenn-
cTsa TeopeMsl. CocTaniIeM AudipepeHnancHoe ypaBHeH e VIS
v{t, B) npu f # p. Ero npasas 4acTe Npu f — & CTPEMUTCH
K Npaeoi yacTn ypaeHeHus (2). Iloatomy ¢ peweHue v{t, i)
npy f — 4, TO ecTh Apobh B (5), CTPEMUTCS K PEILEHHIO YPaB-
Hexua (2). 3nauuT, npeaen B (5), To ecTs 82/8u, cymecTeyeT
H yHOBAETBOpAET YpasHeHuo (2).

U3 ypapueun#t (6) u (1), BrunTan u gens Ha ji — g,
MONYYaeM

dot.5) ST E) -1z )

@ e ()
o(ty, ) = ““2 _ ff_‘"
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§ 23, Juigepenyupyemocms pewenys no napamempy

Mpeo6pasyeM nepryio Apo6s & (7). Tlonoxum
F(s)= f{t,z", '),
=zc+s(F-2), p =p+s(E-p).
Torna

1
1650 - S,z = F() - FO) = [ Pleyas,

F(5) = 5% (5 2) + 55 (- 1)

3 (21}
(W SeTh MATPHa (w;)i.j=l,....n)‘

Tosromy u3 (7) umMeeM

-1
dv 1
E—ﬂ!F(a)ds—

1 L
8ft, 2" ")  F-=x af
- ds - — + ds. 8
./ Bzt B-p g op* )

Tak xak 8f/8z, Of/Op HenpepuBHL IO COBOKYIHOCTH Nepe-
MCHHBIX, TO NONKHTErpaibHbe GYHKUMK HENpepHBHE No £, 2,
F, y, i, 8, a uHTCrpUI — no ¢, 2, %, g, . U3 (1) = = 2L, p)
HenpepuisHo no ¢. U3 (6) no Teopeme 7 §7 ¥ HenpepuBHO
no (¢, i) — no cosoxynuocTH nepemeHHX. Iloatomy nocnea-
HHe nBa WHTerpana b (8) — HenpepsiBuble GyHKUHK oT (¢, F),
BKIIOMaH 3HaueHue i = p. OGoszHavas Wx H(t, i) n hit, B),
MOAYYaeM

% = H{t, Bo + hit, 7). ()
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fnasa 5. fJupdeperyupyemocms peiuenus no napamempy

@yuxuna v(t, fi) Guna onperenera npu f # g, Aoonpeaensiem
e¢ NPH # = f KaK pelucHHe ypapHeHHA (9) ¢ HAYATBHEIM yCa0-
BieM v(t,, i) = a'(4s), NONyYeHHEM U3 HaYaNKHOTO yeAoBHs (7)
npu f — p. Io Teopeme 7 § 7 dynxuma v(t, £) HenpepusHa
no j, skmovas g = g, [Ipn i = p umeeM z* = 2 = z(i, p),
#* = p, NoAHTErpansHMeE BupaxkeHusa B (8) He 3aBHCAT oT 8.
Torxa B (9) marpuua H w sexTop kA NPUHRMAIOT 3HAYECHHA

_ot_ (o, _of
H(t 83 (8—"&,). - .n! h(tn”) = 8}1.

TakuM obpasom, mns v(t, ) ypasHenue (9) v HauankHOE YCAO-
BHe o(t,, u) = a'(p) cosnanaior ¢ (2), To ects v(t, 4) ymo-
seteopAeT (2). B cuny menpepmisHocTH v(f, §) cywecTByer
‘I_in}j v(t, B} = v(t, ). To ecrb 8 (5) cywecTsyer nNpou3BoaHan
’I—‘O

dz/8p = v(t, p) n xoopaMHATH %; BeKTOpa v(L, &) yIOBNETBO-
PSIIOT CHCTEME YPABHEHMI H HAYANLHBIM YCHOBHAM (2).

Tenepb nycTs p MeHACTCA Ha HHTepBate M. Torma npasbic
yacTH cucremsl {2) (v npousponHue 3/6u ; OT HHX) HENPePHIBHEL
no (¢, u). Mo TeopeMe 7 § 7 pewrenne cucteMmet (2), To ecTs
npouspogHbie dx, /8, Toxe HenpepHbHbI No (£, p). [

@ JaddepenuppyeMocTs pemieHs N0 BAYAILHLIM YCAOBRAM (Cres-
cTBHe TeopeMH 1), PaccMOTPHM HAYANEHYIO 33734y

ﬂ = fit,z,...,2,), -zi(to)= z, G=1,...,n). (10

Hycn, npu (2,2} € D Bee dynxunu f; n 81,/8z; HenpepuiBHH,
W Ha oTpeake [¢,, 1,] 3 £, pewenue 3anaqn (10) cymecmye‘r 1 Npoxo-
ant B o6nacty D. Torna npu ¢, € ¢ £ £, CyIIECTBYIOT HENPEPHBHHE
npou3soaHble pemeHud (1) (i = 1,...,n) NO HavyanaLHEIM ycno-
BHAM Ty (k= 1,...,n). Oyukuun u;, = 82,/0z,, (= 1,...,n)
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§ 23. fuitpepeniipyeMocms peilesun no napaMempy

YIOBETBOPSAIOT CHCTEME

Z el Ol LGeh), (11)

3necs f; = f;(¢, zi(t), ey 2, (), e z(t), ..., z,(t) — pewenue
sanauu (10).

Aoxazamenscmao. Tlycth T,y = f, a npu £ # k ;) HS 3aBHCHUT
ot p. Torna cucreMa (10) yIOBNETBOPAET YCIOBHSAM TCOPEMH 1.
CrnenosateNbHoO, MPOU3BOAHHE O, /0T, = 8¢,/8u = u, cyule-
CTBYIOT, HeNpepslBHK H YEOBASTBOPSIOT chcteme (2), koropas
B 9TOM Cayuae npeppawaerca B (11). [ |

3adavu Ona ynpawHeHuii:
[12), §18, N2 1064~1073 u § 26, Ne 186-194, 196-199.

Teopema 2. flycmb sbinofHeHbl yCAogUR meopeMst 1 U, KpoMe mo-
20, gymajuu f;, a; (), umeom wenpepwswsie npouseodnvie no
Tyy..-s Ty, b 00 NOPAGKA TR = 2 BKMOYUMENLHO, 8 MOM YuCAE
cMetannsie npoussodusie. Tozda pewenue T(t, 8) umeem wenpepsis-
Hute no &, p npou3eodKsie no i 30 NOPAROXA M BHAIONUMENBHO.

Joxaszamenscmso NPOUIBOANTCA ¢ TIOMOIUBI0 HHEYKLIMH 1O 7.
s m = 1 yreepxneHHe 'reopeuu’ 2 cnemyeT M3 TeOpeMHl |.
Iycts yrBepxmeHMe BepHO AN NPOW3BORHHX A0 MOPAOKA
m—1 = 1. HokaxeM, YTO OHO BEPHO M A TNPOM3BOOHEIX
nopsaxa m. Tak kak 8™z, /0u™ = §™ ' 6, /Op™"", a dymxumnn
u; = 8z,/8p (i = 1,...,n) ynosnevsopaioT cucreme (2), To
HAlo MPOBEPHTL, YTO MPABHIE YACTH B (2) HMEIOT HENPEPHBHKE
NPOHU3BOLHEIE TTO U;, 4 AO MOPSIKa M — 1 BKIOMHTCALHO,
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faasa 5. [Juddepenyupyemocms peuienun no napamempy

Ilo ycnosuwo, f; € C™ no =z,,...,2,, 4, 3KavuT, B (2)
8f,/8z; n 81;/0u npunamexar C™~' no apryMenTam @), ...,
z,, . Ho xaxnoe z, = z,(t, ) ¢cTb KOOPAMHATA BEKTOPA
z(t, p), apnA0OLIerocs peleHHeM 3anaun (1), rae £ n a(p) npu-
Hamnexar C™, aHauuT, npuHastexar  C™ ! no I S
Mo npegnonoxenno uHaykumn, sce z,(t, g) € C™ ' mo p.
3HaunT, B (2) croxHas GyHxIs

% fit 2, (8 pB), ... 2, (t 1), 1)

npuaagnexur C™ ' no u; aHanorwuno 8f,/8u; Tacke a'(p) €
¢t o NPEANOIOXKEHHI0 HHAEYKIIMH, NPHMEHCHHOMY K CH-
creMe (2), peuieHue u,, . .. , &, CHCTeMBl (2) npuHaniexmT c™l
no p. Tax Kak u; = 8z,/0p, To =;(t, u) € C™ no p. L

§ 24, AcuMnToTUYECKWE METOALI PelleHnA
anddeperynanbHbix YpaBHeHuUi

@ ACHMNTOTHYECKHE METOAM NOIBOLIIOT OTHICKHBATH NpUHGRH-
KeHHHEe peuieHHA auddepeHUMaNbHMX ypasHeHuit (WA cHCTeM),
GAM3KHX K TAXUM YpaBHEHHAM (M CHCTEMAM), pellleHUs KOTOPHIX
H3BeCTHM. B nmpuxnagHbx 3amavax 4yacTo OMBAET, YPO HA TEYEHHE
paccMaTpyBacMOro (PH3HYECKOTO NPOLECCa BIMAIOT KAK OCHOBHEIE
daxTopel, onpeaensioilHe XOm Mpouecca, TaK U Apyrue (akTopH,
OKA3IHBAIOMHE MEHBIICE BAMAHHE M MEHAOLIHE KOMMYECTBEHHLIE
XApaKTepHCTHKU Tipouecca. TIpH yyeTe TONMBKO OCHOBHBIX (haKTOPOB
MOXHO ITONYYHTE TOYHOE PEUICHHE CHCTEMBL YPABHEHH, a TPH yueTe
BCEX H3BECTHHIX (PAKTOPOB CUCTEMA CTAHOBHTCH CIIOXHOM U He penia-
ercd. B Taxux cayuaax ACHMNTOTHMECKHE METOAB YACTO MO3BONANT
HAUTH DERICHHE ¢ HYXKHOH TOYHOCTBIO,
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§ 24, Acumnmomuvecxue Memods petteHun

@ Paxroxeane penleHHs N0 CTeNeAsAM MAROLO NAPAMETPA — OIMH
H3 HauOonee ynoTpeOUTEABHBIX ACHMIITOTHYECKHX METOHOB,

Crepcrene Teopemss 2, flyems npu (¢, ) € D, |p| < p, sstnon-
Hewst ycrosun meopemst 2, u npu p =0, ¢, < ¢ < £, pewenue
sadavu (1) npoxodum & obnacmu D; &, € [t,, t,]. To20a pewerue
2(t, g} 3adavu (1) npu ¢, < t < 8, pasnazaemcs no gopmyne
Teiinopa no cmenexaM napamempa i 80 p™ BHMOYUMENbHO:

2(t, ) = 9y )+ B, () + By + ..+ B0 () +0u™). (12)

3nech 2(t, u) u v;(t) — n-MepHbe BekTOP-GYHKIMH, vy(l) =
2(t,0) ecth pemerne cucteMH (1) npu g = 0, OHO CYMTAeTCA M3-
BecTHRIM, YTo6R HaitTh v;(2), ..., v (), Hano noncraBuTE pasnoxe-
nue (12) p cucremy (1) ¥ HavyanbHBIE YCAOBASA, H PANIOKHUTL IPABHE
gaCTH MO CTENEHAM /i 10 4™ BKMOYUTENEHO. Janee Halo MpHpas-
HATh KO3(MDOHIMEHTH MpU ORMHAKOBHX cTemeHax . [lomyuaerca
IR Yy, ..., ¥, CHCTEMA AH(depeHIUATEHEX YPABHEHHH ¢ HaYab-
HBIMH YCOBHAMHM. IlocnenopateAbHO peillad YPaBHEHHS CHCTEME
W MONE3YACH HAYANBHEIMM YCIOBHAMH, HAXOMHM v, (t), ..., v,,(2).

A
: MNpumep 2. HalTH PaInoMeHWe PEIWIEHNR 334 :
I e B ]
I — = — —2u?, D=1-Z+52 13) 1
. @ =z =) 2t3 3
| . |
| N0 CTENeHAR NapamMeTpa £ A0 4 BRAIUUTENLHO, '
e e e e - e i = = = = = = -

Pewenue npumepa. Nparan uacte ypaeHewusa B o6nactu = > 0 wKe-
€T NpoK3BofHLHEe AKOOr0 NOpARKA NO X, g. YCnoBHA Teopemd 2
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fnaea 5. fJupdepenyupyemocme pewenus no napamempy

BuNOAHENB pas nwboro m, noka pewexwe 3apaun (13) ¢ u = 0
npoxoaut & oGnactu = > 0. NMpu p = 0 3agava (13) npuuumaer
eup dz/dit = t/z, x(1) = I, n wmeer pewewne () = ¢, ono.
npoxoauT & obnactu = > 0 npu t > 0. Nosrony uy(f) = ¢ (¢ > 0).
Paanomenbub z =+ pv, + p? v, +o(p?) nouaaannen B ypPaeHeHHe
¥ HayanuHue ycnosus (13), unens nopapka o(p } He nuwen.

[] 21 _ t 2
I+ po +p7o, + Tt py 4 ploy+.) ut, (19)
g ¥
1+#ﬂ(1)+ﬂﬂz(l)+ —1—5—?. (15)

Pasnaraem fpobe B (14) no cTenewsm i, wnenst ¢ pf, k > 2,
HE NUWeEM,

i 1
t+ po, + ptoy ... 14+ ptle + ptttle, 4L

2 2
=1- (%1‘)1'{-%1}24‘...) + (%fﬁ +---) T =

: 2 2
BB L Ep

Mopcrasnsem 310 B (14) M npupapHKBaem Kko3pdmiIueHTH Cnepa
H CNPaBa NPW ONUHAKOBLIX CTENEHAX NapameTpa g:

1 Feen

v 1
npn gl vl = _-fl' 2!, o ()= ~3 (16)
2
v, v 1
opn pi vy = —Tz + t; . wil)= g (17)

3nech HauanbHue YCNOBKA nonydyenst K3 {15). Bee auddepenynans-
HME YPABHEHHA ANA ¥, ..., ¥, BCEINa AnHeiinbie. H3 (16) nonyyaem

204



§ 24, Acumnmomuveckue Memodsi peillerus

v = -5;-. NMoncraenas 310 6 {17), Haxoum v, = Tlﬂ + {r’; Urak,

A A B 2
z(t)=t-p5+p TRy + o(p’). (18)

TaK KaK yCnOBMA TEOpeMb 2 eHNOAHEHH aAng noboro m 2 2, 10
CAEAYIOIMA YNEH PAINONEHHA HMEET BMA p303(t) W, He HaxXOAR 1,,
B (18) Bmecro o{p?) noxHo Hanucaty O(4). >

3adayu dnA ynpaxHeHuii:
[12}, § 18, N0 1074-1078.

E' Omncxanpe neproaasecknx pemennii. Hinkecaenyiomue nemma 2
K TeopeMa 3 JaKT YCIOBHA CYILECTBOBAHHA NePHOAHYECKHX peLIeH K
COOTBETCTBEHHO ONA MHHelHOH cHcTeMsl ¢ MepuoAnyYeckoit nmpasoit
4acThl0 W AAA HennHeHHOM cncTeMbl, GANaIkoR K nHHEHHOIM, K yKa-
3bIBAYOT METOXH OTHICKAHHS TAKMX DELICHHIA.

Nemma 1. Aycms npu 0 < t < p sexmop-gynxyus x(t) — pewenue
ypaswenun &' = f(t,z), 2de sexmop-pywnuus f u sce 8f,/0z;
wenpepsrast u f(E+p, 2} = f(1, 2). Fcau z(p) = x(0), mo pewenue
z(t) npodonwaemcs na uwmepsan (—oo, 00) ¢ nepuodom p.

HAowkazamenscmso. Tax Kax

%,e(0) = S, 2(p)) = £(0, 2(0)) = =|,,,,(0),

TO NpononXeHHas ¢ nepuonoM p dymxuus =(t) € C'. Oua
BCIOAY YRORNETBODSET AAHHOMY YpaBHEHRIO, uGo wis nmwboro
k € Z umeem

Zt+kp)y=2 @) =rt.2t)=1(t+kp,z(t+kp)). W
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fnasa 5. Auddepenyupyemocms peienua no napamempy

Jlemma 2, Fcau Ona acex cobrmaenHbix IHaYeHUT MaMpuUs A umeem

A# 1;-’55, k=0,%1,%2,..., (19)

mo cucmema &' = Az + f(t) dns xamdoli wenpepwignoli Pynsyuy
J(2) ¢ nepuodom p umeem (u monsio odno) pewenue ¢ nepuodom p.

Ycnosie (19) Ha3MBACTCA YCA0GUEM OMCYMCMEUR PEIOHGHCA.

Hoxazamenecmso. Tlycts v{t) — 4acTHOS pelLeHME AaHHOM Ci-
creMu ¢ v(0) = 0. B cuny Teopemsr 5 §9 u cneacreua 1 § 15
oiee pelieHne uMeeT BUA ¢ = e*4b + v(t), e b — npous-
BonbHEM pexTop M3 R". Uto6H 310 pewuetine uMeno neprox p,
no neMme 1 Hano, yrobut z(p) = z(0). To ecTe

4 +v(p) =b+v(0), (" - E)b=—v(p).

1o — nMHellHag anreOpanyeckasd CHCTEMA OTHOCHTSIBHO He-
H3BSCTHHX KOODAMHAT BekTopa b. A CyIuecTBOBaAHMA SOMH-
CTBEHHOTO pellieHMS ZOCTATOUHO, wTobH det (¢4 — 1 - E) # 0,
TO ecTh YTOOB MaTpHUA e’ He uMena coBCTBEHHEIX 3HauUCHUH,
paBHBIX 1.

Ecin A, ..., A, — COOCTBEHHBIE 3HAYEHUA MaTpHuM A,
TO COIMACHO 3aMmeyanuio 8 § 15 e?* uMeer cobCTBEHHRE 3Ha-
yenua €%, i = 1,...,n. Jna A = a + Bi nmeem & =
eP*(cos pB + isinpf). Dro wucno pasHO | TOABKO B Chyuae
a=10, pf = 2xk, k = 0,41, £2,.... TloarOMy NpH YCHO-
sun (19) umeem e # 1. |

Teopema 3. flycms gynxyuy f(t), g(¢, z, p) nenpepsiswst npu = €
R", {t,z) € D, |p| < p,, umeom nepuod p no t; g € C™ no
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§ 24. Acumnmomuseckue Memodsl pelienun

x, 5, 20e m 3 1, flycms swinonseno ycnosue (19) u pewenve z°(t)
¢ nepuodom p ypagrenus ' = Az + f{t) codepmumca & obnacmu
D. Tozda npu scex docmamoyno mafwix |p| cucmema

@' = Az + f(t) + pglt. 2, p) (20)

uMeem pewerue nepuoda p no t, cmpeMaLjeecs x zo(t) npu p — 0.
Taxoe pewenue eduncmeernio u npunadnexum kaaccy C™ no .

JAoxazamensemso, Tlyers z(t; b, p) — pewmenne cuctemn (20)
¢ HavansHeiM yenosuem z{(0; ) = b. TTo nemme 1 ono Gymer
MMETb NIEPHOA P, ECAK

z(p; b, ) —b=0. (21)
Hoxaxem, yTo npu Maneix g cymecrsyer b € R", yaosnereo-
paomee ypapHerHio (21). Oynxung z(p;b, p) € C™ no b,
B cuny TeopemMul 2. TIpu u = O ypaBHeHue (20) nuHefHoe, Kax
B JieMMe 2, YpaeHeHHe (21) npuHUMaeT BuI
(€ -Ep=-v(p), det(-E)£0  (22)
W MMeeT enHHCTBEHHOE peureHue b. Janee, axoGrax Aesoll yacTH
pasencrsa (21) no xoopanHaTaM by, ..., b, BekTopa b npy = 0
COBMAKAeT C NCTEPMUHAHTOM (22), 3HAUMT, He paBEeH HYIIO.
Toraa o Teopeme 0 HesaBHuIX GyHKUMAX ypaBHexue (21) npu
AOCTATOYHO ManbiX B HMmeer pewreHne b = b(p), cTpemsueeca
k b° npu g — 0, Takoe pemeHue eAMHCTBEHHO M b(g) € C™.

Torna pewenne (2 b(p), p) € C™ no p, u B cuny (21)
M REMMEI | UMeeT nepyon p. ||

Cnepcreue. flpu yorosusx meopeMsi 3 HO38aHHOE nepuoduyeckoe
petere umeem painomenue no cmenenam p suda (12) ¢ Pynnyusmu
v;(2), umeiowumy nepuod p.
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Tnasa 5. [lupdepenyupyemocms peuienus no napanempy

Joxasamenscmeo. Pewenue 2(t, b(x), ) € C™ no p, nozromy
HMeeT panoxenne suaa (12), Caemosarensto,

z(t+p, b(p), 1) —z(2, b(n), p) =
=dy+dipt...+d u" o),  (23)

me d; = v,(t+p)—v,(t), i = 0,1,..., m. B ciny nepHOAHMIHOCTH
peteHys nepas YacT B (23) papHa Hymo, nostoMy Bee d; = 0,
10 ecTh vt + p) = v,(¢). .

3ameqauwe, [yCcTb AAHO ypaBHEHHe

¥ +a ™V 4. ey = 1) + pglt. v, 4) (24)

€ NOCTCAHHLINK KO3DMUUHEHTAMN G; W HENPEPLIBHEIMH PYHKUWAMN
f. gnepwopa pnot u g € C™ no y, p, 2 KOpHM X xapaKte-
PHCTHUYECKOTO YPAaBHEHHS YROBNETBOPAIDT YCAOBHIO (19). Torpa ans
OTHICK2HHA PEUIEHHA NEPHOR3 P HE HYMHO NEPEXCAMTL OT ypasHe-
HKA (24) K CHCTeMe, MOXHO Cpaly OTHICKAaTh peulene B Buje (12),
me veneps v;(2) — ckanspubie dynkun4 ¢ nepuosion p.

I Npumep 3. Haitry ¢ TounocTsio o(i?) nepuopmieckoe pewenne |
| YPaeHenmA '

i
! 2" 43z = 2sint + pz’. (25)
J

Peweriue npumepa. 3pece p = 27, AL +3 =0, A = V3 #
2xki/p = ki (k € Z), ychosve (19) swnonmeno. Wuem nepuogu-
HECKOE pewenne B BWAE T = ¥, + pBv, + ,uzu‘! + .... Nopcrasnns
8 ypasHeHue (25) W NPUpaBHHBAA KOIPPUUHEHTH NPH OAUHAKOBEIX
CTENeHAX ji, NORYM3BM CHCTEMY YPABHEHWR

1!3'+31:0=2sint, v’,’+30.=v2, v;'+3v2=2vov,,....
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§ 24, Acumnmomuvecxue Memodsl pelulextis

Hano HaiTH pewenus vy, v, v, € NePUOAON 2. [Ing KaKAOFC U3 ITHX
YPBBHEHWH HAJI0 HAHTH NHWDb 4acTHOE peleHWe (MEeTOAOM Heonpe-
denennux KosdpPhuumenTonp), Tak Kak No Teopeme 3 npv BHNOAHEHNK
yenosust (19) pewenwe ¢ nepwopoMm p efvHcTBenHo. MMocnegosa-
Tenswo Haxopum v, = sint; o} + 3v, =sin’¢ = 1/2 - 1/2cos 24,
v, = 1/6 + 1/2cos 2¢. Noactasnas vy w v, B ypasuewue ana v,
HWMeem
" A 1 1 ) = . | 3

vy + 3v, = 2sint (E t+ 5 cos ) = —gsmt+ism .

Orcopa Haxoum

v, = —Tlisint - TlisinSt.
Cneposarensho,
r=sint+p (l_,_l cosZt) +pt (—~l— sin t—i sin 3t) +o(p2).
6 2 12 12

Kak & npunepe 2, eMecto o(p’) momuo nanucate O(p’). -

K cucreme muna (20) cBoouTcs 3amaya O BEIHYXIEHHBIX KO-
NeGaHnAX aBTOHOMHOH CUCTEMEI BOIN3N NOMOXCHHA PABHOBCCHA,
BHILIBACMLIX MEPHOAMYECKHM MaIbIM BHERIHMM Bo3acicTBHeM. Pac-
CMOTPHM CHCTEMY

g =P)+prt), ft+p)=10), z=(z,...,z,)7. (26)

Iycts z° — nonoxeHHe paBHOBECHA NPH g = 0, T0 ectb

F(z°) = 0; p — manoe yucno, dyHxuma f(f) HenpepusHa, F(z) €
C™*! (m > 1) B okpecTHoCTH ToukM x°. 3amena z = =¥ 4 py xser
py = P + py) + pr(d). Tak kak F(x®) = 0, 10 no dopmyne
Teitnopa

oF;(z" :
F(z° + py) = pAy + (s, 3), A=( 83(,0 )) .
i) ij=l...n

209



frasa 5. Jugdepenyupyemocme peiuerus no napamempy

OcraToyHEil wie r € C™H! (160 mpyTHE YIEHH B PABEHCTBE TPH-
nawiexar C™'), r = u?g(y, p). Momyuaem cucremy suma (20)

v =Ay+ () +poly. ), geC™ 27

Ecnu coberBeHHble 3HaYeHMA MATpHUUH A YROBNETBODAKT YCHO-
B0 (19) (Her pesoHaHca), To Mo Teopeme 3 cucreMa (27) npu
IOCTATOMHO ManbiX || HMEET PellIeHNE ¢ NEPHOIOM P,

t fpumep 4. PaccmoTpum ypasHeHne !

I
I 2" + 22 +2? ~ 1 = psint (z R, (28)

Pewenue npumepa. Npw 4 = 0 NONOMEHWA PaBHOBECHA I, =1

£, = —1. HaAgem nepuopguueckoe pewewne, bnuwoe Kk £ = L.
3ameHa 2 = 1 + uy paer
v" +2y + 2y =sint - py’. (29)

3pech p =27, A= —1+13 # 2xki/p (k € Z), yonoswe (19)
BHNOAHEHG. MMo3ToMy NpK Manbix & ypasHenve (29) umeer pewenne
neprofa 2x w Buaa ¥ = vy(¢) + sy () + ..., me Bce v;(t) wmerwor
nepuop 2x. Noacvasnan 310 B (29), nonyvaes, Kak B npuMepe 3,

vy + 20y + 20 =sint, o] +20] + 2y, = —ug,

Ovciona Haxopnm v, = acost + bsini, e = =2/5; b = 1/5;
3 = 1/10 4 3/50 cos 2t —~2/25sin 24, v, = h+ ccos 2t +dsin 24,
=-1/20, ¢ = —1/100, d = —1/50 w 1. 8. CrepoBatentuo,

5 5

+ @ (-—'— — L cos2t— Lin 2t) +0(Y).  (30)

2 "1
z=1+py= i+p(——cost+-sint) +

20 100 50

210



§ 24. Acumnmomuvecxue Memodsl pelieHun

YpaeneHue (28) npu Mankix x4 MMEET M ipyroe peluenue ¢ ne-
profoM 27, OHO GAN3KO K HEYCTOHYMBOMY NONOHEHHIO PaBHOBECHA
£y = —1 ¥ OTHICKUBIBTCA AHANDTHYHLM CNOCOGOM. MOXHO floKa3aTh,
YTO OHO HEYCTOWMMBO. -

3adayu dnn ynpamuenuil:
[12], § 18, N2 1079-1083.

—

@ ECTeCTREHHO BOIHHKALT BOMPOC, B KAKHX CIYYAIX PAVIOKEHHT 10 oTe-
NEHAM MApaMeTpa j, MOAYYCHHHE B CREOCTBHAX TeopeM 2 H 3, MOXHO
NPOAGEKHTL B0 BeckoHeunoro pana Teilnopa, CXOAMMEroca K HCKOMOMY
PEWCHAID NPA MANHX H4. JTOT BOMPOC PEIIACTCR ¢ MOMOIBLIO TeopeMul Ty-
aHKkape off AHANWTHYECKOH 3aBMCHMOCTH pellleHHa OT mapamerpa, cM. [13],
rn 1, §6, reopema 1.3 u [2], ™. 6, § 2, Teopema 6.2.1" u §3, n. 1,

O MeroRax HCCNEA0BAHKA YCTOHMMBOCTH MEPHOOMYECKHX pPELISHMH,
TIONY4AEMBIX METOIOM Manore napamerpa, <M. [2], ta. 7, §3 w [33], oo 3,
§10—15. B 4acTHOCTH, NDE YCIOBUAX TCOPEMH 3 ACHMNTOTHYCCKRR YCTOIH-
YHBOCTD MEPHOSHYCCKOTO PELICHHA MNP AOCTATOYHO Manbix |u| oGecneydexa,
€CIIM AN MATPUUN A BCe COOCTBEHHRIE 3HAYCHHA A, HMewT Re A, < 0, a ne-
YCTOHYHBOCTE — €CIH eCTh XOTA 6H onHo Re A, > 0. [TosToMy B npHmMepe 4
npu Manmx p peuterne (30) aCUMITOTHYSCKH YCTOHYHBO, & NEPHOAKYECKOE
peueHue, 6miskoe K ¢ = —1 (xuA Hero A = —1 % v/3), — HeycTolYHBo.

MeTono OTHICKAHHA NEPHOOHYECKHX PELICHHH TIDH PE30HANCE, TO €CTh
Koraa ycroske (19) He BHINONHeHoD, wanoxeH B [13], T 2, § 8, myHxkTH 2 1 3;
npuMeps Tam xe; B [2], .5, §3, n. 2 m B [33), . 2, §6, 7.

06 oTHCKaHHH NEPHOTMYECKUX DELICHHE aBTOHOMHON CHCTEMH 2 =
Ax + uf(z, u) B cayune, Korma npH g = 0 NMEPHOAHYECKOE DEIEHHE W3-
pectTHo, oM. [13], 0.2, §8, nynkt 4; [2], ta. 5, §3, n. 3 u {33], on. 2,
§11-13.

MeTom MaNoro napaMeTpa NPHUMEHANCA K IIMPOKOMY KDYTY 3alad,
B YaCTHOCTH, B [33], rnasu 4-8. Meroam nocneaosaTebHeD NpuGNHACHH
045 YPaBHCHHIT ¢ MansiM napameTpoM paspabotann B [24].
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faasa 5. Jupdepenyupyemocme pewenun no napamempy

CyllecTBEHHO OTAHYHEIM OT MpEObUUYIWIMX RBARCTCA cAyYail, KOTAA
Manuil RapaMeTp ARIAETCA MHOXKHTENREM NPH NPOK3BOAHOH, HANpHMED,

B = f(z,y), ¥ =glz,y).
30ech HET HEMPEPHBHON 3aBUCHMGCTH OT i NPH j& — 0, H PCIICHHA AMET
ApyTHe CBOWHCTBA, cM., sMampumep, [13], o4, §6 u [15], m. 10, §3.4.
H3sectHo MHOrO paGoT, B KOTOPHX NOAPOGHO HCCISAYIOTCA TAKHE CIYYaH,
il

§ 25. Nepeble uHTErpansi

Mepbrie MHTETPATH NPUMEHAKTCH NPH MCCACIOBAHHH M pEllieHUH
cucTeM XHdMbepeHUMAALHLIX ypasHeHHR. 3HaHMe OQHOTO MEpBO-
IO HHTErpala nO3BONACT YMEHBIUUTE YHCAC HEHIBECTHHIX (yHKLMi
B JAHHON cHCTEMe. 3HAHHE fi HEZABMCHMBIX MEPBHX UHTErPAIOB
CHCTEMBI

:n: = filt,z,,...,2,), i=Ll...,n

(t.z),-..2,) €Dy, 1y;..-. 1, € C)

MO3BONAET NOMYYHTE PeilieHHue ITOH CUCTEMH 563 UHTErpUpPOBAHMA.

B npukiagHuxX 3amavax NepBhHEe MHTEIPANN acTO HMEKT dn-
IMYECKHH CMBICH: 3aKOH COXPAHEHHA JHEPTHH, 34KOH COXpAHEHHA
KOJIMYECTBA EBHXEHHS — 370 NepBile HHTEIPIbl YPABHEHHI nBH-
KEHMSI MEXAHHYECKOH CHCTEeMEI,

(31)

E' Hepevin unmezparon crcremst (31) B obmactn D C D, Hasul-
paerca dynkuma o{t, ¢,...,2,) € C', COXpaRAIOILaA MOCTOAHHOS
JHAYEHHE BIONb KAXnoid npoxopsameit B D wHTCrpancHoit KpHBoit
cucTeMH. (MHOTIA MepBHM MHTEIPAIOM HAIBIBAIOT He GYHKUHIO
v, z,,...,2,), a cooTHoweHune (¢, 2,,...,%,) = ¢, rae ¢ — Npo-
H3BOJBLHAA MOCTOAHHAA.)
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§ 25, llepawe unmezpanst

TeomeTpuyeckuit cMHC nepBoro WuTerpana. Iycte 8v/8z; # 0
OAd HEKOTOporo. § H ¢ — moboe H3 3HaYCHM, NpUHUMAacMELX
GyHkumed v B obnacte D, Torma paseHcrso v(l, x,,...,2,) = ¢
ONpPeNeNsieT B NPOCTPaHCTRE &, 2, ..., T, M-MEPHYIO NOBEPXHOCT,
LETHKOM COCTOAIIYI0 M3 HHTEIDANbHBIX KPHBHIX cucTeMut (31). To
eCTh Meped KaXMIYI0 TOMKY TOBSPXHOCTH IIPOXOAMT HHTEIpanbHas
KpHBas, NeXAas Ha MOBEPXHOCTH.

HokaxeM 310. TTycts TOUKA P NEXUT HA FOBEPXHOCTH ¥ = &.
Toraa B 310# Touke v = ¢, Ha nBTerpanbuoft KpHpoit, mpoxonstieit
yepes ITY TOYKY, MepBhiii MHTETpan ¢ COXpaHAET NMOCTOSHHOE 3HA-
geHHe — JHAYCHHE ¢. JHAYMT, 9T& KPHBAA JIEXHT HA MOBEPXHOCTH
v=c,

TpeGoraHue, yTobbi GyHKUKE v Knacca C' coxpansma nocro-
AHHBIE SHAYEHMA BAONb UHTETPANLHBIX KPHBBIX cHcTeMBl (31), paB-
HOCHJIBHO TOMY, 4TO ¢€ MONHAA NPOH3BOIHAA B CHAY CHeTeMbl (31)
pasHa HyJQ, TO €CTh

v

v v
E+-é;l-fl(t,zl,...,z,,)+...+—-f,,(t,x,,---.22,,)=0- (32)

oz

M

Jio6o#t mepBrili MHTerpan cucreMnl (31) VAORTETBOPsIST ypaBbie-
HH10 (32).

3HaHHE TIEPBOro MHTEIPANa, ¥ xoroporo dv/dz; # 0 mna Kako-
ro-HHGYAb §, IO3BOJAET CBECTH CHCTeMy (31) K cHCTeMe ¢ MeHBIIMM
YHCAOM HEM3BECTHLIX GyHKuni. [ng 31010 paspeniacM pabeHcTBO
v(t,2,,...,2,) = ¢ (BO3MOXHO, B MeHblileH 0GNACTH) OTHOCHTEND-
HO Z; ¥ NORCTARISIEM MONYYCHHOE BHIPAKEHUE ¥, Yepe3 OCTANbHLE
NEpeMeHHBIE B YpaBHeHHA cuctembl (31), KpoMe i-1o ypaBHeHns,

[2.] Zinn mioboit dyrxkumu ¢ € C'  mepsoro umTerpana v (i
HECKOUIBKUX MEPBBIX HHTEIPAAOB v,..., %) CHAOKHAS yHKUMA
e(v(t,z,,...,%,)) (coorsercrsento, @(v,,...,v,)) Toxe mocro-
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fnasa 5. fugdepenyupyemocms petilenun no napamempy

SHHA BAOIb KOKNOH HETErpansHoil KpHBOH CUCTEME, 3HAMMHT, SBAA-
€TCs EPBHIM WHTErpanoM. ITo3ToMy NEpBRIX HHTETPANGE GECKOHEYHO
MHO!O,

MepBbie HHTETPansl v,, ..., ¥, CHCTeMH (31) HazwBalOTCH #e3a-
qucumoimy (MM dynxyuonatsno nesasucumomu) B o6nactH D, ecnu
B KaXa0it Touke 1ol 00NACTH PART MATPHALIE (ii*v,-/c?i‘*.-:j)i= Lo k=, . on
paBeH k.

DyHKUMOHANILHAS HE3ABHCHMMOCTE OTIMYAETCH OT JIMHEHHOH.
H3 nunedtol 3aBHCHMOCTH QyHKUMR v, ..., vy cieayer ux GyHk-
IMOHANLHAA 3aBHCHMOCTE (TOTAA CTDOKH MATPMIH, CM. BHIIE, NTH-
HellHO 3aBMCHMEL K eée paHr MeHbitle k). O6patHoe HeBepHO, Ha-
npuMep, GyHKIMK v, =t —z, U v, = (£ — z,) dyHKUMOHATBHO
3aBUCHUMEL, HO NHHEHO He3apuCHME B Moboil obnacri.

Clenywlliasd H3IBECTHAS TEOPEMa HEONHOKPATHO TIPHMEHSETCH
B §§ 25, 26.

Teopema o HeaeHbix dynuumax. Jawa cucmema ypasnenuti
i(¥s-- ¥, 2)=0, i=L...,n (zeR™, m>=1). (33)

Oynxyuu @; € C' 8 onpecmuocmu moswu M(y, = g, ..., ¥, =
Yoo 2 = %), @ 8 3moil moyxe pasewcmea (33) ssnonnmomen
u axobuon det (89, /8Y;); ;=\, .n 7 0. To20a 8 Hexomopoi okpecr-
Hocmu modku %, cucmeMy (33) MoXHO paspewiums OMHOCUMEABHO
Yis oo s Up, MOYHRE, CYUlECMEYIOM MOKUQ HENpepuieHbie QyHKUUY
9 (2), ..., ¥, (2) . ymodnai=1,...,n

@32, ..., 9,(2,2) =0, pE)=vg i=1L...,n

Taxas cucmema gyuxyud ¥,(2), ... , v, (2) edunemeenna u y; € C',

i=1,...,m.
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§ 25, Mepssie uwmezpans

Teopema 4. B oxpecmiocmu moboid mowsu Mty @, ..., 2,,)
obracmu Dy cywecmsyom 0 He3aBUCUMLIX nepsbix UHMEZPanos
cucmems: (31).

Hoxasamenscmeo. Ins moGol rouku (4, ¢y, ..., ¢,) € Dy no te-
opeMe 2 § 5 CYIUECTBYST CIMHCTBCHHOE NPOXONAIEE Yepes 3Ty
TOYKY peureHue cucreMsl (31)

2=t ¢ s G)s =1, (34)
B cuny cneacteua reopeMul 1 §23 p; € C'. Tax xax
il csene)=¢, i=L...,n,

T0 npu ¢ = ¢, Marphua (Bp;/Bcy); ., . — eAMHUYHAA M ee
ACTEPMHHAHT — AKOOHMaH GyHKUMEA ), ... 1y — DBBEH 1
Mo Teopeme o HemBHHX GYHKUMAX, [Ae TEOEph HANO BIATH
v,=c,i=1...,8,z2=(z%,....2,), cncremy (34) MoxHo
Pa3pelL TS OTHOCHTENBHO ¢, ... , €, B HEKOTOPO# OKPECTHOCTH
TOUKH M

g=vt2,...,2,), i=1..,n (35)

TokaxeM, ¥T0 QyHKUHN ¥; — HE3ABUCHMBE fiepBLHEe HHTE~
rpansl cucteMsl (31). TTo Teopese 0 HeapHuIX GyHKUMAX v, € C'.
Yucna ¢;,...,c, — OOHK M T¢ XS BO BCEX TOUKAX MHTErpaib-
Holl KpuBOH, Npoxoasmeit yepea Touxy (4, ¢, .. -, ¢, ). 3HaunT,
GYHKUMH v; TOCTORKHE BAOAD HHTEIPANLHEIX KPHBHNIX H ABASA-
10TCA NepBbiMit HHTErpanaMH, Tpr moboM dukcHpopaHHOM ¢
(B6muau &;) cucremst dynxkumit (34) u (35) B3anmrO oGpaTHH,
NO3TOMY NpPOU3BEASHHE KX AKOGHAHOB PABHO CAWHMLIE:

, ABy=1,
A, = det (3“") G —del(av)
9¢; / i j=1,... i,
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Taosa 5. [luddepenyupyeMocms peweus no napaMempy

3HaguT, A, # 0, PAHT MATPULIEI (au,./azj) PaBEH 1, W NEpBHe
MHTETPANH vy, ... , U, HEIABRCHMEL |

Teopema 5 (0 MOAYHENUH PEWISHNR C NOMOUILID NEPBLIX MHTErpa-
noe). flycms v,,...,v, — Hel0BUCUMBIE nepssie UHMezpanbl Ci-
cmenmer (31) 8 obnacmu D. Nyeme moyna M(Ly, 2,4, ..., Zp0) € D
v ¢ =v(M), i=1,...,n Tozda pewenve cucmemst (31) ¢ Ha-

yonsrsmu yenosussu ,(E)) = T, £ = 1,..., n, onpedensemes,
KGN HEREBHAR (YHKYUR, cucmemMol ypasHeHud
v, z,....,2,)=¢, i=1...,n (36)

Hoxazemenscmso. DTH YpaBHEHRA YIOBICTBOPAIOTCH B ToMKe M,
K B 970i Touke det (dv;/08z)),;, . # 0 B cwly HesaBucHMO-
ct repsbix HHTerpanos. [lo Teopeme 0 HesBHBIX GyHKUMAX
cHCcTeMY (36) B HEKOTODOH OKPECTHOCTH TOUKH M MOXHO pas-
PENINTE OTHOCHTENEHO Z|,..., %, !

zj=¢pj(t,cl,...,cn), i=1...,n (37)
Oyukunu (37) yrosnersopaot cucteMe (36), Tak Kak Moy4eHH
13 Hee. C Apyroi CTOpOHH, pellieHHe cucreMH (31) yaosieTso-
paer (36) npr t = ¢, B cuny BHIGOPA MOCTOAHHBIX €], ..., Cp.
OHo yaornersopsier (36) u npn Apymux ¢, TaK Kak NEPBHIE HH-
TErPANH NOCTOSHHH BAOIb pelteHust. BeneacTene enMHCcTBEH-
HOCTH HEABHOH (GYHKUMH 3TO DenieHHe HMEET KOODAMHATH Z;,
cosnagalomue ¢ GyHkuuamm (37). [ ]

|[ 3adavy dna ynpamnenuil:
[12], §19, N2 1061-1064, 1066.

Teopema 6. £cru v, ..., 0, — Helasucumbie nepesie UWMe2pa-

At cucmemst (31) 8 oxpecmuocmu U mowru M*(ty, 1, ..., x;),
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§ 25. [llepaste unmezpanut

mo moboil nepswii usmezpan w cucmems (31) 8 Hexomopoii
oxkpecmwocmu movku M” asnsemcr Qymwyuell om Hux, mo ecmo
w=F(v,...,v,). FeC'.

Jowasamenscmeo. Tlycts Touxa M(ty, 2,9, ..., %) €U M ¢ =
v;(M), i = 1,...,n. Torna, KaK B AOKA3aTENBCTRE TEOPEMSL 5,
cucreMa (36) onpeaenser pewenue (37) cucremsl (31). Taxwe
peLiteHus 3aNIHAIT HEKOTOpYI0 OKpecTHOCTh U C U ToukM
M*. Brosis KaXIOTO H3 9THX pellicH i HMeeM w = const, TO eCTh

w(t,tpl(t,c,,... Cp)seon ,tpn(t,ct,...,c“)) =
= 0{t 01l s Bl rren ).

OGozHayuM nipasylo yacTe depes F(c,,...,¢,), Torma F € cl.
Mepexons ot €,,...,6, K &,,..., 2, H K.¥,..., 1 CONIACHO
(37) u (36), nonyyaem
wlt,z,...,z,)= _
EF(vl(t,:.:,,...,zﬂ),...,vn(t,zl,..., ﬂ)). [ |

@ . TlepBrie HATErpanH apTonoMBaol cueremsl. CHcTeMa

#i= 1@y Ty) i=Loyn (fi.. fLECY)  (38)

YAOBNCTBOPSAET YCAOBMAM TEOPEMB 4 W MOITOMY B OKPECTHOCTH
MOBOR TOYKN HMEET 1 HE3ABUCHUMEIX MEPBHX MHTErpanos Buaa (35).
Tak kak B cucteme (38) dynkuun f; He 3asucaT or ¢, To HacTo
6biBAOT HYXHE TIEPBLIE HHTEIPANH, HE colepXalme £,

Teopema 7. B oxpecmuocmu mobot weocoboll moyxu cucmema (38)
uMeermn n — | HezasucuMbIX nepssix uxmezpancs, He codepwawjux t,
mo ecms uMeiowyux sud vz, ..., ,).
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fnasa 5. Juddepenyupyemocms peienus no napaMempy

Hoxazamenscmso. Ilycts Touka B(z,,, ..., z,,) — Heocobas, To
€CTb B Heil x0T# 61t onHo f; # 0, vanpumep, [, (... .,%,,) #0.
Torma f, # 0 n B HekoTOpO#l okpectHocTH U 3T0it TOUKM.
Jens Ha n-0e ypaBHeHHE OCTANBHEE YPABHEHMA CHCTEMH (38),
noayyaem B U

dz;, Sz, .- ,zﬁ
dzn - fn(zi""'zn)’

i=1,...,n—1 (39)

Tlo Teopeme 4 3Ta CHCTEMa B HEKOTOPOH OKPeCTHOCTH Touxu B
HMEET #t — | HE3aBUCHMBIX MEPBHIX BHTErpasioB v;(%,, ..., 2,),
i=1,...,n—1. OHI IOCTOAHHH BIONE petueHu it cucTemn (39),
TO ¢CTh BAONL TPAEKTOPHIL cHCTeMH (38). 3HAYHT, OHM AWIAOTCH
TIEPBEIMH HHTErpanaMyu cucTeM (38). HeaaBHCHMOCTD MepBHIX
HMTEIPANOB ¥; CHUCTeMB! (39) O3HAYacT, YTO paHT MATPHMUH
(0v,/02); ;-i,.. n—1 DPABEH 1 — 1. OTCI002 CRERYET, 1O U A
cucTeMmul (38) TH nepswe NKTEIPATLI HE3ABUCHMBIL. [ |

3amevanne, B veopeme 7 Henb3n OTGPOCHTL YCROBME «B OKPECTHO-
CTH HeocoGoi Touku». Hanpumep, npy » = 2 B OKPECTHOCTH OCOGON
TOUKH THNA Y312 MRk OKYCA HE CYIeCTBYET HW OJHOM NepBOro MHTe-
rpana euga v(z,, ;). B camom pene, y Takol Toukn P ecTh oKkpect-
Hocts W C R2, yepes Kamaywo TOuKy KOTODOI NPOXOANT TPAEKTOPHA,
crpemMawanca &« P npu £ — 0o (wau npu § — —oo). Mpepnonomum,
410 B HeKoTopo# oxpecthocT U C W cyidectsyeT nepenlis MuTerpan
v(z,, z,). Toraa v(z,, x;) = ¢ = consl Ha TPaeKTOpHM, CTpemMs-
weiica & touke P. Mo wenpepuisnocty, v{P) = c. 3HaumT, Ha BCex
TPaeKTOpHAX, CTPeMAUMXCR K P, umeen v(z|, 2,) = ¢ = v(P), 10
eCTb U = ¢ B OKpecTHOCT™H Toukn P. Torpa 81:/8:1:, =0(i=1,2).
pawr maphusl (8v/8z,, Bv/dx,) = rang(0, 0) = 0 < 1, u nepeuil
KHTEFDAN ¥ = C He RBNALTCA HEIZBHCUMBLIM.
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§25. Nlepawe unmezpanst

Cuvmerpimas Gopma cueremu IMddepeHUMaNEHHX ypaBHe-
HHil — 3TO Takas 3aNKUCh CHCTEMEL, B KOTOPOH HH OIHO H3 TIepEMeH-
HHIX HE B3ATO 324 HEIABHCHMOE MEPEeMEHHOE, NOITOMY B YpPaBHEHHd
BXOJAT He NpoH3BoAHKe, a Tudxpeperunanat. HanpuMep,

dz, dz, _ dz

TXCRP IS Rl Y NP Rl

AN
(40)

— CHCTéM2 B cHMMeTpuyHOof ¢opMe. Ecnn obosxaunre obuyn
BEAHYMHY Beex Apobeit-uepes dt, To cucrema (40) nmpusenercs K ap-
TOHOMHOMN CHCTeME

dz,

S = fm @), =00,

B obmacru, rae Kkakas-nu60 M3 QyHxuMit f; He paBHa HyJO, CH-
crema (40) pasHOCHNBHA CHCTEME de;fdz, = f;/1;, § =0,1,...,%;
J # i (i duxcuponato, f; # 0).

O6patHo, cucteMy (31} HOPMANSHOrO BHAA MOXHO 3aNMCATH
B cuMmerpudHoft dopme (40), B3sas ;= ¢, f = 1.

CHMMETPHYHAA 38NMCH CHCTEMBI YacTO OGJIETYAcT OTHCKAHME
MEPBEIX UHTETPAJIOB,

@ O pemeauy pemuBeltEarX cueTeM. OTHICKATE pelleHUe ¢ NMOMO-
LIBK KOHEYHOrO YMCNa OCHCTBHI yIAeTCH MHILb A HEKOTOPHX He-
CNOXKHBIX cHeTeM. TIpK HCKTIOUeHHH HEH3BECTHBIX HETIOCPEACTBEHHO
M3 JaHHOH CHCTEMBbI MOAYYASTCH YpABHEHHE ¢ MPOMIBONHHMH Gonee
BHICOKOTO MOPAMKA, PELIATh KOTOPOS GHIBAET He Jierue, YeM JAHHYIO
CHCTEMY,

Yawe yaaeTcs pelinTs CUCTEMY MYTEM OTRICKAHHMA HHTErpKpye-
MEIX KOMGHHAUMI. Hrmezpupyeman Kombunayus — 3TO UM KoMbGH-
HAUWMA YpaBHEHHMH CHCTEMB, COACPKALLAA TOABKO AB¢ NMEPEMEHHEE
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Thasa 5. [lupdepenyupyemocms peilledis no napasempy

BeJIMYMHK H MpeacTarngiomas coboil auddepeHunanLHOe ypasHe-
HHE, KOTOPOES MOXHO PeLIHTh, WIH TAKas KOMOGHHalMA, 0be YacTn
KOTOpOi ABAAIOTCA NONHEMH Anddepenumanamu. M3 xaxnoll HH-
TerpHpyejoil KOMOHHALMY MONMYYaeTCss MepBHA WHTeIpan JaHHOR
cucTeMel, TIpH NCKMOYSHHH HeM3BECTHHIX U3 JAHHOH CHCTEME © MO-
MOIIBIO MICPBLIX HHTETPA/IOB TIOPAAOK NPON3BOAHBIX HE MOBHINACTCA,

_____________________________ -

1 TMpwuep 5. HafiTH peileHHR CHCTEMH (

! 1
dz d dz

' == 2 (41) !

| r ¥y zt+y+z '

S, J

Pewenue npumepa. [lse nepesie ApobK AT MHTETPHPYEMYIO KOM-
Guvayno dz/z = dyfy. Orcopd y = c,2. flanee MOMHO HAH
HCKAIOYWTL I W3 CUCTEMbI, MOACTABME Y = €, 2, WAH WCKATL BTOPYIO
HHTErpUpYEMy KOMGHHaLMIo, MepBuid nyTh AaeT
dx dz dz z
—_ = — =(l 4+ -
z +coxit+z da (L+ 1)+z
IO ypaeHeHHe — AMHERHOR OTHOCHTEALHO Z. Pewan ero, nonyvaem
= gz + (1 + &)x?. 3o pasencteo Bmecte ¢ y = ¢,z faer
PeMeHHs CHCTEMBI, He NeXaume 8 NHOckocTH 2 = 0. Ecan xe 2 = 0,
TO U3 PAaBEHCTBA ABYX Nocnepuux apobei B (41) umeen
dz '
dy
Ecnu e #CKaTb ETOPYIO MHTEr pHpYeMyio KOMGUNaLWIo, TO yao6Ho
HCNONbIOBATL WIBECTHOE CBOMCTBO paBHbix Apobeii:

eom -3 = 10 GGt *e &
b, b b’ b+by+...+b, b

(BeNMYKHE @; W b; MOMHO YMHOXHTL ha OAHO K TO Xe k;).

y+— z=oy+y (z=0) (42)
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§ 20. Ypasnenus ¢ YGCMHLIMU NPOUIBOOHLIMU NEPEO20 NOPROKA

B AFHHOM MTPUMEPE MOMHO HANUCATL, CTAPAARLH NOAYUNTE NOAHUA
Anddepenynan,
dr 2xdr 2ydy dz dz = 2z dx ~ 2y dy

z 22 T T I B
Mocneguas ppobv ectb noauuin Andigepenunan. Ona paewa neppoii

Apobu dx/x. 310 — wuverpupyeman komGMHauMa. U3 Hee nonyyaesm
eite OfIMH NepBulik HuTerpan

z—a?— g

—=o {43)

3101 nepbuth UHTErpan U panee NonyYeHHbid ¥/T = ¢ He3aBH-
CHMBI, T2K KaK B {43) BXOAWT Z, 3 B paHee NONyYeHHbIA — He BXORUT.
Gopuynnl (43) u y/z = €, A3T pewenne cuctemel (41) npn z # 0.
Npy 2 = 0 wmeem ewe peweHwe (42). «

3adayu dna ynpawKenul:
[12], § 19, Ne 1146-1160.

§ 26. YpasKeHMA C YaCTHLIMK NPOU3BOAHLIMK

nepsoro nopaaKka

Takue ypaBHEeHMA PACCMATPUBAIOTCA B KYpee OOGHKHOBEHHHX IH(be-
PCHUMANBHEX YPaBHEHMIL NOTOMY, YTO MX pellleHHe CBOAMTCA K pe-
LICHHID CHCTEM OOBIKHOBEHHBX AudupepeHUIManeHBX ypasHeHMIl.
YpaBHeHHA € YACTHHIMHM TIPOM3BOIHHMH 0ofee BHICOKONO MOpsaKa
PACCMATPHMBAIOTCS B OTASNABHOM KYpCe.

E’ PaccMoTpHM NHHEHKOE ONHOPOAHOE YpaBHEHUE

oz

& — +.
'az,

..+an£=0, (44)
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faasa 5. flupdepenyupyemocms pewenus no napamempy

e 2(z,,...,2,) — uckomas ¢yHKuws, a a,,...,a, — HIBECTHHE
dyHxumu or z,...,%,. Cuutaem, yto a; € C' (i = 1,...,n),
af+...+a:;&0.

Teopema 8. ®ywyus z € C' asnremcs pewenvem ypaswenus (44)
mo2da u monabKo mo2da, Koeda oHa seARemcs He codepwawum t
nepesim uHme2panon cucmemts (3decs =) = dw;/dt)

T, =a,(2),..,2,), -y Th=a(T,...,2,). (45)

Joxazameascmeso. JioGoil nepasiit nHTErpan v cucTeMH (45) ymo-
BeTBOpsieT ypaBHeHuio (32), rne reneps f; =a; (i=1,...,n).
Mo ycnosuwo 8v/8t = 0, noaromy (32) copnaaaer ¢ (44).
O6patto, ecnu GyHKuns z € C' ynomnersopsier ypasHe-
Huio (44), TO NOAHAsA MPOM3IBOIHAA OT Z B CHIY cHCTembl (45)
papsa aceoit yacti (44), 3HauuT, paBHa Hymio. Torga dyHKUHA 2
MOCTOAHHA BAOMD penieHiit cucteMst (45) M ARNACTCS ee NepBIM
HHTEIPaNoM. ' B

Remma 3. fyems ay(z;, ..., z,) € C', a, # 0, ¢ nepswie unmezpa-
i vz, ...,2,) (=1,...,n = 1) cucmemsi (45) nesasucumsi
& obnacmu D, Tozda 3ma cucmema caodumcA K cucmeme

de; o«

E;:z.; (i:z,._.,ﬂ), (46)

U Me e v; — He3aBUCUMble Nepesie UNMe2pansl U OnR Hee.

Aoxazamenscmeo. MyHXUMKA v; NOCTOAHHB RIOIE TPAEKTOPHH
cucTeMul (45), To ecTh BIOIL pemreHuit cucteMmu (46). Mo-
3TOMy v; — NepBHe WHTerpanst mua (46). Iepsoie HHTErPAIH
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§ 26. YpasHenun € 4GCIMHBIMU NPOUIBOONLIMU NEPBO20 NOPAOKA

YAOBNETBOPSIOT YpaBHeHmio (32), To ecTh B HallleM Cydae

aﬂi 8”(
alazl+...+an8zu—0. (47)
TMepsiie MHTErpantt cHCTEMn (46) HE3ABUCHMEL, €CNH PRHT
- Matpuubl 4 = (89;/8%;)i=t,..n-1, PABEH % — 1, 8 U1 CHCTE-

J=2e..n

ME (45) He3aBMCHUMM, eCTIM PAHT MaTpuusl A, paBeH n ~ |,
Matpuua A, monytaerca noSamnekieM kK A cronGua dv,/9z,
(¢=1,...,n-1). Tak KaK @, # 0, To 8 cuny (47) 3707 CTONGEU
ecTh JIMHeHAA KOMOHHALIMA OCTANBHHX CTOAGLOB MATPHIIK A.
TMoroMy paHri MaTpull A H A, coBnanaior (paHr MaTPHLIM —
YHCAO JHHENWHO HEIABUCHMEIX CTONGLIOB), H H3 HE3IZBHCHMOCTH

Uy, ..., U, JIA CHCTEMHEL (45) cenyeT HX HEIABMCHMOCTB H LI
cHeTeMH (46), |
Teopema 9. Ecru vi(=,, ..., %,) (=1,...,n — 1) — nezasucu-

Mbie nepswe unmezpanst cucmemst (45) s obaacmu D, mo 8 onpecm-
wocmu moboti mowxy M € D obwee peuwenue ypasHenun (44)
uMeem 8ud

z2=Flo(2), .o 2,)0 s v y(2), .00 2,)),  (48)
20e F — npou3sonsHOs PyHKYUs wiacca C'. To etmo & 3moii

oxpecmuocmy gopmyna (48) codepxum ace peuienus ypasseHun
(44) u moasko ux.

Joxazamenscmeo. Tipu nioGoit F € C' dyuxums (48) mocrosuna
BAOB DEICHHA CHCTEMBI (45), nMoaToMy ABAAETCA €€ MEPBHM
uHTerpanoM. ITo Teopeme 8 yHKUMA z — pellieHHe ypaBHE-
Hus (44).

O6paTHO, eCK GYHKIUA £ — DellieHue ypaBHeKuUA (44) n
a,(M) # 0, To no Teopeme § OHA ARIACTCA NEPBHM HHTEIPANOM
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Tnasa 5. fludeperyupyeMocms pelienus no napoMempy

cucreM (45) u (46). Torna no Teopeme 6, MPUMEHEHHOM K CHCTE -
Me (46), HalineTca Takas dynkuna F € C', 410 B OKpecTHOCTH
To4kH M umeem pabercTso (48), rae v,,...,v,_, — He3aBUCH-
MBIE NIEPBHE UHTErPATH CHCTEMBE (46) wau (45), a1o Bee paBHO
no nemme 3. Ecan xe a, (M) = 0, a,(M) # 0, 10 u3MeHUM

HYMA@allnio TaK, yTobk a,(M) # 0. [ |
IZ' Keaaununeiinvis HAILIBACTCHA YPABHEHHE
8z 8z
ala—z:+.l..+ﬂn'5;:_— b, (49)
rne a,,...,a,,b — QyHxuHK Knacca c! OT NEPEMEHHBIX T, ..., T,, Z

B o6nactu D; cuntaem, uto al+...+a} #0 B D.
YpasHetine (49) cpA3aHO C ABTOHOMHON CHCTEMOKR ypanHeHH#

z; = alz,,...,2,,2) (E=1,...,n),

Z =blz,...,2,,2). (50)

3aecs 2} = dz,/dt v 1. n. Tpaexropuu cucreMu (50) B mpocTpaHcTae
Zyyeres B,y & — ITO AMHEM, HAILBACMBIE XAPAKMIECPUCTUKGMY YPAB-
Henua (49), a pewenne ypasHeHus (49) m3oGpaxaercs n-MepHoft
nosepxHocTs 2 = f(2Z,, ..., 2,). CunraeM, uto f € C* B obnact
D, CR", aTouxu (%, ...,2,,2) C D CR™.,

Teopema 10. flosepxnocms z = f(z,, ... , &,) Aennemca pewetivem
ypassenus (49) mozda u monsko Mo20a, K020a OHA yMKOM COCMOLIM
u3 xapoxmepucmun. To ecme Yepe3 Kamdyw MONKY NOBEPXHOCMIY
npoxodum XapaKMePUCIMUKG, UEALUKOM AEXAWAR HA NOBEPXHOCI,

Hoxazamenscmao. Ecnu AHHUA — XapaKTEpHCTHKA, JIEXKaRIASd Ha
TOBEPXHOCTH, TO B KAXA0HA TOYKE THHHH BEKTOP (,f;I . f;_ ,—1)
HOPMaNH K TOBEPXHOCTH OPTOrOHANEH KAcaTebHOMY K 2Toi
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§ 26. YpasHenus ¢ yacmusiMu Npou3sodHLIMY NEPBO20 NOPACKA

NUHHA BeKTOpY (a,,...,@,,b). AX cKanspHoe npousBemeHue
PABHO HYMO:

afe +...+a,f, —b-1=0, - (51)

Ecam uepes Kaxayro TOUKY MOBEPXHOCTH TIPOXOIHT TAKA JIMHHS,
TO 3TO PABEHCTBO BHITOMHEHO HA Beeil OBSPXHOCTH, TO €CTh MO~
BEpXHOCTb 2 = f{(%,,...,Z,) YAORIETBOPAET ypasHeHHI (49).

OO0paTHO, ecad NOBEPXHOCTh P(z = f("'p - a:n)) yIo-
BIETBOPAET YPaBHEHHIO (49), TO B Kaxnoft TOUKe MOBEPXHOCTH
sunonkcHo (51), To ects Bextop (g, ...,a,,b) oproroHaneu
HOPMANH K MOBEPXHOCTH, 3HA'HT, KACACTCH MOBEPXHOCTH. Ta-
KM 00pasoM, Ha TIORepXHOCTH P onpenencHo Iofe Kaca-
TEABHBIX BEXTOPOR, TTOKAKEM, YTO 4epe3 NMPOH3RONLRYIO TOUKY
M(2 4, .- s €0, %) € P npoxoauT nexamas Ha P Tpaekropus
3TOro BEKTOpHOIO noiisi. B oSnacT (¢ — NPOEKLIMH HOBEPXHO-
cTH P Ha TWIOCKOCTb Z,, ..., £, — DaCCMOTPHM CHCTEMY

z, =a,(2,,...,2,, fz,--.,2,)), i=1...,n. (52)
Yepes TOUKY (£, - . . , Byp) € G NPOXOOMT pelicHME &, = 2, (£),
- s &, = Z,(t) 1Ol cucrembl. Jlunuua L
2=y l), e 2y = 2,0, 2= 1,0 2,0)

nexut Ha nosepxuoctv P(z = f(z,,...,z,)) u npoxomur
geped Touky M. IMokaxem, yto I — xapaxrepuctnka. Ieppum
1 ypaBHEHMAM cHcTeMH (50) oHa ymosnermopsier B cwiy (52)
U papenctsa z = f(z,,...,%,) Ha P. [lanee,

¢ . 9 ! - 9
Z(t)= 5%2.—=Zai(zl’""zn!f(zl""’zn))gfi'

i=1 ' i=1

Moeepxuocts z = f(z),...,%,) YIOWICTBODSET YPABHECHHIO
(49), nmoaTOMy nocneanAs cymma pasHa b(z,, ..., Z,, z). Urak,
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Inasa 5. [Judxbepenyupyemocms peitiedur no napamempy

aunua L ynomneTeopAeT M NocAeOHeMy YPABHEHHIO CHCTEMEL
{50), To eCTh ABAACTCA XapaKTepHCTHKOM. |

Teopema 11, Ecru ”(“p eeuy &,, Z) — NEPBbIT URMEPAA CUCTIEMbI
(50) 8 obnomnu D, v a movke M € D uneen v = ¢, 8v/8z £0,
mo paseHcmso v(x,,...,%,, Z) = ¢ 6 oxpecmrocmu moyxu M
onpedensem wesswyo dywxyuno z(z, ..., €,), ydosremaopsiowyo
ypasuenuo (49).

Hoxazamenscmso. Tlo cBolicTBy nepsoro MHTErpaIa % =0,
— (50)
80 Ov v
—_ b— =0,
331 +...+a,— oz, +bo 0 (53)

Ans wesnHO# dyHxuMn 2(z,, ..., zu) B OKPECTHOCTH TOMKM M
oz v [Ov
— == i=1,...,n.
827" 8:3‘ 8z
IMosroMy, neas pabeHcrso (53) va —8v/Oz, nonyuaeM, 49ro Ta
KeABHaA (byHKUNA YAORNETROPAET ypaBHeHMIO (49). B

Teopema 12 {06 obuiem peinenitin KBAINAHKRHNOID YpaBHeHun).
Nyems v(z,, ..., 2, 2), § = 1,..., 1, — kanue-nubo we3aeucumsie
nepssie unme2pons cucmeMst (50). Qyuwyua 2(x,,...,x,) #8f-
emca peienuenm ypaerenun (49) s oxpecmuocmu mounu M csoezo
2paguxa, mo20a 4 MonLKo Mo2da oxa YAosAemeopRem paseHcmay

F(ul(:cl, NN 5% 1 OO N | A ,zn,z)) =0 . (54)

npu Kakol-nubo gywxiuy P € C' maxot, ymo F = 0, Fl#0
8 moyxe M,
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§ 26. Ypasnenus ¢ HOCMRuIMU NDOU3BOOHLIML NEPBO2D NOPATKA

B

Joxasamenscmeo, Jlesas vactp » (54) npn moboi dynkunn F € C'
AOCTORHHA BAG/L TPACKTOPHH CHeTeMbi (50}, 3HAUMT, ARAAECTCA e¢ nep-
BoiM sHTespanom. Tipu Fl(M) # 0 pasencreo (54) orpeacnseT B6AH3H
T09KH M HeaBHYO PyHKLMWD z(a:, annvs z,), YAORASTBOPANILYIO NO TE-
opeme 11 ypasnenuio (49).
ToxaxeM, yTo opMyna (54) CONCPXHT BCe PElllCHHA YpaBHe-
una (49). Mycrs, wanpumep, a,(M) # 0. Torza BGRM3H Toukn M
XapaKTEPHCTHKH ypaBHeHns {49) yIORNETROPAIOT ChCTeMe
de o &b
E_'“n i=2..,n), @ o (55)
Mycts 2z = f(z,,...,2,) € C' — mooe pewenue ypasHe-
wua (49), M(x,,...,2,,7) — 10uxka Ha ero rpaduxe. Pemenne

CHCTEMB {55} ¢ HATANBHEMH YCIOBHAMH
zz)=¢ (i=2,...,n),
z(zyy) = flz\gucpr--mu€} +

(56)

o0oIHaYHM
z, = ‘P;(zliﬂz. '°n+1) (i=2,...,n),
z2=@, (®.¢00. 0 )

Ops z, =z, ¢, =2, (i=2,...,n0), ¢c,,, = 0 B (57) nonyzacm
Touky M. B 30l Touke axobuaH det (p, /8c)), =1 B cHay

.jw:,. ¥

(56). B HeroTOpoH oxpecTHOCTH Toukk M cueremy (57) no teopeme

0 HeABHBIX (YHKUMAX MOXHO PASPEUIHTE OTHOCHTENBHO €y, .00\ Gy y?

(57)

o =wlz,,...,2,,2), i=2..,n+1L (58)

KaK B NOKAJTENECTES TEOPEME 4 NOKAIKEBAETCA, Yo PyHKUMM
w, — mneppue ‘HHTErpatl cucTemul (55). Mosepxuocte w, (=), ...,
z_,2) = 0 copnanseT ¢ NarHOK noBepxHOCTHIO 2 = f(2,,...,%,), T8K
KAK OHM 002 COCTOAT W3 XAPAKTEPHCTHK — peleHHi cucTemul (55)
¢ HauANbHEME yerosnamu (56), oae ¢, = 0. ITo Teopeme 6 Halinercs
Taxan pyuxums F € C',‘n‘ow“] =F(v,,...,v,). Jaecp v,,... v, —
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fnasa 5. Juipdepenyupyemocms peiuenus no napamempy

HE3aBUCHMBIE TIEPBLIE MMTETPAI CHOTEMbI {55) wau (50), 710 Bce
paBHO no neMMe 3 (neMMy NpUMEHATE MOXHO, GO chcTemum (50)

1 (55} ceoasrea K (45) u (46), ecnn nonoxurs 2 =zx_  b=a_ ).

TMokaxenm, yto 8w /82 # 0 B Touke M, B 310t TOUKE 2, = T,
(i=1,... 8 u 8 cuny (58) u (56)
Wy (Bygs oo s B D) =€ =2 = [y, 000, Ty)-
Crenoparenttio, 8w, /02 =1# 0 pTouke M. a
Al

3ameuanue. B cnyuae, KOMA3 2 BXOANT TOALKO B OAMH K3 NEPBLIX
HHTErPANOR, HANPHMED, TOALKO B ¥, , BMecTo (54) MOXHO HANKCATb

v (%),...,2,,2) =
= H(v(z,..., z,,)l, SRS Y C TR 2 ) T )

me H ecC — NpOK3BORLHAA dyHKuws. Paspewasn, ecnu Bo3-
MOXHO, 370 YpPaBHEHWE OTHOCHTENbHO 2, NoAyYMM ofujee peienue
_ ypaBHeHus (49) e ABHOM ewpe.

i 3ndayu dan ynpaxnenul:
[12), §20, Ne1167-1188, 1211, 1213, 1215, 1216.

@ 3anasa Komm ana KBasHauHESHHOro ypasHeHusA. YTobul ynpo-
CTUTh (POPMYAHPOBKN, OTPAHHYHMCH CITyYaeM, KOTAa HCKOMast hyHK-
UM Z 3aBUCHT TONBGKO OT ABYX TEPEMEHHEIX * U ¥.

TpeGyeTca HalTH NOBEPXHOCTR 2 = f(2, ¥), YEOBNETROPAIOLLYIO
YPABHEHHIO

(:B, ysz) "";‘2(=c ¥, z)"'" = b(:l:, un z)

H MpOXORAIUYIO Yepes NuHHI L

Tr= ¢1(8)1 y= ¢2(3)! z= ¢3(3)'
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§ 26. YpasHenun ¢ 4acMHbuINU NPOU3BOOHLIMU NepBO20 NOPAGKD

TpeanonaraeM, YTO AAHHHE zh
byHKuMH a,, o b, ¥, ¥5, ¥
npusagnexar C°,

IMone3yacs reoMeTpHYeCKBEM
CMBEICROM XAPAKTEPHCTHUK, MOX-
HO NPEIOKHTE Takod <nocob
MOCTPOSHHUR PCWICHHA  3a0ayu
Kouru, Yepes Kaxayio TOUKY M-
HUH L "ajo NMpoBSCTH XapaKTe-
pUcTHKY. EcnH M3 3THX XapaxTe-
PHCTHK COCTABHTCA INagxas Io-
BepxHocTs z = f{z,y) € C', o0
OHA W OYeT DelICHHEM 3anaun Prc. 31
Kommu (puc. 31).

oy

Teopema 13, flycme na dyze L, (8, < 8 < 8,) nunuv L
a ¥
& ¥

Toada & wexkomopoil oxpecmuocmu xamdold movu dyzu L, cyuecmsy-
em eduncmeennoe peluenue 3adaqu Koww.

#0. (60)

Jokazamenscmao. Tak Kax a,,8,,b € C'u a:l’ + a§ # 0, 0
HEPL3 KaxXaylo TOHKY (¢1(3)a¢2(3)’¢3(3)) aytH L npoxomut
eAMHCTBCHHAS XapaKTepHCTHKA

z=p(t35), y=9,(t,5), z=p,e). (61)

@®yuxunK (61) yaoRmeTBOPSIOT cucTeMe ypaBHeHUH Buaa (50)
(rne Teneps 7 =2, 2, = y) W HAYANEHLIM YCAOBMAM

Z=6, ¥=0, #=b - ®
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fnase 5. [JuiepenyupyeMocms pewenua no napamempy
r
00.0)=9,(8), 2,0,0=%,(s), £,(0,9)=vy(s). (63)
TToBepXHOCTL, COCTORLIAN K3 TAKMX X2PAKTEPUCTHK, BRIPKASTCH
dopmynamu (61), rae ¢, < £ < 1), 8, < 8 < 5,. Takum obpasom,
(61) ecTp mapameTpuueckoe 3aIaHHE HCKOMON MOBEPXHOCTH.
TMokaxeM, YTO B OKPECTHOCTH JoGoit Toyku myru L, oty
MOBEPXHOCTL MOXHO 3aMucaTh B Buge 2 = f(z, y). Jna 3roro
HanQ PAspeIlHTh MEPBEC MBA ypaBHeHHA B (61) OTHOCHTENBHO
t, 8 ¥ NONCTaBATH B TpeThe. PYHKIHM ; € C' no Teopeme 1
§23. Ypassenus (61) yrnosneTnopalorcs 8 n1060# TONKE Ha RyTe
L, B cuny (62). B s1oi#t Touke cornacHo (62) 2§ = a,, ¥} = a,,
2 n.cnny (63) (p), = ¥}5 (), = ¥, nooromy axobman

(%): (91): a 'f’:
(‘Pz): (‘Pz): a, lb;

no ycaouio (60). 3HaYMT, B OKPECTHOCTH ITOM TOMKH TIO Te-
opeMe O HEABHBIX (QYHKUMAX TepBhe OBa ypaBHeHuz B (61)
MOXHO Pa3pelliUTh OTHOCHTENBHO £,8 W MOAYYUTh (BYHKIMH
t = t{z,y) € C', 8 = s(z,y) € C'. MNoncrasnaa ux B Tpe-
ThE ypaBHeHHe (61), NONy4aeM HCKOMOE DEILEHHE B BHOE Z =
@, (t(z, ), 3(2, y)) € C'. CymecTsoBatue pewesus 10Kka3zaHo.

Ero. ¢IMHCTBEHHOCTE CASOVET H3 TOIO, YTO AKHOe pelle-
HHUE €CTh NOBEPXHOCTH, COCTOALIAA M3 XAPAKTEPHCTHK, 3HAYMT,
nMewowas sua (61). BGauaun nobol Touxku myru L, dyHKimMH
Yz, y), 8(z, y), cM. BEILIE, OTIPEAENSIOTCT ONHOHAYHO, NOITOMY
pelIeHHe 2 — TOXKE. a

#0

TeomeTpissecknit cmbic yoiosua (60). Bexrop (g, a,, b) Kacaer-
CfL XapaKTEPHCTHKY, 2 BeKTOp (9], ¥}, %)) — nunun L. Yeaosue (60)
03HAYAET, YTO NPoeKUHM (a,, 2,) 1 (Y|, ¥3) STHX BEKTOPOB Ha INOC-
KOCTh &,y He KOMHEApHH. CAenoBaTe/bHO, NpoeKUHH TuHuR L
H MEPECEXAlOIYK ee XAPAKTEPHCTHK He AONXKHEL KACATHCA APYT APYTA.
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§ 20, Yposrenua ¢ YarmHsiMu NPOU3BOOHLIMU NEPBOZD NOPATKA

e 1
Mipwmep 6. Hadtv obwee pewenwne YP2BHEHHSA
8 8.
Z . 8z z-2 ¢, (64)

a TaKKe NOBEepXHOCTL z = (2, y), YAOBNETEOPAIOULYIO ITOMY

i
k
|
1
|
|
|
: VYPEBHEHHIO ¥ NPOXOAALYIC Yepe3 NHHHID
i

|

Pewenue'npuuepa. Muwem 8 cHMMETPUUNOR (opMe cHCTeMy ypas-
Heku b, oRpefenAItLYI0 X3PAKTEPHETHKH

Haxopum HE3ABHCHMBIE NepBbie MHTerpanyl (NonofiHo npumepy 5)

Ly 242 4o
= T o (€9

Cornacro (59), obwee pewenwe ypaBHenua (64) MOMMO HanucaTh
B BUAE .

N O T ()

z

e f € C' — npou3sonbHan dyHKuKA,

Uro6u HAATH NOBEPXHOCTL, NPOXOAALYIO Hepea KK (65), Ha-
RO CHa4ana u3 ypasnenwit (65) n (66) HcKNOUNTL 2, ¥, 2 W NOAYYHTD
PaBeHCTBo, KOTOPOR MOXET COePKATh TOALKC €; M ¢,. flna 3T0ro
MOWHO, HANPHMEP, M3 YpaeHeHWA (65) BHPa3HTL Y M 2 Yepes T
H NOJCTABHTL 3TH BHpaXeHWn 8 (66)

-2 I+
y=1-=2, z=2:.c—a:2; =g, +




Inasa 5. [updeperyupyeMocms pewenus no napasempy

Hexnouas 2 K3 NOCAEAHHX fiBYX PABEHCTB, NOAYHAEM

1
=¢+14+—-.
a=ati+ ¢ +1
MoacTaBnAs CIOAA BMECTO ¢,, £, Nepeuie kuverpany (66), nocne ynpo-
WeHwi NOAYYIEM HCKOMOE peuiente:
2
2 .2 g
z=—2" -y t+e+y+—— (z+y>0). -«
y Bl (z+y>9)
3adayu Ons ynpaxseHud:
[12), § 20, Ne 1189-1210, 1212, 1214.

ne—

O HenHHEHHHX YPaBHEHHAX C YACTHHMH NPOH3BOAHLIMK NEpEOro

AOPAIKA H MeTomax ux peweHust cM, 6], §65; [9], . 9; [18], §3.

Yaapuwe sominl, B sanaue Kowrw and xBa3saMHEHOMO YpaBHEHHA

€ YacTHEIMH NPOM3BOIHMMK GmBaet, yTo pemenue knacca C' cywecrsyer
TONBLKO B HEXOTOPOH OKPECTHOCTH NuHHH L, & B G4nbweRt oBnacTH MoXer
He CYIUEeCTROBATh,

_____________________________ "
: Tipumep 7. Paccmotpum 3agavy Koww [
|
dz 2
| s kg = _ I
. L F +z 2 0, z(0,z) arcig z. (67) -:

Pewenue npumepd, XapakTepUCTHNM YAOBNRTEOPAICT CMCTeMe YpaBHeMwil

(50), 70 ects & paunom cayvae &, = 1, z, = z, z, = 0. Noartomy
2 =¢,, dz/dl = 2 = ¢, & = ¢,i + ¢,. 3HAYHT, XAPAKTEPUCTHKH ~— NpAMLIE
AWHUK. BAOND KAWAOH W3 HHX 2 NOCTOAHHO — TO ME, MTO B Ha4ANLHOR TOUKE
z = ¢,;, t = 0 xapakrepuctuku. B 310/ Touke z = —arctg * = —arcig ¢,

12| < x/2. Moaromy Ha Bcel XapaKTeDHCTHEE WMEeM

2=tz—1g2, |z|<;. (68)
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§ 26. YpugHerus C 4OCMHBIMU NPOUIBOOHBINL NEPBO20 NOpAING

Npu ncGom nocroanHom ¢ < 1 dyurums p(z) = tz — 1g z MoHOTOHHO
yOuBaeT ¢ pocToM z, NoatoMy ypasHeHHe (68) onpepenseT HenpepbieHyo
gywapo z{t, ) (—00 < & < 00, £ £ 1) — pewenne 3agaun (67). -

Mpr moGoM nocrosHHoM £ > 1 GyHKuka z(z) = ¢z — tg z Ha UHTEp-
sanc |z} < x/2 chayana ybuiBaeT, 3aTeM BO3pacTaer, Aanee ONATHL yOLBaceT.
B touxe z, = — arccos (/%) oHa MMeeT nOKANBHHI MHHUMYM, papHbH
2(z,) = =¥(t), e P(£) = tarccos (V%) — vI—T, a B TouKe 2, = ~2, —
AOKaNbHEH MakcUMyM, paBHHil z(z,) = $(f) > 0. Cnenosarenbo, npn
moboM ¢ = const > 1 He CYLIECTBYET OOHOSHAYHON HENPepHBHOH dyHKIUM
z(t, 2) (=00 <€ 2 < 00), ynornersopawiueH paseHcTBy (68). BTO 3HAUMT, YTO
pedichue 3anavu (67) HeMLIA HENPEPLEHO MPOAMLKHTL HA ofaacTs £ > 1,
—9() <= < $t). |

B KekoTOphIX ¢MIMYECKHX 3a0a¥ax, HANDHUMED, B 3aJaYaX © IBIDKE-
HHH 1308 ¢ SOMBUIKMH CKOPOCTAMH, TOXE BCTPEYalOTCA NOXOOHEE ARTEHAA
(HecywecTBOBAHKE HENPEPHIBHOTC pelicHuA). B TakHX caydadx poIHHKAIOT
PaLBHBE PELIEHHA ~— YAAPHME BOJIHLL, CYLISCTBOBAHHE KOTOPHX NOATBED-
XAACTCA ONBTAMH H HabMOzeRstMKH. nn pacyeTa ARKeHHs YAAPHEIX BOTH
HCNONBIYIOTCA HE TVIBKO DuddepeHUHATOEHNE YPABHEHHA, HO H q:onanqecxnc
COOBPAKEHHA — 38KOH COXPAHEHNA MACCH M T. M.

Monpofuee o paspuBHEX pewennax cm. [6}, §64; (10}, rn.8.

sl
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